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High-frequency estimates on boundary integral operators
for the Helmholtz exterior Neumann problem
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Abstract

We study a commonly-used second-kind boundary-integral equation for solving the Helm-
holtz exterior Neumann problem at high frequency, where, writing I for the boundary of the
obstacle, the relevant integral operators map LQ(F) to itself. We prove new frequency-explicit
bounds on the norms of both the integral operator and its inverse. The bounds on the norm
are valid for piecewise-smooth I' and are sharp, and the bounds on the norm of the inverse are
valid for smooth I' and are observed to be sharp at least when T" is curved. Together, these
results give bounds on the condition number of the operator on LZ(F); this is the first time
L*(T") condition-number bounds have been proved for this operator for obstacles other than
balls.

Keywords: boundary integral equation, Helmholtz, high frequency, Neumann problem,
pseudodifferential operator, semiclassical analysis.

1 Introduction

1.1 DMotivation, and informal discussion of the main results and their
novelty

The frequency-dependence of the norms of both Helmholtz boundary-integral operators and their
inverses has been studied since the work of Kress and Spassov [59, 58] and Amini [2], who studied
the case when the obstacle is a ball.

Over the last 15 years there has been renewed interest in this dependence at high-frequency
20, 10, 34, 30, 24, 23, 14, 12, 77, 66, 13, 75, 26, 42, 47, 78, 11, 43, 31|, motivated mainly by
its importance in the analysis of associated boundary-element methods [29, 44, 63, 25, 51, 27,
46, 50, 41, 45]. Almost all of the analysis of boundary-integral operators for the high-frequency
Helmholtz equation has been for the exterior Dirichlet problem. Indeed, there is only one paper
proving frequency-explicit bounds on boundary-integral operators used to solve the high-frequency
Helmholtz exterior Neumann problem [17]; in this informal discussion, we denote these operators
by B. We discuss the results of [17] in detail later, but note here that they prove (i) sharp bounds
on ||B|| when the obstacle is a ball and non-sharp bounds for smooth obstacles, and (ii) a bound
on ||[B7!|| only when the obstacle is a ball.

In this paper, we prove bounds on ||B|| and ||B~!|| (see Theorems 2.1 and 2.3). The bounds
on || B|| are valid for piecewise smooth domains and are sharp up to factors of log k, while those on
|B~!|| are valid for smooth domains, and are observed to be sharp (via numerical experiments)
at least for strictly-convex obstacles. These bounds are the Neumann analogues of the Dirichlet
results obtained in [30, 24, 12, 11, 60].
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In obtaining these bounds, we crucially use the high-frequency decompositions of the single-
layer, double-layer, and hypersingular integral boundary operators from [37], the PDE results of
[21, 85, 11, 60, 39, 38|, and results about semiclassical pseudodifferential operators (see, e.g., [87],
[35, Appendix E]).

Two immediate applications of these bounds are in the first high-frequency analysis of the
boundary-element method applied to these Neumann boundary-integral operators (see the com-
panion paper [40]) and in extending the Dirichlet analysis in [64] of iterative methods applied to
the resulting linear systems to the Neumann case (see the discussion in §2.1).

1.2 The Helmholtz exterior Neumann problem

Let Q= C R% d > 2 be a bounded open set such that its open complement QF := R?\ Q~ is
connected. Let I' := 9Q~; the majority of the results in this paper hold when I" is C* (so that
we can easily use the calculus of pseudodifferential operators), but some results hold when T is
piecewise smooth in the sense of Definition B.4 below. Let n be the outward-pointing unit normal
vector to 27, and let 4* and 9 denote the Dirichlet and Neumann traces on I" from Q*.

We consider the exterior Neumann scattering problem. For simplicity, we consider boundary
data coming from an incident plane wave u!(z) := exp(ikx - @) for & € R? with |a|o = 1, but we
note that the same boundary-integral operators used to solve this problem can be used to solve the
exterior Neumann problem given arbitrary data in H~'/2(I"). That is, we consider the sound-hard
plane-wave scattering problem defined by: given k > 0 and the incident plane wave u!, find the
total field u satisfying

Au+ku=0 in QF, Ofu=0 on T, (1.1)
and
oy, ! - iformly i 1.2
W—lu =o\ @z as r := |z| = oo, uniformly in z/r, (1.2)
where u% := u — u! is the scattered field. We study this problem when the frequency & is large.

1.3 Boundary-integral operators

The standard single-layer, adjoint-double-layer, double-layer, and hypersingular operators are
defined for k € C, ¢ € L?(T"), v» € HY(I'), and = € T by

Seo(x) = / (e y)dy) ds(y), Kbl / “’k (@ y () ds(w), (1.3)
Ke(z) = 0P (z,y) 8%@ Y)

an(y) U(y)ds(y), Hpp(z) := an(x) T on() Y(y) ds(y), (1.4)

where @ (x,y) is the standard Helmholtz fundamental solution satisfying the radiation condition

(1.2); see (A.2) below. (We use the notation K}, K}, for the double-layer and its adjoint, instead

of Dy, Dj,, to avoid a notational clash with the differential operator D := —i9 used in §3 onwards.)
This paper studies the integral operators

r

1 1
Bk,n,R = i77 <2I — Kk> + RHk and Bllﬂ,n,R = i?] <21 — K]/c) + HkR (1.5)

where n € C\ {0}, and the operator R satisfies the following assumption. This assumption uses
the notation of semiclassical pseudodifferential operators on I' recapped in §3.

Assumption 1.1. R € k‘llll}g,l(l") is elliptic and its semiclassical principal symbol, op-1(R), is
real.

The prototypical example of an operator satisfying Assumption 1.1 is Sjx, i.e. the single-layer
operator at frequency ik. Assumption 1.1 and standard mapping properties of Ky, K}, and Hj
(see (A.6) below) imply that By r, By, , g : L2(T') — L*(T"). Indeed, since Hy, : L*(T') — H~Y(T),
the fact that R is a regulariser and maps H~1(T") — L?(T') is crucial; see §2.1.1 below for a recap
of the history of this idea.

We use the ’ notation on B, n.r because, if R is self-adjoint in the real-valued L?(T") inner
product, then By, , g and Bj, R are self-adjoint in this inner product; see Lemma 7.2 below.



The relationship of By, r and B; ,  to the Helmholtz exterior Neumann problem. If
w is the solution of (1.1)-(1.2), then

By ry T u = inyTu! — RO’ (1.6)
Indeed, expressing u via Green’s integral representation (see (A.4)) and taking Dirichlet and Neu-
mann traces (using the third and fourth jump relations in (A.5)) yields the two integral equations

1
<21 — Kk> yru=~"u! and HpyTu= -0 u’; (1.7)

acting on the second equation with R and then adding this to in times the first, we obtain (1.6).
Furthermore, if ¢ satisfies

Bllc,n,}:{(z5 = _ar—l-u17 (18)

then, by the jump relations (A.5), u = u! + (KR — inSy)¢ is a solution of (1.1)-(1.2) (where the
double- and single-layer potentials, Ky and S, are defined by (A.1)).

Since the unknown in (1.6) is the unknown part of the Cauchy data of u satisfying (1.1)-(1.2),
the boundary-integral equation (BIE) (1.6) is called a direct BIE. On the other hand, since the
unknown in (1.8) has less-immediate physical relevance, the BIE (1.8) is known as an indirect BIE.

2 Statement of the main results

Our first main result gives bounds on the norms of By g.and By, g.

Theorem 2.1 (Bounds on HBk,n,RHLz(F)%LQ(F) amd ||B]/¢77,7R||L2(F)%L2(F)>'
(i) If R satisfies Assumption 1.1 and T is C*° and curved (in the sense of Definition B.3) then
gwen ko > 0 there exists C' > 0 such that, for all k > ko,

”Bkv’IvRHLQ(F)HL%F) + HBl/f,n,RHm(r)—wQ(F) < C(l + |77D (2.1)

(ii) If R satisfies Assumption 1.1 and T' is C*° then given ko > 0 there exists C > 0 such that,
for all k > ko,

HBkJ],R||L2(F)HL2(F) + HBl/c,n,RHLZ’(F)_,Lz(P) < C(|77| (1 + k1/4 1Og(k + 2)) + 10g(k + 2)) (22)

(i) If R = Six, and T is piecewise smooth (in the sense of Definition B.4), then given ko > 0
there exists C' > 0 such that, for all k > ko,

1Bem.rll p2ry s 20y + 1 Bhom gl L2 0y L2y < C(W(Hkm log(k+2)) + (log(k+2))3/2>' (2:3)

(i) If R = St and T is piecewise curved (in the sense of Definition B.5), then given ko > 0
there exists C' > 0 such that, for all k > ko,

1Bl ey + 1Bl sy < O (1 4+ 8% 1og(k +2)) + (log( +2)™7).

We next give conditions under which By, g and By, 5 are invertible on L*(T).

Theorem 2.2 (Invertibility of By, r and Bllg,n,R on L?(T)).

(i) If T is C*°, R satisfies Assumption 1.1, and n € R\ {0}, then there exists a kg > 0 such
that, for all k > ko, Bin.r and B,’“n’R are injective and Fredholm on L*(T'), and hence invertible.

(ii) Suppose that T is Ct, n € R\ {0}, and either R = S;; or R = Sy, where in the latter case
in 2-d the constant a in the Laplace fundamental solution (A.3) is taken larger than the capacity
of I' (see, e.g., [65, Page 263] for the definition of capacity). Then, for all k > 0, By, r and
B,'W’R are injective and are equal to a multiple of the identity plus a compact operator on L*(T),
and hence invertible.



-, . p
In addition, we prove bounds on the inverses of By, r and Bk,n,R.

Theorem 2.3 (Upper bounds on ||(Bj,n,z) " || L2(r)—2(r))- Assume thatn € R\{0} is independent
of k and that R satisfies Assumption 1.1.

(i) If Q= is C*° and curved (and hence nontrapping in the sense of Definition B.1), then there
exists kg > 0 and C' > 0 such that, for all k > ko,

||(Bk7U7R)_1HLQ(F)HLz(F) + H(BIQ:W:R)_l"L"’(F)HL?(F) < Ck. (24)
(ii) If Q~ is C*° and nontrapping, then there exists ko > 0 and C > 0 such that, for all k > ko,
||(Bk7777R)71||L2(F)4L2(F) + H(B’/fﬂ%R)ilHLQ(F)%LQ(F) < Ok, (2.5)

(iit) If Q= is C°° then there exists ko > 0 such that given § > 0 there exists a set J C [ko, o0)
with |J| < § such that, given e > 0, there exists C = C(ko,0,€) > 0 such that, for all k € [ko, 00)\ J,

H(Bkvan)ilHLQ(I‘)—>L2(F) + ||(BI/C,U,R)71HLQ(F)—>L2(F) < G, (2.6)

() If Q= is C° then there exists ko > 0, a > 0, and C > 0 such that, for all k > ko,
-1 -1
||(Bk,7]7R) ||L2(F)—>L2(F) + H(B]/C,U,R) HL2(F)—>L2(F) S Cexp(ak).

Remark 2.4 (Choice of n). Theorem 2.3 is proved under the assumption that n is independent of
k. This choice was advocated for in [19, 17], with these papers stating that this choice leads to a
“small number”/“nearly optimal numbers” of iterations of the generalised minimum residual method
(GMRES) compared to other choices of n; see [19, Equation 23/, [17, §5]. §9 contains numerical
results showing that, at least for some geometries, both the condition number of By, r and the
number of GMRES iterations are smaller for some k-dependent choices of n than they are when n
1s independent of k.

Part (iv) of Theorem 2.3 shows that ||(Bk,n,R)_1||L2(F)~>L2(F) can grow at most exponentially
in k, although Part (iii) shows that for most frequencies ||(Bx,y r) || 2(r)—r2(r) is polynomially
bounded in k. We now show that exponential growth occurs through a discrete set of ks.

Definition 2.5 (Quasimodes). A family of Neumann quasimodes of quality e(k) is a sequence
{(ug, kj)}52, € HE (7)) x R with 9 u =0 on T such that the frequencies k; — oo as j — oo and
there exists a compact subset K C QF such that, for all j, supp u; C K,

||(A + k?)uj||L2(Q+) <e(k;), and ||uj||L2(Q+) =1

Theorem 2.6 (Lower bounds on ||(By,n,r) |l 2(r)—r2(r)). Assume that T' is piecewise smooth,
R is bounded on L*(T), and By, , p and By, r are bounded and invertible on L*(T). If there exists
a family of Neumann quasimodes with quality e(k), then there exists C > 0 (independent of j) such
that

min {H<B’/€jx7lxR)_1HL2(F)~>L2(I‘) S| (Bkw"xR)_luL%F)aL?(F) i

1 1 1/2 -1
> —— )k ; .
—C<E(kj> k)k (IR ILz2(r) 2y + 1)

We emphasise that the lower bound of Theorem 2.6 does not require that R satisfy Assumption
1.1, and so holds for more general R (such as R = Sp).

