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Chapter 1

Introduction

Polyelectrolytes are polymers whose repeating units (monomers) bear one (or

even more) electrolyte group. We distinguish between strong and weak poly-

electrolytes. The former bear quenched charges along the chain, either negative

(polyanions) or positive (polycations); thus, they are considered as fully “disso-

ciated” (at least, as a first approximation). Conversely, ionization equilibrium

of weak polyelectrolytes (weak Brønsted polyacids if negatively charged, weak

Brønsted polybases otherwise) is defined by solution properties such as pH, ionic

strength or presence of co-solutes. Polyelectrolytes bearing both cationic and

anionic (either weak or strong) groups are called polyampholytes.

Both strong and weak polyelectrolytes have many applications [1, 2], mostly

related to modifying the stability of aqueous solutions, colloidal solutions, emul-

sions, gels [3–5], etc. They can also be used to functionalize nanoparticles (NPs);

the latter can be either neutral (thus, polyelectrolytes can be tethered to the NP

surface via the formation of covalent bonds) or oppositely charged with respect

to the polyelectrolyte (in which case “patchy” NPs can form via electrostatic

interactions [6–15]). Moreover, polyelectrolytes are often used to disperse NPs

in aqueous solution due to both their power in screening electrostatics and their

capability to bind more NPs, acting as bridging agent [15,16] and, hence, forming

NPs–polyelectrolytes networks.

Polyelectrolytes are also target materials for biochemical and biomedical ap-

plications. For example, they are studied as building blocks for vesicles or micelles

deputed to drug delivery [17–24], whereas polyelectrolyte brushes can be used for

controlled drug release [3, 25–27], and other applications [28]. Worth noticing,

1



2 Chapter 1. Introduction

many biomacromolecules are polyelectrolytes: e.g., glycosaminoglycans, proteins,

and polyaminoacids in general are weak polyampholytes, whereas DNA and RNA

act, de facto, as strong polyanions due to the presence of fully dissociated phos-

phate groups.

For a weak polyelectrolyte we define the dissociation degree α (neutral := 0 ≤
α ≤ 1 =: fully ionized) as the ratio between the number of ionized groups and the

number of total weak electrolyte groups carried by the chain. Physical properties

of polyelectrolyte solutions are usually strongly affected by α [12,29–42] (and vice

versa):

� vicinal ionizable groups are always close to each other and strongly interact

due to chain connectivity, so that their titration behavior is much more com-

plex than the one of small molecules (e.g., free monomers able to wander in

solution). In fact, the energy penalty arising from having two dissociated

neighbor monomers (carrying the same charge) suppresses further ioniza-

tion. Thus, monomers linked to form, e.g., a weak polyacid usually show a

depressed acidity with respect to non-bonded monomers.

� Even location along the chain may impact on group acidity, with monomers

lying on the terminal segments of a linear weak polyelectrolyte resulting

more acid than the ones lying internally due to a reduced interaction with

neighbor ionizable groups.

� Weak polyelectrolytes usually undergo a marked swelling (i.e., their average

size, or extension, increases), and become more rigid as they dissociate, due

to the electrostatic repulsion occurring between charged monomers.

� The latter phenomena are partially counterbalanced by the releases of

counterions in solution, which screen the electrostatic interaction between

monomers along a chain or between different charged chains. Moreover,

counterions release affects solution properties such as mobile ions activity,

electrical conductivity, ionic strength, Debye length, etc. (so that the latter

strongly depends on α).

� The same role is played by monovalent background salts, the latter screen-

ing Coulomb interactions favoring polyelectrolytes ionization while, at the

same time, reducing their tendency to swell. Furthermore, multivalent
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(counter)ions tend to markedly condense on charged polymers coordinating

several monomers each, and resulting in polyelectrolyte collapse [43–45].

On the other hand, polyelectrolytes titration behavior depends not only on the

chemical nature of monomers (i.e., on their pK) but also on the conformational

and topological structure of the polymer itself, with, e.g., linear species presenting

different behaviors with respect to star-shaped (or, in general, branched [26, 27,

46–54]) ones (vide infra Chapters 3 and 5), or even circular weak polyelectrolytes

showing a pH–responsiveness that depend on their knotted topology (vide infra

Chapter 7).

Another factor that can impact on polyelectrolytes behavior is the possibility

to form chemical specific interactions between monomers lying on a chain or even

between different chains. As an example, the formation of (charged) hydrogen

bond in (dimethylamino)ethyl methacrylate (DMAEMA)–based polyelectrolytes

[12] resulted to markedly modify both titration behavior and conformations of

such polyelectrolytes, helping to rationalize the higher charge density found on

plaques of water-insoluble methyl methacrylate and DMAEMA co-polymers [26,

27].

Summarizing, there is a very intricate (hence, interesting) dependency be-

tween polyelectrolytes microscopic detail and bulk (i.e., macroscopic) properties

of their solutions. To date, several gaps seem to be present in simulation litera-

ture of these systems. In this work we thus present a selection of puzzling systems

simulated with the aim to shed some more light on this topic. To do so, we per-

formed stochastic (either based on Monte Carlo or Langevin sampling algorithm)

coarse-grained simulation, taking into account the reactivity of weakly ionizable

groups by means of the constant-pH [32,42,55] method and a primitive restricted

electrolyte model. Albeit in literature one can find large amount of scientific

works, both experimental and theoretical/computational, about polyelectrolytes

and their aqueous solutions, there were several unclearified aspects regarding the

physico-chemical behavior of these systems; in particular during this dissertation

we will focus on the following points:

� chemical specific interactions, such as (charged) hydrogen bonds or multiva-

lent ion coordination were expected to markedly impact on polyelectrolytes

(and their solutions) behavior; however, scientific works describing how
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these kind of interactions can modify both microscopic and thermodynam-

ical properties of polyelectrolyte solutions are scarce;

� whereas there are many computational studies regarding strong polyelec-

trolytes interacting with charged object (functionalized nanoparticles, col-

loids, charged vescicles or micelles, surfaces, etc.), there is a lack in similar

studies but regarding weak polyelectrolytes. Moreover, the coarse-grained

representation of such charges object usually employ a very minimalist de-

scription (i.e., most of the time they’re are simulated as simple charged

spheres with a proper excluded volume), the latter does not taking into

account important effets such as colloid polarizability, or the possibility to

charged species composing vescicles or micelles to redistribute on the latter

surface when interacting with other charges species.

� The vast majority of computational studies on weak polyelectrolytes regard

linear species and, to a lesser extent, their star-shaped counterparts. The

impact of different “architectures” (dendrimers, rings, comb-like chains,

etc.) or topologies (e.g, the presence of knots or concatenations) seemed,

to the best of our knowledge, to be almost completely absent.

� With respect to covalently-bonded gels, for the so-called physical gels,

whose polymeric building blocks cross-links exploiting weaker interactions

(e.g., hydrogen bonds, hydrophobic forces or electrostatics interactions)

there was a lack of both experimental and theoretical/computational stud-

ies, despite their promising properties (e.g., network responsiveness stimuli

such as pH, ionic strength, or changes in solvent, or even self-healing abil-

ities). In particular, to the best of our knowledge no simulational studies

were published on the possibility to form gel-like phases by mixing oppo-

sitely charged star polyelectrolytes.

This thesis is organized as follows. In Chapter 2 we discuss and describe

in detail both the model implemented to simulate polyelectrolytes in (aqueous)

solution and the simulation protocols implemented, paying particular attention

to methods used to take into account the equilibria of weakly ionizable species,

and the calculation of both polyelectrolytes and solution properties.
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In Chapter 3, we present and discuss simulations on the titration behavior

(and its consequent impact on both polyelectrolyte conformations and solutions

properties) of both linear and star-shaped systems confined inside spherical cap-

sids (SC). From these, it emerges that absorption of weak polyelectrolytes impacts

on properties such as ionization, conformations, and counterion condensation that

are important in several areas of applied and fundamental science. Thus we used a

weak polyelectrolyte model and Monte Carlo (MC) simulations to investigate how

the mentioned properties depend on the pH or on the size of a spherical confine-

ment permeable to counterions but not to polyelectrolytes; the latter have either

linear or star-like topologies, and may be allowed or not to form charged hydrogen

bonds (c-H-bonds) between ionized and neutral monomers. Average ionization

decreases upon increasing arms number at constant number of monomers; it in-

stead increases with arms length in large SC due to counterions screening. The

way SC size, chains rigidity and pH values interrelate to define the ionization

revealed to be more intricate due to arms pairing or clustering when c-H-bonds

can form. The impact of ionization on the confinement free energy has been also

estimated, highlighting that c-H-bonding may enhance absorption compared to

neutral chains.*

In Chapter 4, we discuss titration simulations of weak short linear polyelec-

trolytes simulated with the aim to understand how polyelectrolyte concentration,

chain rigidity and the possible formation of intra- and inter-chain c-H-bonds im-

pact on ionization and conformations of short weak polyacid chains, their coun-

terion distribution and system Helmholtz energy. We observed that increasing

polyelectrolyte concentration resulted in an enhanced acidity for all the cases in-

vestigated due to the increased screening of chain charges by counterions, and,

when possible, in the formation of inter-chain c-H-bonds. We also evidenced

that polyelectrolytes able to form c-H-bonds can populate simultaneously two

conformational states (unfolded and clustered) in a range of pH, the transition

between the two appearing to be first order-like. Thus, to better understand how

properties of two chains are modified by their relative distance, we performed

*The latter paragraph has been adapted from: Tagliabue A., Izzo L., Mella M., Absorbed
Weak Polyelectrolytes: Impact of Confinement, Topology, and Chemically Specific Interactions
on Ionization, Conformation Free Energy, Counterion Condensation, and Absorption Equilib-
rium, Journal of Polymer Science Part B: Polymer Physics, 57, 491-510 (2019). © 2019 Wiley
Periodicals, Inc. All rights reserved.
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window sampling simulations, which highlighted non-trivial features in the ion-

ization and conformational behaviors. As byproducts of such simulations, we

obtained also the potential of mean force between two chains; from this emerged

that the reversible work needed to reach a specific inter-chain distance does not

always increase with the pH, especially for semi-rigid chains able to interact via

c-H-bonds when the latter are brought at short distances.�

Adsorption of weak polyelectrolytes on charged nanoparticles, and concur-

rent effects such as spatial partitioning of ions may be influenced by details of

the polyelectrolyte structure (e.g., linear or star-like) and size, by the mobil-

ity of the nanoparticle surface charge, or the valence of its counterions. Thus, in

Chapter 5, we discuss ionization and complexation of both linear and star-shaped

weak polyelectrolytes adsorbed on oppositely charged spherical macroions. Im-

portantly, nanoparticle surface charge has been represented either as a single

colloid-centered total charge or as surface-tethered mobile monovalent charges.

The degree of condensation of polymer counterions on the polyelectrolytes re-

sulted also substantially higher in presence of the former type of colloid, with a

concurrent decrease of osmotic coefficient values, and this is due to the fact that

it tends to adsorb a lower number of star-like species’ arms with respect to the

“polarizable” counterpart. �

As there are experimental evidences that, despite their charge neutrality, mi-

celles composed of surfactants with zwitterionic headgroups selectively accumu-

late anions at their hydrophobic core/solution interphase due to electrostatic

interactions if headgroup positive moieties are the innermost (the latter a ten-

dency that may be markedly enhanced if polyanions substitute simple anions), in

Chapter 6 we extended the study of complexes formed between polyelectrolytes

and colloids to the case of strong polyacids interacting with zwitterionic micelles.

Structural and energetic properties are thus obtained to highlight the impact

of connecting simple ions into polyions on the interactions between electrolytes

�The latter paragraph has been adapted from: Tagliabue, A., Izzo L., Mella M., Impact
of Charge Correlation, Chain Rigidity, and Chemical Specific Interactions on the Behavior of
Weak Polyelectrolytes in Solution, Journal of Physical Chemistry B, 123, 42, 8872–8888 (2019).
© 2019, American Chemical Society. All rights reserved.

�The latter paragraph has been adapted from: Mella M., Tagliabue A., Mollica L., Izzo
L., Monte Carlo Study of the Effects of Macroion Charge Distribution on the Ionization and
Adsorption of Weak Polyelectrolytes and Concurrent Counterion Release, Journal of Colloid
and Interface Science, 560, 667-680, (2020)© 2019 Elsevier Inc. All rights reserved.
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and zwitterionic micelles. Despite the presence of the latter, polyanions con-

serve their conformational properties. A marked increase in the concentration of

charged species inside the micellar corona is, instead, found when polyions are

present independently of their charge sign or the headgroup structure. Thus,

polyelectrolytes act as “shuttle” for all charged species, with the potential of in-

creasing reactions rates involving the latter due to mass effects. Besides, results

for the polyions/micelles mixing free energy and Helmholtz energy profiles indi-

cate that the critical micelle concentration is impacted minimally by hydrophilic

polyelectrolytes, an outcome that is in agreement with experiments. This finding

is entirely due to weak enthalpic effects while mixing hydrophilic polyions and mi-

celles. Finally, a strong reduction in the screening of the micelle negative charge,

acquired following the adsorption of anions in the corona and due to counterions

layering just outside it (the so called “Chameleon effect”), is forecasted when

polyanions substitute monovalent anions§.

In Chapter 7, stochastic simulations are used to investigate the conforma-

tional behavior of knotted weak polyacid rings as a function of the pH. Differ-

ently from the common expected ionization→repulsion→expansion scheme upon

increasing pH, results suggest a non-monotonic behavior of the gyration radius

R2
g. Polyelectrolyte re-contraction at high ionization is induced by the weakening

of Coulomb repulsion due to counterions condensation on the polyelectrolyte, and

appears more marked the more complex is the knot topology. Comparing with

polyelectrolyte species of identical ionization but with quenched charges, weak

(i.e., annealed) polyacids present tighter knots due to their ability of localizing

neutral monomers inside the knotted portion of the chain. Increasing solvent Bjer-

rum length enhances counterions localization lowering the pH at which polyacids

start decreasing their average size. A similar effect is also obtained increasing the

amount of “localizable” cations by adding background monovalent salts, whereas

divalent ions induce polyelectrolyte collapse.¶

§The latter paragraph has been adapted from: Mella M., Tagliabue A., Izzo L., On the
Distribution of Hydrophilic Polyelectrolytes and their Counterions around Zwitterionic Mi-
celles: the Possible Impact on the Charge Density in Solution Soft Matter, just accepted ar-
ticle (doi.org/10.1039/D0SM01541E), © Reproduced by permission of The Royal Society of
Chemistry.

¶The latter paragraph has been adapted from: Tagliabue A., Izzo L., Mella M., Interface
Counterion Localization Induces a Switch Between Tight and Loose Configurations of Knotted
Weak Polyacid Rings Despite Intermonomer Coulomb Repulsions, Journal of Physical Chemistry
B, 124, 14, 2930–2937 (2020). © 2020, American Chemical Society. All rights reserved.



8 Chapter 1. Introduction

Polyelectrolytes (and polymer in general) can be cross-linked in order to form

networks and gels. When they are soluble in water they are called “hydrogels”.

These gels possess a huge swelling capacity in aqueous solution and are capa-

ble to absorb water in amounts of up to a few hundred times their dry mass.

Chemically cross-linked gels presents covalent bonds, so their structure is im-

mutable. However, chemical cross-linking is not the only way to form a gel. In

fact, there are the so called “physical (hydro)gels” that exploit weak interactions

(such as hydrogen bonds, hydrophobic forces, van der Waals or ionic interactions)

to form reversible (even, self-healing) networks [56–61]. In Chapter 8, we show

how stochastic simulations can be used to study the self assembly of an equimolar

mixture of mono-dispersed oppositely charged di-block four-armed polyelectrolyte

stars, the latter carrying a tunable number of charged terminal monomers. By

varying the polymer concentration we computed PV diagrams and determined

the free-swelling equilibrium concentration with respect to a pure water reservoir

as a function of the charged block length. Then, we investigated various struc-

tural properties of the resulting equilibrium structures, like the number of ionic

bonds, dangling arms, isolated stars, and cluster sizes. The ionic bonds feature a

broad distribution of the number of arms involved and also display a distribution

of net charges peaked around the neutral ionic bond. The main result of our

study is that we observe that for charged block length equal to 4 and 5 ionized

beads the resulting macro-aggregate spans the box and forms a network phase.

Furthermore, we investigated the restructuring dynamics of ionic bonds, the re-

sults suggesting both the presence of short bond lifetimes and a high frequency

of ballistic association/dissociation events. In other words, bonds resulted strong

enough to yield a stable gel phase but remain sufficiently weak to allow network

restructuring under thermal fluctuations.

Finally, in Chapter 9 we draw general conclusions and we discuss the possible

outlooks of our research.

The results discussed in Chapters 3, 4, 5, and 6 have been obtained performing

Monte Carlo simulations in the constant-pH ensemble [32, 42, 55] by means of a

Fortran code developed by the Candidate in collaboration with Dr. Massimo

Mella. Differently, systems discussed in Chapters 7 and 8 have been simulated

via the software package ESPResSo [62].



Chapter 2

Theoretical Background

2.1 Coarse-grained simulations of polymers and poly-

electrolytes

Coarse-grained simulations aim to study in silico complex systems, e.g. poly-

mers, biomolecules such as proteins, nucleic acid or membranes, functionalized

nanoparticles, etc., by simplifying their description maintaining a level of detail

sufficient to compute the properties of interest while reducing the amount of

computational resources needed.

In our work, we implement a coarse-grained description of polyelectrolytes

solution, the so called “polyelectrolyte primitive model”, in order to investigate

the complicate relationships occurring between conformational and structural

properties of polyelectrolyte species in solution and, e.g., their ionizability, their

ability to interact between each other and form supramolecular aggregates, etc.

Our coarse-graining approach can be schematized as follows (see also Figure 2.1

for a pictorial scheme):

i. polymeric chains are represented via “beads & springs” models, in which

each monomer (or group of monomers) is represented by soft-sphere with

its own excluded volume and connected to the adjacent bead(s) via an

interaction potential, the latter mimicking the presence of a covalent (hence,

unbreakable) bond;

ii. strong polyelectrolytes’ charged monomers and mobile ions (that is, poly-

electrolyte counterions or background salts) are represented by spheres with

9
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Figure 2.1: Scheme of a coarse-grained representation of a polyelectrolyte in implicit solvent.
Reprinted by permission from Springer Nature: Progress in Colloid and Polymer Science 140,
Molecular Simulations of Hydrogels, Peter Košovan, Tobias Richter, and Christian Holm, ©
Springer International Publishing Switzerland 2013.

a point charge positioned in their center of mass;

iii. the state of weakly ionizable monomers can be switched from neutral to

charged and vice versa, and their reactivity (as acids or bases) is taken into

account by means of the constant-pH ensemble (vide infra Section 2.2.2);

iv. the solvent is treated as a uniform dielectric continuum, i.e. no explicit

water molecules are simulated, and electrostatic interactions are tuned by

setting the value of the solvent relative permittivity εr or its Bjerrum length

lB;

v. depending on the case, all particles are enclosed in a spherical cell (the

so called “cell model”, vide infra Section 2.1.2) or in a cubic box with

periodical boundary conditions in all the three Cartesian directions.

From this schematization, it follows that our simulations regarding strong poly-

electrolytes are performed in the canonical ensemble, whereas when weakly ion-

izable species are present simulations are performed in a semi-grand canonical

ensemble (or, more specifically, in the constant pH ensemble, vide infra Section

2.2.2).
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2.1.1 Interaction potentials

2.1.1.1 Excluded volume interactions

In order to simulate particles excluded volume and to prevent particles overlaps

(especially in the case of oppositely charged interacting species), the interaction

between two particles is simulated via a tunable potential (UexcV). The most

general expression for such pairwise interaction potential is the generic Lennard-

Jones interaction:

UgLJ(rij) =

ε
[
b1

(
σ
rij

)e1
− b2

(
σ
rij

)e2
+ cshift

]
if rij < rcut

0 otherwise
(2.1)

In the expression, σ is the sum of the radii of the interacting particles i and j,

rij is their distance, ε is the potential depth, whereas b1 and b2 are adaptable

parameters. The most used combination is b1 = b2 = 4, e1 = 12, and e2 = 6,

resulting in the canonical Lennard-Jones (LJ) potential:

ULJ(rij) =


4ε

[(
σ
rij

)12
−
(
σ
rij

)6
+ cshift

]
if rij < rcut

0 otherwise.

(2.2)

The latter is the “work-horse” potential of particle-based coarse-grained simula-

tions. Since it is attractive at large distances (or equal to 0 for rij ≥ rcut), while

it is strongly repulsive at short rij values, it is the most implemented model to

simulate van der Waals interactions. At rij = σ, ULJ(σ) = 4εcshift, whereas the

minimum of the potential is attained at r = 2
1
6σ, i.e. ULJ

(
2

1
6σ
)

= (4cshift − 1)ε.

One popular interaction potential implemented in order to simulate particles

as purely repulsive soft spheres is the Weeks-Chandler-Anderson (WCA) potential

[63]:

UWCA(rij) =


4ε

[(
σ
rij

)12
−
(
σ
rij

)6
+ 1

4

]
if rij < 2

1
6σ

0 otherwise.

(2.3)

In the WCA interaction, the curve is truncated at the minimum of the potential

(rcut = 2
1
6σ), and it is shifted so that the value of the potential at the minimum

is equal to 0. WCA interactions are usually implemented when the dielectric is
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Figure 2.2: Classic (unshifted) LJ and WCA interactions, with σ = 1 and ε = kBT . The vertical
dotted black indicate the value of the minimum of the LJ potential, whereas the horizontal
dotted gray line is only a guide to the eye to discern positive and negative values.

a good solvent for the particles; on the contrary, poor solvent conditions could

be modeled by implementing classical LJ interactions, so that particles tend to

cluster together reducing the surface in contact with the dielectric. Examples of

LJ and WCA interactions are shown in Figure 2.2.

2.1.1.2 Covalent bonding interactions

In order to treat polymeric systems, we need to connect each pair of adjacent

monomers i and j with a potential Ubond(rij) that simulate the presence of an

unbreakable (but nevertheless stretchable) covalent bond between the two beads.

The most used stretching potentials are the “harmonic bond” (Ubond(rij) =

Uharm(rij)) and the ”finite extensible non-linear elastic” (FENE) bonding po-

tential [64], Ubond(rij) = UFENE(rij).

Harmonic bond The harmonic potential is the simplest way to simulate non-

rigid covalent bonds and it is defined as

Uharm(rij) =
1

2
kbond(rij − r0)2, (2.4)
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Figure 2.3: Examples of covalent bonding potentials. For the FENE interactions we set r0 = 0.

where kbond is the bonding force constant and r0 is the equilibrium position.

Examples of harmonic bonding potential are reported in Figure 2.3.

FENE bond The FENE potential [64] is defined as

UFENE(rij) = −1

2
kbond∆r2

max ln

[
1−

(
rij − r0

∆rmax

)]
, (2.5)

where kbond is the bonding force constant, ∆rmax is the maximum allowed dis-

placement, and r0 is the equilibrium position; parameters are usually set to 0 in

order to have U(r0 ≡ 0) = 0. Differently from the harmonic potential, the FENE

bond diverges at the chosen maximum bond length, and the bond is considered

broken if (for any reason) rij > ∆rmax.

Examples of both harmonic and FENE potentials are reported in Figure 2.3.

In each simulation set we will present during our discussion, the choice between

one of the two bonding interactions has been made exclusively to facilitate the

comparison of the results obtained by us with those already present in the liter-

ature.



14 Chapter 2. Theoretical Background

2.1.1.3 Angular interactions

In order to increase the rigidity of a polymer chain, besides stretching interactions

one can also add an angular potential (or bending potential) which has the effect

to impose an equilibrium angle θ0 between three adjacent monomers i, j, and

k. The easiest way to introduce such a potential is to implement an angular

harmonic potential

Uang(θijk) =
1

2
kang(θijk − θ0)2. (2.6)

In the formula θijk is the angle between the three monomers and kang is the

bending force constant.

2.1.1.4 Electrostatics interaction

Within the framework of the cell model (vide Section 2.1.2), electrostatics inter-

actions can be calculated via the classic pairwise Coulomb potential:

UCoul(rij) =
1

4πε0εr

qiqj
rij

, (2.7)

where qi and qj are the point charges carried by particles i and j, whereas ε0 and

εr are, respectively, the vacuum dielectric constant and the relative permittivity

of the solvent. The latter is not treated explicitly in our models, but it is instead

represented by an unpolarizable dielectric continuum. Unless otherwise specified,

our simulations are done at T = 298 K in aqueous solutions, hence εr ' 78.

If periodic boundary conditions have to be taken into account in all the three

Cartesian directions, the electrostatic contribution can be evaluated efficiently

by numerical methods like such as the P3M algorithm [65–67] or the Wolf’s

method [68,69].

2.1.1.5 Simulating charged hydrogen bonds

In order to simulate the impact of charged hydrogen bonds on polyelectrolytes be-

havior, we employ a many-body interactions potential UMB previously introduced

by Mella et al. [12,37]. The latter consist in a density-dependent additive term of

the total potential mimicking the formation of charged hydrogen bonds [70–73]

(c-H-bonds) between neutral and ionized monomers.
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Parameters defining this type of interaction are the cutoff radius rMB be-

low which charged and neutral monomers are considered to be interacting, the

strength of the stabilizing interaction potential per interacting pair ξMB, and the

maximum number of c-H-bonds that neutral and charged monomers can form,

n
(n)
MB and n

(c)
MB respectively. In fact, in order to represent the formation of c-H-

bonds so that the model is, at least, qualitatively correct, one has to bear in mind

that there is a maximum number of possible contacts that can be formed between

a charged monomer and its neutral counterparts. For example, an ammonium

ion obtained by protonating a tertiary amine can form only one of such contacts,

while up to two contacts are allowed for a secondary amine [70,71,74,75]. Obvi-

ously, there is also an intrinsic limit to the number of c-H-bonds that a neutral

group can form (most likely related to the number of lone pairs available); thus,

H2O can form two such bonds, while NH3 is limited to one. For the same reasons,

(undissociated) carboxylic acids can form one charged contact, while carboxylates

can form two of them. Albeit such characteristic could be introduced, in principle,

by using orientation–dependent forces, we opted for conserving the simplicity of

the original polyelectrolyte model provided by representing monomers as spheres.

The original version of the c-H-bonds–mimicking potential [12] was built

adding the following density-dependent energy term to the total potential:

UMB =

Nchain∑
j

L∑
i

ẽ(ρi) (2.8)

In Equation 2.8, i represents the position of a charged monomer along a chain j,

the latter composed by L beads in total, and

ρi =
∑
µ

H[rMB − riµ] (2.9)

is the number of neutral groups that may be “c-H-bonded” to the charged group

i. In Equation 2.9, H[x] is the Heaviside function, µ indicates a neutral group

(belonging to the same chain j of i or to another one), while rMB is the critical

distance used to define the possibility for the µ neutral group of forming (riµ ≤
rMB) or not (riµ > rMB) a c-H-bonded conjugated pair. Let us point out that

monomers µ directly connected to a charged group i are not included in the sum in
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Equation 2.9 as this would lead to a chain overcharging due to their short distance.

Definition provided in 2.9 makes the density ρ a step-like function of the inter-

monomer distance, so that it can be used as a simple approach to indicate whether

or not there is the possibility of a strong interaction between charged and neutral

monomers. It is thus mandatory to chose a form of the potential mimicking such

characteristic. The minimalist approach employed to do so uses a function ẽ that

maximizes the number of c-H-bonds present by imposing that a neutral (charged)

monomer can form a maximum of n
(n)
MB (n

(c)
MB) at a time. Such a choice has some

consequences: (i) it limits the number of coordinated monomers without the need

of introducing specific orientation-dependent interactions; (ii) it allows to exploit

the effect of conformational entropy in absence of any energetic cost associated

with the exchange of c-H-bonds; (iii) the lack of orientation-dependent forces

may overemphasize chains stabilization due to c-H-bonds compared to what one

would expect if also geometrical terms were introduced. Nevertheless, we often

limited only the number of charged monomers able to form c-H-bonds by setting

n
(n)
MB =∞ (as done by Mella et al. in References [12,37]), this in order to reduce

the computational cost necessary to calculate MB interactions.

In our simulation, we usually set rMB = 5 Å and εMB = −2 kcal/mol; the

parametrization has been done by Mollica in Reference [12] via atomistic MD

simulations of the pair (CH3)2N–(CH3)2NH+ in water.

2.1.1.6 Total potential

The system total potential U (or Utot) results from the sum of all the (additive)

terms discussed above, i.e.

U ≡ Utot =
∑

UexcV +
∑

Ubond +
∑

Uang +
∑

UCoul + UMB (+ . . . ), (2.10)

where summations run over all the interacting particles. It follows that the system

total internal energy results:

Etot = Utot + Ekin = Utot +
3

2
NtotkBT, (2.11)

where Ntot is the total number of particles in the system.



2.1. Coarse-grained simulations of polymers and polyelectrolytes 17

2.1.2 Cell model

Within the framework of the cell model [76], all particles are inside a (usually,

but not necessarily, spherical) cell (i.e., no periodic conditions are applied), the

latter being impermeable to all the species so that no particle can escape from

it. Thus, for a spherical cell of radius Rcell we have

Ucell(ri) =

0 if ri < Rcell

+∞ if ri ≥ Rcell,
(2.12)

where ri is the distance of the i-th particle from the center of the cell. It im-

mediately follows that Rcell implicitly defines the concentration of all species in

solution. Usually, when polymeric species are simulated with such boundary

model, Rcell value is set so that it is higher than the contour length of the chains

(exception are simulations studying the effect of confinement on chains, such

as in Reference [37]). Worth noticing, cell model simulations allow to directly

compute the osmotic pressure πabs (and, consequently, the osmotic coefficient

Φ = πabs/πid) of an electrolyte solution, because it is directly related to mobile

ions concentration at the cell boundary [76].

2.1.3 Polymers and polyelectrolytes properties

2.1.3.1 Polymers conformational properties

End-to-end distance The “end-to-end distance” r1N is the distance between

the first and the last monomer of a chain. For a linear polymer N -monomers

long, the average root mean square end-to-end distance 〈r1N〉 is defined as

〈r1N〉 =
√
〈|r1 − rN |2〉, (2.13)

with the average taken over all the configurations sampled at equilibrium. In the

formula, r1 and rN are, respectively, the vector defining the position of the first

and the last monomers of the chain. The concept of “end-to-end” distance can

be easily extended also to chain tethered to a surface (as in polymer brushes or

functionalized nanoparticles), to a common bead (as in star-shaped polymers or

dendrimers), or to a common “backbone chain” (as in comb polymers); in such
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cases, r1 would represent the position vector of the tethered monomer.

Radius of gyration The radius of gyration Rg is defined as the radial distance

to a point which would have a moment of inertia the same as the body’s actual

distribution of mass, if the total mass of the body were concentrated. It is

thus useful to describe the polymer size. Computationally, the average value of

the squared radius of gyration of a polymer composed by N monomers can be

computed as follows:

〈R2
g〉 =

1

N

∑N
i |ri − rCoM|2 ; (2.14)

here, ri is the position vector of the i-th monomer, whereas rCoM is the position

vector of the chain center of mass.

Hydrodynamic radius Another property which is useful to describe the size

of a polymer chain is the hydrodynamic radius RH, which is defined as the radius

of an equivalent sphere diffusing in solution at the same rate as the polymer

chain:

1
RH

=
〈
∑N

i 6=j
1
rij
〉

N2
, (2.15)

where rij is the distance between monomers i and j.

Persistence length The persistence length lp is a property useful to quantify

the rigidity (either intrinsic or induced by, e.g., the presence of Coulomb repulsion

between charged monomers) of a polymer chain. lp can be computed from the

exponential decay of the orientation correlation of bond vectors along a polymer

chain [77], resulting in

lp =
〈rmm〉

ln〈cos θ〉
, (2.16)

where 〈rmm〉 is the average bond length and 〈cos θ〉 is the average cosine of the

angle θ between three adjacent monomers.
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2.1.3.2 Weak acidity and basicity

When a chemical species (in our case a monomer) act as a weak (Brønsted) acid,

it undergoes to the following simple chemical reaction:

HA −−→←−− H+ + A−, (2.17)

where HA is the undissociated monomer, A− is its dissociated form (i.e., the

conjugated base) and H+ is the released proton. A similar equation can be

written when monomers act as weak (Brønsted) bases:

B + H+ −−→←−− BH+, (2.18)

with B and BH+ are, respectively, the unprotonated and protonated (i.e., the

conjugated acid) forms of the basis. For sake of brevity, we shall take as an

example and discuss the case of a polymer model whose monomers HA act as

weak acids; almost identical derivations and conclusions can be easily obtained

for weak bases simply by starting from Reaction 2.18 and retracing the same

reasoning made for weak acids.

Like any other chemical reaction, also Reaction 2.17 is described by a ther-

modynamic equilibrium constant which in our case is

Ka =
aA−aH+

aHA
. (2.19)

Thus, the thermodynamic acid dissociation constant Ka is a function of the

activities a of involved species. We recall that aX = γX[X]/c	, where γX is the

activity coefficient of species X, [X] is its molar concentration, and c	 = 1 mol/l

is the standard molar concentration (the latter ensures to have dimensionless a

and γ). We also define pKa as the negative decimal logarithm of Ka.

The ideal weak acidic behavior Within the simple picture in which no in-

teractions between any weak acidic groups are present, the activity coefficient of

all species results γ = 1, so that in Equation 2.19 activities a can be replaced by
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Figure 2.4: (a) simulated α as a function of pH - pKa for a linear polyelectrolyte 120 monomers
long (purple line) and free monomers (∼ ideal case, teal line); (b) ∆pKa as a function of α for
the same polyelectrolyte.

molar concentrations obtaining

K id
a =

[A−][H+]

[HA]c	
. (2.20)

When interactions between the species are negligible, e.g. in conditions of high

dilution, pKa ' pK id
a and pH = − log10 aH+ = − log[H+]. We define the ion-

ization degree (or degree of dissociation) α of HA as the number of dissociated

acidic groups NA− divided by the total number of weak (hence, titratable) groups

N0 = NHA +NA−

α =
NHA

N0
=

[A−]

[HA] + [A−]
(2.21)

Rearranging Equation 2.21 yields the Henderson-Hasselbalch equation

α =
1

1 + 10pH−pKa
. (2.22)

The latter equation may be a valid description in conditions that are approx-

imable to the ideal case.

Weak acidity in polyelectrolytes When acidic monomers are connected

forming a polyelectrolyte and all interactions (electrostatics, excluded volumes,

bonds, etc.) are taken into account, the titration behavior strongly deviates from

the ideal one described by the Henderson-Hasselbalch equation, as one can ob-

serve from Figure 2.4, the latter comparing the ideal case with the simulated av-

erage dissociation degree for a linear polyacid composed by 120 titratable beads.

We define the average degree of dissociation 〈α〉 as the dissociation degree α
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averaged over all the monomers in solution and over all the sampled system con-

figurations.

It is important to notice that, whereas in a solution of a free (non-bonded)

weak acid all monomers HA show the same acidity, hence they have the same

pKa, when monomers are bonded to form a polyelectrolyte their acidity depends

on their position along the chain, with monomers lying at the extremes of the

polymer showing a lower acidity (hence, an higher pKa) with respect to “in-

ner” monomers, due to the fact that the latter have a greater monomer density

around them, and hence they feel a greater density of charge (due to already

ionized monomers) which partially inhibits their dissociation. The situation be-

comes even more complicate when non-linear polymer topologies are considered,

with, e.g., star-shaped polyelectrolytes showing a decrease in monomer acidity

the closer they lie to the central core (due to, once again, an increasing in ioniz-

able monomer density). Having made this clear, for sake of simplicity we shall use

the symbol “α” instead of 〈α〉 also when discussing polyelectrolytes, assuming we

are averaging not only on all sampled configurations but also on monomers that

may have different pKa’s due to their position along the chain (and, if necessary,

over all the chains in solution).

Therefore, summarizing, weak acid groups on polyelectrolytes tend to show

a depressed acidity (hence a higher pKa) if compared with same groups lying on

molecules that are free to wander in solution. It follows that we can define ∆pKa

as the shift in acidity between the polyelectrolyte and the ideal case

∆pKa(α) = pKpoly
a (α)− pK id

a , (2.23)

pKpoly
a (α) = pH− log10

(
α

1− α

)
Figure 2.4(b) shows how average monomer acidity varies as a function of the

chain ionization degree. This representation allow not only to estimate the shift

in pKa due to the polymeric nature of the species by simply reading ∆pKa

at α = 0.5 (as generally done in literature), but also to effectively highlight

the impact on the ionization behavior of additional factors such as chain rigid-

ity, the possibility for monomers to interact via chemically specific interactions

or the impact of salts in solution. Furthermore, from ∆pKa, the impact on

energetics of the dissociation process can be easily quantified via the relation
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∆[∆dissoA
◦(poly, α)] = ∆dissoA

◦(α) − ∆dissoA
◦(ideal) = 2.3025RT∆pKa, where

R is the ideal gas constant, whereas ∆dissoA
◦(ideal) and ∆dissooA

◦(poly, α) are

the changes in standard Helmholtz energy due to, respectively, the dissociation

of a monomer in the ideal case, and the dissociation of a monomer bonded in a

polyelectrolyte having a ionization degree α.

2.2 Simulation methods

2.2.1 Canonical Monte Carlo simulations

Monte Carlo (MC) simulations are a broad class of computational methods that

rely on rewriting deterministic problems into probabilistic form, so that appropri-

ate random sampling may lead to obtain numerical results. They’re very useful

for simulating chemico-physical systems for which an analytical solution is too

complex or even impossible to find, e.g. systems with a huge number of coupled

degrees of freedom such as polymeric solutions.

Among MC methods, Markov chain MC approaches can be used in order

to sample a probability distribution ρ(x) of an observable X . In the canonical

ensemble, the average value of X is given by

〈X 〉 =

∫
X (x)ρeq(x)dx =

1

Z

∫
X (x)e−βU(x) (2.24)

where U(x) is the total energy of the system, Z is its partition function, β =

(kBT )−1 and the integral is calculated over all the accessible configuration mi-

crostates. Since, in general, the integral in Equation 2.24 cannot be solved an-

alytically, one can perform MC simulations in order to numerically compute it

by generating a random sample of system configurations according to a certain

distribution π(x) (vide infra).

2.2.1.1 Markov Chain Monte Carlo simulations

We define as Markov chain a stochastic model describing a sequence of possible

events in which the probability of each event depends only on the state attained

before such event takes place. By constructing a Markov chain that has the

desired stationary probability distribution ρeq(x) as its equilibrium distribution,

one can sample ρeq(x) by recording states from the chain.
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For a Markov process evolving in a discrete configuration space with a fic-

titious time step ∆t = 1, namely a Monte Carlo step (MCS), the probability

P (j, t) to find the system in the state j at the time t+ 1 is given by the following

“master equation”

P (j, t+ 1) =
∑
i

[
w(j|i)P (i, t)− w(i|j)P (j, t)

]
; (2.25)

here, w(j|i) denotes the time independent transition probability from the state

i to the state j. Since i and j can be equal one to each other, and a transition

i → j will certainly occur, we have that
∑

iw(j|i) = 1, so Equation 2.25 can be

rewritten as the “stationarity condition”.

P (j, t+ 1) =
∑
i

w(j|i)P (i, t). (2.26)

To simulate a chemico-physical system, P (j, t) must converge to the stationary

distribution ρeq(x, t) ≡ ρeq(x) =
∑

j Peq(j, t) (i.e., the canonical equilibrium dis-

tribution). The right-hand side of Equation 2.25 vanishes and we obtain the so

called “detailed balance” condition:

w(j|i)ρeq(i) = w(i|j)ρeq(j). (2.27)

The detailed balance is a sufficient but unnecessary condition to be satisfied in

MC simulations. The stationarity condition (Equation 2.26), which is a less

stringent condition, implies that P (j) = Peq(j) remains invariant during the

Markov process, and it ensures to perform valid simulations if the MC sampling

is ergodic.

2.2.1.2 Metropolis-Hastings scheme

The Metropolis–Hastings scheme is by far the most used method to perform MC

coarse-grained simulations, and this is due to the fact that given any probability

distribution ρeq(x) and provided a function π(x) ∝ ρeq(x), it is possible to recon-

struct ρeq(x) simply by sampling π(x). This allow to bypass the calculation of

the normalization factor, which often results a very problematic step.

In order to sample a chemico-physical system satisfying the detailed balance
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(Equation 2.27), the probability of transition between two state i and j can be

defined as follows:

w(j|i)
w(i|j)

=
Ptry(i→ j)Pacc(i→ j)

Ptry(j → i)Pacc(j → i)
= e−β[U(j)−U(i)]. (2.28)

Ptry(i → j) and Pacc are, respectively, the probability to propose the change in

state i→ j and the probability to accept such change. One solution to Equation

2.28 has been proposed by Metropolis et al. [78], and it is know as the “Metropolis

acceptance criterium”:

Pacc(i→ j) = min

{
1,
Ptry(j → i)

Ptry(i→ j)
e−β∆U

}
, (2.29)

where ∆U = U(j) − U(i). When proposal probabilities are symmetric, i.e.

Ptry(j → i) = Ptry(i → j), we obtain the ”Metropolis-Hastings acceptance cri-

terium”

Pacc(i→ j) = min

{
1, e−β∆U

}
. (2.30)

2.2.1.3 Monte Carlo simulations of polymers

In order to illustrate how Monte Carlo simulations work, we now analyze the al-

gorithm used to sample configurations of a system (at the equilibrium) consisting

in a single linear chain composed by L monomers, its counterions (CIs) and a

background monovalent inert salt (e.g., NaCl). The algorithm can be schematized

as follows:

1. the initial (state i) total potential U(i) is computed;

2. a random particle k (either a polyelectrolyte’s monomer or a mobile ion)

with coordinates
(
x

(i)
k , y

(i)
k , z

(i)
k

)
is chosen to be displaced along the vector

ξ = (ξx, ξy, ξz), where ξx, ξy, and ξz are three random real numbers uni-

formly generated in the interval (−∆dmax,+∆dmax), ∆dmax being the max-

imum allowed displacement for the translation moves, the value of which is

usually chosen so that Pacc ≈ 0.4÷ 0.5;

3. the new (state j) total potential U(j) is computed;

4. the probability of acceptance Pacc (Equation 2.30) is calculated:
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a. if Pacc ≥ 1, the new configuration j is retained;

b. if Pacc < 1, a random real number ξ is uniformly generated in the

interval (0,1):

b1. if ξ ≤ Pacc, the new configuration j is retained;

b2. if ξ > Pacc, the attempted move is rejected and the system is

returned to its initial state j.

In order to reduce the computational cost of the simulations and to facilitate

algorithm implementation, given a system composed by N particles, one may

attempt the translation of each element (i.e., proceeding regularly from the 1st

to the N th particle) once per Monte Carlo step, instead of randomly choose a

sequence of N random monomers. This sequential approach is still valid since

each of the individual steps obeys (at least) stationarity condition (Equation

2.26).

In the proposed scheme, we stated that it is necessary to compute the total

initial and final potentials, U(i) and U(j), for each attempted move. Actually,

this is not true when contributions to the total potential are pairwise; in such

a case, in fact, only contributions changing upon displacement of the k-th par-

ticle need to be taken into account. Such “tricks” allow to considerably reduce

the computational cost of simulations. So, if all interactions are calculated pair-

wisely, the only contributions of the total potential that vary when a monomer

k is displaced are the ones appearing in U (k) =
∑N

l 6=k [ULJ(rlk) + UCoul(rlk)] +∑k+1
l=k−16=k Ubond(rlk).

*,�

2.2.1.4 Cluster moves

When simulating complex systems like polymers, a set of cluster moves can be

also implemented both in order to speed up the convergence to the system equilib-

rium state and to better sample the potential energy surface. MC cluster moves

are attempts to change the state (usually, the position) of a given group of par-

ticles, e.g the entire polymer chain or a segment of it. In polymer coarse-grained

simulations, the most frequently implemented cluster moves are:

*The formula is valid for a monomer m which does not occupy the first or the last position
along the chain and in absence of an angular contribution to the potential.

�This implies that all particles are listed in a correct way; e.g., all monomers (respecting
their sequential position along the chain), then all CIs, then all salt ions.
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1. entire chain translation/rotation: it consists in a rigid translation/ro-

tation in space of a given chain with respect to the other chains and particles

in the system;

2. pivot move: given two (randomly chosen) adjacent monomers i and j =

i + 1, the move consists in an attempt to rotate all k > i + 1 monomers

around the segment connecting i and j by an angle φ, −θpivot < φ < θpivot,

where θpivot is the maximum allowed angular displacement;

3. crank-shaft move: given two (randomly chosen) non-adjacent monomers

i and j > i, the move consists in an attempt to rotate all the k monomers

that lies between i and j (i.e., i < k < j) around the segment connecting i

and j by an angle φ, −θc−shaft < φ < θc−shaft;

3. reptation move: being i and j the first and last monomer of the chain

(or vice versa), the reptation consists in moving i ” beyond“j randomly

choosing the former position so that it lies at a distance r0±∆rrept, where

r0 is the equilibrium bond distance between monomers, and connecting the

two with a bonding interaction.�

As for “canonical” MC moves, also for cluster moves the parameters are set so

to have an acceptance probability roughly equal to 40÷ 50%.

A smarter version of cluster moves, the so called “(partially) clothed clus-

ter moves”, has been proposed to improve polyelectrolyte sampling (see, e.g.,

Reference [79]). In fact, displacing long segments of a polyion without displac-

ing accordingly its condensed counterions may carry a large energy expense and

hence result in a decrease in the acceptance rate. Thus, (partially) clothed moves

attempt to solve such issue by including, in cluster moves, (a portion of) the ion

atmosphere surrounding the displaced segment. Our experience suggests that

“naked ” cluster moves are usually sufficient to obtain good sampling in presence

of monovalent CIs. In case of multivalent counterions, we suspect that clothed

moves can lead to a significant improvement in sampling the system potential

energy surface; to date, however, simulatio results supporting this idea seems to

be lacking in literature to the best of our knowledge.

�Instead of a single monomer, an entire segment of the chain can be also translated; usually,
the rate of acceptance decreases with the length of the segment
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2.2.2 Simulating weak acidity/basicity with Monte Carlo: the

“constant pH” method

The “constant-pH” method has been proposed by Reed and Reed [32] in order to

simulate the titration of weak acidic or basic species such as weak polyelectrolytes.

As originally reported in Reference [32] and recently recalled in a review on

simulations of weak polyelectrolytes and gels [42], the partition function of the

constant-pH ensemble is

ZcpH =
∑
n̄∈I

N0!

[N0(1− n̄)]!(N0n̄)!

(
10pH−pKa

)N0(1−n̄)
∫

Ξ(U, n̄)e[−βU(R,n̄)]dR,

(2.31)

where N0 is the number of titratable units, Ξ(U, n̄) is the degeneracy of the total

potential energy U given a specific degree of association n̄ = 1 − α, pKa is the

negative decimal logarithm of the dissociation constant Ka, I is the discrete set

of allowed degrees of associations I = {i∆n̄ | i ∈ 0, 1, . . . , N0} in the simulation

and ∆n̄ = 1/N0 is the smallest allowed change of n̄ in the simulation. From

Equation 2.31 it follows that the probability for a microstate i with a certain

degree of association n̄ is

Pi[n̄, U(i)] =
N0!

[N0(1− n̄)]!(N0n̄)!

(
10pH−pKa

)N0(1−n̄)
e[−βU(i,n̄)]. (2.32)

The Metropolis acceptance probability (see Equation 2.29) for a deprotona-

tion (dissociation) step Passo → disso, i.e. the transition from a protonated (“asso”)

to a deprotonated state (“disso”), can be expressed in terms of change in the as-

sociation degree ∆n̄:

Passo → disso = min

{
1,
Pdisso[n̄−∆n̄, Uasso]

Passo[n̄, Udisso]

}

= min

{
1,

(
N0!

[N0(1−n̄+∆n̄)]!(N0n̄)!

