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1 Introduction

Baxter Q-operators play an important role in the theory of integrable spin chains [1],
in 2D integrable quantum field theory and sigma models [2], in integrable examples of
higher dimensional CFTs, such as QCD in BFKL limit [3-5], N' = 4 super Yang-Mills
theory and ABJM theory [6] where Q-functional approach has led to the elegant description
of spectrum of the systems in terms of the quantum spectral curve (QSC) [7, 8], the
ODE/IM correspondence [9], the fermionic basis [10], stochastic processes [11, 12] and
pure mathematics [13]. In particular, they provide a natural formulation for the Bethe
ansatz equations (BAE) whose solutions (Bethe roots) yield the spectrum of energy for
the Heisenberg-type spin chains and are at the heart of Sklyanin’s separation of variables
(SoV) construction [14]. They also allow for natural representations of transfer matrices
(T-operators), encoding all quantum conserved charges of the system.

All these operators, T and Q, commute due to the underlying integrable structure,
so that on a given eigenstate we can operate with their eigenvalues — the functions of
a spectral parameter: T'(x) and Q(z). For A-type spin chains all these operators can be
built within the framework of the quantum inverse scattering method [15] from solutions
of the Yang-Baxter equation. The transfer matrices are built from Lax matrices of finite
dimension while, as noted in [2, 16, 17], the construction of Q-operators is related to an
infinite-dimensional Hilbert space. These methods were further developed in [18-27]. For us
the most relevant articles are [28-30] for Q-operators of A-type spin chains and the recent
generalisation to some Q-operators of D-type spin chains [31]. An alternative approach,
based on the formalism of co-derivatives [32], was proposed in [33] and further developed
in [34] in relation to the interplay between quantum and classical integrability of A-type
spin chains.

T-functions represent a quantum generalisation of the characters for the symmetry
algebra of the spin chain. They depend on the representation f in the auxiliary space
and, generically, on the twist 7 — a group element introduced into the spin chain in
the form of twisted, quasi-periodic boundary conditions or, alternatively, as generalized
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Figure 1. Hasse diagram for As.

“magnetic” fields. That is why we will denote the T-functions as T }T).l Generally, one
has an infinite number of different T-functions since there exists an infinite number of
inequivalent representations. However, most of them are not independent quantities. The
most constructive way to see that is to represent T-functions in terms of Baxter Q-functions
since the latter always form a finite variety. Say, for A, algebra, the 2"+! Q-functions are
usually labeled by subsets of integers I C {1,2,...,r,r + 1} where r is the rank of the
algebra (for instance I = {1,3,4} C {1,2,3,4,5}). This QQ-system? can be conveniently
depicted as a Hasse diagram in the shape of an r + 1-dimensional hypercube with the
vertices labeling the corresponding Q-functions [35], see figure 1 for the example of As.

As we will see, in D, algebra the labeling is similar but slightly different. Moreover,
only r + 1 Q-functions are algebraically independent as in the A, case [19, 36-38], see also
the supersymmetric generalisation [8, 35, 39, 40]. The system of all Q-functions, which
we will call here QQ-system, is endowed with a Grafimannian structure. The remaining
Q-functions can thus be expressed through a chosen basis of r + 1 @)’s by various Pliicker
QQ-relations, often in the form of Wronskian determinants (Casoratians).

For the Heisenberg spin chains with A, symmetry, the most traditional representa-
tion of T-functions is given in terms of the basis of Q-functions of the type Qy, Q1 21,
Qi 23} Qi2,.r+1y (or different re-labelings of the same basis), cf. figure 1. The
same functions enter into the formulation of the standard nested system of BAE’s. The
T-functions in this basis are usually represented by the so-called tableaux formulas which
are direct generalizations of Schur polynomials for characters [37, 41, 42].

The other well-known, so-called Cherednik-Bazhanov-Reshetikhin (CBR), formulas for
T-functions in an arbitrary finite dimensional representation ¢, are given in terms of deter-
minants of T-functions in the simplest symmetric or antisymmetric representations [43, 44].

Though the explicit 7 dependence will often be omitted.

2We decided to call it QQ-system, to avoid the confusion with the “Q-system” established in the
mathematical literature to denote the quadratic, Hirota-type relations for characters of “rectangular”
representations. This hints on Pliicker QQ-relations or on “Quantum Q”-relations.



They have been proven in [32], including the supersymmetric A,|s algebra. They represent
the quantum generalization of the Jacobi-Trudi formulas for characters. For the D,. algebra
the corresponding determinant representations have been found in [45]. For both algebras,
the CBR type formulas appear to be solutions [46], with appropriate boundary conditions,
of Hirota finite difference equations for T-functions [42, 47, 48] (TT-system).

The most natural representation of T-functions in terms of Q-functions, using the
basis of the single-index @Q’s, {Q{l},Q{Q}, e ,Q{TH}}, was constructed only for the A,
algebra [8, 19, 29, 35, 36, 40, 49-52]. Irreducible representations of A, are labelled by
highest weights (A1, -+, A;) € N” such that A\; > A2 > ... > A\, and, assuming Qy(z) =1,
the T-functions read
1<z‘%‘e<tr+1Q{i}(x 1) ‘Q[{Qi/;j] r+1

N = Q{l,.‘.,r-I—l} (:C) 2r+1—j
1<z’%e<tr+1Q{i} (z+r+1-—7) ‘Q[{z(} 7]

T\ (@) = Qqu..riy (@)

r+1
(1.1)
Here we introduced the shifted weights p; = A\j +7r—j+1for j =1,...,7 and p,11 = 0 as
well as the twist matrix diag(m1,72,...,7r+1). We set []; 7, = 1 to restrict to SL(r + 1). In
order to shorten the formulas we shall use the following notations throughout the article:

\M; |, = 1<de.t< M;; and M¥ = M(z + %), where z is the spectral parameter. The
<6,J<p

single-index Q-functions in (1.1) are polynomials up to an exponential prefactor:
Quiy(x) = (1) (2™ + Cim1 2™ 4+ Cig) (1.2)
The representation (1.1) is the direct generalization of Weyl’s formula for characters:

1
SL(r+1) I i IS
XA (1) = " r-f-l—j

. (1.3)
T |7"+1

It is clear that (1.1) behaves as Q{L._.,TH}(x)x?\L(TH)(T) in the “classical” limit = — oo.

The goal of this article is to construct a similar QQ-system, together with a similar
Weyl-type representation for T-matrices, for the D, algebra. The standard Weyl formula
for D, characters is

0. s 0 —L;
XSO(?T)(T) _ 7+ 7 JA‘T + 1’ — T I (1.4)
f ’Tir_] + Ti—"""t‘j‘r 9

see e.g. [63-56], with ¢; = f; +r — j and the highest weights fi > fo > --- > fr—1 > |fr]
are all integers or all half-integers (the last one can also be negative).

However, in general, the situation for D, is more complicated than for A, algebra.
The representations of the Lie algebra do not “quantize” trivially, i.e. cannot be lifted to
the Yangian algebra (apart from the symmetric and spinorial representations), see [57]
and [58] for an instructive example. Instead, in order to construct the T-functions, one has
to introduce the representations acting in the so-called Kirillov-Reshetikhin modules [59].
Such modules are known only for rectangular representations (a, s), see appendix A. These
representations have highest weights fi = fo = -+ = fo =sand for1 =...= f, =0



fora<r—2and fi = ... = fr-1 = £f, = /2 for a = £. The Kirillov-Reshetikhin
characters are linear combinations of the above mentioned Weyl characters. The symmetric
and spinorial characters in Kirillov-Reshetikhin representation are not different from the
Weyl characters (1.4) but in other representations they do differ.

The generating function for characters in symmetric representations reads

42
Ks(t, {TZ}) - 1721 (1 — tl(TZ ' 1/7} + t2 Z t Xk (15)

so that they coincide with standard Weyl characters (1.4). On the contrary, the KR-
characters for totally antisymmetric representations already differ from usual D, Weyl
characters (1.4). The generating function of KR characters for these representations reads

T r—2
Kot ) = L= 02 fTile/ nlel] =2 (1.6)

where only the coefficients of ¥, up to "2 term, give the KR type antisymmetric characters
Voo (7).

In this work, we propose a QQ-system, appropriate for the D, algebra, and discuss
the corresponding Hasse diagram. We will also introduce new QQ’-type conditions. From
either the QQ-system or these QQ’-type conditions, one can derive new Weyl-type formulas
for T-functions in the symmetric and antisymmetric representations of Kirillov-Reshetikhin
modules: T-functions are then given in terms of ratios of determinants involving a basic
set of r + 1 Q-functions, generalizing the classical Weyl-type formulas (1.5) and (1.6). In
particular, we will show that these Weyl-type formulas are consistent with the tableau sum
formulas for T-functions. The QQ-relations and QQ’-type conditions were checked using
explicit expressions for T and Q-operators found in [31] at small lengths of the spin chain.

Note added. Shortly after this preprint appeared on the arXiv, the preprint [60] with
partially overlapping results on QQ-systems for D, algebra was posted on the arXiv.

2 Lax matrix construction and eigenvalues of T-operators

We start by introducing the fundamental R-matrix of so(2r) which was written down in [61].
It is a matrix of size (27)% x (2r)? and it reads

R(z) =z(x+ r)I+ (x + )P —2Q. (2.1)

Here k = r — 1, the letter I denotes the identity matrix while the permutation P and the
trace operator ) are defined by

2r 2r
P= Z Ei; ® Ej; , Q= Z Eij ® By jr . (2.2)
i,j=1 4,j=1

The elementary 2r x 2r matrices E;; obey the standard relations E;; By = d;xFE;. We use the
notation i’ = 2r —i+1. The R-matrix in (2.1) is related by a similarity transformation to the



one originally obtained in [61], cf. [31], and generates the extended Yangian X (so(2r)) [62].
It is invariant under transformations

if B satisfies the orthogonality condition BB’ = 01 with 6 € C and Bj; = Bj;r.

2.1 Transfer matrix construction for first fundamental

In the following we focus on spin chains of length N with the defining representation at
each site. The quantum space of the spin chain is

V=C"®...0C¥. (2.4)

The R-matrix (2.1) allows to construct the fundamental transfer matrix 7" = T7 j, i.e. with
the defining representation in auxiliary space, which contains the Hamiltonian of the spin
chain. It is also convenient to introduce the symmetric generalisations 77 ¢ at this point.
The required Lax matrix was given in [63]. It reads

2r 2r
L(z) =T+ > Jij®@Ej+ Y Giy @ Ej;. (2.5)
with
1 2r K 1
Gij = B Z Jj ik + §Jij 1 ((/@ —1)% 4+ 2ks + 32> dij - (2.6)
k=1

Here we introduce the generators J;; of so(2r) obeying the commutation relations
[Jij, Jral = O5uTit — Oireji — v Jigr + 0 jrar (2.7)

with J;; = —Jj;. We stress that the formula for the Lax matrix only holds for symmetric
representations with generators acting on the highest weight state |hws) as follows

Jijlhws) =0, for i<y, Jii|hws) = sd1;|hws) (2.8)

where s € N for finite dimensional representations. The generators in such representation
satisfy the characteristic identity

2r

Z (Jij — 5@') (ij; + 55jk)(=]kl — (s +2kK)dg) =0, (2.9)
k=1

which is needed in order to satisfy the Yang-Baxter equation, see also [64] for a recent
discussion of such constraints. A realisation of the generators J;; for general s in terms of
oscillators can be found in [31]. The defining representation s = 1 can be realised via

Jij = Eij — Ejrr . (2.10)

We recover the R-matrix £(z) = R(z — §).



