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Abstract—The dependence of the angular density and the photon yield of collimated diffracted transition
radiation (DTR) generated in a thin single-crystal plate by a beam of relativistic electrons on the beam diver-
gence are studied. An expression describing the DTR angular density averaged over all the rectangular trajec-
tories of electrons in the beam is derived. For the averaging, the two-dimensional Gaussian distribution is
used. A significant dependence of the angular density of collimated DTR photons on the electron-beam
divergence is shown. An expression describing the number of collimated DTR photons is obtained. The sig-
nificant dependence of the photon number of the collimated DTR is shown.
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1. INTRODUCTION
When a charged particle crosses the input surface of

a crystal plate, transition radiation (TR) occurs [1],
which diffracts at a system of parallel atomic planes of
the crystal, forming diffracted transition radiation
(DTR) [2, 3]. When a charged particle crosses a crys-
talline plate, its Coulomb field is scattered at a system
of parallel atomic planes of the crystal, generating
parametric X-ray radiation (PXR) [4, 5]. In the gen-
eral case of the asymmetric ref lection of radiation
from a plate, when the diffracting atomic planes make
an arbitrary angle with the surface, dynamic effects for
PXR and DTR were considered in [6–8], in which it
was shown that by changing the asymmetry of reflec-
tion, one can significantly increase the radiation
yields.

In this work, we study the possibilities of using
coherent radiation excited by electrons in a single-
crystal target to indicate the parameters of accelerated
electron beams. The relevance of this problem is asso-
ciated with the need to provide reliable information on
the parameters of electron beams of various energies
during fundamental and applied research conducted
using modern accelerator installations.

When conducting fundamental and applied exper-
imental studies using electron beams of different ener-

gies, scientists are faced with the problem of insuffi-
cient information on the parameters of beams. The
important parameters of a beam are its transverse
dimensions and angular divergence. The main prob-
lem for physicists working with beams of relativistic
electrons in the energy range 100–1000 MeV is the
provision of measurements of the transverse dimen-
sions of the beam, since the angular divergence on
modern electron accelerators is on the order of
0.001 mrad, which is not significant for electron
beams with dimensions on the order of more than ten
microns.

At present, two linear electron–positron colliders
are being designed [9, 10]. In these installations, elec-
trons and positrons will be accelerated to an energy of
250 GeV. The transverse dimensions of the beam are
assumed to be very small (~5–100 nm) and the main
problem will be measurement of the angular diver-
gence. Obviously, the measurement process should
not significantly affect the measured parameters of the
beam, therefore, for an indication, it is necessary to
use processes that would have a minimal effect on the
measured parameters. The solution to this problem
will allow a more accurate interpretation of the exper-
imental data in fundamental and applied research.
922
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Fig. 1. Geometry of the emission process.
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The expressions obtained in [8] show that the
angular density of the DTR depends on the divergence
of the electron beam to a greater extent than the angu-
lar density of the PXR. This is due to the fact that for
electron beams with energies exceeding several hun-
dred MeV, the emitted DTR photons have a smaller
angular spread than PXR photons and, as a result, the
angular density of the DTR becomes more sensitive to
the beam divergence. It should be noted that with a
further increase in the relativistic-electron energy, the
angular distribution of DTR photons narrows, and the
width of the angular distribution of PXR photons
reaches saturation and ceases to change.

In this paper, we study the diffracted transition
radiation of relativistic electrons in a single-crystal tar-
get in the Laue scattering geometry. Radiation is con-
sidered for the case of a very thin target, when the mul-
tiple scattering of electrons by target atoms is negligi-
ble, which is important when measuring the
divergence of an electron beam, since it provides a suf-
ficiently small change in the process of measurement.
An expression is obtained that describes the number of
DTR photons emitted at a given solid angle. It has
been shown that the collimated DTR generated in a
single crystal substantially depends on the electron-
beam divergence.

2. GEOMETRY OF THE EMISSION PROCESS

Let a beam of relativistic electrons intersect a single
crystal plate in the Laue scattering geometry (Fig. 1).
We introduce the angular variables   and  in
accordance with the definitions of the speed of a rela-
tivistic electron  (in units of the speed of light in free
space) and unit vectors in the direction of a photon

,ψ θ 0θ

V
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emitted close to the speed of an electron , and a pho-
ton emitted near the Bragg scattering direction 

(1)

where  is the angle of deviation of an electron in the
beam, measured from the axis electron beam   is
the angle between the axis  and the direction  of TR
incident photon propagation,  is the angle between
the direction  of the Bragg reflection of a photon
incident along the axis of the electron beam and the
propagation direction of the diffracted photon 

(emission angle),  is the Lorentz factor
of a particle, and  and  are the unit vectors.

