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The plane problem of a loaded Euler-Bernoulli beam of finite length in frictionless bilateral contact with a
microstructured half-plane modelled by the couple stress theory of elasticity is considered here. The
study is aimed to investigate the size effects induced on the beam internal forces and moments by the
contact pressure and couple stress tractions transmitted across the contact region. Use is made of the
Green’s functions for point force and point couple applied at the surface of the couple stress elastic
half-plane. The problem is formulated by imposing compatibility of strain between the beam and the
half-plane along the contact region and three alternative types of microstructural contact conditions,
namely vanishing of couple stress tractions, vanishing of microrotations and compatibility between rota-
tions of the beam cross sections and microrotations of the half-plane surface. The first two types of
boundary conditions are usually assumed in the technical literature on micropolar materials, without
any sound motivation, although the third boundary condition seems the most correct one. The problem
is thus reduced to one or two (singular) integral equations for the unknown distributions of contact pres-
sure and couple stress tractions, which are expanded in series of Chebyshev orthogonal polynomials dis-
playing square-root singularity at the beam ends. By using a collocation method, the integral equations
are reduced to a linear algebraic system of equations for the unknown coefficients of the series. The con-
tact pressure and couple stress along the contact region and the shear force and bending moment along
the beam are then calculated under various loading conditions applied to the beam, varying the flexural
stiffness of the beam and the characteristic length of the elastic half-plane. The size effects due to the
characteristic length of the half-plane and the implications of the generalized contact conditions are illus-
trated and discussed.
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1. Introduction

Two-dimensional analyses of the contact problem of beams and
plates resting on a deformable ground with microstructure are
usually required in the field of micromechanics as well as in civil
and biomechanical engineering, e.g. in the design of building foun-
dations resting on granular materials, railway trucks laying on rail-
way ballast and bone implants. For a preliminary analysis of the
problem, the mechanical behaviors of the beam and ground are
supposed to be elastic, in particular under serviceability condi-
tions. If the support is made of inhomogeneous or granular mate-
rial, like concrete, masonry, cellular materials and bones (Liu and
Su, 2009; Eremeyev et al. 2016a; Eremeyev et al., 2016b;
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Eremeyev et al., 2017), then its constitutive relation may involve
one or more characteristic lengths, defined by the sizes of the
coarse and granular constituents. A similar situation occurs also
for micro- and nanobeams supported by deformable layers, e.g.
in MEMS and NEMS systems, where the size of the beam is compa-
rable to the characteristic length associated to the materials inher-
ent microstructure. In these cases, the mechanical response of the
system may result as size dependent. Therefore, the classical the-
ory of elasticity becomes inadequate and more enhanced constitu-
tive theories are required for calculating the contact pressure
accurately.

In order to predict the mechanical response of these compo-
nents, an accurate investigation of the stress and strain fields aris-
ing along the contact region is mandatory, with special regard to
stress concentration occurring at the edges, which can lead to loss
of adhesion, debonding and other damaging phenomena affecting
the durability and stability of the system.
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In order to circumvent some of the pathological results pro-
vided by the classical theory of elasticity, the use of enhanced con-
stitutive models based on micropolar theories of elasticity has
been proposed (Toupin, 1962, Mindlin and Tiersten, 1962,
Mindlin, 1963). The simplest class of micropolar theories is repre-
sented by the indeterminate couple stress theory of elasticity,
developed by Koiter (1964). This theory assumes that the microro-
tations are not independent but, rather, fully defined by the dis-
placement field and actually coincident with the macroscopic
rotations of the infinitesimal neighbourhood of the material point.
Moreover, the local interaction between the continuum particles
through a surface element occurs not only through a force vector,
but also through a moment vector. Under plane strain conditions,
this constitutive model features an additional material characteris-
tic lengths, which allows to simulate the size effects.

Use of the indeterminate couple stress theory has been effi-
ciently exploited in the analysis of stress concentration problems
at the micro and nanoscale, such as in fracture mechanics of
microstructured materials (Radi, 2007; Radi, 2008; Morini et al.
2013, Gourgiotis and Georgiadis, 2011; Nobili et al., 2019). Several
investigations were recently performed on the contact problem
between a rigid indenter of various shape and a couple stress elas-
tic half-plane (Gourgiotis and Zisis, 2016; Gourgiotis et al., 2016;
Karuriya and Bhandakkar, 2017; Song et al., 2017), thus neglecting
the deformability of the indenter. In addition to the usual boundary
conditions of the classic continuum, which constrain displace-
ments and surface tractions, micropolar theories necessarily
involve non-standard boundary conditions on the microrotation
and micromoment. The works on the problem of indentation of a
couple stress elastic materials usually assume that the moment
tractions exchanged between the rigid indenter and the half-
plane are equal to zero, even if these interactions can in principle
be transmitted along the contact region. This choice is not neces-
sarily justified from the physical point of view, but it is commonly
assumed in order to recover the classical elastic solution as the
characteristic length tends to zero. Such an assumption is also con-
sidered in the boundary conditions between a couple stress elastic
material and a classical elastic material. For the plane problem of a
circular inclusion in an infinite medium, Weitsman (1965) required
continuity of displacements, rotation, tractions and couple stress
tractions between the two materials modelled by using the couple
stress theory of elasticity. As one of them tends to display classic
elastic behavior, namely as the corresponding material length
tends to zero, then it loses its substructure and the possibility of
transmitting couple stress tractions.

In the analysis of a Mode III crack along the interface between
couple-stress and classical elastic materials Piccolroaz et al.
(2012) considered two types of transmission conditions. In the first
case, these authors assumed that the couple-stress tractions are
continuous at the interface, and thus vanishing. In the second case,
they assumed instead that the rotations are continuous at the
interface. It turns out that the solutions are quite different in the
two cases and it is not possible to satisfy simultaneously both type
of transmission conditions, so that a mismatch is always present at
the interface, resulting either in a non-balanced couple-stress or a
discontinuity in the micro-rotations.

Differently from the classical elastic continuum, an Euler-
Bernoulli (EB) beam can instead transmit distributed couples when
is put in contact with a micropolar material.

To our knowledge, the only attempts to enhance the classic con-
tact conditions in the context of a micropolar continuum are the
works of Zhang et al. (2005) and Lewandowski-Szewczyk and
Stupkiewicz (2020). The former work proposed that the increment
of the micromoment at the contact zone is proportional to the
increment of the relative microrotation, with the proportionality
coefficient depending on the contact pressure. The microblock con-
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tact model proposed in latter work assumes instead the coupling
between the displacements and microrotations along the contact
zone, as it follows from simple micromechanical considerations.