)
(

N0!
[N0(1−n̄)]!(N0n̄+N0∆n̄)!

)(10pH−pKa
)N0∆n̄

e[−β∆asso → dissoU ]

}

= min

{
1,

N0n̄

N0(1− n̄+ 1)

(
10pH−pKa

)N0∆n̄
e[−β∆asso → dissoU ]

}

= min

{
1,
NHA

NA−

(
10pH−pKa

)N0∆n̄
e[−β∆asso → dissoU ]

}
(2.33)
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In the last step we used the relation N0n̄
N0(1−n̄+1) '

N0n̄
N0(1−n̄) = NHA

N−A
, which is valid

for N0 →∞. Setting Passo → disso = NHA
N0

= 1−α = n̄ and Pdisso → asso =
NA−
N0

= α

results in the commonly used Metropolis-Hastings acceptance probability PcpH

for (de)protonation attempts, that is

PcpH = min
{

1, e−β∆U10±(pH−pKa)
}

= min
{

1, e−β∆U±(pH−pKa) ln 10
}
, (2.34)

where ∆U = ∆asso → dissoU or ∆disso → assoU is the change in energy due to the

(de)protonation attempt. The “-” sign is used when a protonation is attempted,

whereas the “+” sign is used when a dissociation is attempted.

In simple terms, the constant pH method assumes the system in equilibrium

with an implicit infinite reservoir at a fixed chemical potential of H+ ions, which

is defined by the value assumed by the control parameter pH - pKa. Thus, the

state of a monomer m, e.g. charged (protonated, qm = 0) or neutral (deproto-

nated, qm = −1) in the case of a weak polyacid species, can be changed using the

acceptance probability reported in Equation 2.34, which takes into account also

the chemical potential of H+ in solution. Every time a dissociation reaction is at-

tempted, a CI (positive, in this case) is randomly inserted in the simulation cell in

order to maintain the system electroneutral; conversely, a random CI is removed

from the simulation box every time a dissociated monomer is protonated. Notice

that constant-pH simulation scheme treats CIs as “dummy” particles whose role

is only to maintain the system electroneutral, and their concentration does not

coincide with the H+ ones.§ In fact, their actual number in the simulation cell

may somewhat differ from the number of monovalent cations expected at a pH

equal to the one imposed by the input pH - pKa value if the simulation cell was

coupled to a counterion reservoir. The implicit interpretation of the pH underes-

timates screening effects due to the absence of all explicit H+ or OH– ions, effect

that may lead to inaccurate results at extremely high or low pH values, especially

when the background ionic force is low or even absent [42,55].

Apart from the constant-pH ensemble, also the Reaction ensemble [80,81] (and

the very recently developed Gran Reaction ensemble [82]) can be used in order

to simulate weak polyelectrolytes. We refer the reader to References [42,55] for a

§At low pH values CI may represent H+ in solution, whereas at high pH values they may
represent OH− counterions (e.g., Na+); their chemical nature at intermediate pH values is
somewhat unspecified.
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detailed analysis of the differences between constant-pH and Reaction ensemble

methods.

2.2.2.1 Helmholtz energy calculations

In the attempt of characterizing the equilibrium energetics of a polyelectrolyte

as a function of pH, Reed and Reed [32] demonstrated under several simplifying

assumptions that

A(pH∗, RSC) = −kBT ln (10)Nmono

∫ pH∗

pH�pKa

α(pH, RSC)d(pH - pKa) (2.35)

is the change in Helmholtz free energy of a weak polyacid linear chain composed

by Nmono titratable monomers confined into a spherical cavity of radius RSC

upon increasing the pH from a value much lower than pKa to a chosen pH∗, and

α(pH, RSC) is the average ionization degree of the species as a function of R, and

the pH. Heuristically, Mella et al. employed such result to estimate the impact

of chain ionization on the change in Helmholtz energy due to the confinement

of linear polyelectrolytes inside slits, pores and spherical cavities at a specific

pH [36,37].

With respect to the validity of Equation 2.35, the knowledge of the partition

function for the constant–pH ensemble [32,42] allows us to prove that the integral

of the ionization degree with respect to the pH correctly estimates the change

in A for the whole system while increasing the proton chemical potential from a

value sufficiently low to hamper ionization. In fact, as one can write the Helmholtz

energy as A = −kBT ln(ZcpH), from Equation 2.31 it becomes possible to estimate

the derivative of A with respect to pH (or, more conveniently, pH - pKa). With

the latter, one may exploit thermodynamic integration to compute ∆A associated

to the ionization of polyelectrolytic systems due to a change in pH. Introducing

Zconf(n̄) =
∫

Ξ(U, n̄)e(−βU(R,n̄)dR for convenience, and noticing that it does not
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depend explicitly on the pH, one may write(
∂A

∂(pH− pKa)

)
=− kBT

ZcpH

∑
n̄∈I

N0!

[N0(1− n̄)]![N0n̄]!
Zconf(n̄)[N0(1− n̄)]

(10pH−pKa)N0(1−n̄)−1 ln(10)10pH−pKa =

=− ln(10)N0
kBT

LpH

∑
n̄∈I

N0!

[N0(1− n̄)]![N0n̄]!
Zconf(n̄)[1− n̄]

(10pH−pKa)N0(1−n̄) =

= − ln(10)N0kBTα (2.36)

where α ≡ 〈α〉 is an averaged value over I. Integrating from an initial state for

which pH� pKa (i.e., α = 0) to the desired value of pH∗, one retrieves Equation

2.35.

2.2.3 Molecular Dynamics simulations

Molecular dynamics (MD) methods allow to simulate chemico-physical systems

(either described by atomistic or coarse-grained models) by integrating the equa-

tion of motions for all the components over a certain lapse of time. In contrast

with purely stochastic simulations (such as the Monte Carlo methods described in

Section 2.2.1), they thus provide a picture of the dynamical evolution of the sys-

tem. For a system conserving its energy (that is, in the microcanonical ensemble

NVE), the trajectory of each interacting particle i can be numerically determined

by solving equations of motion, the most common case being Newton’s equations:

miai = Fi(r
N ) = −∇Utot(r

N ); (2.37)

here, mi is the i-th particle’s mass, whereas ri, ai and Fi are, respectively, the

vectors defining its position, its acceleration, and the forces acting on it. Utot is,

instead, the total potential to which the particle i is subjected.

The integration scheme underlying our MD simulations is the “velocity Verlet”
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integrator:

ri(t+ ∆t) = ri(t) + vi(t)∆t+
1

2
ai(t)(∆t)

2 (2.38)

vi(t+ ∆t) = vi(t) +
1

2
[ai(t) + ai(t+ ∆t)]; (2.39)

here, vi(t) is the velocity of the i-th particle at the time t, and ∆t is the integration

time step.

For a system composed by N particles and obeying the ergodic hypothesis

(which means that 〈O〉ensemble = 〈O〉timefor any observable O), it is possible to

compute macroscopic thermodynamic properties from the evolution of a molecu-

lar dynamics simulation (i.e., from the trajectory generated in the 6N dimensional

phase space):

〈O〉 =
1

tsim
lim

tsim→∞

∫ tsim

0
O
(
rN (t),vN (t)

)
dt (2.40)

≈ 1

M

M∑
t=0

O
(
rN (t),vN (t)

)
. (2.41)

.

In the canonical ensemble (NVT), the system energy “in excess” is exchanged

with a thermostat in order to maintain T approximately constant. Several meth-

ods can be implemented to add and remove energy from the simulation cell,

among which we mention the Langevin dynamics [83].

2.2.4 Langevin Dynamics

Langevin dynamics [83] introduces a Gaussian random force Ri and a friction

coefficient γ in Newton’s equation of motion, in order to convert such differential

equations to stochastic differential equations:

miai = Fi(r
N ) + Ri(r

N )− γmivi. (2.42)

Importantly, the Gaussian force R must act on each particle independently and

obey the fluctuation–dissipation theorem, hence it has to have a zero mean value
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and a δ-distributed autocorrelation (δ being the Dirac’s delta), that is:

〈Ri(t)〉 = 0, (2.43)

〈Ri(t) ·Rj(t
′)〉 = 6kBTγδ(t− t′)δij . (2.44)

This implies that it is assumed that the random force is completely uncorrelated

at different simulation times t 6= t′.
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Absorbed Weak Polyelectrolytes:

Impact of Confinement, Topology,

and Chemically Specific Interactions

on Ionization, Conformation Free

Energy, Counterion Condensation

and Absorption Equilibrium*

3.1 Introduction

The topic of polymers in general [84–112], and polyelectrolytes in particular

[17, 113–121], absorbed into confining geometries has already attracted the at-

tention of computational scientists [113, 120, 121] as a consequence of its rele-

vance for several fields in science and technology. To name a few examples, we

mention the interest in polymer partitioning (e.g. see [84, 89, 102]), RNA and

DNA compaction inside capsids [120, 121] or neutral aggregates (e.g. vesicles)

for gene delivery [17–19], as well as the induction of polyelectrolyte endocytosis

due to electrostatic interactions. As to the first two topics, which have been

in depth studied, a qualitative to semi–quantitative understanding of the rela-

*This chapter has been adapted from: Tagliabue, A., Izzo L., Mella M., Impact of Charge
Correlation, Chain Rigidity, and Chemical Specific Interactions on the Behavior of Weak Poly-
electrolytes in Solution, Journal of Chemical Physics B, 123, 42, 8872–8888 (2019). © 2019,
American Chemical Society. All rights reserved.

33
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tionship between parameters defining the systems (polymer stiffness, cavity size,

polyelectrolyte and capsids charge densities, and counterions or background salt

ions valence and concentration) with the spontaneity (or lack) of encapsulation/-

confinement has now been reached [17,113–115,118,120,121]. In the specific case

of strong polyelectrolytes, reaching the latter situation has led to unravel details

such as the average size of the polyelectrolyte, its location and conformation inside

the confining region, as well as the amount of ions condensed on the chain [18].

Compared to the case of neutral polymers or strong polyelectrolytes, the impact

of confinement onto structural and energetic properties of weak polyelectrolytes

has been, instead, much less investigated despite, for instance, their applicabil-

ity as pH-responsive drug delivery systems. The limited amount of information

available for this topic thus appears as a gap in need of fulfillment.

As far as we are aware, molecular theories have so far been applied to in-

vestigate or rationalize the impact of confinement and chain crowding on pH-

responsiveness of ionic conduction inside nano-channels decorated with weak

polyelectrolyte brushes [122–125]. More recently, Monte Carlo (MC) simulations

have been used to explore how ionization, conformation and chain Helmholtz

energy depend on the mode (1D, 2D, or 3D) and degree of confinement [37],

and the presence of chemically specific interactions between charged and neu-

tral ionizable groups [12]. The latter study suggested a marked impact on linear

chain ionization of confinement inside spherical cavities (SC) due to, either, the

smaller average distance between charged monomers compared to a free chain,

and to a higher probability of forming neutral-charged monomer contacts when

charged hydrogen bonds (c-H-bonds) were possible. These interactions, and the

change in total ionization, translated into a lowering of the Helmholtz energy

change associated to confining a chain inside a SC of radius RSC at a given pH,

∆confA(pH, RSC), compared to the case of fixed ionization degree (i.e., strong

polyelectrolytes); it was thus possible to find a pH value at which the confine-

ment was thermodynamically less disadvantageous than in the case of neutral

chains.

Thanks to improved synthetic approaches, it has nowadays become possible

to generate weak polyelectrolytes with structures differing from the standard lin-

ear one such as tree–like [26,27,48–51], star–like [52–54] or brushes. The change

in geometrical disposition and, hence, in local density of ionizable monomers
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compared to linear species should obviously impact on the electrolytic prop-

erties of macromolecules, so that the behavior with respect to global or local

ionization [126], conformations in solution, thermodynamics of confinement, as

well as the relative distribution of ions and ionized polymers may be markedly

affected, as it neatly emerges titrating star–like poly(acrylic acid) (PAA) [52],

poly(dimethylamino ethyl methacrylate) (PDMAEMA) [53], and poly(diethyl

amino ethyl methacrylate) (PDEAEMA) [54]. For instance, the osmotic coef-

ficient in the mentioned cases suggests that the amount of counterions acting as

independent entities markedly decreases upon increasing the number of arms in

the star–like polymer. If such dependency on the number of arms was correlated

to the local density of ionized monomers, also confined species may show some

dependency of the fraction of condensed counterions on the size of the confining

cavity [18] if counterions escape is allowed (such as, for example, in capsids).

Following the widespread interest on the properties of confined neutral and

ionized chains, this work extends our previous effort [37] in modeling confined

polyelectrolytes to branched species. We do so with the intent of gauging the

impact of confinement on the ionization behavior, especially with respect to the

degree of branching, as well as the impact of the degree of ionization on the

change in Helmholtz energy associated with polymer encapsulation. Improv-

ing on the modeling approach employed previously, we explicitly included the

presence of counterions in our stochastic titration simulations to better mimic

experiments [52,126]. Polyelectrolytes are therefore contained in a cavity perme-

able to explicitly treated pH-defining or neutralization deriving ions; this choice,

more general than enclosing all particles inside the same cavity, allows us to

seamlessly connect investigations dealing exclusively either with neutral chains

or strong polyelectrolytes in capsids. As a byproduct of our modeling choice,

the Donnan equilibrium of counterions is also monitored to highlight possible

differences in counterion partitioning between the region occupied by the chain

and the ones that are not as a function of polyelectrolytes characteristics. Thus,

our effort adds new information to previous attempts of modeling star–like weak

polyelectrolytes that include the application of SCF–type theories [127] to inves-

tigate conformational behavior as a function of the ionization degree, the testing

of such theories against Monte Carlo titration data with explicit counterions, the

use of free energy functional based molecular theories [128], and MC simulations
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of hydrophobic star polyelectrolytes with [129] or without [130] explicit treatment

of counterions. In latter studies, sequences of monomers with lower than average

ionization are also seen at intermediate pH.

We also wish to investigate how the increase in local monomer density due

to the star-like nature of the polyelectrolyte may impact on the ionization degree

when c-H-bonds can form. In fact, the latter have been invoked, e.g., to ratio-

nalize the higher charge density found of plaques composed by water-insoluble

copolymers [26, 27] (containing DMAEMA and methylmethacrylate, MMA, as

co–monomers), and found to increase ionization of linear chains up to 2 orders

of magnitude at pH< pKa [12]. As this consequence derives from a different

behavior of monomers chemical potential with respect to the ionization degree

compared to chains unable to form c-H-bonds, we shall compute the Helmholtz

energy of absorbed chains as a function of pH−pKa and exploit it to discuss how

ionization impacts on the escape of a weak polyelectrolyte from a SC.

Of relevance for the latter issues, we mention the work by Szleifer and co-

workers [131, 132], where the impact on conformations of nanoparticle carrying

tethered poly-carboxylic acids due to Ca2+ ion coordination, as a function of both

pH and nanoparticle curvature radius, was studied. The 1:2 Ca2+–carboxylates

coordination is, de facto, akin to the model discussed above involving formation

of c-H-bonds, albeit it deviates from the latter in terms of the Gibbs energy

change due to species association and for the monotonic increase in the number

of coordination sites upon increasing pH.*

This chapter is organized as follows. Section 3.2 provides the details of our

modeling approach, highlighting similarities and differences with Mella et al.

previous works [12,37]. Section 3.3 presents results of our numerical simulations;

to facilitate the description and the discussion of the results, the latter Section

is divided in Subsections, each describing one of the aims stated previously. We

draw our conclusion in Section 3.4; there, where we also widen our discussion to

extend the relevance of our results. Finally, in Appendices 3.5 and 3.6 we present

additional results.

*Ca2+ and –COO− complexation releases roughly -3.8 kcal/mol, whereas c-H-bond forma-
tion frees roughly -2 kcal/mol. Also, one expects a monotonic increase in the number of Ca2+

coordination sites upon increasing the pH, whereas the number of possible c-H-bonds is instead
a convex function of pH− pKa [12]
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Abbreviation Meaning

MC Monte Carlo
SC Spherical cavity
c-H-bond Charged hydrogen bond
CI Counterion
MB Many-body

Table 3.1: List of abbreviations commonly used in this chapter

3.2 Methods and model

Our system consists of a spherical cavity (SC, or capsid) of radius RSC, inside

which a single weak polyelectrolyte chain is confined. The latter is composed

of a neutral central monomer (or nucleus, C) and Narm linear chains (or arms)

tethered to it. Each arm is, in turn, composed by L weakly acidic monomers

(beads). The number of total monomers, nucleus included, is thus Nmono =

LNarm + 1. Chain confinement inside the SC is simulated via hard walls, the

confining potential given by

Ucaps(ri) =

0 if ri < RSC

+∞ if ri ≥ RSC,
(3.1)

where ri is the distance of the i-th monomer from the centre of the sphere.

Beads in each arm are connected via a harmonic stretching potential (see

Equation 2.4), using the following parameters: kbond = 200kBT/Å, where kBT =

0.6616 kcal/mol (that corresponds to 1.0544·10−3 Hartree and T ' 333 K), and

σ = 3.85 Å. The nucleus and the first monomer of each arm are connected with

a similar interaction potential using, however, σC = 2σ instead of σ, so that a

larger excluded volume is attributed to the central core. A harmonic bending

potential may also be added to confer rigidity to the polymer (see Equation 2.6),

with an equilibrium angle θ0 = 150◦ and an angular force constant kang ≡ kbend =

2 · 10−3kBT/deg2. We refer to the latter species as “semi-rigid”, whereas when

no angular potential is present polyelectrolytes will be tagged as “(infinitely)

flexible”. No bending potential is applied to the monomers directly bonded to

the nucleus, in order to allow them to find the better spatial arrangement as a

function of Narm and the other system parameters.
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As mentioned, each monomer except the central one is treated as a weak

acid; the latter property is simulated via the constant-pH method (see Section

2.2.2). A positive monovalent counterion (CI) is inserted (removed) each time

a monomer dissociates (is neutralized). CIs may not be confined into the SC

limiting the chain movement, i.e. Ucaps(ri) = 0 ∀ri, i being a CI; this choice is

made to mimic a SC inside which a polymer (and its CIs) may absorb from the

surrounding space, as it happens in nature when DNA enters capsids.

However, in order to implicitly define monomer (and, consequently, CI and

chain) concentration, all particles are enclosed in a spherical simulation cell with

a radius Rcell ≡ Rext as in the standard cell model (see Section 2.1.2).

All charged particles in the system interact with each others via a pairwise

Coulomb potential (see Equation 2.7); the solvent is treated as an unpolarizable

dielectric continuum with a relative permittivity εr = 78.3 (i.e., roughly the one

of water).

All Ntot particles in the system are treated as soft spheres; so, a WCA po-

tential (see Equation 2.3) is implemented to simulate monomers’ and CIs’ ex-

cluded volume in order to avoid polymer entanglement and particles overlap.

The “depth” of the WCA potential is ε = kBT . When the nucleus is involved,

σC is used instead of σ.

Finally, in order to simulate the impact of c-H-bonds on polyelectrolyte be-

havior, we also employed a a many-body (MB) interaction potential previously

introduced [12, 37] (see Section 2.1.1.5). Parameters defining these interactions

are the cutoff radius (rMB = 5 Å) below which charged and neutral monomers

are considered to be interacting, the strength of the stabilizing interaction po-

tential per interacting pair (ξ = 2 kcal/mol) and the maximum number of pair

interactions that a neutral and a charged monomer can form (n
(n)
MB and n

(c)
MB,

respectively). In the present work, we have chosen n
(c)
MB = 2, so to allow, e.g.,

the acceptance of two c-H-bonds by –COO−, and either n
(n)
MB =∞, as previously

employed, or 1, in order to investigate the impact of such parameter on the acid-

base and energetic properties. Results obtained setting n
(n)
MB = 1 are shown in

the Appendix3.6.

Our simulations are performed via a classical MC approach, sampling the

semi-grand canonical thermal density matrix of the system as function of the

control variable pH - pKa; the latter is a convenient proxy to control proton
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chemical potential in solution (see Section 2.2.2). Monomers and counterions are

displaced randomly along three orthogonal directions with a maximum attempted

step, and the displacement is accepted using the classical Metropolis-Hastings rule

(see Equation 2.30). In order to converge to thermal equilibrium more rapidly and

to more efficiently explore the system potential energy surface, a series of cluster

moves are also attempted (see Section 2.2.1.4); these are: (i) entire polyelectrolyte

translations, and (ii) pivot moves. In the end, each Monte Carlo step consists of

the attempted translation of each particle in the system, one attempt to change

the charge state of a monomer, one rigid chain translation and one pivot move.

Changes in polyelectrolyte properties as a function of pH, RSC, and chain stiff-

ness (kbend = 0 or 2 · 10−3kBT/deg2 = 2.1088× 10−6 a.u. [133]) have been inves-

tigated employing a coarse grained polymer model containing, mainly, LNarm =

120 monovalent ionizable monomers and a centrally located neutral core. The

SC radius RSC spanned the range 21 Å ≤ RSC ≤ 66 Å; as the repulsion between

neutral monomers starts at an inter-monomer distance of 3.85 Å, the polymer

volume fraction φ inside the SC spans the range 2.1 × 10−4 ≤ φ ≤ 6.2 × 10−3.

Rext = 106 Å unless otherwise specified. To investigate the impact of topol-

ogy [52, 53], species with Narm = 2 and 8 were simulated. Also noteworthy, the

species with Narm = 8 (henceforth “star–like”, L = 15) fits within the widest SC

(RSC = 66 Å) even when completely ionized.

3.2.1 Changes in Helmholtz energy due to confinement

As discussed in the past [37,84–87,91,104,105,118,119,134,135], a certain amount

of reversible work is needed to confine a polymer inside a cavity due to the

reduction of its configurational entropy. In case of a weak polyelectrolyte, such

energetic penalty depends on both polymer structure itself and environment pH,

as the latter influences its angular rigidity and the amount of condensed CIs. We

previously characterized the effects due to ionization [37] via the quantity

Iξ∗(pH∗, RSC) = Aξ∗(pH∗, RSC)−Aξ∗(pH∗,∞) (3.2)

where Aξ∗ is the change in Helmholtz energy of a polyacidic chain with ξ∗ = ξ

and confined inside a SC of radius RSC upon increasing the pH from a value much

lower than pKa to pH∗; the latter is computed exploiting Equation 2.35.
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Whereas Iξ∗(pH∗, RSC) (≡ I in order to simplify the notation) was, unsurpris-

ingly, always found positive when ξ = 0 and in the absence of CIs [37], it assumed

negative values at low α when ξ = 2 kcal/mol thanks to the stabilization arising

from c-H-bonds. As absence of CIs could have biased the estimated magnitude of

the effect [37] even for ξ = 0, it seems worth recomputing I with a more realistic

model and to explore it for also star-shaped polymers.

I is also of direct relevance if one wishes to discuss the statistical aspects of

polymer escape from a narrow hole in the SC when such latter process is domi-

nated by thermodynamics forces ensuing from a marked drop in Helmholtz energy

during translocation [136]. In the latter case, the average escape time is pro-

portional to LNarm/∆µ, where ∆µ is chemical potential gradient for monomers

between absorbed and free states. This can be modified by ionizing the poly-

mer in consequence of Coulomb repulsion, polymer stiffening, and formation of

c-H-bonds [37]. As I gauges the excess Helmholtz energy due to chain ionization

inside the SC compared to the free state taking as a reference a neutral chain

with the same characteristics, it directly provides indications on how ∆µ is mod-

ulated by the pH. Previous work by Mella and Izzo [37] suggested that, firstly,

the drop in Helmholtz energy for a ionized chain upon escaping the confinement

may be up to four times larger than for the neutral counterpart and, secondly,

that c-H-bonds may, instead, reduce it.

With respect to the actual method for gauging I, we point out that estimating

the term A(pH∗,∞) in Equation 3.2 does not necessitate using SC with RSC =∞;

it would be adequate, in fact, that the SC is sufficiently wide to limit its influence

on the titration curve. For this reason, and anticipating that increasing RSC from

53 to 66 Å would only weakly impact on α even for the longerNarm = 2 species, we

investigate the mentioned aspect approximating Iξ∗(pH∗, RSC) with Iξ∗(pH∗, 66

Å)' Aξ∗(pH∗, RSC)−Aξ∗(pH∗, 66 Å). Notice that such approximation is expected

to slightly underestimate the absolute value of I, as some residual interaction

between monomers may still be present when RSC = 66 Å instead than RSC =∞.

It is also important to point out that we approximated the values of α in Equation

2.35 when pH− pKa < −3.5 with an exponential function interpolating the two

values computed at pH− pKa = −3.5 and 3.0, a range of pH where the behavior

of the ionization degree closely follow a straight line.
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In this work, we also computed the energy difference

J(pH∗, RSC) = Aξ=2(pH∗, RSC)−Aξ=0(pH∗, RSC), (3.3)

which, at chosen pH∗ and RSC, differs from zero only due to the possible forma-

tion of c-H-bonds and thus contributes to define the ratio between the partition

constants of polymers able or not to give rise to such interactions.

3.3 Results and discussion

Before starting the discussion, let us point out that the number of samples col-

lected to estimate physical quantities for the systems investigated was sufficiently

large to obtain a statistical accuracy of, at least, 1 part for thousands; we thus

avoid to show statistical errors completely.

3.3.1 Titration curves

The behavior of ∆pKa = pKpoly
a (α)−pK id

a , where α ≡ 〈α〉 for flexible and semi-

rigid linear species (i.e., Narm = 2) is presented in Figure 3.1. When c-H-bonds

cannot form (ξ = 0, upper panel of Figure 3.1), ∆pKa monotonically increases

upon increasing α due to the increasingly higher electrostatic repulsion felt by a

newly dissociated monomer. For the same reason, ∆pKa monotonically increases

upon reducing RSC due to a decrease in the average distance between monomers.

Notice, however, that going from RSC = 53 Å to 66 Å impacts only weakly on α

(see Figure 3.2) and, hence, on ∆pKa; this evidence suggests that a cavity with

RSC = 66 Å is already sufficiently wide so that it may be tentatively employed

as if it represented the case with RSC =∞ in Equation 3.2.

Comparing flexible and semi-rigid cases at a chosen SC width, one notices that

the latter always present a lower value of ∆pKa than the former, a finding due

to the larger average distance between monomers in stiffer chains [37] imposed

by the angular potential.� Apart from increasing the average arm extension

〈r1N〉, the bending potential reduces the entropy associated with the intra-chain

�As an example, we report that a neutral (i.e., when pH� pKa) linear semi-rigid chain
composed by L = 15 monomers increases its average “end-to-end” (or arm average extension,
〈r1N 〉, see Equation 2.13) distance from 22.7 to 31.5 Å upon increasing kang from 0 to 2 ·
10−3kBT/deg2.
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Figure 3.1: ∆pKa versus ionization degree α for semi-rigid (“bend”) and flexible weak polyelec-
trolytes with Narm = 2 for various values of R = RSC/Å ∈ {21, 32, 42, 53, 66}; ξ = 0 (upper
panel) or 2 kcal/mol (lower panel).
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Figure 3.2: α as a function of pH - pKa for semi-rigid (“bend”) and flexible weak polyelectrolytes
with Narm = 2 (“2-arms”) for various values of R = RSC/Å ∈ {21, 32, 42, 53, 66}; ξ = 0 (upper
panel) or 2 kcal/mol (lower panel).
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distribution of monomers, so that the entropic penalty to be paid due to the

“Coulomb-induced linearization” upon further ionization is lowered. As for a

direct comparison with available experiments, we notice that results reported in

Figure 3.1 underestimate the shift in pKa seen in the titration of PMAA [137]

(∆pKa = 2) and PDMAEMA [53, 138] (∆pKa = 2.19). Given both the coarse-

grained nature of our model and the continuum dielectric representation of water

(see, e.g., References [139,140]), such underestimation ought to be expected.

Turning to the case of linear chains able to form c-H-bonds (ξ = 2 kcal/mol,

n
(n)
MB = ∞; see lower panel of Figure 3.1, and see Figure 3.2), the impact of

the latter on α and ∆pKa is clearly apparent. In general, c-H-bonds increase

chain ionization by decreasing pKpoly
a over the lower ionization range (α . 0.45)

compared to the ξ = 0 case, whereas pKpoly
a increases in the remaining range of

α values. Notice that this behavior is quite general and independent of the SC

radius. Moreover, the negative ∆pKa values obtained when α . 0.15 indicate

that the polyelectrolyte ionizes more than in the ideal case; clearly, the decrease

of ∆pKa by up to 2 pKa units contradicts general expectations with respect

to charge regulation. This deviation becomes even starker if one considers the

low α behavior shown by ∆pKa as a function of RSC: in this case, we notice

an increase in monomer acidity upon decreasing RSC, a phenomenon once again

attributable to an increase in the probability of contact between ionized and

neutral monomers [37]. Finally, we mention that the somewhat erratic behavior

of ∆pKa values for α > 0.7 can be due to a rougher energy landscape induced

by c-H-bonds themselves.

The behavior of ∆pKa versus α for a polyelectrolyte with Narm = 8 is pre-

sented in Figure 3.3 (see also Figure 3.4, which presents the behavior of α as

a function of pH - pKa). Overall, it follows what previously discussed for lin-

ear species upon reducing RSC or increasing rigidity, even though one notices a

slower increase in ionization for the 8-arms species with ξ = 0 kcal/mol species

previously indicated in the literature by both computational [127,130] and exper-

imental [52,53] studies. Our models predict a ∆pKa(α = 0.5) between Narm = 2

and 8 of 0.09 and 0.12 for, respectively, flexible and semi-rigid species, whereas the

experimental titration suggest a change in the same property of roughly 0.3 for

PAA [52] and 0.2 for PDMAEMA [53]. Thus, while our model correctly predict

the qualitative change in pKa, it slightly underestimates the measured quanti-
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Figure 3.3: ∆pKa versus ionization degree α for semi-rigid (“bend”) and flexible weak polyelec-
trolytes with Narm = 2 for various values of R = RSC/Å ∈ {21, 32, 42, 53, 66}; ξ = 0 (upper
panel) or 2 kcal/mol (lower panel).
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Figure 3.4: α as a function of pH - pKafor semi-rigid (“bend”) and flexible weak polyelectrolytes
with Narm = 8 for various values of R = RSC/Å ∈ {21, 32, 42, 53, 66}; ξ = 0 (upper panel) or
2 kcal/mol (lower panel).
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ties. Obviously, the model could be brought into better agreement by properly

tuning parameters defining the chain potential such as the equilibrium distance

of connected monomers or their radii. Considering, however, that a discrepancy

of 0.1 units of pKa is equivalent to an error of only ∼ 0.2RT in terms of the

Helmholtz energy, such refinement appears unwarranted to us at this moment.

Also noteworthy, it is the fact that ∆pKa at low α is slightly more negative than

for 2-arms species when ξ = 2 kcal/mol, an effect most likely due to the higher

density of monomers around the core and that extends the range of negative

∆pKa by 0.05 units, at least.

3.3.2 Ionization along the chain contour

∆pKa values (Figures 3.1 and 3.3) neatly demonstrated the influence of vicinal

charges on the ionization when ξ = 0, even though these are quantities averaged

over the whole polyelectrolyte. Single monomers may, instead, behave somewhat

differently depending on their location along arms/chains due to the difference in

local electrostatic potential [141–143]. That this is the case, it has already been

shown by previous SCF [127] and MC [130] investigations on both linear and star-

like species; these have suggested that chain ends are more ionized than monomers

located around chain midpoint (or attached to the central branching point in

star–like polyelectrolytes). Here, we investigate the impact of confinement and

c-H-bonds on such behavior by analyzing ionization profiles along arms.

Figure 3.5 shows the average charge 〈q(i)〉 carried by monomers as a function

of their location i along an arm (i = 1 identify monomers directly tethered to the

nucleus) for 2-arms polyelectrolytes. The ξ = 0 case (upper panel) conforms with

expectations, with monomers close to chain extremes (or bound to the nucleus,

as this is assumed to have εr = 78.3 due to a limit of our model description) be-

ing more dissociated. Interestingly, arm midpoint monomers may not necessarily

be the least ionized (see, e.g., the RSC = 21 Å case), a finding probably due to

the local (conformational-dependent) nature of the electrostatic potential felt by

each monomer, which modulates the chemical potential of charged beads. Our

narrowest SC is de facto fairly crowded and it may induce the “locking” of a spe-

cific conformation as soon as the stiffness of the polyelectrolyte is sufficiently high

due to intra-chain repulsion. This observation notwithstanding, one may apply
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Figure 3.5: Average charge 〈q(i)〉 as a function of the monomer position i along the arms (i = 1
indicates the monomer tethered to the nucleus) for semi-rigid (“bend”) and flexible 2-arms weak
polyelectrolytes. R = RSC/Å ∈ {21, 66}; ξ = 0 (upper panel) or 2 kcal/mol (lower panel).
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Figure 3.6: Conformations of a 2-arms (left) and 8-arms (right) semi-rigid polyelectrolyte with
ξ = 2 kcal/mol confined inside a SC of radius RSC = 66 Å at pH− pKa = 1.5 (α ' 0.55). Notice
the “hairpin” formed by one of the arms with a loop composed of only three monomers in the
2-arms polyelectrolyte, as well as the 3/5 ratio between neutral/ionized peripheral monomers in
the 8-arms species. Color scheme: neutral monomers in cyan (in blue if terminal or tethered),
ionized monomers in green (in red if terminal or tethered), nucleus in yellow, CIs in light gray.

the Henderson–Hasselbalch equation (Equation 2.22) to the results reported in

Figure 3.5 estimating the difference in pKpoly
a (i) between the terminal and medial

monomers, which turns out to be roughly 0.6 and 0.5 units, respectively, for the

semi-rigid and flexible species confined into a SC with RSC = 66 Å; it is, instead,

somewhat lower inside the smaller SC.

The behavior followed by 〈q(i)〉 (Figure 3.5, lower panel) becomes much less

regular upon switching on MB interactions (n
(n)
MB = ∞ and n

(c)
MB = 2). In fact,

we observe marked oscillations as a function of the monomer location and whose

magnitude increases upon decreasing RSC. This is particularly evident for the

semi-rigid species at pH-pKa = 1.5, but it becomes marked also for the flexible

counterpart at a slightly higher pH (e.g., at pH - pKa = 2.5; see inset in the

lower panel of Figure 3.5). In fact, the oscillations of 〈q(i)〉 values become so

wide that their minimum values are well below the ionization for the ξ = 0 case,

suggesting that c-H-bonds may “depress” the ionization of specific monomers so

to maximize their energetic effect; this requires neutral and ionized monomers to

be close neighbors.
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This conclusion is well supported by snapshots extracted from a simulation

of a semi-rigid 2-arms polymer inside a SC with RSC = 66 Å (Figure 3.6). There,

the presence of short trains of undissociated monomers adjacent to streaks of

ionized ones is evident and, together with the mathematical details of the model,

makes clear that it may be difficult to neutralize a charged monomer surrounded

by neutral ones, or to ionize a neutral monomer when this is forming a c-H-

bond with an ionized one. Apart from the peculiar local ionization behavior, the

impact of c-H-bonds extends also on the set of conformations assumed during

the simulations, with Figure 3.6 evidencing the formation of a duplex structure

formed by the two arms and interrupted by a hairpin with a loop composed of

only three monomers. Such behavior is instead totally absent when ξ = 0 (vide

infra Figure 3.8).

The upper panel Figure 3.7 provides 〈q(i)〉 trends for simulations involving

8-arms species with ξ = 0 kcal/mol; as expected, 〈q(i)〉 decreases upon reducing

i, the only exception being seen for the tightly confined (RSC = 21 Å) semi-rigid

species (the latter presenting a minimum in ionization at i = 7). Comparing the

local ionization trend for 8-arms species, which shows a continuously decreasing

〈q(i)〉 upon moving from the periphery to the star center when RSC = 66 Å

and a sudden increase in ionization of the distal monomer, with the much flatter

behavior of 〈q(i)〉 for linear chains suggests that both inter- and intra-arms re-

pulsion are at play in defining the local ionization state in star polyelectrolytes.

This finding is somewhat at variance with what previously suggested, where the

results were interpreted on the basis of a prevalence of inter-arms repulsion close

to the core and intra-arms repulsion at the periphery of the star.

When ξ = 2 kcal/mol (lower panel of Figure 3.7), acidity of monomers closer

to the nucleus increases; this is likely to be connected to a higher monomer

density in the core vicinity, which increases the likelihood of forming c-H-bonds.

Besides, the presence of such interactions induces fluctuations similar to what

seen in Figure 3.5 also for semi-rigid star-like polyelectrolytes.
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Figure 3.7: Average charge 〈q(i)〉 as a function of the monomer position i along the arms (i = 1
indicates the monomer tethered to the nucleus) for semi-rigid (“bend”) and flexible 8-arms weak
polyelectrolytes. R = RSC/Å ∈ {21, 66}; ξ = 0 (upper panel) or 2 kcal/mol (lower panel).
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Figure 3.8: Conformations of a 2-arms (left) and 8-arms (right) semi-rigid polyelectrolyte with
ξ = 0 kcal/mol confined inside a SC of radius RSC = 66 Å at pH− pKa = 1.5 (α ' 0.55). The
color scheme is the same as in Figure 3.6.

Figure 3.9: 〈r1N〉 distance as a function of pH− pKa for 2-arms and 8-arms species. Shown are
data for semi-rigid (“bend”) and flexible polymers contained into SC with R = RSC/Å = 66;
ξ = 0 (upper panel) or 2 kcal/mol (lower panel).
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3.3.3 Conformations, radial density profiles and counterions con-

densation

A comparison between the simulations snapshots shown in Figures 3.6 and 3.8

for both 2- and 8-arms polyelectrolytes suggests that the conformations sampled

by the polymeric species depends not only on pH but also on the value attributed

to ξ. With ξ > 0, de facto, the pH value controls both the ionization degree and

the probability of forming c-H-bonds, their likelihood being a positive concave

function of the pH itself, with the limiting value of zero when pH� pKa or

pH� pKa. In other terms, c-H-bond formation may induce deviations from,

for instance, the commonly discussed monotonic polyelectrolyte swelling for both

linear and star-shaped species [127,131] as evidenced by Szleifer and co–workers

[131,132] as consequence of Ca2+–mediated bridging between carboxylate groups,

or in presence of hydrophobic forces [129,130].

A non-monotonic behavior for the average arms extension� 〈r1N 〉 for species

with ξ = 2 kcal/mol is clearly seen in Figure 3.9, and it is particularly apparent

for flexible species around pH− pKa = 3.0. Albeit 〈r1N 〉 is a conformation–

dependent quantity more difficult to converge compared to, e.g., the gyration

radius (Equation 2.14), we discuss the former because it is less prone to be biased

by the confinement into SC at low pH than the latter. In fact, we commonly found

the core monomer located close to the cavity wall at low pH even for semi-rigid

species; the net effect of such an arrangement is, obviously, to artificially shift

the geometrical center of the polymer away from the star center so that species

appears, in average, more compact than it would be if unconfined.

Similar results are also found for smaller SC, albeit the differences in behav-

ior of 〈r1N 〉 versus pH are somewhat reduced by the tighter confinement. We

also notice that the mechanism of shortening 〈r1N 〉 when ξ = 2 kcal/mol differs

between flexible and semi-rigid species, as made apparent by Figure 3.10. Thus,

each arm in a flexible species (left panel, Figure 3.10) coils up onto itself forming

small clusters; couples of inter-wound arms are, instead, present in the case of

semi-rigid species, with one arm in each couple (usually the one with the high-

est ionization) being back-bended (hence, shortened) on the other (less ionized).

�The average arms extension for a star-shaped polymer is analogous to the end-to-end dis-
tance for a linear chain (see Equation 2.13); it represents the average distance between terminal
monomers and monomer directly tethered to the central bead.
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Figure 3.10: Simulation snapshots for flexible (left) and semi-rigid (right) 8-arms species able
to form c-H-bonds at pH− pKa = 3.0 inside a SC with RSC = 66 Å. The color scheme is the
same as in Figure 3.6.

Such structure maximizes the number of c-H-bonds formed.

The more compact conformations afforded by chains with ξ = 2 kcal/mol

(compare Figures 3.6, 3.10, and 3.8), may de facto impact on the charge distri-

bution inside the SC and, consequently, also on the quantity of counterions that

may remain inside the SC to partially compensate for polyelectrolyte’s charges.

To gauge this behavior, we computed the average fraction of CIs present at a spe-

cific pH that are contained inside the SC despite its permeability. Such quantity

is defined as

ψ(pH, RSC) =

∫ RSC

0 r2ρCI(r, pH)dr∫ Rext

0 r2ρCI(r, pH)dr
, (3.4)

where ρCI(r, pH) is the CIs radial density. The behavior of ψ(pH, RSC) is shown

in Figure 3.11. Notice that analyzing the fraction of available counterions located

inside the SC instead of the absolute number allows one to focus more easily on

correlation effects due to polymer shape and size, which define the electrostatic

potential around a chain, rather than leaving them convoluted with the ionization

ability of the polyelectrolyte. From the results, we notice that, first, the fraction

of CIs maintained inside the SC at low pH - pKavalues agrees very well with

the (RSC/Rext)
3 ratio, thus indicating that proper configurational sampling is

obtained, and, second, that differences between flexible and semi-rigid chains

disappear at high pH due to the increase in Coulomb-induced stiffness of the
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Figure 3.11: Fractional CI condensation ψ(pH, RSC) as a function of pH for 2-arms (upper
panel) and 8-arms (lower panel) species. Shown are data for semi-rigid (“bend”) and flexible
polymers confined inside a SC with R = RSC/Å ∈ {21, 66}.
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former. At intermediate pH values, instead, we notice that chains with ξ = 2

kcal/mol maintain markedly more CIs inside the SC than ones with ξ = 0; in the

latter case, the amount of CIs absorbed is nearly identical for flexible and semi-

rigid species, whereas the former attract more CIs inside the SC than semi-rigid

ones where able to form c-H-bonds. This is likely to be due to the more compact

conformations (resulting in an higher charge density) assumed by the flexible

chains (see Figure 3.9). For the same reason, star-shaped polyelectrolytes always

attract more CIs inside the SC than linear ones, such evidence being magnified

at high pH values in the largest cavity studied. A similar effect was previously

evidenced for strong polyelectrolytes in terms of the number of condensed CIs

[144] or larger deviation from the ideal osmotic pressure.

The “charge density” argument may also justify the maximum in ψ(pH, RSC)

evident around pH− pKa = 3.0 for linear species with ξ = 2 kcal/mol in the

widest SC. Such an effect disappears at high pH values due to the reduction

of the number of neutral monomers, and the resulting chain swelling, which,

eventually, spreads on the SC inner surface due to electrostatic repulsion. As

2-arms chains confined inside a SC with RSC = 21 Å do not show any indication

for a maximum in ψ, it seems that aggregation due to c-H-bond formation no

longer plays a role when ψ is too high. To investigate which monomer density is

sufficiently high to hinder the appearance of such an effect, Figure 3.12 provides

ψ at various RSC for the semi-rigid chain with ξ = 2 kcal/mol. From the latter,

one notices that the relative height of the maximum with respect to the value

at high pH is a non-monotonic function of RSC, the RSC = 53 Å case showing

the highest relative value. Thus, whereas a slight decrease in RSC facilitates

polyelectrolyte compaction upon ionization and, hence, an increase in polymer

charge density, such an advantage is lost when the monomer density inside a SC

is already sufficiently high so that the formation of c-H-bonds only marginally

increases the latter.

To understand whether or not the degree of CIs condensation on charged

chains is influenced as well as ψ, we define the “condensation index” as

γ(Rl,pH) =

∫ Rl
0 r2ρ(r, pH)dr∫∞
0 r2ρ(r, pH)dr

; (3.5)

here, ρ(r, pH) is the distribution of distances r between charged monomers and
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Figure 3.12: Fractional ion condensation as a function of pH for 2-arms semi-rigid polymers
with ξ = 2 kcal/mol contained inside a SC with R = RSC/Å ∈ {21, 32, 53, 66}.

CIs, whereas Rl = 2σ = 7.7 Å is the threshold distance at which the pair of such

particles are considered no longer bound.§,¶

Figure 3.13 shows the behavior of γ(pH, Rl) ≡ γ for semi-rigid polyelec-

trolytes; flexible species showed similar trends. One notices the presence of a

marked maximum in γ in the range 3 . pH− pKa . 4 for c-H-bond forming

species, whereas ξ = 0 curves monotonically converge to a limiting value upon

increasing the pH. Worth noticing, there is a positive correlation between pH val-

ues at which the maximum in γ is located for species able to form c-H-bonds and

around which compacted arms start to stretch; this suggests, once again, that

both the charge and the volume over which is distributed play a role in defining

the amount of CIs closely surrounding a polyelectrolyte.

§In water, the chosen Rl is close to the Bjerrum distance, at which the thermal energy allows
two monovalent ions of opposite charges to easily escape their mutual attraction.

¶Albeit alternative definitions for a condensation index are indeed possible, (e.g., the prob-
ability of finding a counterion inside cylinders of radius Rl and whose axis coincides with the
straight line joining two bonded monomers) our definition for γ(Rl) has the advantage of being
directly related to one of the pair distributions commonly sampled during our simulations. Be-
sides, we aim mainly to compare “condensation tendencies” as a function of chain topology and
conformations (the latter very dependent to the pH values) rather that provide absolute values
(which are markedly influenced by the model details), so that any definition that monotonically
follows the change in CIs local density around a chain should suffice.
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Figure 3.13: CIs condensation probability γ(Rl) as a function of pH for 2-arms (upper panel)
and 8-arms (lower panel) polyelectrolytes. Shown are data for semi-rigid (“bend”) species, ξ = 0
and 2 kcal/mol, contained inside SC with R = RSC/Å ∈ {21, 66}.
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3.3.4 Dependency of polyelectrolyte Helmholtz energy on con-

finement and charged hydrogen bonds

Figure 3.14 presents the behavior of I for chains confined in a SC with R21

Å (see Equation 3.2)�. For all species with ξ = 0, I is positive definite and

monotonically increasing over the whole range of pH explored. Notice, also, that

I assumes larger values for the 2-arms species, a finding that is mainly due to its

ability to better maximize the distance between charged monomers when confined

in the widest SC; this results in a lower Helmholtz energy A for such species with

respect to 8-arms ones. Additionally, we point out that I is lower for flexible

species than for semi-rigid ones; in this case, the difference is due to the steeper

relative decrease in α upon decreasing RSC from 66 to 21 Å witnessed for stiff

species (see Figures 3.2 and 3.4).

As for polyelectrolytes able to interact via c-H-bonds, we notice the presence

of, at least, one interval of low pH - pKa values where I < 0, the clear indica-

tion that the additional stabilization provided by the c-H-bonds formation may

become stronger upon reducing RSC in a way that markedly depends on chain

stiffness; thus, I assumes values around -2 kcal/mol for flexible species, whereas

it can reach roughly -8 kcal/mol for semi-rigid ones. Moreover, the absolute value

of I when ξ = 2 kcal/mol remains quite low until pH− pKa ' 3, then it begins

to rapidly increase in parallel with the increase of 〈r1N 〉 (see Equation 3.9) due

to the cluster dissolution or unfolding. In case of semi-rigid polymers, we also

notice the presence of a relative minimum around pH− pKa ' 3; this is due

to a recrossing (i.e. αξ=2(pH∗, 21) > αξ=2(pH∗, 66) when 1.5 < pH∗ < 2.5) of

titration curves obtained for RSC = 21 and 66 Å.