In Fig. 1,  is the angular divergence of the elec-
tron beam. Angle  defines a cone bounding part of
the electron beam, beyond which the electron density
decreases by more than  times compared with the
density on the beam axis. The angular variables are
decomposed into components parallel and perpendic-
ular to the plane of the figure 

 

3. INFLUENCE OF DIVERSITY
OF THE ELECTRON BEAM ON THE DTR

We use the formula obtained in [11], which
describes the spectral-angular density of the DTR for
a single crystal of arbitrary thickness:
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where

(3)

where  is the average dielectric suscepti-
bility, F(g) is the form factor of an atom containing Z
electrons,  is the structural factor of a unit cell
containing  atoms, and  is the root-mean-square
amplitude of the thermal vibrations of atoms of the
crystal. The work deals with the range of X-ray fre-
quencies 

At  expressions (2) describe  polarized waves,
and when   polarized waves. Since the electro-
magnetic field emitted by a relativistic electron is
transverse in the X-ray frequency range, the incident

 and diffracted  waves are deter-
mined by two amplitudes with different values of the
transverse polarization:

(4)

where the vectors  and  are perpendicular to the
vector  and vectors  and  are perpendicu-

lar to the vector  =  The vectors  and

 lie in the plane of vectors  and  (  polariza-

tion), and the vectors  and  perpendicular to it
( polarization).

Parameter  determines the degree of asymmetry
of the reflection of the electron field relative to the tar-
get surface. We note that the angle of incidence of the
electron on the target surface ( ) decreases with
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increasing parameter  Parameter  is equal to half the
electron path in the target  expressed

in X-ray extinction lengths in a single crystal 

Expressions (2a) and (2b) describe the spectral-
angular density of the DTR of a relativistic electron
crossing the single-crystal plate, taking into account
the deviation of the electron velocity direction (angle

) relative to the axis of the electron beam 
Expressions were obtained in the framework of the
two-wave approximation of the dynamic theory of dif-
fraction for the general case of the asymmetric ref lec-
tion of radiation waves, when the angle between the
reflecting system of parallel atomic planes of the crys-
tal and the target surface (angle ) can take on arbi-
trary values within the framework of Laue geometry.

We consider the emission of a beam of relativistic
electrons in a thin crystal, that is, under the condition
that the largest path length of the diffracted photon in
the plate  will be much less than the
absorption length of X-ray waves in the crystal

(5)

To fulfill this condition, as well as the conditions for
the small influence of the indication process on the
parameters of the electron beam (the angle of multiple
scattering in the target is many times smaller than the
initial divergence of the beam) in the X-ray range of
radiation frequencies, the target thickness should be
less than or on the order of tens of micrometers. In this
case, the choice of the target thickness will depend on
the density of the target substance, the energy of rela-
tivistic electrons, and the energy of the emitted DTR
photons. In this case, from the expression (2b) it fol-
lows:

(6)

We find the angular density of the DTR by integrating
expressions (2a) in frequency  using the ratio

 which follows from the expression

for  in (3). The angular density of the DTR takes
the form:
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(7)

where 
We integrate the spectral function in (7) using in

the case of  the approximation:

Condition  corresponds to the case when
the path length of an electron in a single crystal is sub-
stantially less than the extinction length of X-ray
waves. As a result, we obtain the expression

(8)

We study the dependence of the yield of DTR pho-
tons in the collimator on the initial divergence of the
electron beam in order to use it to indicate the diver-
gence of high and ultrahigh-energy electron beams. To
do this, we average the expression for the angular den-
sity of the DTR (8) over the possible rectilinear paths
of the electron in the beam. We average over the sym-
metric Gaussian distribution function:

 Adding the angular den-

sities (8) for two polarizations and averaging over
 we obtain an expression describing the angular

density of the DTR excited by a single electron, aver-
aged over all possible rectilinear paths of the electron
in the beam:

(9a)

where

(9b)

Function  characterizes the effect of the elec-
tron beam divergence  on the angular density of the
DTR.

