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Abstract. In this paper we adopt an alternative, analytical approach to Arnol’d problem [4]
about the existence of closed and embedded K-magnetic geodesics in the round 2-sphere
S%, where K : S — Ris a smooth scalar function. In particular, we use Lyapunov-Schmidt
finite-dimensional reduction coupled with a local variational formulation in order to get some
existence and multiplicity results bypassing the use of symplectic geometric tools such as
the celebrated Viterbo’s theorem [21] and Bottkoll results [7].

1. Introduction

We deal with the motion y = y (r) of a particle of unit mass and charge in R3, that
experiences the Lorentz force F produced by a magnetostatic field B. If the particle
is constrained to the standard round sphere S? ¢ R3, the motion law reads

Y+ 1Py =Ky Ay, (1.1)

where
K(p):=-B(p)-p, peS~

A trajectory y (¢) satisfying (1.1) is called K-magnetic geodesic.

Let us recall the elementary derivation of (1.1). We have F(y) = v’ A B(y);
due to the constraint || = 1, the vectors y and y’ are orthogonal along the motion.
It follows that the projection of F on T, S? = (y)* is proportional to y A y’, and
infact F7(y) = —=B(y) - y)y Ay’ = K(y)y A y’. Finally, by differentiating the
identity y - ' = 0, we see that the tangent component of the acceleration vector
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isy” — (" -y)y =y” +|y’'|?y, and thus Newton’s law gives (1.1). Notice that
y' =@ y)y = Vyg/zy/ , where VS’ is the Levi-Civita connection of S2.

Two remarkable facts immediately follow from (1.1). First, we have 2y -y’ =
(|y'1>) = 0. Thus the particle moves with constant scalar speed, say

ly'l=ec,
for some ¢ > 0. In particular, y is a regular curve. Secondly, we learn from differ-
ential geometry that y has geodesic curvature
Y -y ny'  K(y)
ly'? c

k(y) =

Next, letc¢ > 0and K : S — R be given. In [4], see also [35, Problems 1988/30,
1994/14, 1996/18], Arnol’d proposed the following question (actually in a more
general setting, where S? is replaced by an oriented Riemannian surface (X, g)):

Find closed and embedded K -magnetic geodesics y C S? with ly'| = c.
(PK,C)

Problem (P ), together with its generalizations, attracted the attention of many
authors and has been studied via different mathematical tools, such as symplectic
geometric [4,10,11,13,17] and variational arguments for multivalued functionals
[6,15,19,20].

The relation between Problem (P ) and symplectic geometry can be explained
as follows. Let us consider on S? the (restriction of the) two-form B :=ig(dx A
dy A dz) and let us define on the cotangent bundle 7*S* endowed with coordinates
(¢, p) the symplectic form

Q=cdgndp —7*B

where dg A dp = Z%:] dgq; A dp; denotes the standard symplectic form on T*S?
and 7 : T*S? — S? is the canonical projection.

It is not hard to show, via a straight calculation, that K -magnetic geodesics on
S? having constant speed ¢ are exactly the projections 7 (y) of the integral curves
of the vector field on T*S? defined by

dH = ix%, (1.2)

where H = %l p|?. In the language of symplectic geometry, X is the Hamiltonian
vector field given by the Hamiltonian function H. Notice also that since y’ as
observed above has constant speed, then H(y) is constant and then by (1.2) we
have i,,€2 = 0, which by definition means that y is a characteristic of 2.

Now, for any smooth K and every ¢ > 0 large enough the existence of a solution
to (Pk ) can be deduced via this symplectic geometric approach by applying the
celebrated Viterbo result [21] on the existence of closed characteristics on compact
hypersurfaces of contact type. It is worth to notice that this result can be generalized
to any closed oriented surface X, yielding the existence of a solution for high
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energies c in every free homotopy class that can be represented by a non-degenerate
geodesic [11, Theorem 2.1 (ii)].

For the case of low energy levels we cite [11, Theorem 2.1 (i)] and [17], where
the author proves the existence of contractible periodic solutions for almost all
sufficiently small energy levels and for arbitrary smooth magnetic fields.

The existence of at least two distinct solutions to (P ) in the case of the round
two-sphere follows, always for ¢ > 0 large enough, from a general result of Bottkoll
[7] (see also [1]) about the number of periodic orbits of the flow of a Hamiltonian
vector field which is close to a flow generating a free circle action (in our case, the
geodesic flow on the round two-sphere), which implies that such periodic orbits are
at least as many as one plus the cup-length of S?, i.e. two.

For other available results for (Pg ) showing the existence of at least
two distinct solutions for arbitrary metrics on S? let us mention [11, Theo-
rem 2.1 (i) and Theorem 2.7], [18], [16]. Notice that all these results require that K
has constant sign: indeed, in [11] the assumption K > 0 guarantees that 2 = Kdo
is a symplectic form on S?; in [18], [16] an index-based topological argument is
used to prove the existence of two distinct solutions for any ¢ > 0, and the assump-
tion K > 0 is needed to prove some crucial a-priori bound on the length of simple
and closed K-magnetic geodesics. Schneider’s multiplicity result is indeed sharp,
that is, Problem (Pg ) might have exactly two distinct solutions, see [18, Theorem
1.3].