The first space in (2.5) with generators J;; serves as our auxiliary space and the
quantum space is built from N copies of the second one with matrix elements F;;. The
transfer matrix constructed from this monodromy is defined via

TLS(CL') = tr 'Dﬁl(a})ﬁg(.%') cee ﬁN(m) (2.11)

where L;(z) denotes the Lax matrix acting non-trivially on the ith spin chain site and
the trace is taken over the representation with generators J;;. We further introduced a
diagonal twist

T
D =[], (2.12)
k=1

with the parameters 7 € C" that we already encountered in the definition of characters.
Some symmetries of the transfer matrix constructed via (2.11) can be found in appendix C.1.

The Hamiltonian of the spin chain is obtained from the fundamental transfer matrix T
by taking the logarithmic derivative at the permutation point

3}
H=_—InT
oz (z)

N
= Hii+1- (2.13)
=5 =1

The Hamiltonian density is obtained from the logarithmic derivative of the R-matrix at the
permutation point and it reads

Hiir = (I—Q+kP), 1y (2.14)

and Dy the twist (2.12) at site N enters via Hy ni1 = DNHNJD;,l. We also remind the
reader that kK = r — 1.

2.2 Diagonalisation of fundamental transfer matrix

As discussed at the end of the previous section, the fundamental transfer matrix 7" = T1 1
with s = 1 contains the nearest-neighbour Hamiltonian and higher local charges. It has
been diagonalised in [63, 65] using the algebraic Bethe ansatz, see also [66] for a different
nesting procedure and [67] for the trigonometric case. One of the key observations is that
the transfer matrix can be written as

T(x)=T4(z)+T_(x) (2.15)
where the two terms are related via
Ti(—a:)|n_>7;1 =Tx(x). (2.16)

We note that the twist only slightly modifies the derivation of the spectrum of the trans-
fer matrix in [63, 65]. Following the same logic as in the references above we find the
contributions of Ty to the eigenvalues of the transfer matrix

[=r] [r—1] 1Qz[€i(1k_7a+2ﬂ ql[gi(k_r_l)]
Te(@)=a "% DT oo ERS] (2.17)
k=1 i1 k



with the notation ¢! = ¢(z + %) In (2.17) above we introduced the Q-functions along the
tail of the Dynkin diagram, cf. figure 2. This equation is valid on the level of operators.
In the diagonal form the Q-functions are written in terms of the Bethe roots a:l(-j ) at level
je{1,2,...,r — 2,4, —} corresponding to the nodes of the Dynkin diagram as given in
figure 2. The index i takes values ¢ € {1,2,...,m;}. Here m; denotes the magnon numbers
m = (my,...,mp_2,my,m_). They are determined for a given state labelled by weight

vector 7 via
2m1 — Mo — My

2mr73 —Myp—g — Myp_2 (218)
2Myp_9 — Mp_3 — My —M_

St
|

2my — my_o
2m_ — my_o

where my = N is the length of the spin chain, see [63] and n; = f; — fiz1 for 1 <@ <7
and n, = fr_1 + fr. The first Q-functions along the tail of the Dynkin diagram are then
given by

mg

w) =2,  q@)=][[@-2"), 1<i<r-2. (2.19)
j=1

Here ¢y does not depend on any Bethe roots and plays a role similar to that of the A-type
full set Q-function. The last two Q-functions factorise:
+1] [-1
Gr—1 = S4+S_, qr = sg_ }sh ] , (2.20)
where s+ are the Q-functions that correspond to the spinorial nodes. They are polynomials
of degree m+ in the spectral parameter

m4

se(z) = [[(x - 2. (2.21)

i=1

It immediately follows that the last term in (2.17) reduces to the more familiar form

2 7 e
T = . (2.22)
Gy Gr 55+

From the definition of the Hamiltonian (2.13) and the eigenvalue equation (2.15) of
the transfer matrix we obtain the energy formula. The eigenvalues of the Hamiltonian are
parametrised by the Bethe roots and read

BT N+qi(_5)_q’1(§): r N_%( 11 1)) (229)
)

r—1 @ (_%) @ (%) r—1 = (1)

z, + % x,,
cf. [63]. As for the first fundamental representation of A-type, the energy eigenvalues only

depend on the Bethe roots at the first nesting level.



Figure 2. Dynkin diagram for D, Lie algebra.

3 QQ-relations from Bethe ansatz equations

The Bethe equations can be read off from the eigenvalue equation of the transfer matrix

(k—r+2] [k—r—1] r—k—2] [r—k+1]
' r— — q q —
()_q[l ][ l]z lkl Qk_ —|—Tkk1 Qk——l ’ (3'1)
—r]  [k—r+1] [r—k]  [r—k—1]
qk—l q, Ap—1 4

which is obtained by combining (2.15) and (2.17).
matrix is regular and Bethe roots are distinct the Bethe equations arise as pole cancellation

When demanding that the transfer

conditions. They are conveniently written in terms of Q-functions as

-1 [+2] [-1]
T+l _ [ Tk—1 9 9k+1 _
T W e [+1]> o (B=12r=3)
Te—1 Tk = Te+1/ g
Cney (45 4 40
RV )
o g [f 2
o\ )
o TT _ q’E’ 12] 8[7+2} (3 2)
R N I '
where (...); with 1 < k < r — 2 indicates that the expression is taken at a root of g and

(...)+ at a root of sy.
Along the tail of the Dynkin diagram, cf. figure 2, we induce the standard A, type

Pliicker QQ-relation
Tk —~
Qk 19k+1 = 1/ \/ +1 +

where g5, and g are two different Q-functions at the same level of the Hasse diagram, see

Tk — Tk+1

3.3
Tka+ ( )

section 5 for that details. The form of the eigenvalue equation (3.1) is unchanged by such
transformation. The Bethe ansatz equations can be restored by shifting the argument of
the QQ-relation by +1/2, evaluating it at a root of g; and dividing one of the resulting
2)th node, the QQ-relation

Tr—1 _
qr 2q7‘ 2"

equations by the other. At the fork of the Dynkin diagram, (r —
takes the form

Tr—2 —

Tr—2 4+ ~_
S48 =, / 3.4
W q"' 39+ q’r‘ 2qr_9 — ( )



At the spinorial nodes 4, the QQ-relations are

Tr1Tr — 1 1

_ +a
Qr—2 = \/Tr—1TrS,. 8, — —(———
\Tr—1Tr VTr—1Tr
Tr—1 — T, Tr—1 - T —~
gy = ——s 5 — 5”37, (3.6)
\VTr—1Tr Tr Tr—1

These QQ-relations for spinorial nodes have appeared in [68] in relation to the ODE/IM

sy 51, (3.5)

correspodence [9] and recently in [69]. In section 5 we propose a more general version of
the QQ-relations.

4 Basic (extremal) Q-functions

A construction of the Q-operators corresponding to the extremal nodes of the Dynkin
diagram, cf. figure 2, was recently proposed in [31]. The latter construction was inspired by
the isomorphism Az ~ D3, admits the expected asympotic behavior (2.18) and has been
checked by showing some functional relations of » = 4 in some examples of finite length. All
functional relations in the following sections are consistent with the proposed Q-operators
and have been verified explicitly for several examples of finite length.

4.1 Q-operator construction for first fundamental

We construct 2r Q-operators ); with 1 < ¢ < 2r corresponding to the first fundamental
node. The Lax matrix needed is of the size 2r x 2r with oscillators as entries and its leading
order in the spectral parameter is quadratic. It reads

1 1 1
2422 -1 —ww)+ ZV_VJV_Vtthw 2w — §V_vJv_vtth —§WJ€Vt
1
L(z) = —ew o+ IwhwlIw 21— Jwiwtl “Jwt | (40)
1, .
—§w Jw w'J 1

The Lax matrix above contains 2(r — 1) oscillators arranged into the vectors w and w as
follows

W:(52,...,57,5T/,...,52/), w:(ag,...,aT,ar/,...,agf)t. (4.2)
They obey the standard commutation relations
[ai,a;] = 0y . (4.3)

The matrix J is given in (C.2). The Q-operator @)1 is defined as the regularised trace over
the monodromy of the Lax matrices (4.1) which is constructed by taking the N-fold tensor
product in the matrix space and multiplying in the auxiliary oscillator space:

Q@) =t [Di e L e, e L) (4.4)



The twist matrix D in the auxiliary space depends on the parameters 7;, cf. (2.12) for the
transfer matrix. In the case of the Q-operator () it reads

D = ZﬁQ (TiTl_l)Ni (Ti_lrl_l)Ni/ , (4.5)

with the number operator N; = a;a;. The trace is defined as

tr(DX)
tr(D)

tr(DX) = (4.6)
By construction of the Q-operators, ()7 commutes with the transfer matrices defined
previously. The Q-operator for the case N = 1 is spelled out explicitly in appendix B.

From @), we define the remaining 2r — 1 Q-operators at the first fundamental node.
For that we introduce the transformation

T

Bij= Y (Bww + Byg) + B jo + Ep o + Eij + Ej; (4.7)
oy

with 1 < ¢ # j < r. It belongs to the class of transformations discussed in (2.3) and
commutes with the R-matrix. It follows that the Q-operators defined via

Qi(z) = (B1i®...® B1;) Q1(z)(B1,; ® ... ® B1,)

i=2,...,r (4.8)

)
T1$T;

and
Qz(m): (J@@J)QZ/(IE)(J@)@J”

also belong to the family of commuting operators. This defines 2r Q-operators

{Q1,Q2,...,Qar} . (4.10)

Up to the exponential prefactor, we identify the g-function g; with the eigenvalues of the

1, i=r+1,...,2r (4.9)

Ti— T;

Q-operator (J1. Here we could have chosen any other single-index Q).

4.2 Q-operator construction for spinor representations

Similarly we proceed for the Q-operators corresponding to the spinorial nodes + of the
Dynkin diagram in figure 2. Here the Lax matrix is a 2 x 2 block matrix with block size
r X r. It reads

N
. I+AA A

I(x) = _ff____Jl___ , (4.11)
A I

and contains 7“(1”27—1) pairs of oscillators [a; ;,a)] = ;05 The submatrices A and A are of

the form
ap a0 —apgy o —ap,_ 0
A= O‘ TP A= S 0 &, (4.12)
a1, 0 - : —ay1 0
0 _57"—1,7" T _51,7"’ 0 a1 T a1

~10 -



Similar as before we define the Q-operator as the trace of the monodromy built out of the
Lax matrix L above as

S@)=(r---m)? & | DEIM @ e o L] (4.13)
Here we introduced the twist in the auxiliary space via

D= H (TiTj)ai,]‘/ag",i ) (4.14)
1<i<j<r
The remaining Q-operators at the spinorial nodes are obtained through the similarity
transformation
1 T
B(C_f) = — Z ((1 + ai)(Ei/ﬂ-/ + EM) + (1 — ai)(Ei’,i + Ei,i’)) , (415)

2 i=1

with «; = £1, that commutes with the R-matrix, cf. (2.3), and subsequently inverting the
twist parameters. For o; = 1 the matrix B(&) reduces to the identity. We define

Sa(x) = (B@ ©...® B@)S@)(B@ ... ® B@)|,, (4.16)

labelled by & = (a1, ..., a,) with a; = £1. By construction the 2" operators Sz commute
with one another. We choose to identify sy with S 11 41) up to the exponential
prefactor.