In order to investigate the impact that c-H-bonds have on the energetics of

confined weak polyelectrolytes, Figure 3.15 presents the behavior of J(pH) ≡ J

(see Equation 3.3) for flexible and semi-rigid polymers. Before commenting it, let

us stress that J should be equal to zero when pH� pKa and pH� pKa, as chains

(both with and without MB interactions enabled) should behave similarly in those

condition and thus should have the same Helmholtz energy, a fact related to the

vanishingly small probability of forming a c-H-bond when α→ 0 or 1. From our

results, one immediately notices that flexible species generally conform to such

�We recall that we approximate RSC =∞ with RSC = 66 Å
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Figure 3.14: I (in kcal/mol) as a function of pH - pKa for 2-arms and 8-arms species. Shown
are data for semi-rigid (“bend”, upper panel) and flexible chains (lower panel) with ξ = 0 and
2 kcal/mol.
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Figure 3.15: J (kcal/mol) as a function of pH for 2-arms and 8-arms species. Shown are data
for semi-rigid (“bend”) and flexible chains confined inside a SC with R = RSC/Å = 66 (upper
panel) and 21 (lower panel).
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expectation, the weak deviation from zero seen when RSC = 66 Å at high pH

being likely due to a mild inaccuracy in the integration that provides the values

of A employed. Apart from this minor shortcoming, J < 0 over the vast majority

of pH range explored for flexible species. From the quantitative point of view, 2-

arms and 8-arms flexible species differ only slightly in terms of the values of J , the

lowest value computed in both SC shown indicating a lowering of the Helmholtz

energy due to the c-H-bonds by ∼ 100–120 kcal/mol. The largest stabilization is

found when RSC = 21 Å due to a higher probability of charged–neutral monomer

interactions as a consequence of the reduced volume available to the chain. Also

semi-rigid polymers present wide ranges of pH over which J < 0, due, again,

to the presence of c-H-bond interactions. Such stabilization is, however, less

marked than for flexible species, a finding probably due to a lower neutral–charged

monomers contact probability (see Figures 3.1 and 3.3 for the impact on ∆pKa,

and Figures 3.2 and 3.4 for the difference in α). The same argument helps also to

rationalize the lower minimum value of J for 8-arms species, as the latter present

always a slightly higher ionization when pH− pKa < 1.

At variance with the behavior seen for flexible species, however, in case of

stiffer chains J does not converge to 0− for pH→ ∞ as one would expect. We

believe such discrepancy to be a consequence of the mildly non-ergodic nature of

MC sampling when pH− pKa & 2 and both MB and angular terms of the po-

tential are present. In other words, the substantial energy barrier that ought be

surmounted to unfold/“de–cluster” the chain when many c-H-bonds are present

makes such event not as frequently sampled during a simulation as it should

basing simply on statistical thermodynamic grounds. The effect of this biased

sampling is to keep artificially lower the value of A until the polyelectrolyte

reaches a “supercharged state” (akin to the supersaturated state needed to co-

alesce molecules into droplets) at which the c-H-bonds present are no longer

capable of preventing the expansion, which happens over a limited range of pH.

When this behavior is juxtaposed with the intrinsically limited accuracy of the

thermodynamic integration scheme, it introduces a systematic error in our cal-

culations.
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3.4 General discussion and conclusions

In this work, we have explored ionization behavior ,as well as conformational and

energetic properties of weak polyelectrolytes as a function of pH, chain structure

and rigidity, its degree of confinement inside a spherical cavity (SC), and the pos-

sibility for monomers to interact via charged hydrogen bonds (c-H-bonds). To do

so, we performed MC simulations implementing a coarse-grained primitive model

of polyelectrolytes and the cell model. As to the confinement imposed to the

polyelectrolyte, we have opted for a capsid-like cavity that limits polyelectrolyte

diffusion but is permeable to counterions (CIs). [18,120,121] Albeit in the limit of

no capsid internal surface charge, the results shown in this work substantially ex-

tend previous works on the strong polyelectrolytes confined inside the cell model

system, as we explored ranges of “annealed” ionization never investigated before.

With respect to the dissociation behavior, we found that, as usually, species

unable to interact via c-H-bonds decrease their ionization upon tightening confine-

ment or increasing the number of arms at fixed number of total monomers. Also

local ionization degree along arms follows the commonly expected “edge effect”

in 2-arms species, and a monotonic increase while moving toward the periphery

in star–like polyelectrolytes. At variance with this behavior, low pH ionization

increases upon decreasing RSC when c-H-bonds can form (even for nn
MB = 1,

see Appendix 3.6). Parallel to this results, we found a marked tendency of the

latter species toward arm clustering (flexible chains) or inter-winding (semi-rigid

chains), the net consequence of which is a much rougher behavior of the local arm

ionization compared with ξ = 0 cases. Opposite to this, when ξ = 2 kcal/mol the

ionization degree at intermediate pH values (1 . pH− pKa . 4) results always

substantially lower than its ξ = 0 counterpart.

Arms clustering and inter-winding also reduced average size of polyelectrolytes

able to form c-H-bonds (see, e.g., Figures 3.6, 3.9 and 3.10), and thus increased

the spatial density of charges generated by ionization. As a direct consequence,

we observe a higher concentration of CIs inside the SC. Such finding is clearly in-

terpreted as a charge–charge correlation effect on the basis of the non-monotonic

behavior of the CIs condensation probability γ (see Figure 3.13). Similar be-

haviors have been evidenced by the calculation of the Fourier transform of the

monomer-CI correlation function [145], and were connected to an increase in the
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ionization degree of strong polyelectrolyte star’s arms.

With specific relevance to chains absorption in cavities [37,84–87,91,104,105,

118,119,134,135], we point out that the possibility to form c-H-bonds may impact

positively on the polyelectrolyte partition constant not only compared to species

unable to do that, but also with respect to the case of a fully undissociated weak

polyelectrolyte (i.e., when pH � pKa), at least over a range of pH values. The

implication of these findings is clear: the expected increase in stiffness induced

by chain dissociation, which should lower the entropy of a confined chain raising

its Helmholtz energy, is overcompensated by the attractive c-H-bonds, at least in

a range of pH values. Whereas the former observation just mentioned is related

to the generally lower values of I when c-H-bonds can form (see Figure 3.14),

which in turn relates with generally lower J values (see Figure 3.15), the second

evidence spans from the fact that I may assume negative values. This is more

evident for semi-rigid species than for flexible ones, as the former benefit more

when it comes to form c-H-bonds by being more tightly confined into a cavity.

In any case, the fact that I may be as low as ∼ 7.5 kcal/mol for RSC = 21 Å

implies that the partition constant of a semi-rigid chain with ξ = 2 kcal/mol at

pH− pKa = 1 may be roughly 8.5 · 104 times higher than its limiting pH� pKa

value.

We finally discuss the implications emerging from the results on I with re-

spect to the rate of escape of a chain at a given pH from a small hole in the SC,

as introduced at the end of Section 3.2. If thermodynamics dominates the phe-

nomenon, results in Figure 3.14 suggest that the relative escape rates of ionizable

chains compared to the neutral counterparts qualitatively depends on both ξ and

pH values. Thus, the escape rate of the ionized species would always be higher

for species unable to form c-H-bonds. There are, instead, intervals of (low) pH

values inside which I < 0, and a neutral chain should escape more rapidly when

ξ = 2 kcal/mol. Another qualitative difference in behavior is made evident by

comparing flexible and semi-rigid chains. In fact, the escape rate of semi-rigid

species able to form c-H-bonds is predicted to always be lower than for ξ = 0

counterparts. This is instead true only when pH− pKa ≥ 1 for flexible 2-arm

chains. Albeit we expect the relative behaviors just discussed to be qualitatively

correct, the thermodynamic framework originally proposed by Muthukumar [136]

may miss a few interesting statistical and dynamical effects. For instance, it is
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not useful to discuss the crossover in dynamics emerging upon increasing the

polymer stiffness [146], which may be made more complicate for our systems as

the average distance between charged monomers belonging to the escaped poly-

mer head is higher than for their absorbed counterparts. This should lower both

the Coulomb energy and the rigidity of the escaped part, thus modulating the

intensity of the thermodynamic force [147]. Besides, the Helmholtz energy profile

for the translocation of star polymers through a pore may be different from the

one for linear species [148], and it may also be modulated by how the ionization

of monomers inside the pore responds to the additional entropic constraint.

3.5 Appendix: additional titration results to explore

the impact of changing Rext

Figure 3.16: ∆pKa as a function of α for semi-rigid (“bend”) 8-arms species with ξ =
0 computed varying the radius of the external cell (Rext = {104 Å, 130 Å, 156 Å} =
{200 bohr, 250 bohr, 300 bohr}). RSC = 66 Å= 125 bohr in all cases.

Figure 3.16 presents the impact of varying Rext on the titration behavior of

8-arms polyelectrolytes with ξ = 0 confined into a SC with RSC = 66 Å. As

it is easily noticed, CI concentration implicitly defined by the formula CCI =

αLNarm/(
4
3πR

3
ext) plays a role as important as the size of the confining cavity in

defining α. The mechanism by means of which such effect is produced is, again,

ascribable to a decrease in screening between polymer charges due to a lower, in

average, ionic force exerted by CIs. As a consequence, at a certain α values, the
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more Rext is larger, the more the system energy is higher. Such enthalpic effect

overcompensates the gain in entropy that the system may obtain dissociating

more thanks to the wider volume available to counterions. A similar trend for

∆pKa versus Rext is found also for linear chains or species with ξ = 2 kcal/mol

(not shown).

We conclude this analysis noticing that also the extreme limit generated by

increasing Rext → ∞, namely CCI → 0, is worth considering given previous

published works [12, 13, 29, 31, 37, 149]. In this limiting situation, one would

expect a decrease of α due to the absence of screening; this is confirmed by the

simulation results shown in Figure 3.17, which indicate a reduction by, at least,

50% of α when pH = pKa.
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Figure 3.17: α as a function of pH - pKa for semi-rigid (“bend”) polyelectrolytes and two values
of RSC/Rext, both with (ξ = 2 kcal/mol, labeled with “MB ”) and without (ξ = 0, labeled
with “noMB ”) c-H-bonds. In a few simulations (tagged with the label “no CI”) CIs were not
introduced during the titration process.
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3.6 Appendix: simulation results for polyelectrolytes

able to form c-H-bonds with n
(n)
MB = 1.

In this Appendix we show the results obtained from simulations for system capa-

ble to form c-H-bonds but with n
(n)
MB = 1 instead of n

(n)
MB =∞ (other parameters:

n
(c)
MB = 2, ξ = 2 kcal/mol). n

(n)
MB = 1 cases are tagged with the label “monoN” in

the Figures.

Figure 3.18: Conformation of a 2-arms (left) and 8-arms (right) semi-rigid polyelectrolyte, with

ξ = 2 kcal/mol, n
(c)
MB = 2 and n

(n)
MB = 1, confined inside a SC with RSC = 66 Å (Rext = 106 Å)

at pH− pKa = 1.5. The color scheme is the same as in Figure 3.6.
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Figure 3.19: α as a function of pH− pKa for 2-arms (upper panel) and 8-arms (lower panel)

polyelectrolytes. A few cases with ξ = 0 or n
(n)
MB =∞ are reported as a comparison.



70 Chapter 3. Weak polyelectrolytes confined into capsids

Figure 3.20: Local average charge along the chain for 2-arms (upper panel) and 8-arms (lower

panel) polyelectrolytes. A few cases with ξ = 0 or n
(n)
MB =∞ are reported as a comparison.
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Figure 3.21: Average arm extension 〈r1N 〉 as a function of pH− pKa. A few cases with ξ = 0

or n
(n)
MB =∞ are reported as a comparison.

Figure 3.22: Fractional ion condensation ψ as a function of pH− pKa. A few cases with ξ = 0
or n

(n)
MB =∞ are reported as a comparison.
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Figure 3.23: γ as a function of pH. A few cases with ξ = 0 or n
(n)
MB = ∞ are reported as a

comparison.
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Figure 3.24: I (upper panel) and J (middle panel: RSC = 66 Å; lower panel: RSC = 21 Å) as a
function of pH− pKa.
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Chapter 4

Impact of Charge Correlation, Chain

Rigidity and Chemical Specific

Interactions on the Behavior of Weak

Polyelectrolytes in Solution*

4.1 Introduction

Polymers composed of monomers acting as weak electrolytes (either acids or

bases) present ionization properties that depend markedly on their environment

(e.g, see References [37, 122–125, 150–157]). As chain conformations in such

species are controlled by the ionization degree α via the electrostatic interac-

tion of ionized groups [12, 29–35, 37–42], the polyelectrolyte environment also

indirectly impacts on structural details at a chosen pH.

Additional factors that may play a role in defining the properties of a poly-

electrolytic system are the concentration of the ionizable groups (depending on

both the concentration of chains bearing ionizable monomers [38,158,159] and the

amount of the latter on each chain [158]), and structural details such as the num-

ber of branches or vicinally-tethered chains [35,53,54,127–130,137,138,141,160],

or chain stiffness [7, 33, 37, 161]. Notice that increasing the number of arms in

star–like polyelectrolytes or the density of chains on surface-tethered species is

*This chapter has been adapted from: Tagliabue, A., Izzo L., Mella M., Impact of Charge
Correlation, Chain Rigidity, and Chemical Specific Interactions on the Behavior of Weak Poly-
electrolytes in Solution, Journal of Physical Chemistry B, 123, 42, 8872–8888, 2019. Copyright
2019 American Chemical Society. All rights reserved.
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somewhat akin to increasing the local concentration of monomers, with the pre-

dictable impact of decreasing the ionization degree at a chosen pH compared to

isolated species due to electrostatic repulsion [38,162].

Somewhat more recently, researchers have also begun to explore the interplay

between the factors mentioned above, which control ionization or conformations,

and the presence of physical or chemically-specific interactions between chain

monomers; this effort has been spurred by the interest toward smarter stimuli-

responsive materials. Thus, useful pieces of information on how the presence of

hydrophobic interactions [34, 38, 39, 129, 149, 155, 160, 163–169], and ion electro-

static [6,33,143,170] or chemical coordination [12,37,131,132] impact on confor-

mations and ionization capability have become available. In particular, our group

focused on the possibility for the polyelectrolyte to form charged hydrogen bonds

(c-H-bonds); the latter are attractive interactions that can develop between con-

jugated acid-base pairs (e.g. carboxylic acid–carboxylate or ammonium–amine

interactions). This interest stemmed from the observation that NH +
4 and NH3

dimerize in H2O due to the stronger basic properties of NH3 compared with sol-

vent molecules [74]. Such tendency may, however, be somewhat reduced (or even

enhanced) by excluded volume or confinement effects, topology and rigidity of the

polymer (for example a poly–amine), and entropic requirements such as the need

for an appropriate relative orientation between interacting groups or polymer

segments. For example, in our previous works we demonstrated that c-H-bonds

between neutral and protonated amino groups effectively increases polymer ba-

sicity due to the fact that these interactions stabilize the positive charge on the

ionic group. These evidences have been found to increase ionization of linear

polymers up to two orders of magnitude when pH < pKa [12], helping to ratio-

nalize the higher charge density found on the surface of plaques of water-insoluble

methyl methacrylate and (dimethylamino)ethyl methacrylate copolymers. More-

over, we observed a competition between charged and neutral group clustering

and Coulomb repulsion developing upon increasing the total charge, an effect that

is different from what happens in presence of solvophobic interactions, which are

usually considered invariant with respect to the total polymer charge.

In this work, we aim to extend the present knowledge on the cooperation be-

tween monomer (or chain) concentration, chain rigidity and chemically–specific

interactions in defining the ionization and conformational properties of linear
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polyelectrolytes. We tackle the mentioned task by means of computer simu-

lations to unravel non–trivial features of such interplay exploiting a “primitive

model” for the description of the ionizable species and the constant-pH method

to simulate titration processes (see Section 2.2.2 ). For the sake of simplicity,

we avoided to include ions deriving from background salts; thus, our simulations

describe solutions with zero background ionic force. To obtain a deeper char-

acterization of the polyelectrolytic system behavior as a function of the pH, we

also computed relevant thermodynamics quantities such as the variation of the

system Helmholtz energy, as well as the variance of the interaction potential. The

latter allows us to discuss possible cooperative behaviors, e.g. CIs distribution,

controlled by the proton chemical potential. Moreover, we investigate how the

distance between two chains, the average value of which is controlled by the total

concentration of chains Cp, modulates ionization and conformations employing a

“Window Simulations” (WS) sampling approach [171–173].

As for our interest in chemically-specific interactions, we investigate the possi-

ble formation of charged hydrogen bonds between neutral and ionized monomers,

which, in the current case, behave as weak (e.g. carboxylic) acids. Given the

chemical nature of the ionizable groups, c-H-bond interactions are markedly

many-body (MB) in nature (i.e., a group can only afford a maximum number

of contacts well below its geometrical coordination capability); we describe such

characteristic via a MB model developed in our group [12, 37] (see also Section

2.1.1.5). In practice, the model describes possible double coordination of a proton

to two basic groups, in a way similar to coordination of calcium cation described

in References [131,132].

The Chapter is organized as follows. In Section 4.2, the models and method-

ologies employed in our work are described somewhat in detail. Section 4.3,

instead, presents and discuss the numerical results obtained simulating polyelec-

trolytes with different stiffness and chemical behavior (i.e., with or without the

possibility to interact via c-H-bonds) at different concentrations. The analysis of

how properties depend on the distance between chains is provided in Section 4.4.

Section 4.5 gives additional discussions and the general conclusions of our work.

Finally, in Appendix 4.6 we provide trajectory snapshots for all the simulated

systems.
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Abbreviation Meaning

c-H-bond Charged hydrogen bond
MB Many-body
CI Counterion
WS Window sampling
CoM Center of mass
PMF Potential of mean force
PDF Pair distribution function

Table 4.1: List of abbreviations commonly used in this chapter

4.2 Methods and Model

Our system consists of a spherical cavity (cell model, see Equation 2.12) with

radius Rcell = 66.125 Å, into which n short linear polyelectrolyte chains and their

counterions (CIs) are confined. Each chain is composed of L = 15 monomers,

so that the total number of monomers in the cell is Nmono,tot = Ln = 15n.

Monomers in each chain are connected via a harmonic stretching potential (see

Equation 2.4), with kbond = 200kBT/Å
2
, l0 ≡ σ = 3.85 Å [133], and kBT =

9.4371 · 10−4 Hartree = 0.5922 kcal/mol (which corresponds to a temperature

T ' 298 K). In some simulations, a bending potential (see Equation 2.6) is

also added to make the polyelectrolyte stiffer, with a bending force constant

kang = 2 · 10−3kBT/deg2 and an equilibrium angle θ0 = 150◦ [133]. We will refer

to this type of chains as “semi-rigid”; otherwise (i.e., Uang = 0) we will talk about

“(infinitely) flexible” chains*.

Each monomer is treated as a weak acid and can therefore exist in two dif-

ferent state: neutral (qmono = 0) or negatively charged (qmono = −1). As will

be explained later in this section, the state of each monomer can vary during

the simulation, while the total number of monomer must remain constant, so

that Nmono,tot = Nmono,charged + Nmono,neutral = nL. In order to maintain the

electroneutrality of the system, there must be a positive monovalent CI in the

cell (qCI = +1) for each negative charged monomer, so that NCI = Nmono,charged

*l0 and θ0 implemented parameters are taken from Reference [133] by Ziebarth et al. in
which the authors perform coarse-grained simulations of poly ethylimine; these parameter were
already used in References [12, 37] by Mella et al. in order to investigate the impact of intra-
chain c-H-bonds on weak polyelectrolytes. For sake of comparability, we decided to maintain
the same parameters value even if we are simulating polyacids. In order to obtain the “correct”
titration behavior, one can simply invert the titration curves.
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and the total number of charged particle is Ncharged = Nmono,charged + NCI. The

total number of particles in the system is then given by Ntot = Nmono,tot +NCI.

The solvent is treated as a dielectric continuum, and charged particles interact

with each others via a pairwise Coulomb potential (see Equation 2.7; the relative

dielectric permittivity, εr = 78.3, corresponds to the one of water at T = 298 K

is the dielectric constant of water.

All Ntot particles are treated as soft spheres, and a WCA potential (see Equa-

tion 2.3) with ε = kBT and σ = l0 is applied to simulate their excluded volumes

in order to avoid polymer entanglements and particles overlaps.

Finally, in order to simulate the impact of chemically specific interactions

on the polyelectrolyte behavior, we also employed a (MB) interaction potential

UMB previously introduced by our group [12,37]. Details are reported in Section

2.1.1.5; here, we use a cutoff radius rMB = 5 Å, n
(n)
MB = ∞, n

(c)
MB = 2, and

ξMB = 2.0 kcal/mol. For sake of simplicity, we introduce the parameter ζ =

ξMB/(kcal/mol) to specify when a MB interaction can be formed or not (ζ = 2

or ζ = 0, respectively).

Simulations are performed via a classical Monte Carlo approach, sampling

the semi-grand-canonical thermal density matrix of the system as function of the

control variable pH - pKa, which is a convenient proxy to control the chemi-

cal potential of H+ in solution. All particles are displaced using the classical

Metropolis-Hastings acceptance rule (Equation 2.30) [78], whereas the constant-

pH method has been implemented in order to simulate the weak acidic behavior

of the polyelectrolytes (see Section 2.2.2). In order to speed up the convergence

to the equilibrium state and to better sample the ensemble of system configura-

tions, the following cluster moves have been also implemented (see Section 2.2.1.4

for details): (i) entire chain translations; (ii) pivot moves. Therefore, we define

a Monte Carlo step (MCS) as composed by a translation attempt for each parti-

cle, plus one attempt to titrate (i.e. associate or dissociate) a randomly chosen

monomer, plus one entire chain translation move and one pivot move.

4.2.1 Titration simulations

In this section we describe how simulations have been performed. n uncharged

chains, each one composed by L = 15 monomers, are randomly positioned inside



80 Chapter 4. Interacting chains in aqueous solution

the cell, and the system is thermalized for 105 MCS using a value of the control

parameter pH - pKa that ensure chain neutrality (usually pH - pKa ≤ −4.0);

system properties are subsequently collected during a run 1.8 · 105 MCS long.

The entire process is then repeated starting from the last system configuration

obtained and increasing the value of pH - pKa by ∆(pH - pKa)= 0.5 until α ' 1.

The sets of parameters whose impact is explored by means of titration simulations

are: (i) the number of chains in the cell, n = {1, 2, 8}; (ii) the rigidity of the chain,

i.e. kang = {0, 2 · 10−3kBT/deg2}; (iii) the possibility (ζ = 2) or not (ζ = 0)

for monomers to form c-H-bonds. For each set of parameters, 100 independent

complete titrations were performed in the attempt to improve the sampling of

configurations that may be kept separated by high energy barriers due to, e.g., the

presence of several c-H-bonds; we therefore present averaged results accompanied

by their standard errors.

4.2.2 Window potential simulations

With the aim of precisely investigating how inter-chain distance influence poly-

electrolytes acidity and conformations, especially when c–H–bonds are possible,

we performed window sampling simulations (WS). This methodology is often

used to overcome the tendency of the Metropolis method to sample preferentially

low energy regions.

In our WS simulations, the system is composed of n = 2 chains confined in

the spherical cell (we recall that Rcell = 66.125 Å) but subjected to the following

potential:

UWS(dCoMs) =

0 if a < dCoMs < b

∞ otherwise,
(4.1)

where dCoMs is the distance between the centers of mass (CoMs) of the two

interacting chains and 0 < a < b ≤ Rcell. No such restriction is instead placed on

CIs, and each WS simulation has been performed in the same way as the titration

simulations previously described to gauge the impact of varying the parameters

n, ζ and kang. Given the large number of dCoMs intervals employed, however, a

maximum of 15 independent simulations per interval have been performed.

An interesting byproduct of WS simulation is the potential of mean force

(PMF, or free energy curve) as a function of dCoMs, w(r) = w(dCoMs). To obtain
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it, one could sample the pair distribution function g(r) = e−βw(r) of the CoMs of

the two chains freely moving inside the entire cell (β = (kBT )−1); here w(r) is

the interaction potential acting on the two CoMs, i.e. the quantity we would like

to obtain. The direct sampling (and inversion) of g(r) is, however, hampered by

the low probability (hence high statistical errors) of sampling configuration with

low r due to entropic or energetic reasons, while long distance regions are visited

with a frequency sufficiently high to precisely estimate relative probabilities.

To improve on such situation, we initially sampled g(0)(r) over an interval

a = a(0) and b = Rcell with a(0) sufficiently high to provide a large overlap

with the distribution of dCoMs obtained by sampling e−βw(r) without restraints.

Subsequently, one chooses a second interval (a(1), b(1)), with a(1) < a(0) < b(1) <

Rcell and b(1) − a(0) sufficiently large to provide a good overlap between the

two ranges of dCoMs, and samples g(1)(r) inside it. The latter is then scaled by

a constant c(1) chosen to minimize the least square difference between g(1)(r)

and g(0)(r) over the interval (a(0), b(1)). The same procedure is reiterated on

a new interval, e.g. (a(2), b(2)) with a(2) < a(1) < b(2) < b(1), to obtain the

scaling constant (c(2)) that “fits” g(2)(r) to g(1)(r) over (a(1), b(2)), and so on. In

conclusion, one can rebuild the global g(r) inside a specific interval (a(j), b(j)) by

g(j)(r)
∏
i=1,j c

(i). From this, w(r) is easily obtained by inversion, apart from its

asymptotic value that we arbitrarily set to zero. For a list of the simulated (a, b)

intervals, vide infra Table 4.2 in Section 4.4.

4.2.3 Helmholtz energies

In this work, we exploit 2.35 in order to collect information on how a change

in polyelectrolyte concentration Cp (from a state “1” to a state “2”; i.e. from

Cp, 1 to Cp, 2) impacts on the variation of A per chain upon ionization. Thus, we

computed the quantity

I ′ζ∗(pH∗, Cp,1, Cp,2) =
Aζ∗(pH∗, Cp,2)

n2
−
Aζ∗(pH∗, Cp,1)

n1
, (4.2)

where Aζ∗(pH∗, Cp) is the change in Helmholtz free energy due to the ionization

process when the polyelectrolyte solution has a concentration Cp = n/Vcell, with

Vcell = 4
3πRcell

3 being the volume of the simulation cell. ζ∗ can be either equal

to 0 or 2.
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We define

J ′(pH∗, R) = Aζ=2(pH∗, R)−Aζ=0(pH∗, R) (4.3)

as the energy difference between the ζ = 0 and ζ = 2 cases at certain values

of pH∗ and R; thus, J ′ differs from zero only due to the possible formation of

c-H-bonds and contributes to define the ratio between the partition constants of

polyelectrolytes with and without MB interactions. As we found J ′ < 0 over

the majority of the pH range explored for all the simulated species (linear [37],

and star-shaped (see Chapter 3) flexible and semi-rigid polyelectrolytes), which

indicates the stabilizing effect of the c–H–bonds, we now analogously compute

J ′(pH∗, n) =
Aζ=2(pH∗, n)

n
−
Aζ=0(pH∗, n)

n
, (4.4)

which represents the contribution to the Helmholtz energy of the system arising

from c–H–bonds at given values of pH and number of chain in the cell n.

4.3 Results and discussion: titration simulations

4.3.1 Impact of polyelectrolyte concentration, rigidity and chem-

ically specific interactions on ionization behavior

We start the presentation of our results discussing how ∆pKa depends on the

dissociation degree α (see Equations 2.21 and 2.23) for different numbers (n =

1, 2, 8) of pentadecameric flexible chains in the cell (Figure 4.1, green and black

curves; see also Figure 4.2, in which the behavior of α as a function of pH - pKa

is shown). In absence of MB interactions, we observe the expected monotone

increase of ∆pKa as α increases, due to the progressively higher concentration

of charges on the chains. At variance with these results, we observe a different

trend when c-H-bonds can be formed. At low ionization degrees (α . 0.33

for n = 1, 2; α . 0.42 for n = 8) the shift in pKa is not only lower than

the ζ = 0 case, but it assumes negative values; this means that acidic groups

on chains ionize more than corresponding free ideal monomers in solution. As

demonstrated previously [12,37], this happens because the formation of c-H-bonds

results in a decrease of the total free energy of the system and, thus, stabilizes

the polyelectrolytes. As α increases, it becomes more and more difficult to ionize
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Figure 4.1: ∆pKa as function of α for all the combinations of n, ζ and Kang. n = 1, 2, 8
correspond, respectively, to chains concentration Cp ' 1.37 · 10−3 M, 2.74 · 10−3 M, 1.10 · 10−2

M, and monomers concentration equal to Cm ' 2.06 · 10−2 M, 4.11 · 10−2 M, and 1.65 · 10−1 M.
The dotted gray line is a guide for the eye in order to discern positive and negative values of
∆pKa. Standard error bars are smaller than plot symbols.

monomers due to the fact that further dissociation would not only increase the

total charge density on the chains, but would also result in a decrease of the

number of c-H-bonds.

The impact of introducing a bending potential (red and light blue curves in

Figures 4.1 and 4.2) in addition with the possibility for monomers to interact via

intra-molecular c-H-bonds has been already discussed in References [37]. Sum-

marizing, flexible chains ionize more than rigid ones at low pH - pKa values as

the former can form charged-neutral contacts more easily; at intermediate pH -

pKa values, instead, the former are less ionized due to their ability to maintain

clusters composed by a large amount of both neutral and charged monomers.

The latter findings must be contrasted with the case ζ = 0, for which increasing

the stiffness slightly increases the dissociation over the whole range of pH - pKa,

due to the fact that the introduction of an angular potential term increases the

polymer size and linearizes it; this results in a higher average distance between

charged monomers.

When n is incremented from 1 to 8 at a fixed value of pH - pKa (i.e., con-
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centration of titratable monomers increases from 2.06 · 10−2 M to 1.65 · 10−1 M)

we observe that the ionization degree increases. This behavior has been already

pointed out in References [158] and [159], where it is shown that the dilution

of a polyelectrolyte solution results in a more pronounced deviation from the

ideal behavior described by the Henderson–Hasselbalch equation (see Figure 4.2).

Nová et al. [159] ascribed this behavior to the fact that, when the polyelectrolyte

solution is diluted, CIs are distributed over a wider volume and their lower con-

centration results in a weaker screening effect, and hence to a stronger repulsion

of the bare charges on the chain that lead to a suppression of the acidity.

In addition to what just discussed, our simulations allowed us to investigate

the role of the polymer concentration Cp when species have an intrinsic stiffness

and when monomers are able to interact via c-H-bonds. In order to investigate

such impact as function of Cp, we computed the differences in ∆pKa between

n = 1 and the n = 8 cases, that is ∆Cp(∆pKa) = ∆(∆pKa) = ∆pKa(n =

8) − ∆pKa(n = 1). Results are reported in Figure 4.3. Overall, when species

do not form c-H-bonds, ∆(∆pKa) monotonically decreases as chains ionize; this
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is in agreement with the argument that polyelectrolytes acidity increases with

the number of CIs in solution. Concentration has a more marked impact on the

acidity of flexible chains (for which ∆(∆pKa) ' −0.5 at α = 0.5) with respect

to semi-rigid one (∆(∆pKa) ' −0.3 at the same dissociation degree); this is

ascribable to the fact that, at a given dissociation degree, flexible chains presents

a higher charge density with respect to semi-rigid ones due to their smaller size

(vide infra Figures 4.6 and 4.7) and, thus, they are able to attract more CIs.

Comparing ζ = 0 and ζ = 2 cases for flexible polyelectrolytes, we do not

observe any specific impact of concentration at low ionization degree (α . 0.25).

At intermediate–high α values, instead, we notice an increase in acidity species

able to form c-H-bonds. We suggest that this is due to the synergy between

the generally more compact conformations afforded by chains able to form MB

contacts (see Chapter 3 and Figures 4.6 and 4.7), which, in turn, generates a

higher charge density, and the higher concentration of CIs around the polymer.

This effect clearly emerges from the analysis of the pair distribution functions

(PDFs) calculated between CIs and monomers reported in Figure 4.4. For semi-

rigid chains, this effect is even more marked. Moreover, for stiffer species we

also observe a negative ∆(∆pKa) at low degree of dissociation (α . 0.2); since

CIs concentration at those dissociation degree values is very low, we ascribe such

evidences mainly to the fact that chain linearization, hence the wider volume
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Figure 4.4: Pair distribution functions calculated between monomers (both neutral and charged)
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Figure 4.5: Inter–chain monomer–monomer PDFs for n = 8, different chain stiffness (flexible:
solid lines; semi-rigid: dotted-dashed lines), and various ionization degrees. (a) ζ = 0; (b) ζ = 2.

swept arising from the presence of an angular term of the potential, leads to

an increased probability for semi-rigid chains to form inter-chain c-H-bonds (see

Figure 4.5). Finally, increasing the concentration when α & 0.75 results in a

depression of acidity for both flexible and semi-rigid species able to form c-H-

bonds, and this is due to the fact that the higher CI concentration stabilizes

clusters formed by interacting ionized and neutral monomers. This prevents

their dissociation, limits the increase in ionization upon increasing the pH and

shifts to higher α values the dissolution of these structures.

As suggested above, inter-chain c–H–bonds may be key to rationalize ioniza-

tion properties as a function of Cp; thus, Figure 4.5 reports PDFs calculated only

on monomers (both neutral and charged) belonging to different chains in order

to gauge their effect. Despite the fact that the control parameter of our simula-
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tions is pH - pKa, we decided to compare PDFs at the same value of α; this is

due to the fact that contact probabilities and morphological properties presented

directly depend on the ionization degree of the system, which, only in turn, de-

pends on the pH. The disadvantage of this approach lies in the fact that α is not

a parameter that is directly under our control, so its value for each extrapolated

distribution can approximately vary by ±5%. With this caveat in mind, it is ev-

ident that, for weak polyelectrolytes unable to form c-H-bonds (Figure 4.5 (a)),

distribution peaks shift to higher values as α increases; this is attributable to an

incremented repulsion between chains due to their higher charge. In spite of this,

the contact probability between monomers is sizable for α . 0.5. Moreover, one

can notice that semi-rigid polymers distributions are shifted slightly further to

the left with respect to flexible ones, indicating that the rigidity induced by the

presence of the angular term of the potential allows monomers in different chains

to come closer (i.e., it softens the effective potential of mean force between the

chains).

When monomers can form c-H-bonds (ζ = 2, Figure 4.5 (b)), one can instead

notice more evident differences between flexible and semi-rigid species. Thus,

we observe a small peak located at a distance approximately equal to l0 when

kang = 0, a structure denoting that monomers belonging to different chains may

be in contact. The fact that this peak is not present when ζ = 0 is a clear

evidence of the presence of inter-chain MB interactions. For stiffer chains we

notice that the peak centered in l0 is much more pronounced and increases in

intensity moving from pH - pKa = −2.5 (α ' 0.10, dotted-dashed black curve)

to pH - pKa = −1.5 (α ' 0.25, dotted-dashed pink curve). Because the folding

process necessary to give rise to intra-chain charged-neutral contacts in semi-

rigid chains is energetically expensive, c-H-bonds can be maximized if different

chains interact with each other. Conversely, a flexible chain can easily rearrange

to give rise to structures that saturate the number of allowed c-H-bonds even

without interacting with other chains. Said this, and bearing in mind that the

maximum number of charged-neutral contacts that a charged monomer can form

is n
(c)
MB = 2, it follows that for flexible chains is entropically and energetically

more favorable to form intra-chain c-H-bonds, whereas for semi-rigid ones can be

more favorable to form inter -chain c-H-bonds if, during their diffusive motion,

they come close together. Indications supporting these evidences may be found
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Figure 4.6: Hydrodynamic radius RH as function of α (upper panels) or pH - pKa (lower panels)
for the four combination of rigidity and ζ.

also comparing snapshots extrapolated from MC trajectories shown in Figures

4.21 (a) and 4.22 (a).

4.3.2 Impact of polyelectrolyte concentration, rigidity and chem-

ically specific interactions on chains morphology

Figures 4.6 (a) and (c) show the average hydrodynamic radius 〈RH〉 ≡ RH (see

Equation 2.15) versus α for flexible chains at different concentrations with (green

curves) and without (black curves) the possibility to form c-H-bonds.

For a “canonical” (i.e., ζ = 0) weak polyelectrolyte, RH remains nearly con-

stant for α < 0.2, because the charge density on the chain is not sufficiently high

to induce an expansion; above that value, it increases linearly with α until the

chain is fully ionized. The impact of concentration on chain size is once again in

agreement with what observed by Panagiotopoulos [158] and Nová et al. [159]:

the more the system is diluted, the lesser chains are screened by CIs, a situation

resulting in a more marked chain swelling. When flexible polyelectrolytes are

able to form c-H-bonds, the behavior of RH as function of α is, instead, non-

monotonic and not trivial. In fact, RH decreases as chain ionization increases

until α ' 0.7; this is due to the fact that chains tend to form clusters in order to
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Figure 4.7: End-to-end distance r1N as function of α (upper panels) or pH - pKa (lower panels)
for the four combination of rigidity and ζ.

maximize charged-neutral monomer-monomer contacts as they dissociate. A fur-

ther ionization above α ' 0.7 involves the breaking of MB interactions, so chains

start to unfold increasing their size. Nevertheless, the effect of polyelectrolyte

concentration is the same as the one observed for the ζ = 0 case.

Semi-rigid chains present trends for RH similar to the ones discussed for flex-

ible species (see Figures 4.6 (b) and (d)), albeit with a noticeable difference:

diluted systems composed of semi-rigid chains with ζ = 2 show a slightly smaller

RH than more concentrated ones when α . 0.7. Such difference can arise from

the fact that is more favorable for semi-rigid chains to generate inter-chain MB

interactions rather than intra-chain ones due to the bending potential; this re-

sults in less compact geometries as the repulsive Coulomb force increases upon

dimerization.

The behavior of the average end-to-end distance 〈r1N〉 ≡ r1N (see Equation

2.13) appears very similar to the one observed for RH (see Figure 4.7), and

it would seem to require no additional comments. In spite of this, probability

distributions for r1N (Figure 4.8) indicate that the behavior of polyelectrolytes

with ζ = 2 is far more complicate and interesting than the simpler average values

suggested. Thus, while we observe smooth, albeit asymmetric, distributions that



90 Chapter 4. Interacting chains in aqueous solution

0 10 20 30 40 50
end-to-end distance r1N (Å)

0

2x10-3

4x10-3

6x10-3

8x10-3

1x10-2

r1
N

 d
is

tr
ib

ut
io

n

n = 8, ζ = 0, ɑ ≃ 0.25 (pH - pKa = 0.0), flexible
n = 8, ζ = 0, ɑ ≃ 0.50 (pH - pKa = 1.0), flexible
n = 8, ζ = 0, ɑ ≃ 0.75 (pH - pKa = 1.5), flexible
n = 8, ζ = 0, ɑ ≃ 1.00 (pH - pKa = 6.5), flexible
average values

(a)

0 10 20 30 40 50
end-to-end distance r1N (Å)

0

2x10-3

4x10-3

6x10-3

8x10-3

r1
N

 d
is

tr
ib

ut
io

n

n = 8, ζ = 0, ɑ ≃ 0.25 (pH - pKa = 0.0), semi-rigid
n = 8, ζ = 0, ɑ ≃ 0.50 (pH - pKa = 0.5), semi-rigid
n = 8, ζ = 0, ɑ ≃ 0.75 (pH - pKa = 1.5), semi-rigid
n = 8, ζ = 0, ɑ ≃ 1.00 (pH - pKa = 6.5), semi-rigid
average values

(b)

0 10 20 30 40 50

end-to-end distance r1N (Å)

0

2x10-3

4x10-3

6x10-3

8x10-3

1x10-2

1.2x10-2

r1
N

 d
is

tr
ib

ut
io

n

ζ = 2, ɑ ≃ 0.25 (pH - pKa = -1.5), flexible
ζ = 2, ɑ ≃ 0.50 (pH - pKa = 0.5), flexible
ζ = 2, ɑ ≃ 0.75 (pH - pKa = 3.0), flexible
ζ = 2, ɑ ≃ 0.80 (pH - pKa = 4.5), flexible
ζ = 2, ɑ ≃ 0.90 (pH - pKa = 5.0), flexible 
ζ = 2, ɑ ≃ 1.00 (pH - pKa = 6.5), flexible
average values

(c)

0 10 20 30 40 50
end-to-end distance r1N (Å)

0

5x10-3

0.01

0.015

0.02

0.025

0.03

r1
N

 d
is

tr
ib

ut
io

n

n = 8, ζ = 2, ɑ ≃ 0.25 (pH - pKa = -0.5), semi-rigid
n = 8, ζ = 2, ɑ ≃ 0.50 (pH - pKa = 0.5), semi-rigid
n = 8, ζ = 2, ɑ ≃ 0.75 (pH - pKa = 2.5), semi-rigid
n = 8, ζ = 2, ɑ ≃ 0.80 (pH - pKa = 3.5), semi-rigid
n = 8, ζ = 2, ɑ ≃ 0.90 (pH - pKa = 4.5), semi-rigid
n = 8, ζ = 2, ɑ ≃ 1.00 (pH - pKa = 6.5), semi-rigid
average values

(d)

Figure 4.8: End-to-end r1N distributions for the four systems: (a) kbend = 0, ζ = 0; (b)
kbend = 2 · 10−3kBT/deg2, ζ = 0; (c) kbend = 0, ζ = 2; (d) kbend = 2 · 10−3kBT/deg2, ζ = 2.
Shown are distributions for various values of the dissociation degree: α ' 0.25 (pink), α ' 0.50
(blue), α ' 0.75 (olive green), α ' 0.80 (bright green), α ' 0.90 (orange), α ' 1.00 (black).
Dotted vertical lines identify average values (from Figure 4.7). These distributions are obtained
from simulations with n = 8 in order to maximize the number of statistical samples.
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shift toward longer distances as α increases when ζ = 0 ((a) and (b) panels),

ζ = 2 distributions are more intricate. Considering flexible species first (Figure

4.8 (c)), we observe that distributions shift toward shorter r1N as α increases from

0.25 to 0.75, with chains assuming globular conformations due to the tendency to

form intra-chain c-H-bonds. More interestingly, we observe the growth of peaks

centered at values that are multiple of l0, which indicate that polyelectrolytes can

fold onto themselves placing their extremes at relative positions commensurate

with their monomer spacing, a behavior that may also appear if ion coordination

is allowed [131, 132]. As ionization further increases, distributions shift toward

longer r1N due to the increases Coulomb repulsion; it is, however, apparent that

polyelectrolytes exist in two states (see, e.g., distribution at α = 0.90, orange

curve), a globular (or clustered) one and a coiled (or unfolded) one, depending

on the number intra-chain c-H-bonds they form (see also Figure 4.21).

The behavior discussed becomes even more extreme for semi-rigid chains

(panel (d) of Figure 4.8, and Figure 4.22), with the very sharp and tall peaks

at low r1N values indicating chains tendency to maximize MB interactions by

forming one (or sometimes two) hairpins. Interestingly, we notice that Coulomb

repulsion becomes too strong making the symmetrical hairpins energetically less

favorable than asymmetrical ones when α ' 0.75–0.80, inducing the enhancement

of a peak centered at ∼ 2.5l0 at the expense of other peaks. Finally, chains start

to unfold when the ionization increases further (α ' 0.90), and the distribution

becomes clearly bimodal.

In principle, behaviors evidenced for r1N distributions when ζ = 2 could

indicate the presence of a phase transition. In order to verify such hypothesis,

we computed

Ω =
〈U2

tot〉 − 〈Utot〉2

〈Ntot〉kBT 2
; (4.5)

here, Utot is the total potential of the system (see Equation 2.10), 〈Ntot〉 is the

average number of particles in the cell and 〈U2
tot〉−〈Utot〉2 is the variance of Utot.

For our systems, which are simulated in the constant-pH ensemble, Ω represents

a component of the thermal capacity at constant volume CV , a property that is

usually used to detect first- and second-order phase transition in grand-canonical

simulations. Results are illustrated in Figure 4.9. When species are not able to

form c-H-bonds, Ω grows monotonically with α. The fact that, at low ionization
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Figure 4.9: Ω in kcal/(mol K) as a function of α.

degrees, Ω assumes higher values when chains are semi-rigid simply depends on

the presence of the angular term in the total potential Utot: when α increases, Ω

converges to the same value for both flexible and stiffer cases because the lack of

an angular potential in the flexible case is partially compensated by the stiffening

deriving from charges accumulation on the polyelectrolyte, and also because Ω is

averaged on the total number of particles 〈Ntot〉, which increases as monomers

dissociate (so that the impact of Ubend on Ω becomes lower).

When c-H-bonds can form, instead, Ω shows a non–monotonic behavior as

function of α. At low–intermediate dissociation degrees, we thus observe that Ω

increases both for flexible chains and semi-rigid chains due to the formation of

MB interactions; in the latter case the increment is more marked due to presence

of the angular term in the potential. Upon increasing α above 0.5, for stiffer

chain we observe also a moderate decrease in Ω due to a loss of MB contacts

(this probably correspond to the transition from a symmetric to an asymmetric

bending discussed previously) before the polyelectrolyte starts to unfold. This

feature is not present in the case of flexible chains, which, at most, show the

presence of an inflection point around α = 0.6.

Finally, both flexible and semi-rigid chains present a peak centered at α '
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Figure 4.10: (a) I ′ (in kcal/mol) as function of pH - pKa for the four combinations of ζ and
chain rigidity investigated for n = 8; (b) J ′ (in kcal/mol) for n = 1, 8 and for different chain
stiffness.

0.9, which we interpret as a sign of a first order phase transition from a folded

geometry to an unfolded one. The difference in peak height (1.4 · 10−2 kcal/(mol

K) for semi-rigid chains and 2.4 · 10−2 kcal/(mol K) for flexible ones) arises from

the presence of the angular potential in semi–rigid chains potential, for which

unfolding is energetically less demanding. Worth noticing, the fact that the

unfolding process takes place at such high α values probably derives from our

choice of parameters defining MB interactions (in particular n
(n)
MB =∞, a choice

made to reduce the computational cost of evaluating MB interactions knowing

that it does not modifies the qualitative behavior of titration curves and of the

system overall – see Chapter 3).

4.3.3 Impact of polyelectrolyte concentration, rigidity and chem-

ically specific interactions on Helmholtz energy

In order to investigate the impact of polyelectrolyte concentration on system

Helmholtz energy A, we computed I ′(pH∗, Cp,1, Cp,2) (see Equation 4.2) for the

four combinations of stiffness and ζ. In practice, since the volume of our system

is fixed, we compared simulations with n = 1 and n = 8 chains inside the cell.

Results are reported in Figure 4.10 (a). I ′ assumes negative values in the whole

range of pH explored and for all the investigated species, and it is a monotonic de-

creasing function of pH - pKa (and, consequently, of α) for all the cases analyzed,

exception made for stiffer chains with MB interactions at pH - pKa > 4. This

general trend descends from the fact that the ability of screening polyelectrolyte

charges by the CIs increases more rapidly when 8 chains are present compared



94 Chapter 4. Interacting chains in aqueous solution

to the single chain case upon increasing the pH and (hence) ionization.

At a finer level of details, our data indicate that I ′ is lower for the c–H–

bonding chains when pH - pKa ≤ 1.5, the flexible species being the one that gain

the most by the increase in concentration probably due to their higher ionization

at low pH. The latter idea also justifies the finding that chains with ζ = 0 present

a more negative I ′ when pH - pKa ≥ 1.5 (see Figure 4.2), whereas the crossing of

I ′ curves for semi–rigid and flexible species around pH - pKa ≥ 2.5 is likely to be

due to the higher difference in α as a function of n seen for the latter polymers.

To investigate with precision the impact of MB interactions on A, we also

computed the quantity J ′ (Equation 4.4); results are shown in panel (b) of Fig-

ure 4.10. Here, we notice that J ′ < 0 over the vast majority of the pH range

explored and the stabilization due to c-H-bonds is less marked in the semi-rigid

case than for flexible species. As in the rationalization provided for the relative

value of α, we attribute this finding to a lower neutral–charged monomers contact

probability.

4.4 Results and discussion: window sampling simula-

tions

The results discussed in Section 4.3, together with the data presented in Refer-

ences [158] and [159], indicate the macroscopic impact of Cp on the behavior of

linear polyelectrolytes. They, however, shed only limited light on the microscopic

changes that relate with such macroscopic aspects. Thus, to improve our under-

standing of these systems, especially when c-H-bond can be formed, we performed

window sampling (WS) simulations (see Section 4.4) in order to investigate the

behavior of two chains and their CIs as function of chain centers of mass (CoMs)

distance, dCoMs. The intervals of dCoMs considered in our WS simulations are

summarized in Table 4.2.