Let us however notice that from the physical point of view it is important to
include sign-changing functions K, unless the existence of magnetic monopoles is
admitted. In fact, the Gauss law for magnetism in absence of magnetic monopoles
implies that

/K(p)dap =0,

S?

see also [4, Problem 1996-17].

The aim of this paper is twofold. Firstly, we provide a more direct, self-contained
and analytical approach to Viterbo’s and Bottkoll’s results, in the special case of the
round sphere. Secondly, we provide sufficient conditions on K to obtain as many
solutions as we wish, provided that c is large enough.

Our main results are stated in Sects. 4 and 5, see Theorems 4.1 and 5.2, respec-
tively.

For the proofs we took inspiration from the breakthrough paper [2], where
Ambrosetti and Badiale showed how merging the Lyapunov-Schmidt finite-
dimensional reduction with variational arguments allows to obtain extremely pow-
erful tools to get existence and multiplicity results. This idea has been applied
to tackle quite a large number of variational problems arising from mathemati-
cal physics and differential geometry, see the exhaustive list of references in the
monograph [3].

We agree that the curves y; (), y2 (¢) are distinct if y; # y» o g, for any diffeomorphism
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Notice however that Arnol’d problem on K-magnetic geodesics in S? does
not admit a (standard) variational formulation through a (non-multivalued) energy
functional, due to obvious topological obstructions. To overcome this difficulty, we
take advantage of a ”local” variational approach which is developed in Sect. 2.

Notation.

The Euclidean space R3 is endowed with Euclidean norm |p|, scalar product
p - q, and exterior product p A ¢. The canonical basis of R is {e, , h = 1,2, 3}.

We isometrically embed the unit sphere S? into R3, so that the tangent space
T.S* at 7 € S? is identified with (z)* = {p € R® | p - z = 0}. We denote by
D,y(z) C S? the geodesic disk of radius p € (0, Z]about z € S2.

It is convenient to regard at S' as the unit circle in the complex plane.
Function spaces. Let m > 0, n > 1 be integer numbers. We endow C" (S, R
with the standard Banach space structure. If f € C!'(S!, R"), we identify f’(x) =
f'(x)(ix), so that f’ : S! — R".

We write C™(S') instead of C"(S', R) and C™ instead of C™(S!, R3). For
U CS?we put

cyi=C"S" U)y={ueC"|ux)eU forany x € S'}.

We identify U with the set of constant functions in C?, so that C%] \U = Clz] \ 2
contains only nonconstant curves.
The Hilbertian norm in L% = L%(S!, R3) is

1
llell? =7[|u<x)|2dx = E/m(x)ﬁdx,
St St

and the orthogonal to T C C? with respect to the L? scalar product is given by

TH={peC’| ][uwpdsz foranyu € T }.
sl

2

We regard at Céz as a smooth complete submanifold of C2. If u € Cos

the tangent
space to Céz at u is
T.Coh={peC’lu-9=0 onS'}.
If u is regular, that means u’(x) # O for any x € S!, then
T,C3 = (g1 + gou Au'| g = (g1.82) € C*(S'.R?) ).

Rotations. Any complex number S! is identified with the rotation x > £x. Recall
that det(R) = +1and R~! = R forany R € SO(3), where SO (3) is the group of
rotations of R3 and ‘R is the transpose of R.

It is well-known that SO (3) is a connected three-dimensional manifold. More
precisely, it is a Lie group whose Lie algebra is given by the skew-symmetric
matrices, and the tangent space 714,.S O (3) at the identity matrix is spanned by

000 001 0-10
Ih=100-1], =] 000}, 3=1100
010 -100 000
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A simple explanation of this elementary fact follows by introducing the matrices

. 10 0 : £10-& : &1 50
0& & &0 & 0 0 1

foré = & +i& e S!. Clearly Ri is arotation about the (ej,) axis. By differentiating
Ri withrespectto & € S' at& = 1 one gets 7, = dRi ‘S;‘:l , and thus infers that {7}, }

is a basis for 714, SO (3). In accordance with the Lie group structure of SO (3), the
tangent space to SO (3) at R € §O(3) is obtained by rotating 714, S O (3). Hence

TrSO@B) = (RTy, RT,, RT3).

Finally, for any ¢ € S? we denote by d the differential of the function SO (3) —
S2, R — Rq, so that dg(Rg)T € TRqS2 for any t € TrSO(3). We have the
formula

dr(Rq)(RTy) = R(en A q) = Rep A Rq. (1.3)

2. A “local” variational approach

We put & = ¢~! and study Problem (Pk 1) for ¢ close to 0. We take advantage of
its geometrical interpretation to rewrite it in an equivalent way. Let y be a solution
to (Pk .-1),and let £, be its length. Extend y to an & £, -periodic function on R and
& ue'?) = y(% 6). Evidently u and y have the same
length £, and curvature ¢ K. Moreover |u’| = £,, /27 and u solves the system

consider the curve u € C>

u + 1 Pu=u|1eK@unu'  onS', 2.1)

because y solves (1.1). Conversely, any solution u € Céz \ S? to (2.1) has constant
speed |u’|, curvature ¢ K (1) and gives rise to a solution to (P -1

The main goal of the present section is to show that for any point p € S, the

problem of finding solutions to (2.1) in Céz\ () that is an open subset of Céz, can

be faced by using variational methods. First, we need to introduce the functional
3
L(u) = (][ |u’|2dx) . L:CL\S >R 2.2)
st