Investigations of the contact problem between an elastic beam
and an elastic half-plane were performed by Shield and Kim (1992)
by considering an EB beam welded to a classical elastic half-plane
subject to a thermal mismatch strain. These Authors expressed the
contact stresses through a series of orthogonal Chebyshev polyno-
mials displaying square root singularity at the beam edges. Then,
they found the series coefficient after the imposition of the strain
compatibility condition along the contact zone by using a numer-
ical collocation procedure. The analysis was also extended to the
problem of a shear deformable beam in contact with a classical
elastic half-plane by Lanzoni and Radi (2016) and to the beam
buckling problem by Falope et al. (2020).

In the present work, the problem of a deformable EB beam of
finite length in bilateral frictionless contact with a couple stress
elastic half-plane is investigated by assuming that both contact
pressure and couple stress tractions are transmitted across the
contact zone. The couple stress theory of elasticity necessarily
requires boundary conditions on the rotation and couple stress
tractions in addition to the usual boundary conditions of the classic
non-polar continuum on displacements and stress tractions. A
challenging problem addressed in this work is thus how to extend
the classic contact conditions to include the effects of the rotation
and couple stress tractions. In the proposed approach, the classical
strain compatibility condition between the slope of the beam and
that of the half-plane surface is imposed along the contact region.
Moreover, three types of microstructural contact conditions are
considered and discussed, namely, vanishing of couple stress trac-
tions, vanishing of rotations and compatibility between rotations
of the half-plane surface and slope of the beam. The three alterna-
tive conditions lead to significantly different results in term of
bending moment and shear force along the beam. By using the
results of the asymptotic analysis performed by Gourgiotis and
Georgiadis (2011) for Mode I crack-tip fields, both the contact pres-
sure and couple stress tractions are assumed to display a square
root singularity at the edges of the contact region. Then, they are
expanded in series of orthogonal Chebyshev polynomials of the
first kind. This assumption allows to remove the singularity of
the integral equations. By means of a collocation technique, the
problem is reduced to a linear algebraic system of equations for
the unknown coefficients of the Chebyshev series expansion
adopted for the contact pressure and couple stress tractions. The
study allows to investigate the distribution, of contact pressure
and couple stress tractions along the contact region, varying the
relative bending stiffness of the beam with respect to the elastic
modulus of the half-plane and the ratio between the half-plane
characteristic length and the beam length. Therefore, the present
study represents an extension of the works on beams in contact
with an elastic half-plane performed by Shield and Kim (1992),
Lanzoni and Radi (2016), and those on rigid indentation of a couple
stress elastic half-plane performed by Gourgiotis and Zisis (2016)
and Zisis et al. (2018).

The paper is organized as follows. The governing equations for
the EB beam under general loading and the couple-stress half-
plane are reported in Section 2 and the 2D problem is approached
by using Fourier transforms. The solution to the problem of a con-
centrated couple applied at the surface of the couple-stress half-
plane is presented in Section 3 for the first time, together with
some results obtained by Gourgiotis and Zisis (2016) and Zisis
et al. (2018) for the problem of a concentrated force applied at
the surface of the couple-stress half plane. The contact conditions
between the beam and the half-plane surface are imposed in Sec-
tion 4. The main results in terms of contact pressure, couple stres-
ses tractions, bending moment and shear force along the beam are
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reported in Section 5 for some relevant symmetric as well as skew-
symmetric loading cases. Finally, conclusions are drawn in
Section 6.

In this work, we concentrate on the size effects induced by the
material characteristic length and on the proper definition of con-
sistent non-standard contact conditions. For the sake of simplicity,
we assume a bilateral frictionless contact. The associated unilateral
contact problem will be considered in a forthcoming paper.

2. Governing equations

Let us consider an elastic EB beam of length 2a in bilateral fric-
tionless contact with a couple stress elastic half-plane. The beam
has arbitrary but uniform cross section of inertia moment I per unit
width and Young modulus Ey, and is subjected to general transver-
sal loading, denoted by q(x), where (0, x, y) is a Cartesian reference
system with the x-axis aligned with the centroidal axis of the
beam, ranging between -a and a, and the y-axis directed towards
the underlying half-plane, as shown in Fig. 1a. The balance equa-
tions of the beam then read:

T'(x) +q(x) —p(x) =0, M'(x)—T(x)+m(x)=0, (2.1)

where T and M are the internal shear force and bending
moment along the beam, p and m denote the contact pressure
and couple stress tractions transmitted between the beam and
the half plane, which are assumed positive if they are directed as
in Fig. 1b, and prime denotes differentiation with respect to coor-
dinate x, namely (...)’ = o(...)/ox.

By using the constitutive relations and the compatibility condi-
tions for the EB beam, the bending moment and shear force of the
beam cross section at abscissa x are given by the following rela-
tions in terms of the derivatives of the transversal deflection of
the beam #(x)

M(x) = —Eol v (x), T(x) = —Eol v"(X) + m(x). (2.2)

From (2.1); and (2.2)s, the governing equation of the beam in
terms of transversal deflection becomes

Eol v (x) = q(x) — p(x) + m'(x). (23)

The boundary conditions for the problem considered here
require the vanishing of the bending moment and shear force at
both the beam ends, namely

(@)

International Journal of Solids and Structures 232 (2021) 111175

M(+a) =0, T(+a)=0 (2.4)

Integrating eqn (2.3) by parts three times between —a and x, and

using the boundary conditions (2.4) one may find the slope of the
deflected beam as

V) =g [ A0~ PO 0+ 2m) e ) de - v(-a)

(2.5)
together with the balance conditions for the entire beam

[ ia® - pen de=o,
J—a (2.6)

[ 19 - po) ¢ - moyy e =o,

Let F denote the resultant of the external load applied to the
beam and e the abscissa of the corresponding point of application
(eccentricity), namely

F= /a q(x) dx, e:%/a q(x) x dx. (2.7)

Under plane strain condition, the 2D displacement field in the
couple stress elastic half-plane is defined by the components
ux(x,y) and uy(x, y). Correspondingly, the strain, rotation and curva-
ture fields are given by

&xy = (Uxy + Uyx) /2, (2.8)

