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Abstract

Measure and Integral are important when dealing with abstract spaces such as
function spaces and probability spaces. This thesis will cover Lebesgue Measure and
Lebesgue integral. The Lebesgue integral is a generalized theory of Riemann integral
learned in mathematics. The Riemann integral is centered on the Definition domain of
the function, but the Lebesgue integral is different in that it is centered on the range of
the function, and uses the basic concept of analysis. Measure and integral have widely
applied not only to mathematics but also to other fields.
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Introduction

General measures and integrals are used in many fields of mathematics. In this
paper, I would like to introduce Lebesgue measure and integral. A Lebesgue measure
provides mathematical abstraction of mass, distance, area, volume, probability, and
general concepts to a subset of Euclidean space. The Lebesgue integral is an integral
that can be defined on a general measure space. The Lebesgue measure and integral
is mainly used in mathematics fields such as analysis and probability theory and other
fields.
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Chapter 1

Preliminaries

1.1 Related Theorems and Definitions

Definition 1.1.1. Measurable space and measurable set.

Given a set X and a o-algebra 9 C P(X), (X, M) is called a measurable space, and
any set in 9 is called a measurable set.

Definition 1.1.2. o-algebra.

Given a set A(# 0) C P(X), the o-algebra o(A) C P(X) obtained from Theorem 2.2.9
is called the o-algebra generated by A.

Definition 1.1.3. Borel set and Bore measurable space.

Given a topological space (X, T), according to Theorem 2.2.9, there is a o-algebra
G(T) produced by 7. A topology T is collection of subsets of X. Let the o-algebra
B,(X) =G(T) be the Borel o-algebra in the topological space (X,T) or simply the
Borel algebra. Any set in B,(X) is called a Borel Set. In particular, (X, B,(X)) is
called a Borel measurable space.

Definition 1.1.4. F_-set and Gg- set.

The set represented by a union of countable closed sets is called an F,-set and the set
represented by an intersection of countable open sets is called a Gs-set.

Definition 1.1.5. The extended Borel o-algebra.

The o-algebra B,(R) = G (T (R)) C P(R) generated by T(R) is called the extended
Borel o-algebra.

Definition 1.1.6. 91-measurable.
A function f: X — R defined on a measurable space (X, ) is called M-measurable.

Definition 1.1.7. The positive part of the function f: X — R and the negative part of
function f: X — R.

The two functions f*: X — R from the function f: X — R defined on the set X are
defined as

f(z) = max{f(z), 0} and f~(z) = max{—f(z), 0}.



Definition 1.1.8. Measurable.
Given the measurable space (X, ;) and (Y, My), if the function F: X — Y satisfies
the condition
F7YE) e My (E € My),
the function F: X — Y is called measurable.

Definition 1.1.9. A measure and a measure space.

Given a measurable space (X, M), if the function p: M — R with an extended
real-valued and defined on o-algebra 9, satisfies the condition

(1) p(0) =0,
(2) u(E) = 0 (E €M),

o0 oo
(3) (Ep)ns1 C M and B, N By = ¢(n # m) = u( U Ek) = 3 u(By),
_ k=1 k=1
w: M — R is called a measure and (X, 9, u) is called a measure space.

Definition 1.1.10. A finite measure, finite measure space and o-finite measure space.
Given a measure space (X, I, u), it is defined as follows.

(a) If the condition u(X) < 400 is satisfied, p is called a finite measure and
(X, 9, p) is called a finite measure space.

(b) If there exists a measurable set sequence (E,),>1 C 9 that satisfies
o
the condition X = |J E, and u(E,) < +oo (n € N), p is called a o-finite
n=1
measure and (X, M, p) is called a o-finite measure space.

Definition 1.1.11. The Borel measure space.

For the Topological space (X, T), if the measure p: B — R is given and the Borel
measure space (X, ’BU(X)) is considered, (X, B, (X), u) is called the Borel measure
space.

Definition 1.1.12. A translation invariant measure space.

If the measure space (X, 9, u) satisfies the condition
EFEeMandacek=— FE+acMand u(E+ a) = p(E)

for a closed set X by addition, the measure space (X, 9, u) is called a translation
invariant measure space.

Definition 1.1.13. A complete measure space and complete measure.

If a measure space (X, 9, u) is given and the conditions
NeMand u(N) =0= P(N)C M

are satisfied, (X, 9, u) is called a complete measure space and the function u:
M —[0,400] is called a complete measure.

Definition 1.1.14. The completion of the measure space, completion of M and
completion of .

Given a measure space (X, 9, u), a complete measure space (X, 53\?, ft) that satisfies
the condition [Pt C M and f|9 = p] is called the completion of the measure space (X,
M, 1). The o-algebra M is called the completion of 9 for a measure u, and a measure
i is called the completion of pu.



Definition 1.1.15. The standard representation of a simple measurable function.

Given a simple measurable function ¢: X — R, an expression such as (4.1) is called
the standard representation of a simple measurable function ¢: X — R.

Definition 1.1.16. The Lebesgue integral.

Given a measure space (X, M, u), we define

Jf dp=sup{ [ & du: 6 € Sf(X, M)} (4.3)

for the measurable function f € M™ (X, ). (4.3) is called the Lebesgue integral
[Wei73] of the measure function f € M™*(X,9) for measure p: M — [0, +o0).

Theorem 1.1.17. The standard expression.

For the measurable function f € M™ (X, 9) and measurable set E € 9, the following
holds.

() () =0 (z € B) = [,f du=0.
(b) 1(E) = 0 = [ f du 2 0.
¢ = i akXAk
k=1

is called the standard expression.



Chapter 2

Measurable Functions

2.1 Related Theorems and Definitions

Definition 2.1.3. measurable space and measurable set

Given a set X and a o-algebra 9 C P(X), (X, M) is called a measurable space, and
any set in 9 is called a measurable set.

Definition 2.1.10. o-algebra.

Given a set A(# 0) C P(X), the o-algebra o(A) C P(X) obtained from Theorem 2.2.9
is called the o-algebra generated by A.

Definition 2.1.11. Borel set and Borel measurable space.

Given a topological space (X, T), according to Theorem 2.2.9, there is a o-algebra
G(T) produced by 7. A topology T is collection of subsets of X. Let the o-algebra
B,(X) =G(T) be the Borel og-algebra in the topological space (X,T) or simply the
Borel algebra. Any set in B,(X) is called a Borel Set. In particular, (X, B,(X)) is
called a Borel measurable space.

Definition 2.1.12. F_-set and Gs- set.

The set represented by a union of countable closed sets is called an F,- set and the set
represented by an intersection of countable open sets is called a Gs- set.

Definition 2.1.21. The extended Borel o-algebra.

The o-algebra B,(R) = G (T (R)) C P(R) generated by T(R) is called the extended
Borel o-algebra.

Definition 2.3.1. 91-measurable.
A function f: X — R defined on a measurable space (X, ) is called M-measurable.

Definition 2.3.12. The positive part of the function f: X — R and the negative part
of function f: X — R.

The two functions f*: X — R from the function f: X — R defined on the set X are
defined as

f(z) = max{f(z), 0} and f~(z) = max{—f(z), 0}.



Definition 2.3.23. measurable.

Given the measurable space (X, ;) and (Y, My), if the function F: X — Y satisfies
the condition

Fﬁl(E) €My (E S E)JIQ),

the function F: X — Y is called measurable.

2.2 o-Algebras

Given a set X, the set of all subsets of X is denoted by P(X). Therefore, P(X) =

{4: AC X}.
Definition 2.2.1. If the set M C P(X) consisting of subsets of X satisfies

(1) ¢, X € M;

(2) AeM=— A°=X — A e,

(3) Ay eM (ke N)= |J Ar € N,

k=1
the set 91 is called a o-algebra. Instead of (3), if 9 satisfies
(3NA;, A, JAp eMneN)= |J A €N,
k=1

the set 2N is called an algebra of sets.
Example 2.2.2. For a set X, My = {A € P(X): either A is a finite set or A® is a
finite set}.