Notice that the Cauchy-Schwarz inequality gives £, < 27 L(u), and equality holds
if and only if |u’| is constant. Moreover, it holds that

L(Ruo&)=L(u) foranyé €S', R e SO@3). (2.3)
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Finally, we notice that L is Fréchet differentiable at any u € Céz \ $?, with differ-
ential

1 1 "
L'(uw)e = e ][M/' ¢'dx = Iw ]l(—u” — |u'Pu) - pdx forany ¢ € Tucéz,
st st

2.4)

In the next lemma we provide a variational reading of the right-hand side of (2.1),
see also [15] and [11, Remark 2.2].
Lemma 2.1. Let K € C%(S?) and let U, V be open and contractible subsets of S*.

i) There exists a unique C' functional A% : Clzj — R, such that A% () =0ifu
is constant, and

ALY W = ]il K¢ -unu'dx foranyu e C%,, ¢ € TuCéz; (2.5)

ii)IfR € SOQ3), & € S' andu € C}, then ARV, (Ru o &) = AY (u);
iii) If U N 'V is nonempty and contractible, then .A% (u) = .Al‘g (u) for any u €
2 .

Cony .

iv) Let u € Céz. The function p +—> Ai \p) (u) is constant on each connected
component of S* \ u(S");

v) Let u € Clz] be a positively oriented parametrization of the boundary of a
regular open set 2, C U. Then

1
A%(u) =5 / K(g)doy,.

Qy
Proof. Take a 1-form ﬁg on U, such that
By = —K(q)doy, 2.6)

where doy is the restriction of the volume form on the sphere. We put

AV () = ][u*ﬂ,‘g = ][ﬁ}g(u)u/dx , ueCh.
sl sl

It is evident that A% (u) = 0 if u is constant. Formula (2.5) can be derived by
using Lie differential calculus or local coordinates, like in the proof of [6, Lemma
3]. Elementary arguments and (2.5) give the C' differentiability of the functional
A%. Uniqueness is trivial, because Clzj is a connected manifold. In particular, for
ue Cg the real number A%(u) does not depend on the choice of ,Bg.

To prove ii) take a 1-form B in the domain RU such that df = —(K o' R)doj.
Clearly R*B is a 1-form in U, and d(R*B) = R*(dp) = —K(q)da,. Thus we can
take ﬂg = R*B in formula (2.6) and we obtain

ARg(Ru) = ][ (Ru)*p = ][ W (R*B) = AY (w)
St st
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foranyu € C [2] The invariance of the area functional with respect to composition
with rotations of S! is immediate.

Now we prove iii). If V. C U and u € C%,, then the restriction of ,B}(/ toV
can be used to compute -’41\2 (u). Thus Al‘g ) = A% (u). It follows that if two
open, connected sets U, V have contractible intersection and u € Clzmv’ then
AV () = AY (u) and ALY () = A% ().

Claim iv) readily follows from ii7). In fact, take pg € S?\ u(S") and a small
disk Ds(po) C S?\ u(S"). For any p € Ds(po) we have

ASZ\{P}(u) — ASZ\Ds(Po)(u) — ASZ\{[’O}(M)'

We proved that the function p — AS\P) (u) is locally constant on S2\ u(Sh), and
hence is constant on each connected component of SZ\ u(Sh.
For the last claim we use Stokes’ theorem to get

2 AY () = /u*ﬁ}{ = /5,% =/d/3,¥ = —/K(q)daq
aQu

Sl Qu QM

by (2.6). The lemma is completely proved. O
From now on we write
SZ
Ax(piw) =A@y, peS, weCh .

By Lemma 2.1, the functional Ag enjoys the following properties,

A1) The functional Ag (p; -) is of class ClonC d

2

s\(py 20

A (piuw)p =14 K@u)p-unu' dx foranyu € C%,, |, ¢ € T,C%.
st S\{p} S

A2) fRe SO(3),£ € S!,andu € Céz\{p},then Agor(Rp; Ruo&) = Akx(p; u).
A3) Letu € Céz. The function p - Ag (p; u) is locally constant on S \ u(S!).

A4) Letu € Céz\ . be a positively oriented parametrization of the boundary of a

regular open set 2, C S\ {p}. Then

1
Ag(p;u) = ~ox / K(q)doy.
Qu

Remark 2.2. To find an explicit formula for Ag (p; - ) let I, : S?\ {p} — R? be

the stereographic projection from the pole p. If u € Céz\ It then IT, ou is a curve
in R? and (TT,,")*(Kdoy) = (K o IT,")det ;-1 (z)dz is a 2-form on R?. Let By
4

be a 1-form on R? such that d B = (n;l)*(Kdaq). Then

Ag(piu) = fu*(n;zﬁ,’b = f(np ou)* By .
Sl

Sl
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For instance, if K = 1 is constant one can take

A](p;u)z][L -u/\u’dx:ZfL-u/\u/dx.
l—u-p lu — pl?
St St

The next lemma provides the predicted "local" variational approach to (2.1).

