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—— Abstract
We prove that with high probability over the choice of a random graph G from the Erdés-Rényi

distribution G(n,1/2), a natural nO(* los ™)_time, degree O(e?logn) sum-of-squares semidefinite

program cannot refute the existence of a valid k-coloring of G for k = nl/?*¢

. Our result implies
that the refutation guarantee of the basic semidefinite program (a close variant of the Lovasz theta
function) cannot be appreciably improved by a natural o(log n)-degree sum-of-squares strengthening,
and this is tight up to a n°M slack in k. To the best of our knowledge, this is the first lower bound
for coloring G(n,1/2) for even a single round strengthening of the basic SDP in any SDP hierarchy.

Our proof relies on a new variant of instance-preserving mon-pointwise complete reduction
within SoS from coloring a graph to finding large independent sets in it. Our proof is (perhaps
surprisingly) short, simple and does not require complicated spectral norm bounds on random
matrices with dependent entries that have been otherwise necessary in the proofs of many similar
results [12, 33, 45, 28, 51].

Our result formally holds for a constraint system where vertices are allowed to belong to multiple
color classes; we leave the extension to the formally stronger formulation of coloring, where vertices
must belong to unique colors classes, as an outstanding open problem.
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1 Introduction

Starting with the seminal work of Arora, Bollobds, Lovész and Tourlakis [2], understand-
ing the power of systematic hierarchies of linear and semidefinite programs for solving
combinatorial optimization problems has been a foundational goal in complexity the-
ory. This project has achieved many successes including sharp lower bounds for basic
problems [58, 20, 54, 17, 15, 16, 27] in various hierarchies of linear and semidefinite pro-
grams [47, 52, 59, 49] (see [22, 26] for expositions).
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However, proving lower bounds for the sum-of-squares (SoS) semidefinite programming
hierarchy — the strongest known hierarchy of efficiently solvable convex programs — has
achieved only a limited amount of success. This is partially explained by the remarkable
success of the SoS hierarchy in designing state-of-the-art algorithms for worst-case optim-
ization problems such as max-cut [29], sparsest cut [4], unique games on general [1] and
algebraic graphs [5, 32], quantum separability [13] and more recently, a string of successes in
high-dimensional algorithmic statistics including robust estimation of moments [44], clus-
tering spherical [34, 43] and non-spherical mixture models [8, 24], robust learning of all
Gaussian mixtures [6, 48], list-decodable learning [39, 55, 7, 56], tensor decomposition [50],
and sparse [25] and tensor principal component analysis [36], among others. Indeed, given the
remarkable power of the SoS method in designing algorithms for such average-case settings,
SoS lower bounds (and related restricted algorithmic techniques such as the low-degree
polynomial method [33, 37, 46]) are increasingly used to ascertain average-case hardness and
algorithmic thresholds.

In the last few years, there has been some progress in proving sum-of-squares lower
bounds for average-case problems [30, 31, 57, 61, 11, 12, 42, 28, 51]. However, such progress
has come about via fairly technical®, problem-specific arguments and a host of natural
questions, e.g. combinatorial optimization on sparse random graphs, remain out of reach
of current techniques. In particular, a central challenge in this line of work has been to
analyze the sum-of-squares semidefinite programs for refuting the existence of a k-coloring in
Erdé&s-Rényi random graphs. Classical works [19] in probability showed that the chromatic
number of G ~ G(n,1/2)? is tightly concentrated around n/2log,n. However, the best
known polynomial time algorithm (corresponding to the degree 2 SoS relaxation, a close
variant of the famous Lovész theta function) can only refute the existence of a \/n-coloring
in such random graphs®. While it is natural to guess that higher-degree relaxations yield no
significant improvement, establishing this has proved to be an elusive goal. Indeed, even the
easier goal of establishing sharp SoS lower bounds for the clique number of G ~ G(n,1/2)
required [12] the introduction of pseudo-calibration — a technique that has found several
further uses in establishing SoS lower bounds for average-case problems. However, analyzing
lower bound constructions based on pseudo-calibration requires understanding the spectra
of complicated random matrices with dependent random entries. While this has been
accomplished for a few select examples [33, 28], the case of graph coloring seems to be
particularly unwieldy and has thus resisted progress so far.

In this paper, we establish a tight SoS lower bound for a natural higher-degree SoS
relaxation of the graph coloring problem in G(n,1/2). Our proof circumvents pseudo-
calibration entirely. Instead, we exhibit a non-pointwise complete reduction — a notion of
reductions that departs from the standard framework introduced by Tulsiani [61] (and used
in [18]) — that obtains a lower bound for the coloring problem from a lower bound for the
independent set problem (see Section Section 1.3 for a detailed discussion). Somewhat
surprisingly, our analysis does not require spectral analysis of complicated random matrices
and instead succeeds whenever the lower bound construction for the independent set problem
satisfies some natural covering properties. Our main result then follows by verifying these
properties for the construction of [12].

Almost all recent analyses run into ~ 50 pages!

Recall G ~ G(n,1/2) is a graph on n vertices where each edge {i,j} is independently included with
probability 1/2.

We note that a close variant of Lovasz-theta function is also a crucial component in the current state-
of-the-art algorithms for worst-case coloring of k-colorable graphs with a small polynomial number of
colors [38, 3, 21].
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1.1 Results

Our results apply to the following polynomial constraint system in the real-valued variables
{%i,c Yien],cerr) that is satisfiable if and only if the graph G is k-colorable.

Color Constraints
x? .= for all i € [n],c € [K] (Booleanity Constraints)
zi . =0 for all c € [k] and {3, 5} € E(G) (Edge Constraints)
Z:Em > 1 for all i € [n] (Sum Constraints)
c

In Color Constraints, the variable z; . represents the 0-1 indicator of whether the 7 vertex
is in the c¢-th color class. The booleanity constraints enforce that z; . € {0,1}, the edge
constraints enforce that if {i, j} € E(G), then the subset of colors assigned to i is disjoint
from the subset of colors assigned to 7, and the sum constraints enforce that each vertex is
in at least one color class.

Color Constraints allow for a vertex to be in more than one color class. Our lower bound
technique does not currently succeed for the related set of constraints where each vertex
must belong to exactly one color class. See Section 1.5 for a discussion on the difference
between the formulations.

Our main result shows that with high probability over the draw of G ~ G(n,1/2), the
degree O(g%logn) SoS proof system cannot refute Color Constraints for G when k = nzte.

» Theorem 1. Let n be sufficiently large positive integer and € € (Q(4/ kén), %) Then, for
k=n2%e and d = O(2logn), with probability 1 —1/ poly(n) over the draw of G ~ G(n,1/2),
the nP _time, degree d sum-of-squares relaxzation of Color Constraints cannot refute the

existence of a k-coloring of G.

Equivalently, Theorem 1 says that with high probability over G ~ G(n,1/2),
Color Constraints do not admit an O(e?logn)-degree positivstellensatz refutation when
k =n3te. As was formally verified in [10]*, a degree 2 coloring pseudo-expectation is equival-
ent to a vector solution with value at least k to the semidefinite program that computes the
Lovasz theta function. To the best of our knowledge, this result gives the first lower bound
for w(1) rounds (or even a single round of strengthening of the basic SDP) in a natural SDP
hierarchy.