The following result gives situations where quasimodes with small quality exist; Part (i) is [79,
Theorem 1], and Part (ii) is [70, Theorem 3.1]. Recall that the resonances of the exterior Neumann
problem are the poles of the meromorphic continuation of the solution operator from Imk > 0 to
Imk < 0; see, e.g., [35, Theorem 4.4. and Definition 4.6]). We use the notation that a = O(k~°)
as k — oo if, given N > 0, there exists Cy and ko such that |a| < Oxk= for all k > ko, i.e. a
decreases superalgebraically in k.




Theorem 2.7 (Existence of quasimodes with e(k) = O(k~>°)).
(i) If there exists a sequence of resonances {\¢}32, of the exterior Neumann problem with

0§—Im)\g:(9(|)\g|_°°) and Redp—> o0 as £ — oo,

then there exists quasimodes with (k) = O(k~°).
(i) Let d = 2. Given ay > ag > 0, let

E = {(ml,xg) : <2>2+<Z>2<1}. (2.7)

Assume that T' coincides with the boundary of E in the neighbourhoods of the points (0, +as), and
that QF contains the convex hull of these neighbourhoods. Then there exist families of Neumann
quasimodes with

e(k) = Crexp(—Cqk)  for all k > 0.

where C1,Co > 0 are both independent of k.

2.1 Discussion of the main results

2.1.1 The rationale behind using B, r and Bl/c,n,R to solve the exterior Neumann
problem.

Recall that taking the Dirichlet and Neumann traces of Green’s integral representation results in
the two equations (1.7). Each of the integral operators in these two equations is not invertible for
all k > 0. This fact prompted the introduction of “combined-field” or “combined-potential” BIEs
in the 1960s and 1970s, with [22] using the BIE

1
By yu = inytul — 8;{1/, where By, :=1in (21 — Kk> + Hy, (2.8)

and [18, 61, 71] introducing analogous BIEs for the exterior Dirichlet problem. The analogous
Neumann indirect formulation comes from posing the ansatz u® = (Kj — inSk)é, after which the
jump relations (A.5) imply that

1
Bllc,n¢ = —8:1/’ where B,’cm = in (21 — K,;) + H,. (2.9)

For k > 0 and Ren # 0, By, and Bj,, are bounded and invertible operators from H***/2(T) to
H*=1/2(T) for all |s| < 1/2; see [25, Theorem 2.27].

The presence of Hj, in (2.8) and (2.9) means that both By, and By , are not bounded from
L?*(T) — L*(T), and this means that the condition numbers of their h-version Galerkin discretisa-
tions ~ h=1 as h — 0 for fixed k [74, §4.5]. This motivates using the BIEs (1.6) and (1.8) where
R is chosen as an order —1 operator so that the composition RHj, : L?(T") — L*(T"). (Once R is
introduced, the constant in at the front of By, r and By, p is redundant, but we keep it so that
By, g and B,’m,R reduce to the classic operators By, and B,’c,77 when R=1.)

A popular choice is R = Sy (see, e.g., [81, 3]) or R = (Sp)? (see, e.g., [32, §3.2], [68, Proof of
Theorem 9.1]). These choices are motivated by the Calderon relations

1 1
SiHy, = =T+ K} and HS; = I+ (K})?, (2.10)

for all k > 0; see, e.g., [25, Equation 2.56]. Indeed, if R = Sy and T is C*, then By, r and B;th
equal a multiple of the identity plus a compact operator on L?(T), since K} and K j. are compact
when T is C! by [36, Theorem 1.2|, and (Sy, — So)Hj, and Hy, (S — Sp) are compact (this follows
from the mapping properties (A.6) and the bounds on @y — @y in, e.g., [25, Equation 2.25]). The
idea of composing the hypersingular operator with the single-layer operator (and, more generally,
composing a pseudodifferential operator with one of opposite order) was introduced in [81], and
falls under the class of methods known as “operator preconditioning”; see [52].



Following the use of R = Sy, the choice R = Si; was proposed in [19], and then advocated for
in [17, 84], with [17] also using the principal symbol of Sj;. Part of the contribution of the present
paper is the rigorous justification of this choice. Indeed, a result of [37] (extended in Theorem 4.6
below) shows that the norm of Hj grows with k. If R is an order —1 operator that is independent
of k, then RHj, : L?>(T') — L*(T), but with a norm that grows with k. A better choice is therefore
an operator of order —1 whose norm decreases with k, leading to the general class of R described
in Assumption 1.1, to which Sj; belongs.

Finally, we note that if R equals in times the exterior Neumann-to-Dirichlet map P;{tD, then
Biy,r = I (this can be proved by taking the Neumann trace of Green’s integral representation
and using the definition of Py, ). This observation is then the basis of the construction of suitable
operators R (more complicated than Sy or Sjx) in [62, 5, 4, 7, 33, 6].

2.1.2 Comparison with the results of [17]

The paper [17] considers the operator Bk r With R equal to either Sik or its principal symbol.
By Lemma 7.2, the results in [17] also hold for By, r with these choices of R. The majority of
the bounds in [17] are proved for Q7 a 2- or 3-d ball, using the fact that the eigenvalues of the
boundary-integral operators can be expressed in terms of Bessel and Hankel functions, and then
bounding the appropriate combinations of these functions uniformly in both argument and order.

The results [17, Theorems 3.2 and 3.4] prove the bound (2.1) when Q™ is a 2- or 3-d ball. The
result [17, Theorem 3.12| proves that, if ' is C°°, then || By, rllr2(r)—r2r) S (1+ |n])k/2¢ for
any € > 0, which is less sharp in its k-dependence than (2.2). The results [17, Theorems 3.6 and
3.9] show that there exist ko, C1, Cy > 0 such that if Q~ is a 2- or 3-d ball, k > ko, and n > C1k'/3,
then

Re (Bj, z® 6)p > Ca 6] 72y for all ¢ € L*(I);

e., that B}, p is coercive on L?(T) when Q~ is a ball. By the Lax-Milgram theorem, this
implies that [[(Bj, , z) ™ 'llz2(my—r2@) < (C2)7", under the same assumptions on Q,k, and 7. The
calculations in [17] suggest actually that (for sufficiently-large k) B, , R is coercive with constant
|n|k=1/3; see [17, Remark 3.7]. If this were the case, then 1(Br) ™ Yiemyorem < CEY3/n|
for Q= the ball, which would be consistent with the k-dependence in (2.4) (recall that this latter
bound is proved assuming that n € R\ {0} is independent of k).

2.1.3 Comparison of conditioning of By, rp with that for its Dirichlet analogue

If Q~ is smooth and curved and 7 is independent of k, then the L?(I") — L?(T") condition number
of By, Rr:

Cond(maR) = ||Bk,n,R||L2(1“)—>L2(r) H(Bk;n;R)_lHL2(F)~>L2(F)7 (2.11)

satisfies cond(By,;,r) ~ k'/3. This is the same k-dependence as the condition number of the
direct and indirect boundary-integral operators used to solve the exterior Dirichlet problem for
this geometry. Indeed, these operators are, respectively,

;“7' 2[+Kk inS, and Ay, := §I+Kk—1n5k (2.12)

When [n| ~ k (which one can actually prove is the optimal choice for general Q7), cond(4}, ) =
cond(Ag,,) ~ k'3, with the bound on |[(A4}, ) lL>(r)—r2(r) coming from [30, Theorem 4.3] or
[11, Theorem 1.13] and the bound on the norm coming from [42, Theorem 1.2| and [47, Theorem
A1l

When Q- is C*° and nontrapping and n ~ 1, cond(By, r) < k'Y/*2logk by (2.2) and (2.5).
In contrast, when Q~ is C*° and nontrapping and In| ~ k, cond(A ) = cond(Ay ) < kY2 logk
(with the bound on the norm again coming from [42, 47| and the bound on the inverse coming
from [11, Theorem 1.13]). For summaries of the results on the conditioning of 4} , and Ay, and
their sharpness, see [25, §5.4], [11, Section 7|, [31, Theorem 6.4].



2.1.4 Why is By, r harder to analyse than By ,?

The summary is that analysing By, r is harder than analysing By, because (B;W)_1 can be

expressed in terms of the interior Impedance-to-Dirichlet map, about which much is known, but
(Bk,n,r) " can only be expressed in terms of a non-standard Impedance-to-Dirichlet map involving
R (see (2.16) below), about which very little was known until the recent results of [38].

As well as being used to solve the exterior Neumann problem, the integral operator By, ,, defined
by (2.8) can be also used to solve the interior impedance problem

Au+ku=0 inQ and J,u—iny u=g onl. (2.13)

Indeed, seeking a solution of (2.13) of the form u = K¢, the third and fourth jump relations in
(A.5) implies that By, ,¢ = g. This relationship between the operator By, r, the exterior Neumann
problem, and the interior impedance problem is demonstrated further by the decomposition

(Br,y) ™' = Pdip — (I —inPlip) Prpy (2.14)

[25, Equation 2.94]. Here Pg,, : H™Y/2(I') — HY?(I) is the Neumann-to-Dirichlet map for
the Helmholtz equation posed in Q7 with the Sommerfeld radiation condition (1.2), and Ppp’ :
H~Y2(I') — H'?(T") is the Impedance-to-Dirichlet map for the problem (2.13) (i.e., the map g
7~ u). Recall that both P,y and Py have unique extensions to bounded operators H STU2(T) —
HHY2(T) for |s| < 1/2 (see [25, Section 2.7] and Lemma 5.1 below) and thus (2.14) is valid on
this range of Sobolev spaces.

The analogue of (2.14) for By, g is

(Bra.r) ™ = Pop R = (I —inPlp R P (2.15)

where the map PI;]’)”’R takes g — vy~ u, where u is the solution of

Au+k*u=0 Q" and RO, u—iny u=g onl. (2.16)

The formula (2.15) was proved in [11, Lemma 6.1]; since it is central to the present paper we
nevertheless state this result as Lemma 7.4 below and give a short proof, different to that in [11].
In §6 we prove the necessary results about the problem (2.16) to prove Theorem 2.3, using results
about semiclassical pseudodifferential operators and recent results about the frequency-explicit
wellposedness of (2.16) from [38, Section 4].

2.1.5 Extending the results of [64] to By , r.

The paper [64] proves a k-explicit bound on the number of iterations when GMRES is applied to
the standard second-kind integral equation for the exterior Dirichlet problem when 7 is trapping,
and the proof uses the Dirichlet analogues of (a) the bounds in Parts (iii) and (iv) of Theorem 2.3,
and (b) the bounds in Theorem 2.1. Therefore, with the bounds of Theorems 2.1 and 2.3 in hand,
the main result of [64] (i.e., [64, Theorem 1.6]) also holds for By, r; see [64, Remark 2.7].

2.2 Outline of the paper

83 recaps existing results about layer potentials, boundary-integral operators, and semiclassical
pseudodifferential operators. §4 proves new results about boundary-integral operators. §5 proves
new bounds on the exterior Neumann-to-Dirichlet map P;{tD. §6 proves new bounds on the interior
impedance-to-Dirichlet map PI;]"DW’R. §7 proves the main results in §2. §8 contains numerical exper-
iments illustrating the main results. §9 contains a heuristic discussion and numerical experiments
investigating the dependence on the coupling parameter 7.

Notation: In many of the proofs, C' > 0 is a constant whose values may change from line to
line. We sometimes use the notation that a < b if there exists C' > 0, independent of k, such that
a < Cb. We say that a ~bif a < b and b < a.



3 Recap of existing results about layer potentials, boundary-
integral operators, and semiclassical pseudodifferential op-
erators

3.1 Definition of weighted Sobolev spaces

We first define weighted Sobolev spaces on R?, and then use these to define analogous weighted
Sobolev spaces on I'. Let

(Fu)(¢) := / exp(—i¢ - z) u(x) dz,
Rd
and, for s € R and k£ > 0, let
H3(RY) = {u € S*(R?) such that (1+ K 2[¢[2)"*(Fu)(C) € L?(Rd)}, (3.1)

where S(R?) is the Schwartz space (see, e.g., [65, Page 72]) and S*(R9) its dual. Define the norm

2 — s
lullygaey = [ (L4 k720R) PP . (3.2
and observe that, for s > 0,
||u||H;S(1Rd) < ||u||L2(Rd) < ||u||H;(Rd)' (3.3)

If T is C™~ 11, the weighted spaces H(T') for |s| < m can be defined by charts; see, e.g., |65,
Pages 98 and 99| for the unweighted case and [69, §5.6.4] or [35, Definition E.20] for the weighted
case (but note that [69, §5.6.4] uses the weight (k2 + |§|2)S in (3.2) instead of our (1 + k*Q\C|2)S).

The facts we need about these spaces in the rest of the paper are the following.

(i) Since H, *(R%) is an isometric realisation of the dual space of Hj (R?) [65, Page 76], H, *(T)
is a realisation of the dual space of HZ(T') [65, Page 98].