Lemma 2.3. Ler K € CO(S?).
i) For any p € S?, the functional

Eek (p;u) = L@) + €Ak (p;w), Eex(p; )i Co () \S* > R

is of class C', with differential

LWE, g (p;u)g = ][(— u"+ Lw)eK@uAu')-@dx, foranyg € TuCéz.

sl
(2.7)

In particular, any critical point u € C§2\{p} \ S? for E.x (p; - ) solves (2.1).

ii)IfRe SOB), e €S and p € S?, then E g oig (Rp: Ru o &) = Ecx (p; u)
for any nonconstant curve u € Céz\ 0y and thus

Elx(psuwu' =0 foranyu € Céz\{p} \ S%. (2.8)

iii) Letu € Céz \ S%. The function Egg( - ;u) : S \ u(S") — R is locally
constant.
iv) If K € CY(S?) then the functional Eqx (p; -) is of class C* on its domain.

Proof. Formula (2.4) and the property Al) of the area functional give the C!
regularity of E.x(p; - ) and (2.7). Let u be a critical point for E.x (p; - ). Take
any g € C2andputg' =¢—(¢-u)u e TuCéz.Wehavegwu/\u’ =o' unu
onShandu' - (¢") =u'- ¢’ — (¢ - u)|u’|? because u’ - u = 0. Since

0=LWE.x(p;u)p’ =][ (- @' +LweKwe' -unu)dx
Sl

=][ (u' 9" — (o W' >+ Lw)eKw)e - u A u')dx,
Sl
and therefore u solves u” + |u'|?u = L(u)eK (u)u Au’ on S'. Since u” - u’ = 0,
we see that |u’| = L(u) is constant, and thus u solves (2.1).
Statements ii), iii) follow from (2.3), A2) and A3) (to check (2.8) take the
derivative of the identity E.gx(p; u o &) = E.x(p; u) with respect to & € S! at
& = 1). Finally, i v) can be proved via elementary arguments, starting from (2.7). O
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3. Geodesics

For any rotation R € SO (3), the loop
wr(x) = R(xl,xz,O) , x=x;+ix eSS,
is a parameterization of the boundary of D% (Re3) and solves
wp + |wpPor =0, L(awg) = |op| = 1. (3.1)
In order to simplify notations, from now on we write
wx) =owykx) = (xl,xz, 0), x=x1+ix € s!.
The tangent space to the smooth 3-dimensional manifold
S={or|ReSOB)} CC
at wg € S can be easily computed via formula (1.3). It turns out that
TorS ={g Awr | g € R} = (Rej Awg , Rea Aag, Res Aag).
We introduce the function
Jou) == —u" —u'Pu, Jo:CH\S* - C°,

so that S C {Jy = 0}. By (2.4) we have

L)L (u)p = f]o(u) ~pdx foranyu € C5\S% ¢ € ,C5,.  (3.2)
gl
Moreover, for u € Céz \ s?, q € R3andR € S 0O (3) it holds that

][Jo(u) g Audx =0, Jo(Ru) = RJy(u). 3.3)
Sl
The first identity readily follows via integration by parts or can be obtained by
differentiating the identity L(Ru) = L(u) with respectto R € SO (3). The second
one is immediate.
Clearly Jy is of class C?; for R € SO(3) and ¢ in the tangent space

T Co ={p = g10k + g20r Ak | g = (81,82) € C* S RH) },  (34)
we have

Jo(wp)p = —¢" — 2(wp - 9 r — @

Further, the operator Jé (wg) is self adjoint in LZ(SI, R3 ), that is,

][Jé(a)R)gp - @dx = ][J(;(wR)qs ~@dx forany ¢, ¢ € T,,C5.  (3.5)
st sl
By differentiating the identity Jo(wg) = 0 with respect to R € SO(3), we see that
TS C kerJg(wg). Actually, equality holds, as shown in the next crucial lemma.
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Lemma 3.1. (Nondegeneracy) Let R € SO (3). Then

i) kerJi(wr) = TueS;
ii)Ifp e TwRC§2 and Jj(wp)¢ € TS, then ¢ € T,,S;
iii) For any u € Ta,RSJ‘ there exists a unique ¢ € T, Céz N TwRSL such that
Jo(wp)e = u.

Proof. One can argue by adapting the computations in [18, Sect. 5]. We provide
here a simpler argument.

Since J{(wr)(Rp) = R(J(’)(a))go) for any ¢ € TwCéz, it is not restrictive to

assume that R is the identity matrix. By direct computations based on (3.1), one
can check that

S @) =—y"o", J@)Yoro)=(-y" —y)or
forany v € C 2(S1, R). Since by (3.4) any function ¢ € TwCé2 can be written as
p=(@ ) +@ ord)ono,
we are led to introduce the differential operator B : C (st R?) — COS!, R?),
B(g)=—gle1+(—g) —gex. g=(g1.8) € C*(S", RY).
and the function transform
Vo =(p e+ (p-oAw)e, W:T,C5 — C3S' R,
so that
Jy(w)yp = UT1B(Wy) forany ¢ € TwCéz, W (kerJy(w)) = ker B. (3.6)

We proved that kerJ(; (w) and T,,S have both dimension 3, thus they must coincide
because 7,,S C kerJj(w).

For future convenience we notice that W is an isometry with respect to the L>
norms, and in particular

][(\Ilgo) . (‘I‘(,Z)) dx = ][(p -¢dx forany ¢, ¢ € TwC§2. 3.7
St St
Now we prove ii). If © = Jjw)¢ € T,S, then Jj(w)t = 0, as

kerJj(w) = T,S. But then, using (3.5) we get

][|J(;(w)<p|2dx = ][J(;(wyp ctdx = ][J(;(w)r ~pdx = 0.
St St St

Thus Jj(w)¢ = 0, that means ¢ € T,,S.

