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Nomenclature 

a crack depth  

ta / relative depth 

oi BB , Biot numbers 

E Young’s modulus 

oi hh , convection coefficients 

k thermal conductivity 

K stress intensity factor (SIF) 

TK thermal SIF 

),( arm weight function 

iR inner radius of cylinder 

oR outer radius of cylinder 

u radial displacement

 thermal conductivity 
 Gamma function 

 shear modulus of the material 

Abstract: This paper analyzes the circumferential semi-elliptical crack on the inner surface of a thick-walled 

cylinder while keeping the thermal loading in steady state. Forced convection heat transfer in the inner surface and 

free convection in the outer surface are applied to the cylinder, which was constructed from isotropic and 

homogeneous materials. To this end, the thermal stress intensity factors are determined using the weight function 

method. To validate the results, 3-D finite element method is applied as well as API standard code. Due to the 

existence of two planes of symmetry, only a quarter model of the cylinder was used and along the crack front, the 

modelling is carried out over singular isoparametric elements. The results for stress intensity factor are obtained at 

different aspect ratios and relative depths of the crack. The stress intensity factors calculated via built-in J-integral 

solver based on the domain integral technique in the ABAQUS software. The results obtained via this method were 

in good agreement with the proposed weight function, demonstrating the latter’s high adequacy and efficiency . 

Keywords: Weight function, circumferential semi-elliptical crack, finite element analysis, thermal stress intensity 

factor, cylinder 
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v  Poisson’s ratio 

  temperature 

oi  ,   surrounding fluid temperatures 

Z         axial stress 

 

1. Introduction 
One important consideration in structural health monitoring is assessing the growth rate of a detected crack to 

determine the limits of the admissible flaw in the component. For this purpose, determination of stress intensity factors 

with high efficacy and accuracy is necessary. Various approaches have been proposed to calculate the stress intensity 

factor (SIF), including the finite element (FE) method [1-3], the weight function (WF) method [4,5], the semi-analytical 

approach [6], and empirical methods [7], as well as using influence factors in standard codes such as API 579 [8], BS 

7910 [9], ASME Section XI [10] and R6 [11]. Al-Moayed et al. [12] employed FE software ANSYS to determine the 

SIFs for a single semi-elliptical circumferential crack on a pressurized thick cylinder. Carpinteri et al. [13-17] analysed 

the influence of notches on the SIFs for a circumferential part-through flaw. The crack is assumed to exist at the notch 

root (reduced cross-section) in the cases of pipes, round bars, and double-curvature shells. The SIF values along the 

crack front are determined through a three-dimensional FE analysis. Ismail et al. [18, 19] investigated a round bar 

containing a circumferential semi-elliptical crack under combined loading using ANSYS FE software. The SIF values 

were obtained along the crack front employing the J-integral procedure.  

Each method has its own merits. For crack modelling, the numerical methods are time-consuming, particularly in 

dealing with 3D surface cracks wherever fine meshes around the 3D crack front are essential. WF method requires 

deriving the crack weight function. The experimental method is expensive because it involves accurate test equipment. 

In standard codes, the analysis of highly gradient actual loadings such as thermal stress distribution often gets 

complicated. Depending on the loading and the issue at hand, one might take any of the above approaches.  

In a recent effort, Zareei and Nabavi [4] derived the WF of circumferential semi-elliptical cracks in the inner 

surface of the cylinder (Fig. 1) which can be applied to any arbitrary loading. The steady-state thermal SIFs obtained 

using the WF and compared with those achieved through 3D FE modelling and API 579 standard code. The three-

dimensional analysis is performed on a cylinder with an internal circumferential semi-elliptical crack of depth a and 

length 2c. For each crack geometry, i.e. for any given aspect ratio (a/c) and relative depth (a/t), the SIFs may be 

calculated via built-in J-integral solver based on the domain integral technique in the ABAQUS software [20]. In order 

to demonstrate the reliability of each FE model of the cracked cylinder, J values have been checked to be independent 

of the path, a large enough number of convergence tests have been tested and obtained SIFs were independent of the 

number of elements. 

