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1. Introduction
Reinforced concrete modeling has been a major issue for 
more than half a century. It is the most used man-made 
construction material in the world and the existing 
serviceable infrastructure construction goes back to 
centuries [1]. Concrete structures, undoubtedly are the 
most serviceable, stable, economical and durable. But 
these structures are constantly exposed to environmental 
hazards (weather conditions, wind loads, seismic activity, 
abruptly varying traffic loads) and may degrade before 
their intended design life.  

With the advent of structural health monitoring in civil 
engineering structures, various techniques have been 
adopted from mechanical and aerospace health monitoring 
systems. Implementing these damage identification 
techniques on civil infrastructure without interrupting the 
serviceability has been a great challenge. With the advent 
of time, various new damage detection techniques have 
been adopted which include visual inspection techniques, 
vibration inspection, acoustic emissions, ultrasonic 
techniques, magnetic particle, radiography, eddy current 
measurements along with various enhancements in the 
sensing technology and the automation [2]–[8]. Among 
these techniques, the most popular technique is using the 
vibrations [9]–[11].  

The vibration damage detection techniques have been 
applied in damage detection of bridges. These techniques 
were found to be reasonably effective in condition 
assessment [12]–[16]. But it was later found that these 
techniques are not adequately sensitive to damage 

detection and non-linearities are formed in structures after 
the damage starts [17], [18]. 

Various techniques have been used, various methods 
have been incorporated to identify the damage in 
reinforced concrete beams. The recently applied technique 
makes use of introducing the incremental static damage 
and then utilizing the vibrations to identify the current 
condition of the structure [19]. This gives the global 
response of the structure at the known extent of the 
damage. This behavior of the structure can be used to 
identify the modal response of the structure. The failure 
mechanisms have been incorporated using fictitious crack 
model [20]. The research development was further 
confirmed by the authors using plastic-damage model [21]. 
This type of modal analysis of structures at known damage 
levels has not been given much importance. 

The purpose of this study was to investigate the modal 
response of the reinforced concrete beams at the 
incremental static damage. The dynamic response of the 
beam was analyzed after each increment in static loading. 
Furthermore, the crack formation in the damage regime 
was related to the reduction in modal frequencies. First 
four flexural modes were investigated against the 
incremental static damage. The efficacy of the model was 
further confirmed by the experimental investigation on the 
reinforced concrete beam. 

2. Concrete beam modelling
Concrete damaged plasticity model was used to model

reinforced concrete beam. The continuum damage model 
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[22] was coupled with plasticity as a damage indicator in 
tension and compression. The uniaxial stress-strain 
behavior in compression was adopted using Carreira’s 
model [23]. For uniaxial tensile behavior, the fictitious 
crack model was incorporated [24]. The next subsections 
will briefly state the material properties, the geometric 
properties of the test specimen and the analysis procedures 
involved. 

 
2.1 Material modelling 

A concrete mix design similar to C40 grade concrete 
was used and the concrete average compressive cylinder 
strength of 28 days was 36.08 MPa with corresponding 
split cylinder strength of 3.90 MPa. The mechanical 
properties obtained from material testing are shown in 
Table 1. These parameters were the input parameters for 
modeling of constitutive relations and later the plastic 
damage model. As the hardening and softening behavior 
of concrete can be explained by a reasonably simple 
relation in Carreira and Chu’s model [23], this simple 
relation was used to model the uniaxial compressive 
constitutive relations and was incorporated in the plastic 
damage model using the steps specified in a recent study 
[25]. The uniaxial stress-strain relation from Carreira’s 
model is given below in equation (1). 

 

    (1) 

 
Where ß the material parameter depending on the shape of 
stress-strain diagram. The above equation is valid only for 
values of β greater than 1 and strain values less than the 
ultimate strain, ϵu. 
 

    (2) 

 
As proposed by Lubliner [26], the compressive damage 

variable can be calculated from equation (3):  
 

1 2 1 exp

exp 2    (3) 
 

Where ac and bc are dimensionless coefficients, given 
by equation (4) and equation (5).  

2 1 2   (4) 

 

1     (5) 

 
 
 
 
 
 
 
 
 

Table 1 Mechanical properties of concrete from material 
testing. 
 

Density 
(Tonne/mm3) 

fcm 

(MPa) 
fct 

(MPa) 
Ecm 

(MPa) 

2.300 36.08 3.89 29068 

 
The estimated properties of concrete from the 28 days 

compressive strength are shown in Table 2. These 
properties, the tensile strength and the modulus of 
elasticity, estimated from [28] and [29] are used for finite 
element model of the beam. 