» Remark 1 (Tightness of Theorem 1). It is well-known [23, 9] that the degree 2 sum-of-squares
relaxation of Color Constraints can refute the existence of k-coloring in G ~ G(n, 1/2) for
k = O(y/n). Thus, our lower bound in Theorem 1 is tight up to a n® factor in k. On the other
hand, we give a simple proof in Appendix B that shows that the degree 8(1+ o(1)) logy n SoS
relaxation of Color Constraints succeeds in refuting the existence of a k-coloring in G(n, 1/2)
(w.h.p.) for the nearly optimal [19] bound of k < Hence, the upper bound
on d in Theorem 1 is tight up to constants.

n
e-2(1+o(1)) logyn*

4 [10] proved this equivalence for a slightly different formulation of Color Constraints, which we will
discuss in Section 1.5. However, the same proof works even for Color Constraints.
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1.2 A non-pointwise complete SoS reduction from coloring to
independent set

Using standard SDP duality, proving Theorem 1 is equivalent to proving the existence of
a dual witness called a pseudo-expectation defined below (see lecture notes [14] and the
monograph [26] for background).

» Definition 2 (Pseudo-expectation for Coloring). A degree d coloring pseudo-expectation E
for G using k colors is a linear operator that maps polynomials of degree < d in variables
{Zictiem),cer) to R, satisfying the following three properties:
1. Normalization: E[l]=1,
2. Positivity: E[f?] >0 for every polynomial f of degree at most d/2,
3. Coloring Constraints: E satisfies Color Constraints.

(a) for every polynomial f of degree at most d — 2, E[f - (mfc — i) =0,

(b) for every polynomial f of degree at most d — 2 and any edge {i,j} € E(G), E[f -

xi,cxj,c] = 07

(c) for every polynomial f of degree at most %, E[f2 - (X ek Tie — )] 2 0.
In order to prove Theorem 1, it suffices to show that with high probability over the draw
of G ~ G(n,1/2), there is a degree O(2logn) coloring pseudo-expectation for the graph
G that uses k = n2*< colors. Somewhat surprisingly, we prove the existence of such a
pseudo-expectation essentially without any random matrix analysis. Instead, we construct
a coloring pseudo-expectation E’ for G from a pseudo-expectation E satisfying the related
independent set constraints for the same graph G whenever E satisfies two additional natural
“covering” properties. We recall the definition of an independent set pseudo-expectation
below.

» Definition 3 (Pseudo-expectation for Independent Set). A degree d independent set pseudo-

expectation E is a linear operator that maps polynomials of degree < d in variables {zi}iem

to R, satisfying the following three properties:

1. Normalization: E[1]=1,

2. Positivity: E[f%] > 0 for every polynomial f of degree at most d/2,

3. Independent Set Constraints: For every polynomial f of degree at most d — 2,
E[f - (z? — x;)] = 0 and E[f - 22;] = 0 for any edge {i,j} € E(G).

Our main result that constructs a reduction from coloring to independent set is described
below.

» Theorem 2. Let G be a graph on n vertices, and let E be a degree d independent set pseudo-
expectation. Suppose further that E satisfies the two “covering” properties: (1) E[xz] > kio
for some integer ko, and (2) there exists A € Rsg such that for all multilinear f with
deg(f) < d/2, E[f?] > A \|Hgf||§, where Ilg is the projection of f onto the linear subspace
orthogonal to {gz,x; : {i,j} € E(G),deg(g) < d — 2} (viewed as a subset of coefficient
vectors of polynomials with the Euclidean inner product), and | f||, denotes the ly norm of
the polynomial of f, viewed as a coefficient vector. Then, there is a degree d' = 1+ d/2
coloring pseudo-expectation E' using k = O(kodlog(n®/\)) colors.

Theorem 1 follows by verifying (see Section 3) that the independent set pseudo-expectation
constructed in [12] satisfies the hypotheses of Theorem 2 with ko = n2 and A = n= 0@,
Theorem 2 holds for every graph G that admits an independent set pseudo-expectation
satisfying the two additional covering properties. Hence, Theorem 2 gives a reduction “within
SoS” from the problem of coloring G to the problem of finding a large independent set in G.

As a consequence of the modularity of Theorem 2, we have also reduced the task of proving
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SoS lower bounds for coloring for G(n,p) with p < 1/2 to the task of “merely” proving a
similar lower bound for independent set for G(n,p). The latter task, though challenging,
appears significantly less daunting than attacking coloring directly.

To understand the two covering properties intuitively, note that even in “real-life” the
existence of a single large independent set (say of size ~ n/k) does not imply the existence
of a k-coloring of G. However, the existence of a k-coloring follows if we can prove that there
is a collection of k independent sets that cover all vertices of G. The conditions appearing in
Theorem 2 can be thought of as forcing two “low-degree” consequences of such a uniform
covering property on the pseudo-expectation for independent sets. Informally, the first
constraint says that each vertex ¢ appears in the independent set with reasonable probability,
and the second constraint says that the minimum eigenvalue of E is not too small, once we
ignore polynomials that are required to have pseudo-expectation 0 due to the independent
set constraints.

1.3 Comparison with Tulsiani’s framework

Our proof of Theorem 2 requires a notion of reduction that departs from the standard
framework introduced in [60]. Tulsiani’s method® uses a pointwise complete reduction from
problem B to problem A to construct a pseudo-expectation consistent with a polynomial
formulation for B from a pseudo-expectation consistent with a polynomial formulation for
A. Specifically, a pointwise complete SoS reduction from problem B to problem A is a map
from instances I4 of problem A to instances I of problem B, along with a “solution map”
x +— y that takes any solution x of instance I4 into a solution y of instance Ig that, in
addition, satisfies: (1) each entry of the solution map z — y is computable by low-degree
polynomials, and (2) there is a “low-degree sum-of-squares proof” that if x satisfies the
constraint system A for instance I4 then y satisfies the constraint system B for instance
Ip. In particular, if y; = p;(z) for each ¢ for polynomials pi,pa, ... of degree most d;, then
the framework allows us to transform a degree d pseudo-expectation consistent with A into
a degree ~ d/d; pseudo-expectation consistent with B. Tulsiani used this machinery to
prove several SoS lower bounds for worst-case combinatorial optimization problems such as
constraint satisfaction, vertex cover, independent set and coloring.

In average-case settings, however, we need tight control over the map between instances
I4 and Ip in order to obtain a lower bound that applies to the target distribution over
the instances of problem B. This makes Tulsiani’s method not directly applicable to our
setting since (if we insist on instance-preserving reductions) there is provably no pointwise
complete, instance-preserving reduction from k-coloring to independent set. This is because
the existence of a large independent set in G does not, in general, imply the existence of a
valid coloring of G with a small number of colors. Instead, as we discuss next, our reduction
directly maps a pseudo-expectation for independent set into a pseudo-expectation for coloring
as long as the pseudo-expectation for independent set satisfies the additional uniform covering
conditions.

1.4 Proof overview: coloring by repeated sampling

We describe our construction and a couple of main insights that go into the proof of Theorem 2
here. These ideas make the proof of Theorem 1 “stress-free”: they allow us to completely
sidestep the technical complexity of analyzing constructions based on pseudo-calibration that
involve computing the spectra of certain random matrices (called graphical matrices) for
proving SoS lower bounds.