As a general comment on the quality of our WS simulations, let us mention

that distributions in overlapping windows were invariably found to run parallel

to each other, a finding indicating that they differed only by a multiplicative con-

stant. This, in turn, suggested the lack of need for more complicate simulation

schemes such as replica exchange, a finding probably due to the length of our sim-

ulations, the “softness” of the restrained coordinate dCoMs, the implementation



4.4. Results and discussion: window sampling simulations 95

of cluster moves (pivot moves and rigid translations) in our simulation algorithm,

and, obviously, the fact that we are simulating short chains.

Table 4.2: List of the intervals of CoMs distances, dCoMs ∈ (a, b], sampled in our WS simulations.
The “TOT.” tag refers to the case in which the two chains are free to move in the cavity
without any additional constraint (as in titration simulations described in Section 4.3). Intervals
recurring in subsequent Figures are highlighted in bold.

a (Å) b (Å)

INT. 01 0.0 2.6
INT. 02 0.0 5.3

INT. 03 2.6 7.9
INT. 04 5.3 13.2

INT. 05 7.9 18.5
INT. 06 13.2 23.8

INT. 07 18.5 29.1
INT. 08 21.2 34.4
INT. 09 29.1 42.3
INT. 10 37.0 50.3
INT. 11 45.0 58.2

INT. 12 52.9 66.1
TOT. 0.0 66.1

4.4.1 Impact of inter-chain interactions on ionization behavior,

counterion distribution and polymer conformations

Figure 4.11 shows ∆pKa as function of α when the CoMs of two chains are

restrained to lie within a specific interval of distances, that is dCoMs ∈ (a,b] (see

Table 4.2). When ζ = 0 ∆pKa always increases as dCoMs diminishes. This effect

arises from the fact that the closer are polymers, the stronger is repulsion between

charges. The highest difference between well separated chains (INT. 12) and

chains in contact (INT. 01) is observed in the range of ionization α = 0.25÷0.50,

with a maximum distance-depending variation of ∆pKa of roughly 0.4 pKa units

for flexible polymers and 0.3 pKa units for semi-rigid ones.

When c-H-bonds can form, instead, we observe a trend reversal at low α values

(α . 0.07 in the flexible case, see also the inset in Figure 4.11 (a); α . 0.20 in the

semi-rigid one). In the latter case, nearby chains ionize more easily with respect

to separated ones thanks to the formation of inter-chain c-H-bonds, an effect



96 Chapter 4. Interacting chains in aqueous solution

0 0.2 0.4 0.6 0.8 1

dissociation degree α

-2

-1

0

1

2

3

4

Δ
p

K
a

INT. 01, ζ = 0, flexible

INT. 03, ζ = 0, flexible

INT. 05, ζ = 0, flexible

INT. 07, ζ = 0, flexible

INT. 12, ζ = 0, flexible

TOTAL, ζ = 0, flexible

INT. 01, ζ = 2, flexible

INT. 03, ζ = 2, flexible

INT. 05, ζ = 2, flexible

INT. 07, ζ = 2, flexible

INT. 12, ζ = 2, flexible

TOTAL, ζ = 2, flexible

ΔpKa(ɑ) = 0

(a)
0.02 0.04 0.06 0.08 0.1

-2

-1.8

-1.6

-1.4

-1.2

-1

0 0.2 0.4 0.6 0.8 1

dissociation degree α

-2

-1

0

1

2

3

4

Δ
p

K
a

INT. 01, ζ = 0, semi-rigid

INT. 03, ζ = 0, semi-rigid

INT. 05, ζ = 0, semi-rigid

INT. 07, ζ = 0, semi-rigid

INT. 12, ζ = 0, semi-rigid

TOTAL, ζ = 0, semi-rigid

INT. 01, ζ = 2, semi-rigid

INT. 03, ζ = 2, semi-rigid

INT. 05, ζ = 2, semi-rigid

INT. 07, ζ = 2, semi-rigid

INT. 12, ζ = 2, semi-rigid

TOTAL, ζ = 2, semi-rigid

ΔpKa(ɑ) = 0

(b)

Figure 4.11: ∆pKa as function of α for various dCoMs intervals: (a) flexible, and (b) semi-rigid
chains. The dashed gray line is only a guide to the eye in order to discern positive and negative
values of ∆pKa. The inset in panel (a) shows the behavior of ∆pKa for flexible chains when
α < 0.2. With the hope to improve chart readability, standard error bars has been plotted only
for the “INT 03” case



4.4. Results and discussion: window sampling simulations 97

intensified and extended to longer dCoMs when semi-rigid species are involved,

probably due to their larger span. Finally, we mention that oscillations in ∆pKa

observed for the latter species when α & 0.8 arise from the fact that simulations

may become less ergodic in presence of many c-H-bonds.

Given the results in Figure 4.11, one may wonder if the effects on α mentioned

have a local counter part, as it is a well know effect in linear weak polyelectrolytes

that monomers lying at the extremes of a chain tend be more likely to ionize than

ones located in polymer inner regions. Thus, Figure 4.12 shows the ionization

degree α as a function of their position along the polymer, the pH and dCoMs. The

value is averaged over the two chains, and all the four combinations of stiffness

and ζ are shown.

When ζ = 0 (Figures 4.12 (a) and (b)), we observe the expected behavior

for both flexible and semi-rigid species kept at long distances. Decreasing the

distance between interacting chains results in a magnification of the differences

in ionization, so that ∆(∆pKa) ' 0.71 for flexible species and ∆(∆pKa) ' 0.75

for semi-rigid ones when dCoMs < 2.5 Å and pH - pKa = 1.50. Looking at

trajectory snapshots (Figures 4.23 and 4.24), we observe that the more marked

decrease in acidity of central beads depends on the “χ-shaped” geometry assumed

by two nearby chains.

When polyelectrolytes are able to form c-H-bonds, the behavior becomes once

again more complicated. Analyzing the case of flexible chains first, we notice

that charges are uniformly distributed over all the polymer when pH - pKa is

low (α . 0.4), exception made for second-last monomers, which are slightly

less acidic than the others. This depends on the fact that end monomers can

back-bend, dissociate and form a c–H–bond with third-last beads, resulting in a

depressed acidity of the penultimate beads. At intermediate pH - pKa values, the

behavior followed by α becomes much less regular, showing marked oscillations

as a function of the monomer location. As dCoMs decreases, oscillations appears

less marked, suggesting that the closeness between the two chains may induce

their partial elongation and linearization. Finally, the dissociation of internal

monomers at high α and low CoMs distances results partially inhibited as a

consequence of their reciprocal position and orientation of the two chains.

Local ionization behavior tends to become even more intricate for semi-rigid

chains. For instance, we notice at the onset that many curves are not symmetric
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Figure 4.12: Average α as function of the monomer position along the chains for different pH -
pKa and dCoMs values: (a) ζ = 0, flexible; (b) ζ = 0, semi-rigid; (c) ζ = 2, flexible; (d) ζ = 2,
semi-rigid.
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probably due to a partial failure of Monte Carlo sampling to obtain ergodicity.

At low values of pH - pKa, we do not observe the depression of α seen for the

penultimate monomer of flexible species, since this effect is hampered by the

local rigidity. At intermediate pH (e.g., pH - pKa = 2.50, orange curves), in-

stead, well separated chains (INT. 07–12) show the tendency to being dissociated

preferably around midpoint; this is probably due to the fact that chains are too

far to interact with each other but they tend to bend on themselves forming a

folded conformation in which central monomers give rise to a central neutral core

that stabilize the surroundings dissociated monomers (see, e.g., Figure S4.26 (n)).

When the two chains are close together (INT 01, 03), they instead tend to ar-

range parallel to each other in order to maximize MB contacts. From trajectory

snapshots (Figure S4.26 (b), (c), (f), (g)) we observe that this parallel disposi-

tion maximize the number of c-H-bonds inter-chain c-H-bonds, with portion of

neutral and charged segments that alternate on both polyelectrolytes.

An alternative viewpoint useful to characterize the restrained systems is rep-

resented by the behavior of the total potential Utot versus dCoMs. Analyzing this

for the ζ = 0 case at several α or pH - pKa values (data shown in Figures 4.13

and 4.14, respectively), we observe that Utot monotonically increases with α for

both flexible and semi-rigid species, as it would be expected by the fact that elec-

trostatic repulsion between monomers cannot be fully screened by the presence of

CIs, which only partially distribute on the chains. In spite of this, it emerges also

that bringing two chains close together does not always involves an increment in

the total potential Utot. Thus, when species are infinitely flexible (Figure 4.13

(a)), we note that Utot increases as dCoMs decreases only if α < 0.5; the trend re-

sults instead reversed for α > 0.5. This behavior takes place because the more the

two polyelectrolytes are ionized and close to each other, the higher is the charge

density due to the “complex” they form; this fosters CIs accumulation, which

in turn screens electrostatic repulsion between the two polyelectrolytes lowering

Utot. A similar behavior can be observed also for semi–rigid species (see Figure

S4.13 (b)).

Supports for this rationalization come from Figure 4.15 (a), which shows

PDFs calculated between monomers (both neutral and charged) and CIs for fully

ionized (pH - pKa = 6.5) interacting polyelectrolytes at different dCoMs. When the

two chains are well separated (INT.12), we notice the presence of two separated
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Figure 4.13: Total potential Utot (in kcal/mol) as a function of α for different intervals of dCoMs:
(a) flexible, ζ = 0; (b) semi-rigid, ζ = 0; (c) flexible, ζ = 2; (d) semi-rigid, ζ = 2.
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Figure 4.14: Total potential energy Utot as a function of pH - pKa: (a) ζ = 0, flexible; (b) ζ = 0,
semi-rigid; (c) ζ = 2, flexible; (d) ζ = 2, semi-rigid.
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peaks indicating that each macromolecule possesses its own cloud of CIs. As

the polyelectrolytes approach each other (intermediate distances, INT. 07), CIs

surrounding one chain start to feel the partially screened electrostatic attraction

coming from the other one, so they move in the region of space between the

two polyelectrolytes. Finally, when chains are close together (INT 01, 03) we

observe only a marked peak, followed by a shoulder representing those CIs not

in between the polyelectrolytes. Notice that, whatever is the interval of dCoMs

values simulated, flexible chains appear able to attract more CIs on themselves,

due to the slightly more compact conformations they are able to assume.

As for chains with ζ = 2, we notice that Utot decreases upon increasing α up

to 0.7 due to the formation of c-H-bonds. As polyelectrolytes further dissociate,

the potential increases as a consequence of the decrease in the number of neutral

monomers, which are needed for those stabilizing interactions. From Figures

4.13 and 4.14 ( panels (c) and (d)), it is also evident that the finer details of Utot

behavior are once again made more complicated by the presence of c-H-bonds,

which make them markedly dependent on the relative distance between chains,

the conformations that these are forced to assume, as well as the propensity to

attract CIs. In case of semi-rigid chains, the possibility of a limited ergodicity of

the Monte Carlo sampling when α > 0.6 may also impact on the precision of our

results.

With the aim of shedding some light on the intricate behavior of Utot in

presence of c-H-bonds, we now look at monomer–CIs pair distribution functions

sampled at pH - pKa = 3.0 (which corresponds α ' 0.6–0.7, depending on the

polymer stiffness) and for several intervals of dCoMs (Figure 4.15 (b)), together

with a few conformations extracted during our simulations (Figures 4.25 and

4.26). As for CI distributions, albeit the general trend is similar to the one shown

in panel (a) of Figure 4.15 for ζ = 0, we can evidence a few differences. First of

all, the distribution peaks at short distances appear more structured than when

ζ = 0, evidencing that the presence of c-H-bonds makes the polymer fold on itself

and generate closely packed clusters. Moreover, peaks at short distances increase

as the flexible chains approach each other, thus indicating that CIs tend to move

in the region between polymers, whereas the main distribution peak for semi–

rigid species decreases in intensity in passing dCoMs ∈ (7.9 Å, 18.5 Å) to dCoMs ∈
(0.0 Å, 2.6 Å). The origin of such difference becomes evident looking at the
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Figure 4.15: Monomers-CIs pair distribution functions for different dCoMs intervals: (a) ζ = 0,
pH - pKa = 6.5 (notice that the same distributions for species with ζ = 2 should converge to
the plotted curves as pH - pKa →∞); (b) ζ = 2, pH - pKa = 3.0.
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corresponding trajectory snapshots (panels (c) and (k) in Figures 4.25 and 4.26),

where it is shown that flexible chains conserve CIs between themselves thanks to

the irregular form of their coils, whereas two semi–rigid chains arrange parallel to

each other so as to maximize lateral contacts and leave no enough space for CIs

between them. Conformations help also to rationalize the difference in behavior

between flexible and semi–rigid chains at low ionization (α ≤ 0.65), where the

former present an increasing value of Utot for decreasing dCoMs, whereas the trend

is more erratic for semi–rigid chains. De facto, flexible polymers forming c–H–

bonds behave akin to similar species with ζ = 0, showing an increase in Coulomb

repulsion upon decreasing their distance despite the CIs screening due to their

cluster–like form. Conversely, the juxtaposition between a rod–like conformation

and chain vicinity when dCoMs ∈ (0.0 Å, 2.6 Å) allows semi–rigid chains to align

and form many more MB contacts than when restrained at longer dCoMs.

To conclude the presentation of results obtained with WS simulations, we

provide a more quantitative gauge of the conformational behaviors pictorially

shown in Figures 4.25 and 4.26. Thus, Figure 4.16 shows the average r1N as

function of α at different dCoMs values. In absence of MB forces, for a chosen

degree of ionization chains elongation tends to increase as they approach one

to each other (or at a certain pH value). Deviations from such behavior are

however observed when polyelectrolytes are highly ionized. Thus, we notice that

chains restrained to have dCoMs ∈ (7.9 Å, 18.5 Å) show an higher r1N than when

dCoMs ∈ (0.0 Å, 2.6 Å), an unexpected result that can be understood looking at

the conformation assumed by the system in the latter case and shown in Figure

4.17 for semi-rigid fully ionized polyelectrolytes. Thus, while panel (a) shows th

previously discussed “χ-shaped” conformation, the rotate perspective in panel

(b) evidences that chains are bent (i.e. they reduce their r1N) in order to attract

more CIs.

As for the ζ = 2 cases, we observe that flexible polymers closely follow the

non-monotonically behavior already described for unrestrained chains (see Figure

4.6), extending upon reducing inter-chain distance. At variance with such regular

behavior, semi–rigid polymers present a local maximum in the value of r1N when

α ' 0.55 and dCoMs ∈ (0.0 Å, 2.6 Å). This feature is rationalized by the energetic

advantage gained upon extension by the chains, as this conformation would allow

them to orient in parallel and form many c-H-bonds simultaneously (see Figures
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Figure 4.16: End-to-end distance r1N as a function of α (upper panels) and pH - pKa(lower
panels) for different intervals of dCoMs: panels (a) and (c) flexible chains; (b) and (d) semi-rigid
ones.

Figure 4.17: Trajectory snapshots showing two fully ionized (pH - pKa = 4.5) interacting flexible
chains (INT. 01). The two chains are drawn in red and blue, CIs in white. Panels (a) and (b)
represent the same identical snapshot but seen from two different perspectives.
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4.26 (b) and (c)).

4.4.2 Potential of mean force calculations

The chains properties as a function of both the distance between their centers

of mass dCoMs and their ionization degree α presented in Section 4.4 evidenced

interesting differences in behavior for the systems investigated; however, their

impact depends on the relative probability of finding two chains within a specific

range of distances. Obviously, this probability can be “manipulated” experimen-

tally by appropriately choosing the system concentration. This notwithstanding,

there is still a (at least entropic) cost to be paid for two chains to closely ap-

proach each other, and it seems useful to provide quantitative indications on

how such cost depends on polyelectrolytes peculiarities. Thus, we computed

∆w(dCoMs) = w(dCoMs)−w(∞), which is the amount of reversible work required

to bring two chains at the distance dCoMs if, initially, their CoMs lay at infinite

separation. We arbitrary set w(∞) = 0, as our interest is on the relative change

in Helmholtz energy along the process. Results for the four combinations of ζ

and stiffness are shown in Figure 4.18.

When ζ = 0, Figure 4.18 (a), ∆w(dCoMs) monotonically increases as dCoMs →
0; moreover, ∆w(dCoMs) increases with pH (and, hence, α). These evidences can

be explained by the progressive increment of the repulsive electrostatic forces

acting between the two polyelectrolytes, plus additionally contributions of ex-

cluded volume effects when chains are close together. For two flexible chains,

thus, w(10 Å) ' 2.5 kcal/mol ' 3.8kBT at pH - pKa = −1.5, whereas w(10 Å) '
11.5 kcal/mol ' 17kBT at pH - pKa = 7.5. PMF curves calculated for semi-rigid

chains lies always below flexible ones for distances dCoMs < 15 Å, indicating that

rod–like conformations lower the work required to bring together two semi-rigid

chains.

Turning to flexible polyelectrolytes able to form c-H-bonds (Figure 4.18 (b)),

our results highlight that ∆w(dCoMs) does not monotonically increase as the pH

rises when chains are close together (dCoMs . 10 Å). Worth noticing, the decrease

of ∆w upon increasing pH at short dCoMs ought to be taken as an evidence of

the possibility for them to stabilize each other via the formation of inter-chain

c-H-bonds (see upper panels of Figures 4.25). Moreover, we observe that there is
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Figure 4.18: Potentials of mean force as function of pH - pKa for flexible (solid lines) and
semi-rigid (dotted–dashed lines) chains: (a) ζ = 0;(b) and (c) ζ = 2.



4.5. General discussion and conclusions 107

a range of short distances in which the PMF curve for fully ionized chains (pH -

pKa = 6.5) lies below the curve calculated at pH - pKa = 1.5; we attribute this

behavior to the fact that fully ionized chain can attract more CIs, which screen

repulsive electrostatic interactions between the two macromolecules.

Charged H-bonds impact is even more pronounced for semi-rigid species (Fig-

ure 4.18 (c)); thanks to the fact that the two chains can arrange parallel to

each other (Figure 4.26 (c)), we observe the presence of a minimum located at

dCoMs ' 2.5 Å, ∆w(2.5 Å) ' 10 kcal/mol (roughly 15kBT units above the energy

at infinite separation) when pH - pKa = 2.5. At that centers of mass distance,

the curve lies roughly 5 kcal/mol below the one calculated for the ζ = 0 case.

Finally, it is important to note that, while for semi-rigid species the possibility

to form c-H-bonds lowers the PMF curve at short distances with respect to the

ζ = 0 case (e.g. compare curves at dCoMs = 5 Å and pH - pKa = −2.5), the

presence of MB interactions increase the reversible work needed to bring the two

chains close together when the polyelectrolyte is infinitely flexible. This evidence

can be explained by recalling that flexible chains tend to fold maximizing intra-

chain contacts; this, coupled with a lower concentration of CIs in solution (with

respect to the ζ = 0 case), slightly increases the work required to bring the centers

of mass of the two chains close together.

4.5 General discussion and conclusions

In this work we performed coarse-grained simulations of weak polyelectrolytes via

a Monte Carlo approach, accounting for the ionization equilibrium of monomers

by means of the constant pH ensemble and explicit counterions. Our aim was

to investigate how polyelectrolyte concentration, chain rigidity and the possibil-

ity to form inter- and intra-chain charged hydrogen bonds (c-H-bonds, ζ = 2)

could synergistically contribute to modify titration behaviors and conformations

of poly-acidic species, counterions (CIs) distribution or impact on the Helmholtz

energy of the system.

We found that increasing polyelectrolyte concentration results in an enhanced

acidity for all the combinations of stiffness and ζ analyzed (Figure 4.1). For

species unable to form c-H-bonds, this is attributable to an increase in screening

due to CIs and it is more pronounced for flexible species due to their higher
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charge density. In the ζ = 2 case, the effect just discussed is supplemented by the

formation of inter-chain c-H-bonds, which leads to a markedly lower monomer

pKa at low ionization (Figure 4.5).

A bimodal behavior in the end-to-end distributions at intermediate–high ion-

ization degrees (Figure 4.8) was evidenced only when formation of c-H-bonds was

allowed, a trait indicating the coexistence of two conformations, one folded (or

clustered) and one unfolded, the transition between the two appearing first-order

like (Figure 4.9).

As for the impact of concentration on system Helmholtz energy A (Figure

4.10), we found that the increased CIs screening of polyelectrolyte charges present

at higher Cp resulted in a lower Helmholtz energy per chain in all the cases

analyzed. The effect due to c-H-bonds formation modified the general trend

described lowering further the Helmholtz energy of systems with ζ = 2 when pH

- pKa < 1.5.

The evidence that two or more solvated polyelectrolytes may come sufficiently

close to interact, e.g., via c-H-bonds, so that their titration behavior and confor-

mations are affected, prompted us to perform window sampling (WS) simulations

restraining their centers of mass distance. For species unable to form c-H-bonds,

we found that pKa always increases as dCoMs diminishes (Figure 4.11 (a)). Con-

versely, we observed a trend reversal at low α values when ζ = 2 (Figure 4.11

(b)), especially in presence of semi-rigid chains; thus, the formation of inter-chain

c-H-bonds increases monomer acidity, modulates the local ionization behavior of

monomers (Figure 4.12), qualitatively changes the behavior of the total potential

of the system versus α (Figures 4.13), and impacts on CIs distribution and chains

conformations (Figures 4.15 and 4.16, respectively).

Finally, potentials of mean force (PMF) extracted from window sampling

simulations shed light on how chain rigidity and c-H-bonds modify the amount

of reversible work ∆w(dCoMs) required to bring two chains at a distance dCoMs.

In detail, we found that increasing chain stiffness slightly lowers ∆w when ζ = 0.

∆w, instead, does not monotone increase as the pH rises when chains can form

c-H-bonds and are close together (Figure 4.18 (b) and (c)), the chemically specific

interactions giving rise to minima in PMF curves when chains are semi-rigid.

In concluding, we mention that it may be interesting to extend the work pre-

sented here to investigate the role of an explicit treatment of solvent molecules, as
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well as of the background ionic strength (especially in the case of multi-valent ions,

which could favor chains aggregation) in modifying polyelectrolytes properties in

the near future. Studying polyelectrolytes with more complicate topologies (e.g.

star– or comb–like) may prove also useful in shedding light on their self-assembly

mediated by chemically specific or ionic interactions.

4.6 Appendix: trajectory snapshots

Here we report snapshots for all the simulated systems and for both titration

simulations (n = 8 case) and window sampling simulations. The color scheme

is the following: neutral monomers in gray, charged monomer in pink, CIs in

white; the first and the last monomer of each chain are depicted in blue and red,

respectively, regardless their ionization state.

4.6.1 Titration simulations

Figure 4.19: Trajectory snapshots for n = 8 flexible chains with ζ = 0 at various α: (a) α = 0.25,
(b) α = 0.50, (c) α = 0.75, (d) α = 1.00
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Figure 4.20: Trajectory snapshots for n = 8 semi-rigid chains with ζ = 0 at various α: (a)
α = 0.25, (b) α = 0.50, (c) α = 0.75, (d) α = 1.00.

Figure 4.21: Trajectory snapshots for n = 8 flexible chains with ζ = 2 at various α: (a) α = 0.25,
(b) α = 0.50, (c) α = 0.75, (d) α = 0.80, (e) α = 0.90, (f) α = 1.00.



4.6. Appendix: trajectory snapshots 111

Figure 4.22: Trajectory snapshots for n = 8 semi-rigid chains with ζ = 2 at various α: (a)
α = 0.25, (b) α = 0.50, (c) α = 0.75, (d) α = 0.80, (e) α = 0.90, (f) α = 1.00.



112 Chapter 4. Interacting chains in aqueous solution

4.6.2 Window sampling simulations

Figure 4.23: Trajectory snapshots for 2 flexible chains with ζ = 0 at various pH - pKa values
and dCoMs intervals.
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Figure 4.24: Trajectory snapshots for 2 semi-rigid chains with ζ = 0 at various pH - pKa values
and dCoMs intervals.
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Figure 4.25: Trajectory snapshots for 2 flexible chains with ζ = 2 at various pH - pKa values
and dCoMs intervals.
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Figure 4.26: Trajectory snapshots for 2 flexible chains with ζ = 2 at various pH - pKa values
and dCoMs intervals.
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Chapter 5

Monte Carlo Study of the Effects of

Macroion Charge Distribution on the

Ionization and Adsorption of Weak

Polyelectrolytes and Concurrent

Counterion Release*

5.1 Introduction

The topic of nanoparticles (NPs), macroions or colloids complexation with poly-

meric electrolytes mediated by Coulomb interaction has spurred a large amount

of research over the last twenty years [6–15, 39, 113, 143, 174–196]. Motivations

behind such effort are various in nature, going from the necessity of a deeper un-

derstanding of interactions between multiply charged species in solution [6–15],

to the quantitative characterization of surface charge density [187,189], to a bet-

ter understanding of thermodynamics of such complex mixtures [194, 196], and

finally to an accurate description of possible charge polarization on fluid mem-

brane surfaces [190–192].

Form a theoretical point of view, what makes so interesting the family of sys-

tems just mentioned is the long range nature of their interactions, which invari-

*This chapter has been adapted from: Mella M., Tagliabue A., Mollica L., Izzo L., Monte
Carlo Study of the Effects of Macroion Charge Distribution on the Ionization and Adsorption
of Weak Polyelectrolytes and Concurrent Counterion Release, Journal of Colloid and Interface
Science, 560, 667-680, (2020)© 2019 Elsevier Inc. All rights reserved.

117



118 Chapter 5. Weak polyelectrolytes–macroions complexes

ably leads to a strong correlation between the motion of charge bearing entities.

The scenario becomes even more complicated when polyelectrolytes behave as

weak acids or bases; in these cases, solution pH represents an additional variable

that may influence properties of formed complexes, and that can hence be used

to tune electrostatic interactions between weak poly-acids/bases and NPs, the

latter supposed to bear a constant surface charge.

In this work, we have focused on studying formation of complexes between

weak polyacid species and positively charged spheres representing compact NPs,

macroions or colloids. Such systems have been investigated by theoretical means

in several previous works. Thus, Monte Carlo titration simulations have been

used to determine the impact of pH, NP size, ionic force, and chain stiffness on

the structural details of the formed complex [7, 13, 179]. A comparison between

adsorption of short and long weak polyacids has recently been carried out, and

it showed how long chains tend to more strongly modulate (up to a marked sign

inversion) the colloid charge while protruding tails than an equivalent amount

of monomers distributed over several shorter chains [14]. The latter partition

between NP surface and solution, the adsorbed ones usually being more ionized

than the desorbed counterparts. In all the cases, oppositely charged NP modi-

fies titration curves, shifting the inflection point toward lower pH values, as well

as the charge distributions along chains. Such effect is even more marked when

many-body (MB) forces such as charged hydrogen bonds (c-H-bonds) are allowed

between ionized and neutral monomers [12]. When more than one NP is involved,

complexation is facilitated by an increase in chain flexibility [16], whereas over-

charging due to NPs complexation on the polyacid was more marked when stiffer

chains were used. A more recent study evidenced that, due to charge mobility,

weak polyacids are better at bridging charged NPs than strong polyanions when

their overall ionization is low [15].

We extend the mentioned research efforts in several ways. First, we expand

the set of structures of weak polyacid systems by including star–like species

(henceforth indicated as S) together with linear (L) polymers. Second, both

L and S species, which were also allowed to form inter and intra-chain c-H-

bonds, are brought into interaction with colloids that differ in the representa-

tion of their surface charge. In one case, this is modeled as a (commonly em-

ployed) NP-centered positive charge; the charge of the second macroion type is



5.2. Models and Methods 119

instead represented by monovalent mobile cations radially tethered to the NP

surface. With these choices, we aim to understand the impact of charge polar-

ization on polymer–NP complexes, as it has already been shown that mobility of

charge-bearing surface groups impacts on the distribution of charges surrounding

macroions [197–200]. Third, divalent ions are employed to neutralize the colloids

charge, and results are compared with a few simulations performed with monova-

lent counterparts, as we wish to better comprehend the impact of more strongly

bound counterions on the complexation process, which necessarily involves their

“evaporation” or, at least, the decrease of their local surface concentration. In

doing this, we take the first step of a research effort aiming at generating an im-

proved description of the interaction between ionizable species (even surfaces, in

the future) and bacteria [26,27,201], whose wall is made structurally stable by the

presence of calcium and magnesium cations. Fourth, we investigate the evolution

of the osmotic pressure (or, rather, the osmotic coefficient) versus pH in order

to gauge possible differences in ions correlation as a function of polyelectrolytes

and colloids charge and structural details. Finally, we study the dependency of

the Helmholtz energy of our systems on the pH exploiting the statistical mechan-

ics relationship between (∂A/∂pH) and α. We do so in order to characterize

possible exchange processes in solution containing different macroions and/or

polyelectrolytes.

5.2 Models and Methods

The properties of the systems under investigation are obtained within the theo-

retical framework determined by the cell model (see Section 2.1.2), in which the

center of mass of monomers and their counterions (p-CIs) are confined inside a

spherical cell with radius Rcell ≡ Rext and centered at the origin of Cartesian

axes.

Our system consists of a centrally located impenetrable spherical nanoparti-

cle (NP, or macroion, or colloid) of radius RNP < Rext, and bearing a positive

total charge ZNP, and of weak polyelectrolytic species. The NP total charge is

neutralized by Nanion anions (m-CIs) of valency q(A), so that ZNP = q(A)Nanion,

and it is represented either as a “centrally located charge” (“CCTC” macroion)

or as ZNP monovalent cations tethered to the NP surface by a harmonic poten-
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tial restraining them to lie externally with an equilibrium distance σ = 3.85 Å

from the surface itself (surface-tethered mobile monovalent spherical charges, or

“SMMSC” macroion).

Weak polyelectrolytes are such that Narm flexible linear arms depart from a

neutral central monomer (nucleus, C) (star-like polyelectrolytes, S), or contain

Nchain free linear chains (L). Chains or arms contains L spherical weakly acidic

monomers (beads) each; thus, the number of ionizable monomers is Nmono =

LNarm or LNchain. For convenience of discussion, we indicate the species with a

nucleus, Narm arms and Lmonomers per arm as as star–like or with S(Narm, L,X),

where X = CCTC or SMMSC represents the macroion they are exposed to. Sim-

ilarly, systems composed of Nchain free chains are indicated as L(Nchain, L,X).

Beads in each arm or chain are connected via an harmonic potential (see

Equation 2.4) with a force constant kbond = 200kBT/Å
2
, and an equilibrium

distance σ = 3.85 Å (the thermal energy is kBT = 0.6616 kcal/mol). If present,

the nucleus has σC = 2σ, similarly to the weak polyelectrolytes inside neutral

capsids previously studied by us [36] and discussed in Chapter 3.

Each monomer is a weak acid and can assume two different charge states:

neutral (q(mono) = 0) and negatively charged (q(mono) = −1). Weak acidity is

simulated by means of the constant-pH method (see Section 2.2.2); hence, sys-

tem electroneutrality is conserved by randomly introducing or deleting a positive

monovalent counterion (p-CI, q(CI) = +1) Thus, the total number of particles in

the system varies and is then given by Ntot = Nmono + NCI + ZNP(1 + 1/q(A))

when SMMSC colloid is present, or by Ntot = Nmono+NCI+ZNP/q(A) in the case

of CCTC macroion*. Charged particles interact with each others via a pairwise

Coulomb potential (see Equation 2.7) screened by an uniform dielectric with a

relative permittivity εr = 78.3 identical to the one of water at room temperature.

AllNtot particles are treated as soft spheres by implementing a WCA potential

(see Equation 2.3), with σ = 3.85 Å and ε = kBT . In the case star’s nuclei are

involved, σC is used instead of σ.

Finally, c-H-bonds are introduced with by means of our many-body interac-

tion potential (MB)� (see References [12,36,37] and Section 2.1.1.5), with rMB = 5

*+1 (in both SMMSC and CCTC cases) when S–type systems are simulated, due to the
fact that we have to take into account also for the star nucleus.

�In the present work, we have chosen n
(c)
MB = 2, so to allow, e.g., the acceptance of two
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Å, ξ = 2 kcal/mol, n
(n)
MB = 1, and n

(c)
MB = 2.

System configurations are sampled by means of Monte Carlo (MC) simu-

lations, and random displacements are accepted using the classical Metropolis-

Hastings rule (Equation 2.30). Apart from single particle displacements, a series

of cluster moves (see Section 2.2.1.4) are also attempted; these are: (i) entire

species translation; and (ii) pivot move. In the end, each MC step (MCs) con-

sists of the attempted translation of each particle in the system, one attempt to

change the charge state of a titratable monomer, one rigid chain translation and

one pivot move.

The changes in system properties as a function of pH have been investigated

employing coarse grained polymer models containing, mainly, Nmono = 60 or 120

monovalent ionizable monomers distributed in equal number either in the arms

of star polyelectrolytes or in free linear chains. ZNP and RNP are chosen be 58

electronic charges and 40 Å, respectively, so that the macroion surface charge

density has a similar value to the one employed in previous works on charge-

induced polymer adsorption [6, 13, 184, 188]. As the repulsion between neutral

monomers starts at a distance of 3.85 Å, the polymer volume fraction φ inside

the cell spans the range 2.9×10−3 ≤ φ ≤ 5.8×10−3 or 3.1×10−3 ≤ φ ≤ 6.2×10−3

depending, respectively, if one considers the volume of the whole cell or subtracts

the volume occupied by the NP. An useful quantity to characterize the studied

systems is the mixing ratio R = LNarm/ZNP = LNchain/ZNP, which defines the

sign and modulus of the charge that the NP may assume if all the polyelectrolytes

are adsorbed on the latter. In term of colloidal species, CCTC and SMMCS

model macroions may be taken as representative, respectively, of an inorganic

NP with an uniform surface charge density or of micelles formed by at least two

surfactants, only one of which is ionic in nature. For the sake of simplicity, in this

seminal study we have chosen take into account for the viscosity of the micellar

core by allowing frictionless tangential mobility to the SMMCS surface charges;

as far as the migration of the ionic surfactants is concerned, our results are thus

representative of an ideal thermodynamic equilibrium state.

As the formation of polyelectrolyte/macroion complexes ought to induce the

c-H-bonds by –COO−, and n
(n)
MB = 1 as the neutral carboxylic group can donate a single H–

bond. Notice that this minimalist approach does not take into account of H-bonds that can
form between uncharged carboxylic groups.
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release of counterions from both species, we investigated the impact on the

osmotic pressure that such process has by computing the osmotic coefficient

(Φ = πabs/πid) as a function of pH. Within the framework of the cell model, the

osmotic pressure πabs of the composed systems is directly related to the species

concentration at the cell boundary [76]; this is an extremely local quantity re-

quiring quite extensive MC sampling to obtain reasonably precise values for an

insightful discussion. As a consequence, all our simulations have been run until

a relative standard error of 5% compared to the associate average value πabs was

obtained. As a positive byproduct, all other physical quantities for the systems

investigated have reached a statistical accuracy of, at least, 1 part for thousands;

we thus avoided to show statistical errors completely.

5.2.1 Helmholtz energy calculation

Despite equation 2.36 was originally derived employing various assumptions and

simplifications [32], we demonstrated that the result is of general validity (see

Chapter 4); thus, it can be exploited to estimate the change in Helmholtz energy

of an electrolytic system induced by a variation of the pH and the consequent asso-

ciation/dissociation of ionizable groups as [∂A/∂(pH− pKa)] = − ln(10)NmonokBTα

even if other charge-bearing species are present inside the simulation cell.

In this work, we shall exploit Equation 2.36 to investigate how the details

of polyelectrolyte structure impact on its energy as a function of pH - pKa by

computing ∆(∆A) between, for instance, star-shaped species with various num-

ber of arms, as well as between polyelectrolytes that have the same geometrical

structure but differ for the possibility or not to for c-H-bonds. Notice that the

values of α(pH) in Equation 2.36 when pH− pKa < −6 were represented with

an exponential function interpolating the last two computed values.

5.3 Results and discussion

5.3.1 Titration curves

Figure 5.1 present results ∆pKa (see Equation 2.23) for systems with Nmono = 60,

whereas titration curves are shown in Figure 5.2. These have been obtained

employing divalent colloid counterions and for a mixing ratio R ' 1. Also shown,
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Abbreviation Meaning

MC Mont Carlo
c-H-bond Charged hydrogen bond
MB Many-body
NP Nanoparticle
CI Counterion
p-CI Polyelectrolyte counterion (cation)
m-CI Macroion counterion (anion)
CCTC Macroion-centered located charge
SMMSC surface-tethered mobile monovalent spherical charges

Table 5.1: List of abbreviations commonly used in this chapter

there are results for similar species titrated in presence of an uncharged colloid.

For species unable to form c-H-bonds (upper panels of Figures 5.1 and 5.2),

it neatly emerges the ionization inducing action of macroion on weak polyelec-

trolytes, a stark indication of which is provided by the negative values of ∆pKa at

low pH. There are, however, clear differences related to both the macroion charge

representation and the structure of titrated species. In fact, linear species result

more easily ionizable than star-shaped ones, and shorter chains are, in the aver-

age, more easily ionizable than longer ones [12, 36, 37]. Moreover, CCTC species

has a lower impact on ionization than SMMSC colloid especially for S(2, 30) and

S(6, 10). This effect is somewhat reduced in the L(6, 10) case, but it still remains

fairly evident especially at high ionization.

Similar comments can be made when species are able to form c-H-bonds (lower

panels of Figures 5.1 and 5.2), even though systems are more ionized than the

ξ = 0 counterparts when pH− pKa [12,36,37], a finding that reflects itself on the

presence of wide range of pH over which ∆pKa < 0 for the species with ξ = 2

kcal/mol. The latter behavior is also found when monovalent m-CIs are used

(see Figure 5.3). This may be due to either a weaker screening of the positive

macroion charge by monovalent m-CIs, or to the effect of a stronger electrostatic

repulsion between the divalent m-CIs and the ionized monomers.

We also simulated a few systems with Nmono = 120 (for which R ' 2) in order

to investigate the impact of increasing polyelectrolyte size, the results being shown

in Figure 5.4. For these, one may expect a reduced impact of the macroion on the

polyelectrolyte ionization, at least when αNmono > ZNP. For the SMMSC colloid,
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Figure 5.1: ∆pKa versus α for the case Nmono = 60 and ξ = 0 (upper panel) and ξ = 2 kcal/mol
(lower panel). The label “no NP” indicates the absence of a surface charge (and, consequently,
associated counterions) for the nanoparticle.
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Figure 5.2: α as a function of pH− pKa for the case Nmono = 60; ξ = 0 (upper panel) and
ξ = 2 kcal/mol (lower panel). The label “no NP” indicates the absence of a surface charge (and,
consequently, associated counterions) for the nanoparticle.
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Figure 5.3: ∆pKa as a function of α in case of monovalent m-CIs (i.e., q(A) = −1), for Nmono =
60, and ξ = 0 (upper panel) or 2 kcal/mol (lower panel).
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such an expectation is fulfilled, S(6, 20) showing a higher ∆pKa than the S(6, 10)

counterpart when α > 0.4. The increase in ∆pKa is even more marked, and it

extends to the whole pH range investigated, for species with 12 arms. We suggest

that such differences may be connected to the shorter average distances between

monomers in the latter type of polyelectrolytes, which makes energetically more

demanding ionizing additional monomers due to an increased Coulomb repulsion.

At variance with what just discussed, increasing the number of monomers

per arm (or the number of arms) to reach Nmono = 120 has a different impact

when the CCTC macroion is present. In fact, while ∆pKa for S(12, 10) is always

higher than for the Nmono = 60 case, the same quantity is lower for S(6, 20). Such

difference may be due to the juxtaposition between the spatially uniform electric

field on the CCTC surface and the higher concentration of p-CIs introduced

during the titration of the Nmono = 120 polymers. De facto, the higher ionic

force present close to the end of the titration of species with Nmono = 120 may

also explain the slower increase in ∆pKa when α > 0.4 for S(12, 10) compared

to S(6, 10).

Summarizing, results show that increasing polyelectrolyte size more markedly

evidences differences in behavior between SMMSC and CCTC systems, the lat-

ter favoring more ionization of star–like species with a higher Narm despite the

identical number of total monomers.

As the macroion is the source of a non-uniform electric field, distinct polymer

arms may present differences in ionization behavior, even in the average. In order

to investigate this possibility, Figure 5.5 shows the average arm ionization degree

for S(6, 10) for ξ = 0 (upper panel) and ξ = 2 (lower panel). As references, also,

the L(6, 10) case is included. From these results, we notice that the macroion

presence induces both arms and free chains to assume relative ionization degrees

that may substantially differ from the system average ionization much more than

when the macroion is absent. This effect seems more marked for the star-like

species than for the independent chains (see, e.g., at pH− pKa ' 1), suggesting

that the degree of correlation between the ionization behavior of different chains

is increased by being tethered to a central core.

Differences between arm ionization degree and average ionization for multi-

arm species increases upon increasing Nmono to 120 (see Figure 5.6), and it ap-

pears particularly marked for S(12, 10) probably due to a higher monomer density



128 Chapter 5. Weak polyelectrolytes–macroions complexes

Figure 5.4: ∆pKa as a function of α for Nmono = 120 and ξ = 0.

that hamper the spatial re-arrangement of arms. This idea is supported by the

reduced scatter for the arm ionization degree obtained by titrating an equivalent

amount of free chains (lower panel of Figure 5.6).

5.3.2 Adsorption on the Macroion

As discussed in Section 5.1, the onset of a negative charge on the polyelectrolyte

due to the neutralization of acidic groups may lead to chain adsorption on the

positively charged macroion. The average number of chains adsorbed on both the

CCTC and SMMSC colloids, 〈N〉, as a function of pH− pKa is shown in Figure

5.7 for S(2, 30) and S(6, 10), as well as for L(6, 10). For sake of simplicity, we

considered that a chain or arm is adsorbed when at least one of its monomers is

adsorbed; a monomer is considered adsorbed when lies at a distance shorter than

7 Å (roughly the Bjerrum length in water at room temperature) from either the

CCTC surface or one of the SMMSC–tethered charged particle.

Our results suggest an abrupt increase in the number of adsorbed chains over

a limited range of pH values (roughly 2 pH units) located well before the titration

midpoint in all the case shown. As for the L(6, 10) and S(2, 30) cases, polymers
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Figure 5.5: α as a function of pH− pKa for each arm/chain for Nmono = 60 and ξ = 0 (upper
panel) or ξ = 0 (lower panel). The different sets of lines have been shifted upward in the graph
in order to provide a clearer view of their different behaviors. The label “no NP” indicates the
absence of a surface charge (and, consequently, associated counterions) for the nanoparticle.
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Figure 5.6: α as a function pH - pKa for different polyelectrolyte arms (upper panel) or free
chains (lower panel); Nmono = 60 or 120, and ξ = 0. The different sets of lines have been shifted
upward in the graph in order to provide a clearer view of their different behaviors.
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Figure 5.7: Average number of adsorbed chains 〈N〉 as a function of pH - pKa for Nmono = 60
and ξ = 0 (upper panel) or ξ = 2 kcal/mol (lower panel).
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Figure 5.8: Average number of adsorbed chains 〈N〉 as a function of pH - pKa of Nmono = 120
and ξ = 2 kcal/mol.

are completely adsorbed on both types of macroion at high pH similarly to what

previously evidenced in [14] when R = 1. Conversely, CCTC and SMMSC col-

loids differ with respect to the number of arms of star-like specie adsorbed at

high pH, the value for CCTC suggesting that one arm (i.e., 20% of the total

number) remains non-adsorbed on the colloid surface. The trends just discussed

are present even when c-H-bonds are allowed, and are even more marked for star-

like systems with Nmono = 120 (hence, R = 2), as shown in Figure 5.8. For the

latter systems, we only mention here that the highest number of adsorbed arms

is found in a range of pH values such that the polyelectrolyte is not completely

ionized, suggesting that inter-arm repulsion plays an important role in defining

such property.

The findings and the conclusions just discussed find support also in the graph-

ical representation of the systems structures shown in Figure 5.9, and, at a finer

level of detail, from the data on the fraction of adsorbed monomers and their

radial distributions.

As to Figure 5.8, we notice that the SMMSC macroion tends to adsorb 67%

of the total number of arms in S(12, 10), which is 2 or 3 arms more than what

happens with the CCTC colloid (with 45% adsorbed); despite this, the SMMSC
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Figure 5.9: Configurations sampled at full ionization (pH− pKa = 5) for the following sys-
tems: (a), L(6, 10,CCTC); (b), S(2, 30,CCTC); (c), S(6, 10,CCTC); (d), S(6, 10, SMMSC);
(e), S(12, 10,CCTC); (f), S(12, 10, SMMSC). Color coding: neutral nucleus in yellow; charged
monomers in blue; p-CIs in light gray; m-CIs in red; macroion charges in light orange; the
impenetrable NP is depicted in green.
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colloid is no longer able to adsorb all branches of the star as in the Nmono = 60

case. At a finer level of detail, we also notice that the maximum number of

adsorbed arms is no longer found when α = 1; rather, a lower ionization (0.5 ≤
α ≤ 0.6) is needed to maximize arm coordination, suggesting that inter–arm

repulsion plays some role in defining the number of polymer branches in contact

with the NP’s. A similar idea would also rationalize the fact that S(6, 20) adsorbs

only five branches at high pH on the SMMSC macroion rather than six as its

smaller counterparts.

In the case of free chains systems, instead, the CCTC colloid tends to adsorb

more chains than SMMSC macroion, albeit this happens only in the range −2 ≤
pH− pKa ≤ 1. At higher pH, both NP’s adsorb the same number of chains

(all chains in the L(6, 10) case, and 9–10 when L(12, 10) is present). With this

in mind, we notice that moving from S to L (i.e., untethering star’s arms so

that they act as free linear chains) fosters a slightly higher coordination to the

macroions compared to the corresponding star-like species, a finding probably

due to the ability for a better spatial organization that maximizes attraction

between NP and chains and minimizes the repulsion between charged monomers.

A complementary view of the polyelectrolytes–macroion complexes is pro-

vided by the fraction of adsorbed monomers 〈M〉 shown in Figure 5.10. In the

Nmono case, it is worth noting that the systems composed of six free chains

somewhat deviate from the expectation of a large fraction (> 5/6) of adsorbed

monomers at high pH in spite of adsorbing all arms (〈N〉 = 6), suggesting that

the polymers ought to present desorbed sections (either tails or loops, depending

if these involve terminal or mid-chain monomers). Also noteworthy, it is the fact

that L(6, 10) coordinated to the CCTC macroion, de facto adsorb a number of

monomers that would be compatible with the adsorption of only four of the six

arms even though it reaches 〈N〉 = 5.

When we increase the number of ionizable monomers to 120, we notice that

L(6, 20) and S(6, 20) tend to adsorb more monomers on both macroions compared

to the L(12, 10) and S(12, 10) cases indicating the effect of reducing the system

overall entropy by lengthening arms or chains; this notwithstanding, the fraction

of adsorbed monomers remains quite low compared to the number of adsorbed

chains (or the fraction of adsorbed monomers when Nmono = 60), and it is due

to the stronger electrostatic repulsion between ionized beads.
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Figure 5.10: Average fraction of adsorbed monomers 〈M〉. Upper panel: Nmono = 60, ξ = 0;
middle panel: Nmono = 60, ξ = 2; lower panel: Nmono = 120, ξ = 0.
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The spatial disposition of the polyelectrolyte monomers can be more precisely

described by the probability distribution function p(R) of finding a monomer at

a distance R from the macroion geometrical center (vide Figures 5.11 and 5.12).