It remains to prove iii). Since W (7,,S) = ker B, from (3.6) and (3.7) we have
that u € T,S* if and only if Wu € ker Bl . In particular, if u € T,St, then
one can compute the unique solution g, € ker B to the system Bg, = Wu. The
function ¢ := \If’lgu belongs to T,,S=+: thanks to (3.6) it solves Jé(a))go = u, and
is uniquely determined by u. The lemma is completely proved. O
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Remark 3.2. For future convenience we compute

mpj = ][(Reh AwR) - (Rej ANwg)dx = f(eh ANw)-(ej Nw)dx =& — f wpwjdx.
St St St

We see that the functions Re; A wg = R(e; A w) provide an orthogonal basis for
Twr S endowed with the L? scalar product. More precisely, the matrix M associated
to this scalar product with respect to the basis {Re; A wg} is given by

M =

S O
OvI— O
- o O

3.1. Finite dimensional reduction

By the remarks at the beginning of Sect. 2, we are led to study problem (2.1) for
e = ¢~ ! close to 0. Further, since any solution u to (2.1) satisfies |u’| = L(u), we
can rewrite (2.1) in the following, equivalent way,

w' + u')Pu=LweKwunru', ueCqh\S. (3.8)
We will look for solutions to (3.8) by solving J. (1) = 0, where J; : Céz\S2 — Y,
Jou) = Jo(u) + eLa@)K wyu A’ = —u” — |u'Pu+ Lw)eK w)u A u'.
3.9
Thanks to (2.7), we can write
LW)E. g (p;u)p = ][Jg(u) cpdx , forueC,\S%, p¢usS), ¢ eT,Ch.

st
(3.10)

The regularity assumption on K implies that J, is of class C! on its domain. In
addition, Jo(u 0 &) = J.(u) for any & € S!, and integration by parts gives
][Jg(u) -u'dx =0 foranyu € Céz \ S%.
Sl

In general, the identities in (3.3) are not satisfied if & # 0, because the perturbation
term breaks the invariances of the operator Jy.
In the next lemma we provide the main step to obtain our multiplicity results.

Lemma 3.3. There exist € > 0 and a C' function
[—& 2] xS0B) » CL\S? (e, R) > ufy

such that u% is an embedded loop, and moreover
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(i) u% = wr;
(ii) ufy € TSt
(i) Jo(u%) € Ty S;
(iv) The function [—¢€, €] x SO(3) — R,

(6, R) > E°(R) := Ecx (—Re3; uy) = L(uy) + eAx (—Res; u%y)

is well defined, of class C' on its domain, and drE¢ (R)(RT3) = 0.
(v) R € SO(3) is critical for £ : SO(3) — R if and only if J;(u%) = 0.
(vi) Put E§(R) = Ecg (—Re3; wg) = 1+ eAg(—Re3, wR). As & — 0, we have

EX(R) — E5(R) = o(e) (3.11)
uniformly on S O (3), together with the derivatives with respectto R € SO (3).

Proof. Consider the differentiable functions

3
Fi : RxSOB)x (CH\SHXR? — €0, Fi(e, Rus &) = Jo(u) — Y ¢j (Rej A wg)
j=1
3 .
Fr i RxSOB)x (CH\SHXR? — R | Frle, Rous §) = Z(][ u-Rej Aawgdx)e;
j=1 st

where ¢ = (¢1, £, ¢3) € R?, and then let
FiRxSOB) x (CH\SH xR — COxR? | F = (F1, F).

Fix R € SO(3). Since Jo(wr) = 0by (3.1), then F (0, R, wg; 0) = 0. Our first goal
is to solve the equation F (¢, R, u; ¢) = (0; 0) in a neighborhood of (0, R, wg; 0),
via the implicit function theorem.

Consider the differentiable function

FO.R, -: ) : o) > FO, R u; ), (CHL\SHxR® — COxR?
and let
L= (L1, L) : (T CH)xR? — COxR?

be its differential evaluated at (u; ¢) = (wg; 0). We need to prove that £ is invertible.
Take ¢ € Ty Céz and p = (p1, p2, p3) € R3. Itis easy to compute

3 .
Li(¢; p) = Jo(wr)p — Y pj(Rej Awr), Lalpip)=Y (][ @ Rej Awrdx)e;.
=1 =1 ¢

w

Next, recall that 7,,, S is spanned by the functions Re; A wg. If L1(¢; p) = 0 then
Jo(wr)p € TS, hence ¢ € T,,S by ii) in Lemma 3.1; if £5(p; p) = 0 then
¢ € Ty, S L Therefore, the operator £ is injective.
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Before proving surjectivity we notice that
Jo(wr)g € Ty S forany ¢ € T,,C3, (3.12)

because of (3.5) and since T, S = kerJj(wg).