For tensile strength, the fictitious crack model was used 
while using the stress-crack width relations [27]. The crack 
widths were transformed into the corresponding strains. 
Tensile stress (ft) based on the fictitious crack model was 
calculated using the crack width w, as in equation (6) 

 

1 1  (6) 

 
Where, ftm is the tensile strength, C1 and C2 constants 

with values 3 and 6.93 respectively. The critical crack 
width, wc was calculated using fracture energy, GF, as 

 

5.14     (7) 

 
The tensile damage parameter dt, at and bt can be 

calculated from equations (8) - (10) as 
 

1 2 1 exp

exp 2    (8) 
 

2 1 2   (9) 

 

1     (10) 

 
Table 2 Mechanical properties of concrete estimated from 
proposed model. 

Density 
(Tonne/mm3)

fcm 

(MPa)
fct 

(MPa) 
Ecm  

(MPa)

2.300 36.08 2.77 24722 

 
The uniaxial behavior of concrete in compression and 

tension is shown in Fig. 1 and Fig. 2, along with the 
damage evolution parameters, respectively. 
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Fig. 1 Uniaxial compressive stress-strain relationship of 
concrete (above) with damage evolution (below). 

 
Fig. 2 Uniaxial tensile stress-strain relationship of concrete 
(above) with damage evolution (below) 
 

For reinforcing steel, the tensile strength (fy) was used 
to make bilinear stress-strain curves. Deformed bars were 
used as bottom reinforcement and plain bars were used for 
top and transverse reinforcement. The properties from 
tensile tests are summarized in Table 3. 
 
Table 3 Reinforcing steel mechanical properties from 
tensile testing. 
 

Bar type Diamete
r 

(mm) 

fy 
(MPa) 

Es 
(GPa

) 

ν ρ 
(kg/m3

)

Plain 6 353.61 200 
0.
3

7850 

Plain 8 
358.83

3 
200 

0.
3

7620 

Deforme
d 

16 559.37 200 
0.
3

7537 

 
 
 
 

2.2 Beam details 
As this study initiated based on the experimental data from 
recent research [19] and the computational analysis based 
on the authors’ work [21]. The beam specimen was kept 
less slender to observe the contribution of shear behavior, 
and also because the proposed methodology is capable of 
translating shear behavior along with the flexural behavior. 
The boundary conditions were chosen as a hinge (u1, u2) 
and a roller (u2). The longitudinal and the cross-sectional 
details of the beam are shown in Fig. 3. 
 

2500
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25 Φ6 @ 100mm c/c 6mm thick rubber gasket

Fig. 3 Beam geometric details 
 
2.3 Static and dynamic procedures 
A reinforced concrete beam, as shown in Figure 3, was 
loaded in four-point bending. There were two types of 
procedures involved in the computational model of the 
beam using finite element software Abaqus [30], static and 
dynamic. In the static procedure, the loading was initially 
applied to the increment of 10% of the failure load first. 
The beam was then unloaded. For the dynamic procedure, 
the modal dynamic procedure was applied using a built-in 
command for modal analysis. The mode shapes and the 
resonant frequencies were recorded for comparison with 
the experimental results. The beam was then loaded further 
to the next 10 percent increment of the failure load and 
modal analysis was performed. This procedure continued 
until the estimated failure load of 110 kN. 

For experimental investigation of the beam specimen, 
the similar procedure was followed except the dynamic 
analysis was carried out using an impact hammer. An 
accelerometer was fixed on 1150mm from the support and 
the impact was made from impact hammer at 6 locations 
shown in Fig. 4. The data were recorded while carefully 
noting down that reasonable coherence was observed. It 
should be noted that the center of the beam was not 
available for the impact hammer due to the testing 
arrangement. The beam was incrementally loaded until the 
failure load of ~110 kN while carrying out impact hammer 
testing at each 11kN load increment. 

IHL6 IHL1IHL2IHL3IHL4IHL5

383.33

 

 

Accelerometer placed 
(x1)

Impact Hammer 
Locations (IHL--)

Fig. 4 Test setup for dynamic test of the beam using impact 
hammer 
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3. Results and Discussion 
Plasticity was combined with the continuum damage 

model to model reinforced concrete beam and investigate 
the degradation in modal frequencies with increasing 
damage. The results from this study can be divided into 
two parts: static response and dynamic response. The static 
response will focus on the efficacy of the model with the 
laboratory testing, and the dynamic response will deal with 
the trend of modal frequency degradation with increasing 
damage. 

 
3.1 Static response 

The static testing results comprised of load-deflection 
and average crack height vs deflection graphs. Fig. 5 
shows the crack formation on the failed beam specimen in 
computation and experimentation. The flexural cracks 
started propagating at 2nd cycle (20% load of the failure 
load). The inclined cracks started propagating at 50% of 
the failure load. The crack formation and propagation 
matched reasonably, by computation and experimentation. 
Reasonable agreement was found to justify the behavior of 
the computational model with the actual behavior of the 
beam. These graphs are shown in Fig. 6 and Fig. 7.  
  