5 What follows is an equivalent description of Tulsiani’s work in the language of pseudo-expectations.
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We begin by describing the conceptual heart of the idea. In order to do this, it is helpful
to consider the thought experiment (and very special case!) where the independent set
pseudo-expectation E is in fact the expectation operator E,. associated with some distribution
p on independent sets of G. Further, suppose that E,[z;] = Pr[i € S] > kio Then, observe
that we can immediately derive that G must be k-colorable with O(kqlogn) colors. In fact,
we can produce a simple, explicit probability distribution on k-colorings of G: independently
sample k independent sets Si,...,S; from p and set each of them to be a new color
class. Observe that the chance that a certain vertex is not included in any of the S;’s is
Prli ¢ UN_, 5] = (1— k—lo)k <e Mk <« L for k= O(kglogn), and hence by a union bound,
using the S;’s as color classes gives a valid k-coloring of G with high probability.® To get a
distribution p’ entirely supported over k-colorings of GG, one can simply sample Si,..., Sk
from p conditioned on the high probability event that U?ZlSj =V(G).

Our key idea is to replicate this “independent sampling” step within the sum-of-squares
framework. For pseudo-expectations, independent sampling produces a pseudo-expectation
on a tuple of k independent sets given by the k-th tensor E®*. However, there is no natural
way to perform the final “conditioning” step for low-degree pseudo-expectations”, which for
distributions is the simplest way to ensure the “covering property”, that is, ¢ € Ué?zlSj for
every i, or equivalently to make [,/ satisfy the sum constraints ) ;. > 1 for every i.

The sampling analogy suggests a way out, however: observe that when one draws
S1,...,8, from an actual probability distribution p on independent sets that satisfies
E, z; > 1/ko, we expect each 7 to be in not just one but in fact in k—ko = O(log n) of the subsets.
Equivalently, we expect that E, > ;. = Q(logn). Because this expectation is large, if low-
degree polynomials of p are sufficiently well-concentrated around their expectations, we may
expect that the influence of the points z in the support of y where >~ 2, <1< E, Y 2.
to be small. Thus, one may hope that expectations of low-degree (deg < d) polynomials
cannot “distinguish” between distributions p where every point in the support of p satisfies
ZC x; c > 1 versus those where the probability of ZC 2; . = 0 is non-zero for some 7. In that
case, one might expect E®* to satisfy the sum constraints.

Our actual proof establishes precisely such a statement even for pseudo-distributions
whenever the smallest nontrivial eigenvalue of the pseudo-moment matrix of the independent
set pseudo-expectation E is not too small. We show that this condition implies a non-trivial
eigenvalue lower bound for the k-fold tensor power of E on polynomials of total degree® d.
A direct argument relying on spectra of the tensor product of matrices yields an estimate
that decays exponentially in k, which is too weak for us. Instead, we show that the smallest
cigenvalue of E®% when restricted to the subspace of polynomials of total degree < d decays
only as an exponential in dlogn. While eventually elementary, this argument is both crucial
and somewhat technical and is presented in full in Section 2.4.1.

Intuitively, a good enough lower bound on the smallest non-zero eigenvalue of E®* on
the relevant subspace of polynomials is our “surrogate” for the concentration of low-degree
polynomials that we needed in the case of actual probability distributions above. Concretely,

Note that a vertex ¢ will, with high probability, belong to multiple color classes. In order to obtain a
valid k-coloring, we simply remove each vertex from all but one of its assigned color classes.

There is a natural and standard way to import “conditioning” of probability distributions into the
SoS framework via “polynomial reweightings” (see [13] for a formal treatment of such reweightings).
However, the relevant polynomial Hl(l — Hc(l — i) in our case has degree nk, and so we would
need the independent set pseudo-expectation to have degree > n in order for the reweighting to be
well-defined!

Notice that E®* is defined and even positive semidefinite on a larger subspace of polynomials that
includes some of total degree ~ kd!
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we use this non-trivial eigenvalue lower bound on E®* as follows: let h; be the indicator
polynomial of the “bad event” )" ;. < 1. Then, we prove that for a polynomial f to
be able to “detect” this event, we must have E®*[f2h;] = Q(E®*[f?]). However, applying

Cauchy-Schwarz, we have that E®*[f2h;] < /E®*[f4]E®#[h2]. We show that the smallest
eigenvalue condition implies a 2 — 4 hypercontractive inequality on the pseudo-expectation
operator on polynomials of total degree < d, i.e., E®*[f4] < (%M))dfﬁ‘@k[ﬁ]? Combined
with the estimate (that one roughly expects to hold from the independent sampling based
argument) E®¥[h;] ~ e~#/%0  this yields that E®* indeed satisfies the constraints >, x; . > 1

for every i, when k = O(kodlog(n/\)).

1.5 Weak vs. strong formulation for coloring

The coloring axioms are often stated with an equality (we call this the strong form) in the
sum constraints along with the additional constraints {z; .z; = 0 : ¢ # '}, instead of
an inequality (the weak form) as done in Color Constraints. Namely, the strong coloring
constraints are the following.

(Strong) Color Constraints
x . =z for all i € [n],c € [k] (Booleanity Constraints)
Zicxjc = 0 for all ¢ € [k] and {i,j} € E(G) (Edge Constraints)
Z xie =1 for all ¢ € [n] (Sum Equality Constraints)
Ti,es 0 = 0 for all ¢ # ¢’ € [k] (Same Color Constraints)

When viewed as a polynomial optimization problem, there is no difference between the weak
and strong formulations: one is satisfiable if and only if the other is. Further, SoS relaxations
of both formulations “converge” (i.e., refute k-coloring in G(n,1/2) for the right value of k)
at O(logn) degree, and both imply corresponding lower bounds for independent set: a degree
d coloring (weak or strong) pseudo-expectation with k colors can easily be transformed into a
degree d independent set pseudo-expectation with independent set size > . Thus, while the
SoS relaxation of the strong form is formally stronger (for degrees > 2), Color Constraints
do not appear to meaningfully weaken the strong formulation.

However, at the moment our technique does not succeed in constructing a pseudo-
expectation that satisfies the constraints in the strong formulation. This is an important
technical issue encountered in proving several prior SoS lower bounds where it turns out to
be unwieldy to handle “hard” constraints such as those formulated by an exact polynomial
equality. For example, in the planted clique problem, one may naturally wish for the pseudo-
expectation to satisfy the clique-size constraint 3. x; = w” ezactly. While this is achieved for
the degree 4 pseudo-expectation of [35, 53], the degree ~ log n pseudo-expectation constructed
in [12] does not satisfy this as a constraint. This technical deficiency can sometimes even be
crucial in downstream applications. For example, the construction of the hardness result
for finding Nash equilibria in two player games in [41] (see also the discussion in [40]) needs
elaborate work-arounds in order to work without satisfying such exact constraints.

Informally speaking, this is because the proofs of positivity of candidate pseudo-
expectations rely on “collecting terms” together in the graphical matriz (a class of structured
random matrices) decomposition in order to form PSD matrices. This aggregation step needs
coefficients on various graphical matrices appearing in the decomposition to satisfy certain
exact relationships. Modifying such coefficients to satisfy hard constraints while maintaining
positivity appears challenging.