If X is a finite set, then My = P(X), so My is both an algebra of set and a
c-algebra. If X is an infinite set, MMy is an algebra of set, but not g-algebra.

Definition 2.2.3. Given a set X and a o-algebra M C P(X), (X, M) is called a
measurable space, and any set in M is called a measurable set.

Proposition 2.2.4. For a measurable space (X, M),
oo
Akeim(keN): ﬂ A € 9.
k=1

Proof.
According to Definition 2.2.1 (2), A € M(k € N) holds. Applying the Definition 2.2.1
(3), we get LI_CJAE € M and apply the Definition 2.2.1 (2) and De Morgan’s Law

[WeiT4], we get
ﬂAk:<UA2> e M.
k=1 k=1

Example 2.2.5. Let My = {¢, X} and My = P(X ) for a set X. Then, (X, M) is a
measurable space (k= 1, 2).

Example 2.2.6. Let X =N, A ={1, 3,5, ...} and B={2, 4, 6, ...}. Then, M =
{¢, A, B, X} C P(X) and (X, M) is a measurable space.



Proposition 2.2.7. Given an uncountable set X, let
M ={A CP(X): Aisa countable set or A® is a countable set}.
(X, M) is a measurable space.
Proposition 2.2.8. Let (X, M;) (j = 1, 2) be a measurable space for a set X and
M =Ny () Ma.
Then, (X,0M) is measurable space.

Theorem 2.2.9. Given a set A(# () C P(X), there is one smallest o-algebra
o(A) C P(X) containing A C P(X).

Proof.
Consider the set S = {M C P(X): M is a o-algebra and A C M}. Now,
oA = M
meS

It can be easily seen that o(.A) is a o-algebra. First, for all M € S, since A C 9,
A C o(A) clearly holds, and if M’ C P(X) is a o-algebra that satisfies the condition
A C MV, then by the Definition of S, M € S, so o(A) C M’ is satisfied. Therefore,
o(A) is the smallest o-algebra containing A.

Definition 2.2.10. Given a set A(# 0) C P(X ), the o-algebra o(A) C P(X ) obtained
from Theorem 2.2.9 is called the o-algebra generated by A.

Definition 2.2.11. Given a topological space (X, T ), according to Theorem 2.2.9,
there is a o-algebra G(T ) produced by T.

A topology T is collection of subsets of X. Let the o-algebra B,(X) = G(T) be
the Borel o-algebra in the topological space (X,7) or simply the Borel algebra. Any
set in B, (X) is called a Borel Set. In particular, (X, B,(X)) is called a Borel
measurable space.

Definition 2.2.12. The set represented by a union of countable closed sets is called an
F_—set and the set represented by an intersection of countable open sets is called a
Gs- set.

Example 2.2.13. Given a topological space (X, T ), any closed set is an F,— set and
any an open set is a Gs— set.

Also, the union of countable F_ - sets is an F_- set and the intersection of
countable Gj- sets is a Gg- set. In particular, a prerequisite for a set A € P(X) to be
an F,— set is that the set A° € P(X) is a Gs- set.

Note 2.2.14. If the o-algebra generated by the usual topology U, has given on the set
n

R" = (R xR x --- x R) is expressed as B,(R™) = G(U,), then the elements of B,(R")
are Borel sets in the topological space R™ [WeiT4].

Note 2.2.15. For the set R, if A= {(a,b): —co < a < b < +oc} C P(R), then
G(A) = B,(R) holds.

Because we know that U; C G(A), we get G(U1) C G(A). Since A C Uy,
G(A) C G(Uy) holds. Therefore, B,(R) = G(Uy) C G(A).



Proposition 2.2.16. For the Borel o-algebra B,(R) C P(R) on the set R, the
following holds.

(a) A1 = {(a,b]: —c0o < a<b<+o0} CPR)= G(A) = B,(R).
(b) Az = {[a,b]: —o00 < a <b< 400} CPR) = G(A2) = B,(R).
(c) A3 ={(a,+00): a € R} C P(R) = G(A3) = B,(R).

Example 2.2.17. Considering the usual topology (R, Uy ), for a,b € R satisfying the
condition a < b, we get

w 1 1 ~ 1 1
(a,b)= U [a+2b-1] {a}= N (a—ﬁ,am).
n=1 n=1
Therefore, an open interval is a Gs-set and an F -set. All open sets are both
Gs-sets and F-sets. For any real number p € R, {p} is a closed set, so {p} is both an

F,-set and a Gs-set. Moreover, Q = |J {q} is an F,-set.
q€Q

Note 2.2.18. F_-sets and Gj-sets are relatively simple Borel sets.
Moreover, the F_s—set is the intersection of countable F,-sets and the Gg,-set is
the union of countable Gs-sets, which are also Borel sets,

(2.1)

F—set, F s—set, F s,— set,
Gs-set, Gso—set, Gsys— Set.

If the F,5-set is the countable union of the set, then the set is F,—. If the Gg,-set
is the countable intersection of the set, then the set is Gg—. Thus, we define F,s- and
Gs,—- By repeating this process, a sequence consisting of Borel sets can be obtained.

Proposition 2.2.19. Given a topological space (X, T ), let [F] and [G] be symbols
representing all closed sets and all open sets, respectively.

And all F,-sets are represented by [F,], also F,s-set is represented by [F,s].
Define [F,s,] in the same way. All Gs-sets are represented by [Gs|, also Gs,— set is
represented by [Gs,]. Define [Gs45] in the same way.

Given a topological space (X, T), the following holds.

{[F] C [Fy] C [Fys] C [Frso] -+,
[G] C [Gs) C |Gso] C [Gsgs] C -

First, the order and operation are determined as follows to deal with the set of all
extended real numbers.

Note 2.2.20. Assume the set of extended R = [—o00, +00], the following order and
algebraic operations are given for x € R:

o —0 <z <400,
o (£00) + (£o0) = £o0,

oz + (£o00) = (£o0) + = = +o0,
(@] Z = = Zz

[e'¢) —0o0”’?
o (£00)(fo0) = 400,



+oo(xz > 0),
° z(F00) = (Foo)z = 4 0(z = 0),
Foo(x < 0),
(+00) + (—o0) and (—o0) + (+00) are not defined.
According to Note 2.2.20, we get:

(a) The set R of all extended real numbers is an ordered set.

(b) Given a set A C R arbitrarily, sup A and inf A exist within R.

(c) Given an arbitrarily point a € R, (a, +00] is a neighborhood of +occ.
Define

S(R) = {(a, +oc], [~00, b): a, b € R} C P(R).
The topology on R generated by S(R) is denoted by 7 (R) [Kub07].

Definition 2.2.21. The o-algebra B,(R) = G (T (R)) C P(R) generated by T(R) is
called the extended Borel o-algebra.

Proposition 2.2.22. Let Ay = {(a, +00]: a € R} C P(R). Then, B,(R) = G(Ap),
that is, Ay generates the extended Borel o-algebra.

Proof.
Let b € R and a choose a sequence (by,),>1 C R such that

lim b, =b.

n—-+o0o

{bn < bpy1 <b (n €N),

Then,
[0, 0) = U [~00, ba] =R = ) (bn, +00]

holds, so that [—oco, b) € G(Ap), and in particular, S(R) C G(Ap) is obtained.
Therefore, A9 C T(R) C G(Ap) hold.

2.3 Measurable Functions

Definition 2.3.1. A function f: X — R defined on a measurable space (X, M) is
called M-measurable if

{r e X: f(zx) >a}eM(aeR)
is satisfied. We denoted it f € M(X, ).

Notation 2.3.2. The full set of measurable functions with extended real values on the
measurable space (X, M) will be expressed as follows.

M(X, M) = {f: X = R|fis a measurable function}.



Lemma 2.3.3. Given an extended real-valued function f: X — R for the measurable
space (X, M), the following are equivalent to each other.

(a) feM(X,M).

(b) Ap ={z € X: f(z) > a} e Ma eR).
(¢) Ba={z € X: f(z) <a} € MaeR).
(d) Co ={z € X: f(x) > a} € MaeR).
() Do ={z € X: f(z) < a} € M(a € R).

