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A comparison between rotating squares
and anti-tetrachiral systems: Influence
of ligaments on the multi-axial
mechanical response

Luke Mizzi, Andrea Sorrentino, Andrea Spaggiari ©® and
Davide Castagnetti

Abstract

Rotating unit systems are one of the most important and well-known classes of auxetic mechanical metamaterials. As
their name implies, when loaded, these systems deform primarily via rotation of blocks of material, which may be
connected together either directly through joints (or ‘joint-like’ connections made by overlapping vertices of the
rotating units) as in the case of rotating rigid polygonal-unit systems or by ligaments/ribs as in the case of chiral
honeycombs. In this work, we used Finite Element Analysis to investigate the effect which the presence/absence of
ligaments has on the on-axis and off-axis mechanical properties of these systems by analysing two of the most well-
known structures which characterise these two cases: the rotating square system and the anti-tetrachiral honeycomb.
It was found that while the presence of ligaments has a negligible effect on the on-axis Poisson’s ratio of these systems,
it has a profound influence on nearly all other mechanical properties as well as on the off-axis loading behaviour. Systems
with ligaments were found to exhibit a high level of anisotropy and also a severely reduced level of stiffness in com-
parison to their non-ligamented counterparts. On the other hand, the rotating square system suffers from high localized
stress-intensities and has a very low strain-tolerance threshold. In addition, an optimized ‘hybrid’ geometry which is
specifically designed to capture the best features of both the anti-tetrachiral and rotating square system, was also
analysed. This work shows the main differences between ligament-based and non-ligament-based auxetic structures
and also highlights the importance of considering the off-axis mechanical response in addition to the on-axis properties
when investigating such systems.
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Introduction . : o
them suitable for niche applications such as stents,'”

deployable antennas,'' flexible electronics'® and
prosthetics."?

Auxetics are systems or materials which possess the
unusual property of a negative Poisson’s ratio.'** This

means that these systems expand in the transverse
direction when subjected to a uniaxial tensile load.
This property arises primarily from the geometry
and deformation mechanisms of the systems and, as
a result of this, auxeticity is considered to be scale-
independent. Therefore, should any geometry or
mechanism which imparts auxetic behaviour at the
macroscale be replicated at the micro- and nano-
scale, it is expected to function in virtually the same
manner. Auxetic systems also exhibit a variety of
other anomalous characteristics including synclastic
curvature,’ high indentation resistance,*> high shear
resistance®’ and energy absorption,®’ which makes

There are various geometries which give rise to
auxeticity, with the most well-known being re-
entrant structures, including hexagonal honeycombs
and star-shaped geometries,'* 7 rotating unit sys-
tems,'® 2 chiral honeycombs,”'?” buckling-based
architectures®®*” and folding/origami metamaterials.*
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These systems, both 2 D and 3 D, have the potential to
exhibit a near-infinite range of negative Poisson’s
ratios as well as other mechanical properties via a
number of diverse deformation mechanisms. This
design versatility is extremely advantageous to the
engineer/researcher implementing these systems in
real-life applications since, in theory, it allows one to
pick and choose the metamaterial geometry which
matches the desired design specifications. However,
in order for this to become a reality, a complete library
containing all the relevant knowledge required for the
implementation of these auxetic systems is required.
Besides on-axis Poisson’s ratios and Young’s moduli
(the most oft-studied and commonly evaluated prop-
erties), other important characteristics such as off-axis
mechanical properties, performance under high strain
conditions (including strain tolerance limits, fracture
and fatigue strength), influence of material properties
and density spectrum need to be studied. Despite the
large number of studies on auxetic metamaterials
found in the literature, further research is required in
order to fill in the gaps in the state-of-the-art for a
number of geometries, which limits their usefulness
at the moment.

Two of the most well-known auxetic systems which
are found in literature are the rotating squares'® and
anti-tetrachiral®*-*' honeycombs (shown in Figure 1).
Both these systems, in their regular and ideal states,
exhibit a Poisson’s ratio of ca. —1 and share a number
of geometric features including two axes of mirror
symmetry and a square unit cell. Moreover, if one
considers the anti-tetrachiral variant shown in Figure
1, which has a square-shaped chiral node instead of the
traditional circular one, the only geometric difference
between the two systems is the presence of ligaments
connecting the square units in the latter and their
absence in the former.*> Both these systems also
deform in a very similar manner when uniaxial
loaded in an on-axis direction; through rotation of

the square blocks of materials, which is accompanied
by flexure of the ligaments in the anti-tetrachiral hon-
eycomb. These two systems have been extensively
studied throughout the years using analytical, numer-
ical and experimental techniques.'®**3!3335 They
have also been investigated in various related forms,
apart from the ideal and regular geometries shown in
Figure 1, including as perforated systems,>®* non-
porous structures,* composites,**® sandwich sys-
tems*”*® and even irregular variants.** >