23:7
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Such technical difficulty has been dealt with in some special cases (where the analyses
did not need pseudo-calibration in the first place). For example, for the (much simpler) case
of constraint satisfaction problems with a single global equality constraint, this problem
was addressed via certain ad hoc methods in a recent work [40]. That work also includes a
longer discussion on the issues arising in constructing pseudo-expectations satisfying hard
constraints. Finding general techniques to design and analyze pseudo-expectations that
exactly satisfy multiple hard constraints simultaneously — such as those arising in the strong
formulation of graph coloring — is an important and challenging open problem.

2 Reduction to SoS Lower Bounds for Independent Set
In this section, we prove Theorem 2 (restated below).

» Theorem (Theorem 2, restated). Let G be a graph on n wvertices, and let E be a degree
d independent set pseudo-expectation. Suppose further that E satisfies the two “covering’
properties: (1) Elz;] > ,%0 for some integer ko, and (2) there exists A € R such that for all
multilinear f with deg(f) < d/2, E[f?] > X ||Hgf||§, where g is the projection of f onto
the linear subspace orthogonal to {gx;x; : {i,j} € E(G),deg(g) < d — 2} (viewed as a subset
of coefficient vectors of polynomials with the FEuclidean inner product), and | f|, denotes
the {5 norm of the polynomial of f, viewed as a coefficient vector. Then, there is a degree
d' :=14d/2 coloring pseudo-expectation E' using k = O(kodlog(n®/)\)) colors.

4

2.1 Coloring degree of polynomials

Before proceeding with the proof, we first introduce some notation. Let f be a polynomial
in the variables {%; c}icin),celr). We define the coloring degree of f, denoted by cdeg(f),

n Qe

to be the maximum, taken over all monomials ]_[f:1 [[;—; ;. for which f has a nonzero
coefficient, of max ek deg([Ti_; =7 o
2 and coloring degree 1, while the polynomial z; ;72,1 has degree 2 and coloring degree 2.
Informally, the coloring degree only “charges” a polynomial for degrees in variables of a single

)- As an example, the polynomial x; 121 2 has degree

color.

Let P4 denote the set of polynomials in the variables {z;};c[,, of degree at most d. Then,
the set of coloring degree < d polynomials is precisely 73;@]“. Recall that the operator Il is the
projection of f € Py to the subspace orthogonal to {gz;z; : {i,j} € E(G),deg(g) < d — 2}.
We let H%k denote the k-th tensor of Il;. Namely, H%k is the projection of f € P?k to the
subspace orthogonal to {gz; .. : {i,j} € E(G),c € [k],cdeg(gx; cxj.c) < d}.

Recall that a degree d pseudo-expectation is a linear operator E: Py — R such that
E[1] = 1, and E[f?] > 0 for all f with deg(f) < d/2. For a pseudo-expectation E: P; — R,
we define E®*: P(;g’k — R to be the k-th tensor of E. Concretely, E®* is a pseudo-expectation
in the variables {;c}icn),cefr), defined as follows. For polynomials fi,..., fr where (1)

fe is a polynomial in the variables {x;};c[n) for each ¢, and (2) deg(f.) < d for all ¢, we

first define I~E®k[Hf:1 fel def lezl E[f.], and then extend E®* to be defined on all f € P$*

via linearity. We define a coloring degree d pseudo-expectation to be a linear operator
E: PP* — R such that E[1] = 1 and E[f?] > 0 for all f with cdeg(f) < d/2. If E is a degree
d pseudo-expectation, then E®* is a coloring degree d pseudo-expectation.

It is well-known that degree d pseudo-expectations satisfy the Cauchy-Schwarz inequality:
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> Fact 4 (See [14]). Let f,g be polynomials with deg(f),deg(g) < d/2, and let E be a degree
d pseudo-expectation. Then E[fg] < \/E[f2]E[g2].

We observe that a similar fact also holds for coloring degree d pseudo-expectations.

» Fact 5. Let f, g be polynomials with cdeg(f), cdeg(g) < d/2, and let E be a coloring degree
d pseudo-expectation. Then E[fg] < \/E[f2]E[g2].

The proof of Fact 5 is nearly identical to the proof of Fact 4, as the proof of Fact 4 merely
requires that E is a pseudo-expectation where E[f?], E[¢?], E[fg] and E[(f — ¢)?] are all
well-defined.

2.2 Proof of Theorem 2

Construction of the pseudo-expectation. Fix a graph G and degree bound d, and let
E: Py — R be a degree d independent set pseudo-expectation for G such that (1) ]E[xz] > %,
and (2) E[f?] > /\||Hgf||§. Let k € N to be chosen later, and assume without loss of
generality that k < n.

Let E®*: P?k — R be the k-fold tensor power of E, and let E be the pseudo-expectation
defined over all polynomials f that have degree at most 1 + d/2 obtained by restricting E®k
to this subspace.

Analysis of the constraints. We first observe that both E and E®* trivially satisfy the
booleanity constraints, edge constraints, and positivity constraint (over their respective
domains), since E satisfies these constraints. We verify these simple facts in Appendix A. As
a consequence, if f has Hgk f =0, then E®* satisfies f = 0 as a constraint; namely, for any
g with cdeg(fg) < d, it holds that E®*[fq] = 0.

It remains to show that E’ satisfies the sum constraints, i.e., for all f with deg(f) < 4 and

for every i, E'[f2(3, @i —1)] = 0. Fix i, and let h; := >, ;. [oze(l=m0) +T1.(1 =i ).

Note that h; is the indicator of the event that 25:1 2 < 1, and when written as a
polynomial, has coloring degree 1.

We will rely on the following two technical lemmas in our proof. The first informally shows
that E®* “thinks” that > . Tic > 2 when the event indicated by h;, namely “> " x; . <17,
does not occur. Intuitively, this should clearly hold.

» Lemma 6. E®F satisfies the constraint (1 — h;)(3 . 2i. —2) = 0. Namely, for every
polynomial [ with cdeg(f) < d%, it holds that E®*[f2(1 — h;) (X, @i —2)] = 0.

The second lemma shows that the linear operator E satisfies a hypercontractive inequality
— that is, the expectations of 4th powers of low-degree polynomials can be upper-bounded in
terms of the expectations of their 2nd powers. Readers familiar with Fourier analysis over
the hypercube may observe that the “scaling” in our estimate grows as exp(O(dlogn)) in
contrast to the exp(O(d)) scaling in the usual hypercontractive inequality over the uniform
measure on the Boolean hypercube. However, this worse bound will be sufficient for our
purposes.