(i)

w2y ~ k2 IVrwl 72y + lwllZa ) » (3-4)

where Vr is the surface gradient operator, defined in terms of a parametrisation of the boundary
by, e.g., [25, Equation A.14].

(iii) If I is Lipschitz, then given ky > 0 there exists C' > 0 such that for all & > k¢ and
1/2 < s < 3/2 the Dirichlet trace operators v+ satisfy

=

+ < Ckz: .
v HH;(QiHH;*%m*C ; (3.5)

this is proved in the unweighted case in [65, Theorem 3.38], and the proof for the weighted case
follows similarly; see, e.g., [69, Theorem 5.6.4]. When yTu = v~ u we write yu = y*u; recall that
the adjoint of this two-sided trace operator is defined by

(V' u)pa = (b 7). (3.6)

for € H'/275(I'), 1/2 < s < 3/2, and u € C,,,(RY) (see, e.g., [65, Equation 6.14]), and then
(3.5) implies that

1
* , < Ck=. 3.7
"3y ey < C (37)

3.2 Recap of results about layer potentials and integral operators

Theorem 3.1. (Bounds on the L*(I") — L*(T") norms of Ky, K}, [42], [47, Appendix A], [37].) Let
Q™ a bounded Lipschitz open set such that the open complement QF := R%\ Q~ is connected

1. If Q= is convex and T' is C*° and curved (in the sense of Definition B.3), then given ko > 0
there exists C > 0 such that

1K L2y r2ry T 1Kkl 2oy 2y < € for all k > ko



2. IfT is piecewise curved (in the sense of Definition B.5), then given ko > 0 there exists C' > 0
such that

1B 22 0y 2oy + 1Kkl 20y 20y < CKYClog(k +2)  for all k > k.

3. IfT is piecewise smooth (in the sense of Definition B.4), then given ko > 0 there exists C' > 0
such that

1Kkl 20y 22y + 1Kkl L2y 20y < CKY* log(k +2)  for all k > ko.

We make two remarks: (i) the bounds in Points 2 and 3 are sharp up to the factor of log(k +2),
and the bound in Point 1 is sharp; see [43, §3], [47, §A.3], (ii) by [43], bounds with the same
k-dependence hold on the L?(I') — H}(T') norms under the additional assumption that I' is C%©
for some a > 0, which is necessary for Kj and K}, to be bounded operators from L?(T') — H(T)
[67, Theorem 4.2], [32, Theorem 3.6].

Theorem 3.2 (Bound on Dy [47, Theorem 1.2]). If T' is piecewise smooth, then, given x €
C (R and ko > 0 there exists C > 0 such that

comp
IXDkllz2(ry 1204y <€ and || Dillpzryp20-) < C
for all k > ky.

We also recall well-known bounds on the free resolvent i.e., integration against the fundamental
solution @ (z,y) defined by (A.2). Let

Rif(z) = / By (o, ) f () dy. (3.8)

O+

Theorem 3.3 (Bound on Ry). Given x1,x2 € C_(R?) and ky > 0 there exists C > 0 such that

comp

1
% ||X1Rk:X2HL2(Q+)*>H2(Q+) + ||X1R/€X2HL2(Q+)~>H1(Q+) +k HXleX2||L2(Q+)*>L2(Q+) <cC

for all k > ko.

References for the proof. See, e.g., [35, Theorem 3.1] for odd d and [54, Theorem 14.3.7] for arbit-
rary dimension (note that [54, Theorem 14.3.7] is for fixed k, but a rescaling of the independent
variable yields the result for arbitrary k). O

Finally, we recall that Sj, : H~'/2(I") — H'/2(T) is coercive by, e.g., [69, Theorem 5.6.5]; this
result is proved using Green’s first identity and the first two jump relations in (A.5). Note that
we use different weighted norms than [69, Theorem 5.6.5], so that [69, Theorem 5.6.5] has the
coercivity constant independent of k, but we have it proportional to 1/k.

Theorem 3.4 (Coercivity of Sy, on H~1/2(T") [69, Theorem 5.6.5]). If T is Lipschitz then given
ko > 0 there exists C > 0 such that, for all k > kg,

C _
(S, 0)p > L | Slyr2py  for all 6 € H-/2(D).

3.3 Recap of results about semiclassical pseudodifferential operators
3.3.1 The semiclassical parameter and weighted Sobolev spaces

Semiclassical pseudodifferential operators are pseudodifferential operators with a large/small para-
meter, where behaviour with respect to this parameter is explicitly tracked in the associated
calculus. In our case the small parameter is A := k~'; normally this parameter is denoted by h,
but we use h to avoid a notational clash with the meshwidth of the h-version of the boundary
element method. The notation A is motivated by the fact that the semiclassical parameter is often
related to Planck’s constant, which is written as 27h see, e.g., [87, S1.2], [35, Page 82].



We define the weighted spaces Hj(R?) by (3.1) with & = k~1. These spaces can also be defined
by the semiclassical Fourier transform and its inverse

(F0)©) = [ e (=i e/mola) e, (F0)a) = o) [

R

| &xXP (iz - £/h) ¥ (&) d¢;

see [87, §3.3]. Indeed, since (Fu)(&/h) = Fr(§), (3.2) implies that
ey =7 7 Fru(€)| dé, 3.9
Il ey = 1% [ (@ Pl de (39)

where (€) := (1 + |£]*)'/2. We define || - || #: (ray to be the right-hand side of (3.9); this definition
means that | - ||z ®e) = || - [l (me); We use this clashing notation to avoid writing H} . (R%) and
Il - HHz_l(]Rd). The weighted spaces Hj (I') are then equal to H;(I') defined in §3.1.

In §3.3.2-§3.3.6 we review basic facts about semiclassical pseudodifferential operators, with our

default references being [87] and [35, Appendix E|. Homogeneous — as opposed to semiclassical —
versions these results can be found in, e.g., [82, Chapter 7], 73, Chapter 7], [56, Chapter 6].

3.3.2 Phase space, symbols, quantisation, and semiclassical pseudodifferential oper-
ators.

For simplicity of exposition, we begin by discussing semiclassical pseudodifferential operators on
R?, and then outline in §3.3.4 below how to extend the results from R? to I'.

The set of all possible positions 2 and momenta (i.e. Fourier variables) ¢ is denoted by T*R%;
this is known informally as “phase space”. Strictly, T*R% := RY x (R9)*, i.e. the cotangent bundle
to R?, but for our purposes, we can consider T*R? as {(z,&) : z € RY, ¢ € R4},

A symbol is a function on T*R? that is also allowed to depend on %, and can thus be considered
as an h-dependent family of functions. Such a family a = (an)o<n<n,, With ap € C®(T*R?), is a
symbol of order m, written as a € S™(T*R?), if for any multiindices «, 3

1020 an(2,£)] < Cap(&)™ 1P for all (z,€) € T*R? and for all 0 < h < hy, (3.10)

(recall that (£) := (1 + |¢|>)}/?) and C,, 5 does not depend on h; see [87, p. 207], [35, §E.1.2].
For a € S™, we define the semiclassical quantisation of a, denoted by a(z,hD) : S(R?) —
S(Rd)v by
a(z, hD)v(z) == (2rh)~¢ /]Rd /]Rd exp (i(z — y) - £/R) a(z, §v(y) dydE (3.11)
where D := —i0; see, e.g., [87, §4.1] [35, Page 543|. We also write a(x,iD) = Op;,(a). The integral
in (3.11) need not converge, and can be understood either as an oscillatory integral in the sense
of [87, §3.6], [53, §7.8], or as an iterated integral, with the y integration performed first; see [35,
Page 543].
Conversely, if A can be written in the form above, i.e. A = a(z, hD) with a € S™, we say that

A is a semiclassical pseudo-differential operator of order m and we write A € ', We use the
notation a € h'S™ if h~la € S™; similarly A € KU if A~ !A € U, We define U, > =N, ¥; ",

Theorem 3.5. (Composition and mapping properties of semiclassical pseudo-differential operators
[87, Theorem 8.10], [35, Propositions E.17, E.19, and E.24].) If A € V" and B € V;"?, then

(i) AB € wytms,
(it) For any s € R, A is bounded uniformly in h as an operator from H} to Hy ™.

A key fact we use below is that if ¢ € C5,,,(R) then, given s € R, N > 0 and hy > 0 there
exists C' > 0 such that for all & < Ay,

||¢(|hD‘)||H§'(Rd)*)H§’+N(]Rd) < C; (3.12)

this can easily be proved using the semiclassical Fourier transform, since #(|AD|) is a Fourier
multiplier (i.e., ¥(|hD]) is defined by (3.11) with a(z, &) = ¥(|€]), which is independent of x).
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3.3.3 The principal symbol map oy.

Let the quotient space S™/hS™~! be defined by identifying elements of S™ that differ only by an
element of AS™~!. For any m, there is a linear, surjective map

ot Wt — 8™ /hS™ Y,
called the principal symbol map, such that, for a € S™,
o' (Opp(a)) =a mod hS™ (3.13)

see [87, Page 213], [35, Proposition E.14] (observe that (3.13) implies that ker(o) = ¥~ 1).
When applying the map o} to elements of ¥}, we denote it by o (i.e. we omit the m depend-
ence) and we use o5(A) to denote one of the representatives in S™ (with the results we use then
independent of the choice of representative). The key properties of the principal symbol that we
use below is that
on(AB) = on(A)on(B) and  ox(A") = or(A); (3.14)

see 35, Proposition E.17].

3.3.4 Extension of the above results from R? to T

While the definitions above are written for operators on R?, semiclassical pseudodifferential operat-
ors and all of their properties above have analogues on compact manifolds (see e.g. [87, §14.2], [35,
§E.1.7]). Roughly speaking, the class of semiclassical pseudodifferential operators of order m on a
compact manifold I', ¥}*(I"), are operators that, in any local coordinate chart, have kernels of the
form (3.11) where the function a € S™ modulo a remainder operator R that has the property that

||RHH;N_>H;LV < CNhN§ (3.15)

we say that an operator R satisfying (3.15) is O(hoo)q,;oo.
Semiclassical pseudodifferential operators on manifolds continue to have a natural principal

symbol map
op U — S™(T*T)/hS™ H(T*T)

where now S™(T*T') is the class of functions on T*T', the cotangent bundle of T', that satisfy the
estimate (3.10). The properties (3.14) hold as before.

Finally, there is a noncanonical quantisation map Op;, : S™(T*T') — ¥™(T") (involving choices
of cut-off functions and coordinate charts) that satisfies

o1(Opp(a)) = a,
and for all A € ¥}*(I") there exists a € S™(T*T) such that

A= Opy(a) + O(h®) .

3.3.5 Local coordinates

Near the boundary I', we use Riemannian/Fermi normal coordinates (z1,2’), in which I' is given
by {z1 = 0}, @~ = {z; < 0}, QF = {z; > 0}, and so 9,, = 0,,. We write D’ = —id,». The
conormal and cotangent variables are given by (£1,&). We write gr(z’) for the metric induced on
[ from the Euclidean metric on R?, and |- |, for the corresponding norm (thus abbreviated gr to
g in the subscript). The trace operators y* are such that

(vEu)(z') = lim u(axp,a’), u € C®(R?)

JJ1—)0i

and v* defined by (3.6) satisfies v*¢(z) = ¢(2')d(x1)+/| det gr(z’)|. Finally, recall that, in these
local coordinates, the conormal bundle to I'; N*T", consists of (z, &) of the form (0,2, &,0).

11



3.3.6 Ellipticity
We now give a simplified version of the general semiclassical ellipticity estimate.

Theorem 3.6 (Simplified elliptic estimate). Assume that T' is C=. If B € W% (T) is elliptic, i.e.,
there exists § > 0 such that
inf_|on(B)(a',€)(€) "] 2 6,

(z,£)eTI
then there exists hg > 0 such that, for all 0 < h < hg, B~ € \Ilge(I’).

References for the proof. This follows from [35, Theorem E.33] (and the second remark afterwards)
with P=1,A=1,B; = B, m =0, and £ = 0. In simplifying this general result, we use that (i)
since A = I, the O(h°°) error term on the right-hand side of [35, Equation E.2.9] can be absorbed
on the left-hand side, (ii) since I' is compact B € W4(I") is compactly supported. O

Corollary 3.7 (Upper and lower bounds on R). If R satisfies Assumption 1.1, then given kg > 0
and t € R there exists C1,Cy > 0 such that for all k > ko,

Cl C2
s < ”RHH;(F)HH;;“(F) < e (3.16)
and
k 1 k
Cy < ||R HHZ“(I")—)H;(F) < oy (3.17)

Proof. Once we prove the upper bounds in (3.16) and (3.17), the lower bounds then follow. Indeed,
the upper bound in (3.16) implies the lower bound in (3.17), and vice versa.