Let us begin by presenting the results for the systems composed of Nmono = 60

and with ξ = 0 (left panels of Figure 5.11). At very high pH (i.e., at almost

full ionization), all systems tend to accumulate the ionized monomer as close as

possible to the macroion surface, albeit a few interesting differences are clearly

present. First, the maximum in p(R) for the polyelectrolyte adsorbed onto the

SMMSC macroion is lower and positioned further away from the surface than

in the CCTC case due to the fact that the monovalent macroion charge–bearing

species are located externally to the surface. Second, the distribution for S(6, 10)

adsorbed onto the CCTC colloid markedly displays a tail extending up to 80

Å from the colloid center, which is not present in all the other systems and is

evocative of the presence of a desorbed arm (Figure 5.7).

As soon as the pH lowers and the global ionization decreases (e.g., see the

middle–left panel of Figure 5.11, pH− pKa = 1 and 0.4 . α . 0.5), distributions

broaden toward larger R values, with L(6, 10) and S(6, 10) giving clear indications

of the desorption of at least one arm/chain. Such distribution broadening is

markedly augmented by lowering further the pH (see, e.g., the lower–left panel

of 5.11, where pH− pKa = −1 and α ' 0.1), with all p(R) extending up to Rext.

Clearly evident, there is also the multimodal nature of the distribution obtained

from L(6, 10), which indicates the complete desorption of a few chains.

Turning to the Nmono = 120 cases (hence, R = 2), one notices that all sys-

tems present a much wider p(R) at high pH− pKa values (right panels of Figure

5.11) than Nmono = 60 cases. There are, however, qualitative differences in the

distribution as a function of the number of arms (hence their length) or the poly-

mer architecture. Thus, the cases of L(6, 20) and S(6, 20) interacting with the

SMMSC macroion are more compact suggesting their complete adsorption. At

variance with these, the S(6, 20) interacting with the CCTC colloid presents a

weak but wide shoulder evocative of the desorbed arm suggested by the value

of 〈N〉, while S(6, 20) cases show well defined secondary maxima supporting the

idea of multiple desorbed arms. Finally, the p(R) of L(12, 10) has a very wide

shoulder extending to the limit of the simulation cell, in agreement with the low

fraction of adsorbed chains. Upon lowering the pH to pH− pKa = 1 (mid–right
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Figure 5.11: Monomers radial distribution function p(R) (arbitrary units) for Nmono = 60, ξ = 0,
and three different pH values. Upper panels: pH− pKa = 5.0; middle panels: pH− pKa = 1.0,
lower panels: pH− pKa = −1.0. Left panels refer to the Nmono cases, whereas right panel refer
to the Nmono = 120 cases.
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Figure 5.12: Monomers radial distribution function p(R) (arbitrary units) for Nmono = 60,
ξ = 2 kcal/mol, and three different pH values. Upper panel: pH− pKa = 5.0; middle panel:
pH− pKa = −1.0, lower panel: pH− pKa = −2.5.
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panel of Figure 5.11) and, successively, to pH− pKa = −1 (lower–right panel of

Figure 5.11), the distributions further widen and intensify their long R compo-

nents. This is particularly evident for the systems composed of free chains that

can completely detach from the macroions.

A similar behavior is observed also for the systems composed of Nmono = 60

and with ξ = 2 kcal/mol (see Figure 5.12), albeit with an interesting difference

emerging for S(2, 30) and S(6, 10) cases: the broadening of distributions starts

at lower pH than in the ξ = 0 case; thus, one must reach pH− pKa − 1 (mid

panel of Figure 5.12, α ' 0.2) to obtain a p(R) of comparable width to the one

at pH− pKa = 1 for the ξ = 0 case. At variance with this finding, distributions

for L(6, 10) with ξ = 2 kcal/mol show the same multimodal behavior found in

the case in which c-H-bonds cannot form at the same pH, albeit with somewhat

less intense long R maxima. In turn, this suggests that the latter interactions

may only quantitatively modulate adsorption as a side effect of the increased

ionization rather than as a consequence of inter-chain c-H-bonds.

In principle, the data just presented allow us to discuss the possibility of

macroion neutralization or even overcharging due to the adsorption of (partially,

or fully) dissociated polyacids. Thus, the finding that all six free chains can be

adsorbed at high pH on both colloid models when Nmono = 60 (see Figure 5.7)

indicates that the difference in surface charge distributions has a limited impact

when R ' 1 and, hence, neutralization can be easily obtained. Despite the fact

that only five branches of S(6, 10,CCTC) are adsorbed, the same conclusion is

reached for the remaining cases in Figure 5.7 as even the non-adsorbed arm con-

tributes to the overall charge of the star-like polyelectrolyte–macroion complex.

In turn, the observation just presented indicates that the global charge of the

latter species can be easily estimated via the relation ZNP − αNmono as soon as

a single monomer can be considered adsorbed. Obviously, the polymer charge is

concentrated over a smaller portion of the macroion surface when star-like species

are present than in the case of an equivalent Nmono distributed over free chains,

thus possibly producing strongly dipolar species.

A similar analysis can be carried out when Nmono = 120 (or R = 2). In such

case, the far from complete adsorption of free polyacid chains (〈N〉/Nchain ' 0.8)

for L(12, 10) suggests that, at maximum, (ZNP − 〈N〉αNarm)/ZNP ' −0.63 can

be reached. Conversely, there is no difference due to macroion charge distribution



140 Chapter 5. Weak polyelectrolytes–macroions complexes

or number of arms in the maximum possible overcharging at very high pH (i.e.

(ZNP − αNmono)/ZNP ' −1) when star-like species are involved, and this is due

to the fact that non-adsorbed arms are still part of the polymer-colloid complex.

5.3.3 Partitioning of Macroion’s and Polyelectrolyte’s Counteri-

ons

As indicated in Section 5.1, the progressive adsorption of the ionized polyelec-

trolytes onto the macroions is expected to foster the desorption of (divalent)

m-CIs, as well as the “evaporation” of p-CIs introduced during titration sim-

ulations. To gauge the first of these phenomena, we estimate the fraction of

“condensed” m-CIs (de facto, the fraction of m-CIs lying within b Å from the

NP) as

Ψ(b) =

∫ b
0 R

2ρc(R)dr∫ Rext

0 R2ρc(R)dr
(5.1)

where ρc(R) is the radial density for m-CIs. Figure 5.13 shows Ψ(b) for divalent

m-CIs as a function of pH when b = 53 Å, a radius inside which the majority

of the adsorbed charged monomers are contained when polyelectrolytes are fully

ionized (see Figures S5.11 and 5.12).

At low pH (α ' 0), one notices that a large fraction (> 0.6) of the divalent

m-CIs are condensed on the macroion despite the width of the simulation sphere,

the CCTC colloid condensing slightly more than the SMMSC macroion due to the

higher electrid field present on its surface. The amount of m-CIs adsorbed on the

macroion decreases upon increasing the pH (hence, α). Also to be noticed, there

are a less steep lowering of Ψ(b) upon increasing the pH and a substantially higher

degree of condensation when α = 0 in the case of the CCTC colloid, with both the

slope
(

dΨ(b)
dpH

)
and the high pH value of Ψ(b) for the latter markedly depending

on polyelectrolyte structure. Thus, L(6, 10) impacts, roughly, 1.4 times more on

Ψ(b) than S(2, 30), which lowers Ψ(b) 1.3 times more than S(6, 10).

Upon increasing Nmono (see lower panel of Figure 5.13), the amount of m-CIs

released is always increased compared to the systems shown in the Nmono = 60

case, due to the polyelectrolytes higher total charge, even though it seems to

correlate positively with the macroion surface coverage that bigger polymeric

species can provide. Interestingly, the tendency shown by the CCTC macroion
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Figure 5.13: Fraction of condensed m-CIs Ψ on macroion for various systems. Upper panel:
Nmono = 60 and ξ = 0; mid panel: Nmono = 60 and ξ = 2 kcal/mol; lower panel: Nmono = 120
and ξ = 0.
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Figure 5.14: Configurations sampled at pH− pKa = 5 (α ' 1) for a six-arms star-like poly-
electrolyte with Nmono = 120 interacting with a SMMSC macroion (left) or a CCTC macroion
(right). The color scheme is the same as Figure 5.9.

of releasing less m-CIs than the SMMSC colloid upon adsorbing star-like species

seen when Nmono = 60 is conserved also when R = 2. To investigate the origin of

such differences, Figure 5.14 shows the high pH configurations sampled at high

pH values for the S(6, 20) polyelectrolyte adsorbed on both type of colloid.

From Figure 5.14, one can notice a more marked asymmetry in the angular

distribution of the CCTC m-CIs with respect to the centroid of the ionized poly-

electrolyte, the former being preferentially positioned in the hemispace opposite

to the one where the polymer is complexed, and lying, in the average, closer

to the CCTC macroion surface than in the case of the SMMSC colloid. Given

the strong polarization of the SMMSC surface charge induced by the polymer

adsorption, which leaves the SMMSC nanoparticle without “attractive patches”

for m-CIs, these phenomena ought to be connected to the presence of a much

stronger electric field on the unoccupied portion of the surface of the CCTC col-

loid, where the effect of an almost unscreened central charge can be felt. This

has already been evidenced during the formation of complexes between charged

colloids and star strong polyelectrolytes [176].

The differences in polyelectrolyte conformations and macroion charge distri-

butions shown in Figure 5.14 suggest also that the degree of condensation for

p-CIs on the polyelectrolyte itself may be a function of the system structural

details; thus, the natural repulsion between p-CIs and the colloids may lead to

a stronger condensation the more the free arms remain desorbed. To investigate
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Figure 5.15: γ(Rl = 7 Å, pH) as a function of pH− pKa for star-like systems. The inset is an
expanded view of the behavior of γ at low pH.

this possibility, Figure 5.15 shows the behavior of γ(Rl, pH) =
∫Rl
0 r2λ(r,pH)dr∫∞
0 r2λ(r,pH)dr

, pre-

viously used as the p-CIs “condensation index” on a polymer, versus the solution

pH for all the star–like species simulated (see Chapter 3). In the definition, λ(r)

is the radial distribution function between the monomers of a polyelectrolyte and

p-CIs, while Rl = 7 Å is the distance that, somewhat arbitrarily, defines whether

a ion is condensed or not on a chain.

Apart from the expected increase in γ upon increasing the pH, data shown in

Figure 5.15 clearly indicate that the CCTC macroion disfavor less the condensa-

tion of p-CIs of a chosen star polyelectrolyte on the latter than the SMMSC col-

loid. This is due to, at least, two causes: first, the mobility of the SMMSC charges

allows them to surround the adsorbed polyelectrolyte arms partially shielding

their charge; and, second, the larger number of non-adsorbed arms present in

complexes with the CCTC macroion with respect to the SMMSC colloid produces

a higher charge density with a centroid that is located away from the repelling

NP surface and that more strongly attracts p-CIs. The latter argument is also

able to rationalize the differences in γ between S(6, 20) and S(12, 10), the latter

locating a larger fraction of its total charge (roughly 30–50% versus 16%) away

from the surface. Finally, we notice the presence of local maxima or shoulders at

low pH values for many of the cases shown. These suggest that the few ionization
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events present at low pH necessitate of inserting the neutralizing counterion close

to the dissociating monomer. Upon increasing the pH, such requirement weak-

ens substantially due to the analytical form of the Metropolis-Hastings ionization

acceptance step.

As a macroscopic consequence of the different ion distributions, dissimilarities

may be present in the behavior of the absolute osmotic pressure πabs, or rather

the osmotic coefficient Φ = πabs/πid, versus pH− pKa for the studied systems.

Here, πid is the osmotic pressure computed via Nerst law assuming that all species

behave ideally (i.e., they are non-interacting). Thus, Φ is a direct measure of the

impact that ion condensation or spatial correlation between species with opposite

charges have on the value of πabs, and it can be semi-quantitatively estimated

exploiting the cell model used in our simulations [202]. πabs was found to increase

upon increasing the pH due to the release of m-CIs following polyelectrolytes

adsorption and the introduction of p-CIs. However, we previously observed how

the activity of mobile ions markedly depended on the characteristics of each

system. Thus, Figure 5.16 presents Φ for both monovalent and divalent anions

cases.

At low pH, a situation in which the osmotic pressure is only due to the

divalent macroion counterions, we notice that the osmotic coefficient is quite

small (Φ ' 0.25) in all cases, indicating that a large amount of anions is indeed

osmotically inactive as it is either condensed on or maintained very close to the

colloid (see Figures 5.13 and 5.14). The value of Φ is somewhat higher when

monovalent m-CIs are present (Figure S5.16), even though it still suggests that

these have a strongly non homogeneous distribution.

Upon increasing the pH, we notice a rapid increase of Φ over an interval of

pH− pKa values (roughly −2 < pH− pKa < 0.5) that closely correspond with

the ranges over which both the ionization of the polyelectrolytes and the aver-

age number of adsorbed monomers increases. The increase in Φ may thus be

due to the simultaneous release of both macroion (see Figure 5.14) and polyelec-

trolyte CIs, the latter mutually compensating each other as a consequence of the

adsorption.

Interestingly, differences in the behavior of Φ appear upon increasing pH− pKa

above 0.5 for all studied systems. Thus, whereas S(2, 30) and S(6, 10) adsorbed

on the SMMSC macroion and L(6, 10) interacting with both colloids reach a limit
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Figure 5.16: Osmotic coefficient Φ as a function of pH− pKa for various systems. Upper panel:
Nmono = 60, ξ = 0, divalent m-CIs (q(A) = −2); mid panel: Nmono = 60, ξ = 0, monovalent
m-CIs (q(A) = −1); Nmono = 120, ξ = 0, divalent m-CIs (q(A) = −2).
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value for Φ, the remaining systems presented a substantial (20%, at least) de-

crease in the osmotic coefficient value. The mentioned decrease is made more

marked by increasing Nmono, increasing the number of arms in star-like species,

or by adsorbing polyelectrolytes on the CCTC macroion. In the latter respects,

the magnitude of decrease in Φ seems to negatively correlate well with the ca-

pability of a polyelectrolyte to foster desorption from a specific macroion thanks

to longer arms or to a more homogeneous surface coverage, whereas it positively

correlates with the tendency to condense its own CIs (see Figure 5.15) on a larger

number of non-adsorbed arms (Figures 5.7 and 5.8). The latter observation is

reminiscent of the experimental results presented in Reference [137], where a de-

crease in Φ is seen upon increasing the number of arms, and in Reference [203],

where recapture of p-CIs by polystyrene sulfonate adsorbed onto lysozyme has

been evidenced for R > 1.

5.3.4 Impact of the Polyelectrolyte Structure and Interactions

on its Helmholtz energy as function of the pH

As presented in Section 3.3.1, polymer structure and interaction forces impact on

α at a chosen pH− pKa value and, as a consequence of Equation 2.35, also on

the value of the Helmholtz energy for the whole system. Di per se, knowing A

(or rather ∆A, see Equation 2.35) may appear of little interest; the latter value,

however, may be used to estimate changes in Helmholtz energy in processes of

general interest, among which we mention:

i. the exchange of a “canonical” polyelectrolyte (i.e., ξ = 0) adsorbed onto

a specific macroion at a chosen pH with one with identical structure and

composition but able to form c-H-bonds (ξ = 2 kcal/mol);

ii. the exchange of a polyelectrolyte adsorbed onto a specific macroion at a

chosen pH with another composed of the same number of monomers but

presenting a different geometrical structure;

iii. the exchange of a chosen polyelectrolyte between two different macroions.

The former two processes provide indications on the dependence on polyelec-

trolytes structure or chemical nature on thermodynamical stabilization of the

macroion–polyelectrolyte complexes and, when polyelectrolytes are adsorbed, on
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the critical aggregation concentration of the species forming colloids if these are

considered a model for micelle or vesicle–like species [9]. The third process, in-

stead, suggests which type of macroion may win the competition for a specific

polyelectrolyte. Results obtained for systems with Nmono = 60 are shown in

Figure 5.17.

As for the exchange between polyelectrolyte with and without c-H-bonds, data

in Figure 5.17 (upper panel) indicate that there is a range of pH values in which

the presence of MB interactions makes the polyelectrolyte–macroion complex

energetically more stable than in the ξ = 0 case, regardless of polyelectrolyte

structure and macroion charge distribution. This is due to the superposition of

two effects, namely the higher ionization at low pH and the more compact nature

maintained up to medium pH afforded by c-H-bonding species. Importantly, no

differences are present between the two species at high α values, as expected

basing on the absence of c-H-bonds near complete ionization.

Turning to the exchange between polymers with a different structure (mid

panel of Figure 5.17), our data suggest that the Helmholtz energy of the com-

plexes increases upon increasing the structuring of polyelectrolytes: thus, the

L(6, 10) complex is more stable by, at least, 10 kcal/mol compared to the S(2, 30)

one, whereas the exchange ∆(∆A) of the latter with the S(6, 10) (resulting in

increasing the number of arms while maintaining constant the total number of

monomers) is positive by, at least, 10 kcal/mol. These differences can be easily

rationalized recalling the dependency of ionization on the species structure (Sec-

tion 3.3.1), the one with the highest α showing the more negative ∆A. The same

idea can also be used to rationalize the larger ∆A seen for the exchange process

involving the CCTC macroion than for the SMMSC colloid.

Finally, ∆(∆A) for the exchange between CCTC and SMMSC macroions

suggests that complexes with the latter are substantially more stable than with

the former when α > 0.1, as it would have been expected basing on the relative

values for the ionization degrees. We notice, however, that complexes between

S(2, 30) and S(6, 10) and the CCTC macroion are slightly more stable than their

counterparts with the SMMCS colloid at very low pH, a finding in agreement

with the marginally higher ionization in the former cases. Identical conclusions

are reached when species forming c-H-bonds or with Nmono = 120 are involved in

the exchange (not shown).
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Figure 5.17: Differences in ∆A, i.e. ∆(∆A), due to an increase of pH for a few exchange
processes related to adsorption of polyelectrolytes with Nmono = 60. Upper panel: exchange
between polyelectrolytes able and unable to form c-H-bonds (i.e., ξ = 0 versus ξ = 2 kcal/mol);
mid panel: changes in polyelectrolytes structures; lower panel: change in macroion’s charge
distribution (i.e., CCTC versus SMMSC).
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5.4 Conclusions

In this work we have theoretically studied the ionization of weak polyacids inter-

acting with oppositely charged macroions as a function of pH, which invariably

leads to the formation of electrostatically–stabilized complexes between the two

species when pH ≥ pKa. The situations explored by us correspond to the strong

associative charging limit (SACL, when −1 < pH− pKa < 1) and the strong

charging limit (SCL, pH− pKa > 3) previously analyzed by Whitmer and co-

workers [204]. Compared to such work, however, we have extended substantially

the families of investigated systems with respect to CIs’ valence, polyelectrolytes

structure (and number of chains/arms), as well as the nature and features of

the constantly charged species in order to further shed light on facets previously

not illuminated. Thus, comparing the impact of macroion counterions (m-CIs)

valence, it emerges that adsorption-increased ionization in the SACL is lower

when m-CIs are divalent. The same happens for the value of the osmotic coef-

ficient Φ, which gauges the ionic correlation between the m-CIs and the formed

complex and that was previously left unexplored. Interestingly, our results on

Φ indicate markedly non-monotonic trends upon increasing the pH (hence, poly-

electrolyte ionization) for both star-like species and short linear chains when

R > 1, which contrast with the commonly observed decrease in Φ upon increas-

ing polyelectrolyte ionization [202, 205]. As far as we know, this behavior for Φ

versus polyelectrolyte ionization has not been discussed earlier, and its due to the

counteracting trends of initially releasing m-CIs and p-CIs upon polyelectrolyte

adsorption, followed by p-CIs capture on the increasingly ionized polymer chains

(especially when R > 1) as seen by Cousing and co-workers [203].

The findings on α and Φ suggest that adsorption in the SACL is even more

dominated by internal energy aspects of the process [204] when m-CIs are di-

valent, as less entropy is gained due to m-CIs release while ionization of the

weak acid takes place. Focusing on differences induced by the possibility of spa-

tially rearranging macroion charge as it happens when two oppositely charged

chains interact, the increase in α upon adsorption is markedly higher when sur-

face charges can adapt their spatial location, so that even Φ is increased. A

similar trend is seen also for the number of adsorbed arms or monomers. Turning

to the consequences related to a change in polyacid structure and length when
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R ' 1, we notice that α, Φ, and polyacids adsorption are impacted negatively by

weak polyelectrolyte ramifications in both SACL and SCL.

From a more quantitative viewpoint, exploiting 2.35 has helped to clarify

possible advantages or disadvantages that should be expected with respect to

the complexation ability of weak polyelectrolytes as a function of chains struc-

ture with limited computing costs. Thus, complexes stability when R = 1 ought

to decrease on going from short free chains, to a single long chain, to star-like

species. This finding would appear counter-intuitive if one considers only the

change in polyelectrolyte entropy upon complexation. Juxtaposing this correla-

tion with the realization that the formation of polyelectrolyte complexes [206] and

polyelectrolyte-charged NP composites [207] could be highly correlated [208], one

may find ways to gain a better control over the kinetics of composites formation,

as well as their rheological properties.

Apart from these aspects, results described in this chapter bear importance

also for the formation of advanced materials [209] and meta–materials [210]. In

particular, our results gauge the extent of modification obtainable for the co-

ordination mode between polyelectrolytes and macroions (e.g. number of non-

adsorbed arms, Figures 5.9, 5.14 and 5.7) adjusting both pH and chains struc-

ture, so that changing the mentioned parameters may allow one to precisely set

the average distance between charged planar or spherical colloids in composite

polyelectrolyte-NP materials [211]. In turn, one may improve the regulation of

conduction via electron tunneling from between NPs [212], or the construction of

dense arrays of fluorescent [207] or magnetic [213] NPs.

Focusing only on the formation of stoichiometric 1:1 complexes between star

polyacids and macroions, one quickly realizes that these represent a possible

type of Janus NP, which may be nearly spherical (see, e.g., S(6, 10,SMMSC)

or, possibly, S(5, 10,CCTC)), or dumbbell-like [214] (e.g., S(12,10,CCTC), and

S(12,10,SMMSC)), or protruding one (or even more) “antenna–like” arm [178]

(e.g., S(6,10,CCTC), S(6,20,CCTC), and S(6,20,SMMSC)). In all cases, the gen-

erated systems are representative of “monovalent” patchy NPs with strongly

asymmetric (dipolar) interactions [176, 177]. Moreover, our results suggest that

a strong polarization of surface charges may be induced upon adsorption of the

star polyelectrolyte in the specific case involving colloids formed by a mixture of

ionic and non-ionic surfactants provided the micelle core is fluid. This would seg-
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regate the non-ionic surfactants into a surface domain, probably generating the

J-NP2 type of systems whose solvent evaporation-driven aggregation has been

studied previously [215]. The dissymmetric complex may, eventually, undergo

useful chemical transformations (e.g. a reticulation) “freezing” the distorted dis-

tribution, and/or modifying the liophilicity of non-ionic surfactants [216]. This

may foster novel aggregation modalities by, for instance, tuning of the ratio of

liophilic and liophobic surface areas compared to polymeric three-components

micelles [217], a result simply obtained by choosing the proper relative amount

of surfactants in the micelles.

The polarization of ionic surfactants may also foster inhomogeneity in the

micellar core if the liophobic tails of the two surfactants markedly differ in com-

position and/or properties [218]. In the case micelles are employed as drug de-

livery systems, the asymmetric core may, for instance, facilitate loading if one

of its portion is less viscous or a better solvent for the pahrmacologically active

substances [218]. An intriguing possibility that may also emerge is the com-

partmentalization of two active molecules inside the micellar core exploiting a

difference in their partition ratio, a strategy that may also pay dividends when

applied to drug transport via pH-sensitive polymersomes [219,220].

Finally, we highlight the relevance that a few of the results discussed in this

work may have on the bactericidal activity of insoluble weak polyelectrolytes

[26,27,201], considering that the electrostatic interaction between the negatively

charged bacterial wall with its double layer containing divalent ions and ionizable

weak polybases closely resembles our models apart from charge inversion. We

begin by noticing that even short polybases appear able to release calcium ions

from the wall double layer permeabilizing the wall [221], and that resistance to

polycationic antibacterial substances may be imparted by adding limited amount

of Ca(II) ions [222]. What our results indicate is that our model of polyacids foster

the release of a sizable fraction of divalent anions even at pH values where a very

limited ionization would be expected for free polymers. In turn, this suggest that

properly selecting the dissociation constant of the weak electrolytic groups to

“just about” conserve chain neutrality in the operational conditions may, first,

facilitate the penetration of the latter through the m-CIs layer and, second, foster

the dispersion of the latter due to adsorption–induced chain ionization. Notice,

also, that the effectiveness of this mechanism appears to be increased when c-H-



152 Chapter 5. Weak polyelectrolytes–macroions complexes

bonds can be formed. This finding provides support to the two step mechanism

of action discussed in Reference [223] for the insoluble PEG–b–(PMMA–ran–

DAAEMA) terpolymers [26,27,201].



Chapter 6

On the Distribution of Hydrophilic

Polyelectrolytes and their

Counterions around Zwitterionic

Micelles: the Possible Impact on the

Charge Density in Solution*

6.1 Introduction

Micelles composed of surfactants with zwitterionic headgroups such as phospho-

rylcholines or sulfobetaines are employed when the absence of strong electro-

static forces may be advantageous for any intended application (for example, in

generation of bio-compatible, non-immunogenic species that resist protein foul-

ing [224,225], enhanced delivery of drugs [226–228], or in skin care products [229]),

or as a model for biological membranes to investigate the interaction between the

latter and the surrounding aqueous environment [230–232]. Zwitterionic micelles,

however, show properties profoundly different from the ones of non-ionic aggre-

gates despite their formal charge neutrality. For instance, they are believed to

acquire an overall negative charge via anions accumulation close to their inter-

*This chapter has been adapted from: Mella M., Tagliabue A., Izzo L., On the Dis-
tribution of Hydrophilic Polyelectrolytes and their Counterions around Zwitterionic Mi-
celles: the Possible Impact on the Charge Density in Solution Soft Matter, Advanced article
(doi.org/10.1039/D0SM01541E), © Reproduced by permission of The Royal Society of Chem-
istry. All rights reserved.
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Abbreviation Meaning

SBS Sulphobetaine–like surfactant
PBS Phosphorylcholine–like surfactant
CSBS Cationic moiety of SBS, lying close to the micellar core
ASBS Anionic moiety of SBS, pendant tethered to CSBS

APBS Anionic moiety of PBS, lying close to the micellar core
CPBS Cationic moiety of PBS, pendant tethered to APBS

P Polyanion
p-CI Polyanion counterion
M Micelle
M/P System composed of M and P in the same simulation cell
cmc Critical micellar concentration
cac Critical aggregation concentration

Table 6.1: List of abbreviations commonly used in this chapter

facial region, if sulfobetaine headgroups are involved [233–235]. The so acquired

negative charge impacts on ion distribution by attracting a diffuse layer of pos-

itive ions that partially masks the acquired negative charge producing the so

called “chameleon effect”.

The mechanism involved in negative charging of zwitterionic micelles just

mentioned has been subject of many studies, both experimental [235] and the-

oretical [236–239]. When the zwitterionic headgroup has the positive moiety

directly bound to the hydrophobic surfactant tail, as in the case of sulfobetaine

based surfactants (SBS), the selective anion partitioning appears related to the

double layer-like spatial disposition of the positive (CSBS) and negative (ASBS)

headgroup moieties, with ASBS lying further away from the core surface than

CSBS in the micellar corona [236, 238,239]. In principle, polyanion accumulation

at the micelle/solution interface may also happen via the same mechanism.

Accumulation of anions appears possible even though the relative position-

ing between positive and negative moieties in the zwitterionic headgroup is in-

verted [235] as it happens in phosphorylcholine based surfactants (PBS); this

phenomenon, however, seems to require the presence of small or doubly charged

cations. The latter may be involved in coordination equilibria with phosphate

groups, a chemical phenomenon that would lead the micellar corona to acquire a

global positive charge. As the thrust for coordination ought to be, mainly, due to

electrostatic forces (both Ca2+ or Mg2+ induce anion accumulation in PBS mi-
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celles despite the lack of empty d orbitals [235]), anion accumulation may appear

also in presence of polycations thanks to their high charge density.

Assuming for the sake of speculation that anion accumulation just mentioned

may also be induced substituting simple anions or cations with polyanions or

polycations due to charge density effects, one may wonder whether or not the

impact of such substitution could be more profound due to marked (and unbal-

anced) reduction in the entropy of ionic components. In particular, it may be

interesting to investigate which (if any) role is played by polyanion counterions

(p-CIs) localized at the polyelectrolyte/solution interface. These, for instance,

may reduce the polyion effective charge compared to the formal one and poten-

tially lower the interaction strength with micelles. Alternatively, polyelectrolyte

capability to act as vector for the p-CIs may be much increased compared to the

“separated ions” case. Apart from the effects just mentioned, p-CIs localization

on polyelectrolytes seems to influence chain flexibility, its persistence length and,

hence, its conformations [30, 240]; the latter are aspects that may impact on the

adsorption of the chain on a micelle [6,8,9,16,185]. This may be particularly rele-

vant in our case as the external moiety of headgroups can also hamper adsorption,

at least, due to their occupied volume.

In this work, we have thus focused on studying the interaction between zwitte-

rionic micelles and strong polyelectrolytes to understand if preferential adsorption

may also appear when polyions (specifically polyanions) are present. To eviden-

tiate if any effect is induced by connecting charged species together, we compare

such systems with similar ones containing monovalent ions. The latter cases have

been previously studied by theoretically means. Thus, a Gouy-Chapman like sim-

ple spherical model for the micelles with an impenetrable core and a concentric

disposition of charged moieties akin to the one expected for sulfobetaines [236]

justified the increase in anion concentration in the vicinity of the hydrophobic

core on the basis of the presence of a capacitor-like dipolar region. With the ad-

dition of the possibility for an increase of the radial distance between the micelle

core surface and charged pendants upon increasing the concentration of a back-

ground salt [241] and of differences in anion chemical potential between the latter

region and the solution bulk, a similar model was demonstrated able of interpret-

ing anion elution volumes over zwitterionic stationary phases [237]. Support

for the dipolar disposition of positive and negative charged parts in zwitterionic
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headgroups was obtained via coarse grained [238] and atomistic [239] molecular

dynamics simulations of micelles composed of sulfobetaines. While the former

study evidenced a preferential accumulation of chloride anions inside the micellar

corona, an atomistic model was needed to correctly predict the relative partition-

ing of perchlorate, iodide, bromide and chloride anions.

For the sake of clarity, let us specifically mention how the understanding

of the interaction between zwitterionic micelles and electrolytic solutions is ex-

tended by the research effort we undertook. First, we provide indications on the

impact that increasing the charge density of the mobile ionic species (i.e., an-

ions) by connecting them in polyions has on the charging of the dipolar layer due

to selective adsorption. We do so employing polyelectrolytic species with both

a linear (henceforth indicated as L) and a star-like (S) structure, as the latter

possesses an even higher charge density for equal number of monomers. Second,

we explore the possibility that forming micelle/polyions (M/P) complexes may

favor the co-adsorption of species bearing a charge of identical sign to the in-

nermost headgroup moiety one (e.g., p-CIs if the micelle is composed by SBS)

inside the micellar corona. Third, we estimate the impact of the interaction be-

tween zwitterionic surfactants and polyelectrolytes on the concentration needed

to observe micelle formation, an issue that has been experimentally investigated

previously [242–246] highlighting that even neutral polymers may substantially

reduce it. In this respect, it appears puzzling that hydrophilic polyanions, in-

stead, did not lower the critical concentration at which zwitterionic surfactants

aggregate (cac) forming M/P complexes as they do when charged surfactants are

involved [9]. In order to explore this aspect, we compute the change in Helmholtz

energy due to mixing separate solutions (∆mixA) containing either micelles or

charged polymers as originally suggested by Wallin and Linse when charged mi-

celles were investigated [9]. To accomodate the differences in behavior between

the latter and our systems, we needed, however, to develop an alternative thermo-

dynamics path to describe the mixing process. This involves the recently derived

statistical mechanics relationship between (∂A/∂pH) and the average dissociation

degree 〈α〉 ≡ α (see Equations 2.35 and Reference [240]). Fourth, we exchanged

the positions of negative and positive zwitterionic moieties with respect to the

micellar core to investigate if the alternative double layer structure (as it happens

in phosphorylcholine-based surfactants, PBS) may modify the structure and en-
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ergetics of the composite M/P system. Finally, we explored how the presence of

zwitterionic micelles impacts on osmotic properties of polyelectrolytes computing

the system osmotic coefficient.

To highlight our findings, we mention that the results evidenced a mild impact

of zwitterionic micelles on the conformation properties of polyelectrolytes. In

spite of this, stark changes in charge distributions around the micelles were found

upon linking anions into a polyanion compared with the cases of “independent”

(or “free”) anions. Thus, the maximum of the negative charge density in the

micelle vicinity increased either 30 or 40–folds compared to the free ions when

the micelle was composed of PBS or SBS, respectively. For both micelle types,

also the concentration of p-CIs at the micelle surface is vastly increased compared

to the free ions case, a finding indicating that polyanions may act as vector for

species that would be electrostatically repelled in their absence. Besides, the

difference in the radial distribution of polyanions due to a change in headgroups

finds a counterpart in the anionic chain adsorption probabilities, which is halved

by substituting SBS with PBS. Finally, our prediction of changes induced by

polyelectrolytes on the surfactant critical concentration (or critical aggregation

concentration, “cac”) needed to form micelles with respect to the critical micelle

concentration (“cmc”, i.e. in absence of polyanions) agrees well with experiments

involving water soluble polyelectrolytes [244], indicating that only minor changes

ought to be expected. This evidence is rationalized by our computational results

as due to weak electrostatic interactions (mainly due to the lack of enthalpic

effects) between micelles and polyanions.

6.2 Models and Methods

The properties of systems under investigation are obtained with a coarse-grained

primitive model of electrolytes within the theoretical framework determined by

the cell model (see Section 2.1.2), where system constituents are enclosed inside

a sphere of radius Rcell ≡ Rext. Importantly, this modeling choice allowed us to

compute the osmotic pressure πabs due to the polyelectrolyte, which is directly

related to the species concentration at the cell boundary [76]. From πabs, the

osmotic coefficient Φ = πabs/πid was obtained, with πid being the osmotic pressure

exerted by the polyelectrolyte if all constituents acted ideally.
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More in detail, our system is composed of a zwitterionic micelle and a strong

polyelectrolyte with its counterions. The core of the former is represented as a

centrally located impenetrable spherical nanoparticle of radius RM < Rext and

bearing ZM = 59 zwitterionic headgroups (hence, it is overall neutral). Here,

Rext = 159 Å and RM = 20 Å. In the cases akin to SBS, ZM monovalent cations

(CSBS, to recall the headgroup structure) are tethered to the micelle surface by

a harmonic potential (see Equation 2.4) restraining them to lie externally with

an equilibrium distance σC = 1.0 Å from the micelle surface itself (the force

constant is kbond = 200kBT/Å
2, with kBT = 0.5922 kcal/mol and, hence, T =

299 K), and are allowed to move freely parallel to it. One charge-compensating

monovalent anion (ASBS) is bonded to each of the surface tethered cations via

a harmonic restraining potential with an equilibrium distance σCA = 4.0 Å.

The chosen equilibrium distance mimic rather well the location of distribution

maxima obtained with molecular dynamics simulations [238, 239]. In the case

of micelles composed of phosphorylcholine–based surfactants (PBS), we simply

exchanged the positive and negative zwitterion moieties. Hence, APBS is the

species restrained by a potential which is identical in form to the one used to

tether CSBS. The values for ZM and RM are chosen so that the micelle is similar

to what has been experimentally obtained when employing SBS with short (C12–

C14) alkyl chains [239, 247, 248]. In fact, an aggregation number in the range

of 55–62 molecules for 3–(Dimethyldodecylammonium)Propanesulfonate [247] or

3–(Dimethyltetradecylammonium)Propanesulfonate [239] has been reported, and

a radius of roughly 20 Å has been indicated for micelles obtained with the second

surfactant.

The strong polyelectrolyte species with their counterions (p-CIs) is, instead,

composed of negatively charged monomers connected together by means of har-

monic potentials with an equilibrium distance σ = 3.85 Å and an equivalent

number of freely wandering p-CI. We mainly simulate linear polyanions com-

posed of L = 10, 30 and 60 monomers; as a comparison, we also simulated a

star–shaped species with Narm = 6 identical arms, each one containing L = 10

monomers. In the latter, the first bead of each arm in connected to a central

bead via an harmonic potential with equilibrium distance σnuc = 2σ [36, 249].

All particles in the system are treated as soft spheres interacting with each

other via a WCA potential (σ = 3.85, Å, ε = kBT ). When the star nucleus is
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involved, σnuc is used instead of σ.

Charged particles interact with each others via a pairwise Coulomb potential

(see Equation 2.7) screened by an uniform dielectric medium with a dielectric

constant εr = 78.3 identical to the one of water at room temperature. Notably, the

approach indicated does not take into account the fact that both chain [133,183,

250,251] and micelle core [252] may have a dielectric constant much lower than the

one of water, or that even the dielectric constant of the solution may depend on

the local composition [128,253]. For our specific cases, it seems that predicting the

impact of accounting for dielectric discontinuities or its composition-dependent

changes with respect to results obtained with an uniform permittivity could be

fairly complicated due to opposing effects. For instance, one would expect a lower

chain adsorption probability upon introducing monomers “image charges” inside

the micelle core, whereas the high local concentration of charged groups inside

the zwitterionic corona may decrease εr strengthening the interaction between

the polyelectrolyte and CSBS. With our modeling effort being the first attempt,

as far as we know, of addressing the issues mentioned in the Introduction, we feel

that is presently not necessary to further complicate the matter, and we shall

thus accept the limitation imposed by Equation 2.7, at least for the time being.

The scheme in Figure 6.1 provides a visual representation for the surfactants

and micellar models. For convenience of discussion, we dub the system composed

of a linear polyanion with L monomers and interacting with a micelle formed by

X =SBS or PBS surfactants as L(1, L,X); the systems containing the star-like

polymer is instead dubbed S(6, 10, X).

We performed classical Monte Carlo simulations, sampling the canonical ther-

mal density matrix of the system. Monomers, counterions, and zwitterionic

moities are displaced randomly along three orthogonal directions with a max-

imum attempted step and random displacements are accepted using the classical

Metropolis-Hastings rule Equation 2.30). Apart from random monomer displace-

ments, a series of cluster moves (see Section 2.2.1.4) are also attempted on the

polyanions; these are: (i) entire species translations; and (ii) pivot moves. In the

end, each Monte Carlo step consists of the attempted translation of each particle

in the system, one rigid chain translation and one pivot move.

As the osmotic pressure πabs (vide supra) is an extremely local quantity, it

required quite extensive MC sampling to obtain reasonably precise values for an
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Figure 6.1: Structure and schematic representation for SBS and PBS, as well as for the model
micelle investigated in this work. Color scheme: impenetrable micelle core in green, head-
group’s cations in light orange, headgroup’s anions in red, polyelectrolyte monomers in blue,
polyelectrolytes counterions in light gray.

insightful discussion. Thus, all our simulations have been run until a relative

standard error of 5% compared to the associate average value πabs was obtained.

As a positive byproduct, nearly all other physical quantities for the systems

investigated have reached a statistical accuracy of, at least, 1 part for thousands;

we thus avoided to show statistical errors completely (exception made for the

Helmoltz energy and average potential profiles, vide infra).

6.2.1 Helmholtz energies calculation

For estimating changes in surfactant critical concentration, we needed to compute

the change in Helmholtz energy, ∆mixA, due to mixing zwitterionic micelle (M)

and polyelectrolyte (P) solutions of initial (i) concentration C
(i)
S and volume V

(i)
S

(S = M or P) into a final (f) system of volume V (f) = V
(i)

M + V
(i)

P and concentra-

tions C
(f)
S = C

(i)
S V

(i)
S /V (f) (here, we assume that C

(f)
P = C

(f)
M ≡ C

(f)
MP); to this end,

we exploited the “function of state” nature of A by selecting a computationally

convenient path to estimate it. Such path is composed of the following steps to

be carried out in sequence (see also Figure 6.2 for a graphical representation):

1. Neutralization of the polyanion isolated in its own cell.

The change in A associated with such step (∆neutA) is estimated exploiting

the relationship between (∂A/∂pH) and the average ionization degree (see
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Figure 6.2: Thermodynamic path followed to estimate the change in Helmholtz energy due
to mixing (∆mixA) micelle and polyelectrolyte solutions, each with the initial concentration

C
(i)
S (S = M or P) into a solution with final concentration C

(f)
MP for both species. The other

changes in Helmholtz energy indicated in the scheme refer to polyanion neutralization (∆neutA),
the dilution (∆dilA) of both neutralized polymer and micelle to the final concentration, the
displacement (∆dispA) of the polymer into the micelle cell, and the re-ionization (∆ionA) of the
polymer to reintroduce p-CIs. The impenetrable micellar core is depicted in gray.

Reference [240] and Equation 2.35) by temporarily assuming that polyelec-

trolyte monomers behave as weak acids; here, 〈qi〉 is the average charge

of monomer i. This approach necessitates of the constant-pH method (see

Section 2.2.2). We selected to apply this step in order to avoid difficulties

related with the diffuse nature of the p-CIs while transferring the polyanion

into the cell containing the micelle.

2. Diluition of both micelle and polyanion to their final concentra-

tion in the mixed solution.

This step involves computing the change in Helmholtz energy due to in-

creasing the radius of both cells from R
(i)
ext = [3×1027/(4πC(i)NA)]1/3 Å) to

the common R
(f)
ext = [3 × 1027/(4πC(f)NA)]1/3 Å). Here, NA is Avogadro’s

number. For the micelle, if C(i) is sufficiently low so that the electrostatic

field generated by a micelle does not reach another one (i.e., the second

term in the virial expansion of π is zero), the change in Helmholtz energy

due to dilution is only due to an increase in translational entropy and it

can be estimated as ∆dil,MA = RT ln[C
(f)
M /C

(i)
M ]. In the case of neutralized

polyanion, instead, the mobility of the latter may bring it sufficiently close

to the cell boundary to impact on its conformations and thus modify its

internal energy. We thus opted for simulating the change in CP (∆dil,PA)

via the same approach we employed to gauge the free energy of absorption
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in spherical cavities [37] despite the fact that the magnitude of such effect

ought to increase with polymer size.

3. Displacement of neutralized polyanion from its simulation cell

into the micelle one. The change in Helmholtz energy due to this step

(∆dispA) can be estimated either via the Widom’s insertion method [254],

with conformations for micelle and neutralized polyanion generated by

stochastic simulations in separate (but identical) cells, or via the free energy

perturbation (FEP) method [255]. In the latter, one may assume as a refer-

ence state one with non-interacting micelle and neutralized polyanion: the

final state would, instead, have their interaction potential fully switched on.

Given the analytic form of our model potentials, FEP is fundamental akin

to computing the ratio between the accessible configurational space vol-

ume for the complete system, and the same quantity for a fictitious system

without M/P interactions. In the end, we opted for implementing the FEP

approach schematically indicated for mere convenience of programming.

4. Complete reionization of the polyanion in the final (mixed) solu-

tion. In this step, p-CIs are reinserted to generate the complete M/P

system titrating the fictitious polyacid until pH � pKa; the associate

Helmholtz energy change (∆ionA) is estimated as in the first step of this

list. Compared to the neutralization of an isolated polyanion, ∆ionA would

contain also contributions from the Coulomb interactions between p-CIs

and micelle, ionized monomer and micelle, as well as to changes in the elec-

trostatic screening of all charged species due to the change in composition

of the environment [240].

In order to interpret ∆mixA results obtained with the procedure just discussed,

we also collected the radial distribution of the polyanion center of mass (CoM)

with respect to the micelle center to produce radial Helmholtz energy profiles,

as well as the average value of the system total potential over narrow intervals

along the same coordinate.
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Figure 6.3: Left panel: normalized distributions for 60 charged free monomers, their p-CIs and
ASBS. The dashed line represents the distribution for uniformly distributed species; the right
axis relates to the ASBS distribution. Distributions for monomer/CSBS (black) and CIs/ASBS

(red) pairs are also shown in the inset. The normalization is such that
∫
D(R)R2dR = 1. Right

panel: configuration sampled for the system whose distributions are shown in the upper panel.
Color scheme: negatively charged monomers in blue; p-CIs in gray; ASBS in red; CSBS in light
orange. The impenetrable micellar core is depicted in green.

6.3 Results and discussion

To facilitate the discussion of differences in behavior induced by connecting anions

into polyanions, we begin the presentation of our results with the ones obtained

for systems composed of a zwitterionic micelle and Nmono monovalent ion pairs

(i.e, Nmono monomers and a correspondent amount of p-CIs).

6.3.1 Zwitterionic micelle in presence of simple 1:1 electrolytes

The left panel of Figure 6.3 shows micelle-centered distributions for negatively

charged monomers, p-CIs and ASBS for Nmono = 60. Results for the cases

Nmono = 10 and 30 have also been obtained, and they closely match the ones

shown. As all charge bearing species share an identical value for σ, which defines

their excluded volume, the results discussed in this Section can also represent

the ones for PBS micelles upon exchanging labels between monomers and p-CIs,

CSBS and APBS, and ASBS and APBS.

Comparing distributions with the case of uniformly distributed species, we no-

tice that both monomers and p-CIs present a higher concentration, albeit slightly,

than the nominal one in the vicinity of a micelle. Their distributions, however,

differ substantially. Thus, monomer distribution displays a multimodal nature

with its highest maximum (roughly 1.5 higher than the average concentration)

being located close to the micellar core surface, and with the second maximum
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being generated by the fact that the solvent accessible surface area of the micellar

core is limited by ASBS, which often lie in the vicinity of a CSBS belonging to a

different headgroup (see left panel of Figure 6.3). This characteristic would limit

the lateral access to CSBS by the negatively charged beads, thus imposing CSBS

and monomers to coordinate with the latter remaining distant from the surface;

in fact, the location of the secondary maximum for the latter nicely agrees with

the sum between σC and σ.

As for the p-CIs, instead, their distribution peaks lie just outside the range of

distances spanned by the ASBS of the zwitterionic corona. According to Gauss’

Law, there should be no radial electric field outside the corona region due to the

charge neutrality of an isolated micelle. Thus, the presence of a maximum in the

p-CIs distribution ought to be ascribed to the overall negative charge acquired by

the micelle following the adsorption of anions. This idea is well supported by the

fact that p-CIs appear able to penetrate the headgroup layer despite the opposing

field, as well as by the fact that the distribution for the p-CIs/ASBS pair presents

a maximum well below the uniform concentration value at distances compatible

with the pair direct coordination. In fact, if the root cause for the maximum in

p-CIs distribution was the electrostatic attraction with ASBS, the maximum in

pair distribution ought to be higher than the average p-CIs concentration.

6.3.2 Zwitterionic SBS micelles in presence of strong polyanions

We begin the presentation of simulations on polyelectrolyte/micelle composite by

discussing results for the isolated L(1, L) systems with L = 10, 30 and 60 reported

in Table 6.2, as these represent a reference for the interacting M/P complexes.