» Lemma 7 (Hypercontractivity). For any multilinear f with cdeg(f) < d/4 satisfying
f= Hgkf, we have E@k[fl] < nOdeg(f)) .E@k[ﬁ]z/(/\n—ow)y deg(f)
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We postpone the proofs of Lemmas 6 and 7 to Sections 2.3 and 2.4, respectively, and finish
the proof assuming these two claims. Let f be any polynomial with cdeg(f) < %. We lower
bound E®*[f2 3" x; .]. Without loss of generality, we can assume that f is multilinear, as if
f is not multilinear, then we can reduce it modulo the booleanity constraints. We can also
assume that f = H%kf, as if this does not hold then we write f = f1 + fo where f1 = H%kfl
and TISF fo = 0, and then we observe that E®*[(f; + f2)2 Y2, xi.c] = E®¥[f2 3" 2 o] (because
f2 = 0 is satisfied by E®* as a constraint) and cdeg(f1) < cdeg(f) < %, as the projection
operation can only decrease coloring degree. We note that E®*[h?] = E®*[n,], since h? = h;
modulo the booleanity constraints {27, = ;.}. We have that

E9F[f2> " wie] = BF[f7h: Y wi o] + BOF[f2(1 = i) Y i)
= E®k[ 212 foc] + E®F[f2(1 — hy) Zx“] (as h? = h; and xic =Tic)

>0+ E®F[f2(1 - hy) Z ;] (by positivity of E®¥)

> E®*[f2.2(1 — h;)] (by Lemma 6)
= 2(B®*[ 2] — E®*[f?hi))

Note that this is well-defined because E®* is defined on each of the terms in the above
inequalities since cdeg(f) < d/4 < (d —4)/2 and cdeg(h;) = cdeg(d>_,. xic) = 1.
Now, we observe that

EOF[2h,) < /B [74)y /B2 (2] (by Fact 5)

O(d) 2deg(f) _ ~

< <n A > ESF[f7] - JES*[pZ] (by Lemma 7)
o(d) 2deg(f) N -

< (n X > EPH(f2] - \JE#E[h] (since h? = hy) .

1}Tex‘c7 we 0bserve~that I~E®k~[hi] =B [[.(1 — zi0)] + 3 E®*[2; . [Terze (1= azi,c,)] =(1-
E[zi])* + (k — 1)(E[z;](1 — E[2;])*~') < k- e~ /%0 using the tensor structure of E®* and that

E[z;] > kio Hence,

RO

2deg(f)
E®F[f*hi] < ( ) ESH[f2) k- ek

k[ £2 R @k 21 [ 1 _ & k/ko nOd) 2deg(f)
1> —k.e” R
= B Y i > 2877 e ( 5 )

Now, suppose that f is any polynomial with deg(f) < %. This implies that (1)

E'[f2Y" @] is defined, and (2) cdeg(f) < ¢, and so we have that (using A < 1)

/2
B Y ] =B Y > 204 <1 i (120 )

5 )\ 42
=E'[f%]-2 (1 ek ko ("O; ) )
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: . ow \4/?
Choosing k& = O(kodlog(n?/))), it follows that 1 — k - e */ko (”T) > 5 and so

E'[f2(X . zic — 1)] = 0 for all f with deg(f) < %. Since E is a degree 1 + ¢ pseudo-
expectation, this means that E’ satisfies the constraint > _z; . — 1 > 0, which finishes the
proof.

NI pof—

2.3 Proof of Lemma 6

Let f be any polynomial with cdcg(f) ( —2)/2. It suffices to show that E®*[f2(1
hi) (X, zie —2)] 2 0. For 2 <t <k, let g = [[c;(1 = 2ic), 91 = [Tosewre (1 — Tier),
and hgt) =D et Ti Cg( ) 4+ 9; (M) We show by induction on ¢ that for each ¢ > 0, it holds that

2,C
E®k[f2(1 — hl(.t))(zcgt Zic —2)] = 0 for every f where the coloring degree of f on the first ¢
colors is at most (d — 2)/2, and cdeg(f) < d/2.

The base case is when ¢ = 2. In this case, we have l—hgt) =1-u;1(1—z;2)—wi2(l—x;1)—
(1= 2i1)(1 = @12) = @i1212, 50 BEE[2(1 = B) (D oy @i — 2)] = B[ f2(i1200) (i1 +
xi2—2)] = E®k[f2 (2x; 122 — 2212 2)] = 0. Note that since f has coloring degree at most
(d —2)/2 on the first colors, E®¥ is always defined on each of these polynomials.

We now show the induction step. We observe that h(tJr1 =(1- xi,t+1)h£—t> + xi)t+1g,§t).
Let f be a polynomial that has coloring degree < (d — 2)/2 on the first ¢t + 1 colors, and
cdeg(f) < d/2. We have

B 21— b ) @i+ Y wie—2)]
c<t+1

= E®F[f? ((1 — 2i41) (1= B) 2000 (1 - gz@)> (@i + Y Tie —2)]

c<t

:E®k[f2(1 xzt-i—l 1—h( Z.’I}lc +E® [f Z; Jt+1 1_91 1—|—Z.’L‘Zc—

c<t c<t
= EF[f2(1 — 2100021~ W)Y @i — 2] +ESF (22, (1 - gV @i — 1)]
<t c<t

Since f has coloring degree at most (d —2)/2 on the first t + 1 colors, f - (1 — x;4+1) has
coloring degree at most (d —2)/2 on the first ¢ colors, and also cdeg(f- (1 —x;¢+1)) is at most
d/2, as on the (t 4+ 1)-th color it has degree at most (d — 2)/2 + 1, and on every other color
it is either at most (d — 2)/2 or d/2. So, E¥*[f2(1 — 2;441)3(1 — A") (X cp wie — 2)] 2 0
by the induction hypothesis. We also observe that f - x; .41 has coloring degree at most
(d —2)/2 on the first ¢ colors, and has coloring degree at most d/2.

It remains to show that E®F[f2(1 — ggt))(zcgt x;c —1)] 2 0 for all ¢ and for all f with
cdeg(f) < d/2 and coloring degree at most (d — 2)/2 in the first ¢ colors. We observe that

gz(t):m . =0 for all ¢ < t, and so it suffices to show that E®*[f2 D et Tie) = E®F[£2(1 - ggt))].
We do this by induction on . In the base case, we have E®*[f2z; ;] = E€¥[f2(1 — (1 —z;1))].

For the induction step, we have

BN (@i + 3 wi)] = E¥F [P n] + EZF (1= o))
c<t

[Pl + E@‘“W(l )
= E®H[2(1 — (1 - wier)gl )] = EF[2 (1 - )]
where we use the fact that fz; 41 gl(t) has coloring degree < d/2 since f has coloring degree

at most (d — 2)/2 in the first ¢ 4+ 1 colors, and that (gl(t))2 = ggt) modulo the hypercube
constraints. This finishes the proof.
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2.4 Proof of Lemma 7: hypercontractivity

Let f be a multilinear polynomial with cdeg(f) < d/4 with H%kf = f. Suppose that:

E2F (2] = M |IF13 (2.1)
BSR4 < || £2]l; (2:2)
1725 < Clflls - (2.3)

Then it follows that EZ¥[f4] < Ay Hf?”i < AC | flls < %E@@k[ﬁ]?
Equation (2.1) follows from the following lemma with A\; := (An~0(@)des(/),

» Lemma 8 (Eigenvalue lower bound for IE®"'). Suppose that for any multilinear g with
deg(g) < d/2, E[¢%] > A HHGgHg. Then for any multilinear f of coloring degree < d/2, it
holds that E®*[f?] > (An—0C(d))dee(f) . HH%kaz

We postpone the proof of Lemma 8 for now, and finish the proof of Lemma 7.