(a)<=(Db) is clear by Definition 2.3.1.

(b)<=>(c) is obtained immediately by applying B, = A¢, and A, = BS.
(b)==(d). Assuming that (b) is established, A_,_: € 9t for any natural
number n € N. However, if you apply the Archimedes property [Hal74], we get

ﬂ Aa,l C C,.
n=1 n

Since the opposite inclusion is obvious,

n

Co= A4, 1
n=1

is established and thus C, € 9 is known.
(d)==(b). Assuming that (d) is established, C, 1 € 91 for any n € N.
However, if you apply the Archimedes property [Hal74], we get
A, C U Ca 41
n=1 n

Since the opposite inclusion is clear,
oo
Ao= U C, 1.
n=1 n

is established and thus A, € 91 is known.
(d)<=(e), If C, = DS and D, = Cf are applied, the equivalence can be
obtained immediately.

Example 2.3.4. All constant functions are measurable. Let f: X — R be a constant
function defined by f(z) = c(z € X ) and let « € R.

If ceRR:
_ )0 (e <o),
{z € X: f(x)>a}—{X (@ <o
If ¢ € {—00,400}: since —o0 < a < +00, we get
_ )0 (¢ =—00),
{z e X: f(z) >a} = {X (e = too).

Since {z € X: f(z) > a} € M is established in either case, the constant function f:
X — R is measurable.
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Example 2.3.5. A function x,: X — R defined as
(2) 1 (z€kE)
€T =

Y0 @)

for E € P(X) is called a characteristic function of the set F € P(X). If E € 9, the
function x ,: X — R is measurable. Because we can see

0 (a <1)
{reX: xp(z)>a}=qF (0<a<]l)
X (a <0)

for any o € R. In either case, {z € X: x, > a} € M is established and the function
Xp: X — R is measurable.

Proposition 2.3.6. When considering the Borel measurable space (X, B,(X)) for the
Topological space (X, T ), all continuous functions f: X — R are B, (X )-measurable.
Proof.

We see that {z € X: f(z) > a} = f~1((a, +00]) for any a € R. (a, +0o0] is an
open set on R and the function f is continuous, so f~*((a, +o0]) € T. Therefore,
{z € X: f(z) > a} € B,(X) is established, and thus the continuous function f:
X — R is B,(X)-measurable.

Lemma 2.3.7. When considering the Borel measurable space (R, B,(R)) for the
Topological space (X, T ), all continuous functions f: R — R is Borel measurable.

Example 2.3.8. Considering the Borel measurable space (R, B,(R)), all monotone
functions f: R — R are measurable. Let’s only look at the case where the function f:
R — R is a monotone increase. That is, for any a € R, there is a real number 3 € R
that satisfies

{z €R: f(z) > a} € {(B, +00), [B, +00), ¢, R}.

In any case, {z € R: f(z) > a} € B,(R) holds, and the monotone increasing function
f: R — R is measurable.

Note 2.3.9. For the measurable space (X,9M), the following holds.
® X, EMX, M) = A

o If M= {0, X}, fe M(X, M) <= f is a constant function.
o If M = P(X), any function f: X — R is measurable.

Example 2.3.10. Given a measurable function f € M(X, M) and a positive number
r >0, if the function f.: X — R is defined as
r (f(z)>r),
fr(@)=q f(z) (If (@) < ),
—r (f(z) <-r)),

then f. € M(X, ). If any real number a € R,
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X (v < —1),
{zeX: fi>al=<{zeX: f(z)>a}(-r<a<r),
0 (r<a)

is established, so f, € M(X, ).

Lemma 2.3.11. Given measurable functions f, g: X — R on the measurable space
(X, M) and a real number ¢ € R, we have cf, f%, f +g, fg, and |f| € M(X, IM).
Proof.
(1) Consider the case of cf.
o If ¢ =0, ¢f is a constant function, so ¢f is a measurable function.
o If ¢ #£0,

{z € X: f(z) > %} (c>0),

{z € X: (cf)(z) > a} = {{x € X: f(z) < 2} (¢ <0)

is established for any o € R. In any case, {z € X: (¢f)(z) > a} € M is
established, so ¢f is a measurable function.

(2) In the case of f2,
{reX: f2(z)>a}=

X (a <0),
{xe X: f(z) > Va} U{z € X: f(z) < —Va} (a>0)
is established for any a € R. In any case, {z € X: f2(z) > a} € M is
established, so f? is a measurable function.
(3) In the case of f + g, if any real number « € R is fixed and the set S, is
given by
S ={zeX: f(z)>r}n{zeX: f(z)>a—r1}

for a rational number r € Q, then S, € M is established. Also, f + g is a
measurable function because

{zeX: (f+9)(z)>a}= LGJQST

is established by the density of the rational numbers in R.
(4) In case of fg, if equation

fo=11F+9)7—(f—9)7]
is used and (1) — (3) are applied, then fg is a measurable function.
(5) In case of [f],
{z € X: |f(z) >a} =
X (e <0),
{{xGX: f(z)>alU{z e X: f(z) < —a} (a>0)

is established for any real number o € R. In either case,
{z € X: |[f|(z) > a} € M is established, so |f| is a measurable function.
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Definition 2.3.12. The two functions f*: X — R from the function f: X — R
defined on the set X are defined as

f(z) = maz{f(z), 0} and f~(z) = maz{—f(z), 0}.
The function ft: X — R is called the positive part of the function f: X — R and f~:
X — R is called the negative part of function f: X — R.
Note 2.3.13. For the function f: X — R defined on the set X, the following holds.

f=fr—f"and|f|=f"+[",
fr=5(f1+f) and f~ = 3(f| - )
Proposition 2.3.14. If two functions f, g and h: X — R defined on the set X satisfy
f(z) = g(z) = h(z) (z € X),
min{g(z), h(z)} =2 0 (z € X),

ft(z) < g(z) and f~(z) < h(z) (z € X) is established. In other words, the positive
part fT and the negative part f~ of the function f are the smallest among the
functions where the function f is expressed as the difference of the non-negative
functions.

Note 2.3.15. If f € M(X, M), the following is established by Archimedes Property
[Hal74].

{z € X: f(z) =400} = F%{a:eX:f(w)>n}€im,

n=1

(¢ €X: f(z) = —o0) = f:jl{x € X: f(z) > —n}° € M.

Theorem 2.3.16. The following is established for f: X — R having the measurable
space (X, M) and extended real number value.

{zr e X: f(z) = -0} €M,
fEMX M= ({reX: a<f(z)<+oo} €M (aeR),
{z € X: f(z) =00} e M.

Note 2.3.17. Given f € M(X, M),
{reX: —o<fz)<a}l=[{reX: a<f(z)<+oo}U{z € X: f(z) =a}]

is established for any a € R, so it can be seen that {z € X: —oo < f(z) < a} € M is
established.

Theorem 2.3.18. Given a measurable function f € M(X, M) and any real number
c €R, cf, f2, |f| and f* € M(X, M).

Theorem 2.3.19. Given a measurable function sequence (fn)n>1 C M(X, M), we
define the function, f, F, f*, F*: X — R as follows.

J(@) = inf fu(z), F(z) = sup fn(z),
[H(z) = lﬁrgigffn(x), F*(z) = limsup f,(z).

n—-+o0o
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Then, f, F, f*, F* € M(X,9).

Corollary 2.3.20. If the measurable function sequence (f)n>1 C M(X,IN) satisfies
the condition

lim f,(z) = f(z) (z € X), then f € M(X,0N).

n—o0

Corollary 2.3.21. Given two measurable functions f, g € M(X,9), then
fg € M(X,9n). That is,

g e M(X, M) = fg € M(X, ).