Now take arbitrary ¥ € C° and ¢ = (q1,¢2,¢3) € R3. We have to find
functions ¢ | € TS, ot e TwRSL and p = (p1, p2, p3) € R3such that L(p" +
(pJ-, p) = (¥, q). Since T, S = ker]é(a)R) is spanned by the functions Re; A wg,
we only need to solve

Jo(@r)ot =¥ + 3 pj(Rej Aeg), 9 € TS, p € R?
(pT~Rej/\a)Rdx=qj, ngeTwRSL.

st

The tangential component ¢ | € Tor S is uniquely determined. Thanks to (3.12),
we see that the function ) j Pj(Rej A wg) must coincide with the projection of
—y on T, S. This gives the unknown p. More explicitly, we have

3
ep - Mp = ZP./’ ][(Reh AwR) - (Rej Nwg)dx = —][w - Rep N wrdx,
f:1 Sl sl

where M is the invertible matrix in Remark 3.2. Once one knows p, the existence
of ¢ follows from iii) in Lemma 3.1, and surjectivity is proved.

We are in position to apply the implicit function theorem for any fixed R €
SO(3). Actually, by a compactness argument, we have that there exist ¢’ > 0 and
uniquely determined differentiable functions

u:(—e,e)xS03B) — c§2\82 ,u: (e, R) = uf
(=€) x SOB) - R, ¢: (e, R) = C5(R) = (£ (R), &5 (R), L5 (R))

such that
Fle, Roub; (R =0, ub=wr, ¢"R)=0.

Clearly the function (g, R) — u; is differentiable. Since wg is embedded, then u;
is embedded as well, provided that ¢’ is small enough.

Condition i) in the Lemma is fulfilled; ii) follows from F> (e, R, u%; (°(R)) =
0 while Fi (e, R, u%: ¢°(R)) = 0 gives iii).

Now we prove that iv) holds for any € € (0, ¢’), provided that &’ is small
enough. Since |® + e3| > 1 and u% — wg uniformly on Sl as & — 0, we can
assume that

1
lu% (x) + Res| > 3 forany x € S', (¢, R) € (—¢', &) x SO(3).

In particular, Lemma 2.3 guarantees that the function £(R) = E g (—Re3; u%) is
well defined and of class C! on SO (3), for any ¢ € (—¢’,¢'). By iii) in Lemma
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2.3 we have that the derivative of p > E¢g (p; u%) vanishes for p € S\ u%(Sl),
and we can compute

drES(R)(RTy) = E.x (—Rez; ufy)(drus(RTy)) forh € {1,2,3}, (3.13)

where E/ (—Re3; - ) is the differential of the energy with respect to curves
running in Céz\{_ Res)’ The C! dependence of £%(R) on & and thus on the pair
(e, R) is evident.

Next, notice that ng = w o & for any rotation £ € S! (recall that R§ rotates
S? about the (e3) axis). Hence RR§a) = wg o & and TRRin = {r of |t eT,S }

for any R € SO(3). Taking also ii), iii) into account, we have that
U 0& € (Tope, S)' . Jelug 0 &) = Jolup) 0& € Tppe S

Since in addition u% o & is close to wg 0 & = RRga) in the C%-norm by i), we see

that
”ZRg =upof (3.14)

by the uniqueness of the function & — u% given by the implicit function theorem.
By differentiating (3.14) with respect to & at§ = 1 we obtain drus (RT3) = (u%)’,
that compared with (2.8) gives E  (—Re3; u%) (druy (RT3)) = E,; (—Re3; u%) (uy) =
0. Thus dgrEF(R)(RT3) = 0 by (3.13), and iv) is proved.
To prove that v) holds for € small enough, first take R € SO(3), h € {1, 2, 3}
and notice that the condition u%, € T,,S L trivially gives

dR(][uﬁe - Rej A a))dx)(RTh) =0.
S]

We compute dg R(ej A ®)(RT;) = Rep A (R(ej Aw)) = R(en A (ej Aw)). Since
in addition u’, - R(ep A (ej A @)) = —(Rey A uy) - (Rej A wg) we obtain

mflj(R) = ][dRu"}}(RTh) “Rej Nwrdx = ][(Reh AuRg) - (Rej A wg)dx.
St St
3.15)

Since u% — wg uniformly for R € SO(3), from (3.15) we obtain

mzj(R) = ][(Reh A @R) - (Rej AN wr)dx + o(1) = mp; + o(1),
Sl
where m; are the entries of the invertible matrix M in Remark 3.2. It follows that

the 3 x 3 matrix My = (mf,j(R))jythz’g is invertible for any R € SO(3), if ¢ is
small enough.
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We are in position to conclude the proof of v). We know that there exists a
differentiable function (¢, R) +— ¢%(R) € R3 such that

3
Je(ul) = C5(R) (Rej A wg). (3.16)
j=1

On the other hand, (3.13) and (3.10) give

L(u%)drE(R)(RT),) = ][Jg(u‘;) - druSy(RTy)dx, (3.17)
sl

by (3.16) and recalling (3.15) we obtain

3
L(uS)drES(R)(RTy) = Y mj;(R)CF(R) = e, - MR ((°(R)).
j=1

If £ ~ 0 so that the matrix M, is invertible, then R is a critical matrix for £° if and
only if £¥(R) = 0, which is equivalent to say that J. (u%) = 0.

To prove the last claim of the lemma we take R € SO (3) and compute the
Taylor expansion formula of the function

fr(e) = E°(R) — EG(R) = L(ug) — 1+ e(Ag (—Rez; u%) — A (—Res; wr))

at ¢ = 0. Clearly fz(0) = 0. Now we recall that L'(wg) = O because wg is a
geodesic, and we write

fr(e) = (L' (u%) — L'(wr)) (0:uy) + & Al (—Re3; uf) (0suy)
+(Ak (—Re3; u%) — Ag (—Re3; wg)).