The majority of these studies have focused mainly
on the on-axis properties of these two geometries and
it has been well established that, while both have an
identical Poisson’s ratio, the main difference between
them is that the rotating square system is much stiffer
than its anti-tetrachiral counterpart, while the latter
system has a much better stress distribution through-
out the system upon the application of a specific
strain, leading to improved strain tolerance and
affording greater deformability. However, studies
focusing on the off-axis properties as well as the
shear modulus of these two structures are few and
far in between. It is imperative that these character-
istics are also properly understood, since they are key
to determining the mechanical response in cases
involving the implementation of such metamaterials
in applications where they may be subjected to off-
axis or non-uniform loading conditions such as blast
loading and impact conditions®> and are also
required for the determination of the compliance
matrix of anisotropic systems. Therefore, in this
work, we aim to investigate the similarities and differ-
ences in the responses of these two sets of
geometrically-related mechanical metamaterials to
on-axis and off-axis loading conditions. To this end,
a range of systems pertaining to these two classes of
geometries were constructed and simulated under on-
axis and off-axis loading using Finite Element analy-
sis. In addition, an optimized ‘hybrid’ geometry

(a)

Rotating Squares System

(b)

Anti-Tetrachiral Honeycomb

Figure |. Diagrams showing the unit cells of a typical idealised version of (a) a rotating squares system and (b) an anti-tetrachiral
honeycomb with square chiral nodes. Note that the main difference between these two systems is the presence of ligaments.
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which shares features from both types of structures
was also analysed in order to ascertain to what extent
it is possible to capture the best mechanical character-
istics of both systems.

Methodology

The structures investigated in this work were simulat-
ed using the ANSYS16 Multiphysics Finite Element
software. The simulations conducted in this work
may be divided into two main parts: first, a range
of rotating square and anti-tetrachiral honeycombs
were studied in order to evaluate the effect of liga-
ment length on mechanical properties, and, secondly,
an optimized ‘hybrid” geometry was modelled and its
mechanical response compared with those of two cor-
responding rotating squares and anti-tetrachiral
honeycombs.

Simulations on rotating squares and
anti-tetrachiral systems

Both the rotating squares and anti-tetrachiral systems
may be defined by a common set of geometric

parameters, as shown in Figure 2. The side length
of the square unit was defined by the parameter «,
while the angle between the rotating units was
denoted by 0. The ligaments were defined by the
thickness parameter, ¢, and their length, / (see
Figure 2(a)). The rotating square system naturally
corresponds to a system with /=0. As shown in
Figure 2(b), the two square units are connected direct-
ly to each other with an overlap distance, w. For the
systems containing ligaments, the parameter w was
used to define the overlap of the ligaments with the
square units. This degree of overlap is necessary in
order to ensure that the vertices resulting from the
bridging connection of the ligaments with the
square units can be filleted and as a consequence
the effective ligament length is equal to roughly
[-2w for the systems possessing ligaments. Finally,
all sharp corners within the system were filleted with
a fixed radius, r.

In order to investigate the influence of the liga-
ments on the mechanical properties of these systems,
various different geometries were constructed and
analysed. Since ligament length, i.e /, is the main fea-
ture in which these two sets of systems differ, this

Figure 2. Diagram indicating the geometric parameters used to define the systems studied here. Figure (a) shows an anti-tetrachiral
system, where all the geometric parameters are required to describe the system, while in the case of the rotating square system (b),
the ligament length, |, is zero and the ‘square’ units are connected to each other directly with an overlap distance, w.
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dimension (shown in Figure 2) was the main param-
eter varied according to the following values: 0, 2, 4,
8, l6 mm. The parameters w, r and ¢ were kept con-
stant at all times at values of 0.3, 0.1 and 0.3 mm
respectively. The parameter 6 was also fixed at a
single value; 30°, which results in a system which is
close to neither being fully-opened nor fully-closed.
The full list of parameters is presented in Table 1.
Using these geometric parameters, two sets of struc-
tures were simulated. The first set involved structures
where the parameter ¢ was kept constant at a value of
20 mm at all times, resulting in ‘square’ block of mate-
rial remaining the same size and the overall size of the
representative unit cell increasing as the ligament
length, /, increases. For the second set, the overall
representative unit cell length, L, was kept constant
at a value of 118 mm at all times, with the parameter a
decreasing as the ligament length increases. For both
these sets, the systems with a ligament length of
32mm are almost identical. These conditions were
set in order to allow for consideration of the influence
of ligament length with respect to both rotating unit
size and overall representative unit cell of the entire
system since these parameters are related as follows:

L = 2a(sin0 + cos0) + 2(1 — 2w) (1)
L—2(I—2w)
= 2(sin0 + cos0) @

The systems were simulated as a single unit cell
under periodic boundary conditions with a plane-
stress model. The PLANE183 element was used (qua-
dratic higher order 2D 8-noded element with two
translational degrees of freedom at each node and
quadratic displacement behaviour), with a minimum
mesh size of #/3. The final element size was chosen
following a mesh convergence study conducted on

two extreme systems — one with no ligaments and
the other with long ligaments (1 = 32 mm) — the results
of which are presented in Figure 3(c). The linear
material properties of isotropic structural steel were
used: E,,,, =200 GPa and v,,,,=0.3. Since two differ-
ent orientations were studied, i.e. the typical on-axis
form and the rotated one at 45°; the minimum repre-
sentative unit cells used are distinctly different, with
the former being made up of four rotating units and
the latter two (see Figure 3(a)). Periodicity was
induced through the use of constraint equations
which control the displacement of nodes on opposing
edges in the x and y-directions. These constraint
equations, shown in equations (3) and (4), were
applied on all edge nodes as follows. First, the
meshes on opposing edges were mapped in order to
ensure that they are identical. Then, a pair of master
nodes (one on the right and another on the left edge)
are chosen and the total displacements in the x- and
y-directions of these nodes is bound to that of all
other pairs of (slave) nodes using equations (3) and
(4), where U, ,; denotes the x-displacement of the
master node on Edge 1, U, jp, the x-displacement
of the master node on the opposing edge (Edge 2)
and U, g and U, s», the same corresponding displace-
ment for the pair of slave nodes. The same relation-
ships are also applied for the y-displacements.

Uct —Uxn — U s1 + Uy 50 =0 (3)

Um—Up—Us1 +Uy50=0 4)

Following the implementation of the constraint
equations on all edge nodes, the system was fixed in
space from one node on the bottom edge of the unit
cell and from a corresponding point on the opposite
edge in order to constrain the system to remain
aligned along the y-axis at all times during

Table 1. Complete list of geometric parameters and loading conditions for the first set of structures modelled and simulated.

Geometric parameters

Constant dimensions
Overlap parameter, w
Fillet radius, r
Ligament thickness, t
Pore angle, 6
Square side length, a=20mm

Ligament length, | (mm) 0 2

Cell dimension, L (mm) 53.44 57.44
Cell dimension, L = 118mm

Ligament length, | (mm) 0 2

Square side length, a (mm) 43.63 42.17

Loading conditions
Orientations of each system simulated
Loading type

0.3mm

0.1 mm

0.3mm

30°
4 8 16 32
61.44 69.44 85.44 117.44
4 8 16 32
40.70 37.77 31.92 20.20

0° (On-Axis), 45° (off-axis)
a) Uniaxial in x-direction

b) Uniaxial in y-direction
c) Simple shear in xy-plane

Mechanical properties obtained

Vap Vo Eo Ep Goy
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(a) Orientation = 0°
y
X
i)
(b)  Uniaxial Loading in y

I

Do

Uniaxial Loading in x

Orientation = 45°

ii)

Simple Shear Loading

ii)
Key: < Applied Force /Z; Fixed U(x) and U(y) =~ & Fixed U(x), Free U(y)
() Poisson's Ratio, v,, Young's Modulus, E, (MPa) Shear Modulus, G (MPa)
-0.940 1698 6440
-0.942 1696 6438 %
6436 X
-0.944 1694 % X X X
6434
X X
-0.946 X X X X 1692 6432
i) 0948 P I - B TR P I BT e P I I
Poisson's Ratio, v,,, Young's Modulus, E, (MPa) Shear Modulus, G (MPa)
-0.994 2.150 0.0836
2.130 0.0834
-0.996
2.110 0.0832
X X X X X
-0.998 %
«  x % x 209 0.0830 Koo
ii)-1.000 2.070 0.0828
ll) t 12 13 14 t 12 13 /4 t 12 13 /4

Figure 3. (a) A representative unit cell of the system (to scale) at an orientation of (i) 0° (the most commonly studied and well-
known orientation) and ii) 45°. Note that while in (i) the unit cell contains four rotating units, in (i) it contains two. In (b) the three
types of loads applied to each system are demonstrated along with the fixes applied to the system to retain its alignment with the
y-axis. The forces (marked in red arrows) were applied on all nodes on the edge of the unit cell and, in addition to these fixes, all edge
nodes were paired to their corresponding counterparts on the opposing edge using displacement constraint equations (see Mizzi
et al.>* for more details). (c) Mechanical properties obtained for two systems, (i) a =20 mm, L =53.44mm, |=0mm and (ii)
a=20mm, L= 117.44 mm, |=32 mm, using a mesh size of t, t/2, t/3 and t/4. The other geometric parameters were kept constant at
w=0.3mm, r=0.I mm, t=0.3 mm and 6 = 30°. Since the results obtained were extremely similar, a minimum element size of t/3, i.e.