Theorem 2.3.22. Given a measurable space (X, M) and the function f: X — R,
there is a simple function sequence (¢n)n>1 that satisfies the condition

f(z) = lim ¢,(x) (z € X).

n—+4oo
Moreover, the following holds.
o If f e M(X, M), then (¢p)n>1 C S(X, M).
o If f* € MT(X, 9M), the simple measurable function sequence

(Pn)n>1 C S*(X, M) increases monotonically. That is, it holds that
0 < ¢n(z) < ppyi(z) < f(z) (n € Nand z € X).
o If f € M(X, 9M) is bounded, the simple measurable function sequence

(¢n)n>1 C S(X, M) uniformly converges to the measurable function
f € M(X, M) on the measurable space (X, ).

Definition 2.3.23. Given two measurable spaces (X, M) and (Y, My ), if the
function F: X — Y satisfies the condition

F_I(E) eM (E € My),

the function F: X — Y is called measurable.

Theorem 2.3.24. Given two measurable spaces (X, M) and (Y, My) and the
measurable function F: X — Y, the following holds.

feM(Y, M) = foF e M(X, ).
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Chapter 3

Measure Spaces

3.1 Related Theorems and Definitions

Definition 3.1.1. A measure and a measure space.

Given a measurable space (X, 9), if the function p: 9 — R with an extended
real-valued and defined on o-algebra 9, satisfies the condition

(1) u(@) =0,
(2) u(E) = 0 (E €M),

(3) (Bu)ns1 C M and By N By = ¢(n # m) => M( U Ek) = 3 (B,
k=1 k=1
p: M — R is called a measure and (X, M, u) is called a measure space.

Definition 3.1.2. A finite measure, finite measure space and o-finite measure space.
Given a measure space (X, 9, p), it is defined as follows.

(a) If the condition p(X) < +o0 is satisfied, p is called a finite measure and
(X, M, w) is called a finite measure space.

(b) If there exists a measurable set sequence (E,),>1 C M that satisfies
the condition X = U E, and p(E,) < 400 (n € N), u is called a o-finite

measure and (X, zm ,u) is called a o-finite measure space.

Definition 3.1.3. The Borel measure space.

For the Topological space (X, T), if the measure pu: B — R is given and the Borel
measure space (X, ’BU(X)) is considered, (X, B,(X), u) is called the Borel measure
space.

Definition 3.1.4. A translation invariant measure space.
If the measure space (X, 9, u) satisfies the condition
EceMandack = F+aecMand u(F + a) = u(E)

for a closed set X by addition, the measure space (X, 9, u) is called a translation
invariant measure space.

Definition 3.1.5. A complete measure space and complete measure.

If a measure space (X, 9, u) is given and the conditions
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N €M and p(N) = 0 = P(N) C M

are satisfied, (X, 9, u) is called a complete measure space and the function u:
M — [0, +00] is called a complete measure.

Definition 3.1.6. The completion of the measure space, completion of 9 and
completion of u.

Given a measure space (X, 9, u), a complete measure space (X, ﬁ, i) that satisfies
the condition 9t C M and [|9 = p] is called the completion of the measure space (X,
M, ). The o-algebra M is called the completion of 9 for a measure u, and a measure
i1 is called the completion of .

3.2 Measures

Definition 3.2.1. Given a measurable space (X, M), if the function p: MM — R with
an extended real-valued and defined on o-algebra M, satisfies the condition

(1) u(@) =0,
(2) u(E) >0 (E €M),
(3) (Ep)ns1 C M and B, N Ep = ¢(n # m) = “(;El Ek) = 3 u(E),

_ k=1
wu: 9 — R is called a measure and (X, 9, p) is called a measure space.

Note 3.2.2. A measurable set sequence (Ey)n>1 C M satisfies the condition
E,NE, = é(n # m) is called a disjoint measurable set sequence. The property

[ < ktzjl Ek> :él (E)

is called countably additivity of u for a disjoint measurable set sequence (Ey)n>1 C M.

Definition 3.2.3. Given a measure space (X, M, p), it is defined as follows.

(a) If the condition p(X) < +oo is satisfied, p is called a finite measure and
(X, 9, p) is called a finite measure space.

(b) If there exists a measurable set sequence (E,),>1 C 2 that satisfies

the condition X = |J E, and u(E,) < 400 (n € N), u is called a o-finite
n=1
measure and (X, 9, u) is called a o-finite measure space.
Example 3.2.4. If function py: P(X) — R is defined as pu1(E) = 0 (E € P(X)) for
the measurable space (X, P(X)), then the function py: P(X) — R is a finite measure.
Also, if the function ps: P(X) — R is defined as

{o (E =10),

wa(B) = +oo (E #0),

then the function ps: P(X) — R is neither a finite measure nor a o-finite measure.

Example 3.2.5. If a point p € X is fized and the function u: P(X) — R is defined as
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for the measurable space (X, P(X)), then the function u: P(X) — R is a finite
measure. The measure p: P(X) — R is called a Dirac measure or a point mass
measure at point p € X.

Example 3.2.6. (Counting measure [Kub07]) If the function p: P(N) — R is defined
as

|} #(E) (finite set),
u(E) —{ 400 (infinite set)

for the measurable space (N, P(N)), then the function u: P(X) — R is a measure. In
particular, the function p: P(X) — R is a o-finite measure, but not a finite measure.

Definition 3.2.7. For the Topological space (X, T ), if the measure pu: B — R is
given and the Borel measure space (X, %U(X)) s considered, (X, B, (X), u) is called
the Borel measure space.

Example 3.2.8. Given the Borel measurable space (R, B,(R)), there is a unique
measure \: B,(R) — R that satisfies the condition

M(a, b)) =b—a (—o0o < a<b<+o0).

The measure \: B,(R) — R is called the Borel measure, and (R, B,(R), A) is called
the Borel measure space. The Borel measure A: B,(R) — R is a o-finite measure.

Example 3.2.9. Given a Borel measurable space (R, B,(R)) and a monotone
increasing continuous function f: R — R, there is a unique measure Ay: B,(R) = R
that satisfies the condition

Ar((a, b]) = £(b) — f(a) (—00 < a < b < +00).

The measure A\;: B,(R) — R is a Borel measure derived by the function f: R — R,
and (R, B,(R), Af) is called the Borel measure space.

Definition 3.2.10. If the measure space (X, M, ) satisfies the condition
EceMandack = F+acMand u(F + a) = u(E)

for a closed set X by addition, the measure space (X, 9, u) is called a translation
invariant measure space.

Lemma 3.2.11. Given a measurable set sequence (Ap)n>1 C M for a measurable space
(X, M), there exists a monotone increasing measurable set sequence (Ep)p>1 C M and
a disjoint measurable set sequence (Fp)p>1 C M that satisfies condition

00 [e'e} [e'e}
UE.=UA4A.=U F..
n=1 n=1 n=1

Proposition 3.2.12. Given a measure space (X, M, p) and E, F € M, the following
holds.

(a) E C F = u(E) < pu(F),
(b) EC F and p(E) < 400 = p(F — E) = u(F) — p(E).
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Proposition 3.2.13. Given a measure space (X, M, p), the following holds.

(a) (En)n>1 C M: monotone increasing set sequence
oo
iU B) =t )
(b) (En)n>1 C M: monotone decreasing set sequence and p(Ep) < +0o

o0
= n(0 ) = i w5

3.3 Completion of Measures

3.3.1 Complete Measures
Definition 3.3.1.1. If a measure space (X, M, p) is given and the conditions

NeMand u(N) =0 = P(N)CM

are satisfied, (X, M, p) is called a complete measure space and the function p:
M — [0, +00] is called a completion.
Given a measure space (X, M, u), let N be the collection of all sets in M:

N={NeM: uN)=0}.

If 1 is not complete, then N € 9t and p(N) = 0. There is F € P(N) that satisfies
F ¢ M. Now, consider the completion of a given measure space (X, M, u).

Proposition 3.3.1.2. Given a measure space (X, M, p), the o-algebra G(OMM U D)
generated by MU D is expressed as follows.