Let g = >, gm - m be a polynomial of degree deg(g) with cdeg(g) < d/2, where m
is a monomial and g, is the coefficient of g for the monomial m. Since E®* satisfies the
booleanity constraints, it follows that E[m] < 1 for all monomials m. Hence, E[g?] <
Do mg [9ma Gma | = (2, lgm)? < (nk‘)o(deg(g)) ||g||2 by Cauchy-Schwarz, as g is supported
on at most (nk)©(d°&(9) distinct monomials. Since (nk)©(de8(9) L nOdee(9) a5 k < n, it
follows that E®F[¢?] < nO(deel9)) ||g||§7 and so (setting g = f2) Equation (2.2) holds with
Ao := nOdeg(f)

Finally, for a polynomial g and monomial m let g,, be the coefficient of g on m. For

any m of degree < 2deg(f), we have that f2, = Dy maimy ma—m dm1 fma- We observe

that this is equal to <v(m),f>, where v("™) is the vector defined as v(m) def fm, where

my - mg = m (and is 0 if no such my exists). It follows that Hv ||2 < ||fll,, and hence
that (00, )] < maxy. o, <gy, [0, /)] = [£]3. Hence, |[£2[* < || f]l3, and so || 2|5 =
Satestoy <ty £ < (100D 71 =m0 ], and s0 Eaquation (2.9) holds
with C := nOdee(f),

Combining, we conclude that E®*[f4] < E®F[f2]2/(An~C@)2dee(f)  which finishes the
proof.

2.4.1 Proof of Lemma 8: eigenvalue lower bound for E®*

Proof outline. The proof proceeds in three steps. First, we show that the moment matrix
of the independent set pseudo-expectation E, when written in a basis so that the constant
polynomial 1 is an eigenvector, has an eigenvalue lower bound of A\n=%(4 . To show that
this property implies the desired eigenvalue lower bound, we observe that any f of total
degree < d is a linear combination of monomials that use at most deg(f) colors. Further,
(the coefficient vector of) each such monomial is a linear combination of tensor products of
eigenvectors of the E that use a “non-1” eigenvector in at most deg(f) modes of the tensor
and thus is in the span of eigenvectors of E®* (in the new basis) with eigenvalue at least
(An~O(d))ydee(f) " This reasoning immediately implies that f, when written in the chosen basis,
has the desired eigenvalue lower bound. To finish the proof, we argue that the change of
basis does not modify || f||, by too much.

We now proceed with implementing the above proof plan. For every S C [n] with
|S| < d, recall that we can express any multlhnear polynomial g with degree < d as a

linear combination of the monomials =g e Hie 5 Ti. Let gg be the coefficient of g on the
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monomial S, so that g = Z‘SKd gsxs. Let eg be the S-th standard basis vector in R(gd).
Then g (as a vector of coefﬁcients) is Y ggses. For S # 0, define € as eg — E[zg] - .

We can write g uniquely in the e basis as g = > ¢ gSeS, where g = gg for S # (), and
9(2) =90+ D50 gsE[zs] = IE[ ]. Note that, if we let 2y := 25 — E[zg] for S # ) and
mw =g =1, then g = > ¢ g5« as a polynomial.

Let M be the moment matrix of E in the 2/ basis. This matrix is indexed by sets
5,8 C [n] with |S],|S"| < d/2, and M(S,S") = E[z/sa’], which is equal to E[(zs —
E[xs])(xsz - ]E[xsz])] = E[msxsx] - E[Is]ff‘:[xsl] if S,5" # (0, equal to 0 if exactly one of S, S’
is ), and equal to 1 if S = " = ). This implies that ej, is an eigenvector of M with eigenvalue
1. We also observe that if g has degree < d/2 and ¢’ is the coefficient vector of g in the €’
basis, then E[¢?] = ¢'T My'.

We now prove the following eigenvalue lower bound on M.

> Claim 9. M = An=9@[l.

Proof. Let S with |S| < d/2 be a set that is not an independent set in G, i.e. that IIgeg = 0.

We observe that Mely = 0. Indeed, the T-th entry of Mel is M(T,S) = E[zhz] =
E[zrzs] — Elzr]E[zs] = 0—0 =0 for T # (), and is 0 if T = @ because M (0, S) = 0 for
S £ 0.

Now, let ¢' = s:|51<d gs€’s be arbitrary. By the above, without loss of generality we may
assume that g% = 0 for all S that is not an independent set in G. Let g be the corresponding
polynomial in the z basis, so that g = 3¢ gszs, Where gp = gy — > g gsE[zs] and g5 = g%
for all S # . Notice that E[g] = g;. We observe that Ilgg = g, as g5 = g5 = 0 for all S that
is not an independent set in G. Now, we have that ¢'T Mg = E[g?] > A HHGgH2 = H9H27
by our eigenvalue lower bound assumption on E.

It remains to relate Hg||§ and ||g’\|§ We have that Hg’||§ = leKd/ng.;2 = E[g]* +

Y5298 < Elgl” + llglls < Elg?] + llgllz < (D + 1) |lgll3, as E[g?) < n®@ [g|l3 since
0 < E[zgzy] < 1 for all S,T, and there are at most n°@ such pairs. Hence, ¢’ Mg >
An=O@ ||g/||2 when ¢’ = Tlgg/, and so M = An~O@DIlg. <

We have already shown that eé) is an eigenvector of M with eigenvalue 1, and that the
zero eigenvectors of M are the vectors ey where S is not an independent set in G. Let fo =
eb, fi,---, fr be the eigenvectors of M with nonzero eigenvalues A\g = 1, A1, ..., A¢, where )\;
An~O@ for 1 < i < t. Let M®F be the k-th tensor of M. Let f(c) denote the i-th elgenvector
in the c-th Component of the tensor. The eigenvectors of M®F are the vectors ® 1 1 4(0). We
additionally observe that V(©) & Span (fi(c) Di > O) = Span ( e 18| > 0,llgeg = es),
as f C)

Let f bc a multilinear polynomial with cdeg(f) < d/2 in the variables {z; c}icin],ce[k]-
That is, f is a vector in Span <®f 1 eg) |S.| < d/2 Ve e[k ]), where egc) denotes the S-th
standard basis vector in the c-th component of the tensor. As before, we can write f as

. . k
a vector f’ 1n~the €’ basis, so f' = Z(sl, :Sk):|Se|<d/2 Veelk] f51 _____ S )®C 1 65 . We again
observe that E®*[f2] = f'T M®* f’ because the ((Si,...,Sk), (T1,...,T)))-th entry of M®k
is exactly H]z:l Elzs 7 ] = E®k[Hf:1 x's ¥ ]. Note that by the structure of the zero
eigenvectors of M, if f satisfies H%k f =0, then f is an eigenvector of M®* with eigenvalue
0. In particular, without loss of generality we can assume that f = H%k f, as by the above
we can discard the component of f in the kernel of T2

23:13

CCC 2021



23:14

A Stress-Free Sum-Of-Squares Lower Bound for Coloring

Let (S1,...,Sk) be such that f(’s1 7777 ) # 0. We must have S, = @ for all but at

most deg(f) of the ¢’s. This is because f has degree deg(f), and so in particular every
monomial in f can only use at most deg(f) distinct colors. This shows that f' € V :=

Span (®(‘€C e Reec €y el . C [k],|C| < deg(f )) We observe that V is the span of

eigenvectors of M of the form ®C€C fif) Qg€ ") for |C| < deg(f). Since each of these
vectors is an eigenvector with eigenvalue at least (An~C@)ICl. 1F=IC1 > (\p=O(d))des(f) it
follows that f/T M®F f/ > (An=C@D)de(H) || /|2 Thus, E®F[f2] > (An~Cd)dea() || 7|12,