5 The QQ-system for D,

In this section we introduce the QQ-system. It has been verified at small finite length
using the construction [31] that was reviewed in section 4. In total we have 3" — 2"~ 1r 4 2
Q-functions, see figure 4 and figure 5 for r = 3,4 examples.

The QQ-relations along the tail of the Dynkin diagram have a structure similar to those
for A, but the labeling of single-index functions is different. We shall say that a subset I of
{1,...,2r} is acceptable if for all 1 < k < r, the integers k and k' = 2r — k + 1 do not both
belong to I. In particular, an acceptable set cannot have more than r elements: |I| <r. A
Q-function Q7 is associated to each acceptable I and these functions satisfy the relations

Ti — Tj
\/TTTJ QuQ yu{i sy (5.1)

where 7; = Tl-Tl for i > r, {i,4'}N{j, 7'} =0, J is acceptable of order at most r — 2 and does

+1 -1 -1 +1
QBU{]i}QBU{]j} - QBU{]Z'}QBUEJ'} -

not contain 4,4, j or j'. We have excluded here the case where k and k' are contained in
the same set as the Q-functions defined this way would not have the expected asymptotic
behavior. For the D, spin chains under consideration, the Q-operator of the empty set can
be conveniently fixed as

Qp(x) = 2™, (5.2)

though such a choice for a generic D, QQ-system can be changed by a gauge transformation,
see below in this section.

- 11 -



Q iy in,iz)
Q iy ia} Qfiy iz} Q iz is}
Qfiry Qi) Q{is}

Qo

Figure 3. Directed Hasse diagram for Ds.

As discussed at the end of the section 2, the Q-operators Q; with |[I| =7r—1or |I| =7
factorise into spinorial Q-functions. More precisely,

Q{’L'l,...,iT,l} = S{il,“.,@-,l,iT}S{il,...,L-,l,i;} i (53)

and

_ ql+1] (—1]
Qinyiv} = S{il,...,ir}s{il,...,ir} : (5.4)

The set notation for the Q-operators S; can be mapped to the notation Sy in the previous
subsection using @ as follows: to an acceptable set I of order r we associate @ such that,
for1 <i<r,

+1 if el

a":{—1 it el (5:5)

We thus obtain a one-to-one correspondence between Sy;, ;1 and Sy as defined in (4.16).

We further remark that the polynomial structure of the spinorial Q-functions allows to
determine them from the quadratic relations (5.3) and (5.4).

The QQ-relation (5.1) can be summarised in a Hasse diagram which recalls that of

the A, case. The latter is exemplified for D3 in figure 3. However, the last two levels

are nontrivial: the level |I| = (r — 1) factorises according to (5.3) and the level |I| = r,

ok <k> (5.6)

Q-funtions @ at level k. At the last two levels the Q-functions split according to (5.3)
and (5.4) such that (5.6) remains valid for 1 < k < r—2 and 2-2"~! spinorial Q-functions Sy
distinguished by []/_; a; = £1 are assigned to (r — 1)’th and r’th spinor node, respectively.

according to (5.4). In total, there are

Let St and S; denote two Q-functions labelled by some acceptable sets I and J verifying
1INJ =r—2ie.

I={i1,...,ip—9,0p—1,ir} and  J={i1,... ,d0p_2,0._q,i0}. (5.7)

- 12 —



Sttt Sy - S - S+ Syt- S+ S+ R

Q1 Qo Q3 Qz Qv Qv

Qo

Figure 4. Hasse diagram of mixed orientation for Ds. In a particular gauge, the functions at the
first and last level nodes can be chosen as in (5.17).

It follows that they must belong to the same node of the Dynkin diagram. Among them we
have the QQ-relations

Tip 1 Tip — 1
Qg 5.8
V TirflTi7' " ( )

which relate the spinorial Q-functions to the last Q-functions on the tail of the Dynkin

Sl sf gty =

diagram, i.e. at the r — 2’th node. Notice that for each level r — 2 Q-function there are two
ways to obtain them from spinorial Q-functions, e.g.: when r =4, I'NJ = {1,3} can come
from I ={1,3,2,4} and J = {1,3,7,5} or from I = {1,3,2,5} and J = {1,3,7,4}. This
relation allows us to resolve the last two levels in the D, Hasse diagram, cf. figure 4 and
figure 5 for the cases D3 and Dy, respectively. A more detailed explanation of the elements
of the Hasse diagram can be found in appendix E. Let us note that the D3 Hasse diagram
of figure 4 is (up to a gauge transformation setting @y to 1) the same as the A3z one, this is
not surprising since the two algebras are isomorphic. The D, Hasse diagram, on the other
hand, is new and gives a clear idea of the higher rank picture. Here we used the directions
of the arrows in the Hasse diagram to distinguish from the QQ-relations (5.1) used for the
last nodes as depicted in figure 3.

Using the QQ-relations in (5.1) we can express all Q-functions Q7 in terms of Casoratian
determinants of single-index Q-functions. We find

B [k+1—2b]
(\/Til...’rik)k ! ‘Q{z(l} ‘k‘ 59
ol (5-9)
0

Qir,..iny =
(it} [li<a<v<r (Tia — Tiy) ;:11 Q

with i, # iy, iq # 9, and 7, = Ti,_l for ¢ > r. Similar formulas exist with spinorial
Q-functions: if I is an acceptable set of order k¥ < r — 2 and éx41,...,% are such that

~13 -
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\ L N \
\ ~ §\§\‘§“§‘\\;‘\;{/§ \\ : ';. ;
N S S R X
P N S e N S N e S
NS R NI
LD S IR BRSPS G IRINN

Figure 5. Hasse diagram of mixed orientation for Dy. Here, the level 1 and level 2 Q-operators Qg
are abbreviated by their index set I. The third level contains the spinorial Q-operators Sz which
are abbreviated by @. Finally, we have Qg (denoted by () at the lowest level and S, ¢ (denoted by
(1) at the highest level. These are proportional to the identity and can be fixed via (5.17).

I, = TU{igs1,...,0r} is acceptable of order r then one has
S[T—k—l] [r—k—3] . olltk—r]
TUL) g 2osie} D TO{, ik g 2pein } TU{d, 1 sikg2seonsin}
[r—k—1] [r—k—3] [14+k—7]
IO 1,8y goeonsiv} DT 1,1y rennsir } TU{ig4 1,1} g}
: k1 [r—k—1] [r—k—3] o gtk
Or = (\/ Tiggr " TZ'/‘) SIU{ik+17~~-7iT—17i{r} SIU{ikH:---,ir—l,i'r} SIU{ikJrly-“:ir—lvi/r}
- o —k— —k—1-21
Hk+1<a<b<r (le Tla) H;ﬂ_lk 2 S[r ]
- T

(5.10)

Gauge transformation. The QQ-system as written above corresponds to a particular
choice of gauge. In order to describe this gauge freedom, we draw inspiration from the r = 3
case, see appendix D. One needs to introduce two new Q-functions Sy g, (5.1) and (5.3)
remain unchanged while (5.4) and (5.8) become

Qr = Sl[rJrl]Sl[r_l]S—e(I),w (5.11)

and
Tir_17—ir -1

+1] o[-1 1] o[+1
Silsy - spsy = S
\V 'tr—1"1r

Q1nJ Se(n),0 (5.12)
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where I = {i1,...,4,} and J = {iy,...,ir_92,4._1,4.} are acceptable sets of order r and we
define €(I) = [[i—; & = €(d@) with & assoc1ated to I according to (5.5). These QQ-relations
remain unchanged if one applies the gauge transformation, depending on three arbitrary
functions g, g+ and g_, given by

ggfri’*] [:1] g[+3]g[ 1]
S—F,@ — m'g—h@y S_’@ — ms @, (513)
gHz]g
Sy T gSs, if (@) =+, (5.14)
[—2]
g+9-
QHQ]Q
Sg s =985, if (@) = —, (5.15)
[—2]
9g-9,
g[|[|+3 r]g[|[|+3 7] 1] (1]
C?I’_> [T 3—1]] [7" 3_ ‘[”g g QI (516)

for I acceptable. In this paper we work in the “spin chain” gauge

Qo(z) =2, Siglx)=1 (5.17)

and the Q-functions are polynomials in the spectral parameter up to twist-dependent
exponential prefactors.

6 Transfer matrix in terms of fundamental Q’s

In section 2.2 we gave the transfer matrix in terms of one single Q-function for each nesting
level. We can use the Casoratian formula (5.9) to express the transfer matrix only in terms
of @y and a half the number of fundamental Q-functions Q;;. We will show in this section
that the transfer matrix is then given by

|Q 7”+2 2b— 2(51, ,} | |Q b r— 2+26b 7]|

_ lr=1 HB-r] ™ {ia} [1—7] A[r—3] " {ia} r

T= Q(D Q [r+2—2b] Q Q [2b—r—2] (6.1)
|Q{l |r |Q{z ‘T

with i, # i and i, # i, for all a # b.

This formula fulfills, at least for the fundamental T-function, one of the main purposes of
our paper — to derive the Weyl-type expressions for the transfer matrices of spin chains based
on D, algebra, “quantizing” in this way the classical Weyl character determinant formula.
The latter can be restored in the classical limit x — co. In that limit Q;,(z) o g litN

J
while the fundamental T' behaves as 22N S0_; (7; + 1).
g=1\"J T;

6.1 Induction

We can prove the formula (6.1) by expressing the transfer matrix in terms of the first r
fundamental Q-functions, as in (5.9), and inserting it into (2.17). We obtain

‘Q[ﬂ: (2k—r—2j+2)] ‘ ‘Q[{j.:(Qk—r—Zj)] ‘
= Q = 1)]Q[i (3= kz:l ’Q[{:I:}Wc r—2j) ‘ ‘Q[:I: (2k—r— 2)—0—2)}‘ (62)
i k
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The desired expression (6.1) for the transfer matrix (in the case i, = a) follows from (6.2)
using the identity

’Q[ﬂ: (2k—r—2j+2)] ‘ ‘Q[:I: (2k—r— 2])}‘ ‘Q[i (r4+2—25—28,.,)]

‘Q[ﬂ: (2k—r—27) ‘ ’Q{z(Qk r— 2]+2)]7 ’Q{i}(T+2—2j)}

>

k=1

r (6.3)

T

which can be shown by induction on r. It obviously holds true for » = 1. It remains to
show that

‘Q[ﬂ: (r+3—25—26; )]

‘Q[i (r+1-2j-25;,)]

‘Q[ r— 2]+3)]‘ ’Qi(T 2j+1)]

T+1 r+1 (64)

r+1

‘Q[i (r+3-23)] i(r 25+3)]

‘Q[i (r4+1-25)]

‘Q[i r—2j+1)]

r+1
or equivalently (assuming the determinants are non-vanishing)

’Q F (25— 14265,r41)]

‘Q[I 2j+1)]

‘Q[ﬂF 2j—1)]

‘Q[:F 2j+1+265,,)]

r+1 T r+1

T (6.5)

’Q F(25-1)] Q[$ 2j+1)]

r+1 )

The latter identity can be proven as follows: one first expands each of the (r+ 1) x (r + 1)
determinants with respect to the row involving @y, 1y. Both sides become linear combination

of QE;F, flj} VI for 1 < j < r+ 2 and one just has to check that the coefficients on each side
are the same. For j € {1, r+ 1,7 + 2} this is completely trivial whereas for j € {2,...,r}

this becomes®

|Cl7 .. '7Cj—17Cj+17 .. '7CT707”+2|’027 s 7C7”+1|
=|C1,...,Cj—1,Cjq1,...,Cp, Cria]|Co, . .., Cr, Cria|
CL . ColICay - ity Ciins ., Cra (6.6)

where C} is the transpose of the row vector (Q[T}% 1)], ceey QE}% L] ) This last equality is

a particular case of a Pliicker identity (or Sylvester’s lemma): if M and N are two matrices
of the same size with columns My, ..., M, and Ny, ..., N, respectively then the following
identity holds for any k € {1,...,r},

det M det N = Z |My, ..., Mg_1, Ny, My1q, .. .,MTHNl, coos Ni—1, Mg, Nigqy ..o, Ny
=1
(6.7)

In our case M = (C4,...,Cj_1,Cjq1,...,Cp,Cryo) and N = (Co,...,Cpq1) have many
columns in common so that if we decide to exchange M, = C,;2 only two terms survive in
the sum (when | = j — 1 or [ = r) and they give exactly what we want.