GOMUD)={EUF: E€Mand F € D). (3.1)

Theorem 3.3.1.3. Given a measure space (X, MM, u), there exists only one complete
measure space (X, MM, p) that satisfies the condition

M C ﬁ,

[]9 = pu.
Deﬁnltlon 3.3.1.4. Given a measure space (X, M, ), a complete measure space (X,
m, Q1) that satisfies the condition [I C M and u|9ﬁ ] is called the completion of
the measure space (X, M, u). The o-algebra M is called the completion of M for a
measure u, and a measure [ is called the completion of pu.
3.3.2 Almost Everywhere

Definition 3.3.2.5. Given a measure space (X, M, u) and P(x) is a Proposition for
z € X, the condition

u(N) =0,
{r e X: ~P(z)} CN,

is satisfied. If N € 9 exists, almost everywhere P(z) is established. It is denoted as

P p-a.e [X] or P(z) p-a.e z € X.
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Note 3.3.2.6. If the measure space (X, M, u) is complete, it can be seen that the
following holds.

Pu-ae [X]<= p({z € X: ~ P(z)}) = 0.

Example 3.3.2.7. Considering the Lebesgue measure space (R, M, ) and the
characteristic function Xg of the set of all rational numbers Q C R, {z € R:

XQ(:E) #0} =Q and y(Q) =0, so Xg = 07-a.e [R]. Almost all real numbers are
irrational numbers.

Proposition 3.3.2.8. Given a complete measure space (X, MM, u) and the functions
fo9: X >R iff € M(X, M) and f = g p-a.e [X], the following holds.

(a) g € M(X, ).

(b) p{r € X: g >a}) =p({z € X: f(z) > a} (o € R).
Proof.

If N={z e X: f(z) = g(z)}, since f = g p-a.e [X] is established, p(N¢) = 0. All
subsets of N¢ are measurable and all measures are zero. For any real number
a € R,

{reX: g(z)>a}={x € N: g(z) >atU{z € N g(z) > a} (3.2)

={r € N: f(z) >a}U{z € N% g(z) >a}

is established, especially {z € N¢: g(z) > a} C N¢. However, since (X, I, u) is
(

a complete measure space, {r € N g(z) > a} € M is established. Meanwhile,
since it is
{z €N: f(z)>a}={zeX: f(z)>a}NN M,

we get g € M(X, M) from (3.2). Also, since it is

{zeX: f(z)>a}={z e N: f(z) >a}U{z € N% f(z) > a},

{z € N° f(z) >a} C N¢,
we get u({z € N f(z) > a}) = 0. it can be seen that

p{z € X g(z) > o) = p({z € X: f(z) > a})

is established.

Example 3.3.2.9. Two functions f,g: R — R on the Lebesgue measure space (R, O,
v) are defined as f(xz) = sinz (z € R) and

o) = cos z (z € Q),
9() {sinz(mGR—Q).

Since f is continuous, f € M (R, 9). Meanwhile, since Q is a countable set, so it is
y{z € R: f(z) # g(z)}) = v(Q) = 0. Thus, it can be seen that f = g v-a.e [R].
Therefore, applying Proposition 3.3.2.8, we get g € M(R, 9).

Proposition 3.3.2.10. Given a measure space (X, M, ), if ll}l}_l fo=[ p-a.e [X]
and Er}rl fn = g p-a.e [X] for the measurable function sequence (fp)n>1 C M(X,M)
and the measurable functions f,g € M(X, M), then f = g p-a.e [X] is established.
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Proposition 3.3.2.11. Given a measure space (X, M, ), if liI_’I_l fn=1f p-a.e [X]
n—-+0oo

and [ = g p-a.e [X| for the measurable function sequence (fp)n>1 C M(X, IMM) and the
measurable functions f,g € M(X, M), then Er}ra fn = g p-a.e [X] is established.

Proposition 3.3.2.12. Given a measure space (X, M, p), if liI_’I_l fn =1 p-a.e [X]
n—-+00

and fp, < g p-a.e [X] (n € N) for the measurable function sequence (fp)n>1 C M(X,
M) and the measurable functions f,g € M(X, M), then f < g p-a.e [X] is established.

3.3.3 Cantor Sets

Consider the Borel measure space (R, B,(R), A\) and the measurable set Ey = [0,

1] € B (g) on the set of all real numbers R. If the open interval <%, %) is removed from

the set Ey = [0, 1] and the remaining set is E, then
B = [o, %] U [% 1}.

Also, if the closed interval [0, %} and [%, 1} are divided into thirds, the middle open

interval is removed, and the remaining set is F», then
B =05 u 3] u s 3]s )

By repeating this process, we obtain a compact set sequence (Ep,)p>1 C By (R) that
satisfies the condition

E, € Bo(R) (n € N),
ElDEQDEgD"',
A(Ep) =3 - 2" = (g) (n €N).

o0
In this case, P = () E, is called the Cantor set. In particular, P is a compact set and

n=1
P # (). Also, applying Proposition 3.2.12,

A(P)= lim AE,= lim (%)" ~ 0

n—-400 n——400

is established.

Proposition 3.3.3.13. The Cantor set P has the following properties.
(a) P is a compact set and P € B,(R).
(b) P does not include any open intervals.

(c) P is a non-countable set.

3.3.4 Cantor-Lebesgue Functions

Given a the set D,, = [0, 1] — E,, (n € N), the set D,, means 2" — 1 open intervals
removed when constructing the nth Cantor set. The removed intervals are sorted from
the left and denoted by 7" (j =1, 2, ---, 2" — 1). The function f,: [0, 1] — R is
defined as
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0 (IE - O)a

27" (zel”),

Inl®) = linear (z € Ey),
1 (z=1)

for each z € [0, 1]. However, the linear is selected the function f,, is continuous on E,.
Then the function f,: [0, 1] — R increases monotonically. Moreover,

{fn-‘rl(x) :fn(x) (JZ € I]n a’ndj € {17 2,0, 20— 1})7
’fn(x) _fn+1(x)‘ <2 (37 S [07 1])

is established. However, since

(@) = fula mzl( ~ fiila ))‘
j:

<5 |5 - i)
=k

_gﬁg

5(@) = fia(@)

<
I
ol

277 =27F1 (z € |0, 1))

o,

<
Il
ol

is satisfied for any natural numbers k, m € N that satisfies the condition k£ < m, the
function sequence (f,,)n>1 uniformly converges on the interval [0, 1] by the Cauchy
Test [Kub07]. In this case, the limit function f: [0,1] — R defined as

f(z) = nEI—Poofn(x) (z € [0,1]) is called the Cantor-Lebesgue [Wei74] functions.

Proposition 3.3.4.14. The Cantor Lebesgue function f : [0, 1] — R has the following
properties.

(a) f(0) = 0 and f(1) =

(b) f is continuous and increases monotonically on the interval [0, 1].

(c) f is constant on each open interval removed when constructing the Cantor set
P.



21

Chapter 4

Integral of Non-negative
Measurable Functions

4.1 Related Theorems and Definitions

Definition 4.1.1. The standard representation of a simple measurable function.
Given a simple measurable function ¢: X — R, an expression such as (4.1) is called
the standard representation of a simple measurable function ¢: X — R.

Definition 4.1.2. The Lebesgue integral.
Given a measure space (X, M, u), we define

Jf dp=sup{ [ & du: 6 € Sf(X, M)} (4.3)

for the measurable function f € M (X, M). (4.3) is called the Lebesgue integral
[Wei73] of the measure function f € M™*(X,9N) for measure p: M — [0, +o0].

Theorem 4.1.3. The standard expression.
For the measurable function f € M™* (X, M) and measurable set F € M, the following
holds.

(w) f(a) = 0 (s€ B) = [ f dyu= 0.
(b) W(E) = 0 = [ f du= 0.

n

o= > arx AL is called the standard expression.
=1

4.2 Integral of Non-negative Measurable Functions

4.2.1 Integral of Simple Measurable Functions

Given a function ¢: X — R, since the range ¢(X) is a finite set, if we put
¢(X)={a1, az, -+, an} and a5 # a (j # F)

and let Ay = ¢~ ({ax}) for each k € {1, 2, --- , n}, the following holds.

AjNA=0(G#k), X = U A and ¢ = > arxy - (4.1)
k=1 =1



22

Here, x, : X = Ris a characteristic function of A € P(X).