 

 

  
Fig. 5 Crack pattern in failed beam (above) computation 
and (below) experimentation. 
 

 
Fig. 6 Load-deflection plots comparison for experiment 
and computation investigation of the tested beam 

 
 

 
Fig. 7 Comparison of load and average crack height for 
computation and experiment of the tested beam 
 
3.2 Dynamic response 

The dynamic test results incorporate modal analysis. 
Fig. 8 shows the first four natural frequencies identified in 
the computation and the modeling. The undamaged 
computational modal frequencies were 61.738 Hz, 480.33 
Hz, 725.80 Hz and 1042.70 Hz, whereas the modal 
frequencies identified from beam testing were 57.90 Hz, 
400.00 Hz, 720.00 Hz and 1090 Hz, as shown in Fig. 9. An 
attempt was made to identify the mode shapes of the beam 
and reasonable mode shapes in bending were obtained for 
computation and the experiments. The modal frequencies 
and mode shapes matched, signifying the similarity of the 
system identified for the beam. 

 
Fig. 8 First four natural frequencies trend with increasing 
damage as a percentage of failure load. 
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Fig. 9 Modal Analysis comparison of the reinforced 
concrete beam. 

 
Now that it has been established that the model 

reasonably represents the mechanical behavior of the 
concrete and reinforcement with few simplifications in 
calculations, the behavior of beam needs to be investigated 
a bit further in detail. For this, a comparison was carried 
out between the damage level (represented as the 
percentage load of the failure load) and the average crack 
height (calculated by averaging the crack heights formed 
at different damage levels). It can be seen in Fig. 10 that 
there is a significant decrease in first natural frequency 
with crack height increasing up to the 50% of the total 
depth. This relates to the damage because cracks propagate 
the most during initial loading stages. Therefore, a graph 
was plotted between the damage and the first natural 
frequency to observe the reduction in natural frequency, as 
shown in Fig. 11. It can be seen that there is a drastic 
decrease in the natural frequencies at the initial stages of 
damage, which specifies that the modal analysis is more 
sensitive to damage at initial damage levels. Later the 
decrease in natural frequency with damage starts to 
become less. This can be attributed to the fact that the 
frequency reduction is more sensitive to flexural damage 
(vertical cracks) than when shear cracking starts (inclined 
cracks). 

 
 
Fig. 10 Comparison of first normalized natural frequency 
with average crack height. 
 

 
Fig. 11 Comparison of first normalized natural frequency 
with increasing damage (percentage of failure load) 
 

Another point to be noted is the extent of modal 
frequency reduced with damage. The natural frequency 
only reduces to around 80% of the total value of complete 
beam failure. This justifies the limited efficiency of the 
modal methods in structural health monitoring 
applications, as mentioned previously [21], [31]. 

As the procedure of modeling concrete has already 
been used for non-linear modeling of reinforced concrete 
beams [21], the modal analysis results validate the 
authenticity of this model as a milestone for further 
developments for its applications in structural health 
monitoring. 
 
4. Conclusion 
An enhanced plastic-damage model was used to 
investigate its efficiency in the modal analysis for 
reinforced concrete beams damaged in flexure. The 
reinforced concrete beam was carefully modeled based on 
the material properties obtained from the experiment 
carried out. The beam was incrementally damaged using 
incremental static loading. After damaging the beam, 
dynamic analysis (model analysis for computation and 
impact hammer testing for the experiment) was carried out. 
The results show that the model reasonably represents the 
damage mechanics of reinforced concrete. Based on the 
above investigation, following conclusions can be drawn: 
1. The plastic-damage model or concrete damaged 

plasticity model with certain modifications can be 
effectively used in modeling reinforced concrete 
structures. 

2. The plastic-damage model is suitable for carrying out 
modal analysis of beam-type structures very 
accurately. 

3. The modal analysis confirms the previous studies that 
the frequency reduction is more at initial damage 
levels, which means the modal frequencies are more 
sensitive to damage at its initial stage. 

4. The total reduction in natural frequencies at complete 
failure is maximum 15 to 20%, which validates the 
inadequacy of using the decline in natural frequency 
for damage detection in structural health monitoring 
application of civil engineering structures. 
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With all said, the plastic damage model represents the 

mechanics involved in concrete damage and the response 
of concrete structures to dynamic analysis quite accurately. 
But, the versatility of plastic damage model can be 
extended to studying nonlinear behavior for structural 
health monitoring applications in reinforced concrete 
structures. 
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