3We use here another notation for determinants: if M is a p x p matrix with columns M, ..., My, we
write det M = |Ma, ..., My|.
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6.2 Reshuffling Q-functions in the transfer matrix

Here we show that the expression for the transfer matrix (6.1) in terms of r fundamental
Q-functions is invariant under the replacement Q;, — Q; for any a. By obvious symmetry
with respect to permutations of the functions Q;, i € {1,2,...,r} it suffices to show that
the transfer matrix is invariant under @;, — Q; . This is the case if

Q@ Q3 r] Plitesiel _ linenin)

PN s ey MY Y R (6.8)
Qm’f‘ 3 Q 1 7‘] T_;'{_ 1seeey r} _ Tj_ Tyeeny 7“}
where we defined A
’Q?:(fj_r_2+26jw)}
“{ai,...,ar} a; r
= QA (6.9)
{ai} r

Using the Jacobi identity on determinants, one can rewrite the numerator and the denomi-
nator in the previous condition as

o o, w2 W
Tiu,...,%-} _ TEn,...JT} _ (_1)1+L J 1[171]’ r—1 T’[li"l"]’ Tl (6.10)
W'Lly 7'57‘ 17117‘Wi17-"7i7“717i4‘
and =)
o o, - WA Wi
{0150 sir } {d1,e 00} 1[5t 4 a1 Sl br— 1ot
Ty - Ty =(-1) 2 (6.11)
[+1] [+1]
Wll, S 1,ZrWi1,---,ir717i’r
with
_ [k+1—20]
Wi, = | Qi) (6.12)
The condition (6.8) then reads
Yol wi A wit i 6.13)
[r=3] Hl1=r] 15,42 [-1] [—1] ’
Q(Z) Q(Z) Wil,...,i Wll, ,lr 1,ZTWZ'1,‘..,7:T,1,Z'{F
which is indeed satisfied due to the trivial relation
Qin,iir1,ir} Qin e 18g) _ ’ (6.14)

[+1] —1]
Q{’le lr— 1}Q{Z1,...,ir_1}

following immediately from the factorisation properties of the Q-functions (5.3) and (5.4).

7 Bethe ansatz equations of Wronskian type

We propose here a Wronskian relation on r + 1 Q-functions which could serve for finding
the Bethe roots and, eventually, the energy of the state. We call it the Wronskian BAE, in
analogy to the very useful Wronskian BAE for the A, Heisenberg XXX spin chain which
has the form

|Qj(ac—i—r—2k:+2)\,~+1 =N H (Ti—Tj) (7.1)
1<i<j<r+1
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where Q-functions have the form (1.2). Solving the Wronskian relation above is often more
efficient than solving the Bethe equations. This alternative method of finding Bethe roots
was proposed in [36] and further extended in [40, 70, 71].

A similar relation for D-type spin chain is not as simple. In the following, we propose
to use for this purpose the equation (5.10) when I = ()

[r—1] [r—3] o [1—7]
*[{1’1,112],...77;} S‘[{llv?]v lr} S‘[{;/Ew]?,%}
S{ll,lz, in} S{il,ig,...,ir} R S{i1,i’2,...,ir} _ H1<a<b<r (sz Tza) QQ) H S[r—l—ZZ]
s S (Vi Lo
S['r—l} [r—3] [1—7]
{i1,eostr—1,80} i1, = 1,1’} {i1,.osbr—1,20}

(7.2)
where we recall that I, = {i1,...,4.} C {1,...,2r} is such that {iq,4,} N {3, 4,} = 0 for
all a # b. The spinorial Q-functions are polynomials up to a twist-dependent exponential
prefactor, their leading asymptotic behaviour is completely determined by the global charges
Ji = —Jy Zk 14, ” , it is given by

7.

l )
i ’“} 2500 (H Tla) 2 J1E+N)' (7.3)

The hope would be that, once the global charges are fixed, it suffices to solve equation (7.2)
for the unknowns that are the coefficients of the polynomial parts of the spinorial Q-functions.
In the A, case, we thus get exactly all the eigenstates with such a weight. However, this
does not seem to be the case here. First of all, one should notice that there are 2" equations
of the type (7.2) (as many as there are spinorial Q-functions S7,). For a given choice of I,
the number of unknown coefficients can be easily computed to be N + 252 (X4, J;, + N),
it thus seems natural to chose I, such that Y| _; J;, is minimal. Nonetheless, since the
degree of the polynomials on each side of the equation is N + % (>or_y Ji, + N), as soon
as >.r_q Ji, > —N, there does not seem to be enough equations to fix all the coefficients.
This is understandable if one looks at the case r = 3: the proposed equation does not
coincide with (7.1), it is instead the expression of Q-functions with three indices in terms of
single-index Q-functions. A possible way to resolve this issue would be to solve (7.2) for
different choices of I, and to look for common sets of solutions.

Once the Wronskian BAE has been solved, we have enough spinorial Q-functions to
recover r single-index Q-functions using (5.10). Any of them can be used to compute the
energy of the state through (2.23).

A Wronskian BAE for single-index Q-functions would be (6.14), which also reads

lj < _Tz ‘Q{Za

W= Tin )

r+1 2b]

Qg

[r+1 20] ‘ Q-

{la

T

(7.4)
where j, =i, for 1 <a <r—1 and j, = i. and the asymptotic behaviour of the relevant
functions is given by

Qy(x) ~ rraVt, (7.5)
Once again there are 2" equations of this type but they are of higher order than (7.2).
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8 QQ'-type formulas for T-functions

In this section we first present QQ’-formulas for the symmetric and spinorial T-operators.
The reasoning behind our rather heuristic derivation is in analogy to [29] where the BGG
resolution [72] was used. Here we give arguments on the level of characters, see also [33],
which we take as hints to obtain the actual BGG-type relation for the fundamental and
spinorial transfer matrices. The final formulas have been checked in several examples for
small finite lengths. Further we provide a consistency check. Namely, we recover the Weyl-
type expression for the fundamental transfer matrix (6.1) by reducing there the number of
used single-index Q-functions from 27 to r. In the final subsection we introduce the Hirota
equation [73] and solve it using the QQ’-formulas for symmetric T-operators. This yields
QQ'-type formulas for any rectangular transfer matrix 7, s.

8.1 Symmetric transfer matrices

In [31] it was argued that the product of Lax matrices can be brought to the form
Lz(l)(m + l’i)LE?) (x —x;) = S@'Sj’(l)(x)Gl(-z)Sjl (8.1)

where the Lax operator L; are defined via L;(x) = BML(x) Bl,i for:=1,...,r and
Li(x) =JLy(x)J for i =r+1,...,2r, see section 4.1. The superscripts (1, 2) indicate two
different families of oscillators. The letter S; denotes a similarity transformation in the
oscillators space and G; a dummy matrix that does not depend on the spectral parameter
and commutes with the Lax matrix £;7 (x). Their precise form is given in [31]. We identify
the Lax matrix £ (x) as a realisation of (2.5). The parameter z; then plays the role of the
representation label. We stress that the term linear in the spectral parameter is given by the
generators J;;, cf. (2.5). In the case (8.1), the representation of so(2r) is infinite-dimensional
in the oscillators space and becomes reducible for certain values of the parameter z;. The
infinite-dimensional representation of so(2r) is characterised by its character. For example
for ¢ = 1 the Cartan elements are of the form

2r—1
J171 =1—7r+2x — Z agay , (82)

k=2
J’i,i = élal — ﬁi/ai/ s 2 < /) < T. (83)

The character can then be computed via
T J T 7_1
+ — i 2z

X7 (x1) = tr TN =T . 8.4
1( ) 2_1_[1 i 1 ,g(Tl_Tk)(Tl_Tk’) ( )

We find similar formulas for the product of Lax matrices L;(x + ;) Ly (x — x;) by exchanging
T ¢ 7and vp — x; for 1 <@ <rand 75 — T;l, x; — xy for ¢ > r, cf. section 4.1. The
twist dependent prefactor is invariant under 7; — 7'[1. We find

+2x; T ;
T, o . 1 , 1<
Xi(@)=4" Hes mimtrimi (8.5)

—2x; TU Tl
Tir Hk’#i' (10 —7k) (T —T31)? r

VANE/AN
NN

r
1< 2r
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The finite dimensional characters are related to the one above by the sum formula

ZXz <s+r 1> :zr: [H Ti(Ti_Tj)] ( strl y petr- 1) ‘ (8.6)

i=1 J?EZ(T_T])

From our results for finite length and the discussion above we find that the formula can be
lifted to transfer matrices and Q-operators. It reads

_T Ti s+r—1] H[1—r—s] [1—r—s] A[s+r—1]
Tl’S(x)_;[E( —TJ)(T—T)] (@ e ey R - e

Notice that in the limit z — oo (8.7) becomes (8.6), as it should be.