 

 
Fig. 1 - Schematic view of an internal circumferential semi-elliptical crack in a pipe 

 

2. Determination of Steady State Thermal Stresses 
A long hollow cylinder was constructed from an isotropic and homogeneous material, and its inner and outer radii of 

the cylinder are represented with iR  and oR , respectively. The equations of axisymmetric thermoelasticity in 

cylindrical coordinates are as follows [21] 
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where   and u  are the steady-state temperature and displacement distributions, respectively, and   and   are the 

material properties such as the thermal expansion coefficient and the Poisson’s ratio, respectively. The inner and outer 

surfaces of the cylinder are subjected to convective heat transfer with the convection coefficients ih  and oh , 

respectively and are traction free. The environment temperatures of the inner and outer fluid are i  and o , 

respectively. As a result, the thermal boundary conditions are: 
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Using steady-state heat transfer equation (eq. 1), the temperature distribution was obtained: 

 

)/()/()( 321 io RrLogRrLogr  ++=  (4) 

in which 

 

 /2 i−=  (5a) 

 /3 o−=  (5b) 

oi BB // 231  −=  (5c) 

)/(/1/1 iooi RRLogBB ++=  (5d) 

where khRB iii /=  and khRB ooo /=  are the Biot numbers and k  is the thermal conductivity of cylinder. The radial 

displacement distribution will be extracted by applying the thermal solution (eq. 4) into eq. 2 as 
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where )1/()1( vv −+= , and the unknowns parameters 1C  and 2C  may be determined by applying the mechanical 

boundary conditions. Both the inner and outer surfaces of the cylinder are traction free. This means that the radial 

stresses are negligible on both sides of the cylinder. After some simplification which are not given for the sake of 

brevity, the longitudinal stress distribution can be computed as 

1321
)21(

4
)()(2)( C

R

r
Log

R

r
Logr

io
Z






−
+









++−=

 
(7) 

in which 

























+++−+










−−+

−−

−+
= 3321

2
321

2

22

2

1 )(22)1)(2(2
))(1(4

)12(






o

i
o

o

i
i

oi
R

R
LogR

R

R
LogR

RR
C

 

(8) 

where   denotes the shear modulus. When the temperature of the inner fluid is less than the outer one, tensile stress 

achieves at the inner surface of the cylinder and cause the opening mode to occur. 

 

3. The WF Method to Determine SIFs 
Weight function of a cracked body is dependent on the shape of the crack and independent of the loading. 

Determination of this function is essential to obtain SIFs under any stress distribution if the symmetry and mode of 

loading do not change. Zareei and Nabavi [4] developed the four-term WF for the deepest point of a circumferential 

semi-elliptical crack in a cylinder as follows: 
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in which the crack tip placed in aRr i +=  , and 1M  and 2M  represented in terms of relative depth and aspect ratio 

values using two reference loads [4]. Using this WF, the SIFs for any arbitrary loading can be calculated as: 
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where  )(r  is the longitudinal stress distribution in an uncracked cylinder. The accuracy of the weight function 

depends on reference loading. For the purpose of analysis of the uncracked cylinder, an nth-order curve was fitted to 

the thermal stress distribution as: 

j
n

j

jthermal xA
=

=
0

  (11) 

where x  represents a vector from the inner toward the outer surface of the cylinder, and the iA  coefficients are 

achieved from the curve fitting. The SIFs are obtained using the thermal stress distribution and the WF integral (eq. 10) 

as follow 
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where   is the Gamma function. Hence, the first step in this process is to determine the steady-state thermal stress 

distribution of the uncracked cylinder. The coefficients in Eq. 11 are then computed using the polynomial curve fitted 

to the stress distribution. Finally, the thermal SIFs are derived using Eq. 12 conveniently. 

 

4. 3D FE Modeling to Determine SIFs 
3D FE has been employed to model cracked cylinder using ABAQUS software. Due to the existence of two planes of 

symmetry, only a quarter model of the cylinder was used. Along the crack front, the modelling was performed over 

singular isoperimetric elements by displacing the mid-node to quarter-node, and in other segments, 20-node elements 

were used (Fig. 2). In order to investigate thermal SIFs, at first, the heat transfer problem was solved in ABAQUS and 

then used the results to estimate the uncoupled thermal stress. Finally, using a path independent J-integral in the 

software, the values of thermal SIFs were calculated as: 

)1/( 2vEJKT −=
 

(13) 

where E  denotes the Young’s modulus. In each stage, the convergence and accuracy of results were tested to ensure 

the validity of modelling. 