Exx = Uxx, &y = Uyy,

W, = (uy,x - ux.y)/27 Kxz = wz,x: Kyz = CUz\ys (29)

respectively, where the rotation m, is assumed positive if clock-
wise directed. Hereinafter, a subscript comma denotes partial dif-
ferentiation, e.g. uy, = du,/dy. In the absence of body forces, the
balance equation for the couple stress elastic half-plane are
Oxxx + O-yx‘y = 07
ny.x + ny,y = O»
Oxy — Oyx + Mygx + My =0, (2.10)

where ¢ and m are the nonsymmetric stress tensor and the
couple stress tensor, respectively. The constitutive behavior of
the couple stress elastic material is defined by three parameters,
namely the shear modulus L, the Poisson ratio v and the char-
acteristic length ¢, which occur in the following constitutive
equations between stresses and strains under plane strain
conditions

T+dT

M T>Aﬁum4

mdx\%dx

dx

(®)

Fig. 1. Euler-Bernoulli beam of length 2a in bilateral frictionless contact with a couple stress elastic half-plane under general loading (a), and forces and couples acting on a

very thin slice dx of beam.
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2U e = (1 =V) O — V Oy,

2 ey =(1-V) gy —V Ox, (2.11)
AUy = Oy + Oy,

and between couple stresses and curvatures
My, = AU Kyy, My, = BUEP Ky, (2.12)

To satisfy the balance equations (2.10), the stress and couple
stress components admit the following representation in terms
of the Mindlin’s stress functions ®(x, y) and ¥(x, y) (Mindlin, 1963)
Oxx = (D,yy - lP,xw
ny = (Dxx + \P,xy7

2.13
Oy = —DQyy — ¥y, ( )
O-yx = *(D.xy + ‘{I.xm
My, = lp,xv myz = \Ij,y- (214)

According to (2.11) and (2.13), the strain fields can be written in
terms of the two stress functions as
2U e =Dy + ¥y —vAD,
2 &y = D xy—vA4D,
ey =—"20,y+VY -,

(2.15)

Moreover, the compatibility equations in term of stress yield
the following differential relations between the two stress func-
tions (Zisis et al., 2014; Zisis et al., 2018):

(¥ — A7), +2(1 V) 4, =0,

2.16
(W —£24¥), —2(1 - v) £4d, =0, (216)

where A denotes the Laplace operator in the plane. Eqns (2.16)
can be decoupled into the following two PDEs for the two stress
functions

AAD =0, AY - AAP =0. (2.17)

In order to solve the boundary value problem considered here,
the Fourier transform and its inverse are introduced. They are
defined as follows

fw) = [ foxy) e

fy) =g [ sy etas, 218)

where i = (—1)'/? is the imaginary unit. Therefore, the Fourier trans-
forms of the governing equations (2.17) yield the following ordinary
differential equations for the two stress functions

D,y — 257 Dy +5* O =0, (2.19)

e li’Vvyyy - (1-25°7) \'i}.yy +52(1 4 526%) Y- 0,

which admit the following bounded solutions as y — oo:

(2.20)

D(s,y) = [C1(s) +y Ca(s)] eV, (2.21)

W(s,y) = C3(s) e + Ca(s) €, (2.22)

where Ci(s) for k=1, 2, 3, 4 are four unknown functions to be deter-
mined by using the boundary conditions at y = 0, and

y=1/s2+1/¢,

According to the compatibility conditions (2.16),, the following
relation holds between the functions C,(s) and C5(s)

C3(s) = —4i(1 — v)se?Cy(s).

(2.23)

(2.24)
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The Fourier transforms of the stress and couple stress fields
then become

O =D,y +isV,,

2 D_is T
Oy =—5 O—is'¥,,

0 . ; (2.25)
Oy =is®, — 52 ¥,
Gy =isD, — ¥,
Me=—is ¥, m,=WV,. (2.26)

Finally, the Fourier transforms of the displacement and rotation
fields follow from the integration of the Fourier transforms of the
strain fields as (Gourgiotis and Zisis, 2016; Zisis et al., 2018)

- 1 [1-v.~ P
uxzﬂ{T@yvas(D—‘P,y},

- 1 [1-v - L0

=g {5—2 Dy — (2 V) Dy —is \If] (2.27)
1 2 - SN -

.= 1 {_?(1 V) Py = $2D,) + ¥y - 2 \1’]7 (2.28)

respectively.
3. Green’s functions for the couple stress elastic half-plane

Let us first consider the boundary value problem of a clockwise
couple C applied on the surface a couple stress elastic half-plane
(y > 0) at the origin of the coordinate reference system (x =y = 0)
(see Fig. 2). The intensity of the couple distributed along the out
of plane direction is expressed in dimension of [force]. In this case,
the boundary conditions along the surface y = 0 are:

o,y (x,0) =0,
ox(x,0) =0
myZ(Xvo) =-C 5(")7

for — oo <X < o0, (3.1)

where 3(x) is the Dirac delta function.

By using the representations of stresses and couple stresses
(2.13) and (2.14) in terms of the stress functions, the Fourier trans-
forms of the boundary conditions (3.1) then provide

s ®(s,0) +iW,(s,0) =0,

TN
L/

'I 0 \
\
] |
" wv,
\ y I’
b /
N /
A /
A ’
S ,
S -
\\\ _-

—_ e =

Fig. 2. Couple C and force P applied on the surface of a couple stress half-plane at
the origin of the reference coordinate system.
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®,(5,0) — s ¥(s5,0) =0, (3.2)
¥,(s,0) = —C.

The introduction of (2.21) and (2.22) in Eq. (3.2), using also Eq.
(24), then yields the following results for the unknown functions
C(s)fori=1,2,3,4:

C](s) = C7
v =]
Ga(s) S |§|LD(5) 53
D(sy™ v ‘

CB(S) |;D(S) C7

Ca(s) = D(s)’
where

D(s) =7 +4(1—v) (7 - Is|) . (34)

The substitution of the functions (3.3) into eqn (2.25)-(2.27)
then provides the Fourier transforms of the stress, couple stress,
and displacement fields. In particular, the Fourier transforms of
the displacement components at the half-plane surface due to
the couple C become

. s
u(s,0) =1

; M ;;|ﬂ (3:3)
0600 =1 = 15 by

Then, the inversion of Fourier transforms (3.5), according to
(2.18),, yields

uS(x,0) = C 171_—7; / ‘W(SZ) cos sx ds, (3.6)
J 0
U (x,0) = Y /0 w(st) sin sx ds, (3.7
where
w(z) = 142 - . (3.8)
VI+224+4(1-v)(V1+22-2) 22
0.10 T T .
0.05
@)
~
[
=
6: 0
<
3
-0.05 v=0
—v=03
—v=0.5
—0.10 L . . .
-10 -5 0 5 10
x/0

(a)
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Since w(z) = 0(z2) as z — oo, then both displacement compo-
nents (3.6) and (3.7) are vanishing at x = 0. The slope of the half-
plane surface is given by

1-v [
C —
uy,(x,0)=C T /0 w(sf) s cos sx ds. (3.9

The introduction of the stress functions (2.21) and (2.22) in
(2.28), by using the results (3.3), and the successive inversion of
the Fourier transforms then yield the rotation field at the half-
plane surface due to the couple C applied at the origin of the Carte-
sian coordinate system

S+
) [3-1—4(1 _v)}cossxds.