To take the limit as ¢ — 0, we notice that d.u% is uniformly bounded in Céz

because the function (e, R) +— u% is of class C!. Further, L'(u%) — L'(wg) in
the norm operator, A’ (—Re3; u%)(3:u%) remains bounded and A g (—Re3; u%) —
Ak (—Re3; wg). Inconclusion, we have that f5(0) = 0,and therefore f(g) = o(e)
as & — 0, uniformly on SO (3). That is, (3.11) holds true "at the zero order”.

To conclude the proof we have to handle the derivatives of £°(R) — &5 (R)
with respect to R, along any direction RT, € Tr SO (3). We use (3.16), the second
equality in (3.15) and then (3.16) again to obtain

3
F Jetu) - iy (RT D dx = 3 65 (R) iy (RT)) - (Re; A o)
St J=1 st
3
= Y658 f (Rey A - (Rej o)
=

= ][Jg(u%) - (Rep ANufy)dx.
§]
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By (3.9), the last integral can be written as

f]o(u%) - (Rep Aup)dx + eL(u%) A’y (—Res; uy)(Rep A u'y)
Sl
=¢L(uR) Ay (—Re3; uy)(Rep A u'y)

because of (3.3). Thus (3.17) leads to the new formula
drE°(R)(RTy) = eAx (—Re3; uly)(Rep A u%).
On the other hand, it is easy to see that
dRrEG(R)(RT;) = e Al (—Re3; wr)(dr(wr)(RTy)) = e A (—Res; wr)(Rep A wR),
because Ak ( - ; wg) is locally constant, and we can conclude that

dr (Eg(R) - 58(R))(RTh)
= e(A’K(—Reg; u)(Rep Au'p) — Al (—Res; uy)(Rep A a)R)) =o0(¢g),

because u — wg. The lemma is completely proved. O

4. Two solutions

In the present section we use Lemma 3.3 together with the local variational approach
in Sect. 2 to provide a more direct, self-contained and analytical treatment to
Viterbo’s and Bottkoll’s result which avoids the deep and general theories of char-
acteristics and symplectic actions.

We stress the fact that, differently from [11], [18] and [16], in the next theorem
we do not make any sign assumptions on K. For instance, K might vanish on
some geodesic circle of radius /2 about a point z € S? and thus 9Dz (z) can be
parameterized by two K-magnetic geodesics that coincide up to orientation. This
is the reason why, in that case, we have to add an extra assumption to obtain two
distinct solutions.

Theorem 4.1. Letr K € C'(S?) be given. For every ¢ > 0 large enough, Problem
(Pk.c) has at least a solution y. If in addition K does not vanish on any closed
geodesic, or

/ K(q)do; = / K(q)do; whenever K =0 on BD%(z), “4.1)
D%(z) ”D%(—z)

then for every ¢ > 0 large enough, Problem (Pk ) has at least two embedded,
distinct solutions.

Recall that changing the orientation of a curve only changes the sign of its curvature.
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Proof. Let € be given by Lemma 3.3. Forany ¢ > & !, let ¢ := ¢~} < # and

(¢, R) — uf, R (& R) — E¢(R) be the functions in Lemma 3.3. To every critical
point R® for £° corresponds a curve u%. that solves Jg (u%:) = 0. Hence u%. solves
(3.8) and, as explained at the begmmng of Sect. 2, yields a solution to (Pg .-1) =
(PK,C)'

Now, if £% is constant, then uf, solves (3.8) for every R € SO(3) and the
conclusions in Theorem 4.1 hold. Otherwise, take R?, R es O (3) achieving

the minimum and the maximum value of £, respectively. Then u® := u%. and

ut = u%g solve (3.8) and this concludes the proof of the existence part.

Next, assume that £° is not constant, and that u® = u° o g for a diffeomorphism
g of S'. To conclude the proof we have to show that (4.1) can not hold.
We have E .k (z°, u®) < Eqx(z°,u®), that is,

Lu®) +eAg(Z°,uf) < L) + eAx (T°, ) (4.2)
where z° = —Rfe3,7° = —R’e3. Since |(u®)'|, |(u®)’| are constant, then |g’| is
constant as well. Thus |g’| = 1 and L(u®) = L(u®). Therefore, (4.2) implies

A (2%, u’) # Ag (Z°,u’) 4.3)

for any ¢ # 0. In particular, g can not be a positive rotation of the circle by the
property A2) of the area functional. Thus g is a counterclockwise rotation of S'.
Recall that u* has curvature ¢ K (#*) and u® has curvature ¢ K (z°). Since changing
the orientation of a curve changes the sign of its curvature, we have that at any point
p el :=u’S") = u®S") we have K(p) = —K(p). It follows that K = 0 on
I', and hence I is the boundary of a half-sphere Dn (w®). We can assume that u®
is a positive parameterization of BDn(w‘8 ). Then z° ¢ Dn (w?) because u® ~ wpe,

see i) in Lemma 3.3. Next, since u® parametenzes the same geodesm with opposite
direction, then u® a positive parameterization of dDz(—w?®) and z° ¢ D%( we).
In particular, from the properties A3) and A4) of the area functional we infer

1
AR ) =AK (' i) = — 5 / K(q)do,
JT
Dy (w*)
Ag (@5, u’) =Ag (w, u® / K(g)doy,
Dn( we)

that compared with (4.3) shows that (4.1) is violated. The theorem is completely
proved. O

5. Many solutions

In this section we suggest a way to obtain more and more distinct K-magnetic
geodesics. It involves the C! Mel’nikov-type function

Fx(z) = / K(p)do,, Fx:S* — R, (5.1)
D%(Z)
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where K € C!(S?) is given. We start by recalling the definition of stable critical
point proposed in [3, Chapter 2], see also [14].