By integrating over the emission angles

(  ) the angular density of

the DTR (9a) incident on a rectangular collimator

with dimensions of  we obtain an expression
describing the number of photons of the collimated
DTR, excited by a beam of relativistic electrons, nor-
malized to the number of electrons in the beam:

(10a)

(10b)

Function  describes the dependence of the
number of DTR photons emitted to the collimator on
the divergence of the electron beam  and the size of
the rectangular collimator  and  Formula (10)
for the given collimator defines the unique relation-
ship between the number  of photons emitted
into the collimator, and the divergence of the electron
beam.

Let us consider the dependences of the angular
density of the DTR and the number of photons of the
collimated DTR on the divergence of the electron
beam. For definiteness, we set  whose
value is determined by the radiation frequency and the
target material. Figure 2 shows the curves of the angu-
lar distribution of the density of diffraction pulses con-
structed according to formula (9b) for beams of rela-
tivistic electrons with different divergence parameters
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Fig. 2. (a) Dependence of the angular density of DTR on
the divergence  of the electron beam.  
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Fig. 3. Dependence of the number of DTR photons emit-
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Figure 2a shows the curves plotted for values of the
divergence parameter  on the order of magnitude

and more of the characteristic angle of emission 

and in Fig. 2b, for smaller values of the divergence
parameter ( ).The figures show
the presence of a significant dependence of the angu-
lar density of the DTR on the divergence of the elec-
tron beam, up to values of the divergence on the order
of  mrad for a given electron energy. It
should be noted that when the divergence changes
with respect to the value , there is a qualitative
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change in the shape of the angular distribution of the
DTR (Figs. 2a and 2b).

Figures 3–5 show curves constructed by formula
(10b) that describe the function  at various
values of the collimation parameters of the photon
beam  and  The dependence on the target thick-
ness is present only in the coefficient before the func-
tion 

The curves in Figs. 3 and 4, constructed for a collima-
tor with dimensions of, respectively, 
mrad and  mrad, show a notice-
able decrease in the number of DTR photons emitted
to the collimator with increasing divergence of the
electron beam. However, the curve in Fig. 5, con-
structed for a collimator with the parameters

 mrad, shows a noticeable
increase in the number of photons of the collimated
DTR with an increase in the divergence of the electron
beam. This reflects the fact that the angular density in
the minimum characteristic of the DTR increases with
increasing angular divergence (Fig. 2b), namely, in the
region of this minimum, a collimator with the param-
eters  mrad. Figure 6 shows the
function dependence curve for large collimator sizes

 mrad, when almost all DTR pho-
tons are incident on it. In this case, there is a very weak
dependence of the yield of DTR photons on the diver-
gence of the electron beam.

Figure 7 shows the curves constructed by formula
(9b), which demonstrate the dependence of the angu-
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Fig. 4. The same as in Fig. 4 but for 
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of the angle of observation  From Fig. 7 it is
seen that a noticeable dependence of the angular den-
sity of the DTR on the beam divergence for a given
electron energy is observed in the range of the diver-

gence parameter  mrad. This
means that the DTR can be used to indicate electron
beams with such an energy. Figure 8 shows the depen-
dence of the number of DTR photons emitted to the

collimator.  on the divergence  of an
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CONCLUSIONS

In this paper, we theoretically study the diffracted
transition radiation of a beam of relativistic electrons
crossing a thin single-crystal plate in the Laue scatter-
ing geometry. An expression is obtained that describes
the angular density of the DTR averaged over all pos-
sible rectilinear paths of an electron in the beam. For
averaging, a two-dimensional Gaussian distribution is
used. The performed calculations showed the exis-
tence of a significant dependence of the angular den-
sity of the DTR on the electron-beam divergence. For
the case of a thin single-crystal target under consider-
ation, an expression is obtained that describes the
number of collimated DTR photons excited by a beam
of relativistic electrons. It was shown that the number
TRON AND NEUTRON TECHNIQUES  Vol. 14  No. 5  2020
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Fig. 8. Dependence of the number of emitted DTR pho-
tons in the collimator on the divergence of the electron

beam  Collimator size  
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of photons of the collimated DTR is also substantially
dependent on the divergence of the electron beam,
while the total yield of the study without collimation is
practically independent of the divergence of the elec-
tron beam.

The expression obtained in this paper for the num-
ber of photons of a collimated DTR can be used to
determine the divergence of beams of relativistic elec-
trons, which greatly simplifies indication compared to
using the angular distribution of the DTR.
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