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ABSTRACT

Purpose: Development results allow the defects in the boom section of a crop spraying 
machine design to be found, the most loaded structural components to be determined and 
the most suitable design parameters to be chosen.
Design/methodology/approach: Results of theoretical investigation of internal forces 
distribution in the components of a boom section of a crop spraying machine in the static 
statement of the problem have been presented. The applied under discussion enables the 
static indeterminacy to be realized whilst calculating the complex frame structures though 
it requires not only considerable records of the function of potential energy of deformation 
(even without taking into account the function of potential energy of deformation of normal 
and lateral forces) but application of applied computer programs. The technique of static 
indeterminacy realization by minimum of potential energy of deformation (MPED) method 
has been used to calculate the framework.
Findings: Technique of static indeterminacy realization by minimum of potential energy 
of deformation (MPED) method has been used to calculate the framework. The results of 
theoretical calculation and simulation of the boom section of a crop spraying machine have 
been compared. The results of analytical calculation have been checked by the simulation of 
3D model of the  using the program complex «Lira-SAPR», where the finite elements method 
(FEM) has been implemented.
Research limitations/implications: Horizontal components of the shear forces as well 
as the normal forces and as a consequence the corresponding potential deformation energy 
are neglected, which has some effect on the accuracy of the calculations.
Practical implications: An effective tool for strength analysis with preliminary assessment 
and diagnostics structures based on the constructed calculation models of stress strain state 
load-bearing frames of typical geometry with an arbitrarily given distribution of external load.
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1. Introduction 
 

Protection of plants against diseases and crop pests is the 
necessary process in the technology of agricultural crops 
production and it is especially important under intensive 
agricultural production conditions. At present protective 
measures can be taken by different methods: agro technical, 
physical-mechanical, biological, chemical and others. The 
chemical method involves approximately 90% of ways of 
crop protection against diseases and crop pests. The method 
is based on the use of fungicidal agents, organic and 
nonorganic mixtures, which are toxic for phytopathogenes. 
Such method of crops protection has been implemented by 
means of special equipment – spraying machines.  

Nowadays, there are a great number of design options of 
crop sprayers which are produced by different companies. 
They vary in design, performance and technological 
parameters (capacity, band width, quality of technological 
operation performed and others). The necessity of using of 
any of these machines to apply crop protection agents is 
specified in each certain case taking into account different 
application conditions, namely technological (fertilizer 
application rate, crop growth phase), climate (air 
temperature, wind velocity), geographical (soil relief) and 
relevant environmental aspects [1]. 

The increased requirements to the loadbearing systems 
of machines for chemical protection of crops referred to the 
fact that they usually operate under difficult performance 
and relief-climate conditions. The most frequent reasons  
of machines breakdown are design errors (20-30%), 
machine failure due to its low quality of manufacture and 
assembly (20-30%), low technical level and quality of 
materials and accessories (35-40%), failures due to the 
violations of rules of machines maintenance in the 
companies and low qualifications of staff (10%), other 
failures ‒ 5-10% [2,3]. 

One of the main reasons of failures of machines for crops 
chemical protection, namely, the crop sprayer of wide band 

(25 m and more) boom section frames in particular,  
is the loss of bearing capacity, caused by the design 
imperfection and insufficient strength margin of its 
components [4,5]. 

To calculate the mobile machines frameworks a great 
number of methods which are different in complexity  
and accuracy of obtained results have been developed which 
take onto account the specific features of their design. The 
most typical among them are random space pattern, use of 
components of different types, complex and unpredictable 
loading conditions [6-10]. Moreover, the process of 
calculation of machines frameworks is considerably 
complicated by the high degree of their static indeterminacy. 
In this case whilst developing the theoretical principles  
of “excessive” binding removal of machines frameworks  
the method based on the principle of minimum of potential 
energy of deformation has appeared to be quite efficient [5]. 

Potential energy of deformation is a homogeneous 
function of the second degree of the external forces or 
displacement [11]: 

 

� � ∑� �
��� ⋅ 𝑁𝑁�𝑑𝑑𝑑𝑑 � ∑� �

���� ⋅ 𝑄𝑄�𝑑𝑑𝑑𝑑 � ∑� �
��� ⋅ 𝑀𝑀�𝑑𝑑𝑑𝑑 �

∑� �
���� ⋅ 𝑇𝑇

�𝑑𝑑𝑑𝑑, (1) 
 

where Е and G – elasticity modulus of the first and second 
kinds respectively, MPa; A – area of the component cross 
section, m2; I, IP – the component cross section axial and 
polar moment of inertia respectively, m4; N, Q – longitudinal 
and lateral forces respectively, N (about the longitudinal axis 
of the component); M, T – bending and torque moments 
respectively, N m; s – the way along which the integration 
takes place, m. 