Proposition 4.2.1.1. If the simple function ¢: X — R defined on the measurable
space (X, 9) is expressed as (4.1), the following holds.

PpeESX, M) <= A eMkel,2,---,n).

Definition 4.2.1.2. Given a simple measurable function ¢: X — R, an expression
such as (4.1) is called the standard representation of a simple measurable function ¢:
X =R

Definition 4.2.1.3. If the non-negative simple measurable function ¢ € ST (X, M)
has a standard expression

n
¢) = Z akXAk
k=1

as shown in (4.1), the integration for ¢ is defined as follows.

n

Jodu= 3" apu(Ay). (4.2)

k=1

Note 4.2.1.4. In (4.2), the already defined rule 0 - (+00) = 0 is applied, and
w(Ag) = +oo for any Ay € M.
If a > 0,

n

[¢dp= k; axp(Ayg) € [0, +o0]

is established because ayu(Ag) = +oo.
If ¢ = 0, the standard expression of ¢ is ¢ =0 x, so
Jédu=0-p(X)=0.

Lemma 4.2.1.5. If the non-negative measurable simple function ¢ € ST (X, M) is
expressed as

¢p=> bixg,BiNBj=0(i#j)and X = (] B;,
i=1 ¢ i=1

(2

the following holds.
Jodu= ; bip(B;).

Theorem 4.2.1.6. Given a non-negative measurable simple functions ¢, ¥ € St (X,
M) and a non-negative real number ¢ € R>q, the following holds.

(a) [cop du=c[¢dp.

(b) [(6+0) du=[édu+ [ dn.

(©) 6(z) <v(x) (v € X) = [ 6 du < [ ¢ dp.
Proof.

(a) If ¢ = 0, since c¢ = 0,

Jepdp=0=c[¢du



is established.
If ¢ > 0, it is cp € ST (X, M). Moreover, if we put

n n
6= ey, BNE=0(i+#j)and X = U B,
j=1 j=1
we get

n n
c 221 cajXp . BiNEj=0(i#j)and X = ’UlEj.
J= j=

If Lemma 4.2.1.5 is applied,
J e dp = Zlcaju(Ej) =c Zlaj,qu =c[¢du
j= j=

is established.

(b) The standard expression of the simple measurable functions
¢, € ST (X, M) are set as

¢ = E G Xpg. and ¢ = Z kaFk
j=1 J k=1

respectively. If we consider the subset

{EjNF: EjNF,#0 (1 <j<nand1<k<n)}={4, 4y, ---

AN} of X, we can rewrite them as

o8

N
=2, aix,, and ¢ = Z:lbiXAi

1

1

and get
640 = 2+ b,

Now, if Lemma 4.2.1.5 is applied,

n

J@+) du=> (ai + b)p(4i)

i=1
=3 wp(Ay) + fl bi(Ay)
i=1 =
=[¢du+ [dpu

is established.

(c) The standard expression of the simple measurable functions

¢, 1 € ST(X, M) are set as

n n
¢ =2 ajxy and ¢ = 3 bxp
j=1 7 k=1

respectively. By applying the same method as in the proof (b) is

applied, it can be rewritten as

23
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N N
¢ = ElaZXAZ and ¢ = ;bzXAl

However, since it is ¢(z) < 9(z) (z € X), a; < b; is established for
each i € {1, 2, ---, N}. Moreover, if Lemma 4.2.1.5 is applied,

[ dp = 21 ain(A;) < 21 bip(As) = [ dp

is obtained.

Theorem 4.2.1.7. If the function Ay: M — R is defined as \y(E) = [ dx, dp= [ ¢
du for the non-negative simple measurable function ¢ € ST (X, M), the function
Ap t M — R is a measure.

4.2.2 Integral of Non-negative Measurable Functions
Definition 4.2.2.8. Given a measure space (X, M, p), we define

Jf dp=sup{ [ & du: 6 € Sf(X, M)} (4.3)

for the measurable function f € M (X, ). (4.3) is called the Lebesgue integral
[Wei73] of the measure function f € M (X, M) for measure p: M — [0, +o0]. If
E €9 is given, it is defined as

Jef dp= [fxg du (4.4)

because it is fx, € Mt (X, M). (4.4) is called the Lebesgue integral [Wei73] of the
measurable function f € M™ (X, ) for the measure pu: M — [0, +-00] on the
measurable set £ € 9.

Theorem 4.2.2.9. For the measure space (X, M, w), the following holds.
() f.9 € MV (X, 9) and f(2) < g(a) (2 € X) = [ f dp < [ g dp.

fe M+ (X, m)
(b) {E,FezmandEcF = Jofdns Jpf du.

Theorem 4.2.2.10. For the measurable function f € M™* (X, M) and measurable set
E e M, the following holds.
() /() = 0 (€ B) = [of du= 0,
(b) W(E) = 0 = [ f du= 0.
Proof.
(a) It is f = 0 (z € E) because it is fx, = 0 € ST (X, M). Therefore,
according to Note 4.2.1.4,

Jefdu= [fxgdup=0

is established.
(b) If positive number € > 0 is arbitrarily determined, there is a
simple measurable function ¢ € 8;( (X, 9M) that satisfies the inequality

E
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fEfXE dp< [¢dp+e
according to Definition 4.2.2.8. However, since it is

0 <o(z) < (fxp)(z) < flz)xp(r)(z € X),
we can be seen that it is ¢(X) = 0 (z € E°).
Now, ¢ = i X 4, is called the standard expression. Applying
Theorem éf.;.llﬂ, (a) and Proposition 3.3.2.11, we get

Jodu=[gp¢du+ [z ¢ du (by Theorem 4.2.1.7)
— oxyy du (9(2) = 0 (2 € B) and [0 du = [ o, dpr)

n n
:kzl ap(ENAg) =0 (¢XE = kzl WX gy, and p(E) = 0).

Therefore, [, f du= [ fx du < €is established. However, since € > 0
is an arbitrarily given positive number, the conclusion is established according
to Proposition 4.2.2.10.1.

Proposition 4.2.2.10.1. (Infinitesimal Principle [Wei74]) For real Numbers a,b € R,
the following holds.

a<b+e(e>0)=a<hb. (1)

Proof .

Assuming a > b by denying the conclusion, it is
62“7_17>0andb+6 :b+%b:“—+b<%:a.
However, this contradicts the assumption of (1).

Corollary 4.2.2.11. For the measurable functions f,g € M*(X,9M), the following
holds.

f<gpaelX]= [fdu< [gdp.

4.3 The Monotone Convergence Theorem

Theorem 4.3.1. (Monotone Convergence Theorem [MCT] [Kub07])
If the measurable function sequence (fp)n>1 C MT(X, M) satisfies the condition

0 < fo(z) < fug1(z) (z € X and n € N),
lim f,(z)=f(z) (z € X),

n—-+o00

the following holds.
fe M (X, M) and ll}I}_l [fodp=[fdp.

Proof.

According to Corollary 2.3.21, it can be seen that f € M™ (X, 9). Since it is
fu(z) < fug1(z) < f(z) (z € X) for each natural number n € N,
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S dp < [ foyr du < [ f dp (n € N)
is established if Theorem 4.2.2.9 is applied. So we can get

lim [ fn,du<[fdu. (4.5)

n——+o00

In order to obtain an inequality in the opposite direction, any a € (0,1) and any
NS S;r (X, 9M) are selected. For each natural number n € N, we set it as a set
A, ={z € X: fo(z) > ap(z)}. Then

ApeM, A, CApppand X = | 4,

n=1

are established. Therefore, we get

Ja, a0 dp <[4 fodp=[fux, du< [fodu

by Theorem 4.2.2.9. Meanwhile, according to Theorem 4.2.1.7, function
Aag: M — [0, +o0] (E — [, ad du) is a measure, and

n—+00 n—+00

[ag dp=Xp(X) = )\a¢< Ej An> = lim Ayp(4,) = lim fAn a¢ dup
n=1

is established using Proposition 3.2.13. Therefore, it is
_ _ < 1
af¢dp=[apdp= lm [, apdu< lim [fudu
according to Theorem 4.2.1.6. In particular, since o € (0,1) is arbitrary,

Jédu< T [fdp

is obtained by applying Proposition 4.3.1.1. However, since ¢ € S;r (X, 9M) was
randomly selected, it can be seen that it is

< T
J7dp< T [ dp (4.6)
by the integral Definition. Combining (4.5) and (4.6) yields

Jfdw= T [ f du.