It remains to relate ||f'||3 and || f||5. Fix (Si,...,S,) with |S.| < d/2. Let (T1,...,T})
with |T,| < d/2. We say that (T1,...,T) extends (Si,...,Sk) if for every ¢, either T, = S, or
T, # 0 and S. = (). The parity of the extension is the parity of the number of ¢ where T # ()
and S. = . We observe that f(s,,...s,) = 22(7,, . 7) extending (51,...,5,) (Parity of extension)-

firy. - This is because e(r, 5\ = ®f,:1 e, = ®f:1(eTc —ep). We thus see that

Il < Xery,....m)
that (T1,...,Tk) extends. We have shown that if ‘f(,Thn--,Tk) # 0 then it must be the case
that T, # () for at most deg(f) of the ¢’s. Hence, such (T1,...,Tk) can only extend at most
2dee(f) of the (S41,...,Sk)’s, as each of the (Si,...,Sk)’s is obtained by changing a subset of
the 7,’s to be empty. Hence, || f||, < 298 || #/||,. Since f’ has at most (nk)d8(f) < n2dee(f)
nonzero coefficients, we get that | f[|, < ndee(f) . 2d(f) | #/|,, and so we conclude that
I £12 < nOeel)) || £/||2, which finishes the proof.

f(’le_ka) N7y, 1), Where nep, 7y is the number of (Si,...,Sk)

3 Proof of Theorem 1: coloring lower bound

We now prove Theorem 1 (restated below in the language of pseudo-expectations) from
Theorem 2. In this section, we assume familiarity with the planted clique pseudo-expectation
of [12].

» Theorem (Theorem 1, restated). For sufficiently large n, for any € € (U, /=), 3), with

logn
probability 1 — 1/ poly(n) over the draw ofG G(n,1/2), there is a degree d = O(g? logn)
coloring pseudo-expectation E using k = nzte colors.

We begin by recalling the main theorem of [12].

» Theorem 10 ([12]) There is an absolute constant C' such that for n sufficiently large,
C/ylogn < Lw= nz=¢, and d = (¢/C)2logn, with probability 1 — 1/ poly(n) over
G ~ G(n, 1/2), the operator B¢ defined in [12] satisfies:

1. Eg[l] =1+£n %),

2. Eg[Y, 2] = w(l £ n=90E),

3. Eglzs] = 0 for all |S| < d that is not a clique in G,

4. Eg[f?] > A |1y f||2 where \ = ((;)dﬂ) and II}, is the projection onto xg for S a

clique in G.
We first observe that if G ~ G(n,1/2), then the complement graph G ~ G(n,1/2) also,
and moreover E¢ will satisfy the independent set constraints as ng[xs] = 0 for S that

is not a clique in G, which is equivalent to S not being an independent set in G. We
also note that IIj, = II5, and that the final pseudo-expectation is obtained by setting
E[zs] := Eg[zs]/Ec[1]; this is done so that the normalization condition E[1] = 1 is satisfied.

We thus see that E satisfies the second additional condition of Theorem 2. Hence, in order
to apply Theorem 2 to conclude Theorem 1, it suffices to argue that with high probability
over G, it holds that Eg[z;] > 2 (1 — n~%®) for all i. Indeed, if this holds then we have
Elz;] > £(1— n~%)) also, and then we can apply Theorem 2 with k = 21+ n~H)) which
finishes the proof. Thus, it remains to prove the following claim.
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> Claim 11. For each i, Eg[z;] > £ - (1 — n~%®)) with probability 1 —n~1°8".

Proof. We have that Eg[z;] := ZTC( V(D)< (« )‘V(T)U{l}l

The T = () term always contributes £. The other terms all have [V(T')| > 2. Let H; be the
set of T such that ¢ € V(T'), and let H be the set of T' such that ¢ ¢ V(T'). Let Hl(t) be
the set of T € Hy with |V(T')| = ¢, and similarly for Hg(t). Each set Hl(t) can be partitioned
into families {7, (t)}p 17 where T and T’ are in the same family if there is a permutation
o: [n] = [n] such that T' = o(T"), or equivalently if " and T” are isomorphic. Similarly, each
set Hz(t) can be partitioned into families {7'2(? bae.

We thus have ,

P1,t p2t

Eeled -2 < [(2) X1 X w@+(2) 7] X @)

t=2 r=1 TGT(‘f) r=1 TET(Vt)

K

» Lemma 12. Let T be a family of subsets of ([;’]) such that |V(T)| =t for every T € T,
and for every T, T" € T, there exists o: [n] — [n] such that T = o(T"). Let S = NperV(T).

Then for every s = 0 and even £,

(t—|SDe/2 .
ZXT \8121—n ()"

£
S
TeT

GNG(n 1/2) [

We postpone the proof of Lemma 12 to the end of the section, and now use it to finish the
proof of Claim 11. Applying Lemma 12 with ¢ = (logn)?, we get

‘ Z XT(G)| < nt=Y/2(logn)3 with probability > 1 — g~ tlog” n(loglogn—log )
TeT
| Z xr(G)| < nt/?(logn) with probability > 1 — g~tlog®n(loglogn—logt)

TeTy")

We observe that p;; and ps; are both at most 2t2, as an equivalence class with ¢
vertices is uniquely determined by a graph on t vertices. By union bound, we see
that the above holds for all equivalence classes 7'1(? and 7'2(? with probability at least

1-2%7, gt —tlog? n(loglogn—logt) - Gince t < 7 < (¢/C)logn, it follows that

T T

Z 2t2—tlog2 n(loglogn—logt) _ Z 2t(t—10g2 n(loglogn—logt))
t=2 t=2
< Zzt(g log n—(log? n)(log log n— log & —loglogn))

t=2

2log n-(& —log € -logn —logn
< 7 - 22logn(&-log Trlogn) py—logn

as € > C > 16. Thus, with probability at least 1 — n~ 8" we have

€

~ w T W\t 2 w
[Eqlzi] - —| < > {(n) 2" 0l (log )™ + (g)

t=2

Z( ) ot (log n)*n t/2 _2< )Znt 1)/2,,—(t—=1)eqt? (logn)3tnt/2n—l/2

t=2

t+1
2t2nt/2<10g n)St

2
vn

x7(G), where 7 < (¢/C) logn.
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w w
<2 (7) —(t=Degt® (7) ) op—(t—Degt? 1 3t+1
- E n (logn)3* —) - fmax 2n (logn)

2Kt
( <t<T

< (ﬂ) nEn2e/ K —2e(1-1/C=3/K) _ (f) . pe(1-2/C=8/K) < (f) 2
n n n

v

—€0T 3\t (ﬂ) L nEn26e/K —e,e/C ., 3e/K\t
-2n° (logn) 2mtax( 27 (logn)”)" < —)nn 21%22(7(71 n n )

ase > C/y/logn > Kloglogn/logn for K > 32 and 7 < (¢/C)log n. Hence, with probability
1 —1/n'8" we have that Eqlz;] = £(1+ n~¢/2), which completes the proof. <

Proof of Lemma 12. Let ¢ € N be even. We have that
¢

E a'= E Q) = E (G
GNG(n,l/z)yTZE;XT( )’ G~G(n,1/2)<TZ€:TXT( )) Z G~G(n,1/2)£[1XT1( )