0.1 mm, was chosen.

deformation and avoid rigid body motion. A detailed
description of this methodology is provided in Mizzi
et al.>* The systems were subjected to two types of
loads: uniaxial and simple shear loading under linear
conditions (see Figure 3(b)). For uniaxial loading in

the y-direction, a unitary tensile force in the y-direc-
tion was applied on all the nodes on the upper and
lower edges of unit cell, while for loading in the
x-direction, a unitary tensile force in the same direc-
tion was applied on the nodes on the right and left
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edges of the system. For shear loading, a force in the
y-direction was applied on all the nodes on the right
edge of the system, while an equal force, but in the
opposite direction, was applied on all the nodes on
left edge of the system. Since the system is constrained
to remain aligned with y-axis at all times, this loading
method corresponds to simple shear loading.
Following these simulations, by measuring the dis-
placements of the edge nodes, the Young’s moduli
and Poisson’s ratios in the x-and y-directions, E,
E,, vy,, and v,,, as well as the shear modulus, G,
may be obtained for both orientations of the same
structure (assuming unit thickness in the z-direction).

Design of optimized ‘hybrid’ geometry and
corresponding systems

In addition to this analysis, another set of simulations
was conducted on a version of the rotating squares
system with optimized interconnecting regions recent-
ly proposed by Sorrentino et al.’>> This structure,

shown in Figure 4, may be considered as a type of
hybrid rotating square/anti-tetrachiral system since
its ‘joint’ regions bear geometric characteristics of
both classes of auxetic structures. This system was
generated through an optimization scheme in which
the geometric parameters of the structure were varied
in order to obtain a 3% global tensile strain at a rel-
atively low stress concentration factor whilst maxi-
mizing the Young’s modulus of the system and
retaining a negative Poisson’s ratio below —0.95%
In analogy to the other geometries simulated in this
work, this structure was built according to the
following specifications (defined in Figure 4(a)):
a=23536mm, w=1.30mm, 0=30°, r,=4mm and
r,=1mm. The parameter w is determined from the
dimensions 6, r, and s, with the latter being set to
I mm. This structure was also investigated under the
same loading conditions for orientations of 0° and 45°
and the results obtained were compared with those of
the two equivalent rotating squares and anti-
tetrachiral geometries (see Figure 4(b)). The two

(b)

Equivalent Rotating Square
System

‘Rotating Square’ System with
Optimized Interconnecting
Regions

Equivalent Anti-Tetrachiral
Honeycomb

Figure 4. (a) A representative unit cell of the optimized rotating square geometry for improved strain tolerance and the parameters
used to defined this system. (b) Representations of the corresponding rotating square and anti-tetrachiral honeycomb systems which
bear the closest resemblance to the optimized geometry. The rotating square system has the same rotating unit size, a, as the
optimized structure, while the equivalent anti-tetrachiral honeycomb has the same ligament length, I.
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equivalent structures were built, respectfully, as fol-
lows: i) a=35.36 mm, w=1.30mm, 6 =30°, /=0mm,
r=0.5mm and i) ¢=27.36mm, w=1.30mm,
0=30° /=10.6mm, r=0.5mm, =1 mm.

Results and discussion

Rotating squares and anti-tetrachiral systems

The results obtained from the first set of simulations
(based on Figure 2) are presented in Figure 5 and
Table 2. In order to ensure that all of the parameters

are unitless and thus the results of this study may be
applied to these metamaterial geometries regardless of
the base material used, the Young’s moduli and shear
modulus are presented as an effective percentage of
the obtained modulus of the specific geometry divided
by the material modulus (E,,,,=200000 MPa and
G nar = 76923 MPa) and denoted by E.*, E,” and G
Furthermore, in the cases of the Poisson’s ratios and
Young’s moduli, only the results for loading in the x-
direction are presented since the values obtained for
loading in the y-direction were nearly identical. The
mechanical properties (both Poisson’s ratio and

Constant a = 20 Constant L =118
1.0 1.0
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0.0 0.0
V. Vv
02 V02
-0.4 -0.4
-0.6 0.6
0.8 -0.8
-1.0 © -1.0 ©
-1.2 -1.2
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
l /
0.020% 0.005%
0.015% 0.004%
8 0
0.003%
E* 0.010% N
* E" o000
0,
0.005% 0.001%
0.000% 0.000%
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
/ /
4.00% 4.00%
3.50% 3.50%
3.00% 3.00%
2.50% 2.50%
G* 2.00% G 2.00%
1.50% 1.50%
1.00% 1.00%
0.50% 0.50%
0.00% S 0.00% S
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
/ [
S Orientation = 0° < Orientation = 45°

Figure 5. Plots showing the Poisson’s ratios, effective Young’s moduli and effective shear moduli obtained for the simulated
structures with (a) constant rotating unit size and (b) constant repeating unit cell dimensions. In the cases of the Young’s moduli and
shear modulus, the results for systems with no or very small ligaments are not all shown on the plots due to the relatively very high
value of these moduli in comparison to those observed for systems with longer ligaments, which would obscure the trends for the
latter if plotted. As one can observe, the larger the ligament length, the greater the difference in mechanical properties for on-axis and
off-axis loading. The full set of results are presented in Table 2 for ease of reference.
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Table 2. Results obtained for each system simulated and shown in Figure 5. The other geometric parameters not listed here were
kept constant as indicated in the Methodology section, at the following values: w=0.3, r=0.1, t=0.3 and 6 = 30°. Note, that similar
to Figure 5, the results for the Young’s moduli and shear moduli are presented as effective ratios of the base material moduli

(Emat = 200000 MPa and G, = 76923 MPa).