8.2 Spinorial transfer matries

A similar factorisation formula as (8.1) exists for the spinorial Lax matrices (4.11). It reads

LY@ +20) L@ — 25 — 1) = S5 V(@) G 85 (8.8)

a
Here we defined Lg(z) = B(@)L(z)B(@) and use a notation similar to that in (8.1). The
similarity transformation Sx only depends on the oscillators and G is a matrix that is

independent of the spectral parameter and commutes with the Lax matrix Q;ﬁ The latter
denotes an infinite-dimensional realisation of the spinorial Lax matrix

() = 21+ J;; @ Eji (8.9)

where J;; denote the generators of a spinorial representation. Again the parameter xy
in (8.8) has the role of the representation label. As before we compute the character of the

oscillator representation. In the case & = (+,...,+) we find
: : TiTk
— Jis ZT(+,..004) J
X(4,..4) = tr H T = H T H p— (8.10)
i=1 i=1 1<j<ksr Ik
where
,
Jii = B4, — D Bigayi— D @par;,  1<i<r. (8.11)
j=it1 =1

The general formula can be obtained using the relations among the spinorial Lax matrices
as presented in section 4.2. We get

r 7_0‘]7_]?1@
(e 7% 4
Gl =TT T i 12)
i=1 1<j<ksr 75 T T

The characters of the finite-dimensional spinor representations with f=(s/2,...,s/2,£s/2)
can then be written as

Y () SO L e

{ai}4 {ai}4 i=1 1<j<k<r

Here the sum is taken over all configurations {a@}+ such that [], o« = 1.
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On the level of monodromies, we propose the formula

(03 a
T]Tkk T

Tis= Z H WHE_%%S?S?”S[};*T]- (8.14)

{oi}s 1<ji<k<r 75 Tk i=1

This formula has been verified for small finite lengths by comparing to the transfer matrices
directly constructed within the quantum inverse scattering method using the Lax matrices
in (8.9) for finite-dimensional spinor representations.

8.3 Derivation of Weyl-type formula for 7} ; from QQ’-relations
Let us write (8.7) as

Tls _ Zh Q[err 1] Q[l r—s] (815)

where h; =TI} ) (ui — u;)~! and u; = 75 + 1/7;. We further assume that when s €
{1 —r,...,0} the identity is still verified if one sets

Tio=Q QP ™ and Tiy=0 for 1-r<s<-1. (8.16)

We show here that the conditions (8.15) and (8.16) are enough to recover the expression (6.1)
giving 711 in terms of only r of the single-index Q-functions, and so are consistent with
it. We also show in appendix F.1 how to retrieve the Wronskian equation (7.4) from these
conditions.

One simply has to notice that (8.15) implies that there exist some Q-dependent
coefficients C i 1, (defined for 0 < k' <k <7 and 0 < j < k — k') such that
Qi gl Q[lk] QI Qlk+2 . ol

k k—kK

Z > Cow kT =k S | B :
=0 =0 Sl e ot o ot o)
QE_]QE_—’_]"'QE] QE’_]QE/_—i_]QE’]
(8.17)

It suffices indeed to expand the determinants with respect to their last row and perform
the sum over i. One has for instance

Q[l—k:] [lk—2] Q[l—k-i-Z} Q[lk]

Copn = (—1)F ; ; ; . (8.18)

k —k k

Qi Q[ et
In particular, plugging the constraints (8.16) in the previous relation when k = r gives us
C'o,rq,rQé) Q[l T4, rQ[T I]Q([;)g_r] + Corp 111 =0. (8.19)

Since

Copo1r = (1) ‘QE_H%]‘ X ’QE‘T+2j—2+25j,r]

r
[77‘+2j725j71]
A

and Cl,'r—l,r _ (_1)r+1 ‘QE—T+2L7_2}‘ %

(8.20)

,
we recover (6.1) in the case i, = a. Notice that with this derivation, the symmetry under
Qi) <> Qi) is immediate because the equations we started from were already symmetric.
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8.4 Transfer matrices for general rectangular representations

In this section we propose relatively simple formulas for T-functions in rectangular represen-
tations in terms of bi-linear expressions involving Wronskians of both types of single-index
Q-functions, Q; and @, where i = 1,2,...,r. These formulas follow from (8.7) when
solving the Hirota equations [73] satisfied by the T-functions. These equations read as
follows (s € N*):

T(EEH TC[L:gl] = Ta,s+1 Ta7s—1 + Ta—l,s Ta—i—l,s (821)

)

forl<a<<r—23,
Tr[tg,s Tr[:;],s = 4Lr—2s+1 Tr72,371 + Tr73,s T+,s Tf,s ; (822)

which can be written in the same form as the previous equation if one sets T, s = T T ,
and
TENTEY =Ty gy Toyoy + Ty (8.23)

The boundary conditions are (0 < a <7 —2, s € N)

aO _ Q@T a—1] Q[a—i-l 7] : TOs _ Q[r+s 1] Q%I—r—s]’ (824)

and
Tio(z) = Qp(x). (8.25)

We shall determine here the QQ'-type relations for T, ; for 1 < a < r — 1, but not for
T4 s. For these spinorial transfer matrices, the spinorial Q-functions seem more suitable,
see equation (8.14). We start from

. ) Q[err] Q[s'+r72] Q 2— s 7] —s—r]
Tl[i; ]Tl[,_s ] - T175—1T1,S+1 = Z h h [sZJlr}T] [{SZJlr}T 2] s 7] {IL s} 7] (826)
1< <io<2r Q{z Q{’LQ} Q{z2} Q{z

which can be also written, if the transfer matrices satisfy the Hirota equation (8.21) with
boundary conditions (8.24), as follows

T T T = Tos Tos = QU7 0Q0 . (8.27)

Putting the two expressions together yields the following expression for the second row of

transfer matrices:

[s+r] A[s+r—2] [2—s—7r] ~[—s—T7]
TZ’S [r+s— 11 [1—r—s] Z hi h Q Zl};"] Qi{;jr};" 2] Q{Z s—r] Q[ s 7] (828)
Q Q 1<i1 <2< 2r Q{ZQ Q{ZQ} Q{’L Q

This procedure can be continued for 1 < a < r — 1, it yields

: >
Hz;% QgﬂJrerQkfafl] Qé)l+afrfsf2k]

1<i1 <. <1g <27

hi, - hi W[s-‘,—r 1]W[1 s— r]

21552 11, A

Ta,s =

(8.29)
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‘Q[kJrl 2b]

where we recall that W, _; (i} ‘k The proof of this formula, which we present

in appendix F.2, boils down to verifying the relation

W[2 s— 7’] W[ s— r]

1 W[err] W[err 2] M
B > W[s+r] 155759 [12 p Wﬁ’s’?]

1< < <0 L2
1<j1 < <ja<2r

_ [s+r— 1] [1—s—7] [s+r—1] [1—s—7]
- ( Z W’Ll, Y WZI ..... i 1) ( Z Wi17~--aia+1WZ‘/l,...,i:1+1) . (830)

. . a— . .
1< < <lqg—1<2r 1<t < <hg+1 <27

J1ly-5Ja .]1» 7.7ﬂ ]17 7]a .]17 Ja

9 Weyl-type formulas for T-functions from tableaux representations

The tableaux sum formulas of [46] give expressions for the transfer matrices of any rectangular
representation T, s through the single terms in the sum of the transfer matrix (2.15) as
given in (2.17). In total there are 2r different terms (boxes), r for T and r for T_. Instead
of using the summands in the form (2.17) involving @’s of different levels, we shall express
them either in terms of @y and r single-index Q-functions as in (6.2) or in terms of r + 1
spinorial Q-functions. This will yield new expressions for totally symmetric 77 s and totally
antisymmetric T, ; T-functions.
We start from the expressions (6.2) for T4 such that

.
Tia=Ty+T- =) by (9.1)

where by, denotes a box as given in [46] for D, with index k. The expression above, in
the character limit @ — oo, allows to identify by , in terms of the single-index Q-functions.
We get

[{2];—7"—2]'4—2] ‘Q[Qk—r—Zj] ‘
_ olr=1yB-r 4 {i}
ber = Q' Qy ‘Q[ —— 231 ‘Q[% - 2g+2}’ (9:2)
{i} k
for 1<k <rand
Q[T 2j-2] ‘Q[T‘FQ 27]
[1—r] A[r— 3]‘ k'—1 K’
Q@ Q@ ’Q r—2j] ‘Q[r 24] (93)
k-1 k'

for r +1 < k < 2r, and we recall that ¥’ = 2r — k + 1.
The simplest examples of the tableaux sum formulas beyond 77 ; are for 7712 and T3 ;.

They arise when writing

1< <2r

( > uy ])+b£+i]bh”] 04)

1<i<j<2r

and identifying the terms in the brackets with 77 077 2 and Tp 1751 from the Hirota equa-
tion (8.21), so that

T1’2 Qg_ﬂQEg_T] — Z bg;l]bk;l] b[, }b["'l] (95)

rir
1<ey<2r
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and
T QH—T]Q([Z)—T} _ Z bgtl}b[ 1] + b[+l]b[ 1] . (96)

r! T
1<i<j<2r
As we see, it is independent of the actual representation of the box terms by ,. As we will
see in the following, substituting (9.2) and (9.3) will yield new expressions for the transfer
matrices that only depend on r single-index Q-functions and Q.

9.1 Symmetric representations

The transfer matrices for generic symmetric representations are given by [46]

1 ;o glesl s
— - > iy, o bi (9.7)
o @y ey ™ S, ’

where the symbol 3/ stands for a sum in which we do not allow for r and 7 + 1 to appear

Tl,s =

at the same time. The denominator appears as a consequence of our boundary conditions
for the Hirota equation.

9.1.1 General symmetric sum

Let us define

‘Q[zk 2]+2] ‘Q[{gk_gj]’
b i 9.8)
[2k—27] [2k—2j+2] (
) ! N .
for 1 <k <rand
[—(2k"—2j+2)] [—(2k"—27)]
7 ‘Q{Z k'—1 ‘Q{z k' (9 9)
‘Q[f(Zk’f ‘Q (2K’ —25+2)] '
{i} k-1 {i} K

for r +1 < k < 2r such that
= QU QE L it k<r and b, =@ QYT i r41<k. (9.10)

For [ > 1, one has
[2r+1-2j— 2105, ]

3 o2t gl ’Q
i1

b, ‘Q[Qr-i-l T (9.11)

T

and
(2r+1-25—-216; )]

Z gl g ’Q{z
11

U ‘ (2r+1-27)] " (9.12)
1< <. < <2r Q{i}

T
The two identities are equivalent, so it is enough to prove the first one. We do it by

induction in r. It is trivial when r = 1. If it is true for some rg > 1 then let us show by
induction on [ that it is also true for rg + 1: the case [ = 1 has been proven earlier in
section 6.1 so we assume that the identity holds for some [y > 1. We then write

Z b[*2l°*ﬂ---b[7” _ Z b[*210*1}...5[*1l
1<ii <. <y +1<ro+1 ' ot 1<i1 <Ky +1<70 ' fot1
7l—1] pl—200—1]  7[-3]
+ byt > bi, by T (913)

1< <<y Sro+1
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Since we have assumed that the identity holds for r¢ and any [, for (1o + 1,ly) we can write

[2r0+172j72(l0+1)6j,ro]

1
3 5[—%—1}...5[—11:’ " o
11 141 [2r0+1—2j]
1<i1 <. Sigg 11 <m0 +1 Qi "
}Q[ZTO 2j+3] Q[2T0+1 25— 2l05]r0+1]
0 ro+1
‘Q[2TO 2j+1] ’QQTO 2j+3] ) (9’14)
70 ro+1

Consequently, for (9.11) to hold for (rg + 1,lp + 1), one only has to show that

‘Q{z‘}

Q[2 2j—2(lo+1)8;,rg+1] Q[ 2j—2(lo+1)8;,7,]

‘QQ 27]

ro+1 ro

Q[ 2j—2106j,ro+1]

\Q (9.15)

ro+1

This last relation can be proven in much the same way as (6.5) which itself corresponds to
the case Iy = 0.