Proposition 4.3.1.1. (Infinitesimal Principle [Wei74]) Given the non-negative real
number a > 0 and b > 0, the following holds.

eb<a(ec(0,1)) = b<a.

Theorem 4.3.2. For non-negative measurable functions, the following holds.

(a) feMT(X, M) and ¢ > 0 = ¢f e MT(X, M) and [cf du=c[f
dp.

(b) f,ge M X, M) = f+ge M (X, M) and [(f+g) du
= [fdu+ [gdu.

Proof .

(a) The case of ¢ = 0 is clear.
If ¢ > 0, by applying Theorem 2.3.24, we can select a simple
measurable increasing function sequence (¢,),>1 C ST(X, 9M) that
satisfies
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Therefore, (¢dpn)n>1 C ST (X, M) is also a simple measurable
increasing function sequence and furthermore satisfies

lim con(z) = cf(z) (z € X).

n——+oo
Therefore, it is ¢f € M™T(X, ), then
Jof dp= lm [chpdp=c lim [éndu=c[fdu

is established by Theorem 4.3.1 and Theorem 4.2.1.6.

(b) By applying Theorem 2.3.24, we can choose a simple measurable
increasing function sequence (¢n)n>1, (¥n)n>1 € ST(X, M)
that satisfies

lim ¢, (z) = f(x) and lim 4, () = g(x)

n—-+o0o n—-+00

for an arbitrarily given z € X. Therefore, (¢, + ¥ )n>1 C ST(X, M)
is also a simple measurable increasing function sequence and
furthermore satisfies

lim () + (@) = f(2) + g(2) (& € X).

n—-+0o

Therefore, it is f + g € MT(X, M).

/(f+g) dp= lim [ (¢n+ ) du

n—-+o0o

— lim {/¢ndu+/wndu}
n——+oo

=/fdu+/gdu

is established by Theorem 4.3.1 and Theorem 4.2.1.6.

Proposition 4.3.3. If the measurable functions f,g € M (X, M) satisfies the
condition

f(z) < g(z) (z € X),
{r e X: f(z) = +o0} =0,
[F du < +o0,

the following equation is established for an arbitrarily given measurable set E € 1.
Jelo =) du=[zg du— [pf dp.

Theorem 4.3.4. If the measurable function f € M (X, M) satisfies the condition [ f
dp < 400, there is a positive number o > 0 that satisfies



[E € Mand u(E) < o= [ f du <e

for an arbitrarily given positive number € > 0.

Theorem 4.3.5. (Fatou Lemma [Bog07]) The inequality
o < Timi
J (tmint ) d < ot f 5o

is established for the measurable function sequence (f,)n>1 C M™T(X, 9M).
Proof.

Let gm = nlgfn fn for any natural number m € N, then

gm € MT(X, M),

0 < gm(x) < gms1(z) (z € X and m € N),

gm < fo(n € Nand n > m),

S g (2) = sup (ngifn(x)) = liminf () (2 € X)
is established, we get

J gm du < [ fr dp (n € N and n > m).

Therefore, since
S gm du < ot { [ fudp} (mew)
is obtained,

o du s Som duy < oup (ol 17 d}) = limint 5

n-m

is established for any k& € N. Meanwhile,
(mint ) e = T o = i g
is established by Theorem 4.3.1.
. < T
[ (fmint ) die < it .

is obtained by (4.7) and (4.8).
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(4.7)

(4.8)

Theorem 4.3.6. For the measurable function f € MT(X, M), the following holds.

f=0pae[X]|<= [fdu=0.
Theorem 4.3.7. If the function Af: M — R is defined as
M(E) = [pf du= [ fxgdp
for the measurable function Ag: 9 — R, the following holds.

(a) The function Ag: M — [0, +o00] is a measure.
(b) E € Mand u(E) =0= A\f(E£)=0.
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Corollary 4.3.8. If the monotone increasing function sequence (f,)n>1 C MT(X, M)
and the function f € M (X, M) satisfy

lim f, = fu-ae [X],

n——+oo

the equation [ f du = ET [ fn dp is established.

Corollary 4.3.9. Given a measurable function sequence (f,)n>1 C MT(X, IMN), the
following holds.

I<§fn> du:nflffn di (& € X).

Proof.

n
If g, = > fi is set for each natural number n € N, the measurable function
k=1
sequence (gn)n>1 C MT (X, M) increases monotonically and furthermore

satisfies
1m1%():§iﬁumxexy

Therefore, applying Theorem 4.3.1 and Theorem 4.3.2, we get
oo ) . n oo
/ kz::1 i | i = nglfoo J on i = ngrfoo kz::1 iy = kz::1 Ji dp-

Corollary 4.3.10. For the double sequence a;; > 0 ((z, j) € N x N), the following
holds.

ZZ%fZZ%J

i=1j= j=li=

Proof .
Consider the counting measure space (N, P(N), p).I fthe functionf, : N — R for

each natural number n € N is defined as f,(j) = an ;(j € N), it can be seen that
fn € MT(N,P(N)). However, since
f(an) duzzlzlfn() ZZ (n,j s
] n 1n=

Jj=
PP WAOES v

n=1j=

applying Corollary 4.3.9 leads to the required conclusion.
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Chapter 5

Integrable Functions

5.1 Integrable Function Spaces
5.1.1 Integrable Functions
Given a measurable function f € M (X, 9), it can see that it is
0€ [fTdu<+ooand 0< [f~ du < 40 (5.1)

because it is f= € MT (X, M). If at least one of the two integrals in (5.1) is a finite, it
is expressed as

Jfdp=[f*dp—[f dpe -0, +od], (5.2)

and the integral [ fdp is defined.
If both integrals in (5.1) are finite , it is defined as

[fdu=[fTdp—[f dueR. (5.3)

The function f € M (X,9) is called the Lebesgue integrable [Wei73] for the measure
w9 — [0, +o0]. The set of all integrable functions is denoted by

L1(X, M, p) ={f € M(X,M): [f*dp< +oc}.

Definition 5.1.1.1. For the integrable function f € L1 (X, M, p) and the measurable
set £ € M, it is defined as

Jpfdu=Jpf*du— [pf~ dp.

Proposition 5.1.1.2. For the integrable function f € L1 (X, M, 1) and the disjoint
measurable set sequence (Ey), o, C M,

fUiil Ej, Jdn = kzzzlf s

is established.

Proposition 5.1.1.3. If the integrals [ f du and [ g dp are both defined for the
measurable functions f, g € M (X,9M),

f<gpaeX]= [fdu< [gdu
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is established.
Proposition 5.1.1.4. If the measurable functions f, g € M(X, IMN) satisfies
[ = g p-a.e [X], the following holds.

(a) f € Ly(X, M, p) < g € L1(X, M, p).

(b) [fdu= [gdu.
Proof .

Since f = g u-a.e [X | by the assumption, there is a measurable set N € 9t that
satisfies the condition

f(z)=g(z)(z e N").
Therefore, f* = g% p-a.e[X ] is established, and thus
[f5dp= [g*F du

is obtained. In particular, f € £1(X, M, u) < g € L1(X, M, u) is established.
Moreover, it is

Jodu=[g"dp—[g=dp=[f"du—f du=[Ff dp

{“’ (N) =0, (5.4)

5.1.2 Properties of Integrable Functions

Theorem 5.1.2.5. f € L1(X, M, pu) = |f| € L1(X, M, p).
Proof.