By assumption, R = k'R with R € W, }("). Therefore, by Part (ii) of Theorem 3.5, given
hig > 0 and ¢ € R there exists Cy > 0 such that

||EHH;(F)—>H;+1(F) < Cy forall 0 <h< hg;

the upper bound in (3.16) immediately follows since R = k~'R. By assumption, Ris elliptic, and
thus invertible by Theorem 3.6. Indeed, given kg > 0 and ¢t € R, there exists C; > 0 such that

51 -1 .
IR |y oy e oy < (C1)71 for all 0 < o < hos
the upper bound in (3.17) immediately follows. O

3.3.7 Sharp Garding inequality

Theorem 3.8. If T is C™ and A € V(T) with Reoy(A) > 0 on T*T, then there exists C > 0
and hy such that, for all 0 < h < hy,

Re (A¢, o). > —Ch||¢|\§{g,1>/2(r) for all ¢ € H/?(T).

References for the proof. This follows from [35, Proposition E.23| using the fact that every A €
Wt (T) is compactly supported since I' is compact. O
3.3.8 Microlocality of pseudodifferential operators

We next recall the fact that pseudodifferential operators act microlocally (i.e., pseudo locally in
phase space). We include here the following lemma which follows from the more general statements
in [35, E.2.4-E.2.5] or [87, Theorem 9.5].

Lemma 3.9. If K € T*T, a,b € C,,,(K) and there exists ¢ > 0 such that

comp

d(suppa,suppb) > ¢, then Opy,(a)Opy(b) = O(h‘”)\pgm.

12



3.4 Restriction of pseudodifferential kernels to submanifolds

We recall in this section a simplified version of [37, Lemma 4.22] which describes the operator
~F Ay* (3.18)

when A € U*(R?). The motivation for considering operators of the form (3.18) is the following.
Let L be a vector field equal to 9, in a neighbourhood of T' (where n is the outward-pointing unit
normal vector to £27). Then with Ry, defined by (3.8), for Imk > 0,

Sk = YR, H = ’yiLRkL* * (3.19)
1 1
Ky = :F§I +YERL L ", K, = i§I+ViLRk7*5 (3.20)

see [65, Page 202 and Equation 7.5]. That is, Sy, Ky = 1/2, K, F 1/2, and Hj, can all be written
in the form (3.18) for suitable A involving Ry, L, and L*.

In the next lemma, we use the notions of conic sets V' C T*R% \ {0} and conic neighborhoods
thereof. Here, we say that V C T*R%\ {0} is conic if for all A > 0

(z,€) €V implies (z,)\) € V.

For a conic set V C T*R?, we say that U is a conic neighborhood of V if U C T*R®\ {0} is an
open conic set containing the closure of V' (as a subset of T*R%\ {0}).

Lemma 3.10. Suppose that T' C R? is an embedded hypersurface. Let A € \II};”(R‘I) with A =
Opp(a) + O(7™)w and suppose that

h—o°

020¢ (a(x,@— > aj<:c,5>> < Coapl©)21PL for ¢ > 1, (3.21)

j=—1

with a;j homogeneous of degree j in & (i.e., a;(x, A§) = /\jaj(x,f) for X > 0) and there is an open
conic neighbourhood, U, of N*T" such that

aj(z,) = (=1 aj(x,~€)  for (x,6) € UNT*R\ {0}. (3.22)
Then y* Ay* € K=Y W™+ and, in coordinates (z,€) with T = {(0,2")},

on(rFAy) = lim F (on(A) (e, €)) (@), (3.23)
The non-semiclassical analogue of Lemma 3.10 can be found in, e.g., [82, Chapter 7, §11] and
[66, Theorem 8.4.3]. These non-semiclassical results are slightly simpler because there one is not
concerned with the behavior of the symbol inside a compact set and hence one works directly with
homogeneous expansions of symbols; i.e. the assumption (3.21) is immediate from the definition of
a polyhomogeneous pseudodifferential operator.
A key ingredient in the proof of Lemma 3.10 is the following preparatory lemma.

Lemma 3.11. Suppose that A € \Il’h”(]Rd), I' = {z1 = 0}, and there are e > 0, a € S™ such that
A = Opyp(a) + O(hoo)\llgoo7

a30¢ <a<x,£> - a;-(sc,s)) < Coap©) > for €] > 1 and 1] < € (3.24)
j=—1
with a; homogeneous of degree j in & (i.e., aj(z,\) = Ma;(z,£) for A > 0) and satisfying

J
0200, (a3, 60,) = D Galw, e

l=—1

< Copl&a| 271 for W' < 1, [a1] <€, and |&] > 1,

(3.25)
where @; ¢(z,w') € C®(RE x B(0,2).).
Then y*Ay* € h_l\Il’;;”H(F) with semiclassical principal symbol given by (3.23).
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Proof. First observe that, for u € C*°(T),

YAy u(e’) = (2rh) "¢ lim / /eh(wlglﬂx_ VN a(ay, 2, &1, € uly') v/ det gr (') |dy' de
]Rd

w1—>0i

:(%h)*d*l)/ /e%@ v 75>( lim (%h)*l/e%zlﬁla(xl,x’,gl, d§1> "N/ det gr(y')|dy'de’.
Rd-1.JT R

I1—>Oi

Therefore, to prove the lemma, we only need to show that

Ii(a) = (27h)~" lLim [ en®™&q(ay, 2!, &, €)dE € R L™ (T*T).

Ilﬁoi R

We start by decomposing a into its integrable and non-integrable pieces (with respect to &;).
Let ¢ € C2,,((—2,2);[0,1]) with ¢ =1 on [—1,1], let ¢ := 1 — ¢, and write

comp
a=ar, +ag, apg = Z aj(a:, )T/J(|§|)

By (3.24) and the fact that a € S™(T*R%), ay, € S™»(=2m)(T*R%) (where the minimum is achieved
at m only when all the a;s equal zero). Since

Ii(az) = 2rh)~" lim [ en™&ap(z,€)dE.
Ilﬁoi R
and, for n > 1,

/R (&)~ndey < (e,

we have _
I (ag) =1I_(ag) € h~tgmin=tmtD) (),

Now, using the change of variables & +— &;(¢’), the homogeneity of a;(z,&), and the fact that
¢+ =1, we have

Li(ajp) = (2nh) 7Y lim [ eh®&a;(z, €)y(l¢))de

xz1—0 R
= @nh) e dim [ R €8 (| ()6 )] (161]/2)a; ( a2 )d&
r1—0%t R <§>

4 (2mh) L (e lim e%x1<f’>£1¢(|§1\/2)aj (:v &1, <§,>> d&
R

r1—0

=: (2nh) T HEY T (s + Dox ).

Since (2rh)~H¢)IH € Rm1SITH(T*T), we need only show that I; y j, Io 1+ ; € S°(T*T).
We first study I + ;. By the definition of ¢, uniformly in |z1| small,

B )) o(lEr]/2) a -(m@)ecssmp(<—4,4>fl;S°<T*r>),

and thus
Lyj=T_;€S(TT),

where we use that 9u(|((€')¢1,£7)]) is compactly supported in ¢ to see that derivatives falling on
this term are harmless.

Finally, we consider I> 1 ;. Observe that by the chain rule and the fact that &'/(¢') € SO(T*T),
to obtain I 1 ; € S°(T*T") we only need to show that

lim - en ™ €0y (|6 |/2)aj(w, €1,w)dEr € C%(RET x B(0,2).).
R

11%:‘:0
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To do this, put
J
g (z,0', &) = Z Qj.o(z,w)El € C>=(RE x B(0,2).;S'(R)),
l=—1

where we interpret £ ! as p.v.£; * (see, e.g., [65, Page 166]), and let ri(z,w', &) = ¥(&l]/2)aj(z, W, &)—
gj(w,w',&). Observe that r; € C(RE x B(0,2),/;S8'(R)) and, by (3.25),

rj(x, &1,0")| < Cl&a|2 for ] > 2.
Therefore, since the Fourier transform of an L' function is continuous,
rir(e,o') = (2rh)~! / eh ™ &8 (2, €1, w')dg
R

is continuous in z; and satisfies,

|02, 8,rjp(0x W' {—/
R

°.0%5(0,2, €1, w ‘dgl < Cug.

Therefore, we only need to consider the term ¢;. For this, recall that

& = Fu((hDs,)do(x1)), 520,  pv.g' —fﬁ(zhsgn(“))

where sgn(z) :=1 for > 0 and := —1 for z < 0. Let

) , J
gr(z,&) = (2rh) ! /Re%‘gcl(§ e <Z 5j,z($7w/)§f> d&

{=—1
= 3 5, ) (0D, ) Sl (€) + g1 () sena €1).

Therefore,
i

lim g r(e1,a',€) = 505 -1,(0,2", &) € CF (R % B(0,2)ur),
:El—)oi

and the proof is complete. O

Proof of Lemma 3.10. By a partition of unity and pseudolocality of pseudodifferential operators,
we can assume that suppa is contained in a small open subset, V, of R%. Let V/ C R? and
® : V' — V be a diffeomorphism such that

{®(0,y") : (0,y)eV}=VnT.
To prove the lemma, we observe that, by [87, Theorem 9.9], [55, Theorem 18.1.17],
©*Opy(a)(@71)" = Opp(b) + O(h™) g,

where b € S™ satisfies

1 . N Y
- —0ga(P @) (P D, )%t (e (2)m) (Y7 gm—[4]
by = Y —0a(@(y).[(02) ] (®(y)n) (hD:) er gy SRS
la|<N—1
(3.26)
and
pz(2) = (1)71(2) - ‘1)71(117) — 3@71(I)(y —x).
Now, if ¢ € C2°(R) with ¢ =1 on [~1,1], then, by (3.21), a — >7"_, (1 — p)a; € sminltm—2},
Therefore, by writing

m m

a:(a_ Z(l—(p)aj)+ > (1-¢)ay

j=—1 j=—1

15



and then changing variables and using (3.26),

003 (bly, Z > baslym)| < Caplm) 2, n =1,

j=—1|a|<2j+3

(where the significance of 25 + 3 in the index of the sum is that j — [(2j + 3)/2| = —2) where

bai(9:1) 1= 05,0y 1) (WD) e o () Gy 1) = 25083 (B(1),[(09) ' (@(u)n).

2=(y)’

Since a; is homogeneous degree j, a; o is homogeneous degree j — |a|. Next, since p,(z) vanishes
to order 2 at z = x, direct calculation shows that

(th)ae%@@(y)(Z)m)

=" baly.n),

£=0

z=2(y)

where bg ¢(y,7) is a polynomial in 7, and hence /by, € S¢ and is homogeneous of degree £. In
particular, grouping terms with a given homogeneity in 7, b satisfies

AL Z bi(ym))| < Caslm) =171, Il = 1, (3.27)

with b; homogeneous of degree j and defined by

m 2(£—j)

:Z Z ae,aba,j—é-‘rm"

l=j |a|=0

We claim that there is a conic neighbourhood U’ of {(0,y’,171,0) : (0,4') € V, ;1 € R\ [-1,1]}
such that

bi(y.n) = (=1)b;(y,—n),  (y,m) € U". (3.28)
[

To see this, first note that for n; € R, ([(0®) ! (®(y)))(n1,0) € N*T and therefore there is a conic
neighbourhood, U’, of {(0,¥y',11,0) : (0,y') € V, m1 € R\ [-1,1]} such that

{(@(y), [(02) " (@(w))n) : (y,m) €U} CU.

Therefore, since the a; satisfy (3.22),

aja(y,n) = (=17 a; o (y,—m),  (y.n) el

Next, since Ea,g(y, 7)) is a polynomial of degree ¢ in 7,

bae(y: 1) = (=1) ey, —n)-
Thus, we have, for (y,n) € U,

m 2(k—j)

=> > (Y1) Per,j— ot o] (U5 1)

k=j |a|=0
m 2(k—j)

=3 > (0 a0y, =) (— 1) b g (g, =) = (—1)7b;(y,m),

k=j |a|=0

and we have thus proved (3.28).
Now, there are C' > 0, € > 0 such that

{(y1, v/, m, ') |yi| <e W' <2, |m|>C}CU.
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Therefore, by (3.28), for |y1]| <€, |w'| <2, and || > C
bj (yv 7717("/) = (71)jbj (y7 -1, 7("/)
Furthermore, since b; is homogeneous degree j, for |yi| < €,
92 08b;(y,1,0) = (—1)7T1P192 08 b, (y, —1,0).
By homogeneity and Taylor’s theorem,
8505,b;(y,m, ')
= Im950;, (b (v - 1o7)

= Z B '|771|J |5|—|51|8?,1+f385‘bj(y7sgn(nl)’0)(w/)51 +O(|n1‘_2_m|)

[B1]<j+1

Z B' J 18]~ |51\aﬁ1+ﬁaa(sgn(m))3 1B1=181lp . i (y,sgn(n), O)(w/)b’l +O(|771\727‘6|)
[B1]<j+1

= > ﬂ, ni T ag P (y,1,0) (W) + O(m | 7271, (3.29)
[B1]<j+1

The bound (3.27) and the expansion (3.29) show that b satisfies the assumptions of Lemma 3.11
(with a replaced by b), and the result of this lemma then completes the proof. O

4 New results about boundary-integral operators

4.1 The high-frequency components of the operators Sj, K, K, and Hy.

In this subsection, we prove results about the high-frequency components of the standard boundary-
integral operators; these results are then used to prove bounds on Hy (Theorem 4.6 below) and to
prove that By, r and By, g are Fredholm (i.e., in Part (i) of Theorem 2.2).