From the average values obtained for isolated polyanions, we notice that, as

expected, both the gyration radius
√
〈R2

g〉 and the “end to end” distance
√
〈r2

1N〉
(see Equations 2.13 and 2.14) increase upon increasing Nmono. Independently

of the latter, φ =
√
〈R2

g〉/
√
〈r2

1N〉 ' 2.87, which suggests that polyelectrolytes

are fairly elongated. In spite of this, polyanions do not act as rigid rods, as it

is indicated by the average angle between two consecutive bonds, 〈θ〉 ∼ 125◦,

and the persistence length lp =
√
〈R2

mm〉/(1 + 〈cos θ〉), which suggest that the

chain needs only slightly more than two bond lengths to make a “sharp turn”

(here, 〈R2
mm〉 is the root mean squared distance between bonded monomers). In
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L 〈θ〉 lp (Å)
√
〈R2

g〉 (Å)
√
〈r2

1N〉 (Å)

L(1,L)
10 124.9(2) 8.27(6) 7.9(5) 22.6(1)
30 127.1(1) 8.84(4) 21.7(5) 63.11(5)
60 127.3(1) 8.66(2) 38.1(9) 110.0(1)

L(1,L,SBS)
10 125.0(1) 8.20(1) 7.9(6) 22.75(1)
30 127.4(41) 8.74(1) 24.5(1) 65.9(1)
60 127.0(1) 8.58(3) 38.6(7) 107.0(1)

L(1,L,PBS)
10 125.2(1) 8.24(1) 7.9(5) 22.4(1)
30 127.4(1) 8.75(1) 21.2(2) 62.6(1)
60 127.3(1) 8.67(1) 40.2(3) 121.7(1)

Table 6.2: Average conformational properties for isolated polyanions (L(1, L)), and polyanions
interacting with SBS (L(1, L, SBS)) and PBS micelles (L(1, L,PBS)).

other words, whereas the inter-monomer repulsion is responsible for the deviation

from a random coil behavior (in such a case 〈θ〉 = 90◦ and φ = 2.45), it is not

sufficiently strong to force the complete extension of the polyelectrolytes. This

finding is in line with what previously found with similar models and attributed

to the effect of the localization of p-CIs on the polyelectrolyte [9, 30, 256]. At a

higher level of detail, we also notice that both 〈θ〉 and lp increase upon increasing

Nmono, possibly a consequence of a somewhat stronger inter-monomer repulsion

due to the increased chain length.

Moving to M/P interacting systems, the upper panel of Figure 6.4 shows the

distribution results for L(1, L,SBS) systems with L = 10, 30 and 60.

The distributions for S(6, 10, SBS) are instead shown in Figure 6.15 in the

Appendix 6.5; a comparison with the L(1, 60,SBS) highlights that only minor

differences in behavior are indeed present between linear and star-like polyelec-

trolyte.

From monomer distributions shown in Figure 6.4, it is evident that the polyan-

ion penetrates, at least partially, the zwitterionic corona for all three the L values,

frequently reaching its innermost part. This picture is supported by the pair dis-

tributions between monomers and CSBS (see the inset), which displays both a

sharp maximum located at R ∼ σ proving the contact between the two species,
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Figure 6.4: Radial distributions for L(1, L, SBS) with L = 10, 30 and 60. The dashed line
represents the distribution for uniformly distributed species. The right axis related to ASBS

distribution only. Upper panel: distributions from the micelle center for charged monomers; the
distributions for the monomer/CSBS pairs are also shown in the inset. Lower panel: distributions
from the micelle center for p-CIs; the distributions for p-CIs/ASBS pairs are also shown in the
inset.
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and indications of a secondary structure positioned at ∼ 2σ, probably due to

the regular monomers spacing in the polyelectrolyte. Worth noticing, the local

concentration for the chain beads inside the corona is 20–40 times higher than

the one shown in Figure 6.3 for freely wandering monomers, showing that the

increase in charge density due to their connectivity has a massive impact on the

propensity toward localization on the micelle. Bearing in mind that all distribu-

tions are normalized to unity (i.e. their relative height should scale by 1:3:6 to

represent the relative concentration for L = 10, 30 and 60), we notice that the

amount of monomers lying inside the corona appears to grow with Nmono, thus

suggesting that some form of “many-body effect” should be at play. Besides, all

three distributions are characterized by long tails located well outside the micel-

lar corona, a finding that may indicate thatsome chain segment are not adsorbed

on the micelle, and/or that the polyion frequently detaches on the whole from

the zwitterionic corona and freely wanders in solution.

p-CIs distributions for the L(1, L,SBS) system are shown in the lower panel

of Figure 6.4. Similarly to the free monomers’ counterions (see Figure 6.3), p-

CIs distributions show a peak just outside the zwitterionic corona and appear

able to penetrate the latter reaching the micelle core despite the repelling CSBS

moieties located in its vicinity. The intensity of these effects is, however, an

order of magnitude higher than shown in Figure 6.3, suggesting that it may

be the polyanion that acts as a vector capable of drawing p-CIs inward. This

idea is supported also by the similarity in width between monomer and p-CIs

distribution, as well as by the fact that only weak maxima are present at short

distances in the pair distributions between p-CIs and anionic moieties in the

zwitterionic corona (see inset in Figure 6.4). This observation can be exploited,

for instance, to speed up reactions between species bearing the same charge as

p-CIs with species partitioning at the interphase of SBS micelles more than it

would be possible when only monovalent anions were present [257] and exploiting

the fact that the law of mass action relates the rate of a reactive encounter to

the local concentration of the involved reactants. This may, thus, further extend

the application of zwitterionic micelles to the speeding up of reactions, which is

already a well-studied occurrence when corona-adsorbing anions are among the

reactants (e.g. in SN2–type nucleophilic processes [258]), to include reactions

with electrophilic compounds [257] such as H+.
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Nmono 〈Nads
mono〉 P ads

chain 〈max[Nads
mono]〉

M(SBS)/P system
10 1.48(9) 0.26(2) 9.6(2)
30 4.0(2) 0.56(2) 21.5(3)
60 4.79(9) 0.68(2) 21.1(2)

M(PBS)P system
10 0.13(1) 0.036(3) 8.3(3)
30 1.06(5) 0.21(1) 18.2(3)
60 1.67(2) 0.33(3) 16.4(8)

Table 6.3: Values for the average number of adsorbed monomers (〈Nads
mono〉), the adsorption

probability for a chain (P ads
chain) and the average value of the maximum number of adsorbed

monomers 〈max[Nads
mono]〉 for polyanions interacting with SBS micelles (M(SBS)/P system) and

PBS micelles (M(PBS)/P system).

Apart from the possible rate enhancement effect just discussed, substituting

monovalent anions with a polyanion may also impact on the effectiveness that

positive counterions demonstrate in screening the negative charge acquired by the

micelle, that is on the “Chameleon effect” [257]. In fact, comparing the relative

height of monomers and p-CIs distribution obtained for L(1, L,SBS) and the case

with free monomers (see Figure 6.3), one may suspect that the “stealth” nature of

SBS zwitterionic micelles may be compromised, at least partially, by the presence

of polyelectrolytes. To check whether or not this is the case, and eventually

the reasons involved, we computed the average fractional charge unbalance (or

local charge density) within a distance from the micelle center for all the cases

discussed so far. The results are shown in Figure 6.5 and clearly indicate that the

negative charge due to the adsorption (albeit temporary) of a polyanion remains

unbalanced over a very wide range of distances (i.e., beyond the polyanion average

extension), and that its magnitude is one hundred times higher compared to the

case in which monovalent anions are involved. Interestingly, the spatial extension

of the effect suggest that it may be mainly due to the fact that a sizable fraction of

p-CIs (and thus their charge) is dispersed in solution whereas the polyanion charge

is more concentrated, an idea neatly supported by the adsorbed configurations

shown in Figure 6.6 (vide infra).

An alternative representation for the interaction between SBS micelles and

linear polyanions is provided by quantities averagely gauging the “contact” be-

tween the two species. For sake of simplicity, we consider that chain (or arm) is
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Figure 6.5: Relative charge unbalance within a distance R from the micelle center,(
4π
∫ R
0

[ρ+(r)− ρ−(r)]r2dr
)
/Nmono, for the L(1, L, SBS) and free monomers cases discussed

in the main text. Here, ρ(r)’s are the local concentration of monomers and p-CIs. Notice the
two orders of magnitude difference in this quantity for the polymeric and simple ion (also in the
inset) systems. The presence of a substantially non-compensated negative charge in the vicinity
of the micelle when polyanions “visit” the corona region is made clearly evident by the behavior
at short R.

adsorbed when at least one of its monomers is adsorbed; a monomer is considered

adsorbed when lies at a distance shorter than 7 Å (roughly the Bjerrum length

value in diluted aqueous solutions at room temperature) from the positive zwitte-

rionic moieties. Thus, Table 6.3 shows the average number of adsorbed monomers

(〈Nads
mono〉), the adsorption probability for a chain (P ads

chain) and the average value

of the maximum number of adsorbed monomers 〈max[Nads
mono]〉 per chain. The

latter has been computed averaging a set of values for the maximum number of

adsorbed monomers, each recorded during simulations spanning 2.5 × 106 MC

steps.

As for 〈Nads
mono〉, our data indicate that, in average, only a minor fraction of

monomers lie sufficiently close to a cationic headgroup moiety to be considered

adsorbed. In spite of this, the probability for a chain to be found adsorbed is

substantially higher than the ratio 〈Nads
mono〉/Nmono, and it increases markedly

with Nmono. This suggests, in turn, that polyanions dwell in the vicinity of the

micelle despite the limited mean number of close contacts. Moreover, the fact

that 〈max[Nads
mono]〉/〈Nads

mono〉 > 4 suggests that the systems, overall, ought to be
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Figure 6.6: Adsorbed (left) and desorbed (right) configurations sampled for the L(1, L, SBS)
systems with L = 10 (top), 30 (middle) and 60 (bottom). The color scheme is the same as in
Figure 6.1

quite fluxional, with chains that are capable of adsorbing a large fraction of their

monomers even though they can easily desorb due to the influence of thermal

energy. The tendency of long chains (i.e.,
√
〈r2

1N〉 > RM) seems, however, to not

wholly adsorb on the micelle, an idea also supported by the expectation values

describing polyelectrolyte conformations reported in Table 6.2 for the case of

interacting M/P systems. In brief, the data suggest that the interaction between

micelles and polyanion has, at most, a weak impact on the latter conformations.

Even so, we mention the presence of a slightly lower lp for both M/P systems,

and a sizable increase of
√
〈R2

g〉 and
√
〈r2

1N〉 for L(1, 30, SBS).

To rationalize the findings just discussed, Figure 6.6 shows a few configu-

rations sampled during the simulation of L(1, L,SBS) systems. At first sight,

it becomes apparent that the long tail of the distributions previously discussed

is due to both the not complete adsorption of all the polyelectrolyte monomers
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Figure 6.7: Monomer adsorption probability on SBS micelles versus their fractional position
along the chain.

when L ≥ 30, with chains remaining nearly tangent to the micellar core, which

increases the likelihood of dissociating the aggregate. Such possibility is expected

to lead to a frequent chain “tangential shift” so that sections lying close to the

core surface may change in time. This conclusion is supported by the values

of the adsorption probability for each one of the monomers along a chain (see

Figure 6.7), which are all statistically different from zero. Albeit with a caveat

related to a slightly broken ergodicity that appears to be present for the longest

polyanion, it also seems that chains are most likely to adsorb on a micelle around

their midpoint, a finding probably due to the location of the minimum of the

electric potential generated by the polyanions. This finding is similar to what

previously evidenced by Stoll and co-workers [16, 259] in the case of positively

charged nanoparticles.

At a closer inspection, one also notices that only a limited number of cationic

moieties surround the portion of an adsorbed polyanion and are sufficiently close

to be recognized as contact with a monomer. Thus, the low values for 〈Nads
mono〉

appear related to the relative disposition of the headgroups with respect to the

polyanion rather than connected to the fact that only a very limited number of

monomers lie close to the surface. As for the origin of such geometrical disposi-

tion, which deviates from what commonly seen when positive nanoparticles are
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Figure 6.8: Normalized pair distribution function for the ASBS/CSBS couple in absence of other
electrolytes in solution. Notice the intense peak at short R values representative of the pair
interaction strength, which remains unchanged even after adding 60 monomer/p-CI pairs.

involved [12,249], we suggest that the CSBS are more frequently bound to vicinal

ASBS than the counterions of positively charged micelles [238,239]; such interac-

tions may need to be cleaved for a contact with a negatively charged monomer to

form (see Figure 6.8 for the CSBS/ASBS pair distribution). Whereas the substitu-

tion may be isoenergetic due to the identical charge and size of chain beads and

ASBS, it is likely to have an entropic cost for the system, as it requires limiting

the radial translational freedom of the polyanion, whereas no anionic moieties

can be desorbed due to their covalent link with the cationic counterparts, so that

there is no compensation for the entropic loss as it happens with the counterions

of cationic micelles (vide infra Section 6.3.4).

As for the general impact on the osmotic pressure due to the solutes, previous

studies on polyelectrolyte adsorption on charged nanoparticles [6, 8, 13–15, 249]

highlighted that also p-CIs disperse in the solution upon the formation of M/P

complexes, producing a sizable impact on mentioned property [249]. In this re-

spect, configurations shown in Figure 6.6 showing adsorbed polyanions, de facto,

suggest that a similar outcome may be expected also in the case of zwitterionic

micelles, at least for the chain portion lying close to the core surface, as only

a very limited number of p-CIs appear to be located near the chains. Such an

effect is also evident in the monomer/p-CIs distributions, with the one for the

L(1, L,SBS) systems presenting always a sensibly lower maximum (3-13%) than
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the case involving isolated polyelectrolytes (see the upper panel of Figure 6.9).

Despite the mentioned differences, the amount of p-CIs released ought to be ex-

pected lower than for the case involving cationic micelles. In absence of a clear

minimum in the distribution indicating the size of the p-CIs coordination shell

around a polyanion monomer and, hence, the average number of p-CIs localized

on the chain, the latter inference can be supported only by computing the p-CIs

“condensation index” on the polymer, γ(Rl) =
∫Rl
0 R2λ(R)dR∫∞
0 R2λ(R)dR

, and the differences

in the osmotic coefficient Φ evaluated from our simulations for the various cases

discussed so far. In the definition of γ, λ(R) is the radial distribution between the

monomers of a polyanion and their p-CIs, whereas Rl = 7 Å is the distance that,

somewhat arbitrarily, defines whether a ion is condensed or not on a chain. In

this case, Rl is chosen similar to the Bjerrum length at the simulation conditions

As for Φ, we found that the differences between the three L(1, L,SBS) systems

and their counterpart in absence of the SBS micelle are of the same magnitude

of the associated statistical errors (e.g., Φ = 0.349(3) and 0.348(3), respectively,

for the L = 60 cases). Conversely, γ presents more marked differences, as shown

in the top inset of Figure 6.9. Disregarding the absolute values of γ for the three

different L, which depends on the width of λ(R), we notice that the condensation

index is lowered by 3-12% in the presence of the SBS micelle compared to the

cases of isolated polyelectrolytes. Obviously, the lower tendency in localizing p-

CIs in the vicinity of a chain in presence of a SBS micelle supports the idea that

the adsorbed portion of a polyanion loses p-CIs, at least partially. According to

the absence of changes in Φ, the amount of p-CIs lost does not seem to impact

on the total amount of “free ions”; they are thus likely to remain in the vicinity

of the micelle, as also suggested by the lower panel of Figure 6.4. Keeping in

mind the latter observation, we are led to conclude that the adsorption, albeit

temporarily, of the polyanion on the SBS micelle produces a complex bearing a

total charge similar to the one shown by isolated polyelectrolytes [144, 260], due

to the fact that adsorbed polyions only minimally lose their p-CIs.

6.3.3 Zwitterionic PBS micelles in presence of strong polyanions

In principle, swapping CSBS with ASBS to produce PBS–type micelles may impact

on the formation of M/P complexes due to the different configurational freedom
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Figure 6.9: Normalized distributions for the monomer/p-CI pair (λ(R)) obtained simulating
L(1, L, SBS) systems with L = 10, 30 and 60 (lines) and the isolated polyanions (lines with
symbols). The inset zooms on the peak region; the “condensation index” γ for each case is also
provided near the appropriate distribution.

afforded by the most external headgroup moieties (ASBS or CPBS in the two cases)

and evidenced in Figure 6.3. To check if this is the case, Tables 6.2 and 6.3 provide

average structural and adsorption-related quantities, whereas Figure 6.10 shows

monomer and p-CI distributions with respect to the PBS micelle center. Pair

distributions for the monomer/CPBS and p-CIs/APBS are also shown in figure

insets. Besides, the distributions for the S(6, 10,PBS) case are shown in Figure

6.15 in the Appendix 6.7.

Whereas, in general, polyanions conformational properties do not display sub-

stantial changes due to the interaction with PBS micelles, 〈Nads
mono〉, P ads

chain and

〈max[Nads
mono]〉 are markedly impacted by substituting SBS with PBS. In fact, all

such quantities decrease substantially as to indicate the presence of a weaker

interaction between polyanions and micelles. That this is the case, it becomes

even more evident from the distributions shown in Figure 6.10. As for the radial

monomer distributions, they display maxima that are lower (by a factor 3–15)

and located at larger distances (∼ 29 Å) than in the case of SBS micelles. Besides,

monomers do not appear to penetrate deeply inside the corona, a finding prob-

ably due to the repulsive interaction with the APBS. In spite of this, the height

of the peak in the monomers distributions is 5–14 times higher than when free

monomers are involved (see the p-CIs distribution in Figure 6.3), stressing once
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Figure 6.10: Radial distributions for L(1, L,PBS) with L = 10, 30 and 60. The dashed line
represents the distribution for uniformly distributed species. The right axis relates to the CPBS

distributions only. Upper panel: distributions from the micelle center for charged monomers; the
distributions for monomer/CSBS pairs are also shown in the inset. Lower panel: distributions
from the micelle center for p-CIs; the distributions for p-CIs/ASBS pairs are also shown in the
inset.
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Figure 6.11: Adsorbed configurations sampled for the L(1, L,PBS) systems with L = 10 (left),
30 (center) and 60 (right). The color scheme is the same as in Figure 6.1.

Figure 6.12: Normalized distributions (D) for the monomer/p-CI pair (λ(R)) obtained simulat-
ing L(1, L,PBS) systems with L = 10, 30 and 60 (lines) and the isolated polyanion (lines with
symbols). The inset zooms on the peak region; the “condensation index” γ for each case is also
provided near the appropriate distribution.

again the impact on the distribution of connecting charged species into polyan-

ions. This conclusion is also supported by the monomer/CPBS pair distributions

shown as an inset in the upper panel of Figure 6.10, whose maxima around 4 Å

are at least 10 times higher than the one seen in the inset in Figure 6.3.

Whereas the characteristics of monomers distributions may have been easily

predicted, the situation appears more intricate and interesting for p-CIs distribu-

tions. Beginning with the shortest (L = 10) case, we notice that the distributions

in the corona region closely resembles the one for the free monomers in Figure 6.3,

the position and height of the two structures at short distance from the micelle

surface being nearly identical in the two cases. A third maximum is also present

around 32 Å, which seems to correlate rather well with the maximum in chain

monomers distribution. We therefore suggest that the overall p-CIs distribution

is the superposition of two contributions: the first one derives from p-CIs that,
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dissociated from the chain, distribute as if the polyanion was not present; the sec-

ond is instead due to p-CIs that are localized at the polymer/solvent interphase

and produce the outmost peak. A consequence of the deep penetration of p-CIs

into the corona and the presence of a surface maximum is the fact that the micelle

acquires an overall positive charge due to the selective adsorption of such species.

Clearly, this could be a component of the attraction between the polyanion and

the zwitterionic corona leading to complex formation. We also notice that the

height of all peaks increases upon increasing L to 30 and 60. This ought to be

expected if one recalls that our distributions are normalized to unity and that

there is a higher probability for both the polyanion to be adsorbed on the micelle

(see Table 6.3) and of a p-CI to be localized at the polyion/solution interphase

due to the higher form polymer charge (see Figure 6.9). The net effect of these

characteristics is to lower the p-CIs density away from the micelle imposing an

increase to the height of the features at short distance from the micelle. This

notwithstanding, the surface maximum in the p-CI distribution for L(1, 30,PBS)

and L(1, 60,PBS) is 3–4 times higher than the one of the free monomers for SBS

micelle (see Figure 6.3), suggesting that a marked accumulation of positively

charged species is induced by the two polyanions on the PBS–type micelle sur-

face despite their limited penetration. As for p-CI surface concentration (i.e.,

considering also the total number of species in the simulation cell), L(1, 30,PBS)

and L(1, 60,PBS) have the same or 2.5 times higher concentration than 60 free

monomers in Figure 6.3. This suggests that reactions requiring the localization of

positive species on the micelle surface to take place may be sped up by substitut-

ing the counterions of the latter with sufficiently long polyanions. Thus, the rate

of acid catalyzed hydrolysis of 2–(p–heptoxyphenyl)–1,3–dioxolane might be in-

creased by substituting chloride anions with soluble polyanions so that the overall

concentration of negative charges is maintained [261]. This effect may even be

magnified if negative groups on the polyanion weakly coordinate water in their

first solvation shell as the perchlorate anion does.

To provide a pictorial representation for the cases in which a complex between

PBS micelles and polyanions may be considered formed, Figure 6.11 displays con-

figurations sampled during our Monte Carlo simulations and presenting, typically,

polyanions at a distance from the micellar surface compatible with the maxima

in Figure 6.10. From such configurations, it neatly emerges that, first, only a
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limited portion of each chain approaches the micellar corona, and, second, the

interaction between the species is characterized by a local polarization of CPBS.

In fact, the latter groups appear located further away from the micelle in regions

of its surface that are approached by a portion of the polyanion. A consequence

of such behavior appears in the monomer/CPBS pair distribution, which peaks at

distances just beyond σ, while it does not emerge from CPBS distributions due

to the limited number of groups implicated.

Differently from what seen when SBS micelles are involved, the proximity

between chain monomers and the headgroups seems not to induce the release of

p-CIs from the polyanion/solution interface. One would thus expect that λ(R),

γ and Φ would be quite close to the same quantities for the isolated polyelec-

trolyte cases. That this is exactly so for both λ(R), and γ, it appears in the

lower panel of Figure 6.9, where the mentioned quantities are shown for the

L(1, L,PBS). Indeed, the difference between γ values for isolated chains and the

ones for L(1, L,PBS) is roughly 1 part for hundreds, i.e. at least 4 times lower

than the difference in γ for L(1, L,SBS). As in the latter case, Φ values obtained

for L(1, L,PBS) and L(1, L) differ less than their statistical errors.

6.3.4 Impact of the Polyanion Size and Headgroup Structure on

the Helmholtz energy change associates to mixing (∆mixA)

The results discussed in the preceding sections have highlighted that, albeit the

formation of M/P complexes is indeed possible, the impact of the latter on the

average properties of each constituent is substantially weaker than what expected

for cationic micelles [36,249]. If so, one would expect a very weak impact on the

minimum concentration needed for a surfactant to aggregate forming a micelle in

presence of a polyelectrolyte (i.e., the critical aggregation concentration, “cac”)

compared to the case without it (i.e., the critical micelle concentration, “cmc”).

Indeed, a similar observation has emerged from previous experiments involving

soluble polyelectrolytes such as sodium polyacrylates [244], even though the pos-

sible reasons for such behavior has not been investigated yet.

To verify whether or not our model systems behave in accord with the experi-

ments before drawing any inference of the experimental findings from our results,

we computed the change in Helmholtz energy (∆mixA) upon mixing solutions
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L ∆∆neut,ionA ∆dil,PA 〈Pdisp〉 ∆dispA ∆mixA

M(SBS)/P system
10 -0.12(1) -0.955(3) 0.9914(2) 0.0051(1) -1.43(1)
30 -0.41(3) -1.045(3) 0.9848(3) 0.0091(2) -1.58(3)
60 -0.93(5) -1.146(3) 0.9734(3) 0.0160(2) -2.06(5)

M(PBS)/P system
10 -0.03(1) -0.955(3) 0.9914(2) 0.0051(1) -1.33(1)
30 -0.28(2) -1.045(3) 0.9848(3) 0.0091(2) -1.55(2)
60 -0.38(3) -1.146(3) 0.9734(3) 0.0160(2) -1.87(3)

Table 6.4: Values for changes in Helmholtz energy (∆mixA) associated to the process of mixing
solutions containing already formed micelles and polyanions. Energies are expressed in kcal/mol.
∆dil,MA = −0.136 kcal/mol for a micellar solution that has the same concentration in surfactants
as twice the cmc of SB 3–12 (3.4 mmol/kg). [244]

containing already formed micelles and polyelectrolyte. Table 6.4 provides the

results for the quantities indicated in the scheme of Figure 6.2 and needed to esti-

mate such energy change. Importantly, we selected as values for C
(i)
M = 1.21×10−4

mol/l and C
(i)
P = 5 × 10−4 mol/l for, respectively, micelles and polyelectrolytes.

The latter are compatible with the concentration of stock solutions employed in

Reference [244] to evaluate cmc and cac of SBS micelles.

Among the quantities reported in Table 6.4, the most interesting one is

perhaps the sum between the change in Helmholtz energy upon neutralizing

the polyanion in absence of micelle and the one due to the re-ionization com-

puted using Equation 2.35 (vide Appendix 6.6) and indicated as ∆∆neut,ionA =

∆neutA+ ∆ionA. In general, we notice that such quantity is negative but compa-

rable in magnitude with the thermal energy, which in our cases is kBT = 0.594

kcal/mol (T = 299 K); hence, the electrostatic interaction between micelle and

polyanion appears to impact only weakly on the composite system energetics.

∆∆neut,ionA appears to increase in magnitude upon increasing L, positively cor-

relating with the probability for a chain of forming a M/P complex. Also,

∆∆neut,ionA appears to depend on the structure of the zwitterionic headgroups,

the SBS micelles impacting more on the polyelectrolyte energetics as it would

have been expected basing one the distributions previously shown [244].

The dilution process for both micelle and neutral polyion is common to both

SBS and PBS cases, as they involve simply a change in the cell volume inside

which the two species are contained (i.e., there is not dependency on the charge
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distribution in the micelle), and their change in Helmholtz energy are slightly

negative as expected due to the entropic gain. De facto, ∆dil,PA presents a weak

dependency on the chain length, becoming more negative upon increasing Nmono.

Comparing the
√
〈r1N〉 values in Table 6.2 with the radius of the simulation cell in

which a chain is confined when C
(i)
P = 5×10−4 M (i.e., 92.5 Å), it clearly appears

that the latter is sufficiently small to have an impact on the conformations of long

chains. As there are no intra-chain interactions other than monomer excluded

volume, the change in ∆dil,PA as a function of Nmono ought to be mainly due to

an increase in entropic work needed to confine progressively longer chains into a

specific volume.

Finally, ∆disp,PA = −RT ln[〈Pdisp〉] estimates the change in Helmholtz energy

associated with mixing neutral polyion and micelle systems into the final cell, with

〈Pdisp〉 (the insertion probability for a neutral polyion) being the ratio between

the partition function of the M/P system with the complete system potential

and the one for the M/P system when the interaction potential between the

micelle and the polyion is set to zero. As it appears, 〈Pdisp〉 decreases upon

increasing Nmono as a consequence of the increase in volume occupied by the

chain, so that the change in A associated to the process is positive; however,

〈Pdisp〉 never deviates more than 3 parts per hundreds from the unity, so that

∆disp,PA ≤ 0.016 kcal/mol. In other words, the final solution is sufficiently

diluted so that the simple mixing process, whose change in A is given by ∆dil,MA+

∆dil,PA+∆disp,PA, is, overall, spontaneous due, primarily, to the polymer dilution

(i.e. to the negative sign of ∆dil,PA).

Overall, ∆mixA is negative in all cases investigated in this work, as it was for

positive micelle/flexible polyanion complexes studied previously [9–11]. How-

ever, ∆mixA appears at least 25 times larger when cationic micelles are in-

volved than for either SBS or PBS aggregates, so that the ratio between cac and

cmc estimated with data for the former species [9] via the formula cac/cmc =

exp[∆mixA/(NaggRT )] was, roughly, 0.02 (here, Nagg is the surfactant aggrega-

tion number). With ∆mixA values from Table 6.4, we, instead, estimate that the

interaction between SBS or PBS–type micelles and polyanions may only slightly

lower such ratio for these species, the lowest value of which (cac/cmc = 0.96) be-

ing found for the L(1, 60,SBS) case. The latter results is in excellent agreement

with the experimental analysis carried out on SB 3–12 and SB 3–14 interacting
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with the sodium salt of poly(acrylic acid)30 in Reference [244], where no impact

on the micellization concentration was evidenced.

With our model appearing to be in agreement with the experiments as far

as cac/cmc for hydrophilic polyanions is concerned, we thus feel entitled to use

the results discussed in previous sections in order to suggest a rationale for the

limited impact that (Na acrylate)30 had on SBS–type micelles compared to the

cases involving cationic micelles [9–11]. In particular, we highlight the relevance

for the cac/cmc ∼ 1 datum of the limited number of monomers adsorbed, the

tangential orientation of the chain with respect to the micelle, and the fact that

P ads
chain < 1 even when L = 60. We are tempted to attribute such findings to

the limited ability of the zwitterionic macroaggregate in displacing p-CIs from

the polyion/solution interphase by substituting them with CSBS or CPBS, as the

latter are involved in close–contact interactions with, respectively, ASBS or APBS

of different headgroups. Such interactions are entropically more favorable as the

headgroup anions cannot escape the zwitterionic corona.

To investigate whether or not such conclusions may be sensible, we computed

both the Helmholtz energy profile, A(R), and the average value of the total

potential, V (R), along the distance R between the centers of mass of a chain and

the micelle for the L(1, L,SBS) systems (L = 10, 30 and 60), which displayed the

strongest propensity to form complexes for each L value. The results are shown

in Figure 6.13. The same quantities for the system S(6, 10, SBS) are shown in

Figure 6.17 in Appendix 6.5.

As for V (R), these are characterized by a (local) minimum at short distances,

a maximum in the range 50 < R < 90 Å, and by decreasing values upon increasing

R further. The steepness of such decrease appears to increase with L, so that

the maximum appears quite shallow for L = 10. Besides, the location of the

maxima (Rmax) appears also to increase with L. As for the R < Rmax region,

V (R) increases more rapidly upon increasing R the shortest is the chain, so that

the difference in value of V (R) between the maximum and the minimum (∆Vmax)

is highest for the shortest chain, L = 10.

Taken all together, the behavior of V (R) for the three systems is compatible

with the idea of stabilizing (hence attractive) M/P interactions at short range,

and whose intensity decreases upon increasing R. This may be due to the increase

in distance between the central segment of the chain (i.e., the part where the field
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Figure 6.13: Helmholtz A(R) and potential V (R) energy profiles along the M/P center of mass
distance for L(1, L, SBS) systems with L = 10 (upper panel), 30 (middle panel), and 60 (lower).
The insets show V (R) as sampled on a narrower R range to improve statistics. Arod(R) (see
Appendix 6.7) is also shown; two cases (lrod = (L−1)σ or 〈r21N〉) are presented for a comparison
at large R values.
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due to the polyanion charge is the strongest) and the headgroups upon increasing

R. Figure 6.7 in the Appendix supports such view. Due to the relative value of√
〈r2

1N〉 for the three systems (see Table 6.2), the distance needed to completely

detach the two species increases with L, so that the location of the maximum is

displaced at a larger R value the longer the chain.

The length of the polyanion is also likely to impact on the slope of V (R) at

short R values as the longer the chain, the slower is the decrease of the chain

electric field moving away from the polymer middle section. This idea, however,

does not appear sufficient to quantitatively justify the difference in ∆Vmax values

for the three systems, as the final part of the detachment process should be nearly

identical for all L values. A more robust justification can, however, be proposed if

one remembers that the osmotic coefficient Φ of linear polyelectrolytes decreases

upon increasing the chain length [202] due to an increase ability in localizing p-

CIs at the polyion/solution interphase. This appears true also in our L(1, L,SBS)

cases, as we obtained Φ ' 0.72, 0.46 and 0.35 respectively for L = 10, 30 and 60.

Obviously, the stronger the localization of p-CIs on the charged chain, the weaker

the M/P interaction ought to be, thus lowering the work needed to detach the

two components of the complex.

The p-CIs localization around the chain plays a role also in the rationalization

of the relative V (R) slope as a function of L when R > Rmax. Thus, assuming that

the lower than unity Φ value for our systems is only due to the latter phenomenon,

we can easily estimate the effective charge (formal polyanion charge minus the

fraction of condensed p-CI, Qeff) for L = 10, 30 and 60, which roughly are 7.2,

13.8, and 21.0. Thus, the repulsive Coulomb potential due to the chain charge

and felt by the most external ASBS moieties at R values just above Rmax during

the detachment ought to be higher in magnitude the longer the polyanion. To

show that this is indeed the case, we report the ratio Qeff/Rmax, which increases

from 0.144, to 0.212, and reaches 0.247 (in units of electronic charge/Å) upon

increasing L. One should, hence, expect a more marked decrease in V (R) upon

increasing R > Rmax the higher L is.

Whereas V (R) provides us with insights on the strength of the interaction

between the two species as a function of R, the results for A(R) shown in Figure

6.13 completely characterize the relative adsorption probabilities as a function

of L. Before discussing the detail of our results, it is however advantageous to
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present the behavior of A(R) for the much simpler case represented by a thin

neutral rigid rod of length lrod. For the latter, which is akin to a linear rigid rotor

rotating around its center of mass, it is possible to obtain analytical results for

the classical partition function as a function of R (hence for Arod(R)), and the

derivation is shown in the Appendix 6.7. Importantly for our intent, it is shown

that:

(I) Arod(R) increases upon reducing R if R < RM + lrod/2;

(II) Arod(R) increases upon increasing R if R > Rext − lrod/2;

(III) Arod(R) remains constant in the remaining range of accessible R values.

Such behavior is due to the restraints imposed on the rod rotation by the mi-

celle core at short R and the simulation cell surface at large R. Obviously, the

conformations of our polyanions are only grossly represented by a thin rigid rod,

especially for the longest species, as shown by the samples presented in Figures

6.6 and 6.11. Nevertheless, Arod(R) indicates that some limiting behavior ought

to be expected for our systems even in absence of any interactions apart from

the excluded volume, and these must be taken into account when discussing the

A(R) results.

Beginning with the L = 10 case, we notice that the overall behavior of

A(R) resembles the one for V (R), albeit the work needed to reversibly detach

L(1, 10, SBS) from the micelle is roughly half ∆Vmax, and its minimum (24.2 Å)

is located 5 Å further away. This is, of course, the effect of the rotational en-

tropy, which decreases upon decreasing R due to the restraints imposed by the

micelle. This is well supported by the good agreement between the simulation

results and the analytical ones at short R if one chooses lrod = lp and the effec-

tive radius of the micelle to be slightly longer than RM, i.e. 20.9 Å. Indeed, the

need for a such longer radius can be easily justified as due to the CSBS and ASBS

excluded volume, whereas the overall agreement may be due to the markedly

stretched conformations of our shortest polyanion. At larger R, we notice that

the A(R) increases more rapidly than V (R) due to the reduction in rotational

entropy imposed by the cell surface. The contribution of V (R) to A(R) in the

long R range is, however, important as shown by the fact that the Helmholtz

energy increases more rapidly even than Arod(R) when lrod = lmax = (L−1)σ for
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L = 10. The overall contribution of the entropic term −T∆S to A(R) appears,

thus, to be positive or, at most, negligible, indicating that no or only limited gain

in A are afforded by polyion releasing p-CIs when in close interaction with the

zwitterions. This, of course, is in agreement with the fact that statistically iden-

tical values of Φ for L(1, 10, SBS) and L(1, 10) have been obtained (vide supra).

Finally, it is important to stress that the work needed to decompose the M/P

complex is roughly 4 times the thermal energy, a finding that fully justifies the

low adsorption probability for L(1, 10, SBS).

As for the L = 30 system, we notice a much slower increase in A(R) upon

decreasing R than seen for L(1, 10,SBS), which is due to the possibility that

the center of mass of the chain may be located at R shorter than RM as a

consequence of the possible curvature of the chain. The location of the A(R)

minimum (roughly 27 Å) is also further away from the micelle than for L =

10, a finding due to both the increased chain length (hence, ideally, of lrod),

which positions the onset of Arod(R) at longer R , and the less rapid change

of V (R) upon increasing R. In the range of R where the polyanion rotation

may be hindered by the cell surface (e.g., R > Rext − lmax/2 ' 102 Å if one

assumes complete chain extension), A(R) increases more rapidly than Arod(R),

while V (R) decreases steadily until R ' 145 Å. This peculiarity suggests that

another effect contributes to the decrease in entropy of the overall system besides

the hindrance of rotation upon increasing R, and this is related to a limitation

of the translational freedom of those p-CIs that are not localized on the chain.

For them, the more the chain is close to the cell boundary, the less is the space

available to distribute around the polyanion in order to optimize the relative

values of inter–p-CIs repulsion and p-CI/chain attraction. Obviously, the effect

just described plays a role also in the range of R where Arod(R) is constant,

leading to the slow increase in A(R) seen when 60 < R < 102 Å; a similar, albeit

much weaker effect, could be seen also for L = 10. Finally, we point out that the

increase in A(R) upon going from its minimum to the location of the maximum

in V (R) (i.e. where the two species detach and a change in slope is observed

for A(R)) is statistical equal to ∆Vmax ' 3kBT , thus indicating the absence of

entropic effects due to the release of p-CIs upon complexation.

Comments similar to the ones for L(1, 30, SBS) could be made also for L(1, 60,SBS),

apart from the changes induced by its increased length. Thus, the polymer center
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of mass samples R values close to the center of the micelle, the minimum is around

30 Å and the curvature of A(R) around it is lower than for shorter polyanions due

to the flat behavior of V (R) until R ' 80 Å and the fact that polymer rotation

remains hindered until its center of mass, at least, reaches R ' 75 Å. Besides,

the quantitative effects due to the restriction imposed on p-CIs motion appear

more marked due to the higher number of non–localized p-CIs.

6.4 Conclusions

In this work we have theoretically studied colloidal systems composed of a zwit-

terionic micelle, bearing on the surface either models for sulfobetaine (SBS) or

phosphorylcholine (PBS) headgroups, and a strong polyanionic systems with 10–

60 monomers. Our interest laid in determining how the interactions between

the two constituents modifies their respective properties and whether or not a

complex between them could be formed. This interest descends from both the

possible impact on cmc and the so called “chameleon effect” [257], the latter

possibly being magnified by the higher charge density of polyanions.

As for the issue of micelle/polyanion complex formation, we found that the

probability for the chain to be adsorbed on a micelle is an increasing function of

the polyanion size and that it also markedly depends on headgroups structure,

sulfobetaine-like surfactants inducing, at least, a probability of adsorption twice

larger than phosphorylcholine-like ones. Given the decrease in the height of

the potential barrier toward dissociation upon increasing the polyanion size (see

Figure 6.13), the positive correlation between adsorption probability and the

latter is mainly due to a higher number of possible configurations with at least

a monomer adsorbed for the longer chains. The dependency of the probability

of forming a complex on the choice of headgroups can, instead, be rationalized

as due to the relationship between headgroups structure and the electric field

intensity attracting the anionic polyelectrolyte, which should be much weaker

when the positive moiety dangles, in the average, further away from the surface

(i.e. in the PBS case, see Figure 6.3). De facto, the adsorption of polyanions on

PBS–based micelle would be predicted to be absent if one assumes a capacitor-

like structure for the corona*, an idea suggesting that the non–zero value of

*If the zwitterionic corona structure were assumed to be akin to a spherical capacitor (e.g.
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the adsorption probability may be exclusively due to charge correlation effects.

This conclusion is well supported by the pair distributions between anionic chain

monomers and cationic moieties in the headgroups (Figure 6.10), which present

a maximum around their Lennard–Jones radius.

The less than unity adsorption probabilities found for all studied systems

has a counterpart in the low average number of chain monomers adsorbed, and

hence in the conformations assumed by the polyelectrolyte when in contact with

the micelle. For sufficiently long chains, most of the latter stretches into the

solution, possibly functioning as “antenna” and fundamentally maintaining their

counterions localized on itself. The consequence of such behavior becomes appar-

ent analyzing the osmotic coefficient for all studied polyanions, which does not

vary despite the presence of a micelle. Notice, however, that the fact that chains

maintain their elongated conformation despite being (temporarily) adsorbed on a

micelle may lead to bridging between two or more micelles if the concentration of

the latter is sufficiently high (i.e. the distance sufficiently short) [15] compared to

the polymer “end to end” distance,
√
〈r2

1N〉 In turn, this may foster self–assembly

of advanced materials composed of weakly interacting (because zwitterionic) mi-

celles kept together by a relatively weak binding (if taken per chain) provided

by polyelectrolytes. A similar possibility was previously investigated for charged

micelles interacting with weak polyacids controlling the interaction strength via

the pH [16], and it thus seems worth exploring in the near future.

In the context framed by previous studies [242–246], the absence of interac-

tions between monomers and the hydrophobic micellar core makes our primitive

polyelectrolytes able to model only sodium polyacrylates, i.e. a highly soluble

and hydrophilic chain. In this, the experimental and theoretical results show an

excellent agreement, the computed change in Helmholtz energy due to solution

mixing (∆mixA) being so small in magnitude not to impact on the critical sur-

factant concentration. This result is mainly due to the weak enthalpic effects

related to the process. In spite of this, the presence of polyanions markedly im-

pact on mobile ion distributions surrounding the micelles compared to the case

of simple monovalent ions, increasing, for instance, the concentration inside the

as in Reference [236]) bearing uniformly distributed charges, the field present externally to the
corona ought to be identically zero. Even so, the possibility of accumulating charged species with
a charge of opposite sign with respect to the one closed to the surface is expected to generate a
finite charge on the micelle, which, in turn, would induce a non zero external electric field.
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micellar corona of both positive and negative ions (disregarding the charge sign

of the innermost headgroup moieties). In spite of this propensity, we showed that

the tendency to partially neutralize and screen of the negative charge acquired

by SBS micelles due to cations layering just outside the corona (also known as

“Chameleon Effect”) is markedly reduced by the more concentrated charge of

polyelectrolytes. Apart from being a result likely to be easily tested [234], the

increased ionic concentration in the corona region may as well be exploited for

chemical purposes, as it may enhance reaction rates between anions and organic

species with limited water solubility thanks to the law of mass action.

6.5 Appendix: Results for star polyelectrolytes

Figure 6.14: Adsorbed configurations sampled for the S(6, 10, SBS) (left) and S(6, 10,PBS)
(right) systems. The color scheme is maintained from Figure 6.1
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Figure 6.15: Radial and pair distribution functions for S(6, 10, SBS) and S(6, 10,PBS). The
dashed line represents the RDF for uniformly distributed species; the right axis related to the
zwitterion anion RDF. Upper panel: RDF from the micelle center for the charged monomers,
together with the results for the osmotic coefficient Φ, the probability of polyelectrolyte ad-
sorption, and the average number of adsorbed monomers; the RDF for the monomer/cationic
moiety pairs are also shown in the inset. For the isolated S(6, 10), Φ = 0.32(2). Lower panel:
RDF from the micelle center for the p-CIs; the RDF for the p-CIs/anionic moiety pairs are also
shown in the inset.
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Figure 6.16: Normalized distributions for the monomer/p-CIs pairs obtained simulating
S(6, 10, SBS) and S(6, 10,PBS) systems and the isolated polyelectrolytes S(6, 10) (labeled
“noM”). The inset shows a zoomed view of the peak region; the “condensation index” γ for
each case is also provided near the related distributions.

Figure 6.17: Helmholtz (A(R)) and potential (V (R)) energy profiles along the P/M centers of
mass distance for S(6, 10, SBS) system.
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6.6 Appendix: Change in Helmholtz energy during

the titration of a weak polyacid

In this Chapter we exploited Equation 2.35 to investigate how the presence of a

micellar system impacts on the electrostatic energy of polyanions exploiting the

titration curves obtained in presence or absence of the latter. Notice, however,

that we are only interested in differences involving two states of complete ioniza-

tion, so that, in this case, pH is only a convenient variable allowing to connect

states of interests. Indeed, alternative paths to gauge the energetics involved in

processes we aim to describe may be devised (e.g., see Reference [9]). Thus, dif-

ferences in titration behavior are studied to decompose the energetics associated

with the formation of M/P complexes in the way described in the main text.

As final technical note, we mention that the values of α in Equation 2.35 when

pH− pKa < −5 were represented with an exponential function interpolating the

last two computed values.

6.7 Appendix: Helmholtz energy profile for a thin

rigid rod inside a spherical cavity with a central

spherical object

In this Appendix, we address the calculation of the Helmholtz energy profile for

a linear object of length lrod, which rotates around its center of mass inside a

spherical cell of radius Rext. Centered inside the cell, there is also a spherical

impenetrable object of radius RM < Rext − lrod. As A = −kBT ln (Z) for the

canonical ensemble, with Z being the partition function for the system under

study, the free energy profile as a function of R is simply given by

Arod(R) = −kBT ln

∫ ∫ ∫ ∫
dθdφdpθdpφ exp

[
−(p2

θ + p2
φ/ sin2 θ)/(2IkBT )

]
(6.1)

where I is the inertia moment of the rod, θ and φ are the angles defining its orien-

tation with respect to the vector connecting the cell origin and its center of mass,

whereas pθ and pφ are their respective conjugate momenta in the Hamiltonian for-

mulation of classical mechanics. Importantly for our purposes, the R–dependency
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Figure 6.18: Geometrical analysis to determine the amplitude of the rotation along the spherical
angle θ defining the orientation of the rod of length lrod with respect to vector joining its center
of mass with the micelle (and cell) center.

of the quadruple integral descends from the angular limit imposed on θ by the

central sphere and the external cell surface, limits that can be analyzed as shown

in Figure 6.18.

From such analysis, one derives the ranges of accessible θ values as a function of

R, which are: 
θ ∈ [γ;π − γ] if R > Rext − lrod/2

θ ∈ [α;π − α] if R < RM + lrod/2

θ ∈ [0;π] otherwise,

(6.2)

where

γ = arccos

[
R2 + (lrod/2)2 −R2

ext

Rlrod

]
,

α = arcsin [RM/R] .

Splitting the results for the angular/conjugated momenta integral over the three

mentioned regions, one easily obtains

Arod(R)

kBT
=


− ln

[
4π2IkBT

]
− ln [cos(π − γ)− cos(γ)] if (I)

− ln
[
4π2IkBT

]
if (II)

− ln
[
4π2IkBT

]
− ln [cos(α)− cos(π − α)] if (III)

(6.3)
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Figure 6.19: Arod(R)/(kBT ) (see Equation 6.3) for RM = 20 Å, lrod = σ(L − 1), L = 30, and
Rext = 159 Å. The function has been shifted upward by ln

[
4π2IkBT

]
to obtain a representation

independent of the rod mass.

(I) RM ≤ R < RM + lrod/2

(II) RM + lrod/2 ≤ R ≤ Rext − lrod/2

(III) Rext − lrod/2 < R ≤
√
R2

ext − (lrod/2)2

Figure 6.19 shows the results for the case RM = 20 Å, lrod = σ(L − 1) (i.e.,

the maximum equilibrium extension for L = 30), and Rext = 159 Å; this is

representative of one of the cases we simulated.
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Chapter 7

Interface Counterions Localization

Induces Switch Between Tight and

Loose Configurations of Knotted

Weak Polyacid Rings Despite

Intermonomer Coulomb Repulsions*

7.1 Introduction

The relationship between ionization degree α and weak polyelectrolyte conforma-

tions has been the subject of many previous experimental [137,138,160,262–271]

and theoretical [29–31, 272–274] studies. On the whole, there is general consen-

sus on the fact that polyelectrolyte persistence length increases upon increas-

ing α [42, 274], unless chemically specific interactions (e.g. charged hydrogen

bonds [12,26,27,37,249] – see Chapters 3 and 4 – or complexation/coordination

of multivalent ions [6, 33, 45, 131, 132, 170]) may be formed as a consequence of

polymer ionization.

Despite the current situation, the role of oppositely charged ions (either poly-

electrolyte counterions, CIs, related to its titration or due to background salts)

is yet to be completely understood quantitatively. Thus, original simulations

by Ullner and Woodward [30] suggested that explicit monovalent ions modify

*This chapter has been adapted with permission from Tagliabue A., Izzo L., Mella M.,
Journal of Chemical Physics B 2020, 124, 14, 2930–2937. Copyright 2020 American Chemical
Society. All rights reserved.
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chain conformations compared to results obtained with screened potentials. To

investigate in depth this finding, recent simulation works analyzed CIs parti-

tioning between strong polyelectrolytes vicinal or distal regions detecting the

presence of dynamical clusters of CIs at the polymer chain–solution interface,

with characteristics depending on polymer topology (i.e. linear versus ring ver-

sus star-like, etc) [144, 260]. Also, the impact on conformations of introducing

selective ion–solvent or polyelectrolyte–solvent interactions in the force field was

interpreted as an indication that the thermodynamical preference of the medium

toward a specific system component may play a role [275]. A positive correla-

tion between gyration radius, Rg, and the fraction of interface localized CIs was

also detected [275], suggesting that the CIs distribution may respond to chain

conformations. Obviously, this should be expected to happen also with weak

polyelectrolytes at relatively high α.