@(x,0) = c!

(3.10)

The normalized variations of vertical displacement and rotation
along the half-plane surface at y = 0, are plotted in Fig. 3 for three
different values of the Poisson coefficient. It can be observed that
the vertical displacement is vanishing at x = 0, whereas the slope
and rotation display a logarithmic singularity as shown in the
Appendix A. The Poisson coefficient has a noticeable influence on
the vertical displacement, but it has a lower effect on the rotation
field.

The Green’s functions for the problem of a couple stress half-plane
(y > 0) subject to a force P applied on its surface at the origin of the
coordinate reference system (x = y = 0) (see Fig. 2) are derived in
Gourgiotis and Zisis (2016) and Zisis et al. (2018) and some useful
results are reported in the following. The intensity of the force dis-
tributed along the out of plane direction is expressed in dimension
of [force][length]™!, being distributed along the out of plane direc-

tion. In this case, the boundary conditions along the surface
y =0 are:

Oy (x,0) = —P o(x),

Oyx(x,0) =0, for —oo<x< oc.

my,(x,0) =0, (3.11)

By transforming these conditions and using eqn (2.24), the fol-
lowing solution for the unknown functions Ci(s) (k = 1, 2, 3, 4) is
obtained:

0.15m : — : :
0.10
@)
Q
)
=
S 0.05
Z
3
0
-0.05 L. . . .
-10 -5 0 5 10
x/l
()

Fig. 3. Normalized variations of vertical displacement (a) and rotation (b) along the half-plane surface at y = 0, for three different values of the Poisson coefficient.
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P
C1(5)2577
yP
“0= by
Lo p (3.12)
Cs(s) = —4i (1 —v)s¢ S0
C4(s):4i(1fv)s£2w,

where D(s) is defined in (3.4). The corresponding slope along the
surface of the couple stress elastic half-plane then is given by

P 1-v[ 1 ST

uy (x,0) = T3 -2y {f§+ 2(1 - v)./of(se)sufxﬂ, (3.13)
where

fl2) = 22(WV1+ 22 —-2) - V1 + 22 (3.14)

VI+Z2+4(1 -1 +2-2)22

being f(z) = 0(z?) as z — oc. The introduction of the stress func-
tions (2.21) and (2.22) in (2.28), by using the results (3.12) and the
successive inversion of the Fourier transform then yield the rota-
tion field at the half-plane surface due to the force P
P (x,0) = —P — / w(st) sin sx ds, (3.15)

whose trend is 51m11ar to the vertical displacement caused by a
concentrated couple (3.7) plotted in Fig. 3a, which is vanishing at
x=0.

4. Contact conditions

Regarding the classical contact conditions between the EB beam
and the couple stress half-plane, we assume vanishing shear stress
as due to the frictionless assumptions and equal displacement of
the beam and the half-plane surface along the normal direction.
The former condition is met by the Green’s functions derived in
Section 3. The latter condition is better formulated in terms of
slope, thus avoiding the introduction of a rigid body motion. There-
fore, we impose that the slope of the beam is equal to the slope of
the half-plane surface along the full length of the beam, namely

v'(x) =uyx(x, 0),  for [x| <a, (4.1)

In eqns (4.1), the slope of the beam V/(x) is given by (2.5),
whereas the slope of the half-plane surface follows from the
Green'’s functions (3. 9) and (3.13) as

Uyx(x,0) = 1- v{ / p(t) dt
x{—L+2 1—v/fs€ ) sin(s —t)]ds}
/ m(t dt/ w(st) § —t)] ds} (4.2)

The admissible singularity for the stress and couple stress fields
at the edge of the contact region are defined by the condition of
vanishing tractions on the free surface and vanishing shear stress
on the side of the beam contact. No conditions are imposed by
eqn (2.3) on the higher order terms of contact pressure p and cou-
ple stress tractions m, due to the contribution of the higher order
terms of the displacement fields provided by the term v"”. There-
fore, the asymptotic fields in the half-plane near the beam edges
must be similar to the Mode I crack-tip fields in couple stress elas-
tic materials. According to the asymptotic analysis developed by
Gourgiotis and Georgiadis (2011) for a Mode I crack problem, both
the contact pressure p(x) and the couple stress tractions m(x) may
display a square root singularity at both ends of the contact zone.
Therefore, they can be assumed in the following form

International Journal of Solids and Structures 232 (2021) 111175

F & Ta(x/a)
pX) == ) D=,
51— ey
m(x) = F = m, T, (x/a) 7 (4.3)
=1 wap

for |x|<a, where p, and m, (n =0, 1, 2,...) are unknown coefficients,
and T, are the Chebyshev polynomials of order n of the first kind
(see Appendix B). Note that the derivative of the couple stress trac-
tions m’(x), which appears in the governing equation (2.3), displays
a singularity stronger than the contact pressure at the beam ends.
By using the result (B.2) provided in Appendix B, being To(t) = 1
and T,(t) = t, the introduction of representations (4.3) and defini-
tions (2.7) in the balance conditions (2.6) then provides the follow-
ing two relations
p0:%7 mo_%_% (44)
The introduction of representations (4.3) and the following non-
dimensional quantities

o = sa, A=1{/a, (4.5)

in eqns (2.5) and (4.2) then yields

"X/a
va»—vem+2;,{/lqma—owt

e 2 [pnAn (;_‘) —2myB, (g)] } (4.6)

e 0 =S [0 )
2(1 - v)/:f(oci)]n(oc) sin (%f%) dac}

oaxX nm

my /jw(aci) o J, () cos (? ——) dcx} (4.7)

where the results (B.3), (B.4) and (B.5) provided in Appendix B
have been used, and the functions A,(&) and B,(&), for n > 0, are
defined by

AAQ::/tlwfizfﬁ—def
m@=/:ﬂi?¢fwm. (438)

Closed form expressions for the functions A,(&) and B,(&) are
worked out in Appendix C.