Lemma 4.1. Let ¢ € C,,,((=2,2)) with ¢ = 1 in a neighbourhood of [~1,1]. Then, with ¢ (|hD|)
defined by (3.11) and Ry, the free resolvent defined by (A.2),

S =71 = (D) Ry € h; (D), St == Ri(1 = y(IRD))y" € h¥y ' (T),
(K75 = 7*(1 = ¢(|hD)) LRy € T(T), (K35 = v LRy (1 = (|RD]))y" € WH(T),
(K" = 7" (1 = ¢(|hD])) R L™y € WR(T), (K= o= "Ry L* (1 = (D)7 € W(T),
(H) ™" o= 7" (1 = $(hD|) LRy L™y € A U(T),  (Hy) ™ i= y* LR (1 = ¢ (|hD))y" € h™ U (T).

Moreover, for |'|g > 2,

a(SP/ (@ €)= ———,  o((Kp)PE) (2!, ¢) = £+, (4.1)

_ _ gz -1
J((Kllc)i)L/R)(x/ag/) = :F%v 0((Hk)i’L/R)(xlvg/) hili' (42)

- 9

Our plan to prove Lemma 4.1 is to apply Lemma 3.10 with suitable choices of A € ¥(R9).
For the results for g,f/R, we want to let A = (1 —¢(|JaD]))Ry and A = Ry (1 — ¢ (|AD])). These
two operators are studied in the following lemma (which is similar to [37, Lemma 4.12]).

Recall the following property of the free resolvent R (3.8) (from, e.g., [1, Theorem 4.1]): for
s> 1/2 and f with Fp(f) € H*(R?), Fr(Rif) € H*(R%) and

— \2y-1 2 Fr(£) ()
Rif = lim (<A = (k+ie)?) ™ f = 1 lim Fy (m) (4.3)
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Lemma 4.2. Let ¢y € C with ¥ = 1 in a neighbourhood of [—1,1]. Then

comp

Ra(1 — 9(|AD)) = (1 — p(|AD)Rs = Opy (W) € (R,

Proof. Since (1 —(|€])) : H*(RY) — H5(R?), for f € L2(R?) with Fy(f) € H*(RY),

REEO0 = VDY _ 5o BPFOE -~ w(le]
oaree )T g )

Ru(1 = w(hDD)f = lim 7y (

A nearly identical argument implies that
(1 —=(IhD) Ry = Ri(1 — 1(|hD]))
and the fact that Ry (1 — (|hD|)) € K2, ?(RY) follows from the definition of ¥, *(R%). O

The other choices of A required to prove Lemma 4.1 (via Lemma 3.10) are covered by the
following lemma.

Lemma 4.3. If b € S™ with supp(b) N {|¢| < 1} = 0, Op,(b)Rx € KU *(R?), R,Op,(b) €
R2U2(RY), and there is ¥ € C°(R) with ¥ = 1 in a neighbourhood of [—1,1] such that

Oy (R = 120p, (1)0pn (2 L= 2Dy L o), . (4.4

and

RuOp, () = 10p, (1150 0 0) -+ 00), . (45)

Proof. Let ¢ € C°(R) with ¥ = 1 on a neighbourhood of [—1,1] and such that
{(2,€) € suppb : [¢] € supp ¢} = 0.
Then, by Lemma 3.9,
Opp(B)Ry = Op(b) (1 = Y(|AD)) Ry, + O(h™) g,

and
RiOpy(b) = Ri(1 = (D)) Opy (b) + O(h™) =

By Lemma 4.2, (1 — ¢(|hD|))Rk, Ri(1 — ¢(|hD|)) € h2W; % and both are given by

o (110

which completes the proof. O

Proof of Lemma 4.1. We apply Lemma 3.10 and use the results of Lemmas 4.2 and 4.3. For Sk,
we let A = h72(1 — ¢(|hD]))Rx = h 2Ri(1 — ¥(|hD])), which is in ¥, *(R?) by Lemma 4.2, so
that S = 5, = h2y* Ay* by definition. Since A = Opy(a) with a = (1 — ¢ (|¢])(|€2 - 1)~ €
S (T*]Rd), Lemma 3.10 applies with m = —2 and a; = 0. Therefore S, € R2A U, (T) =

AU, (T) and
d(\/€& +|§’| 2)
or(Sk) = h? lim 27rh/ ! elrm/hqg, .

&+l -

xlﬁoi

When [¢'[; > 2, the integrand has poles at +i, /[§'|2 — 1 and evaluating the integral via the residues
at these poles gives the first equation in (4.1).
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With n any extension of the normal vector field to I to all of RY,
KL= Opy(i(€,n)),  KL* = Opy(—i(é,n) — hdiv(n)). (4.6)

and thus AL and hL* € W1 (RY).

For (K;)® " welet A= h~'LRy(1—(|hD|), which is in ¥, (R?) by Lemma 4.2 and Part (i) of
Theorem 3.5. For (K})*" we let A = h~'(1—(|hD|)LRy; we now claim that this is in ¥} ' (R9).
Indeed, (4.6) and the composition formula for symbols [87, Theorem 4.14], [35, Proposition E.8]
imply that

(1= U(|AD)AL = Opy(b) + O(h=),, .
where b satisfies the conditions of Lemma 4.3 with m = 1; this lemma therefore implies that
(1 — ¢ (|hD|)RLRy € h?¥, 1 (R?), and thus A = h~1(1 — ¢(|hD|)LRy, € ¥, ' (R?).

We now claim that, for both (K},)® and (K})*, Lemma 3.10 holds with m = —1. Indeed,

by (4.4) and (4.5), in both cases A = Opy(a) with

IR (3)
P -1

a(x,§) : + hr(z, ),

with 7 € S~2. In particular, for [(£,n)]| > 2,

:i<f’”>< L ) :
a(z,§) €2 1+ T + €[? + + hr(x,&);

therefore, (3.24) holds with a_1(z,&) = i(€,n)/|¢|* — observe that this is homogeneous of degree —1
and satisfies (3.22) with j = —1. Lemma 3.10 with m = —1 then implies that (K})®/% ¢ ¥9(T)
with

eiflzl/hdgl;

) * 1 e iy /E+1¢12)
on((KR)HF) = hon(yFAy") = h lim, %/ g+l -1
1 —00 g

evaluating the integral via residues gives the second equation in (4.1).

The proofs for (Kj)® /% are very similar to those for (Kj)*%/%; indeed, for (Kj)®L we
let A = h™1(1 — ¢(|AD|)RyL*, which is in ¥, '(RY) by Lemma 4.2, and for (Kj)®%, we let
A = h™ 'Ry L*(1 — ¢(|hD|), which is in ¥, '(R?) using similar arguments to those used above for
h=1(1—4(JhD|)LRy. The first equation in (4.2) follows in a similar way to above, since the symbol
of A for (Kj,)® /% is now minus the symbol of A for (K})*L/%,

For (Hy)* L welet A = (1—4(|hD|)) LR L* and for (Hy,)* % we let A = LRy L*(1—1(|hD))) €
U9 (R?); note that in both cases A € ¥9(R?) by the arguments above (using Lemma 4.3) and Part
(i) of Theorem 3.5. Furthermore, in both cases, by the composition formula for symbols [87,
Theorem 4.14], (4.6), (4.4), and (4.5), A = Opy,(a) with

e - vleD) |, dvimem( - v(e)) o {em) (1 - (i)
B O

where 7 € S72. Therefore (3.24) holds with
a4
a-s(a€) = —ni(FEEE (o) aie )

and ag(z,€) = (£,n)?/|€]; observe that a_; is homogeneous of degree —1, ag is homogeneous of
degree 0, and both satisfy (3.22). O

DalEm) ) +hr(a, ),

Theorem 4.4 (The high-frequency components of the operators Sy, Kj, K, and Hg.). Let
X € O (R) with x(€) =1 for |€] < 2 and x(€) = 0 for |¢| > 3. Then
(1 =x(1rD"]4)) Sk, Se(1—x(|nD’]y)) € R H(T),
(1= x(1hD'ly)) K}, K (1= x(IhD']4)) € h¥; (L)
(1= x(InD']g)) Kr, Ki(1=x(1hD']y)) € 1, H(T)
(1= x(1nD'ly)) Hi, Hye(1=x(|hD'])) € h~1W3(T).

)

)
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Moreover,

h(1 = x(1€']5)

2\/1€5 -1
vl =t (4.7)

on (1= X(IRD'1y)) Hi) = on (Hi (1 = x(1nD'],)) = = (1 = x(I¢'1)) Y=
Proof. We first claim that for x as in the statement of the theorem and ¢ € Cgy,,,((—2,2)),

T 1= Y(AD])y* (1 = x(BD'])) = O) ey s sy (48)

on((1 = x(IhD'ly)) Sk) = on(Sk (1 = x(1hD"]y)) =

and

Indeed, in the local coordinates described in §3.3.5, the kernel of T is given by

1 i ’ ’ ’
T N — (2" =y &) +z161) A d
(z,9) ) /Rdeﬁ a(y’,&)b(x, §)dg

where supp a Nsupp b = (). Hence, the kernel of T*T is given by
(T*T) (2, o) = /d T(z,2")T(z,y')dz,
R
1 i ’ vy ’ ’ ’ —
- - F (=2 &) —m &1+ —y )z g e "o dndzd
(2rh)2d /Rd/Rd/Rdeﬁ a(@’, & )b(z, §)aly’,n')b(z,n)dndzdg
1 i ’ ’ ! ’ ’ ’ ’ —
= - 7 (& &N+ =) +z (& —n) =W N g €MD " o\ dndzde.
(2rh)2d /Rd/Rd/Rdeh a(@’, & )b(z, §)aly’,n')b(z,n)dndzdg

Now, if |€ — 7| > ¢ > 0, then we can integrate by parts in z to gain powers of A|¢ —n|~! and hence
obtain O(hm)wgm(r). Similarly if |z1] > ¢, |2’ — a|, or |2’ — /| > ¢, we can integrate by parts in
respectively 71, £, or i/ to gain powers of h|z1|~t, h|z' — 2|7t or hlz' —y/| L. Since the integrand
is compactly supported in (z’,9/,€,1) and when & =7/, 2/ = 2’ = ¢/, and 2z; = 0, the integrand is
0, this implies (4.8). Taking adjoints of (4.8) implies also that

(1= XUBD | V(D)) = O 1 vy (49)
By (3.19) and (4.9),
(1= x(|hD'[§))Sk = (L = x(|RD'|g))yRey"™ = (1 = x(|AD’[4))y(1 = % (|RD]))Rpy™ + O(>) g = 1)

and the claim that (1—x(|aD’|,))Sk € AW, '(T) then follows from Lemma 4.1. Similarly, by (3.20),
and (4.9),

(1 = x(IhD'[4))Kx = (1 = x(IhD'|§)) (v RxL*y* = 31)
— (1= D) (0 (1~ S(BDDIRAL™ — 1)+ O(h),y = r)
and the claim that (1 — x(|hD’|,))K) € h¥, () follows from Lemma 4.1. The arguments for

(1—x(|rD'|4))K}, and (1 —x(|hD'|4))H), are similar. To prove the results with cutoffs on the right
of Sk, K, K},, and Hj, we argue similarly but with (4.9) replaced by (4.8). O

We record the following corollary of Theorem 4.4, for specific use in the proof that By , r and
By, ,, r are Fredholm (in Part (i) of Theorem 2.2) and in the numerical analysis of the h-version of
the boundary element method in [40].

Corollary 4.5. Suppose that R satisfies Assumption 1.1. If x € Cogy,p(R) with x(§) = 1 for
€] <2 and x(&) =0 for |§] > 3, then

(1= x(Dly)) RHy, (1= x(IhD'ly)) HyR € W5(T),

and the semiclassical principal symbols of both these operators are real.
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Proof. The fact that (1 — x(|hD’|,))HiR € ¥9(T) follows immediately from Part (i) of Theorem
3.5, Theorem 4.4, and Assumption 1.1, and that its semiclassical principal symbol is real follows
from (4.7), Assumption 1.1, and the first equation in (3.14).