Albeit with the limitation implicit in a description based on screening poten-

tials and the lack of explicit CIs, indications for a relationship between the con-

formations of topologically more complicate knotted ring strong polyelectrolytes

and ion localization were put forward in Reference [276]. There, it was shown

that an equilibrated tight knot (i.e. with the topological feature localized on

a very small portion of the chain) loosens if one simply decreases the solution

Debye screening length, λD; this behavior was rationalized via the competition

between electrostatic long- and short-range contributions to the total energy and

the thermal component of chain entropy. Support for this viewpoint emerged

from simulations with model intra-chain monomer interactions [277], where the

presence of long range attractions (or the reduction of repulsion) was, de facto,

able to induce knot swelling. It may thus happen that the interfacial localiza-

tion of CIs, and their stabilizing Coulomb forces, are able to induce differences

in knotted polyelectrolyte conformations between simulations with or without

explicit CIs; hints that it may be so are present in Reference [260].

Compared to strong polyelectrolytes, weak polyacids are known to locally

adapt monomer ionization [14, 15] thanks to charge mobility; in presence of a

topological feature such as knots, this may, in principle, lead to an interesting

conformational behavior related to a local charge depletion in the knot region. If

so, the pH-responsive nature of weak polyacid rings may be exploited for tech-

nological applications requiring, for instance, switching on/off a pulling force as
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Abbreviation Meaning

CI Counterion

Table 7.1: List of abbreviations commonly used in this chapter

a function of pH. Thus, it is the aim of our work to investigate how solution

parameters (i.e., pH, CIs description, background ionic strength, solvent quality

and topological complexity) impact on conformations when a knot is tied into a

weak polyacid ring.

7.2 Methods and Model

Our system consists of a single ring polyelectrolyte simulated in a cubic box of

length L, the latter value chosen in order to have a concentration of monomers

Cmono = 10−2 M, with periodic boundary conditions in all the three dimen-

sions. The polyelectrolyte is simulated via a coarse-grained “beads and springs”

primitive model, and it consists in Nmono = 120 weak acidic (hence, titrat-

able) monomers bonded together to form a circular chain via FENE potentials

(see Equation 2.5) employing the following parameters values: kbond = 30ε,

∆rmax = 3σ, σ = 3.55 Å and ε = kBT (T = 298 K). Monomers have a mass

m = 1 and are treated as soft spheres, their excluded volumes simulated via

WCA potentials (see Equation 2.3). Polyelectrolyte conformations are sampled

via Langevin dynamics (γ = σ−1/
√

(m/ε), see Equation 2.42), integrating the

trajectories via a velocity Verlet algorithm with a time step δt = 0.01
√
σ(m/ε)

(see Sections 2.2.3 and 2.2.4).

In order to take into account the weak acidic nature of the monomers, beside

the Langevin dynamics we implemented the constant-pH method [32,42,55] (see

2.2.2). In a few simulations, we also added a certain amount of mono- and di-

valent salt (z = 1, qS = ±1 and z = 2, qS = ±2, respectively) in order to simulate

the system in presence of a background ionic force. As the monomers, also CIs

and salt ions are treated as soft spheres, and, hence, they’re subjected to the

same WCA potential. Coulomb interactions are simulated via the P3M method

and implicit solvent, the latter assumed to be water at room temperature unless

otherwise indicated. Hence, the Bjerrum length of the system is lB = 2.0σ = 7.10
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Å. All simulations have been performed with the software package ESPResSo

[326].

7.2.1 Simulation protocol

For each pH - pKa value investigated, the system has been warmed up for a

time t = 5 · 104, attempting 10Nmono dissociation/protonation reactions every

103 integration steps. Then, the system has been integrated for t = 5 · 105,

attempting Nmono reactions every 103 integration steps. System properties have

been collected every 103 integration step. We performed a blocking analysis in

order to verify that samples were uncorrelated.

7.2.1.1 Simulations without the insertion of counterions

Simulations without the insertion of CIs have been performed disabling the elec-

troneutrality checks in ESPResSo [326] and replacing the insertion/deletion of CIs

with the insertion/deletion of neutral dummy particles with a negligible excluded

volume.

7.2.1.2 Simulations of polyelectrolytes with quenched charges

We performed a few simulations with polyelectrolytes bearing a certain amount

of quenched charges (uniformly distributed along the chain); these species behave

as strong polyacids with a certain amount of non-titratable neutral monomers.

7.3 Results and Discussion

As conformations may depend on polyelectrolyte topology, we simulated rings

with 4 different prime knots Xn (see Figure 7.1): 01, i.e. unknotted; 31 “trefoil”

knot; 41, “figure-eight” knot; 51, “pentafoil” knot. Figure 7.2 shows the behavior

of the radius of gyration R2
g versus α (left panel) and pH - pKa (right panel).

An increase in knot complexity results in a decrease of R2
g regardless of α, [279]

which, in turn, ought to impact on the polyelectrolyte dissociation behavior. This

is, in fact, true, as the acidity is depressed by the shorter average distance of the

dissociating groups (see Figure 7.3). More interestingly, the behavior of R2
g versus

α depends on ring topology. So, R2
g for 01 monotonically increases upon increasing
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Figure 7.1: Pictorial illustration of the prime knots Xn simulated in our work; these are: 01,
unknotted polyelectrolyte; 31, “trefoil knot”; 41, “figure-eight knot”; 51, “pentafoil knot”.

α due to Coulomb repulsion paralleling linear and star-like polyelectrolytes, or

even nanogels [280]. Conversely, R2
g of the other rings initially increases with α

until α ' 0.75÷ 0.85, and it decreases at higher ionization.

In order to allow a direct comparison with results obtained via mean-field

calculations by Dommersnes et al., [276] the upper x-axis of Figure 7.2 reports

λD/(N
1/2
monore), where λD(α) ∼= λD, is computed using the canonical formula

λD =
1√

4πlB
∑

iCiq
2
i

; (7.1)

here, Ci is the concentration of the i-th species, with the index i that runs

only over mobile species, whereas re is the average equilibrium distance between

bonded monomers. We observe the transition from “tight” to “delocalised” knot-

ted conformations appearing at λD/(N
1/2
monore) values which are roughly 3.5 times

higher than what reported by Dommersnes et al., a clear evidence that charge

correlation plays a fundamental role in defining the conditions determining the

equilibrium conformation of the polyelectrolyte.

To analyze such unexpected findings, Figure 7.4 shows the normalized distri-

butions of R2
g for the three non-trivial knots at various pH - pKa and selected

trajectory snapshots; results for 01 are instead shown in Figure 7.5. At variance

with the latter case, whose distributions appears Gaussian-like and shift to higher

R2
g values as the pH increases, the distributions for the other cases display a shift
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Figure 7.2: Radius of gyration R2
g as function of α (left panel) and pH - pKa (right panel).

Figure 7.3: Left panel: ∆pKa as a function of α. Righ panel: α as a function of pH - pKa for
polyelectrolytes presenting different knots. Notice the curve crossing at high pH and α.
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Figure 7.4: Probability density of R2
g as a function pH - pKa for the 3 non-trivial knots: (top)

31, (middle) 41, (bottom) 51. Selected trajectory snapshots are also provided.
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toward higher R2
g on going from pH - pKa = -3.5 (α = 0) to 3.5 (α ' 3.5) and a

backward displacement upon increasing pH - pKa above 4.0. The appearance of

a marked left shoulder, which turns into a peak with a extended right tail upon

increasing α, is also noticeable.

Figure 7.5: Probability density of the radius of gyration R2
g as a function of pH - pKa for un

unknotted circular polyelectrolyte.

A rationalization for the discussed findings is provided by trajectory snap-

shots. At α ' 0, ring conformations are determined exclusively by monomers

excluded volume and entropy, the knot resulting, in average, loose and localized

over a wide portion of the chain (“loose knot” conformations) �. This result nicely

agrees with the analysis carried out by Coronel et al. [281] for neutral polymers

of varying stiffness. Upon increasing the chain charge, the persistence length

also increases due to Coulomb repulsion, initially inducing the polyelectrolyte

swelling. This results in circularly shaped polymers with the knot concentrated

on a very small portion of the chain (“tight knot” conformations) to lower the

energy as suggested by Dommersnes et al. for strong (i.e. fully dissociated)

polyelectrolytes [276]. The decrease in R2
g upon increasing further α is, instead,

explained by the polyelectrolyte assuming conformations in which the knot re-

turns to be delocalized (“delocalized knot” conformations) while monomers try

to remain as far as possible from each other. Notice that the systems become

quite fluxional at ionizations intermediate between the ones characterizing the

“tight knot” and “delocalized knot” conformations, all knotted rings managing

�The looseness of the knot induces the presence of chain “loops” composed of many
monomers.
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to populate all extreme conformational states with a frequency depending on α

itself. From Figure 7.4, it is also evident that the trend reversal happens at lower

α the more complex is knot topology. Thus, we observe very broad distributions

already at pH - pKa = 3.5 for the 41 and 51 cases. Notice, also, that knots

topology had no impact on their tightness in absence of CIs [276], the behavior

emerging from our simulations not being rationalized by the simple increase in

local density of repelling monomers inside the knot volume (vide infra for further

discussion).

De facto, our results suggest a strong interplay between ionized monomers

Coulomb repulsion and the explicit presence of “condensable” CIs in defining

the conformations of flexible polyacid rings. Playing some role in quantitatively

determining this interplay, there may also be the “annealing” nature of monomer

charges, the “tight knot” conformations possibly concentrating neutral beads in-

side the knot itself to reduce its energy. As first step to provide support for

these ideas, we performed a simulation on 31 without inserting explicit CIs dur-

ing the titration, the results (see Figure 7.6) showing a monotonic increase of R2
g

and Gaussian-like R2
g distributions also at intermediate-high pH - pKa values.

Apart from proving the CIs presence to be key in defining the behavior of R2
g, we

also notice that this finding substantially extends what shown in Reference [276]

demonstrating that, in absence of any screening effects, “tight knot” conforma-

tions dominate the equilibrium conformations even at quite low ionizations, i.e.

α & 0.25.

From a more quantitative point of view, Figure 7.7 (left panel) shows the

fractional amount of interphase localized CIs, ϕCI, as a function of α. We define

ϕCI as the number of CIs that lie at a distance equal or less than the system

Bjerrum length (lB = 7.10 Å) from at least one monomer divided by the total

number of CIs in solution (we arbitrary set the value of ϕCI equal to 0 in case of

no CIs in solution, i.e. completely undissociated polyelectrolyte). As expected,

ϕCI monotonically increases as the polyelectrolyte dissociates, the CIs feeling a

progressively increasing electrostatic attraction and, hence, localizing near the

chain despite their mutual repulsion. For a chosen α, ϕCI is higher the more

complex is knot topology, a result attributable to an increase in charge density

going from 01 to 51 due to their relative sizes (see Figure 7.2). We also notice a

“kink” in the ϕCI curves of the knotted species around α ' 0.85, a value roughly
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Figure 7.6: Radius of gyration R2
g and selected trajectory snapshots as a function of α (left

panel) and pH - pKa obtained with simulations with and without the explicit treatment of CIs
for the 31 case. The lower R2

g values observed at very low dissociation degrees are due to the
use of a slightly higher value of the FENE bond constant in the simulation without CIs in order
to prevent knot disentanglements.

Figure 7.7: Right panel: Fraction of condensed CIs, ϕCI, as a function of the dissociation degree
α for polyelectrolytes presenting different type of knots. Left panel: scatter plot representation
of instantaneous values of R2

g and ϕCI for the 01 and 31 systems at near complete ionization.
The pH value has been chosen to allow the 31 ring to fluctuate between “delocalized” (low
gyration radius) and “tight” (high R2

g) knot conformations. A marked negative correlation
between interphase localized CIs and R2

g is clearly seen for the 31 species, whereas it is absent
for the unknotted one.
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corresponding to the dissociation degree at which we observe the beginning of

the transition between the “tight knot” and the “delocalized knot” conformation.

This supports the suggestion for a strong correlation between these properties. An

even stronger support is found in the 2D-distributions of instantaneous (R2
g, ϕCI)

pairs sampled at pH values where conformations convert easily (see the right

panel Figure 7.7); from these, we notice that high R2
g corresponds to a lower

fraction of condensed CIs, or vice versa.

Analyzing from the viewpoint of thermodynamics, the aspects playing a role

in defining the conformations dependent free energy are:

i) the increase in “global” average repulsion and, hence, also “local” chain

stiffness due to monomer ionization compared to the neutral system;

ii) the decrease in CIs entropy due to the interphase localization itself;

iii) the decrease in average energy due to CIs interphase localization, with a

concomitant reduction of the ionization induced local stiffness compared to

the same chain without explicit CIs, consequently to the lowering of the

long-range Coulomb repulsion due to CIs chain adsorption/screening;

iv) the much faster decrease in chain entropy connected to knot tightening as

a consequence of the increasing stiffness, as also suggested by the thermal

analysis by Dommersnes et al. [276]

From the results discussed above, it is evident that contributions iii) and iv) ought

to vary their relative importance for a ring to invert the naively predicted increase

of R2
g versus α. In fact, 01 continuously increase R2

g, as does 31 when simulated

without inserting CIs. In the latter case, this is mainly due to the absence

of “knot loosening” (or knot size increase) effectively induced by reducing long

range repulsion evidenced in Reference [277]. The latter effect appears magnified

for our systems upon increasing the knot complexity (i.e. the knot turn “loose”

at lower α), likely due to the higher average amount of interphase localized CIs.

As for the impact of the annealed nature of chain charges, Figure 7.8 (upper

panel) compares R2
g distributions for 31 at α ' 0.55, 0.71, 0.85 (see Figure 7.4) to

the ones of a similarly knotted strong polyelectrolyte whose ionization degree is

made nearly identical by neutralizing uniformly spaced monomers. From this, it is
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Figure 7.8: Radius of gyration R2
g and selected trajectory snapshots as a function of α for simu-

lations on 31 type rings with weak (“annealed”) and strong (“quenched”) electrolytic behavior.

evident that knotted quenched polyelectrolytes loosen up at much lower α than

annealed ones, suggesting that neutral monomers in the latter may be packed

into the knot region to reduce the average energy and, consequently, lowering

CIs localization on the knot itself. To prove that this is the case, Figure 7.8

(lower panel) shows the 2D probability density p(d,R2
g), with d being the distance

between two neutral monomers, for 31 at a pH where inter-conversion between

“tight” and “loose” knot configurations is possible (α = 0.94). From this, it is

evident that neutral monomers sit very close to each other despite their limited

number (roughly 7), and tendency that is markedly stronger in the range of R2
g

values typical of the “tight knot” configurations. Notice that the evidence that

knot loosening induced by CIs condensation results also in a decreased size of the

polyacid is also supported by the evidence that decreasing the stiffness (the latter

a property that can be modulated, in our case, by the screening power of CIs,

vide infra, the solvent Bjerrum length or the background ionic force) of neutral

circular species results in conformations in which the knot is delocalized over a

wider portion of the chain and, consequently, in a decreased polymer size [281].

If the mechanism suggested above for the knot loosening at high α is correct,

its onset ought to happen at lower ionization the stronger is the CIs localization

onto the chain. As the latter is modulated by the solvent Bjerrum length [159] lB,

we performed a series of simulations on the 31 system varying it; the results show

that the non-monotonic trend of R2
g becomes either less evident (for lB = 10.65

Å) or even disappears (for lB = 14.20 Å) upon increasing lB (see Figure 7.10).
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Figure 7.9: Probability density p(d,R2
g) (arbitrary units) at pH - pKa = 4.0 for a 31 chain; d is

the distance between neutral monomers in Å; R2
g in Å2.

Figure 7.10: Radius of gyration R2
g as a function of α (left panel) and pH - pKa (right panel)

for simulations on 31 type rings employing various Bjerrum length lB .

De facto, the “loose knot” conformations become more dominant at equilibrium

(see Figure 7.11 for R2
g distributions) as the solvent screening power decreases,

a fact that we attribute to a markedly enhanced CIs localization on the poly-

electrolyte (Figure 7.13) and, consequently, in an increased acidity (in average)

of the monomers (Figure 7.12). This phenomenon overcompensates the expected

increase in chain stiffness due to the stronger Coulomb repulsion between neigh-

bor and next-neighbor monomers. As expected, knot conformations switch from

“loose” to “tight” at lower α (∼ 0.3) upon decreasing lB as the energetic gain

obtained localizing CIs onto the chain is decreased, and more CIs wander in

solution.

To conclude our presentation, we stress that our results indicate that the
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Figure 7.11: Probability density for the radius of gyration R2
g and selected trajectory snapshots

are shown as a function of pH - pKa for the 31 case and various lB values: (a) lB = 3.55 Å, (b)
lB = 7.10 Å, (c) lB = 10.65 Å, (d) lB = 14.20 Å.
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Figure 7.12: (a) ∆pKa as a functions of α, and (b) α as a function of pH - pKa for the 31 case
and various lB values.

Figure 7.13: Fraction of “condensed” CIs, ϕCI, as a function of (a) α and (b) pH - pKa for the
31 case and various lB values. Notice the absence of “kinks” in ϕCI for lB ≥ 10.65 Å
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Figure 7.14: R2
g as a function of α (left panel) and pH− pKa (right panel) simulations on 31

rings in presence of 1:1 salts with monovalent or divalent ions and lB = 7.10 Å; the upper x-axis
refers to λD values calculated in presence of monovalent (i.e., z = 1) salts.

correlation between CIs and the polyelectrolyte charge plays a very important

role in determining the latter conformations as originally pointed out by Ullner

et al. [30], the quantitative aspects of this mechanism being finely controlled by

the thermodynamics factors discussed above. In this respect, it would be possible

to modulate the relative impact of CIs entropy (item 2) and adsorption (item 3)

introducing a background salt. We thus investigated how the conformations of

our 31 polyelectrolyte depends on salt valency, z, and concentration, CS, in three

different conditions�: (a) z = 1, CS = 10−2 M; (b) z = 2, CS = 2.5 · 10−3 M; (c)

z = 2, CS = 10−2 M. The results are shown in Figures 7.14, 7.15, 7.16, and 7.17.

From the results, it is clear that salts decrease R2
g over the entire range of

simulated pH due to the screening of charged monomers. More in detail, the

non-monotonic trend of R2
g is maintained in presence of monovalent ions, al-

beit the curve maximum is shifted to lower α values by the increased amount

of monovalent cations available to localize on the polyelectrolyte. De facto, the

population of interphase localized cations is dominated by salt ones due to a

straightforward mass effect (see Figure 7.17). Apart from reducing R2
g, the pres-

ence of a background ionic force has another obvious effect. i.e. decreasing the

Debye screening length of the solution. Comparing our simulations and results

reported by Dommersnes et al., [276] we observe that, even in a moderately salty

�The salt valences and concentrations we employed correspond to a ionic strength of I =
10−2 M for (i) and (ii), whereas it is 4 times higher for (iii), i.e. I = 4 · 10−2 M. Notice that,
given our simulation cell, a concentration of CS = 10−2 M is equivalent to 120 ion pairs, i.e. it
is identical to Cmono.
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Figure 7.15: Probability density for the radius of gyration R2
g and selected trajectory snapshots

as a function of pH - pKa for the 31 case and various salt valencies z and concentrations CS:
(a) CS = 0 M, (b) CS = 10−2 M, z = 1, (c) CS = 2.5 · 10−3 M, z = 2, (d) CS = 10−2 M, z = 2.
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Figure 7.16: (a) ∆pKa as a function of α, and (b) α as a function of pH - pKa for the 31 case
and various salt conditions.

Figure 7.17: Fraction of “condensed” CIs ϕCI and fraction of total “condensed” cations ϕtot as
a function of (a) α and (b) pH - pKa for the 31 polyelectrolyte and various salt conditions.

solution CS = 10−2 M, the transition from “tight” to “delocalized” appear at a

λD/(N
1/2
monore) value that is roughly twice the one reported in Reference [276].

We notice, instead, that R2
g remains very low and its behavior versus α turns

monotonic in presence of divalent ions§, finding due to the propensity of multiva-

lent ions to go beyond a simple screening effect by coordinating onto sufficiently

ionized polyelectrolytes via more than a single monomer [33].

Finally, we notice that R2
g barely varies upon increasing the pH (hence α) of

the most concentrated solution of divalent salt; this is probably due to the fact

that, for a knotted ring, cations coordinates not only on the chain loops replacing

the monovalent CIs, but also become chelated inside the knot, which act as a cage

able to sequestrate several divalent cations from the solution (see the snapshots

§Notice that the presence of salt cations, especially divalent ones, deeply impact on the
polyelectrolyte titration curves as was originally evidenced in References [170] and [33].
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reported in Figure 7.15 (d)).

7.4 Conclusion

In conclusion, our in silico simulations on weak polyacid rings have highlighted

a non-monotonic behavior for the gyration radius R2
g versus the dissociation de-

gree α for knotted species, such evidence opposite to the commonly expected

ionization–repulsion–expansion scheme and related to a modified balance between

entropic and energetic contributions compared to linear, star-like or even unknot-

ted circular species. In other words, the average size, and hence the mechanical

effects associated to it, of knotted rings is lower at both extremes of the ionization

range. The key role played by CIs localization on a (partially) ionized chain has

been thoroughly investigated by varying parameters such as the Bjerrum length

lB and the concentration and valence of inert salts. Comparing with strong poly-

electrolytes of similar ionization degrees, it also emerges that the re-contraction

of the gyration radius R2
g of knotted weak polyacid rings begins at higher α values

thanks to the localization of undissociated monomers inside the knotted portion

of the chain.

7.5 Appendix: Pair Distribution Functions

In this appendix we report all the pair distribution functions g(r) calculated

between all the species for each simulated system.
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7.5.1 Varying knot complexity

Figure 7.18: Monomer–monomer g(r) as a function of pH - pKa for the four topologies investi-
gated: (a) 01, (b) 31, (c) 41, (d) 51.
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Figure 7.19: Monomer–CI g(r) as a function of pH - pKa for the four topologies investigated:
(a) 01, (b) 31, (c) 41, (d) 51.

Figure 7.20: CI–CI g(r) as a function of pH - pKa for the four topologies investigated: (a) 01,
(b) 31, (c) 41, (d) 51.
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7.5.2 Impact of solvent Bjerrum length lB

Figure 7.21: Monomer–monomer g(r) as a function of pH - pKa for various lB values: (a)
lB = 3.55 Å, (b) lB = 7.10 Å, (c) lB = 10.65 Å, (d) lB = 14.20 Å.
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Figure 7.22: Monomer–CI g(r) as a function of pH - pKa for various lB values: (a) lB = 3.55
Å, (b) lB = 7.10 Å, (c) lB = 10.65 Å, (d) lB = 14.20 Å.

Figure 7.23: CI–CI g(r) as a function of pH - pKa for various lB values: (a) lB = 3.55 Å, (b)
lB = 7.10 Å, (c) lB = 10.65 Å, (d) lB = 14.20 Å.
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7.5.3 Impact of solvent background inert salt

Figure 7.24: Monomer–monomer g(r) as a function of pH - pKa for various salt valencies z and
concentrations CS: (a) CS = 0 M, (b) CS = 10−2 M, z = 1, (c) CS = 2.5 · 10−3 M, z = 2, (d)
CS = 10−2 M, z = 2.
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Figure 7.25: Monomer–CI g(r) as a function of pH - pKa for various salt valencies z and
concentrations CS: (a) CS = 0 M, (b) CS = 10−2 M, z = 1, (c) CS = 2.5 · 10−3 M, z = 2, (d)
CS = 10−2 M, z = 2.

Figure 7.26: CI–CI g(r) as a function of pH - pKa for various salt valencies z and concentrations
CS: (a) CS = 0 M, (b) CS = 10−2 M, z = 1, (c) CS = 2.5 · 10−3 M, z = 2, (d) CS = 10−2 M,
z = 2.
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7.5.4 Simulations without CIs insertion

Figure 7.27: Monomer–monomer g(r) as a function of pH - pKa for the simulation of the 31

ring in absence of CIs.



Chapter 8

Can Oppositely Charged

Polyelectrolyte Stars Form a Gel? A

Simulational Study*

8.1 Introduction

If polyelectrolytes get chemically cross-linked they can form polyelectrolyte gels,

and since they are water soluble one sometimes also calls them hydrogels. These

gels possess a huge swelling capacity in aqueous solution and they can absorb

water in amounts of up to a few hundred times their dry mass. This makes

them ideal base materials for super-absorbers in hygiene products [282], biomed-

ical [283–290] and agricultural [291–293] applications, and even for desalination

purposes [294–297]. In contrast to bulk materials, polyelectrolyte micro- and

nano-gels are being investigated as nano-reactors [298–300] or as carriers for con-

trolled drug release [20–24].

Chemical cross-linking is not the only way to form a gel. There are so called

physical gels that form via reversible bonds that can be based on various physical

non-covalent interactions such as hydrogen bonds, π − π-stacking, hydrophobic

forces, van der Waals or ionic interactions. The connectivity of the gel con-

stituents is therefore partially or not at all fixed. This leads to the fact that

physical gels are normally less structured [56–59] than chemical gels which are

*This chapter has been adapted from: Tagliabue A., Landsgesell J., Mella M., Holm, C.,
Can Oppositely Charged Polyelectrolyte Stars Form a Gel? A Simulational Study, Soft Matter,
Accepted article (doi.org/10.1039/D0SM01617A), © Reproduced by permission of The Royal
Society of Chemistry. All rights reserved.
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often formed with tetra-functional nodes.

Physically cross-linked gels can have certain advantages; for example, a bond

rupture event is reversible, and such gels can be to a certain degree self-healing.

Of special interest could be ionic bonds, since they are tunable via many param-

eters. As an example, they can be formed and destroyed dynamically, and also

their strength can be tuned by addition of salt, changes in the relative dielectric

constant of the solution via adding co-solvents, or varying the solution pH if the

dissociable groups are weak. For example, one could tune cargo encapsulation

and a following release on changing some of the stimuli, e.g. the ionic strength.

The investigation of physically cross-linked networks by simulations are scarce.

Exceptions worth mentioning are the investigations of associating polymers, so-

called telechelic polymer chains [61, 301–305], as well as the investigation of

ionomers [306–310], neutral block copolymers [60,61], DNA nanostars [311,312],

or tetrahedral network liquids [313]; these, however, do not fall into the class of

strongly swelling, ionically reversible cross-linked stars. Many theories also deal

with the swelling of chemical gels, but much less with the swelling behavior of

physical ones. As a notable exception we mention the works of Tanaka and oth-

ers [314–319] on the properties of physically cross-linked ionic gels. Mixtures of

oppositely charged polyelectrolytes can undergo an associative phase separation,

known as a complex coacervate (see the review article by Sing and Perry [320]).

The coacervate phase can be a liquid, a gel, or a glass, and sometimes special

preparation techniques have to be employed to produce a hydrogel [321]. Since a

popular way of synthesizing chemically cross-linked hydrogels with a low polydis-

persity is based on tetra-PEG ansatz from Sakai and co-workers [322], in this work

we will investigate the physical gelation properties of four-armed polyelectrolyte

stars, where one star species carries positively charged blocks, and the other star

species carries negatively charged blocks. This could, in principle, lead to a reg-

ular tetra-functional network with matching charged blocks if the system is per-

fectly monodispersed. To our knowledge there have been no previous simulations

performed with ionically bonded star polyelectrolytes. Investigations of regular

charged polyelectrolyte copolymer networks using a thermodynamic model has

been done by the group of Patrickios in a series of publications [323–325]. Their

model predicts that such a network has a discontinuous transition from a homo-

geneous to a micellar phase. Such phases are similar to those known from di-block
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copolymer melts. We therefore present the first exploratory simulation to study

the gelation properties of an equimolar solution mixture of oppositely charged

star polyelectrolytes. For the sake of simplicity, we avoid to add any salt ion or

counterion in solution, and we treat the system as perfectly mono-dispersed.

This chapter is structured as follows: in Section 8.2 we will present our model

and the used simulation methods, followed by our results in Section 8.3; we will

conclude with a summary of our main results and an outlook for further studies

in Section 8.4. Moreover, in Appendix 8.5 we present structural data calculated

for all the isolated species investigated, in Appendix 8.6 we provide the technical

information on the algorithms implemented to analyze networks structure and

to detect the mechanisms lying under ionic bonds dynamics, and in Appendices

8.7.1 and 8.7.2 we present selected trajectory snapshots and movies.

8.2 Methods and Model

8.2.1 The model

Our system consists of a cubic simulation box of length L, with periodic boundary

conditions in all the three dimensions, which contains Ns = 64 star polymers.

The latter are treated as a coarse-grained “bead & spring” model and consist of

Na = 4 arms tethered to a common central monomer, or ”nucleus”. Each arm is

composed of N
(a)
mono = 10 monomers, so that the number of beads in each star-like

polymer is N
(s)
mono = N

(a)
monoNa + 1 = 41, and the total number of monomers in

the cell is N
(tot)
mono = 41Ns = 2624. In the following, parameter and properties

that refer to monomers, individual arms and stars are labeled with ”mono”, ”a”,

and ”s” as subscripts, respectively. Furthermore, during the discussion we will

use italic capital letters (A, B, etc.) as star indexes, italic lowercase letters (i, j,

etc.) as monomer indexes, and italic Greek lowercase ones (α, β, etc.) as arms

indexes.

Each arm is structured as a AB-block copolymer, where “A” is the termi-

nal part of the chain and is composed of Ω beads carrying each one quenched

monovalent charge (i.e., they behave as strong electrolytes), whereas the part

“A” is directly connected to the nucleus and is composed by N
(a)
mono − Ω neutral

beads; the nucleus is neutral itself. We provide a pictorial description of such
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Figure 8.1: Models of tetra-functional strong polyelectrolyte stars simulated in this work. The
snapshots were taken from simulations at very high dilution. Ω is the number of charged
monomers at the end of each arm. Color scheme: neutral monomers in gray, (positively) charged
monomers in red, central beads in yellow.

block copolymer model in Figure 8.1. Half of the stars in solution (N+
s ) carry

positive charges, while the remaining half (N−s ) is negatively charged, so that

N+
s = N−s = Ns/2 = 32, and the system is overall electroneutral.

All monomers interact via a Weeks-Chandler-Anderson potential to simulate

their excluded volume (see Equation 2.3), with ε = kBT ; σ and kBT are both equal

to 1 and represent, respectively, the internal units of measurement of length and

energies. It immediately follows that T = ε/kB = 1. Bonds between adjacent

beads are simulated via FENE potentials (see Equation 2.5), where kbond =

30ε/σ2 and rmax = 3σ. Arms are connected to the central bead via the same

FENE potential. No angular terms have been added to the total potential, so

that the polymer chains are fully flexible, and tethered arms can easily rearrange

around the nuclei. Electrostatic interactions are calculated by the P3M method

[65,66], with errors [67] set to 10−3. The solvent is treated as a uniform dielectric.

The Bjerrum length has the value λB = e2/(4πεkBT ) = 2σ, where e is the

elementary charge and ε is the permittivity of the medium. Setting σ = 3.55 Å

results in the typical Bjerrum length of the water at room temperature (T = 298

K), λB = 7.10 Å.
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8.2.2 Simulation methods

Molecular dynamics simulations are performed in the canonical (NVT) ensemble

using a Langevin thermostat (see Section 2.2.4), and integrating the equation of

motion by integrated by a velocity Verlet algorithm (see Section 2.2.3) with a

time step δt = 0.01σ(m/ε)1/2; thus our system time unit τ = σ
√
m/ε contains

100 integration steps. All simulations have been performed with the software

package ESPResSo [326]. In the following all length and time units are expressed

in multiples of σ and τ , respectively, unless otherwise noted.

The equilibrium between the system and pure water is called ”free-swelling

equilibrium”. In the canonical ensemble it is obtained at the minimum of the

Helmholtz free energy F as a function of the volume V , that is ∂F/∂V = −P = 0,

where P is the volume averaged virial pressure, so that the equilibrium volume

Veq = L3
eq (and, consequently, the equilibrium concentration of the species Cs,eq)

is defined at V where the pressure P is equal to 0.

In order to identify Leq as a function of the number of terminal charges, we

performed a series of simulations varying the box length L for species with Ω = 1,

2, 3, 4, and 5. For each system type, three different simulation protocols have

been implemented; these are:

single-points protocol: for each value of the desired box length, L ∈ [Lmin, Lmax],

we simulate the system starting from a random solution of Ns stars. The

system is initially thermalized for a time ttherm, then we take a time-average

measure of all desired properties during a simulation time tsim.

expansion protocol: we start simulating a random solution of Ns stars at a box

length L = Lmin and ensure ourselves that we have a positive volume aver-

age virial pressure P (e.g., vide infra Figure 8.2). The system is thermalized

for a time ttherm, then properties are collected for a time tsim. Once the

simulation at L = Lmin is done, we increase the box length L by a quantity

∆L (in order to obtain an isotropic expansion in V ), we thermalize the last

configuration obtained at the previous volume for a time ttherm, and then

we collect properties for a time tsim. The described process is then repeated

until the system reach a desired box length L = Lmax.

compression protocol: we use the same scheme described for the “expansion”
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Abbreviation Meaning

CoS Cluster of stars
CoA Cluster of arms

Table 8.1: List of abbreviations commonly used in this chapter

simulations, but starting from a box length L = Lmax and decreasing it by

a quantity ∆L at each step until it reaches Lmin.

For all the cases, we set Lmin = 16σ, Lmax = 50σ, ttherm = 105δt and tsim = 106δt.

We also chose ∆L = 2σ except for the ranges of box length values in which the

systems are expected to be near the free–swelling equilibrium; in such ranges we

increased the sampling resolution up to ∆L = 0.25σ. For each simulated value of

L, 50 independent simulations were performed in order to improve the sampling

of possible configurations that may be hindered by high energy barriers. Our data

represent averaged results accompanied by their standard errors. Subsequently,

Leq has been calculated by fitting the L values via a second-order polynomial,

and we performed 50 independent simulations at Leq (ttherm = 105δt, tsim =

106δt) in order to collect information about structural and dynamical properties

of aggregates in solution.

8.3 Results and discussion

8.3.1 Determining the free–swelling equilibrium

Figure 8.2 shows the behavior of the volume averaged virial pressure P of the

system as a function of the box length L for species with a different number

of terminal charged monomers, Ω = 1, 2, 3, 4, and 5. Results are obtained

implementing the ”single–points” protocol described in Section 8.2.2. For Ω = 1

(i.e., star polymers carrying only a monovalent terminal bead on each arm), we

observe a positive pressure over all L ranges simulated. At low L/Lmax values, i.e.

at high concentration (see also the left panel of Figure 8.3), P starts to strongly

increase due to the monomer excluded volume interactions, which oppose the

compression preventing particles overlaps. As the box volume increases, the

system becomes more diluted, and P tends to 0+.
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Figure 8.2: Isotropic pressure P (bar) vs L/Lmax for different values of Ω obtained via the
“single points” simulation protocol. The dashed lines are the quadratic fits performed in order
to identify the Leq values (the fitting parabolic function is used as the simplest option available
and it has no physical significance). The dotted gray line is only a guide to the eye for discerning
positive and negative pressure values. Standard error bars are included everywhere, but are
sometimes smaller than the plot symbols.
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Figure 8.3: Isotropic P (bar) as a function of species concentration CS (mol/L) for: the five Ω
values (left panel); and the Ω = 4 case and various number of stars in the cell (right panel).

For Ω ≥ 2 we observe a different behavior. As the number of terminal charges

increases, P decreases for all simulated box lengths. We attribute this to the

progressively stronger electrostatic attraction between the two oppositely charged

species. At small box length values we observe, as for the Ω = 1 case, positive

values of P arising from the internal pressure generated by monomer excluded

volumes. Unlike for the Ω = 1 case, however, increasing the box volume results in

non-monotonic P curves, and we find regions of negative pressure. As the system

becomes more diluted, the isotropic pressure P asymptotically converges to 0

from below. We always find one box length Leq for which P (Leq) = 0 and that

could be a candidate system to possess an equilibrium phase against a pure water

system. In order to precisely determine Leq, for each Ω value (Ω ≥ 2) we fitted

the points near P = 0 with a parabolic function, weighting each data point with

its respective statistical error (see the dashed lines in Figure 8.2). In this way we

found Leq/σ = 36.07, 28.27, 25.65, and 23.84 for Ω values 2 to 5, respectively.

These correspond to species molar concentrations Cs,eq = N+/(NAV ) equal to

2.55 · 10−2, 5.40 · 10−2, 7.05 · 10−2 and 8.75 · 10−2 mol/l, respectively (in the

formula, NA is the Avogadro number and V is the volume in liters). Figure 8.4

displays selected snapshots for the various systems at free-swelling equilibrium.

In order to check if our single-points simulation protocol is able to correctly

sample the system at equilibrium, i.e. that we do not run into metastable con-

figurations, we performed the same simulations with the other two protocols

described in section 8.2.2. Figure 8.5 displays the results for the three different

schemes and various Ω. We can observe that, even for the worst case, the results



8.3. Results and discussion 229

Figure 8.4: Snapshots for systems with various Ω values at the free-swelling equilibrium (notice
that the box side length is different between the four snapshots, see Table 8.2). The diameter
of all monomers has been reduced by roughly one half with respect to the real one in order to
improve the clarity of the pictures. Color scheme: neutral monomers in gray, positively charged
monomers in red, negatively charged monomers in blue, the nuclei of positive stars in yellow,
the nuclei of negative stars in lime.
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Figure 8.5: Comparison between the results obtained via the three different protocols described
in Section 8.2.2 for various Ω. The dotted gray line is a guide to the eye to discern positive
and negative pressure values. Standard error bars are included everywhere, but are sometimes
smaller than the plot symbols.
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Figure 8.6: Average number of stars in contact with a given oppositely charged star ηs versus the
simulation time t for different Ω values and starting from solutions of pre-equilibrated dimers.
The inset shows the initial part of the simulation.

obtained via the three different protocols are in good agreement within standard

error bars, hence we are confident that we are sampling the system in an ergodic

way at each box length value.

Since, for the sake of simplicity, we simulated only systems with an equimolar

mixture of oppositely charged, but otherwise identical stars, the smallest stable

supramolecular aggregates in solution are expected to be dimers composed by two

oppositely charged stars. Thus, in order to investigate the stability of the latter

with respect to the aggregates observed at P = 0 (see Figure 8.4), we decided to

monitor the evolution in time of a solution of 32 pre-assembled dimers.

To set up the system, for each Ω value we thermalized (for a time t = 104)

a single dimer at very low concentration. Such dimers resulted stable for Ω ≥
2, whereas for Ω = 1 the two polyelectrolytes frequently dissociate and only

transient dimeric interactions were observed during the simulation. Thus, for

Ω ≥ 2 species, 32 pre-equilibrated random configurations of such dimers have

been placed homogeneously (i.e., with their centers of mass regularly spaced

inside the cell) inside a simulation box of side length L = 42σ (L/Lmax = 0.84);
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then, the system was simulated for a time t = 104.

To monitor the temporal evolution of the dimers, we define ηs,A as the number

of oppositely charged stars in contact with a given star A (vide infra Figure

8.7). Hence, in order to investigate the stability of the dimers with respect to

clusters composed by more than 2 stars, we monitor the evolution of the value

of ηs,A averaged over all the stars in solution, 〈ηs〉 =
∑Ns

A ηs,A. We define a

positive (negative) star A to be ”in contact” with a negative (positive) star B if

it is possible to find a pair of oppositely charged monomers i and j, belonging,

respectively, to A and B, lying within a distance rij < rcont = 1.2σ from each

other, where rcont has been chosen as a reasonable distance to yield a sufficient

binding strength. This value is only slightly higher than both the distance at

which our WCA potential goes to zero (i.e., rcut = 2
1
6σ, see Equation 2.2) and the

distances at which we observe the main peaks in the pair distribution functions

calculated between oppositely charged monomers at the free–swelling equilibrium

(vide infra Figure 8.8). Despite the arbitrariness of the choice, we would like

to stress that we explored alternative cutoff values, noticing that trends and

behaviors which we report it this work stay preserved, and only small quantitative

differences appeared.

Figure 8.6 shows the temporal evolution of 〈ηs〉 for system with different Ω

values. Due to our initial set-up, all curves for t = 0 start at 〈ηs〉 = 1 (see the

inset in Figure 8.6), as one would expect in the presence of a solution of well-

separated dimers in which each positively charged star is in contact with only

one negative star, and vice versa. For Ω = 2, we notice that 〈ηs〉 quickly drops

to ∼ 0.4, meaning that more than the 25% of the dimers dissociate, evidencing

that the ionic bonds are not strong enough to balance the entropic forces of the

stars that want to achieve a homogeneous distribution; hence, for Ω = 2 the

loss of contacts is ”overcompensated” by the increase in system entropy due to

dimers dissociation. For Ω = 3, 4, and 5, instead, 〈ηs〉 initially rapidly increases

with t and then it stabilizes around a value roughly equal to 1.4, 2.3, and 2.8,

respectively, which means that clusters containing more than 2 stars start to

form due to higher order multipole attraction. Moreover, we observe that the

time needed to reach equilibrium increases with Ω, which is probably due to the

progressive increase of the interaction strength between two stars bonded in a

dimer, which in turn results in a higher potential barrier that must be overcome
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to break the ionic bonds apart.

Finally, we simulated a few points of the PV curve for the Ω = 4 system

reducing the number of stars in the box (Ns = 8, 16, 32) in order to check for the

presence of finite size effects. Results are reported in the right panel of Figure

8.3. Despite the larger error bars with respect to the Ns = 64 case (that are

due to the fact that we simulated only 5 independent trajectories for the smaller

systems), results with 64 and 32 stars are statistically equivalent. This, together

with the fact that stars average size (vide infra Table 8.2) are at least ∼ 3 times

smaller than the smallest simulated box length (L = 16σ), gives us confidence

that finite size effects can be neglected in this seminal study.

8.3.2 System structural properties at the free-swelling equilib-

rium

In this section we discuss the structural properties of the supramolecular aggre-

gates observed at the free–swelling equilibrium (see Figure 8.4), with a particular

focus on investigating the presence of percolating networks as function of Ω. Sim-

ilarly to the number of contacts for a given star A, ηs,A, one can also define the

number of contacts formed by an individual arm α, ηa,α, and, consequently, the

average value over all the chains in solution, 〈ηa〉. To do this, we use the same

definition of “contact” introduced previously, that is two oppositely charged arms

result linked if exist at least one pair of oppositely charged monomers lying at a

distance which is less than the cutoff radius rcont = 1.2σ (see Figure 8.8). From

such a definition it immediately follows that if two arms are in contact, then so

are the stars to which they belong. Figure 8.7 displays an example of the cal-

culation of such properties for an aggregate composed of 3 stars. Especially in

the case of lower Ω values, a non-negligible fraction of stars (and, consequently,

arms) may possess, at least transiently, no contacts in solution. Thus, we define

an “isolated” star as a polyelectrolyte star A for which ηs,A = 0, and the average

fraction of those as ∆s. There will also be arms that do not have an ionic bond

to any other arm, which we call in the following “dangling” arms, whose fraction

is denoted by ∆a. These are chains α for which ηa,α = 0 (see Figure 8.7). Our

results for the above discussed structural properties obtained for all systems are

summarized in Table 8.2.
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Figure 8.7: The picture represents a cluster of stars composed by 3 polyelectrolyte stars (i.e.,
Cs = 3), A, B and C (Ω = 5) as an example. A: ηs,A = 1,

∑4
α=1 ηa,α = 2, 2 dangling arms;

B: ηs,B = 2,
∑4
β=1 ηa,β = 4, 1 dangling arm; C: ηs,C = 1,

∑4
γ=1 ηa,γ = 2, 2 dangling arms.

Here, α, β and γ are indexes that run over the four arms of A, B and C, respectively. For this
specific system, we find 〈ηs〉 = 4

3
' 1.33, 〈ηa〉 = 8

12
' 0.67, ∆s = 0 (no isolated stars), and

∆a = 5
12
' 0.42. The colour scheme is the same as in Figure 8.4.

Figure 8.8: Pair distribution function calculated between positively and negatively charged
monomers for polyelectrolytes with different Ω values. rij is the distance between the pairs.
The gray dotted vertical line indicates the value of the cutoff radius rcont used to define a
“contact” (i.e., an ionic bond) between two oppositely charged stars (or arms).
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Table 8.2: Table summarizing results for the structural properties of the system at the free-
swelling equilibrium. The numbers in brackets indicate the statistical error in the last significant
digit.

Ω 2 3 4 5

Leq (σ) 36.07 28.27 25.65 23.84
Cs,eq (mol/l) 2.55 · 10−2 5.40 · 10−2 7.05 · 10−2 8.75 · 10−2

〈ηa〉 0.130(0) 0.481(0) 0.857(1) 1.21(0)
〈η′a〉 1.01(0) 1.08(0) 1.21(0) 1.41(0)
〈ηs〉 0.500(1) 1.74(0) 2.89(0) 3.82(1)
〈η′s〉 1.77(0) 1.92(0) 2.92(0) 3.82(1)

∆a 0.872(0) 0.553(0) 0.291(0) 0.141(0)
∆s 0.575(1) 0.091(0) 0.006(0) 0.0003(0)

〈RG〉 3.35(1) 3.32(1) 3.33(1) 3.35(1)
〈RH〉 6.56(0) 6.52(0) 6.55(0) 6.58(0)
〈r1N〉 5.07(0) 5.06(0) 5.15(0) 5.22(0)

Figure 8.9 (upper panel) shows the behavior of 〈ηs〉 and 〈ηa〉 as a function of

Ω at the free-swelling equilibrium. We notice that both observables scale linearly

with the number of terminal charges carried by the stars in the range of Ω values

investigated; however, we cannot give a physical explanation for this empirical

observation. The increase in the number of contacts with Ω is due to the increased

Coulomb attraction between the oppositely charged terminal end groups, which

in turn results in a higher star concentration (and, hence, in a lower mean star–

star distance) at free-swelling equilibrium (see Table 8.2 and Figure 8.3).

Figure 8.9 (lower panel) shows the fraction of isolated stars and dangling arms

(∆s and ∆a, respectively). As expected, both quantities decreases as Ω increases.

For Ω = 2, more than 3 arms out of 4 (∼ 87%) result in no electrostatic bonding

to other chains, evidencing that we are not in presence of a network phase. We

also observe a very high ∆a value for Ω = 3 (∼ 55%). This is in agreement

with the observations that in this case each stars is on average connected with

only 1.74 oppositely charged stars, and each arm possesses on average only ∼ 0.5

contacts (see Table 8.2). Moving to the higher values of Ω = 4 and 5, the fraction

of dangling chains further decreases, but it remains, interestingly, higher than

zero (∆a ' 0.29 and 0.14 for Ω = 4 and 5, respectively). However, for these large

values of Ω almost all stars participate in forming ionic bonds, hence clusters,
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and ∆s is approximately 0.

Nevertheless, we should be careful in interpreting the number of contacts

provided by 〈ηa〉 and 〈ηs〉, since ∆a and ∆s show non-negligible values in the

most of the analysed cases, hence the number of real contacts for non-isolated

stars or and non-dangling arms is much larger. Therefore we recompute the

averages of ηs,A and ηa,α on the ensemble of stars A and arms α, respectively,

that are involved in at least one contact (i.e., excluding from the averages all the

isolated stars and all the dangling arms); we call these new observables 〈η′s〉 and

〈η′a〉, respectively. The renormalized contact data are contained in Table 8.2.