The introduction of eqns (4.6) and (4.7) in the classical bound-
ary condition (4.1) then yields the following relation for the
unknown coefficients p,, and m, (forn > 1) :

,qu(a {/ q(at)(
N [ +21_v/fou]n )sm(é——) }

+(1-v) Zmn /0 w(ad) o J, (o) cos(otg“ 7r127n) doa, for|¢ <1

(4.9)

dT—Z[pn n 2rnn n(é)]} =

where & = x/a and B = pa®/(Eql) are non-dimensional quantities,
the latter denoting the relative bending compliance of the beam,
namely the ratio between the elastic shear modulus of the half-
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plane and the bending stiffness of the beam. The rotation of the
cross section at the left end of the beam follows from eqn (4.9)
for g =-1as

+(1- v) / w(otd) o) (o) cos(ac+ > dot. (4.10)
In the following, we consider three alternative types of
microstructural contact conditions along the contact region, that

can be added to the classical one (4.9).
4.1. Type I microstructural contact conditions

Vanishing of the generalized tractions on the contact surface is
the simplest assumption and a common choice in contact mechan-
ics of micropolar continua. Therefore, the first type of contact con-
ditions assumes that no couple stress tractions are transmitted
along the contact region, namely:

m(x)=0, for|x|<a (4.11)

This assumption necessarily requires m, = 0. In this case, the
contact pressure coefficients p,, (for n > 1) are obtained from eqn
(4.9) by using a collocation procedure and eqn (4.10) for v'(a), as
illustrated in Section 5.

4.2. Type Il microstructural contact conditions

The second type of contact conditions assumes that rotations
can not occur at the surface of the couple stress half-plane in fric-
tionless contact with the beam, namely

w,(x, 0) =0, (4.12)

where the rotations w,(x, 0) at the surface of the half-plane fol-
low from the Green’s functions (3.10) and (3.15) as

w,(x,0) = %{—/a p(t) dt/mw(sf) sin[s(x — t)] ds

/ m(t dt/ w(st) { aa /)] cos[s(xft)]ds}

(4.13)

for x| <a

The introduction of representations (4.3) and non-dimensional
quantities defined in (4.5) in eqn (4.13) then yields

12
o 0 =FLE S [ i) o {m[ W}

o-X nm
X COS (— - —) -
a

. <OC -X N7

—- —) }dog (4.14)

where the results (B.4) and (B.5) provided in Appendix B have
been used. The introduction of eqn (4.14) in condition (4.12) then
yields the following relation between the unknown coefficients p,,
and m, (forn=1,2,3,...):

/ w(a ) J, (o) {pn sm(oc 7771)

—m, {ac MR A G ] os<oc£—nz—n)}doc —0. (4.15)
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In this case, the unknown coefficients p, and m,, (for n > 1) fol-
low from the system of equations (4.9) and (4.15) by using a collo-
cation procedure, as shown in the next section.

4.3. Type Ill microstructural contact conditions

The first two types of boundary conditions are usually assumed
in the technical literature on micropolar materials without any
sound motivation. The last type of contact conditions considered
here is more realistic. It assumes that the rotation at the surface
of the couple stress half-plane in frictionless contact with the beam
coincides with the slope of the beam, and thus with the rotation of
the beam cross section, namely:

uyx(x, 0) = w,(x, 0), for |x| <a (4.16)

In the undetermined theory of couple stress considered here,
microrotations are indeed assumed to coincide with macrorota-
tions and this condition has been exploited in formulating the con-
tact conditions (4.16). As suggested by one of the reviewers, the
boundary condition (4.16) is equivalent to the assumption of van-
ishing shear strain along the contact zone, namely &,, = 0 and thus
uyy = -uy for y = 0. Then, condition (4.16) follows from eqn (2.9);.

The introduction of eqns (4.7) and (4.14) in condition (4.16)
then yields the following relation for the unknown coefficients p,
and m, (forn=1,2,3,...):

;{pn {Un_l(é)+/:(3j—2v (w)) Ja(o0) sin (2 = 2F) do‘}

n = In .
’4(1Tv) ;V/O d(c%)) COS(““%) dor } =

for |£| < 1, where

=V1+24+4(01 -v)(V1+22-2) 2% (4.18)

In this case, the unknown coefficients p,, and m, (for n > 1) fol-
low from the system of two integral equations (4.9) and (4.17) by
using a collocation procedure, as detailed in the next section.

It should be noted that the adoption of contact conditions on rota-
tion in eqns (4.12) and (4.16) leads to an over-constrained version of
the classical elasticity solution. In these two cases, the couple stress-
based solution is not expected to approach to the classical elastic
solutions as ¢ — 0 (Karuriya and Bhandakkar, 2017).

(4.17)

5. Numerical solution and results

If a finite number N of terms is considered in the series (4.3),
then the compatibility condition (4.10) together with the consid-
ered microstructural contact condition defined in Section 4 are
imposed at N properly selected collocation points x, being po
and mp known from the balance conditions (4.4). In the present
case, the optimal collocation points are the roots of the Chebyshev
polynomial Ty(x), namely

X — COS 2k -1
k= 2N

n), fork=1,2,...,N. (5.1)

The proposed approach allows to transform the system of one
or two integral equations into a linear system of N or 2N algebraic
equations, respectively, that can be solved for the unknown coeffi-
cients p, and m,, forn =1, 2,..., N, introduced in (4.3). The regular-
ity of this kind of algebraic system and the rate of convergence
have been studied in detail (e.g. Erdogan, 1969; Erdogan, and
Gupta, 1972).
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Once the contact pressure and couple stress tractions under the
beam are known, the distribution of bending moment and shear
force along the beam can be obtained from eqns (2.2) and (2.5)
namely:

M(x) = */X{[Q(f) —p(®)](x —t) +m(t)} dt,
- (5.2)

Tm:—[ﬁm—MMda

Then, the introduction of representations (4.3) for a finite num-
ber N of terms and definitions (2.7) in Eq. (5.2) yields

M(x) = Fa XN: [p. By (g) ~ m,CO (g)] - / iaq(t)(x— £)dt, (5.3)
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Fig. 4. Distributions of contact pressure under the beam due to a uniformly
distributed loading q = F/(2a), for B = 1 and v = 0.3, for some values of the non-
dimensional ratio A = ¢/a, for microstructural boundary conditions of Type I.
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T = F3 py O G-/ " d, (5.4)
n=0 —a

where B, is defined in eqn (4.8) and calculated in Appendix C, and

0 [0 _Ta(®
- [ A (5.5)
whose closed form expression is provided in (C.2) in
Appendix C.