To prove the result about (1 — x(|hD’|y))RHy, let X € Cosypy({x = 1}) and ¥ = 1 in a
neighbourhood of [—1,1]. Then, by the composition formula for symbols [87, Theorem 4.14], [35,
Proposition E.8] and Lemma 3.9,

(1= x(InD"ly)) RX(IRD']) = O(h™) g - (zay-
Therefore
(1 = x(|nD']g)) RHy, = (1 — x(|hD'ly) ) R(1 = X(|hD'])) Hy, + O(hw)wg“(md)?

the result for (1 — x(|AD’|,))RH}, then follows using the same arguments used above for (1 —
X([AD"[g)) Hy R O

4.2 Bounds on H;
The following result improves the k-dependence of the bounds in [37, Theorems 4.5 and 4.37].

Theorem 4.6 (Bounds on Hy). If T' is Lipschitz and piecewise smooth, then given ko > 0 there
exists C7 > 0 such that

||Hk||HZ(p)ﬁH£—1(F) < Ciklog(k+2) forallk > ko andt € 0,1]. (4.10)
If Q= is convex and T is C™° and curved, then given ko > 0 there exists Co > 0 such that

||Hk“H{;(F)—>H,§*1(F) < Cok  forallk > kg and t € R. (4.11)

In the proof, and in the rest of the paper, (-, -)r r denotes the real-valued duality pairing between
H*(T') and H=*(T'), so that (¢,)r g is the real-valued L*(T) inner product when ¢, € L*(T).

Proof. We first show that, for all £ > 0,
(Hip, ) = (¢, Hytp) ., for all ¢ € L*(T') and ¢ € H'(T). (4.12)

By the density of H'/?(I') in L?(T") and the fact that H}, is bounded H'(I') — L*(T') and L*(T") —
H~YT) by (A.6), we only need to show that (4.12) holds for all ¢,7p € HY?(T). Given ¢, €
H'Y2(I'), let u = Ki¢ and v = Kptp. The relation (4.12) then holds by applying Green’s second
identity to u and v in both Q~ and in QT N Bg with R > diam(Q~), subtracting the two resulting
equations, using the third and fourth jump relations in (A.5), letting R — oo, and using that

<5':{U, Yto)ypr = <6:{U7’Y+U>F,R> (4.13)

which holds since both v and v satisfy the Sommerfeld radiation condition; note that here it is
important that (-,-)prr is the real-valued duality pairing — see [76, Lemma 6.13].
By (4.12),

”Hk”L?(F)HH,:l(F) = ||Hk||H;(F)—>L2(r)-

Using this and interpolation (see, e.g., [31, §2.3], [28, §4]), it is therefore sufficient to prove (4.10)
for t = 1. Lemma 4.1 and Part (ii) of Theorem 3.5 implies that

D= e 1y ey < (4.14)

The bound
IV LRe(|AD ) L*y* || L2 (1) L2(r) < C (k) log(k + 2)

follows from [37, Lemmas 4.6, 4.11]; combining this with (4.14) implies (4.10) with ¢ = 1.
The bound (4.11) when Q is convex and I' is C*° and curved follows from [37, Theorem 4.37]
(or, more precisely [37, Lemmas 4.27 and 4.36]). O
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4.3 Bounds on S

Lemma 4.7. Sj; satisfies Assumption 1.1.
Proof. We claim that Sy = k=15 where S € ¥, 1(T), with

o (§) — ;
W T,

By the first equation in (3.19), Six = Yt Rixv*, and by (4.3) Ry is the Fourier multiplier with
(semiclassical) symbol h?(|£]? +1)71. Let A = h?Ry, € U—2(R?), so that S = h~1Sy, = hyT Ay*,
Since A = Opy(a) with a = (|¢[*+1)~! € S72, Lemma 3.10 applies with m = —2 and a; = 0, and
implies that S € hh~ 1T, 1(T') = ¥, |(T) with

g 1 [ exp(i&121/h)

S =h lim — [ SPUST/R) 4.
Uﬁ( ) a:ll—{%i o2mh . £%+|£l|§+1 617

(4.15)

calculating the integral via residues gives (4.15). O

The bounds in Corollary 3.7 therefore hold with R = Sj;,. We now show that, modulo an
additional (log(k 4 2))'/? factor, the upper bound in (3.16) holds when R = Sy, and T is piecewise
C* (as opposed to C*° in Corollary 3.7).

Theorem 4.8. Let Q)™ be Lipschitz with T’ piecewise smooth (in the sense of Definition B.4). Then
giwen kg > 0 there is C > 0 such that for all k > kg

1Sl 220y 2 ooy + ISkl gy =2 (py s 2y < Ok (log(k + 2))'/2. (4.16)

Proof. We prove the first estimate in (4.16); the second estimate follows since Sy is self-adjoint
on L*(T) (see, e.g., [25, Equation 2.37]). Recall from the first equation in (3.19) that Sy =
Y(—A + k?)7y* and recall that, since k*(—A + k?)~! € W, *(R9), for k > ko,

[(=A+ ]f2)_1||H;(Rd)—>H;+2(Rd) < Ck™2 (4.17)

Therefore, fixing 0 < ¢ < 1/2, and using (4.17), the trace bounds (3.5), (3.5), and the inequalities
(3.3), we have

S; < |l . “A+EDTH :
1Skl L2(ry—sr2@) < Iy ||H;E(F)_>H;§75(Rd)\\( + k%) ||H;Te(Rd)_>H§76(Rd)||7\|H§75(Rd)_w2(r)
<Ck. (4.18)
By (3.4),
1Skl L2y mrary < C(1Swllz2sre + E7HIVESikl L2ry— L2 ) (4.19)

therefore, we only need to estimate k~'VpSy, : L*(T') — L*(T'). For this, we let ¢ € Cg5,,(R)
with ©» =1 on [—1, 1], and decompose Sj as follows:

Sik = Si + (Sik — Si),
=Si+y|(mA+E) T = (A + 1),

= Si+ (k7 D) (A + k)71 (4.20)
+(L = (kT DD) | (A + &%) = (A + )T = (kD) (A + 1)1y
= T4+ I1+ I +1V

We now estimate each term I through IV individually. First, for I, we recall from (A.6) that

1Sill 22 (0y— 1 () < C. (4.21)
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To estimate 11, recall that, since ¢ has compact support, ¢ (k~*|D]) : H{(I') — H;+N(F) for any
N is bounded (uniformly in k) (cf. (3.12)). Therefore, using (3.3), the trace bounds (3.5) and (3.7),
and (4.17), we have

I 22 (ry = a2 0y = Iy (k™ D)) (A + kZ)_17*||L2(F)—>H;(F) <Ck (4.22)
We now claim that

H(l—w(k:‘1|D|))[(—A+k:2)‘1 - (-A+1)—1]‘ < k2 (4.23)

Hi(RY)—H T4 (RD) T

and thus, using (3.5), (3.7), and (3.3) again,
I sty gy = [ (L=~ 1DD) [~ A k) ™ (= At ) ™7y oy < OF 7 (4:28)

To prove (4.23), observe that (1 — ¥ (k=1|D|))[(=A + k?)~! — (—=A + 1)~!] is a Fourier multiplier
with (semiclassical) symbol

1 1 } _ P+ ) (- 9(9)

(= VO |~ ) = e e

therefore

JPP(=1+ 1)1 = 9(9))

O e DeE T |

sup

1 2\—1 -1
H(l—i/J(k D) [(=A+k%) 7 =(=A+1) ]“H,j(Rd)—)H;+4(Rd) = 35:L

and (4.23) follows since 1 — ¥ (§) =0 for [¢| < 1.
To estimate IV, we claim that

“¢(k_1|D|)7*||L2(F)—>H*1/2(]Rd) < C(log(k +2))"/?;

indeed,
/R O Fnu@ (kD) e < / e Fru(@) Pk e)) e de’
< log(k +2) /R | Fuu(e)] e
Then, since (—A +1)~! : H=Y2(RY) — H3/2(R%) and ~ : H3/?(R?) — HY(T) are bounded,
VIl L2y mr ) = V(=2 + D)7 0k DDV | 2 ()= sy < Cllog(k +2)) 2. (4.25)
Therefore, combining (4.21), (4.22), (4.24), and (4.25) with (4.20), we have

1= VSl L2y ey < ke m + 0 2 oym 2 o) + T 20y 2 oy + 67 IV 220y i)
< Ck™(log(k + 2))1/?% (4.26)

the result then follows by combining (4.19), (4.18), and (4.26). O

5 New bounds on the exterior Neumann-to-Dirichlet map
P{.p and their proofs

Recall that P, : H~'/2(T") — H'/2(T') denotes the Neumann-to-Dirichlet map for the Helmholtz
equation posed in Q with the Sommerfeld radiation condition (1.2).

Lemma 5.1. Forallk >0, PljftD has a unique extension to a bounded operator Ple_tD H YD) —
L*(T). Furthermore PY,, : H*=1/2(T') — H**Y(T") and

HP;IFtD||H;_1/2(1")—>H;+1/2(1") = ||PIjIrtDHL2(F)—>H;(F) for all [s| <1/2. (5.1)
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Proof of Lemma 5.1. The extension to H~1(I') — L*(T") follows from, e.g., [25, Theorem 2.31].
By Green’s second identity, the Sommerfeld radiation condition and the fact that (-,-)r g is the
real-valued duality pairing (as opposed to the complex one; see [76, Lemma 6.13]).

<P§tD¢’¢>FJR = <¢7 P;Irtth‘,R for all ¢, € H1/2(P)

(this relation was used in the form (4.13) in the proof of Theorem 4.6). By density of H'/2(T") in
H(T), this last equation holds for all ¢» € H!(T), and thus

||P1§rtDHH;1(r)_>L2(r) = ’|P§rtD|‘L2(r)_>H;(r) ;

see, e.g., [75, Lemma 2.3]. The bound (5.1) then holds by interpolation; see, e.g., [31, §2.3], [28,
§4]. O

Part (i) of the following theorem is from [11, Theorem 1.8]; the other parts are stated and
proved here for the first time (using the PDE results of [60, 21, 85]).

Theorem 5.2 (Bounds on Py, ).
(i) If Q= is C*° and nontrapping, then given ko > 0 there exists C > 0 such that

1PNl g 172 0y pre 12y < P for all k > ko and for all |s| <1/2,

where B =2/3 if T is curved, § = 1/3 otherwise.
(i1) If Q= s Lipschitz then, given ko > 0 and 6 > 0, there exists a set J C [ko, 00) with |J| <6
such that given & > 0 there exists C = C(kg,d,e) > 0 such that

HPlj{tDHH2—1/2(F)_>H;+1/2(F) < CKP2HIYE forall k € [ko,00) \ J and for all |s| < 1/2.

(iii) If Q= is C19 for some o > 0, then, given ko >0 and § > 0, there exists a set J C [kg, o0)
with |J| < ¢ such that given € > 0 there exists C = C(ko,d,¢) > 0 such that

HP;I}ADHHI‘:—1/2(F)*>H;:+1/2(F) < CK*2Fe for all k € [ko,00) \ J and for all |s| < 1/2.

() If Q= is C°, then, given ko > 0 there exists o > 0 and C > 0 such that

HPl;Ti_tD||H;_1/2(F)—>H;+1/2(F) < Cexp(a'k) for all k > ko and for all |s| < 1/2.

Parts (ii)-(iv) of Theorem 5.2 are proved using Lemma 5.1 and the following lemma.

Lemma 5.3. Assume that, given ko > 0 and f € L*(Q%) with support in Br for some R > 0,
the solution u € HL (2T) of the Helmholtz equation Au + k*u = —f in QF that satisfies the
Sommerfeld radiation condition (1.2) and O,u =0 on T’ satisfies

HVUHL2(Q+mBR) +k ||UHL2(Q+OBR) < Cr K (k) ||f||L2(Q+) (5.2)

for k in some subset of [ko, 00) and Cy > 0 independent of k. Then there exists Cy > 0 (independent
of k) such that, for k in the same subset of [ko,00),
+
HPNtDHL2(r)—>H,1(F) < G K (k).

This result is analogous to the Dirichlet result in [31, Lemma 4.2]. However, whilst the k-
dependence in [31] is sharp, the k-dependence in Lemma 5.3 is not. Indeed, when Q™ is nontrapping
K (k) ~ 1 by the results of [83, 67] (see, e.g., the discussion in [11, §1.2]), but the sharp bound on
Pg,p, in this case is HP;IrtDHl?(F)—)H,i(F) < Ck~'/3 given by Part (i) of Theorem 5.2.