I a L v E" (%) G (%)
Constant a
Orientation =0°
0 20 53.44 —-0.9459 0.8470 8.3670
2 20 57.44 -0.9975 0.0176 0.4234
4 20 61.44 -0.9982 0.0086 0.0565
8 20 69.44 —-0.9986 0.0042 0.0070
16 20 85.44 -0.9987 0.0021 0.0009
32 20 117.44 —0.9988 0.0011 0.0001
Orientation = 45°
0 20 53.44 -0.8733 0.8155 20.3582
2 20 57.44 —-0.9473 0.0171 9.1365
4 20 61.44 -0.8200 0.0078 6.2097
8 20 69.44 —0.4357 0.0030 3.7914
16 20 85.44 0.2244 0.0008 2.1324
32 20 117.44 0.7274 0.0001 1.1373
Constant L
Orientation = 0°
0 43.63 118 —-0.9866 0.1705 6.3253
2 42.17 118 -0.9994 0.0040 0.4160
4 40.70 118 —-0.9995 0.0021 0.0563
8 37.77 118 -0.9996 0.0012 0.0070
16 31.92 118 —-0.9995 0.0008 0.0009
32 20.20 118 —-0.9988 0.0010 0.0001
Orientation = 45°
0 43.63 118 -0.9653 0.1687 16.5695
2 42.17 118 -0.9877 0.0039 8.3013
4 40.70 118 -0.9533 0.0020 5.8297
8 37.77 118 -0.8014 0.0011 3.6611
16 31.92 118 -0.2346 0.0005 2.1015
32 20.20 118 0.7226 0.0001 1.1372

Young’s modulus) obtained for on-axis loading
(Orientation =0°) are congruent with those obtained
from previous analytical, numerical and experimental
studies on rotating square and anti-tetrachiral honey-
combs, 18:23:35.36.41-43.49.50

As one may observe from the plots in Figure 5 and
the values in Table 2, there is little difference between
the trends observed for the systems with a constant a
parameter and those with a constant unit cell length,
L. The mechanical properties of each system are,
however, shown to differ significantly upon changing
the orientation of the structure by 45°, with the degree
of anisotropy varying extensively from structure to
structure as ligament length changes. For example,
in the case of the Poisson’s ratio, it is clearly evident
that while the Poisson’s ratio remains fixed at ca. —1
regardless of ligament length for uniaxial loading in
an on-axis direction (Orientation =0°), this mechani-
cal property varies significantly for loading in the 45°
off-axis direction as ligament length increases. In fact,
for the system with a ligament length of 32 mm, the
Poisson’s ratio becomes highly positive, with a value
of 0.72, as opposed to the highly negative value of

—0.99 observed for loading in the on-axis direction.
Conversely, for the systems with no ligaments (both
at constant ¢ and L), the Poisson’s ratio remains neg-
ative for off-axis uniaxial loading, decreasing only
slightly in magnitude. This indicates that the intro-
duction of ligaments, and hence, the transformation
of the rotating squares system to its anti-tetrachiral
counterpart, despite improving the strain tolerance
and deformability of this system, also comes at the
cost of an increase in anisotropy and could even lead
to a complete loss of auxeticity if the system is loading
in an off-axis direction.

The extreme changes in Poisson’s ratio for switch-
ing from on-axis to off-axis loading in the case of the
anti-tetrachiral structures with long ligaments can be
explained by observing the deformation of these sys-
tems. As one may observe from Figure 6(a), while in
the case of on-axis loading, the square units rotate in
opposite directions with respect to one another, which
is the mechanism conducive for auxetic behaviour,
when the same system is loaded in an off-axis direc-
tion, the deformation mechanism changes drastically
(see Figurer 6(b)) and, instead, reverts to the
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(@  Qrientation = (°

}

Figure 6. Diagrams showing the undeformed and deformed structures (with displacement scaling) for loading in the y-direction the
simulated systems with the parameters: /=32, a=20, w=0.3, r=0.1 and 0 =30°. The systems at (a) Orientation =0° and (b)
Orientation =45° are shown. (c) A schematic of the so-called ‘wine-rack’ mechanism is also shown in order to highlight the similarity
of this deformation mode with the deformation exhibited by the structure in (b).