9.1.2 Application to the computation of transfer matrices

In order to apply the summation formulas (9.11) and (9.12) we first rewrite equation (9.7) as

s ) ' ~ )
T = QPTG Y (e )

=0 1< <. < <r
1< 1< <8 <27

s—1
% (i)[2l—s+r+1] o l‘;i—i—'r—l}) . Z Q%2l+r_s_2]Q%2+2l_r_S]ELQI_S_T_I]E»[,‘Q_f_IS+T+1]

141

S[1—s— 2 3 2A—s+r+3]  Fls+r—1
x 3 (bg1 s=rl, bEl . }) (bgH; Ll ]) . (9.16)
1< < i1 <7
1<t 0<...<is<2r

In virtue of (9.11) and (9.12), this gives

[2l4r—s+1—25—215; —(r+s+1-21—2j—-2(s—=1)d; »
Q+ + j—210;,r] QF{'L'}(—FJF J—2(s=1)35,r)]

[C(rtst1—20-2j)]
‘Q{’}

T T

[2l4+r—s—2] [2+2l r—s]
Tls_ZQ ‘Q[Ql—&-r s+1-27]

r
Q2l+fr s—1-2j—-2(1—1)4;, T]

-1
[2l147r—s5—2] ~[2+2]—7r—3]
o ZQQ) Q ‘Q[2l+r s+1—-24]

r
'r+5 1-21-25—-2(s—1—1)d )]

T

=1

[~ (r+s+1-21—25)]
‘Q{z’}

s T

(9.17)

The terms for 1 < I < s — 1 of each sum can be combined thanks to a Pliicker identity,
to give an explicit and concise Weyl-type representation of symmetric T-functions for D,

algebra
Q[Ql—‘rr s+1-254+2(s—1)65,1—216;,,]

[21 2 2+42[—r—
Tis = ZQ@ e ]Q[ ! ° [2l4r—s+1-2j]
1=0 ‘Q

r, (9.18)

r
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Once again there are 2" formulas of this type depending on which set of r single-index
Q-functions we use in the right-hand side. Finally, let us mention that we also checked
that one can get the same formula starting from the conditions (8.15) and (8.16) using a
method similar to that of section 8.3 (or more directly for low ranks, see appendix G.1 for
the case r = 2).

9.2 Antisymmetric representations

The transfer matrices for generic antisymmetric representations are given by [46]

1 la=1]  Jat+1—2k]
Ton = > b H
’ r—a+2k] H[—(r—a+2k 11,T T
H Q[ 2 Qé) ( 2 )} 1<i1 << <1 ' g
rHISH < g
“k—1e3N
x by M plaa=2k] g2 “]b[%“ alpl2t el gl (9.19)

As it happens, in order to obtain nice expressions for these transfer matrices involving
a reduced number of Q-functions, it is more convenient to turn to spinorial Q-functions. If,
in order to shorten the notations, we write

Sr. =80,y Si=80, r—iprir—ite,.ry for i€{l,...,r} (9.20)

then, according to (5.10), the boxes are also given by

S[ 2] [ 25] Gl4—2]]
[1—7] r—k ¢ r+1—k
Q@) Q SIT S[Q 24] (2-25] (9:21)
v r—k | ? r+1—k
for 1 <k <rand
[+2} 512 ‘ gl2=4 ‘
b 7»— 1 T] k—r—1 ¢ : k—r 22
o=@y SIT }’ SFJ‘Q]‘ (9-22)
k—r—1 k—r

for r +1 < k < 2r. The relevant summation formulas read

[-1-21] [1-2j+26(1—5))]

-1 -2 _ 5L [r—21—2+2a] A[—r—21+2a] | |°i r
>oooby by, (H Qy Qp ) ‘S[I—Qj}‘

1<y <...<iy<r

" (9.23)
and

'[27“7172j+29(r717j)]

T

I
3 p2-1 5[2 i HQ[r 242a] () [ r+2a]
i1, i = S[+1]

r4+1<i <... < <2r a=1

_ ]’
" (9.24)

where we used the Heaviside function 8 that is 0 for negative arguments and 1 for non-
negative ones. These formulas can be proven in much the same way as (9.11) and (9.12).
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This permits us to write

[at-1-2j+26(k—j)]

T

Q[T a]Q[a "l [at+1—2K] o[21—1—d]

Tan = [a—1] o[1—a] Z S, S,
S[T S[T 0<k,l<a
afk7l€2N

Si[2r7a7172j+29(r7l7j)]

glat1-2]]

T

X . (9.25)

gl2r—at1-2]]

,
This equation should be compared with the much more complicated expression given in
appendix G.2 for the same quantity but in terms of single-index Q-functions. Similarly, the
expression for 77 s in terms of spinorial Q-functions is not as simple as (9.18).

In the particular case a = 1 the previous expression reads

5[2 2j+201,5]

‘SQT' 2§—20; ]

Q[T‘ 1]Q([Z)17r]
T —— | SI.
1,1 = S,

T

§[2—2]] - S

r

‘AS,'[ZT'ZJ]T . (9.26)

T

It should be compared with (6.1). When a = r — 1, as expected from the fact that
Tr—11 =Ty 1T_ 1, there is a factorization:

1 Q Q[ !
85:72]5577"] SZ[rJrQ 2_7} SZ[T 27]

7" 2j+20(k—j)]

Tr11=

ZST’Qk

T k even

r

r 2§+20(k—3)]

XZS

k odd

(9.27)

T

9.3 Spinorial representations

Following [42] we express the spinorial T-functions 7% ; in terms of the Q-functions along a
nesting path, cf. section 2.2. One finds

~ % Qr—1=ar el XS
S[ﬂ+(a)+1] S[ —(@)+1] 2 —2 (0 [ (@)+1] 2
T — Z Q[ al] (+ +) ( yee T ) H {17 7k}
=1 Slo+(@—1] Slo—(@—1] Q@1
‘O‘| +1 (+7 ,+) (+u = ) k=1 {17 ’k}
(9.28)
where Qg = 2V and the shifts are determined via
k(@) = ag + ..—l—ozk_l—l—w for 1<k<r—-2,
2 9.29)
— Qp—1 + Ay ( '
p+(0) = o + --+ar—2+f

Expressing all Q-functions in terms of spinorial ones using (5.10) we obtain determinant
formulas for 7% ;. We find

(T Ty i r—1 1 T 3
Ty = W ) 1 olr—21] > S5
H1<a<b<7" (Tib - ) HT S

k even

(r—k—j)]

(9.30)

r
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and

2] r—20(r—k—j))]

(9.31)

T

[T o T; r—1
T-1= W B [ 2[] Z S
[li<acver (Tiy — Tia) I1- ! St "
odd
These expressions have been verified for » = 3,4, 5 for a particular choice of I, and we are
missing a generic proof. However, the formulas are consistent with the factorisation 7;._1 1 =
Ty 1T— 1 in (9.27) expected from the Hirota relations. In principle, one can now generate,
from (9.25), (9.30) and (9.31) above, all transfer matrices of rectangular representations
using Cherednik-Bazhanov-Reshetikhin type formulas written for D, symmetry in [42].

10 Discussion

In this work, we proposed the full system of Baxter Q-functions — the QQ-system — for the
spin chains with SO(2r) symmetry. This QQ-system is described by a novel type of Hasse
diagram presented for various ranks on figures 4, 5 and 9. We found Weyl-type formulas for
transfer matrices (T-functions) of symmetric and antisymmetric representations in terms
of sums of ratios of determinants of r basic Q-functions. We proposed QQ’-type formulas
expressing the T-functions through 27 basic single-index Q-functions. These could be a
powerful tool for the study of spin chains and sigma models with D, symmetry. We also
reformulated the Bethe ansatz equations in the form of a single Wronskian relation on r + 1
basic Q-functions. It is the analogue of a similar Wronskian relation for spin chains with
A, symmetry. However, apart from the Bethe roots our equation contain extra solutions
whose role has yet to be clarified.

Our main assumptions in this article are the Plicker QQ-relations (5.1) and (5.8),
as well as the QQ’-relations (8.7) and (8.14). The QQ-relations are motivated by the
asymptotics of the Q-operators and the QQ’-type relations by the factorisation formulas for
the Lax matrices for Q-operators and the corresponding character formulas, as discussed in
section 8.1 and 8.2. Both relations remain to be proven but we have tested them explicitly
for several examples of small finite length T and Q-operators. The QQ-relations (5.1)
allow to express the fundamental transfer matrix, for which an expression in terms of one
Q-function of each level is known from the algebraic Bethe ansatz, in terms of r single-
index Q-functions and Qy, cf. (6.1). This Weyl-type expression has been independently
obtained from the QQ’-type relations (8.7), see section 8.3. We take this as a consistency
check. The new formulas for T s are obtained from the Hirota equation and the tableaux
formulas of [46].

Unlike the well understood QQ-system of A-type, in the D-type QQ-system there are
still many questions left and issues to be clarified. The questions exists already on the
operator level: the Yangian for SO(2r) spin chains is constructed only for “rectangular”
representations and the R-matrix — the main building block for @ and T-functions is known
only for the symmetric and spinorial representations [31, 63, 74]. A full classification of Lax
matrices including the ones for the Q-operators was recently given in [75] for A-type. This
may shed some light upon the transfer matrices for general rectangular representations and
beyond. It would be interesting, using the tableaux formulas (which look quite involved [76])
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to find the Weyl-type determinant formulas for the arbitrary rectangular representations,
generalizing our formulas for symmetric and antisymmetric representations. These could
also be interesting for the study of the Q-system and its relation to cluster algebras, see
e.g. [77, 78]. Moreover, a solid proof of our QQ-system and our Wronskian formulas
for T”’s in symmetric and antisymmetric representations is yet to be found on both the
analytic and operator level. It may be possible using the BGG resolution or the analogue
of coderivative method proposed in [32] and used for this purpose in [33], see also [79] for a
review. Unfortunately, we do not know yet a suitable analogue of Baxter T'Q equations
(quantum spectral determinant) which appeared to be so useful for the spin chains with
A, symmetry [1, 2], see [40] for the modern description in terms of forms as well as [80] in
terms of the quantum determinant. It is possible that the QQ’-type formulas for transfer
matrices proposed in this work can replace the Baxter equations for D, algebra.

It would be interesting to generalize our approach to the study of spin chains with
open boundary conditions and to the non-compact, highest weight and principal series
representations of D algebras. For a much better studied case of these aspects in A-
type integrable system we refer the reader to [50, 81-84]. One encounters non-compact
representations in sigma models [85] and spin chains [86] with principal series representations
of the d-dimensional conformal group SO(2,d) [86]. They recently appeared in the study of
d-dimensional fishnet CFT [70, 87, 88] and the associated planar graphs (of the shape of
regular 2-dimensional lattice) [89]. While for the lowest, 4-dimensional conformal SO(2,4)
symmetry one can use its isomorphism to the A type SU(2,2) group to construct the suitable
QQ-system and Baxter TQ system for the efficient study of Fishnet CFT [90, 91], for d > 4
we have to find an alternative approach which can be based on the D-type QQ-system
constructed in this work. The structure of the QQ-system does not depend on the choice
of real section of the orthogonal group but the Wronskian, Weyl-type formulas for T do
depend. So one could try to construct the quantum spectral curve (QSC) formalism for
d > 4 fishnet CFT in analogy to the d = 4 case [92].