The distributions of contact pressure and couple stress tractions
under the beam are calculated for the three types of microstruc-
tural contact conditions considered in the previous sections, under
uniformly distributed loading or concentrated load applied to the
beam, varying the bending compliance of the beam and the charac-
teristic length of the elastic half-plane through the parameters B
and 2, respectively. All the results reported in the following are
obtained for the Poisson coefficient v = 0.3 and for a number of
terms N in the series larger than 30. Symmetric loading conditions
are considered first. Under symmetric loading, the distribution of
contact pressure p along the contact region is symmetric, whereas
that of the couple stress tractions m is skew-symmetric.

The normalized distribution of contact pressure under the beam
due to a uniformly distributed loading applied to the beam for van-
ishing couple stress tractions as required by type I microstructural
contact conditions is reported in Fig. 4 for B = 1 and for some values
of the non-dimensional ratio A = ¢/a < 1. It can be observed that the
contact pressure is everywhere compressive and displays a square-
root singularity at both ends. The results for very small value of the
characteristic length, e.g. for A = 0.01, are expected to approach the
classical elastic solution. It can be observed that the distributions
for A =1 and % = 0.01 are almost coincident, whereas the contact
pressure for intermediate values of A displays a slight reduction
in the central zone and a corresponding increase near the beams
ends. Therefore, the effects of the micropolar property of the
ground are limited if contact conditions of Type I are assumed.
The corresponding normalized distributions of bending moment
and shear force along the beam are plotted in Fig. 5a and 5b. Again,
the distributions for A = 1 and A = 0.01 are almost coincident,
whereas the curves for intermediate values of A display a notice-
able increase in the maximum values.

Distributions similar to those reported in Figs. 4 and 5, but for
microstructural contact conditions of type II, are plotted in Figs. 6

0.15
-------- =10
0.10 S A=05
WP B
7 . ===-1=02
0.05 N A=0.1
Q
— 21 =001
0.00
A
~0.05 O
\“\‘ :
~0.10 S |
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-1.0 -0.5 0.0 0.5 1.0
x/a
b

Fig. 5. Distributions of bending moment (a) and shear force (b) along the beam due to a uniformly distributed loading q = F/(2a), for 8 = 1 and v = 0.3, for some values of the

non-dimensional ratio A = ¢/a, for microstructural boundary conditions of Type L.



E. Radi

0.2F
B=1
OVOA i A A
-1.0 -0.5 0.0 05 1.0
xX/a
(a)

International Journal of Solids and Structures 232 (2021) 111175

04 v , .
1=10 &
seieie =05 o
02} ----21=02 ;7.
1=0.1 - )
. —— 1-001 J
= 00 LAl
= i -k
~02H/ "'
b
7 B=1
~04l :
1.0 -05 0.0 0.5 1.0
X/a
(b)

Fig. 6. Distributions of contact pressure (a) and couple stress tractions (b) under the beam due to a uniformly distributed loading g = F/(2a), for B = 1 and v = 0.3, for some
values of the non-dimensional ratio A = ¢/a, for microstructural boundary conditions of Type II.
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Fig. 7. Distributions of bending moment (a) and shear force (b) along the beam due
non-dimensional ratio A = ¢/a, for microstructural boundary conditions of Type II.

and 7. In this case, the effect of the material characteristic length is
more pronounced. As the characteristic length increases indeed,
the distribution of contact pressure in Fig. 6a remarkably increases
at the center of the contact zone and it decreases at the edges,
where it is compressive and singular. Also the couple stress trac-
tions in Fig. 6b remarkably increase with the characteristic length
and display singular behavior at both ends. Note that for a very
small characteristic length (A = 0.01) the couple stress tractions
vanishes almost everywhere in the contact region, except at the
edges where they tend to concentrate.

The corresponding effects on the beam consist in a significant
increase in the bending moment and a reduction in the shear force
as the characteristic length increases, as plotted in Fig. 7a and 7b,
respectively. In particular, for large values of the characteristic
length, e.g. for A = 1, the internal shear force displays the opposite
sign along the beam length (dotted line in Fig. 7b). These effects are
mainly due to the contribution of moment tractions, which are
required for preventing the rotations at the half-plane surface, as
required by the Type II microstructural contact conditions. This
kind of contact conditions is almost unrealistic and its use may

0.15 . ’ ’
0.10}
oosth oo
o 0.00[- -
S 1=10 "
-0.05F ...2. 1035 ST
o 0.2
g 1=0.1
o1sh—=27001 p=1
1.0 -0.5 0.0 0.5 1.0
x/a
(b)

to a uniformly distributed loading q = F/(2a), for B = 1 and v = 0.3, for some values of the

be questionable, specially for a frictionless contact problem,
although the rotation of the element in contact can be constrained
also if the interface is frictionless.

The distributions of contact pressure, couple stress tractions,
bending moment and shear force along the beam under Type III
microstructural contact conditions are then plotted in Figs. 8 and 9.
In this case, the contact pressure is almost unaffected by the size of
the material characteristic length (Fig. 8a), whereas the couple stress
tractions within the contact region exhibit a non-monotonic trend as
the characteristic length is increased. Namely, their magnitude
increases up to A ~ 0.2-0.3, and then it decreases and displays the
opposite sign in the central part of the contact zone for larger values
of A (Fig. 8b). Correspondingly, the bending moment along the beam
at first increases with the characteristic length and attains its maxi-
mum values at the center of the beam for A ~ 0.2-0.3. Then, it
decreases for larger values of L. No significant effects of the charac-
teristic length are instead observed on the shear force distribution,
being the contact pressure also unaffected by its variation.

The proper choice of the contact conditions depends on the
microstructural characteristic of the contact surfaces. A reasonable
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Fig. 8. Distributions of contact pressure (a) and couple stress tractions (b) under the beam due to a uniformly distributed loading q = F/(2a), for B = 1 and v = 0.3, for some
values of the non-dimensional ratio A = ¢/a, for microstructural boundary conditions of Type III.
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Fig. 9. Distributions of bending moment (a) and shear force (b) along the beam due to a uniformly distributed loading q = F/(2a), for 8 = 1 and v = 0.3, for some values of the

non-dimensional ratio A = ¢/a, for microstructural boundary conditions of Type III.

assumption is represented by type III, which assumes coincidence
between rotations of the half-plane surface and macroscopic rota-
tions of the beam cross section.