Proof of Lemma 5.3. This result with K(k) = 1 is proved in [75, Theorem 1.5]. The result for
more general K (k) follows in exactly the same way. O

Proof of Theorem 5.2. Part (i) is proved for s = 1/2 in [11, Theorem 1.8], and then holds for all
|s] < 1/2 by Lemma 5.1. Under the assumptions of Part (ii), by [60, Theorem 1.1 and Lemma
2.1], given kg > 0 and 6 > 0, there exists J C [ko,00) with |J| < § such that (5.2) holds for
k € [ko,00) \ J with K (k) = k5¥/2+1+¢. Under the assumptions of Part (iii), an analogous result
holds with K (k) = k>¥/?%¢ by [60, Corollary 3.7]. Under the assumptions of Part (iv), (5.2) holds
for all k with K (k) = exp(ak), for some « > 0, by [21, Theorem 2|, [85]. O
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6 New results about the interior impedance-to-Dirichlet map
PIZ],)’”’R and their proofs

Lemma 6.1 (Existence of P "™ : HY/2(T') — H'Y/2(T")). Let T be Lipschitz and s > 1/2. Suppose
R: H-Y(T) — HY2(T) is bounded, there exist C1,Cy > 0 such that

|Re (R, v) | > Cy ¢l 7-1o(ry  for allp € HH/2(D), (6.1)

T (R, )| < Col|0lmnry  for all b € H-Y3(D), (6.2)

and R~ : H1=%(T') — H=*(T) is bounded.
Then, given g € HY/2(T'), k > 0, and n € R\ {0}, there exists a unique solution u € H' (™)
to the boundary-value problem

Au+Kku=0 inQ  and RO,u—iny u=g onT, (6.3)
and thus PiP™ : HY2(T) — HY2(T) is well-defined.
Proof. The variational formulation of the boundary-value problem (2.16) with g € H'/2(T) is:
find uw € H'(Q7) such that a(u,v) = F(v) forallv € HY(Q7), (6.4)

where
a(u,v) = /Q, (Vu Vv — kzui) — i77<R71'y*u,'y*v>F and F(v):= <Rflg,’y*v>r.
We now show that the solution of this problem, if it exists, is unique. By (6.1) if g = 0, then
0=|Ima(u,u)| = |77Re <R_1'y_u,7_u>r‘ >nC ||R_17_u||;,1/2(r) ,

and uniqueness follows since R is invertible from H~'/2(I") — H'Y/2(T") by (6.1) and the Lax—
Milgram theorem (see, e.g., [65, Lemma 2.32]).
To prove existence, first observe that, by (6.2) and the assumption that R=1 : H!=5(I') —
H~*(I") is bounded, for ¢ € H'/%(I),
[ tm (R, 0| = [(B™Y) (m R)R™ 9, 9), |
= [(ImR)R™, R™') | < CIR™ |5 (ry < CllWll7pa-e -

Therefore, for v € HY(Q7) and s > 1/2,

2

Rea(v,v) = HVUHiZ(Q—) —k? ||U||2Lz(9—) +nIm(R™ 0,77 0)r > ol o) — C||U||Hg_s(9,)~

Since H'(27) is compactly contained in H3/27%(Q~) with s > 1/2 (see, e.g., [65, Theorem 3.27]),
the solution of the variational problem (6.4) exists and is unique in H*(27) by Fredholm theory
(see, e.g., [65, Theorem 2.34]). O

We now show that if " is C*° and R satisfies Assumption 1.1 then R satisfies the assumptions
of Lemma 6.1 for sufficiently large k, and hence that PI;]’DU’R . HY2(T) — H'Y*(I') exists for
sufficiently large k.

Lemma 6.2. IfT" is C*° and R satisfies Assumption 1.1, then there exists kg > 0 and C > 0 such
that, for all k > ko,

+Re (R, v), > Ck™* ||¢|\§I,1/2(F) for all ¢ € H-Y*(ID), (6.5)

where the plus sign is chosen if op(R) is positive, and the minus sign is chosen if or(R) is negative.
Moreover, R™1 : H,i_s — H,* for any s and

| Tm(Rep, )r| < CE™HW|G 2y forall e € HY2(D). (6.6)
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Proof. Let R =h~'R. Since Jh(ﬁ) is real and R € \Il;;1 is elliptic,
D Ch Y *
+on(R) > ) for all (2',¢") € T*T. (6.7)

If (6.7) holds with the plus sign, then A := R — C}/(¢’) satisfies the assumption of Theorem 3.8
with £ = —1, and thus

Re<<1§ <€,>> b, ¢> —czh||¢ufqglm for all ¢ € H~Y2(TD).

Therefore, by the definition of the H, 1/2 (") norm,
Re (Ro. 8) > Cs |0l /2y = Cohi | llfy 1y for all g € HV3(T),

and the bound (6.5) with the plus sign follows if 7 is sufficiently small (i.e., for all k sufficiently

large). If (6.7) holds with the minus sign, then A := —R — C/(¢) satisfies the assumption of
Theorem 3.8 with ¢ = —1, and the bound (6.5) with the minus sign follows in a similar way to
above.

The fact that R~ : H}™* — H, ® follows from the fact that R=* € ¥} (T") by Lemma 3.6 and
the mapping property in Part (ii) of Theorem 3.5. To check that (6.6) holds, observe that since

o, ' (R) is real, by the second equation in (3.14),
o7 '(R— R*) =0.
Therefore Im R = (R — R*)/(2i) € ¥, ?(T") and hence, by the boundedness properties of elements

of \I/gz,
| Tm(Rep, )| = Al Tm(Re, )r| < Al Tm R | |l e < CRIPIG o,

which is (6.6). O

In §7.2, Lemma 6.1 is used to prove invertibility of By, r and By, R when R satisfies Assump-

tion 1.1, k > 0, and n € R\ {0} (i.e., Part (i) of Theorem 2.2). We now use this invertibility of
B, ,, g to prove the following result about P and PR]’D"’R .

Recall that (-,-)r g denotes the real-valued duality pairing on I between H®(I') and H~*(T").
Lemma 6.3. Assume that T is C°°, R satisfies Assumption 1.1, n € R\ {0}, and k > 0 is
sufficiently large so that PIt”7 R HY2(T) — HY2(D) exists.

(1) Pib R and Pltb”’R have unique estensions to bounded operators H'(T') — H'(T'), where
R’ denotes the adjoint of R with respect to the real-valued L? inner product.

(ii) (R Ry = (R P e,
(R P, )y = (6, (R) TPt u) o for all ¢, € HY(D). (6.8)

(iii)

_ 7773
| R P

= H(R/) LR

L2(I)—H; ' (I) HH,i(F)%L“’(F) 7

and thus both Pip"™ and PI;]’D”’R/ are also bounded operators L?(T") — L*(T).

Proof. (i) The plan is to express Pjy"" as an operator on H'/2(T) in terms of (Bj.., r)""; indeed

we show that )
_ -1 _
P = —R(Bj, 1) <2I - K,Q) R (6.9)

and then show that this expression extends P;" R to an operator on H'(T').
Given g € HY?(T), let u be the solution to (6.3). By Green’s integral representation (see, e.g.,
[25, Theorem 2.20]),
u = 85,0, u — Kry~ u.
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Taking the Neumann trace and using the jump relations (A.5), we find that
1 A\ Al _

The boundary condition in (2.16) implies that
O u=inR 'y u+ R g,

and combining the last two displayed equations, we find that
1 1
in (21 — K,;) (R u) + Hyy—u = — (21 — K,;) R~ 1y,
that is, by the definition of By, » (1.5),

1
By r(R™'y7u) =~ (2—7 - K;@) R™'g. (6.10)

The arguments in the proof of Theorem 2.2 (in §7.2) that show Bj , 5 is invertible from
L?(T') — L*(T") also show that By, g is invertible from H~Y2(T) to H-Y/?(T) (indeed, the proof
of Theorem 2.2 shows injectivity on H~/2(T"), and the proof that By, ) g 15 Fredholm on L*(T') also
shows that B,’m“ r is Fredholm on H ~1/2(T")). Combining this result with the mapping properties
of R,R™!, and K], (see (A.6)), we see that, given g € H'/?(T),

(1 -
R(Bj,r) " (21 - K,g) R™'g e HY(I).

By Lemma 6.1 and Assumption 1.1, P is well-defined on H'/?(T"). Therefore, (6.10) implies
that (6.9) holds with both sides well-defined on H'/2(T).
Using that R : L?(I') — H'(I') is bounded and invertible, K}, is bounded on L?(I"), and By R

is bounded and invertible on L?(T), we find that (6.9) extends Py to a well-defined operator

on HY(T). Since R’ also satisfies Assumption 1.1, PIZI’)"’R/ also extends to a well-defined operator
on HY(T).

(ii) To prove (6.8), let u be the solution of (2.16) with data ¢ and let v be the solution of (2.16)
with data ¢ and R replaced by R'; then

v u=Pte and v v =P (6.11)

By Green’s second identity applied in Q™ (see, e.g., [25, Theorem 2.19]),

(Y u, 0, 0)p p — (Y 0,0, uyp g = / ulAv — vAu =0,

and thus, by using the boundary conditions satisfied by u and v,
(v u, (R) MW+ iy 0))p g = (v 0, RHO + )y -
By the definition of R’, the last equality becomes
(v, (R/)_1w>F,R = <7_”7R_1¢>1“,R’

and then (6.8) follows by using (6.11).

(iii) To prove R‘lplzb"’R is bounded L2?(I') — H~YT), it is sufficient to show that
(R'Pp" "¢, ¢)r g is bounded for all ¢ € L*(T) and ¢ € H*(T). Given ¢ € L*(T), there ex-
ists ¢; € HY/?(T') such that ¢; — ¢ in L?(T) as j — co. Then, by (6.8), for all ¢p € H(T"),

(R P65, 001 = ((R) T P ™ 0, 0)p e = (BT P, 0) . as = oo,
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since PI;]’D"’R/ : H'(I') — H'(T) is bounded, and thus R~' P 7" : HY(T') — L*(T') is bounded.
Therefore, (6.8) holds for all ¢ € L%(T') and ¢ € H(T), and thus
<R71PI;]S’]7R¢’ 1/J>F7]R
L= sup
L2O)=HN ) ey pent@ 1912 H¢||H;(F)
(R P . d)p g
= sup
peL*(T),peH (D) ||¢||L2(r) ||7/1||H;(r)
= |y re

—1p—n,R
|~ P

HH;(F)—>L2(F) '

O

Corollary 6.4. IfT is C*°, k > 0, and Ren # 0, then
P ~ | Pe | . 6.12
H D 2y L2(r) Ith HL(M)—H}(I) (6.12)

Proof of Corollary 6.4. We claim that

blp S [ Sk|p]
0 gz = NP0 ey = F 1B oy
and
S T S B o
D 2y p2m) ™ o ey smt@) ™~ D 2y L2(m)

Indeed, the first bound in each inequality follows from the upper bound in (3.16) (first applied
to R’ with t = 0 and then applied to R with ¢ = —1), and the second bound in each inequality
follows from the upper bound in (3.17) (first applied to R’ with ¢ = 0 and then applied to R’ with
t = —1); the result then follows from Lemma 6.3. O

Theorem 6.5. If Q= is C*°, R satisfies Assumption 1.1, and n € R\ {0} is independent of k
then, there exists ko > 0 and C > 0 (independent of k) such that, for all k > ko,

—n,R
| P

<
L2(I)—L2(T) —

Proof. By Lemma 6.3 and (6.12), it is sufficient to show that

bl

—m,R
ItD

<

Hi (D)= H(T)
i.e., that given g € H(T'), the solution u to (2.16) with R replaced by R’ exists and satisfies

llly oy < Cllgllmy oy (6.13)

with C > 0 independent of k. By Assumption 1.1, R’ = AR with R € \I/gl(l“). Using this in the
boundary-value problem defining « (2.16) and multiplying by R~!, we obtain that

(=h?’A—1u=0 inQ" and %h@nu —(R)"'qu=g onT, (6.14)

where

~ 1.~
§i= (R € L2(r).
By Part (ii) of Theorem 3.5 (or equivalently Corollary 3.7), ||§_1||H}1(F)HL2(F) < C, and thus

H§HL2(F) <C ||9||H;L(r) ‘ (6.15)

The boundary-value problem (6.14) fits in the framework studied in [38, Section 4| with, in

the notation of [38], N = 1,D = n(R)~!, m; = 0, and mg = 1. Whereas [38, Section 4| studies
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this problem when Q7 is curved, the results hold for general smooth Q~ if [39, Lemma 3.3] is
used instead of [38, Lemma 4.8]. When applying [39, Lemma 3.3] to the set up in [38], we note
that, since Q~ is bounded, the set A in [39, Lemma 3.3] is the whole of S;‘Z,Rd. Therefore, when
nor(R) > 0, the result [38, Theorem 4.6] (combined with [39, Lemma 3.3] as indicated above)
shows that the solution u to (2.16) with R replaced by R’ exists and satisfies

Hu”H,}z(Q*) <C ||§||L2(1“) ) (6.16)

with C > 0 is independent of h. Then, inputting m; = 0 and mg = 1 into the trace result [38,
Theorem 4.1] and choosing ¢ = 0, we find that, for C > 0 (independent of &),

HUHH}}L(F) < C( ||u||L2(Q*) + H§HL2(1‘) ) (6.17)

The combination of (6.17), (6.16), and (6.15) therefore gives the required result (6.13) when

nor(R) > 0. When nos(R) < 0, these results of [38, Section 4] (combined with [39, Lemma 3.3]
as indicated above) apply to the boundary-value problem

(-h*A—-1)v=0 inQ" and %h@nv +(R) =g onl.

Since v = W where u is the solution of (6.14), the bound (6.13) also holds when 1o (R) < 0, and
the proof is complete. O

In §9 (the discussion on the choice of ) we use the following lemma.