T1,....,.Te€T

We have that Eqc(n,1/2) Hle xr;(G) = 1 iff @le T; = 0, that is, every edge in the
multiset U{_,T; appears an even number of times, and otherwise the term is 0. Since
every edge in the multiset appears an even number of times, every vertex also appears an
even number of times in U¢_, V(T}), and hence every vertex appears at least twice. Since
S C V(T;) for all i, every vertex in S appears exactly £ times. So, the number of distinct
vertices in Uf_, (V(T}) \ S) is at most (¢t — |S|) - £/2. Each tuple (T1,...,T;) with this
property can thus be chosen by (1) selecting (¢ — |S|) - £/2 distinct vertices S’ (at most
n(t=1SD4/2 choices), and then (2) choosing injections o;: V(T) — S’ and setting T; = o;(T),
where T € T is an arbitrary fixed element (at most (|S’|")¢ < (t£)* choices). Thus, we
get Ecoc(ni/2) | orer XT(G)|Z < n=1SDE2 (1)t By Markov’s inequality, it follows that

¢ ’ n(t—\S|)[/2(tZ)t[
Pra a2 H direr XT(G)| > 5] = Pracc(ni/2) [| YoreT XT(G)| > s } S a—
which completes the proof. |
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A Satisfying the booleanity, edge and positivity constraints

We prove the following three simple claims.

> Claim 13. E®* and E’ satisfy the booleanity constraints {a?, =z i€ n],ce [k]}.

,C

> Claim 14. E®* and E’ satisfy the edge constraints {z; .z;. = 0: (i,5) € E(G),c € [k]}.
> Claim 15. E®F and E’ satisfy the positivity constraint.

Proof of Claim 13. Since E’ is obtained by restricting E®* to a smaller domain, it suffices
to show that E®* satisfies the constraints. We observe that E®* satisfies the above con-
straints if and only if for all monomials Hle [Lics, x?;c (where each «a; . > 1), it holds
that E¥[Te_) [Ties, 250°] = B®* [Tz Tlies, #icl. We have that E¥[[Te_, [Ties, 25] =
H’cczl E[HiESc a; ] = HICC:1 E[Hiesc zi] = E®k[H§:1 [Lics, icls as E satisfies the con-
straints 27 = z;, and so we are done. <

Proof of Claim 14. Since E' is obtained by restricting E®* to a smaller domain, it suffices to
show that E®¥ satisfies the constraints. We observe that E®* satisfies the above constraints if
and only if for all multilinear monomials Hf:l xg,,c of coloring degree at most d — 2, it holds
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that E®* [T5,c%j ¢ H’;,Zl x5 ] = 0. This is because by Claim 13, we can reduce any polynomial
modulo the booleanity constraints to make it multilinear. Using the tensor product structure,
we have E®*[z; .2, . H’;,Zl Ts o] = Hc,#fE[xsc,] Elzs,ziz;] = Hc,#fE[xsc,] -0 =0, since
I satisfies the edge constraints. This completes the proof. <

Proof of Claim 15. Since E’ is obtained by restricting E®¥ to a smaller domain, it suf-
fices to prove the claim only for E®*. Let M be the moment matrix of E. That is,
M is the matrix indexed by sets (5,T) with |S],|T| < d/2 and M(S,T) := Elzszr].
We note that for any f € Pd/Q’ E[f?] = fTMf, where we interpret f as a vector of
coefficients in the second expression. The moment matrix of E®* is indexed by tuples
of sets ((S1,...,5%),(Th,...,T)) where |S.|,|T.| < d/2 for all ¢ € [k]. We observe
that the moment matrix of E®* is M®* as the ((Si,...,S),(T1,...,Tk))-th entry is
]E®k[]_[ 1 TS, ] = Hle Elzs,zr] = lezl M(S., T.). We also note that for any f with
cdeg(f) < d/2, it holds that E®*[f2] = fTM®*f > 0, as the tensor product of a positive
semidefinite matrix is also positive semidefinite. This shows that E®¥[f2] > 0 for all f with
cdeg(f) < d/2, which finishes the proof. <

B Tightness of degree in Theorem 1

In this section, we prove the following lemma, showing that the upper bound on d in
Theorem 1 is tight up to constant factors.

» Lemma 16. With high probability over G ~ G(n,1/2), there is no degree 8(1+4 o(1))log, n

coloring pseudo-expectation for G using k < colors.

Let t = 2(1 + o(1)) logy n. We show that with high probability over G ~ G(n,1/2), there is
no degree 4t coloring pseudo-expectation for GG using k < Z; colors. We first observe that
with high probability, the maximum independent set in G has size at most t. Suppose that
we draw G ~ G(n,1/2) such that this holds, and suppose that such a pseudo-expectation
E’ exists. We observe that there is a natural action of permutations o: [k] — [k] on E/,
given by E/(?) [HC 1 [Lics, il == E’[HC 1 [Lics, Tio)]- Let E” := E, E'(“) be the pseudo-
expectation obtained by averaging over all 0. We then have that E” satisfies the coloring
constraints and is symmetric with respect to the color classes, e g. that E” [@ic] = E” [%,c] for
all ¢,¢ € [k]. This implies that E"[z; ] = E ZC VE[zie] > £ 1. Let E be the projection of
E” onto the first color, so that E[[], jeg Ti] = R’ 'I[Lics ®i,1]. We then see that E is a degree
4t independent set pseudo-expectation with IE[Z r4] > w, where w := 7 > et.

To complete the proof, we show the following lemma.

» Lemma 17. Suppose that the mazimum mdependent set in G has size < t. Then there is
no degree 4t independent set pseudo-expectation E for G with E[Y, z;] = w > et.

Proof. Suppose that such a pseudo-expectation E exists. Let f = > ;Ti, and let £ € N be
the smallest integer so that 2¢ > 2¢. Note that 2¢ < 4¢ must hold also. By Cauchy-Schwarz,
we have
~ £—1
E[f%] > (B[f*])?
B[] > Bl 2}2 L2 BT
14 £— ~ ~ £—1
= E[f?]> &[] @) =B )

w
Note that each polynomial above has degree at most 2¢ < 4t, so the above pseudo-expectations
are all well-defined. Now, we observe that

B/ =B Y csws]= 3 csBles]

SCln]:|S|<2¢-1 S:|S|<t, S indep set in G

2[—1 26—1
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E[f*] = 3 csElws]

S:|S|<t, S indep set in G

£
where the coefficients cg and ¢ are each nonnegative integers. Notice that ¢ < |S \2 , as
every contribution to zg is made by choosing an i € S from each of the ), x; factors. We

£—1
also observe that cg > |S)° -Isl. (IS]1), as we can choose each i € S exactly once from the

first | S| factors, and then select an arbitrary i € S from the remaining 2~ — | S| factors.

Note that here we use the fact that |S| < ¢ < 2! always holds. Fix S, and let s = |S|. We
observe that
’ 2¢
_ 1 _ _ _
075 S <822 1-88.—1<82e 1~€s<(6~8)221<w2€1,
V2 s5tTzes

using Stirling’s approximation and the fact that w > et > es. It therefore follows that
(¢ — csw® E[zg] < 0. Hence,

cg  s271-s gl

B[] -E[f* ] 0 = 3 (cs — csw? E[zs] <0,

S:|S|<t, S indep set in G

which is a contradiction. <
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