‘wine-rack” mechanism>®>” (depicted in Figure 6(c)).

This deformation mechanism, which has been studied
extensively in relation to negative compressibility phe-
nomena, is well-known to yield high positive
Poisson’s ratios. The change in deformation mode
may be primarily attributed to the introduction of
ligaments, since as observed in Figure 7, systems
with no ligaments do not deform via this mechanism
when loading in an off-axis direction and rotation of
square units is still the predominant deformation

mode. Thus, the Poisson’s ratio of this system
remains relatively unchanged once the system is
loaded in an off-axis direction.

The results obtained for the Young’s moduli also
highlight the large degree of anisotropy present in the
systems with long ligaments. In Table 2, it is demon-
strated that while for systems with /=0 mm there is a
drop of less than 5% in the Young’s modulus of the
structure once the system is loaded off-axis in com-
parison with its on-axis value, the systems with
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(@) Orientation = (°

(b) Qrientation = 45°

Figure 7. Diagrams showing the undeformed and deformed structures (with displacement scaling) for uniaxial loading in the
y-direction the simulated systems with the parameters: =0, a=20, w=0.3, r=0.] and 6 = 30°. The systems at (a) Orientation = 0°

and (b) Orientation =45° are shown.

/=32mm show roughly a ten-fold decrease in stiff-
ness. This effect can also be attributed to the change
in deformation mechanism which alters the Poisson’s
ratio of the system. It is also worth noting that, as
expected, the overall values for the Young’s moduli of
these systems decrease as the ligament Ilength
increases, with the structures with no ligaments show-
ing the highest stiffness. This trend is characteristic of
these systems and is congruent with findings from
previous studies on similar structures.*>*

The findings for the shear moduli of these systems
also indicate a number of intriguing trends. This
property is not as commonly investigated as the
Poisson’s ratio and Young’s modulus in mechanical
metamaterials; however, it is also worth studying
since certain auxetic systems such as auxetic foam
have been shown to exhibit high shear resistance,®>’
and therefore analysing this mechanical property
could potentially reveal new advantageous character-
istics. It is evident from Table 2 that the rotating
square systems (i.e. the systems with /=0) possess a
relatively high shear modulus, which even exceeds the
Young’s modulus in magnitude. This indicates that
this mechanism also has an extremely high resistance
to shearing. This shear resistance is also exhibited for
the ligamented systems, albeit at a much lower mag-
nitude, since both the Young’s and shear moduli of

these systems decrease drastically as ligament length
increases. It is also interesting to note that while the
system with /=0 exhibits relatively little difference
with respect to Young’s modulus and Poisson’s
ratio when loaded in an on-axis and off-axis direc-
tion, the extent of anisotropy is far more pronounced
in the case of the shear modulus. In fact, the shear
modulus for these systems increases by roughly 2.5
times when the system is rotated by 45° from its on-
axis orientation. The level of anisotropy increases in
an exponential manner for the anti-tetrachiral sys-
tems as the ligament length increases, with the
system possessing ligaments with length equal to
32mm showing a 5-log difference between the shear
modulus obtained for loading in an off-axis and on-
axis direction.

These results highlight the significant influence
which the addition of ligaments has on the mechani-
cal properties and deformation mechanisms of these
systems. Although the on-axis Poisson’s ratio remains
unchanged throughout, all other mechanical proper-
ties vary greatly for on-axis loading. Furthermore, the
addition of ligaments and hence, the migration from a
rotating square system to an anti-tetrachiral honey-
comb, has an even greater influence on the off-axis
properties, with the latter systems possessing a greatly
more elevated level of anisotropy. In view of these
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results, one may arrive at the conclusion that the ideal
way to limit anisotropy and retain high stiffness is to
employ the rotating squares mechanism for situations
necessitating these requirements. However, this mech-
anism, as implemented in the current form for the
basis of this study, suffers from one major drawback;
it has inefficient stress distributions throughout the
system, resulting in the formation of small regions
of high concentrated stresses (namely the interconnec-
tion areas between square units), which could lead to
the system yielding, and even fracturing, upon the
application of very small strains. In order to counter-
act this problem, a recent study by Sorrentino et al.>
explored how the interconnection regions may be geo-
metrically optimized to improve stress distributions
and increase the strain tolerance of the system. The
resultant system (see Figure 4), produced using a
double-radius filleting technique, results in a
‘hybrid’ system which shares a number of character-
istics with both the rotating squares and anti-
tetrachiral honeycombs; in that the system is made
up predominantly of ‘square’ blocks of material
which rotate and are connected together by ‘joints’
which may be characterised as extremely small liga-
ments. This geometric configuration has been demon-
strated to exhibit greatly improved strain tolerance,
whilst retaining a reasonably high level of effective
stiffness. As mentioned previously, we have also
examined the on-axis and off-axis responses of this
system as well as those of the two corresponding
rotating squares and anti-tetrachiral systems (see
Figure 4(b)) through a run of simulations identical
to that used for the first set of structures.