Finally, we hope that our methods can be generalized to B, C' and exceptional types
of algebras and their deformations, as well as to superalgebras such as osp(m|2n) where
the QQ-system and T-functions are yet to be constructed. This includes the case relevant
for AdS,/CFTs for which the QSC has recently been studied in [93-95]. A first step could
be the evaluation of the oscillators type Lax matrices for Q-operators using the results
of [96, 97] as done in [98] for type A.

Acknowledgments

We thank Andrea Cavaglia, Nikolay Gromov, Sébastien Leurent, Vidas Regelskis, Nikolay
Reshetikhin, Zengo Tsuboi and Alexander Tsymbaliuk for useful discussions. RF is supported
by the German research foundation (Deutsche Forschungsgemeinschaft DFG) Research
Fellowships Programme 416527151 “Baxter Q-operators and supersymmetric gauge theories”.

~ 99 —



A D, Kirillov-Reshetikhin modules and characters

The Kirillov-Reshetikhin modules form a family {W, s(z)la € {1,...,r —2,+,—},s €
N* z € C} of modules of the Yangian Y (D,) that were first introduced in [59]. When
restricted to D, C Y (D, ) they decompose into irreducible representations of D, according to

W s(x) >~ @ V(niwi + naws + - -+ + ngwy) (A.1)
n; EN

ni+nz+-+ng=s
for odd a < r — 2,
W s(x) >~ @ V(nowo + nows + - -+ + nawy) (A.2)
n; EN

no+n2+-+ne=s

for even a < r — 2,
Wi s(x) 2 V(swr—1) and W_  (z) ~ V(sw,). (A.3)

Here wy = 0, while wy,...,w, are the fundamental weights of D,, V(f) denotes the
irreducible D,-module with highest weight f. Notice that the previous decompositions are
independent of the spectral parameter . The characters are expressed in terms of weights
fi,..., fr that are related to the non-negative integers ni,...,n, (Dynkin labels) via

1
fo=na+ - +n_2+ 5 (nrfl +nr) (A4)

forl<a<r—2and

1

foa=geatm), fe= g (A5)

The finite-dimensional irreducible representations of SO(2r) are in one-to-one corre-
spondence with (f1,..., fr) such that

Vie{l,...,r}, i €Z
> > >0 and . ’ ’ ’ . A6
h || {or Vie{l,...,r}, ;€3 +Z (8.6)
The characters of these irreducible representations are given by (¢; = f; +r — j)
G -t Gt G Gt
XSO(2T)(T): i T el St T 2 _ e T il (2 Ml T (A7)
! 77 ), 2Mhcicjer(mi+ 7 =7 =77 ")

One should notice that, when f, = 0, the second determinant in the numerator is 0 because
its last column vanishes.

Since the Kirillov-Reshetikhin modules for the symmetric representations ( f1,..., f) =
(s,0,...,0) coincide with the usual irreducible D, modules, so do the characters. They are
given by

_ -1 -1 -1 -1
Xs(T) =hs(T1, ..o, Try T ey Tp ) —hs—2(T1, oo, Try T ey Ty ) (A.8)
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where h_o=h_1 =0 and hy for s > 0 is the homogeneous symmetric polynomial defined by

he(x1,...,2p) = Z Tiy - Ty - (A.9)

1<ir < <is<p

We also have the following generating series:

B 1—t2
[Tt (1= tr) (1 — t7 1)

. (A.10)

+oo 1
t’hs(x1,...,2p) = =—F———,
Sz—% ’ 8 z:1(1*t5ﬂk)

+oo
Z txs(T)
s=0

B Q-function example: one site

For N =1 the Q-operators are diagonal and we can read off the Q-functions. For Q1 (z)
we find

r —1
(Ql(ﬂf)hlzﬁplﬁ_xZ(l‘F L + k 1)

1 — Tk T — Ty

k=2
T —1
1 Th Tk 2r — 3
+ — + —| + , (B.1)
kgz (m—m)(n =7 27— 7) 2(71—71{1)1 4 ]
1T .
(Qi(x)); =™ T+ —1, 1<i<r, (B.2)
2 -7
T 1 Ty .
(Q1(2));; =1 $+§—7_177_i/ ; r<i<2r-—1, (B.3)
(Q1(2))gp0, = 71 - (B.4)
C Crossing relations
C.1 Crossing symmetry of transfer matrix
The transfer matrix (2.11) satisfies the crossing relations
Tl,s(x) = Tf,s(_x) Ti—>Tfl (Cl)
We further note that when defining reflection matrix
001
J=10."0 (C.2)
100
the twist parameters of the transfer matrix exchange: JT1 5(2)J = Tis(z)|,, 1. It thus
follows that
Tis(x) = IT} ((—2)T = T{ ((~=). (C.3)
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C.2 Crossing symmetry of single-index Q-operators

In this appendix we discuss the derivation of the crossing relation for the single-index
Q-operators. The corresponding Lax matrices satisfy

L'~z = 1)|pn = L(2)G. (C.4)
here t denotes the transpose in the matrix space and “p.h.” denotes the particle hole
transformation

(ai, @) [pn = (-85, a;) (C.5)
and G is the diagonal matrix
110710
G=|o0|-Ifo0 |. (C.6)
010 (1
Using the symmetries of the twist in the Q-operator
Dl st = (11?) Dl (C.7)

we find that the normalised trace is independent of particle hole transformation. The extra
factor above drops. We obtain

Qi(-2)

L =Q1(2) (G®...® Q) (C.8)

Ti *)Tl-

Such equation holds for any ;. On the level of eigenvalues the transformation G® ... G
only yields a possible sign, depending on the magnon number.
It further follows that

Qi—2)=J®..eN)Qi(-2)J®...®J)
=J®...0J) Ql(x)\TﬁTj_l J..0))(G@®...9G) (C.9)

=Qv(z)(G®...0G).
D QQ-system of A3 ~ Dj;

We show in this appendix that, as is expected from the isomorphism Az ~ Ds, the known
QQ-system for Az can be interpreted as the QQ-system for D3, albeit in a particular gauge.
We start with a reminder of the QQ-system for As: in order to avoid confusion, we shall
denote Qy for I C {1,2,3,4} the Q-functions for Az and the SL(4) twists will be z1, 29, z3
and z4 such that z1292324 = 1. The following relations hold (neither i nor j belongs to I):

2 — %4
?QIQIU{Z'J}‘ (D.l)

[+1] A[-1] -1 o+l _
QIU{i} qu{j} - QIU{i} QIU{J'} a VZiZj

From these relations, one can also deduce that

(—2] [+2]
Q[{ié}} Q{i,j} Qi{}r%? (Zj _ zk)(zj —2z1)(zx — 21) [-1] A[+1]
Q{i,k;} Qi Q{i,k} - Q{i} Q{i} Qf1,2,3,4) (D.2)

ZjRK2]
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and

& 1
Qjny ik Qiny | =

(—2] (+2]
Q{i,k} Qi k) Q{i,k}

Q[*Q] Qi,' Q[+2]
I} {i.5} ]}

(Zj - Zi)(zj - Zk:)(zz — Zk) [-1] [+1]
ZiZjRL Q{ivjvk} Q{i,j,k} Q@ : (D3)

Both of these equations are identified with equation (5.11). More generally, both QQ-
systems are the same if one makes the following identification between the two sets of
Q-functions:

Q= L2y Qi = 3y Qpsy = Quays (D.4)
Quiy = Q@ = Q3435 Quzy = Q243 5 Q3 = 92,3} (D.5)

S = Q. S =20 S =Cm Se-n = Qy, (D6)
Sie—) = Qa4ys S+ =223 S = Qu24ars S ) = a4y

[

(D.7)
The twists are related via
7—1221222231,24’ 7'2:2123:’2;4, 7'3:21,2:4:22123 (D.8)
while the remaining Q-functions are
Qp=1, S,p=9p and S_p=0CQ234)- (D.9)

The previous equation shows that in identifying the two QQ-systems we had to partly fix
the gauge for Ds3. This explains why in the A3 QQ-system there are only two gauge degrees
of freedom [40] while there are three of them for the D3 one.

E Elements of the Hasse diagram

In this appendix we give a more detailed explanation of the Hasse diagrams in figure 4 and
figure 5.

QQ-relations along the tail. Along the tail of the Dynkin diagram the QQ-relations
are given in (5.1). They are depicted by the plaquette in figure 6.

QQ-relations at the spinor nodes. The QQ-relations for the spinorial nodes were
introduced in (5.8) and (5.12). We depict them as the QQ-relations along the tail by a
plaquette, see figure 7. Here we chose the opposite orientation of the arrows to avoid
confusion with plaquettes at the fork, cf. figure 8. Further depending on the spinor node,
we choose a blue or red color for the arrows.
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Qru{iuij
Qrug Qrugjy

Qr

Figure 6. Plaquette for QQ-relations along the tail depicted in green.

S

S] S S[ SJ
Qrng Qrng

Figure 7. Spinorial QQ-relations for spinor nodes + depicted in blue and red respectively.

QQ-relations at the fork. At the fork we have the QQ-relations (5.1) with |J| =r — 3.
In this case the Q-function at level r — 1 factorises into two spinorial Q-functions, see (5.3).
For J = {j1,...,Jr—3} we can write the QQ-relations as

[+1] [-1] Tjr—2 — Tjr—
QJU{jr'72}QJU{jr71} QJU{JT Z}QJU{JT 1} MQJS’{]‘Iv---ajT—l7jr}S{j17""jT*17j;}’

Tjr727—jr71

where Sg; s sy and Sg o, gy belong to different spinor nodes. We denote these

relations by the “cat” shaped diagram in figure 8. To avoid confusion with the plaquettes
in figure 6 and figure 7 we chose all arrows to be ingoing at level r — 2.

F Details for the computations of section 8

F.1 Wronskian condition from QQ’-type constraints

Plugging the constraints (8.16) into equation (8.17) for k =r — 1 we get

Q[f?drl] Q[17r+3] o Q[lrfl} [lfrJrl} [17r+3] o [17"71]

r=2] Al2—1] _ , | ; ; ;
Cor1r1Qy “Qp ~ =hr |’ Q[ r+1] Q r+3] Q[r—ll} Q[—r+1 Q[—r1+3] Q[r—lll
riﬂ] Q£7r+3] QE:H QL+ Qf r+3 Qir/il]
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S{jlr“yj'rflva} S{jlv""jrflv.j;}

QIL{j, 0} Quufj,_1}

Q.

Figure 8. QQ-relations at the fork. To avoid confusion with the plaquette we introduce a different
direction for the arrows pointing away from spinorial nodes.

Using the explicit expression of Cp,—1,-1 gives

1

(-] [+] [r=2] H[2—r] _
W r— W ey — Q Q - r—
T B T T ()

s Wl,...,r—l,rWI,...,rfl,r’ (F2)
where we used the notation Wj;,  ; = ‘Q[{ij}l_m ‘k The derivation makes it clear that the
previous identity still holds if one exchanges some ()(;3 with Qy;y so that one may actually
write

_

i)

11,0yl —1

—92] [2—
W/i[:.}..,iq«_lQ([{ }Qé) 7] = — Wila---vir—hirWi1,...,ir71,i;' (F3)
G il (uj — ur)
where we only assume that for all 1 < a # b < r one has {iq,7,} N {4,7,} = 0. This is
exactly equation (7.4).