According to the Castigliano theorem, the partial 
derivative of the potential energy equation by the required 
internal efforts results in displacement equal to this effort. If 
“excessive” bindings are such that the displacement by the 
direction of their  unknown reactions Xі is equal to zero, so, 
according to the theorem of the smallest work: 
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Fig. 1. Design model of crop sprayer boom section 
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that allows the necessary additional equations to determine 
the unknown internal efforts to be obtained. 

Using such method of static indeterminacy realization of 
complex multicomponent structures, the approach when the 
expression of function of potential energy of deformation is 
written only for the constituents corresponding to the 
bending deformation and torsion is also a reasonable one.  
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The above-mentioned approach has greatly reduced the 
expression length of function of potential energy of defor-
mation and the number of mathematical operations to deter-
mine the unknown internal efforts under accessible decrease 
in engineering calculation accuracy conditions [12-16]. 

 
 

2. Methodology 
 

Due to the above-mentioned method the calculation of 
the crop sprayer boom section has been performed. Whilst 
solving the problem the implemented design model is 
described in Figure 1. 

The following assumptions have been taken at design 
model development: 
1. We take into consideration the internal efforts only in the 

members of the first section of the boom, the impact of 

middle and end sections is simulated by the action of 
external force G and moment МG. 

2. Loading q of the processing equipment is considered to 
be uniformly distributed and applied to the lower spar of 
the boom. 

3. To make the recording of function of potential energy  
of deformation more convenient we have cut the boom 
into two parts (Fig. 1): into two symmetrical parts by 
vertical cutting plane on the boom line of symmetry and 
horizontal cutting plane above the boom lower spar. 
The interdependence of cut members has been simulated 

in couples which are the same in size but different in 
direction of internal efforts: N  ‒ the force, acting along the 
component axis; nQ  and Q  ‒ projections of lateral force 
on the element in normal and tangential planes (about the 
boom longitudinal axis); ,nM M  and ,nT T  – bending and 
torque moments projections respectively; i  ‒ angle of 
inclination of і structure component to horizontal plane; i  
‒ angle of inclination of і structure component to vertical 
plane; l , Bl , Hl  ‒ lengths of tilt brace and components of 
upper and lower spars respectively. 

In Figure 2 shows a design model of crop sprayer boom 
section enlarged and divided into two parts (right to left) for 
a better view. 

The crop sprayer boom section is made of thin-walled 
elements of different cross-section. The general cross-
sections view of the upper spar, lower spar and tilt brace are 
shown in the Figure 3. 

The geometrical characteristics of the thin-walled 
elements cross – sections are: for the upper spar А = 
8.64 cm2, Ix = 32.17 cm4; Iy = 81.96 cm4, Iр = 0.49 cm4; for 
the lower spar А = 12.54 cm2, Ix = 38.04 cm4; Iy = 1300 cm4, 
Iр = 0.48 cm4; for the tilt brace А = 2.24 cm2, Ix = Iy = 
2.94 cm4, Iр = 4.56 cm4. 

2.	�Methodology
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Fig. 2. Enlarged design model of crop sprayer boom section 

 
a) b) c) 

 
 

Fig. 3. Cross-sections of crop sprayer boom section elements: a) upper spar; b) lower spar; c) tilt brace 
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As an example, we will write the expression of the 
function of potential energy of deformation of the bending 
and torque moments (only for the lower spar of the boom 
section).  

The function of potential energy of deformation of the 
bending moments: 
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The function of potential energy of deformation of the torque moments: 
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𝑇𝑇�𝑙𝑙��� � 𝑁𝑁� ⋅ cos𝛽𝛽� ⋅ sin𝛼𝛼� ⋅ �� � ��� ⋅ sin𝛽𝛽� ⋅ sin𝛼𝛼� ⋅ �� � ��� ⋅ cos𝛽𝛽� ⋅ cos𝛼𝛼� ⋅ �� � 𝑀𝑀�� ⋅ sin𝛼𝛼� � 𝑇𝑇� ⋅ cos𝛼𝛼� � � ��
� ; 

 

𝑇𝑇�𝑙𝑙��� � 𝑁𝑁� ⋅ cos𝛽𝛽� ⋅ sin𝛼𝛼� ⋅ �� � ��� ⋅ sin𝛽𝛽� ⋅ sin𝛼𝛼� ⋅ �� � ��� ⋅ cos𝛽𝛽� ⋅ cos𝛼𝛼� ⋅ �� � 𝑀𝑀�� ⋅ sin𝛼𝛼� � 𝑇𝑇� ⋅ cos𝛼𝛼� � 𝑁𝑁� ⋅
cos𝛽𝛽� ⋅ sin𝛼𝛼� ⋅ �� � ��� ⋅ sin𝛽𝛽� ⋅ sin𝛼𝛼� ⋅ �� � ��� ⋅ cos𝛽𝛽� ⋅ cos𝛼𝛼� ⋅ �� � 𝑀𝑀�� ⋅ sin𝛼𝛼� � 𝑇𝑇� ⋅ cos𝛼𝛼� � � ��

� ; 
 

𝑇𝑇�𝑙𝑙��� � 𝑁𝑁� ⋅ cos𝛽𝛽� ⋅ sin𝛼𝛼� ⋅ �� � ��� ⋅ sin𝛽𝛽� ⋅ sin𝛼𝛼� ⋅ �� � ��� ⋅ cos𝛽𝛽� ⋅ cos𝛼𝛼� ⋅ �� � 𝑀𝑀�� ⋅ sin𝛼𝛼� � 𝑇𝑇� ⋅ cos𝛼𝛼� � 𝑁𝑁� ⋅
cos𝛽𝛽� ⋅ sin𝛼𝛼� ⋅ �� � ��� ⋅ sin𝛽𝛽� ⋅ sin𝛼𝛼� ⋅ �� � ��� ⋅ cos𝛽𝛽� ⋅ cos𝛼𝛼� ⋅ �� � 𝑀𝑀�� ⋅ sin𝛼𝛼� � 𝑇𝑇� ⋅ cos𝛼𝛼� � � ��

� ; 
 

𝑇𝑇�𝑙𝑙��� � 𝑁𝑁� ⋅ cos𝛽𝛽� ⋅ sin𝛼𝛼� ⋅ �� � ��� ⋅ sin𝛽𝛽� ⋅ sin𝛼𝛼� ⋅ �� � ��� ⋅ cos𝛽𝛽� ⋅ cos𝛼𝛼� ⋅ �� � 𝑀𝑀�� ⋅ sin𝛼𝛼� � 𝑇𝑇� ⋅ cos𝛼𝛼� � 𝑁𝑁� ⋅
cos𝛽𝛽� ⋅ sin𝛼𝛼� ⋅ �� � ��� ⋅ sin𝛽𝛽� ⋅ sin𝛼𝛼� ⋅ �� � ��� ⋅ cos𝛽𝛽� ⋅ cos𝛼𝛼� ⋅ �� � 𝑀𝑀�� ⋅ sin𝛼𝛼� � 𝑇𝑇� ⋅ cos𝛼𝛼� � � ��

� ; 
 

𝑇𝑇�𝑙𝑙��� � 𝑁𝑁� ⋅ cos𝛽𝛽� ⋅ sin𝛼𝛼� ⋅ �� � ��� ⋅ sin𝛽𝛽� ⋅ sin𝛼𝛼� ⋅ �� � ��� ⋅ cos𝛽𝛽� ⋅ cos𝛼𝛼� ⋅ �� � 𝑀𝑀�� ⋅ sin𝛼𝛼� � 𝑇𝑇� ⋅ cos𝛼𝛼� � 𝑁𝑁�� ⋅
cos𝛽𝛽�� ⋅ sin𝛼𝛼�� ⋅ �� � ���� ⋅ sin𝛽𝛽�� ⋅ sin𝛼𝛼�� ⋅ �� � ���� ⋅ cos𝛽𝛽�� ⋅ cos𝛼𝛼�� ⋅ �� � 𝑀𝑀��� ⋅ sin𝛼𝛼�� � 𝑇𝑇�� ⋅ cos𝛼𝛼�� � � ��

� ; 
 

𝑇𝑇�𝑙𝑙��� � 𝑁𝑁�� ⋅ cos𝛽𝛽�� ⋅ sin𝛼𝛼�� ⋅ �� � ���� ⋅ sin𝛽𝛽�� ⋅ sin𝛼𝛼�� ⋅ �� � ���� ⋅ cos𝛽𝛽�� ⋅ cos𝛼𝛼�� ⋅ �� � 𝑀𝑀��� ⋅ sin𝛼𝛼�� � 𝑇𝑇�� ⋅
cos𝛼𝛼�� � � ��

� . 
 

The full expression of the function of potential energy of 
deformation is extremely long though it is not too 
complicated in its recording structure as it involves some 
gradual addition of the function constituents on the sections 
series of the structure. The unknown support reactions R1, 
R2, R3 and R4 are found from the static equations 

 

∑𝐹𝐹�𝑥𝑥� � 0 ∶  �𝑅𝑅� � 𝑅𝑅� � 0;  
 

∑𝐹𝐹�𝑧𝑧� � 0 ∶  𝑅𝑅� � 𝑅𝑅� � � � � �
�∑ 𝑙𝑙����� � 0; (6) 

 

∑𝑀𝑀�0� � 0 ∶  𝑀𝑀� � � ∙ ∑ 𝑙𝑙����� � � ∙ �� �∑ 𝑙𝑙����� �� � 𝑅𝑅� ∙
𝐿𝐿�� � 𝑅𝑅� ∙ 𝐿𝐿�� � 0.  
 