Optimized ‘hybrid’ structure and
corresponding systems

The results for the analysis of the optimized structure
and the two corresponding rotating square and anti-
tetrachiral systems are presented in Table 3 and
Figure 8.

It is evident from the values shown in Table 3 that
the mechanical properties of the optimized geometry
are more closely related to those of the equivalent

anti-tetrachiral system than those of the rotating
square system. However, there are still significant dif-
ferences between these two systems. For example, the
Young’s moduli for both orientations of the ‘hybrid’
geometry are nearly double those of the anti-
tetrachiral system, while the difference in the shear
modulus is even more pronounced, especially for the
0° Orientation. As expected, the equivalent rotating
square system is far stiffer than the other two geom-
etries, however due to the relatively large thickness of
the overlap region between square units, w, the large
Young’s and shear moduli are obtained at the cost of
reduced auxeticity. In fact, while for Orientation 0°,
both the anti-chiral and ‘hybrid’ systems exhibit a
Poisson’s ratio of nearly -1, that of the rotating
square system is -0.74.

The similarity of the deformations of the ‘hybrid’
geometry to both these corresponding structures may
be observed in Figure 8, where the von Mises strain
intensity factor, K, contour plots are shown. This
property was calculated as a ratio of the localized
von Mises strain, &,,,azises» 10 applied global strain,
e, as shown in equation (5).

Kg _ EvonMises (5)
&

In the case of uniaxial loading, ¢ is equal to the
applied uniaxial strain ¢;, while in the case of simple
shear loading, it is defined by the applied global shear
strain, g;.

The K, factor is commonly used to quantitatively
compare the localized strains found in different geom-
etries upon loading independently of the intrinsic
material properties and is particularly useful in this
case since it does not depend on either the effective or
material Young’s moduli. It may also be used as a
method to gauge the strain tolerance and fatigue
limits of microstructures or machine components sub-
jected to predetermined displacement loads under
both static and dynamic conditions.®*®" Systems
with high K, values are more susceptible to material
yielding and failure upon the application of a load
than systems with lower values. In Figure 8, figures

Table 3. Results obtained for the ‘hybrid’ optimized geometry and its rotating square and anti-tetrachiral equivalents. Only one
Poisson and Young’s modulus value is presented per structure since the results were identical for loading in the x- and y-directions.
The effective Young’s moduli and shear moduli ratios (E* and G¥) are calculated based on the material moduli (E,,,; = 200000 MPa and
Gpnat = 76923 MPa). The parameter L represents the size of the orientation =0° unitcell.

Geometry L (mm) v E (MPa) G (MPa) E" (%) G (%)
Orientation = 0°
Rotating square 91.41 -0.743 10856 10001 5.43 13.00
Optimized ‘hybrid’ 91.39 -0.988 230 562 0.12 0.73
Anti-tetrachiral 90.75 -0.989 138 105 0.07 0.14
Orientation = 45°
Rotating square 91.41 —-0.525 9498 21128 4.75 27.47
Optimized ‘hybrid’ 91.39 -0.813 210 9418 0.11 12.24
Anti-tetrachiral 90.75 -0.503 104 6306 0.05 8.20
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Figure 8. Diagrams showing the deformed structures at 3% uniaxial strain applied in the y-direction for Orientation = 0°. The strain
intensity values, K., were calculated based on the linear solutions and the deformations shown were obtained by magnified
displacement scaling of the results obtained from the linearly solved simulation and are to be used mainly for the purpose of
comparison between the deformation modes and interconnection region localized strain distributions of the three structures.

showing the K, distribution obtained for uniaxial
loading of the Orientation=0° systems of these
three structures are shown, while in Table 4 the max-
imum K, values obtained for each orientation and
loading type (uniaxial and shear) of each structure
are presented.

As shown in Figure 8, The maximum value
obtained for the strain intensity factor of the
‘hybrid” system 1is relatively low in comparison to
that of the rotating square system (by nearly a
factor of 10), and, in turn, slightly higher than that

of the anti-chiral structure. Furthermore, it is evident
from Table 4 that this trend is also generally mirrored
for shear loading conditions and for uniaxial loading
in the 45° Orientation of these systems. In each case,
the highest K, values are obtained for the rotating
square system, while the anti-tetrachiral and
‘hybrid’ geometry show comparable values. The high-
est localized von Mises strains induced by deforma-
tion of the ‘hybrid’ system are also distributed
throughout the interconnection region in a similar
manner to that observed for the ligaments of the
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Table 4. Results showing the maximum K, values obtained
under linear uniaxial and shear loading conditions for the three
systems at Orientation =0° and 45°.