First, it should be noted that f € £1(X, M, p) < [f € M(X, M) and
[ f* du < +oc] by Definition. If f € £1(X, 9, ) is assumed, it is

P =1fl=f"+f7 e MT(X, M) and [f|~ =0 € MF(X, M).
However, according to Theorem 4.3.2, since
U™ dp=0< +oo and [ |f[* dp= [|f| dpu= [ [+ dp+ [ [~ dp < +oo,
it is |f] € L1(X, M, w).

Example 5.1.2.6. Let 9 = {¢, X} for a set X, and if we define the function u:
M — [0, +00] as u(¢) =0 and u(X) =1, the measure space (X, M, ) is obtained.
For a set E € P (X ) that satisfies E ¢ {¢, X}, if the function f: X — R is defined as

fle)= {—11 ((Zig
it is f ¢ M(X, M) but |f| € M(X, M). Moreover, since
Jifldp= [ dp=p(X) =1,
it is |f| € L1(X, M, p).
Theorem 5.1.2.7. [f € M(X, M) and |f| € L1(X, M, p)] = f € L1(X, M, ).
Proof.

Assuming f € M(X, M) and |f| € £1 (X, M, u), since fT <|f| =|f|" and
= <IfI =IfIT, itis f € L1(X, M, u) according to Theorem 4.2.2.9.
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Corollary 5.1.2.8. For the measurable function f € M(X, M), f € L1(X, M,
w) <= |f| € L1(X, M, u) is established.

Theorem 5.1.2.9. If an integral [ f dp is defined for the measurable function
feMX, M), an inequality

S du| < 11 d

is established.
Proof.

If [|f] dp = +o0, an inequality holds without proof, so we assume [ |f| dp < +o0.
Since f* < |f| on the set X,

0< [ftdu<+4ocand 0< [f~ du < +o0

are established to obtain f € £1(X, 9, u). Moreover, applying Theorem 4.3.2

establishes
‘fdu‘=‘/f+du—/f_du

< [rraus [1a

— [t

Corollary 5.1.2.10. If the measurable function f € M(X, M) satisfies the condition
9 € Lo(X, M, p): |f(2)] < |g(2)] (z € X),

the following holds.
(a) f € El(Xv m) /’L)
(b) [1fl dp < [g| dps.

Theorem 5.1.2.11. (Chebychev inequality [Kub07]) An inequality

ap({z € X: |f (2)| > a}) = [|f] du

is established for the measurable function f € M(X, 9M) and the positive number
a > 0.

Theorem 5.1.2.12. Given a measurable function f € M(X, M), the following holds.
feli(X,Mmpu = f(z) eRpaeze X.

Theorem 5.1.2.13. For the integrable functions f,g € L1(X, M, u) and o € R, the
following holds.

(a) af, f+g € Li(X, M, ). The set L£1(X, M, p) is the vector space on R.
(b) [afdp=a [fduand [(f+g) du= [fdu+ [g]dp.
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5.2 Lebesgue’s Dominated Convergence Theorem

Theorem 5.2.1. (Lebesgue’s Dominated Convergence Theorem [Bog0T7])
If the measurable function sequence (f,,),~; C M(X, M) holds the condition

{;g&nwr;ﬂwmexx
g€ L1(X, M u): |fu(z)] < g(z) (z € X and n € N),
the following holds.
(a) f € Lo(X, M, p).
(1) tim_ [ [~ fl dp=0.
() Mim _[fodu=[fdp.
Theorem 5.2.2. (Lebesgue’s Dominated Convergence Theorem 1 [Bog07])

Given a measurable function sequence (f,,),,~; C M (X, M) and a measurable function
f: X — R having a real-valued, if the condition

lim f, = fﬂ'a'e[X]a
n——+00
g€ Li(X, M u): |fu(z)] < g(z) (z € X and n € N)
is satisfies, the following holds.
(a) f € 'Cl(Xa mt’ M)
(b) ngrfoof \fo — f dp = 0.
(c) lim [fudp=[fdp.
Theorem 5.2.3. (Lebesgue’s Dominated Convergence Theorem 2 [Bog07])

Given a measurable function sequence (f,)n>1 C M(X, ) and a measurable function
f: X — R with real-valued, if the condition

{nggloofn — fprace [X],
g9 € L(X, M, p): |ful < gprae [X] (n €N)
is satisfied, the following holds.

(a) f € La(X, M, p).

() T [If— fldp=0.

() Mim [fodu=[fdp.

5.3 Absolute Convergence of Integrals

Given a measure space (X, 9, p) and a measurable set A € M, if

My ={ANE: E€M} and puy :“‘SJIA’

then (X, 94, pa) becomes a measure space. The measure space (X, M4, pa)
obtained in this way is called a subspace of the measure space (X, 9, u).
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Theorem 5.3.1. For a measure space (X, M, 1), a monotone increasing measurable
[e.e]
set (Ep)n<i C M with X = |J E, and a measurable function f € M(X, 9) are given,

n=1
and if

{f € El(Ena m, :u) (IIG N)’ (55)

lim [ |f| dp < +00

n—-+oo
is satisfied, then f € £1(E,, M, ©). Moreover, the equation

[fdp= lim [, fdu

n—-+oo

is established.

Corollary 5.3.2. In Theorem 5.3.1, even if the monotone increasing measurable set
(En)p>1 C M satisfying the condition (5.5) is selected differently, the integrable value

lim fEnf dp

n—-+00

remains unchanged.
Proof .

If monotone increasing measurable set (F,), -, C 9 satisfying the assumption of
Theorem 5.2.1 is selected,

lim [p fdu=[f du:ngrfoofEnf dp.

n—-+o0o

is obtained.

5.4 Functions of Complex Numeric Values

Given a measurable function f: X — C having a complex-valued for the measure space

(X, M, ), if Re f, Im f € L1(X, M, u), a measurable function f: X — C having a

complex-valued is integrable with respect to measure u. Therefore, it is defined as
Jfdu= [ Refdu+if[ Imf.

In order to distinguish £1(X, 9, u), it is denoted by f € L1 (p).

Lemma 5.4.1. Given a measure space (X, MM, p) and a measurable function f:
X — C having a complex-valued, the following holds.

(a) f € Li(pn) <= |f] € L2(X, M, p).
(b) [ [ f du| < [If] dp(f € L1(m)).

Theorem 5.4.2. Given a measure space (X, M, pu) and a measurable function
(fa)n<1 with a complex-valued, if

{nggloofn(iﬂ) = /(z) (2 € X),
g€ Lo(X. M ) |fu(@)] < g(a) (& € X)
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is satisfied, the following holds.
(a) f € Li(p).
(b) lim [|f—f|du=0.

n—-+o00
(c) Mm [ fudp=[fdu.
Proof.

Let f, = ¢n + i)y, for each natural number n € N, and if f, = ¢, + i, remember
that

n—-+o00

lim f, (a) = f () < {"ﬁm

for any point z € X.

(a) Since |f,, ()| < g (z) (z € X) for each natural number n € N,
if max{|p, (z) |, [¥n (2)|} < |fu ()] (2 € X) is considered,
max{|on (z) |, [Yn (2)|} < |gn (z)]|(z € X) is established.
Now, applying Corollary 5.1.2.10, since ¢, ¥ € L1(X, 9, ), it is
f € L1(p) by Definition.

(b) If Lebesgue’s Dominated Convergence Theorem [LDCT] [Bog07] is applied,

lim f|¢n_¢| dﬂzoznglfoofwn—l/}\ dp

n—-+o0o

is satisfied. However, since |f,, — f| < |¢n, — @| + | — ¢| (z € X') holds
on set X, we get

lim [ |f, — f| dp = 0.

n—-+0o

(c) Finally, if Lebesgue’s Dominated Convergence Theorem [LDCT] [Bog07]
is applied, since

lim [¢ndp=[¢dpand lim [4ndu= [4dp,

n—-+o0o

we get

n—-+0o n—-+00
:ngr—ir-loo/‘(ﬁn du—’—lngr—i{loo/wn du
:/¢>du+i/¢ dp
:/f du.

lim [ fodp— lim [/¢ndu+i/wndu]
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