A common feature observed for all the three types of contact
conditions considered here is the evident size-effect on the magni-
tude of the bending moment predicted by the present solution in
Fig. 5a, 7a and 9a when the beam length becomes comparable to
the intrinsic characteristic length scale of the ground. The observed
size-effect is particularly emphasized for contact conditions of
Type IL. In this case, the bending moment for A = 1 in Fig. 7a is four
times larger than that for vanishing small A. Moreover, as the char-
acteristic length becomes vanishing small, the couple stress trac-
tions tend to vanish also for contact conditions of types II and III,
and the contact pressure tends to the classical elastic solution.

The effects of the relative compliance of the beam B with
respect to the ground on the distributions of contact pressure
and internal bending moment and shear force have been high-

10

lighted in Figs. 10 and 11 for microstructural contact conditions
of Type III, for A = 0.1, under uniformly distributed loading. Note
that low values of the non-dimensional parameter B denote high
bending stiffness of the beam with respect to the ground. Con-
versely, high values of B denote compliant beams. The case of a
plane rigid indenter can be recovered as the limiting case for
B = 0. As the relative bending compliance B of the EB beam
increases, the contact pressure increases at the center of the con-
tact zone and decreases at the edges (Fig. 10a) and the couple
stress tractions decreases and change sign in the central zone
(Fig. 10b). Correspondingly, the magnitudes of both bending
moment and shear force along the beam significantly decrease
(Fig. 11), in agreement with the classical elastic solution (Shield
and Kim, 1992; Sackfield et al., 2013; Barber, 2018).

A beam subject to a point force F applied at its midspan for
microstructural contact conditions of Type III is then considered
in Figs. 12 and 13, for B = 1, and for some values of the non-
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Fig. 10. Distributions of contact pressure (a) and couple stress tractions (b) under the beam due to a uniformly distributed loading q = F/(2a), for » = 0.1 and v = 0.3, for some
values of the non-dimensional ratio B, for microstructural boundary conditions of Type III.

0.10

0.08

< 0.06
=
=
0.04
0.02
0.00
-1.0
x/a
(@)

T/F

0.15

0.10

0.05

0.00

-0.05

-0.10

A=01

-0.15
-1.0

-0.5 0.0

x/a

(b

0.5 1.0

Fig. 11. Distributions of bending moment (a) and shear force (b) along the beam due to a uniformly distributed loading q = F/(2a), for » = 0.1 and v = 0.3, for some values of the

non-dimensional ratio B, for microstructural boundary conditions of Type III.

dimensional ratio A. For such a loading condition, the contact pres-
sure displays a relative maximum under the point load (Fig. 12a)
and it is only marginally affected by the size of the characteristic
length of the ground. Conversely, the couple stress tractions dis-
play an opposite trend which grows up (in modulus) in the central
part of the contact region as A increases, as reported in Fig. 12b.
Note that, due to symmetry, the couple stress tractions vanish at
the middle of the beam whatever the parameter . Correspond-
ingly, the bending moment along the beam plotted in Fig. 13a dis-
plays a sharp peak under the point load, whose value decreases
only for large characteristic lengths, namely for A > 0.5. The shear
force plotted in Fig. 13b is discontinuous across the load applica-
tion point, namely at x = 0 and it is almost unaffected by A.
Finally, the contact pressure and the internal forces and
moment due to a point force F applied at the beam with eccentric-
ity e = & a are reported in Figs. 14 and 15, for some values of §, for
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microstructural contact conditions of Type III, for =1 and A = 0.1.
For such asymmetric loading condition, the normalized contact
pressure plotted in Fig. 14a increases at the side of the load appli-
cation (on the right) and it decreases at the opposite end (on the
left), where it tends to vanish for § a bit larger than 0.5. If the
eccentricity of the load is further increased, then the contact pres-
sure is expected to become tensile. In this case, debonding may
occur if the beam is not sufficiently bonded to the ground. As &
increases, the couple stress tractions change sign at the edge far
from the load application point and tend to assume the same sign
all through the contact zone (Fig. 14b). The bending moment along
the beam plotted in Fig. 15a displays a sharp peak just under the
load application point, whose value decreases as the eccentricity
increases. Correspondingly, the shear force plotted in Fig. 15b is
discontinuous across the load application point, and its maximum
magnitude displays a slight increase with the eccentricity 3.
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Fig. 12. Distributions of contact pressure (a) and couple stress tractions (b) under the beam due to a point load F applied at x = 0, for p = 1 and v = 0.3, for some values of the

non-dimensional ratio A, for microstructural boundary conditions of Type III.
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Fig. 13. Distributions of bending moment (a) and shear force (b) along the beam due to a point load F applied at x = 0, for p = 1 and v = 0.3, for some values of the non-

dimensional ratio 2, for microstructural boundary conditions of Type III.

6. Conclusions

In this work, an analytical investigation of the plane problem of
a loaded EB beam in full and frictionless contact with a couple
stress elastic half-plane is performed. The contact problem was
solved by imposing the classical compatibility condition between
the slope of the beam and that of the half-plane along the contact
region together with an additional microstructural contact condi-
tion of three different types. The fundamental solutions for the
couple stress half-plane under point force and point couple applied
at its surface was used for reducing the problem to one or two inte-
gral equations. The unknown contact pressure and couple stress
tractions under the beam were expanded in series of Chebyshev
polynomials. Both fields were assumed to display square-root sin-
gularity at the beam ends, in agreement with the predictions of the
asymptotic analysis. The collocation method was then imple-
mented for solving the governing integral equations.

12

The study allows to evaluate in detail the influence of the
micropolar properties of the ground on the bending moment
and shear force in the beam, under the action of an arbitrary
system of external loads. The classical elastic solution is recov-
ered as the characteristic length becomes vanishing small. Gen-
erally, the magnitude of the couple stress tractions is found to
increase with the characteristic length. Although its contribution
is usually smaller than that of the contact pressure and mainly
restricted to the edges of the beam, it may provide a significant
influence on the shear force and bending moment along the
beam. Therefore, the obtained results show that the couple
stress tractions significantly affect the beam internal forces
and moments, and size dependent behavior is exhibited when
the beam length is comparable to the intrinsic characteristic
length scale of the ground.

Overall, the current work analyzes for the first time the role of
the moment tractions and, more in general, of the microstructural
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Fig. 14. Distributions of contact pressure (a) and couple stress tractions (b) under the beam due to a point load F applied at x = § a, for = 1 and v = 0.3, for some values of the

non-dimensional ratio A, for microstructural boundary conditions of Type III.
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Fig. 15. Distributions of bending moment (a) and shear force (b) along the beam due to a point load F applied at x = 8 a, for =1, A = 0.1 and v = 0.3, for some values of 5, for

microstructural boundary conditions of Type III.

contact conditions on the internal forces of structural members in
contact with a microstructured half-plane.