For 〈η′a〉 we found that the probability for a chain to bind more than one arm

increases with Ω, varying from 1.01 (Ω = 2) to 1.41 (Ω = 5). Thus, when Ω is

large, the possibility for an individual star’s ionic block to get in contact with

two (or even more) oppositely charged blocks is higher; the latter arms can either

belong to the same star or to different ones. The fact that 〈η′a〉 increases with Ω

can be explained bearing in mind that increasing Ω results in: (i) an increased

electrostatic attraction between the chains; (ii) a higher star concentration; and

(iii) an increase in the size of the terminal charged blocks of an arm, and, hence,

in an enhanced ability to accommodate two (or even more) oppositely charged

chains, without the latter being in contact with each other. As for 〈η′s〉, we notice

that for the Ω = 2 and 3 cases, non–isolated polyelectrolytes tend to bind on

average roughly 2 stars, whereas for Ω ≥ 4 our results do not considerably differ

from those calculated including also the isolated stars in the averages, and this

is obviously due to the negligible fraction of isolated stars found in solution.

To gain more insight into the architecture of supramolecular aggregates in

solution, and in order to investigate if the systems percolate, we now look at the

size distribution of aggregates composed by stars in solution. We define a “cluster

of stars” (CoS) as the set of stars fulfilling the criterion that any of them is in

contact with at least one other star that belongs to such a CoS. Furthermore, we

define the size Cs of a CoS as the number of stars that belong to it (it follows

that, e.g., dimers are CoS of size Cs = 2).

Figure 8.10 shows the probability density for a given star to belong to a CoS

of size Cs at the free-swelling equilibrium. This corresponds to the probability

density to find a CoS with a certain size Cs in solution weighted by the size itself

and renormalized. For Ω = 2 we observe that most of the stars are bonded in
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Figure 8.9: Upper panel: number of average contacts 〈ηa〉 and 〈ηs〉 as a function of Ω; lower
panel: fraction of dangling arms ∆a and isolated stars ∆s as a function of Ω. Dashed lines in
the upper panel represent linear fittings. Standard error bars are smaller than plot symbols.
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Figure 8.10: Probability density to find a given star in solution that belong to a CoS of size Cs.

dimers, the probability to find CoS composed by a higher number of polyelec-

trolyte stars decreasing with Cs, with only a few occurrences observed for Cs ≥ 6.

Let us also recall that for Ω = 2 roughly 58% of the stars are isolated in solution.

Instead, for Ω = 3 the majority of the stars belong to the same large CoS, the size

of the latter varying approximately in the range Cs = 30–64 (see the large peak

which presents a maximum at Cs ' 53), with non-negligible number of isolated

polyelectrolyte stars (see lower panel of Figure 8.9) or belonging to very small

CoS. For the systems with Ω = 4 and 5, the vast majority of stars belong to a

single very large CoS, with almost no isolated polyelectrolyte stars (Ω = 5) or

only a few ones (Ω = 4). Supported by a visual inspection of the snapshots for the

Ω = 4 and 5 cases (see Figure 8.4, and see also the movies provided in Appendix

8.7.2), indicating that the box is completely filled by our polyelectrolyte stars,

and also recalling the high number of contacts observed (see the upper panel of

Figure 8.9), we are confident that we are observing a percolating gel.

In analogy with what was done for CoS, one can identify clusters formed by

interacting individual arms. We define a “cluster of arms” (CoA) of size Ca as

the set of Ca chains that fulfills the criterion that any of them is in contact with
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Figure 8.11: Left panel: CoA size distribution for the four Ω values. Right panel: examples of
clusters formed by 5 (i.e., Ca = 5, circled in violet) and 2 (i.e., Ca = 2, circled in orange) arms.
For these CoA, the ”excess of arms” are Qa = −1 and 0, respectively. Notice that (i) arms that
belong to the same CoA may not be directly in contact with each other, and (ii) arms that are
tethered to the same central bead may belong to different CoA. The color scheme is the same
as in Figure 8.4.

at least one other chain that belongs to the same CoA (definition very similar

to the one used by Gârlea et al. in their work about the self-organization of soft

patchy colloids [61]). Before discussing the results, let us stress here that the size

of a CoA is not equal to the number of arms involved in a bond, and this is due

to the fact that two chains belonging to the same CoA may not be in contact, but

rather be far from each other; this is true especially for the systems with Ω = 4

and 5, for which the charged block of each arm is “long” enough to accommodate

more than one oppositely charged chain (we provide a pictorial illustration in the

right panel of Figure 8.11).

The plot in Figure 8.11 shows CoA size distributions for all our simulated Ω

values. When Ω is low, the vast majority of arms is involved in the formation of

simple positive–negative contacts, or are dangling, whereas for higher values Ω

values the CoA mean size increases, and we observe for Ω = 4 and 5 that there

is a non-zero probability to find CoA formed by 6 or more chains.

Since a CoA may not be charge-neutral we provide in Figure 8.12 heatmaps

that show the probability density to find a CoA with a certain size Ca and an

“excess of arms” Qa in solution. We define Qa as the excess charge carried by

a CoA divided by Ω. At first glance, in all the panels we notice a very marked

checkboard pattern; the latter is due to the fact that a CoA composed by an even

(odd) number of arms must necessarily show an even (odd) Qa. A symmetry
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shown in all the panels is that for a certain value of Qa the probability density to

observe −Qa is almost identical (as it should be by the global symmetry of our

monodispersed systems); we take this as another indication that our simulations

sampled the phase space properly.

From the heatmaps we observe that, for a given size Ca, the probability density

decreases as |Qa| increases. For Ω = 2 (top left panel of Figure 8.12) we observe

that most of the arms are involved in the simplest type of bond, that is, a positive-

negative contact (hence, Qa = 0), with the probability to find contacts involving

3 chains being roughly two order of magnitude smaller. Nevertheless, it seems

more probable to find a CoA with Ca = 3 and |Qa| = 1, with respect to a neutral

CoA in which 4 chains are involved. As Ω increases, we can also find larger sizes of

CoA probably due to the ability of the large charge patches arms to bind to more

than one oppositely charged chain. Furthermore, we observe several occurrences

of CoA composed by a very large number of chains especially for Ω = 5.

As a final comment, let us point out that the calculated sizes of both CoS and

CoA could be slightly underestimated due to the fact that we never counted (i)

two positive (or two negative) polyelectrolytes, or (ii) two stars that are in touch

only via neutral monomers, as being in contact; although those situations seem

to be very unlikely, they may occur due to thermal fluctuations especially in the

case of low Ω values, or when star concentration is very high.

In the remainder of this section we investigate the mean values of the radius

of gyration 〈RG〉, the hydrodynamic radius 〈RH〉 and the arm extension 〈r1N〉
of stars as a function of Ω (see Equations 2.14, 2.15, and 2.13, respectively, for

technical definitions)

As reported in Table 8.4, for isolated stars (i.e., single stars in condition of

almost infinite dilution) the trends of all analyzed properties clearly show that

the average size of stars increases with the number of terminal charges Ω, and this

is due to the increased electrostatic repulsion between monomers. Similar trends

are well known in literature for star-shaped weak polyelectrolytes. [327–329] Quite

contrary, when oppositely charged stars interact with each other at free-swelling

equilibrium, we observe that their size increases only slightly with Ω. At Ω = 3,

star polyelectrolytes even show a decrease in size with respect to the Ω = 2

case, albeit the difference is very moderate; this fact is probably imputable to

both, a lower species concentration and a higher number of isolated star for the
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Figure 8.12: Heatmaps showing the probability density to find a CoA with a given size Ca and
an excess of charges Qa for Ω = 2, 3, 4, and 5.
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Ω = 2 phase at equilibrium. Furthermore, 〈RG〉, 〈RH〉, and 〈r1N〉 values at

free-swelling equilibrium are about equal to those of neutral star polymers (i.e.,

Ω = 0), demonstrating that stars at free-swelling equilibrium almost completely

neutralize each other.

8.3.3 Ionic Bond Lifetimes

A visual inspection of the movies provided in Appendix 8.7.2 suggests that even

the ionic bonds formed with Ω = 5 are quite soft and allow for a continuous

restructuring of the network. In order to gain a more quantitative understanding

of the bond strengths and lifetimes we performed an analysis of the bond dy-

namics in time and investigated which mechanisms can lead to the breaking and

subsequent reformation of such contacts.

We begin by defining a “contact time” τbond as the time a contact between

two arms α and β persists in solution. The upper panel of Figure 8.13 shows

the probability density p(τbond) to observe a contact that breaks apart in the

interval (τbond; τbond+∆τ], with ∆τbond = 0.05. Contrary to the exponential

decay expected, we notice that τbond displays a maximum around τbond ' 0.3 for

any Ω. As previously discussed by Bunker and Hase [330], this is a consequence

of the “initial state selection” that derives from the orientation of the relative

linear momentum for the two arms that have just come closer to be identified

as a contact. Dissociation of the newly formed bond may, in fact, require some

time to partially invert their relative velocity so that they can “wander back” to

a distance at which the bond can be considered broken. Most likely, a properly

oriented collision between the two approaching arms is needed to trigger such

partial inversion, so that some degree of ballistic (hence, non–statistical) behavior

may be present during the initial stages of the process. This notwithstanding,

mean lifetimes (τ̄calc =
∫∞

0 τbondp(τbond)dτbond) have been computed with the

shown p(τbond), and these are 0.40, 0.50, 0.60, and 0.68 for Ω = 2, 3, 4, and

5, respectively (see Table 8.3 for a summary). As one could have expected, the

mean lifetime increase with Ω.

A mono-molecular event is formally described by the equation α···β −−→
α + β, where “···” denotes a contact between two arms. As τbond deviates from

the statistical behavior expected from such an event, also the fraction of surviving
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Figure 8.13: Upper panel: probability density p(τbond) to observe a contact persisting in solution
for a time τbond. Lower panel: natural logarithm of N(τbond)/N0 versus the contact time τbond;
here, dashed lines represent the linear fittings of the statistical part. The inset shows the short
time behavior of ln[N(τbond)/N0] versus τbond. τbond is in system time units.
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contacts (N(τbond)/N0) versus time should deviate from the exponential decay

law e−τbondk1 = e−τbond/τ1 that are typical for such processes, where k1 and τ1 are

the first–order rate constant and the corresponding mean lifetime. To prove this

point we investigated the short time behavior of N(τbond)/N0 (see the inset in

the lower panel of Figure 8.13). At short times the lack of linearity displayed by

ln[N(τbond)/N0] shows a faster decay, indicating the presence of an intrinsically

non–statistical (as in Rice–Ramsperger-Kassel–Marcus theory [331,332]) behavior

for the dissociation process. This is characterized by an elevate population of fast

dissociating states that are generated right after contact formation, leading to a

high number of short time dissociation events. At longer times, N(τbond)/N0

instead appears to decay exponentially, so that fitting the long time part of the

scatter plot allowed us to compute the statistically derived mean lifetimes τ1,

which are 0.36, 0.57, 0.82, and 1.20 for Ω = 2, 3, 4, and 5, respectively. As one

would have expected, τ1 > τ̄calc for Ω ≥ 3, as the fitting process eliminates the

majority of fast dissociation events. The fact that such inequality is not satisfied

when Ω = 2 is simply due to the limited sample of events collected and the related

inaccuracy of the long time distribution. Also, the increase of the ratio τ1/τ̄calc

upon increasing Ω seems to support the idea that the collision between two arms

forming a contact are the cause of the high population of fast dissociating dimers.

In fact, it is well known that it becomes increasingly less likely for a colliding pair

to redistribute into internal modes a sufficiently large fraction of their relative

kinetic energy so to allow the formation of a meta-stable dimer the higher the

kinetic energy is [333]. Obviously, the latter increases upon increasing Ω due to

stronger Coulomb interactions.

In order to better analyze the details of the discussed non–statistical effects

and to investigate which other mechanism may be involved in restructuring the

network of electrostatic bonds, we computed the relative frequency of three dif-

ferent mechanisms by means of which an arm α can loose a contact (that lasted

for a time τbond) with an oppositely charged arm β, and switch the latter with a

new arm γ after some time τlag. These three mechanisms are illustrated in Figure

8.14, and they are:

“intermittent bond” (I): a contact temporarily breaks reforming after a time

τlag has elapsed (see Figure 8.14 (a))
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Table 8.3: Contact times (in system time units) and relative frequencies for the three mechanisms
(I, Sant, Spos) and the non–classifiable ones (O). Etot is the relative total number of events
observed calculated with respect to the Ω = 2 case. The numbers in brackets indicate the
statistical error on the last significant digit.

Ω 2 3 4 5

τ̄calc 0.401(0) 0.504(1) 0.601(1) 0.676(0)
τ1 0.362(1) 0.573(9) 0.823(9) 1.20(1)
I 79.7(1)% 68.3(1)% 52.3(1)% 41.1(1)%
Sant 1.3(0)% 5.5(0)% 10.2(1)% 12.1(0)%
Spos 17.1(1)% 17.9(1)% 20.6(0)% 21.2(0)%
O 1.9(0)% 8.2(1)% 16.9(0)% 24.8(1)%
Etot 1.00 2.91 4.34 5.44

e.g., α···β
τbond−−−→←−−−
τlag

α+ β.

“anticipated partner switch” (Sant): a negative (positive) arm γ binds to an

existing contact causing the detachment of another negative (positive) chain

(see Figure 8.14 (b))

e.g., γ + α···β
τlag−−→ γ···α···β τbond−−−→ γ···α+ β.

“postponed partner switch” (Spos): an arm α loses a contact and then forms

a new bond with a different chain after a time τlag (see Figure 8.14 (c))

e.g., γ + α···β τbond−−−→ γ + α+ β
τlag−−→ γ···α+ β.

Additionally, we classify all those mechanisms that cannot be included in the

mentioned categories as “non-classifiable mechanisms” (O). A more detailed

discussion on the three mechanisms and the protocols implemented to categorize

dissociation events is provided in Appendix 8.6.

Figure 8.15 and Table 8.3 show the results of our analysis. In the latter, we

also report the relative frequency of events observed, Etot, with respect to the

Ω = 2 case. We notice that Etot increases with Ω, which is probably related to the

increase of the equilibrium concentration with Ω. For Ω = 2, the vast majority

of events (∼ 80%, see Table 8.3) are classified as “intermittent contacts”, which

is probably due to the fact that stars are assembled in dimers or small CoS,

so that mechanisms involving the exchange of arms are relatively rare, whereas

temporary detachment due to thermal fluctuations are favored by the relatively

low Coulomb attraction between oppositely charged chains. Roughly ∼ 17% of
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Figure 8.14: Pictorial description of the three mechanisms investigated: (a) I; (b) Sant; (c) Spos.
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the events result are “postponed partner switches”, whereas the fraction of Sant

and O mechanisms results negligible.

As Ω increases, we observe an enhancement in the fraction of Spos, Sant,

and O mechanisms, a clear evidence of the possibility for the network bonds

to restructure themselves. Again, the increase in the number of Spos may be

rationalized by recalling that the equilibrium concentration increases with Ω; in

fact, the denser the solution gets, the more likely it becomes for a positively

(negatively) charged arm to replace a dissociating positive (negative) arm of a

vicinal contact. As for the Sant mechanism, also the increasing length of charged

segments may play a role in increasing its frequency. The longer the charged

block is, the higher is the probability for an arm α to “accommodate” more than

one contact with oppositely charged segments (β, γ, etc.). This we attribute to

the possibility for the charged portion of β and γ arms to stay further away from

each other while being coordinated to the same α arm. Importantly, the 1 : 2

positive–negative (or vice versa) coordination mode is also expected to facilitate

the detachment of, e.g., the β arm, as its binding energy with α ought to be lower

due to the repulsive Coulomb interaction with γ.

As for the non–statistical behavior previously discussed, Figure 8.15 presents

the plots of ln[N(τbond)/N0] versus τbond for all Ω values and the three discussed

mechanism. From these, one notices that fast dissociation events arise mainly as

a consequence of the Spos and I mechanisms, the latter invariably being the most

likely whereas the former presenting a more marked fractional deviation from the

statistical behaviour. Juxtaposing these results with similar ones concerning τlag

(see Figure 8.16), it emerges that it takes more time for two free (e.g., α and β)

arms to form a contact from a dissociated state than breaking an electrostatic

bond already formed. Given the unhindered nature of the process forming a

contact from dangling arms, we believe the previously discussed ballistic dynamics

to be a robust justification for the non–statistical behavior evidenced by our data.

Finally, we mention that the increase in the fraction of O–events upon in-

creasing Ω is mainly due to an increase in the number of events that present

multiple approaches or detachments taking place contemporary within the time

window represented by our time resolution (∆τ = 0.05). This is well supported

by Figure 8.17, which shows the dependency of this fraction on ∆τbond itself for
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Figure 8.15: Natural logarithm of N(τbond)/N0 versus τbond (system time units) for the three
mechanisms and the four Ω values. We also report the linear fits (dashed grey lines) calculated
in Figure 8.13 for a direct comparison.
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Figure 8.16: Natural logarithm of N(τbond)/N∗0 versus τlag (system time units) for the three
mechanisms at the four Ω values. N∗0 is the number of contacts who have just dissociated.
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Figure 8.17: Fraction of non-classifiable mechanisms (O) as a function of the time resolution
∆τ for the Ω = 5 case.

the case Ω = 5. Obviously, if ∆τ was infinitely small, only single dissociation or

association events would be recorded.

To conclude this section, in Figure 8.18 we present the mean-squared displace-

ment (MSD) calculated for star nuclei (top panel), and for neutral and charged

monomers (middle and bottom panel, respectively) as a function of Ω. The nuclei

MSD were evaluated as:

〈∆r2(t)〉 =
1

Ns

〈
Ns∑
n

[rn(t)− rn(0)]2

〉
, (8.1)

where rn is the position vector of the n-th nucleus. From Figure 8.18 we can

observe that, as expected, the diffusion decreases with the number of terminal

charges Ω; nevertheless, even when Ω = 5 (the worst case, since both interaction

strength and concentration are very high) stars are able to reach a diffusive regime

(roughly after a time t = 500–800), hence we are not in an arrested gel. Finally,

by comparing the time scales related to the star diffusion across the network

phase (Figure 8.18) and contact dynamics (Figures 8.13 and 8.14) we observe

that the latter is much faster than the former by roughly 3 orders of magnitude.
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This suggests that most of the contact exchange events detected may take part

between neighboring stars due to thermal fluctuations.

8.4 Conclusions

We performed a Langevin molecular dynamics study in order to investigate the

possibility to create a supramolecular network by mixing equal amounts of op-

positely charged di-block star-shaped polyelectrolytes under salt free conditions.

Our polyelectrolyte stars consisted of four polymeric bead-spring chains tethered

to a central common bead and carrying a tunable number Ω of (positively or neg-

atively) charged monomers at their ends, using a polyelectrolyte primitive model

in an implicit solvent [334].

We investigated systems with Ω values from 1 to 5 at different concentrations

and determined from the P-V curves the equilibrium concentration with respect

to a pure water phase. Our results yielded equilibrium concentrations for Ω ≥ 2

(see Figure 8.2 and 8.4). The reproducibility of our results for three different

simulations protocols (see Section 8.2.2 and Figure 8.5), and the fact that also a

solution of pre-thermalized dimers has relaxed (Figure 8.6) demonstrate that our

simulations yield true equilibrium structures.

The observed phases at free–swelling equilibrium have been characterized via

many structural parameters (see Table 8.2). We found that the number of con-

tacts increases with Ω, with a non–zero probability to observe contacts involving

more than two oppositely charged arms for Ω ≥ 4. Conversely, the fraction of

dangling arms decreases with the number of terminal charges, but it remains in-

terestingly non–zero even when Ω = 5, for which we observe that ∼ 14% of the

arms are not involved in any ionic bond.

From an analysis of the cluster of stars (CoS) in solution we found that for

the Ω = 2 case only dimers and small oligomers can form, whereas for Ω = 4 and

5 all stars are part of a single macro-aggregate (see Figure 8.10), the latter being

identified as a percolating network spanning the whole box, i.e. a gel–like phase,

after a visual inspection of snapshots and trajectory movies provided, respectively,

in Appendices 8.7.1 and 8.7.2. The Ω = 3 case turned out to be an intermediate

one, in which most of the stars belong to a main CoS (the latter fluctuating in

size), with a non–negligible number of stars being isolated in solution or belonging
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Figure 8.18: MSD for nuclei (top panel), neutral monomers (middle panel), and charged
monomers (bottom panel).
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to small oligomers or secondary CoS. An analogous analysis has been performed

for clusters composed by individual arms (CoA), revealing that also in this case

their size increases with Ω (see Figure 8.11). Furthermore, we found some CoA

with an excess charge, whose probability of occurrence increases with Ω as well.

Overall, the ionic cross-links structure is far from being trivial even for the case

of equal charged terminal bonds. The simple picture of having mostly saturated

ionic bonds is definitely not applicable.

In order to gain more insight in the dynamical processes of forming and dis-

solving ionic bonds, we analyzed the contact time of such bonds as function of Ω.

As expected, the mean lifetime increases with the latter. Nevertheless, we found

strong deviations from the expected statistical first–order dissociation kinetics,

the latter underestimating the frequency of fast dissociation events for almost all

cases (see Table 8.3). In this respect, the detailed analysis of the trajectories

suggested that the latter finding is related to the ballistic nature of a large frac-

tion of dissociation events. Moreover, we described various mechanisms leading

to contact formations and ruptures, observing a non–zero probability (even for

low Ω values) for an arm involved in a bond to be replaced by another chain with

the same charge, a finding that clearly opens up the possibility for the network

to restructure itself in time. The restructuring possibilities of the electrostatic

bonds could lead to a reduced mechanical strength and to a low shear modulus.

A more detailed investigation of the mechanical behavior of the star gels is left

for future investigations.

8.5 Appendix: properties of single stars

In order to investigate single star conformational properties as a function of the

number of their terminal charges, we simulated a single star in condition of very

high dilution for each Ω value*. In table 8.4 we report the average radius of

gyration 〈RG〉 (Equation 2.14), the average hydrodynamic radius 〈RH〉 (Equation

2.15), and the average arm extension 〈r1N〉 of stars as a function of Ω (Equation

2.13). As expected, the value of all properties increases with the number of

terminal charges carried by the polyelectrolyte.

*In practice, for each Ω value we simulated in a very large box a pair of oppositely charged
stars kept separated one to each other by fixing their central beads ad a distance larger then
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Table 8.4: Single star conformational properties as a function of Ω. The neutral case (Ω = 0)
is also shown for comparison. The numbers in brackets indicate the statistical error in the last
significant digit.

Ω 0 1 2 3 4 5

〈RG〉 (σ) 3.30(1) 3.34(1) 3.51(1) 3.69(1) 4.01(1) 4.24(1)
〈RH〉 (σ) 6.54(1) 6.58(1) 6.82(1) 7.06(1) 7.42(1) 7.75(1)
〈da〉 (σ) 5.20(3) 5.10(3) 5.33(3) 5.84(4) 6.12(3) 6.76(3)

8.6 Appendix: methods implemented in determin-

ing the number of contacts per star/arm and the

mechanisms lying under ionic bonds exchange dy-

namics

In this section we discuss in detail the computational protocol implemented to

compute τ and to detect the ionic bond dissociation/formation mechanisms dis-

cussed in the main text.

At each time t = t0, we define a “contact matrix” Ha(t0) as

Ha(t0) =


h11 . . . h1n

h21 . . . h2n

. . . . . . . . . . . . . .

hm1 . . . hmn

 (8.2)

Each element hαβ ( with α = 1, 2, . . . ,m, wherem is the total number of positively

charged chains; and β = 1, 2, . . . , n, where n is the total number of negatively

charged chains) is a binary variable that is equal to 1 if the two chains α and

β are in contact with each other, and it is 0 otherwise. Computing Ha(t0 = 0)

and repeating process at regular time intervals ∆τ allow us to build a 3D matrix

Ha(t, α, β) = Ha (with size tsim
∆τ ×m× n) that contains all the information about

the time evolution of all the contacts. Thus, from Ha it is possible to compute

the following structural properties at the time t0:

100σ.
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� the number of contact for a given arm α:

ηa,α(t0) =
n∑
β=1

ht0αβ. (8.3)

� the fraction of dangling arms at a certain time t0,

∆a(t0) =
1

n+m

[ m∑
α=1

δ

( n∑
β=1

ht0αβ

)
+

n∑
β=1

δ

( m∑
α=1

ht0αβ

)]
, (8.4)

where δ(x) is a function that returns 1 if x = 0, and 0 otherwise. Hence,

∆a(t0) corresponds to the number of null rows plus the number of null

columns of Ha(t0);

It is evident that is possible to build a similar matrix in order to analyse contacts

between stars, i.e. Hs(t, A,B) = Hs, where A = 1, 2, . . . ,M and B = 1, 2, . . . , N ;

here, M and N are the total number of positive and negative stars, respectively).

Thus, it immediately follows that from Hs it is possible to calculate the number

of isolated stars is solutions (∆s) and the number of contact for a given star A

(ηs,A) in a similar way to what is done for the analogous properties of arms.

We also define the matrix Ja at the time t = t0 + ∆τ as

Ja(t0 + ∆τ) = Ha(t0 + ∆τ)−Ha(t0) =


j11 . . . j1n

j21 . . . j2n

. . . . . . . . . . . . . .

jm1 . . . jmn

 (8.5)

In this case, jαβ is a variable that can assume three different values: jαβ = 1 if

a contact between two arms α and β is formed in the time interval (t0, t0 −∆τ];

jαβ = −1 if a pre–existing contact between two arms α and β broke in the interval

(t0, t0−∆τ]; and jαβ = 0 otherwise. For two generic ionically bonded chains α and

β, the contact time τbond can be easily computed from Ja identifying the time-

frames at which the contact forms (tf , jtfαβ = 1) and breaks (tb, jtbαβ = −1), so

that τbond = tb − tf . From Ja one can easily define, for a certain time t = t0 and

for a given arm α, the set of other chains in contact with α, the set of contacts

formed by α in the time interval (t0, t0 + ∆τ], and the set of contacts lost by
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α in the interval (t0, t0 − ∆τ]. We call these sets Lf(t0, α), Lb(t0, α), Lc(t0, α),

respectively.

The mechanisms that could lead to the network restructuring are: (a) “in-

termittent bond”, I; (b) “anticipated partner switch”, Sant; and (c) “postponed

partner switch”, Spos. Here we discuss more in detail these three mechanisms and

the rules implemented to categorize the contact formation–dissociation events.

8.6.1 “Intermittent contact” (I)

We classify as “intermittent” a contact that, after lasting in solution for a time

τ = τbond, it temporally breaks and then it reforms after a time τlag (see Figure

8.14 (a)). It can be described by the following equation:

α···β
τbond−−−→←−−−
τlag

α+ β. (8.6)

Thus, it consists of three sub–events: (i) contact formation at time tf ; (ii) contact

breaking at time tb; and (iii) contact re–formation at time t′f . It follows that

τbond = tb − tf and τbond = t′f − tb. The set of rules implemented to detect this

type of event is:

1) tf < tb < t′f ;

2) #Lf(t, α) = 1, #Lb(t, α) = 0 for t = tf , t
′
f (“#” denotes the cardinality of

the set);

3) #Lf(t, α) = 0, #Lb(t, α) = 1 for t = tb;

4)
∑tb−∆τ

t=tf+∆τ #Lf(t, α)−
∑tb−∆τ

t=tf+∆τ #Lb(t, α) = 0;

5)
∑t′f−∆τ

t=tb+∆τ #Lf(t, α) = 0;

6) Lf(tf , α) = Lf(t
′
f , α);

In other words, item 1) establishes the time sequence of the sub–events; items

2) and 3) states that no other contact formations/ruptures are allowed to taking

place at times tf , t′f , and tb); item 4) states that no net gain/lost of contacts is

allowed in the time interval (tf , tb); item 5) states that no other contacts can be

formed between tb and t′f ; finally, item 6) checks that α get in touch with the

same chain β at tf and t′f .
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8.6.2 “Postponed partner switch” (Spos)

We classify as “postponed partner switch” an event that is described by the

following equation:

γ + α···β τbond−−−→ γ + α+ β
τlag−−→ γ···α+ β. (8.7)

Hence, it consists in three sub–events: (i) α · · ·β contact formation at time tf ; (ii)

α · · ·β contact breaking at time tb; and (iii) α · · · γ contact formation at time t′f ,

with β 6= γ see Figure 8.14 (c)) Also in this case, τbond = tb−tf and τlag = t′f−tb.

The set of rules describing the “postponed partner switch” is the same as those

that describe an “intermittent contact”, with the exception of item 6) that reads:

6) Lf(tf , α) 6= Lf(t
′
f , α).

8.6.3 “Anticipated partner switch” (Spos)

Finally, we classify as “anticipated partner switch” those events in which the

dissociation of a contact α · · ·β is preceded by the formation of a contact α · · · γ
(see Figure 8.14 (b)); that is

γ + α···β
τlag−−→ γ···α···β τbond−−−→ γ···α+ β. (8.8)

Once again, the event consists in three sub-events: (i) α · · ·β contact formation at

time tf ; (ii) α · · · γ contact formation at time t′f ; and (iii) α · · · γ contact breaking

at time t′f . Notice that in this case t′f < tb, so that τlag = t′f−tf and τbond = tb−t′f .
Thus, the rules implemented to identify these events are:

1) tf < t′f < tb;

2) #Lf(t, α) = 1, #Lb(t, α) = 0 for t = tf , t
′
f ;

3) #Lf(t, α) = 0, #Lb(t, α) = 1 for t = tb;

4)
∑t′f−1

t=tf+1 #Lf(t, α) =
∑tb−1

t=t′f+1
#Lf(t, α) = 0;

We classify all those mechanisms that cannot be included in those three cat-

egories as “other mechanisms” (O). Let us stress that ∆τ plays a fundamental
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role in classifying the mechanisms due to the fact that the algorithm is not able

to discern the temporal order of two (or more) sub-events that take place in the

same time interval (t0, t+ ∆τ] (see Figure 8.17).

8.7 Appendix: trajectory snapshots and movies

8.7.1 Trajectory snapshots

Here we present a selection of trajectory snapshots for systems different number

of terminal charges Ω taken at various box side lengths L. Snapshots taken at

the free swelling equilibrium are labeled “P = 0”. The diameter of all monomers

has been reduced by roughly one half with respect to the real one in order to

improve pictures “readability”.
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Figure 8.19: Trajectory snapshots for Ω = 2 taken at different box length values: (a) L = 16σ,
L/Lmax = 0.36; (b) L = 26σ, L/Lmax = 0.56; (c) L = 36σ, L/Lmax = 0.72, P = 0; (d) L = 48σ,
L/Lmax = 0.96.
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Figure 8.20: Trajectory snapshots for Ω = 3 taken at different box length values: (a) L = 18σ,
L/Lmax = 0.36; (b) L = 28.27σ, L/Lmax = 0.56, P = 0; (c) L = 34σ, L/Lmax = 0.68; (d)
L = 48σ, L/Lmax = 0.96.
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Figure 8.21: Trajectory snapshots for Ω = 4 taken at different box length values: (a) L = 16σ,
L/Lmax = 0.36; (b) L = 25.65σ, L/Lmax = 0.51, p ' 0; (c) L = 36σ, L/Lmax = 0.72; (d)
L = 48σ, L/Lmax = 0.96.
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Figure 8.22: Trajectory snapshots for Ω = 5 taken at different box length values: (a) L = 18σ,
L/Lmax = 0.36; (b) L = 23.84σ, L/Lmax = 0.48, P = 0; (c) L = 34σ, L/Lmax = 0.68; (d)
L = 48σ, L/Lmax = 0.96.



8.7. Appendix: trajectory snapshots and movies 263

Figure 8.23: Trajectory snapshots for different Ω values taken at box length L = 95σ (L/Lmax =
1.90, CS = 1.38·10−3 mol/l). Periodic boundary conditions replicas are shown in some directions.
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8.7.2 Trajectory movies

Here we provide the following movies taken from trajectories at the free–swelling

equilibrium:

� S1 full system omega2.mp4

� S2 full system omega3.mp4

� S3 full system omega4.mp4

� S4 full system omega5.mp4

� S6 detail omega3.mp4

� S7 detail omega4.mp4

� S8 detail omega5.mp4

”Full system” movies show the entire box cell with periodic replicas in some

direction; here, the diameter of all monomers has been reduced by roughly one

half with respect to the real one. In ”detail” movies, instead, a few interacting

stars are shown, whereas the other polyelectrolytes in the box are not visible.

https://vimeo.com/369815520
https://vimeo.com/437062147
https://vimeo.com/437062370
https://vimeo.com/437062588
https://vimeo.com/444232390
https://vimeo.com/444232976
https://vimeo.com/448482168
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Conclusions

In this PhD project, stochastic coarse-grained simulations have been used in order

to simulate various polyelectrolytes systems in aqueous solutions. We employed a

restricted (poly)electrolytes primitive model, taking into account, when necessary,

the dissociation equilibria of weak groups (i.e., weakly acidic or basic monomers)

by means of the constant-pH method [32,42,55].

In Chapter 3, we have investigated titration behavior, conformations and en-

ergetics of weak polyelectrolytes confined inside capsids (i.e., spherical confining

geometries permeable to mobile ions but not to the polyelectrolyte) as a function

of pH, chain structure (linear versus star-shaped species) and rigidity and the

possibility for monomers to interact via charged hydrogen bonds (c-H-bonds),

thus extending previous works on confined strong polyelectrolytes to ranges of

“annealed” ionization never investigated before and to species able to form c-

H-bonds. The latter have been found to markedly impact not only on titration

behavior and chain conformations, but also on the free energy needed to confine

polyelectrolytes. In fact, the possibility to form c-H-bonds may impact positively

on the polyelectrolyte partition constant not only compared to species unable to

do that, but also with respect to the case of fully undissociated weak polyelec-

trolytes, at least over a range of pH values. Moreover, we introduced the explicit

treatment of polyelectrolyte counterions (CIs), since the latter was missing in

previous publications regarding the c-H-bond–mimicking many-body potential

(References [12] and [37]).*

*The latter paragraph has been adapted from: Tagliabue A., Izzo L., Mella M., Absorbed
Weak Polyelectrolytes: Impact of Confinement, Topology, and Chemically Specific Interactions
on Ionization, Conformation Free Energy, Counterion Condensation, and Absorption Equilib-

265



266 Chapter 9. Conclusions

Since charged hydrogen bonds revealed to have a marked impact also on so-

lutions of short linear chains, in Chapter 4 we investigated how polyelectrolyte

concentration, chain rigidity and the possibility to form inter- and intra-chain (c-

H-bonds) can synergistically contribute to modify ionization and conformations

of short linear polyacidic species, their CIs distribution and system Helmholtz

energy. Worth noticing, a bimodal behavior in the end-to-end distributions at

intermediate–high ionization degrees has been evidenced only when formation of

c-H-bonds was allowed, a trait indicating the coexistence of two conformations,

one folded (or clustered) and one unfolded, the transition between the two appear-

ing first-order like. The evidence that two or more solvated polyelectrolytes may

come sufficiently close to interact, e.g., via c-H-bonds, prompted us to perform

window sampling (WS) simulations restraining their centers of mass distance.

The latter allowed us to study how the distance between (the centers of mass of)

two chains can affect their ionization behavior and conformations. For species

unable to form c-H-bonds, as expected pKa always increases as the distance di-

minishes; however, this is not true when c-H-bonds can be formed, especially in

presence of semi-rigid chains. The formation of inter-chain c-H-bonds increases

monomer acidity, modulates the local ionization behavior of monomers, and im-

pacts on chains conformations and CIs distribution. Finally, potentials of mean

force (PMF) extracted from window sampling simulations shed light on how chain

rigidity and c-H-bonds modify the amount of reversible work (∆w) required to

bring two chains at a certain distance. In detail, we found that increasing chain

stiffness slightly lowers ∆w when chain are unable to form c-H-bonds. ∆w, in-

stead, does not monotonically increase as pH increases when chains can form

c-H-bonds and are close together, the chemically specific interactions giving rise

to minima in PMF curves when chains are semi-rigid.�

Moving to the cases of polyelectrolytes interacting with charged colloids, in

Chapter 5 we presented simulations of interacting systems composed by weak

polyacids and an oppositely charged macroion, which invariably leads to the for-

rium, Journal of Polymer Science Part B: Polymer Physics, 57, 491-510 (2019). © 2019 Wiley
Periodicals, Inc. All rights reserved.

�The latter paragraph has been adapted from: Tagliabue, A., Izzo L., Mella M., Impact
of Charge Correlation, Chain Rigidity, and Chemical Specific Interactions on the Behavior of
Weak Polyelectrolytes in Solution, Journal of Physical Chemistry B, 123, 42, 8872–8888 (2019).
© 2019, American Chemical Society. All rights reserved.
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mation of electrostatically–stabilized complexes between the two species when

pH ≥ pKa. Compared to previous works, we have extended substantially the

families of investigated systems with respect to CIs’ valence, polyelectrolytes

structure (and number of chains/arms), as well as the nature and features of the

colloid. The latter has been modeled in two different ways: (i) as a single colloid-

centered total charge, or (ii) as surface-tethered mobile monovalent charges (the

latter model thus representing a highly polarizable charged nanoparticle, or a

micelle composed by both neutral and charged surfactants). Our results suggest

that a strong polarization of surface charges may be induced upon adsorption of

the star polyelectrolyte in such cases involving colloids formed by a mixture of

ionic and non-ionic surfactants. Results described in Chapter 5 may bear im-

portance not only for the formation of advanced materials and meta–materials,

such as polyelectrolyte-NP composites [211], fluorescent [207] or magnetic [213]

nanoparticle arrays, or patchy colloids [178, 214], but also on the bactericidal

activity of insoluble weak polyelectrolytes [26,27,201], considering that the elec-

trostatic interaction between the negatively charged bacterial wall with its double

layer containing divalent ions and ionizable weak polybases closely resembles our

models apart from charge inversion.� Among the avenues of explorations upon

which our results call attention with some immediacy, there are:

i. the possible impact of divalent colloid counterions coordination to charge

bearing surface species (e.g. Ca2+(COO−)2 [131, 132]) on polyelectrolyte

adsorption;

ii. the impact of surfactant tail structure onto the segregation of ionic surfac-

tants induced by star-polymer adsorption;

iii. the distance dependent effect of increasing colloid counterions valency on

the ionization of adsorbing polyelectrolytes.

Similarly, colloidal systems composed of a zwitterionic micelle, bearing on the

surface either models for sulfobetaine (SBS) or phosphorylcholine (PBS) head-

groups interacting with a strong polyanionic systems are discussed in Chapter 6;

�The latter paragraph has been adapted from: Mella M., Tagliabue A., Mollica L., Izzo
L., Monte Carlo Study of the Effects of Macroion Charge Distribution on the Ionization and
Adsorption of Weak Polyelectrolytes and Concurrent Counterion Release, Journal of Colloid
and Interface Science, 560, 667-680, (2020)© 2019 Elsevier Inc. All rights reserved.
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this with the aim to understand how interactions between the two constituents

modify their respective properties and whether or not a complex between them

could be formed. Overall, results evidenced a mild impact of zwitterionic mi-

celles on the conformation properties of polyelectrolytes. In spite of this, stark

changes in charge distributions around the micelles were found upon linking an-

ions into a polyanion compared with the cases of “free” anions, the maximum of

the negative charge density in the micelle vicinity increased more than 30 folds

with respect to the case inn which polyanions are present in solution. As for the

issue of micelle/polyanion complex formation, we found that the probability for

the chain to be adsorbed on a micelle is an increasing function of the polyanion

size and that it also markedly depends on headgroups structure, sulfobetaine–

like surfactants inducing, at least, a probability of adsorption twice larger than

phosphorylcholine–like ones. Worth noticing, chains maintain an elogated confor-

mation despite being (temporarily) adsorbed on a micelle, a fact that may lead to

bridging between two (or even more) micelles if their concentration is sufficiently

high; it thus seems worth exploring this eventuality in the near future. The com-

puted change in Helmholtz energy due to solution mixing (∆mixA) is very small

in magnitude so that the impact on the critical surfactant concentration can be

considered negligible. Our results are in excellent agreement with experimental

results regarding sodium polyacrylates, the latter highly soluble and hydrophilic

chain. Nevertheless, to model systems in which interactions between monomers

and the hydrophobic micellar core are important, our model needs to be refined.

As an example, it would be worth to model chemically specific interactions be-

tween polyelectrolytes and corona components, e.g. the possibility for monomers

to be coordinated via several headgroup moieties or the possible formations of

(charged) hydrogen bonds between the micelle and the polyelectrolyte. Finally,

the increased ionic concentration in the corona region may as well be exploited for

chemical purposes, as it may enhance reaction rates between anions and organic

species with limited water solubility thanks to the law of mass action.§

In Chapter 7, we discussed the titration behavior of circular weak polyelec-

§The latter paragraph has been adapted from: Mella M., Tagliabue A., Izzo L., On the
Distribution of Hydrophilic Polyelectrolytes and their Counterions around Zwitterionic Mi-
celles: the Possible Impact on the Charge Density in Solution Soft Matter, just accepted ar-
ticle (doi.org/10.1039/D0SM01541E), © Reproduced by permission of The Royal Society of
Chemistry.
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trolytes, highlighting an unexpected non-monotonic behavior for the gyration

radius versus the dissociation degree for knotted species, such evidence opposite

to the “canonical” ionization→repulsion→expansion scheme and attributable to

a complex balance between entropic and energetic contributions compared to lin-

ear, star-like or even unknotted circular species. In other words, the average

size, and hence the mechanical effects associated to it, of knotted rings resulted

lower at both extremes of the ionization range. The key role played by CIs

localization on a (partially) ionized chain has been thoroughly investigated by

varying parameters such as the solvent Bjerrum length lB and the concentration

and valence of background inert salts. Comparing with strong polyelectrolytes of

similar ionization degrees (but with quenched charges), it also emerged that the

re-contraction of knotted weak polyacid rings begins at higher α values thanks

to the localization of undissociated monomers inside the knotted portion of the

chain.¶ The evidence that knots tend to tighten and localize on the undissociated

portions of a weak polyelectrolyte prompted us to investigate the possibility for

a strong polyelectrolyte carrying a neutral segment on itself to confine the knot

topological details on the latter. This hypothesis has been confirmed by looking

at the probability density for a monomer to be part of the knotted segment as

a function of its position along the co-polyelectrolyte chain, as shown in Figure

9.1 (see also the trajectory snapshots reported in Figure 9.2). As we can observe,

even the presence of a few neutral monomers induce the knot confinement. This

is observed also if the neutral segment is semi-rigid; moreover, the localization

probability can be increased/decreased by tuning solvent properties (e.g., solvent

quality for the neutral segment, or solution screening ability).

Finally, in Chapter 8 we investigated the possibility to obtain ionically cross-

linked gel-like phases (in equilibrium with a solution of pure water) by mixing

oppositely charged strong polyelectrolytes. We found that it is possible to obtain

gel phases by tuning the number of terminal charges on star’s arms (Ω), and we

characterized such phases via many structural parameters (number of contacts

per arm/star, number of ” isolated “stars and dangling arms), excess of charges

carried by clusters, etc.). From our analysis resulted that the simple picture of

¶The latter paragraph has been adapted from: Tagliabue A., Izzo L., Mella M., Interface
Counterion Localization Induces a Switch Between Tight and Loose Configurations of Knotted
Weak Polyacid Rings Despite Intermonomer Coulomb Repulsions, Journal of Physical Chemistry
B, 124, 14, 2930–2937 (2020). © 2020, American Chemical Society. All rights reserved.
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Figure 9.1: Probability density for a monomer to lie inside the knotted segment as a function
of its position along the chain. Neutral monomers are highlighted in fuchsia.

  

Nneu = 2Nneu = 2 Nneu = 4Nneu = 4 Nneu = 8Nneu = 8

Nneu = 16Nneu = 16 Nneu = 24Nneu = 24 Nneu = 16Nneu = 16

Figure 9.2: Trajectory snapshot for a 51–knotted circular strong polyelectrolyte with a neutral
segment Nneu monomer long. Color scheme: charged (quenched) monomers in yellow, neutral
(quenched) monomers in fuchsia, counterions in white.
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having mostly saturated ionic bonds is definitely not applicable to the simulated

cases. In order to gain more insight in the dynamical processes of forming and

dissolving ionic bonds, we analyzed the contact time of such bonds as a function

of Ω. Worth noticing, we found strong deviations from the expected statistical

first-order dissociation kinetic, the latter underestimating the frequency of fast

dissociation events for almost all the simulated cases. Moreover, we described

various mechanisms leading to contact formations and ruptures, observing a non–

zero probability for an arm involved in a bond to be replaced by another chain

with the same charge, a finding that clearly opens up the possibility for the

network to restructure itself in time, leading to a reduced mechanical strength and

to a low shear modulus. This study has been so far restricted to a small parameter

regime, most notably when counterions or background salt ions are absent. As

such it should serve as a proof-of-principle that gel formation in mixtures of

oppositely charged polyelectrolyte stars is possible. However, more complicated

situations like adding different ion types as mono- or even multi-valent ions (e.g.,

in order to increase bond strengths by divalent ions bridging), changing the ionic

block from being a strong polyelectrolyte to a weak polyelectrolyte and adding

thus the possibility of the charged groups to respond to pH or to form reversible

inter-molecular chemical interactions, or introducing polydispersity in arm length

or in charged block length can easily be simulated with more refined models,

and many of these systems are currently under investigation. The experimental

realization of some of such systems is currently pursued in the group of F. H.

Schacher.�

Overall, our canonical and semi-grand canonical coarse-grained simulations

highlighted that polyelectrolytes behavior in aqueous solutions often deviates

form the expected canonical one, especially when in presence of factors like a

strong charges correlation, complex chains architecture and topology, or the pres-

ence of chemical specific interactions have to be taken into account.

During this PhD project, the Candidate contributed to the following publi-

cations:

�Work in progress.
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[142] L. Nová, F. Uhĺık, P. Košovan, Phys. Chem. Chem. Phys. 2017, 19, 14376–

14387. 47

[143] C. Qu, B. Jing, S. Wang, Y. Zhu, J. Phys. Chem. B 2017, 121, 8829–8837.

47, 76, 117



Bibliography 285

[144] A. Chremos, J. F. Douglas, MRS Advances 2016, 1, 1841–1846. 56, 173,

196

[145] A. Jusufi, The Journal of Chemical Physics 2006, 124, 044908. 63

[146] R. P. Linna, P. M. Suhonen, J. Piili, Phys. Rev. E 2017, 96, 052402. 65

[147] W. Nowicki, G. Nowicka, J. Narkiewicz-Micha lek, European Polymer Jour-

nal 2010, 46, 112 – 122. 65

[148] J. M. Polson, M. F. Hassanabad, A. McCaffrey, The Journal of Chemical

Physics 2013, 138, 024906. 65

[149] S. Ulrich, A. Laguecir, S. Stoll, J. Chem. Phys. 2005, 122, 094911. 66, 76

[150] D. Wang, R. J. Nap, I. Lagzi, B. Kowalczyk, S. Han, B. A. Grzybowski,

I. Szleifer, J. Am. Chem. Soc. 2011, 133, 2192–2197. 75

[151] P. Gong, T. Wu, J. Genzer, I. Szleifer, Macromolecules 2007, 40, 8765–

8773. 75

[152] P. Gong, J. Genzer, I. Szleifer, Phys. Rev. Lett. 2007, 98, 018302. 75

[153] R. Nap, P. Gong, I. Szleifer, J. Pol. Sci. Pol. Phys. 2006, 44, 2638–2662.

75

[154] E. B. Zhulina, O. V. Borisov, J. Chem. Phys. 1997, 107, 5952–5967. 75

[155] M. Tagliazucchi, M. O. de la Cruz, I. Szleifer 2010, 107, 5300–5305. 75, 76

[156] R. J. Nap, M. Tagliazucchi, I. Szleifer, J. Chem. Phys. 2014, 140, 024910.

75

[157] T. Wu, P. Gong, I. Szleifer, P. Vlček, V. Šubr, J. Genzer, Macromolecules
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