F.2 Proof of equation (8.29)

We prove here the following claim: if 7}, ; satisfy the Hirota equations and 77 s is given by
equation (8.15) then T, ¢ for a < r — 1 is given by equation (8.29).

The proof is made by induction: the claim is true for ¢ = 1 by assumption and we have
also shown, in the main text, that it is true for @ = 2. For higher a, the claim is clearly
equivalent to equation (8.30) which is itself a particular case of the following identity:

+1 -1 i+l =1
LS Wi[[i.l.;,z‘a Wz‘[[l,.l.;ﬂ'a VNV’[[;”}% VNVz[[IH]z
2 1<in < <ia <L2r Wj17~~~7ja J1sensJa lev":ja le:"'vja

11 < <Ja<2r

= E Witosiae i Wi ian E WitioiasiWin,siass | - (F.4)

1<i1 < <iq-1<2r 1<61 < <lg1 <27

+1-2k — +1-2k
where Wi1,...,z'a = ‘QE? ]‘a and I/sz,...,ia = ‘PZ[JG ]‘a for {Qi}1<i<2r and {Pi}lgig%*
two sets of arbitrary functions. In this appendix, most of the summation indices run from 1
to 2r so we will not write these bounds under each summation symbols in the following.
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The only indices for which it will be different will be called m, n, m or 7, the values they
may take will be indicated each time.

We shall now prove (F.4). Let us start from the left-hand side, we expand each of
the determman‘cs W and W with respect to the columns with shifts =+a, for instance:

a m+1lal (—1] a n+a
Wll, ,za_z (=D)"HIW. ~ and Wy =30 (— )+an -

1yeeeslimyeeela Jiseesdnsee-Ja
where the hat over an index means that we omit it. We thus obtain

W ) e e
Ja U yeesla | | 7 Blyenns iq
[+1] (—1] [+1} N[ 1
i;z...zi‘a Jisenda 7 Jlsenda W]h Ja th »Ja
JN<<...<Ja
_ 1 WHH Wi[l_ 1]1,1 W‘[H] ia W‘[_l]‘
= (a2 SR e R ey
(al) 1,005t Jiseesda 7 J1yesda le, Ja th wJa
J1y--5]a
_ 1 Z - 1)m+n+m+n Q[a] Q[ al P[a] P[ al
(a!)2 — Q Q[_a] [a] [n—‘l]
jlr"vj(t
1<mmn,m,n<a
xW. ~ W. ~ W. ~ W. ~ =L +Ly+Ls (F.5)

U1yelimyeela JlyeeodnseeJa Glyeensbimyeda JlyeeosJiise-Ja

where we have split the sums over m, n, m and 7 into three contributions Li, Lo and Ls.
L1 contains all the terms with m = m and n = 71, Lo all the terms with m = m and n #n
or m # m and n = i while Lg contains all the terms with m # m and n # 7. In each of the
three cases the remaining sums (over i’s and j’s) do not depend on the actual values of m,
n, m and 1 anymore so that we can perform the sums over these latter indices. We thus get

2
1 QEG] Qg—a] pi[a] Pz.[_a]
b= ((al)' I/Vh’ »ta—1 7'1’ ot 1) Z Q[a] Q[fa] P[a] P'[fa] ’ (FG)
117 ,Za 1 2,7 7 J j 7
2 1
b= (a—2)! ((a—l)!21 z; 1‘/‘/’17 viaa Wiy, i 1)
Q[a] Q[_a] P[a] P[ al _
Y lal Al=a] [a] —a] | Whitoosia—2a Wit a2 | (F.7)
( ikitia | @5 @ Py
e L s [ea |P,£a1 o
~ (a=2))2 a pl-al| | pla] pl-al
((a=2))2, ~= 1Q" Q; P P
]17 7.7(L 2
i,9,k,1
X Whiniame Wigtsngame Wi a2 Wit e ja—z - (F.8)

One can rewrite L3 using the Pliicker identity (6.7). We first use it to write

a—2
. ) . . . . . . _1)p—1 ~ o .
Wk,lhmﬂaﬂVVZ,Jl,mJaA _VVlﬂl74~~72a72Wk7‘71a~~-)]a72+Z( 1) W, ., ; i Wlp,J17~-~7Ja—2

‘ kLi1,..ipyeia—2
p:

(F.9)

— 36 —



which we then plug in the expression for Ls, after some renaming of the indices this yields

Qldl gl

1
an] QE— al

(a—3)!(a—2)!

L3:—L3+

P]ga] P]L—a]
f)}“] f)l[*a]

115nslq—3

jla Ja, 1
2,5,k

X Wetir,iasWit,gas Wigritssia—sWiga, g1 - (F.10)

This means that

L3 _ 1 an] nga] Pk[:a} P]E—a]
2(a—3)l(a—2)!, & Qg.al Qg.—al pl pl
]17 ,]a 1
4,5,k
W : (F.11)

X Wetir,iasWit,das WigritssiasWida, g1 -

We now apply again the Pliicker identity:

Wi,jlyilm--,ia—ii Wj,j27~~~7ja71

a—1
WJ,ZL la— 3W317J2» wJa— 1+Z Wv]pﬂl: 52 SW/YJ',J'LJ‘Q,__J/';’“_JGA (F'12)
p=2
so that
L3 _ 1 an} Qg—a] PILG} P[_a]
2(a—3)(a—2)!, = |Qlgl=l||p pl
J1yesJa—1
1,5,k,l
X Wk Li1, e ia— 3Wj17~--»]'a—1W}j i1, :ia—3I/I/j1»~"yja—l - (a - 2)L3' (F.13)

Finally, we arrive at the following expression:

1 1 —~
L3 = <(a S Z Wit ias Wil,...,ial)

2(a —3)!

i1yeyla—1
Q[a Q[_a] ‘P[a} P[*a}
X a a _ Wklz Jeensla— VI/Z P1yeesia: . (F14)
(,],k’,h; da_3 Q[ Q[ ] P[a] [ ] 1 3 it s

In order to prove (F.4) we need to show that

Ly + Lo+ L3 1
2 = (a—1)! Wit ia1n Wi,ia
115eeta—1

RSP PR

1 —
X ((a n 1)' Z Wi1,~4-7ia+1 Wi1,...,ia+1) . (F15)
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From expressions (F.6), (F.7) and (F.14) this is equivalent to showing that

(a+1)a Q1 Qi | | ple) pl-a _
T ' Z Qa] Q[_a] a] P[_ } Wil,..‘,ia,1Wi1,...,ia,1
2,781,550 —1
Q[a Q[—a] P[‘l] P[ al N
—(a+Dala—1 _ k i1vesia—o Wit ia_
(a+1)a( )”I”;ﬂa 2 Q[a Q[ a] ‘P[a] —a] Whiityoosia—s Wit eosia—2
la] pl—d]
_ P P
(a+ Da(a - 1)(a—2) QY QI | )
+ Z Za Z_a a P a Wklz, la— W,J,l, -2
4 2,7,k,0,81,...,0q—3 QE] Qg } ' ’ ' ”
- Z WZL Slatl 11, slatl * (F'16)

7/1 5 77'll+l

This last identity is proven by expanding the determinants in the right-hand side with
respect to their first and last columns:

m+n—+a Q Q[ a]
Wit,oiasr = Z (1) @ A[Za] 11, AR NI (F.17)
1<m<n<a-+1 Q Q
wnd [a] pl—d]
N o pla P! a
Wi is = ~Z (1) l,[r‘;] ,[_a] Wu, iyt iadl (F.18)
1<m<n<at+1 zﬁ 'Lﬁ

We then once again group the terms depending on the values of m, n, m and 7 and

(a+1)a
2

recover exactly the identity (F.16). There are indeed terms with (m,n) = (m,n),

(a+1)a(a — 1) terms with m = m and n # 1 or m # m and n = n, and (atl)a(a - L)(a=2)
terms with m # m and n # 7.

G More on Weyl-type formulas

G.1 From QQ’-relations to Weyl-type formulas for Dy ~ A; @ A

Here we demonstrate for the examples of Dy spin chains how to use the QQ’-relations to
recover the Weyl-type formulas for T-functions. The Hasse diagram is depicted in figure 9.
From the two constraints

Q1Q1 + Q2Q2 =0, (G.1)
and
Vol ool + Vo + ol b = @3, (G-2)
cf. (8.16), we obtain
Q[l] Q[ 1] Q2
(ah oo 0

where W, = QUL ™ — @ QY.
Further on, excluding ()9 from

Ty = QY THQE 1 4 QI+t L QgL s=1 4 s~ HQh+! (G.4)
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I=S5p4

we get

Qr =5-+ Q1= S+

Qo = Sy - Q=5

Figure 9. Hasse diagram for Dy >~ Ay @ A;.

[15/+1] Q[ljsfl]
Ths = ( [s+1] Q[2511> Wit1

2

(G.5)

Excluding the difference in the first bracket in the r.h.s. using (G.3) we arrive at

This coincides with the r = 2 case of the determinant formula (9.18).

[20—s]
Qy )2
,5 = 8+1 ZZ [2l 5]
0

G.2 Additional formulas in the general case

For the sake of completeness, we give here the Weyl-type formulas complementary to those

given in section 9, i.e. for 77 5 in terms of spinorial Q-functions:

T175:Q[T+S 2]Q[2 r—s]

=1

Sl[r:sq]sl[riﬂ}

[~ (2r+s—1-2j-215;,,)]
K3

r

S[2T+37172j72(87l)5j77‘]
i

s—1 S}:s—l]sﬁ-{-l} ’Sz-[_(2r+8_1_2j_2(l_1)5j,r)]

S%zfsq]sngsﬂ]

Gl @r+s—1-2j)]

i
r

r

Gl2rts—1-2]]

S[Qr—i—s—1—2j—2(5—1—l)(5j77.]
i

r(GT)

SElfsfl]SElfs+1] ‘Sl[f(2r+57172j)]

T
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and for 751 in terms of single-index Q-functions:

1 [r+a—2m)| [4+a r—2m]
Ta,l = [r a+2k] A[—(r—a+2k)] Z <H Q
1= Q@ ogk,léa m=1
—k—Ie2N
‘Qr+a+3 2k—2j—20(j+k—r— 1)] e=p=t 2
r [rt+a—2k—4m] H[4+a—r—2k—4m]
‘ [r+a+3-2k—2j] H <Q@ “ )
Q , m=1
[r+a+1—2k—2j] [rta—3-2k-2j] |2 T imaal
’Q{z‘ ‘ ’Q{i} r ’Q Q ’

‘Q[Wra 1—2k—24] |2 2

’Q[21+T+3 a—2j]

7 T

)Q ~(r+a+3-21-2j—-20(j+1-r-1))]
) 9 r(G8)

% <ﬁ Qé)2+217r7a72m]Q([z)2l+rfa72m72]

oL ‘Q[{;(r+a+3f2l72j)}

T

Notice that the first formula, expressing 77 ¢ in terms of spinorial @-functions, is much
more complicated than the expression (9.18) in terms of fundamental Q-functions, whereas
the second formula expressing 7}, ; in terms of fundamental @)-functions, is more complicated
than (9.25) expressing it in terms of spinorial @-functions.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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