And some extra equation, obtained from the condition 
(3) by the differentiation of expressions (4) and (5) by the 
unknown R1 followed by the integration (the equation can’t 
be written due to its awkwardness). 

The peculiarity of solving the problems of above-
mentioned type is the fact that whilst writing the expression 
of the potential energy of deformation it’s necessary to 
express the required unknown internal efforts in terms of 
those unknown ones which the partial derivatives are taken 
by. Thus, to solve the equations it’s quite reasonable to use 

Leibniz rule of the integrand (function under the integral 
sign) differentiation (i.e. at first the partial derivatives must 
be taken and only after that the integration can be performed) 
or other approaches [16,17] which make the calculations 
faster and simpler. To analyze the distribution of efforts in 
the bearing structures of the machine it’s quite reasonable to 
use some computational investigation based on the 
simulation models [18-21]. 

 
 

3. Results and discussion 
 
The output data for the crop sprayer boom section 

calculation are its geometrical parameters, design and 
processing mass. The length of the crop sprayer boom L = 
13 m. The design mass of the boom mK = 238 kg. The weight 
of processing equipment mounted on the boom (hydraulic 
cylinders, compensating springs, pipelines, hoses, nozzle 
valves and others) is equal to mT ≈ 160 kg.  

Uniformly distributed load on the boom section will be 
the following one: 

 

� � ��������
� � �238 � 160� ⋅ �.��

�� � 300 𝑁𝑁/𝑚𝑚. 

3.	�Results and discussion
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The length of two end boom sections LS ≈ 7 m, design 
mass mS = 88 kg. We have simulated the impact of two end 
boom sections on the first section by the external effort G 
and the moment МG: 

 

� � � ⋅ � � 300 ⋅ 7 � 2100 𝑁𝑁; 
 

MG = G ⋅ L/2 = 2100 ⋅ 7/2 = 7350 N⋅m. 
 
The results of analytical calculation have been checked 

by the simulation of 3D model of the crop spraying machine 
boom section (Fig. 4) using the program complex «Lira-
SAPR», where the finite elements method (FEM) has been 
implemented. 

To simplify the support reactions determination some 
additional pin-jointed components have been introduced into 
the crop sprayer boom section structure. They imitate 
horizontal and vertical constituents of the support reactions. 

The calculation scheme of the boom section under 
discussion and the results of checking are shown on the 
Figure 5. 

 

 
 

Fig. 4. 3D model of the crop spraying machine boom section 
 
The comparison of results of analytical and simulation 

modeling is shown in Table 1. 
 
 

a) 

 
 
b) 

 
 

Fig. 5. Modeling of the crop spraying boom section: а) scheme of the structure fixing and loading; b) results of calculation 
(scheme of deformation and support reaction R4) 

R1 
R2 

R3 
R4 
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Table 1.  
Comparison of the research results 

Reactions of 
supports 

Analytical solution 
(MPED method) 

Simulation 
(FEM) Difference 

R1 , Н -13927 / 2 ≈ - 6964 -7048.32 ≈1% 
R2 , Н -1512 / 2 ≈ - 756 -697.70 ≈8% 
R3 , Н 13927 14096.60 ≈1% 
R4 , Н 5377 5263.89 ≈2% 

 
 

4. Conclusions 
 

The results of theoretical investigation of efforts 
distribution in the supports of the spraying machine boom 
section in static statement of the problem have been 
described. The method of static indeterminacy realization 
based on the principle of minimum of potential energy of 
deformation has been used to calculate the frame structure.  

The applied approach under discussion enables the static 
indeterminacy to be realized whilst calculating the complex 
frame structures though it requires not only considerable 
records of the function of potential energy of deformation 
(even without taking into account the function of potential 
energy of deformation of normal and lateral forces) but 
application of applied computer programs to perform a large 
volume of differentiation operations and integration of 
expressions components of the function of potential energy 
of deformation by unknown efforts as well.  

Results of theoretical calculation and simulation of the 
spraying machine boom section make possible to find any 
defects in the spraying machine boom section design, 
determine the most load-carrying structural members and 
choose the most efficient design parameters.  

Difference in the results obtained analytically by method 
of minimum of potential energy of deformation and by 
means of simulation does not exceed 10%. 
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