In particular, we showed that the condition of vanishing rota-
tion along the contact zone yields unusual distributions of couple
stress tractions and bending moment along the beam, although
such an assumption has been considered in some works in the lit-
erature. We also think that the assumption of vanishing couple
stress tractions may be correct if no rotational energy is transmit-
ted across the interface, and the Type III contact condition, which
requires the same macroscopic rotation between the beam and
the couple stress substrate, is the most correct one if the elements
in contact “lock” together, or form a common “elastic boundary
layer”. Evidence is provided that accounting for the moment trac-
tions along the contact zone and micropolar behavior of the half-
plane yields a significantly different response from the classical
elastic solution. Moreover, it is shown that finite values of the
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intrinsic characteristic length are a prerequisite for non-
negligible size effects to appear. In particular, it is found that size
effects can be significant in the range of internal length values that
is relevant for a wide range of commonly-used engineering mate-
rials. Moreover, we show that accounting for the micropolar
behavior of the ground, but neglecting the moment tractions in
the contact region may lead to a substantial underestimation of
the bending moment in the beam, in particular for the intermedi-
ate range of internal length values.

The most interesting applications concern the case of beam
length comparable with the microstructural characteristic length,
namely for the values of A about 0.5 and 1. These results are
expected to be significant and useful for engineering applications,
specially in the field of micromechanics. We aspire indeed that
the provided results may serve as a reference for the design of
structural components in contact with heterogeneous and complex
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materials, not only at the macroscale, but also at the micro and
nanoscale, providing a fundamental basis for the assessment of
the proper microstructural contact conditions.
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Appendix A. Local displacement, slope and rotation fields due to
a concentrated couple

Here, the asymptotic behavior of the vertical displacement and
rotation is analyzed near the point of application of the concen-
trated couple C. The function w(z) defined in (3.8) displays the fol-
lowing behavior at infinity

1 +O<l4>, as Z — oo.
V4

G T )

(A1)
Then, the introduction of (A.1) in (3.7) allows us to split the ver-
tical displacement into the following two parts

_cl=v ] /m U sindz
T omue 164y 022+1‘§~£

+ [, 1" ~ a7

where the last integral can be easily calculated numerically, since
the term within square brackets decays at infinity as z#, whereas
the first integral, which decays at infinity as z2, can be calculated
analytically according to the result (3.723.1) in Gradshteyn and

Ryzhik (2007)

* 1 —x// X/ X
[t on e e m) - e n()

where Ei denotes the exponential integral function (Gradshteyn
and Ryzhik, 2007), whose behavior at the origin is given by

Ei(x) =In|x| + T + O(x), (A4)
where I" = 0.577215. .. is the Euler constant. Therefore, the vertical
displacement is null at x = 0.

According to (3.9) and (A.1), the slope of the half-plane surface
can be split into a singular part and a regular part, namely

uj(x,0)

(A2)

(A3)

asx — 0,

c 1 1 ™ zcos(zx/{)
uy,x(x,O)fchZ {6—4\) o 271 dz
0 1
+ /0 {w(z) - m} Z coS— dz} (A.5)

Again, the last regular integral can be calculated numerically,
whereas the first singular integral is given by result (3.723.5) in
Gradshteyn and Ryzhik (2007) as

[, e a=glen () e m(-5)]

Therefore, the slope near the point of application of the couple
displays the following singular logarithmic behavior

C(1-v)
7T ul* (6 —4v)

(A6)

x|
uy (x o asx—0.

0)=— (A7)
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By using the asymptotic expansion
1
2
w@)[(5-4v)z+V1+2 *zz+1 o<z—3>, asz—oo, (AS8)

the rotation (3.10) also can be split into the sum of a singular
part and a regular, namely

C {/o"
4 u* \J o

+/ {Sz dvz+V1+22)w

z cos(zx/()

z22+1 dz

oS (x,0) =
cos%xdz},
(A.9)

where the first singular integral is given in (A.6) and the last inte-
gral is regular according to (A.8). Therefore, the rotation displays
the following singular logarithmic behavior near the point of appli-
cation of the couple

C X
@wm=—szﬂg

SR

asx — 0. (A.10)

Appendix B. Useful integrals involving Chebyshev polynomials
The Chebyshev polynomial of the first kind of order n is defined

as:

Tn(t) = cos(n arcos t), (B.1)

where 0 < arcos t < 7. They form a complete orthogonal set in
the interval [-1, 1] with respect to the weight function (1-t2)",
namely:

By using the definition (B.1) and making the substitution
t = cos 0, the following definite integrals can be calculated:

n/2 ifn=m#0,
dtf n  ifn=m=0,
0 if n#m.

! (6:2)

! Ta(7) _ .

/71 (¢E-1)v1i-12 47 = =7 Un-1 (£), (B:3)
11 \/7;”(_% sinfor (¢ — 7)) dT = 7 ], () sin(cxf - %» (B.4)
T Ta(n) B nm

/71 i cos[o (¢ — 1)) dt = 7 ], (o) cos (cxé - 7), (B.5)

where the result (B.3) is given in Erdogan and Gupta (1972) and
the integrals (B.4) and (B.5) can be calculated by using results
(3.715.13) and (3.715.18) in Gradshteyn and Ryzhik (2007), and
U, is the Chebyshev polynomial of the second kind of order n,
which is defined as:

sin(n+1) arccost]

Un(t) = sin(arccost) (B:6)
Appendix C. Calculation of definite integrals (4.8)
Let us define
. ¢ Ta(r)
cm :/ L t"dr, form=0,1,2; n>0. C1
n (q) 4 m ? ( )

Then, making the substitution T = cos 0, the definite integrals
(C.1) can be calculated in closed-form:

T 2 :
C;(10)(5) — / COSATlﬁ do=1" V 1-8Un, (é)/m . if n;é07
arccos ¢ - 7T — arccos ¢, ifn=0,

(€2)
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@)= [ cosngcospds
arccos ¢
[T [, ¥
1 [m—arccos ¢ —¢&\/1- &, ifn=1,
C2(&) = / cospd (cos 0)* do
arccos ¢
1_ g% Tn<é>n<(2n2n24*)2> Una (@) ifn=0, 2,
=94 (m—arccos ¢ — &1 ¢ 2)/2 ifn=0,
[ —arccos & —¢&(1+28)V/1-¢1/4, ifn=2
(C4)
Therefore, the definite integrals (4.8) are given by
An(&) = EC(9) - 26 GO + CP(9),
Ba(¢) = C(9) - G (). (C5)
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