Geometry Uniaxial loading Shear loading

Orientation = 0° Maximum K,

Rotating square 8514 2.541

Optimized ‘hybrid’ 0.966 1.009

Anti-tetrachiral 0.660 0.821
Orientation =45° Maximum ke

Rotating square 6.710 4.199

Optimized ‘hybrid’ 0.908 2.197

Anti-tetrachiral 0.902 2611

equivalent anti-tetrachiral system (see Figure 8).
However, while in the latter the maximum localized
strains are found at the ends of the ligament, in the
‘hybrid’ system it is found at the centre, similarly to
the rotating square structure. This is most probably
due to the non-uniform thickness of the interconnec-
tion ‘ligament’ in the ‘hybrid’ structure, which has the
thinnest cross-section at the centre. This factor should
also account for the higher stiffness of this geometric
configuration in comparison with the anti-chiral
system and its improved retention of auxeticity
when loaded in the off-axis directions.

This last point is the main advantage of the
‘hybrid” optimized structure over its anti-tetrachiral
counterpart. In this structure, the lower maximum
strain intensity factor and, hence improved deform-
ability, of the ‘hybrid’ geometry over the rotating
square system, does not come at a cost of greatly
increased anisotropy as in the case of the anti-
tetrchiral honeycomb. It is immediately evident,
from Table 3, that once the ‘hybrid’ system is
loaded at an Orientation of 45°, a moderate reduction
in the magnitude of the Poisson’s ratio is observed,
1.e. from —0.99 to —0.81. On the other hand, for the
anti-tetrachiral system, the reduction is far more pro-
nounced: from —0.99 to —0.50. This factor, along
with the other findings of this study, indicates that
through smart design and geometry optimization
techniques similar to those employed in Sorrentino
et al.,> it may be possible to design metamaterial
structures which effectively capture, to a certain
extent, the best features of two distinct classes of aux-
etic structures and combine them together. In the case
study conducted here, we have shown that the
‘hybrid’ geometry has the ability to attain the high
strain tolerance of the anti-tetrachiral honeycomb,
whilst retaining the high level of isotropy found in
the rotating square system. The findings of this
work could also be potentially extended to the
design of other ‘hybrid’ rotating structures such as
those between rotating quadrilaterals and irregular
anti-tetrachiral honeycombs, as well as rotating trian-
gles and anti-trichirals (although it is well known that
in the latter structure the introduction of ligaments

affects the Poisson’s ratio in both on-axis and off-
axis directions'”**%) This work also highlights the
importance of investigating the shear moduli and
off-axis properties of auxetic systems since, as evi-
denced in this work, the effect of certain geometric
alterations such as the introduction of ligaments can
influence the deformation modes and mechanical
properties of metamaterials in ways which cannot
be observed and thoroughly studied from solely uni-
axial on-axis loading analyses. Furthermore, future
studies concerning the high-strain off-axis behaviour
of these systems using nonlinear geometric and mate-
rial properties, as well as experimental analyses,
should also be carried in order to fully understand
how the loading direction affects the mechanical
properties and deformation behaviour of these aux-
etic systems.

Conclusions

In this work we have conducted a study to analyse the
effect of the introduction of ligaments on the on-axis
and off-axis properties of rotating unit auxetic
metamaterials. We considered two different classes
of auxetic systems, namely the rotating squares and
anti-tetrachiral systems, which are geometrically very
closely related to one another, and also compared the
mechanical properties and deformation modes of
these systems with those of an optimized ‘hybrid’
structure possessing geometric features related to
both these metamaterials. The conclusions of this
work may be summarized as follows:

e The rotating square system exhibits the highest
level of structural stiffness and shear resistance,
as well as the lowest level of anisotropy for off-
axis loading. The system exhibits a high degree of
auxeticity for both on-axis and off-axis uniaxial
loading. On the other hand, the system suffers
from severe localized strain/stress concentrations
and an overall low global strain tolerance.

e The anti-tetrachiral system, which is essentially a
‘ligamented’ version of the rotating square system,
shows a relatively reduced level of stiffness and a
high extent of anisotropy which increases drastical-
ly with increasing ligament length. The system
exhibits a large magnitude negative Poisson’s
ratio for on-axis loading, however the auxeticity
of the system may be lost when loaded off-axis
due to ‘wine-rack’-like deformation modes induced
by the presence of the ligaments. These disadvan-
tages are partially offset by the high deformability
and optimal distribution of localized stresses
throughout the system.

e The ‘hybrid’ geometry possesses a stiffness level in
the same logarithmic order of magnitude as the
anti-tetrachiral system, albeit at a higher absolute
value (double in the case studied here). It also has a
localized stress/strain distribution profile which is
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similar to the anti-tetrachiral geometry. However,
it also exhibits a low level of anisotropy which is
comparable to the rotating square system and thus
retains its auxetic potential for loading both in an
off-axis or an on-axis direction.
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