 

 

Fig. 2 - 3D FE modeling of circumferential semi-elliptical crack 

 

5. Standard Codes in Determination of SIFs 
Solution method in ASME [10], R6 [11] and API [8] is based on the influence factors. The first two standards employ a 

cubic polynomial curve fitted to the stress distribution across the position of crack face, whereas the API standard 

employs a 4th-order curve fitted to the stress distribution across wall thickness of the cylinder. Subsequently, all three 

models use the available influence factors in standards to obtain the SIFs. BS7910 [9] takes the more conservative 

approach of using the linear approximation of the longitudinal stress distribution. On the other hand, the API standard 

is simpler than other codes because it carries out the fitting only once. Moreover, its stress distribution estimation is 

more accurate due to the higher order of fitting.  
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6. Results and Validation 
To verify the efficiency of the derived WF, dimensionless values of steady-state thermal SIFs 

( ))()(/)1( ioioTN RREvKK −−−=   for different crack’s geometries were analyzed and compared with the other 

two methods. Crack dimensions in a limited relative depth (0.1-0.8) with an aspect ratio of 0.2 to 1 are applicable. The 

SIFs were evaluated for values of GPaE 207= , 3.0=v , C/1  612 −= e , and the ratio of the outer-to-inner radius of 

the cylinder was 10.1/ =io RR . The thermo-mechanical material properties were assumed constant for thermal analysis 

purposes. The cylinder was subjected to forced convection heat transfer in the inner surface and free convection in its 

outer one. The temperature of the inner fluid was kept at Ci
 100−= . The outer surface of the cylinder retained in a 

permanent thermal condition with surrounding temperature Co
 0=  and free convection with 100=oB . The results of 

four aspect ratios of 0.25, 0.5, 0.75 and 1 are depicted in Figs 3 to 6 for different values of Biot numbers )( iB  in the 

inner surface of the cylinder.  

As it can be seen, the higher the Biot number, the higher the thermal SIFs, meaning that as more heat penetrates 

inside the wall due to increased forced convection heat transfer, it more significantly contributes to increase SIFs. The 

good agreement of the results of the three methods with each other is also indicated. One interesting finding is that the 

more extended the crack (the lower aspect ratio), the more critical the deep cracks will be. On the other hand, the more 

circular the crack is, the maximum values of SIFs tend to be reminiscent of shallow cracks. It means that in certain 

geometric dimensions, shallow cracks happen to be more critical than deeper ones. Another important finding is that in 

any state of loading, values of SIFs decrease with increasing the aspect ratio in all relative depths. The rate of reduction 

in deep cracks is higher than shallow cracks.  

According to the above data, since the weight function is independent of the loading, it can be used in cases of 

more complicated loadings and higher gradients and therefore has a considerable advantage over other methods.  

 

 
Fig. 3 - Comparison of dimensionless thermal SIF in terms of forced convection in the inner surface of cylinder 

with aspect ratio of 0.25 
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Fig. 4 - Comparison of dimensionless thermal SIF in terms of forced convection in the inner surface of cylinder 

with aspect ratio 0.5 

 

 

 
Fig. 5 - Comparison of dimensionless thermal SIF in terms of forced convection in the inner surface of cylinder 

with aspect ratio of 0.75 
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Fig. 6 - Comparison of dimensionless thermal SIF in terms of forced convection in the inner surface of cylinder 

with aspect ratio 1 

 

7. Conclusion 
In the present work, the SIFs under steady-state thermal loading are estimated using the WF method and FE 

analysis and 3D modelling of the circumferential semi-elliptical crack in the cylinder. Various range of crack 

geometries correspond to different relative depths and aspect ratios was considered to calculate thermal SIFs. The 

results depicted for different values of Biot numbers in the inner surface of the cylinder four aspect ratios of 0.25, 0.5, 

0.75 and 1. The efficiency and accuracy of the derived WF was examined by 3D FE analysis and API standard code. 

Comparison of the findings with those of 3D FE analysis and API code confirms a good agreement.  
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