Definition 5.1. Let @ C S? be open. We say that Fx has a stable - critical point
in Q if there exists r > 0 such that any function G € C!(Q) satisfying
G — FK||C1(§) < r has a critical point in €.

If Fk is not constant, then it has at least two distinct stable critical points,
namely, its minimum and its maximum. Different sufficient conditions to have the
existence of (possible multiple) stable critical points z € €2 for Fg are easily given
via elementary calculus. For instance, one can assume that one of the following
conditions holds:

(i) VFk(z) # 0 for any z € 02, and deg(VFk, 2,0) # 0, where “deg” is
Browder’s topological degree;
(ii) min Fg > min Fg or max Fx < max Fg;
Q2 Q 99 Q
(iii) Fg is of class C% on €, it has a critical point zg € €2, and the Hessian matrix
of Fk at zg is invertible.

In the next result we show that any stable critical point z¢ for Fg gives rise, for
any ¢ > 0 large enough, to a solution y ¢ to Problem (Pg ) which is a perturbation
of the closed geodesic about zg. Taking advantage of the remarks at the beginning
of Sect. 2, we only need to show that for any stable critical point zg for Fx and for
any ¢ = ¢! ~ 0%, there exists a solution u¢ to (3.8), such that u® is close to the
closed geodesic about zp.

Theorem 5.2. Let K € C'(S?) be given. Assume that Fi has a stable critical point
in an open set Q C S?, such that @ C S?.

Then for every ¢ € R close enough to 0, there exists a point 7, € 2, an
embedding f : S' — S? parameterizing the boundary of a circle of geodesic
radius v /2 about z¢, and a solution u® to (Pg .-1), such that ||u® — @®||c2 = O(e).

Proof. We can assume —e3 ¢ Q. Otherwise, take any rotation R € SO(3) such
that —e3 ¢ RS2, and look for a solution u#® to

u’ + |u/|2u =Lw)e(KR)Yw)unu' onS!,

in a C?-neighborhood of a geodesic circle about some point 7° € R2. Conclude
by noticing that u® :=" Rii® solves (3.8) and approaches the geodesic circle about
R'Z* € Q.

Next, for z € S? \ {—e3} consider the rotation

2
.l 2122

T T 14

2
N(z) = _ 1lerzz 1 liz o |
23 23

—<Z1 —22 3
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that maps e3 to z. Clearly the function N : S? \ {—e3} — SO(3) is differentiable;
its differential dN (z) at any z € S? \ {—e3} is a linear map 7,S> — TN SO@3).
We have

T,S* = (N(2)e1, N(2)e2) (5.2)
TnSOQB) = (dN(2)(N(2)e1), dN(2)(N(2)e2)) ® (N()T3).  (5.3)

Equality (5.2) and the inclusion D in (5.3) are trivial. To conclude the proof of (5.3)
we need to show that the matrices

dN(@)(N@e1) . dN@(N@e2), N@T3
are linearly independent. By differentiating the identity N (z)e3 = z one gets
dN()t-e3=1, TE TZSz.

By choosing T = N(z)ep, h = 1,2 we infer that the third columns of the matri-
ces dN (z) (N (2)e 1), dN(2) (N (Z)Ez) are linearly independent. Thus the matrices
dN(z)(N(z)e1) ,dN(z)(N(z)ez) are linearly independent as well. On the other
hand, the third column on N (z)73 is identically zero, that concludes the proof of
(5.3).

Now, take the differentiable functions (e, R) + uf € Céz, (e, R) — E(R) €

R given by Lemma 3.3. To simplify notations, for z € S \ {—e3} we write
() = EE(N@) = Eex(—zi 1), EEQ) = EEN(@) = Eex(—2 NQ@w).

Notice that N(z)w parameterizes 0Dy /2(z). Therefore, using ii) in Lemma 2.3,
property A4) and elementary computations we get

EE(z) =LIN(Q)w) + Ak (—2z; N(2)o)
& &
=L(@)= > / K(gudoy = L) = 5—Fk (2). (54)
Dy 2(2)

Next, for any small & # O consider the function
2 ~
G () = ?(EE(Z) — L(w))

and use (5.4) together with iv) in Lemma 3.3 to get
&€ — 27[ . ,€ . _—
IG°+ Fellenay = 17 | Eek (=2z: uy ) = Eek (=23 N@) | 1) = 0(D)

as ¢ — 0. We see that for ¢ small enough the function G? has a critical point
z° € Q. Thus, for any 7 € T,-S? we have
0= d.E° ()T = dgE* (N (Z°)(d:N (z°)7).

Taking (5.3) and iv) in Lemma 3.3 into account, we infer that the matrix N (z%)
is critical for £¢. Thus, by arguing as for Theorem 4.1 we have that the curve
u® = ufy ., is asolution to (Pg ,-1). O
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