Lemma 6.6. Ifn € R\ {0} and R satisfies Assumption 1.1 then there exists ko > 0 and C > 0
such that for all k > kg
c

< =, 6.18
H2(D)—H/2 ()~ ] (6.18)

—n,R
||

Proof. By Lemmas 6.1 and 6.2, the solution w of the variational problem (6.4) defining PIZb"’R
exists. Choosing v = u (6.4) and taking the imaginary part, we obtain that

nRe <R7177u, 77u>F =Im <R71g,fy*u>r.
By the coercivity of R (6.5),
_ 12 _ _
Clnlk ™ [|B™ y ull =2y < 1B 9l vy Iy ull ooy -

where C is as in (6.5); the result then follows by using both the upper- and lower-bounds on R~}
in (3.17). O

By considering Neumann eigenfunctions, we see that the bound (6.18) is sharp in its 7-
dependence. Indeed, if k? is a Neumann eigenvalue of the Laplacian with u the corresponding
eigenfunction, then

RO, u—iny u = —iny u and thus PI;]Sn"R’fU - lfy’u.
n

7 Proofs of the main results

7.1 Proof of Theorem 2.1
Proof of Theorem 2.1. By the triangle inequality,

Bk 2l 121y 2y < Il (1/2 + 1Kkl 20y 22y ) + 1Bl 1= 0y L2y [Hel L2 0y oy -

The bounds on || By, y.r| r2(r)—r2(r) in Theorem 2.1 then follow by using the bounds in Theor-
ems 3.1, Theorem 4.6, and 4.8. The bounds on ||B]I€7n7R||L2(F)_>L2(F) follow similarly. O

29



Because of the interest in choosing R = Sy (see the discussion in §2.1.1), we also record the
following bound on || Biy,s, [|2(r)—z2(r) and ||By,, s 22— r2(r) (which we refer to in §8). For
simplicity we assume that |n| is bounded independently of k (since then the norm of Sy Hy, dominates
for all geometries), but it is straightforward to obtain bounds for general 7 analogous to those in
Theorem 2.1.

Lemma 7.1. If |n| < ¢ with ¢ independent of k and T is piecewise smooth, then given ko > 0 there
exists C' > 0 such that for all k > kg

”Bkﬂlaso ||L2(F)—>L2(1") + HBI/C,n,So HLZ(F)—>L2(1") S Ck log(k + 2)'
If, in addition, T is C*>° and curved then given ko > 0 there exists C > 0 such that for all k > kg
||Bk7’7750||L2(F)—>L2(P) + HB7l€7777SOHL2(F)—>L2(F) < Ck.
Proof. By the triangle inequality,
1 Bk.n.soll L2 (ry =2 (r) < Inl(1/2 + 1Kkl L2y £z ) + 150l ir-1 0y 20y 1Hkll L2 (0)— -1 () -
The result then follows from Theorems 3.1 and Theorem 4.6, using the fact that
15kl 2y mr-1.y) = N HEl gy 2y < kot IHkl 2 0y L2 (1) »

where the equality follows from (4.12) and the inequality holds since [|¢|| s ) < ko "Nl #ro ry for
k> ko and all ¢ € H'(I). O

7.2 Proof of Theorem 2.2

Lemma 7.2.
<Bk,n,R¢)a ¢>F’R = <¢7 BI/V7W7R/¢>F,R fO’I” all ¢7¢ € LQ(F)a (71)

i.e., By, g is the adjoint of By, r with respect to the real-valued L*(T') inner product.

Proof. By, e.g., |25, Equation 2.40], (K¢, ¥)rr = (¢, Kjib)rr for all ¢,4» € L*(T). Since R :
L*(T") — HY(T') is bounded, the result then follows from (4.12) and the definitions of By, r and

By, g (15). -
Corollary 7.3.
IBrn,&ll 12y 20y = | B, L2(T)—L2(T)
Furthermore, if By, g is invertible on L?(T), then
1B )™ 2y 20y = 1B ey oy
Proof. This follows from Lemma 7.2 and, e.g., [25, Remark 2.24]. O

Proof of Theorem 2.2. We first prove that if R is satisfies the assumptions of Lemma 6.1, then
By, r and By, g are injective on H~Y2(T); injectivity of By, g on L*(T) immediately follows.
Suppose ¢ € H~/2(T) is such that By, g9 =0. Let u = (Kx R—inSy)$. The jump relations (A.5)
imply that Ofu = By, p¢ = 0 (this is the same argument used to derive the BIE (1.6)). Since
u satisfies the Sommerfeld radiation condition (1.2), and the solution of the exterior Neumann
problem is unique, u = 0 in QF, and thus vTu = 0. The jump relations imply that

Ofu—0,u=ing and ~Tu—~y"u=Rg, (7.2)

and thus 9;u = —in¢g and v~ u = —R¢. Therefore, u solves the boundary-value problem (6.3)
with ¢ = 0. By Lemma 6.1, u = 0 in Q~. Therefore 9, u = 0, and the first equation in (7.2)
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implies that ¢ = 0. Now suppose ¢ € H~/2(T) is such that By p.r¢ = 0. Let u = Ky ¢; the third
and fourth jump relations in A.5 imply that

1
v = (izf + Kk) ¢, OFfu= Hyp. (7.3)

Therefore, since By, r¢ = 0, RO, u — iny~u = 0. Similar to above, u = 0 in Q= by Lemma 6.1,
and thus 9,;u = 0. By (7.3), 8}u = 0, and by uniqueness of the Helmholtz exterior Neumann
problem with the radiation condition (1.2) (which holds when T is Lipschitz by, e.g.,[25, Corollary
2.9]), v =0 in Q*. Therefore, ¢ = d;fu — 9, u = 0.

We now need to check that R satisfies the assumptions of Lemma 6.1 if (a) R satisfies Assump-
tion 1.1 and k is sufficiently large, (b) R = Sy, and k > 0, and (¢) R = Sp and (in 2-d) the constant
a in (A.3) is larger than the capacity of I'. Indeed, (a) follows from Lemma 6.2 (b) follows from
Theorem 3.4 and [65, Theorem 7.17], and (c) follows from [65, Corollary 8.13, Theorem 8.16, and
Theorem 7.17]); the injectivity results in both Parts (i) and (ii) therefore follow.

We now complete the proof of Part (i) by showing that, when I' is C* and R satisfies Assump-
tion 1.1, By, r and By,  are Fredholm on L?(T') for k sufficiently large. Let x € C5,,(R) be
as in Theorem 4.4 (i.e., x(§) =1 for [{| < 2 and x(§) = 0 for |{| > 3). By the definition of B} ,
(1.5), By, g = B + B3, where

B! : ;71+(1— X(AD'|))Hy R and  Bj:= x(|hD'|,)Hx R — inKj}.

We first claim that Bj is compact on L?(T'); indeed, this follows since HyR : L?(I') — L*(T) is
bounded, ¥(|hD’|,) : L*(I") — H}(T') is bounded (cf. (3.12)) and hence compact on L?(I"), and K,
is compact on L?(T") by [36, Theorem 1.2]. We next claim that Bj is invertible on L?(T); indeed,
by Corollary 4.5, (1 — x(|hD’|,))HrR € W9(T') with real-valued semiclassical principal symbol.
Since n € R\ {0}, Bj is therefore elliptic and hence invertible for sufficiently large k& by Theorem
3.6. Thus By, g is the sum of an invertible operator (B7) and a compact operator (B3) and so
is Fredholm; the result for By, r follows either from very similar arguments (using the result in
Corollary 4.5 about (1 — x(|hD’|,))RH}) or from the adjoint relation (7.1).

To complete the proof of Part (ii), we prove that By, r and B//wz, r are second-kind when
R = S, and T is C; the proof for R = S is very similar. Observe that

i 1 i 1
Biy,r = <;7 - 4> I'+ Ly, and Bllm,R = <;7 - 4> I+ L;c,n

where

1
Lk,n = —iT]Kk + Sy Hy + ZI and Lk R 17]Kk + HSi + I
By the Caldero6n relations (2.10),
Lk’n = —inKy + (Sﬂc — Sk)Hk + (Kk)2,

and
;C,TI — —inK]; —+ (Hk — Hik)Sik + (Kllg)z’

When I'is C?, Ky, and KJ, are compact on L*(I") by [36, Theorem 1.2|. By this, and the mapping
properties of Si, and Hy, from (A.6), to show that Ly, and L;c,n are compact it is sufficient to
prove that (a) Sy — Si, : H~Y(T') — L?*(T) is compact, and (b) Hy — Hy, : HY(T') — L*(T) is
compact. Since @ — Py, = (P, — Pg) — (P — Dy), the bounds on Py, — Py in [25, Equation 2.25)
(valid for k € C) show that Sy, — Sk : H~ (') - HY(T') and Hy — Hy, : HY(I') — H'(T'). Since
the inclusion H'(I') — L?(T') is compact (see, e.g., [65, Theorem 3.27]), both the properties (a)
and (b) hold}; see also [16, Theorem 2.2] for a proof of these mapping properties using regularity
results about transmission problems and standard trace results. O

In fact, when T' is C1'1 (so that H?(T) is well-defined) these bounds on ®j, — ®q show that Sy — Sk : H~ (") —
H2(T) and Hi, — Hy, : HY(T') — H?(T').
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7.3 Proof of Theorem 2.3
Lemma 7.4.
(BkmyR)il = Plili_tDRil - - iWPIjI_tDRil)PI;]’)n’R (7.4)
and
(Bimr) ™' = R Php — R P (R — inPp)- (7.5)
Proof of Lemma 7.4. We first show that (7.5) follows from (7.4). By Lemma 7.2,
— — _ /
(Blr) ™" = ((Bry,r)) ™" = ((Brar) ™) (7.6)
By (4.13), (PY,p)' = Pdp. By Part (i) of Lemma 6.3, (R") "' Py = R= P and thus
(P = R B "R (7.7)

Replacing R by R’ in (7.4), taking the /, and using (7.6) and (7.7), the result (7.5) follows.

We now prove (7.4). Given g and ¢ satisfying By, rp = g, let u := Kyp; the motivation
for this choice is that By, r is the direct BIE arising from Green’s integral representation where,
for the Neumann problem, u is the sum of a double-layer potential and u’; see (A.4). Our goal
is to express ¢ as a function of g. The equation By, re¢ = ¢ and the jump relations (7.3) then

imply that RO, u —iny~u = g. By the definition of PI;]’D"’R, Yu = PI;b"’Rg. Then, using this last
equation, (7.3), and the fact that 9, u = 9,, u, we find that

— ) 7R - 1 - > 7R
o=7%u—vy u:PliIrtD(a;i_u)_PItDn QZPJcDR 1(9+177’Y u) — Prpy"™g,

= (Pl\jILtDRil - (= iWPJtDRfl)PI;me)Q’
and the result (7.4) follows. O

Proof of Theorem 2.3. We prove the upper bounds on |[(Bkyr) " !||r2(r)—r2(r)- The same argu-
ment proves upper bounds on || (B, r/) " | 2 (r)— L2 (ry With identical k-dependence, and the upper
bounds on (B, )~z z2(r) then follows from Corollary 7.3.

By (7.4) and the triangle inequality,

1Bianm) ™ [ oy oy < PR B oy 2y
1P | oy ey (L + P R oy ey )-
Furthermore,

1Pn R )17

71||L2(F)HL2(F) S ||P1<"I_tD||Hk_1(F)HL2(F 1||L2(F)%H]:1(F) )

Combining these last two inequalities, we obtain that
1(Brn.r) Nz 2wy < 1Pl ey o ey
+ 1+ |n‘HP;t£’RHL2(F)—>L2(F)) HPIjIrtDHH;l(r)—wZ(F) HR_1||L2(F)—>H;1(F) :

By Theorem 6.5 and Corollary 3.7,

||(Bk77]7R)71HL2(F)4)L2(F) < C(l + (1 =+ WDk ||P1;TFtD||H,:1(F)~>L2(F) )

Theorem 2.3 can then be obtained by using the upper bounds on HPliTrtDHH*I(F)aLZ(F) from The-
k

orem 5.2. 0
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7.4 Proof of Theorem 2.6

This proof follows the same ideas as the proof of the corresponding result for the BIEs (2.12) (used
to solve the exterior Dirichlet problem) in [12, Theorem 2.8]; see also [25, Pages 222 and 223].

We prove the lower bound on ||(By,» &) ™"/ L2(r)—£2(r); the same argument proves the analogous
lower bound on ||(By,;,r') " ll£2(r)—z2(r), and then the lower bound on [|(By, , g)~'llL2(ry—L2(r)
follows from Corollary 7.3 and the fact that [|R|| .2y 2y = R ||L2(r)—22(0)-

Let (uj, k;)5°_; be a quasimode with suppu; C K C QF, ||uj||L2(Q+) =1, and Au; +k3u; = g,
where (by definition)

951l s < €(ks). (7.8)

Let
W(@) = Rugy(a) = [y, (@) ) .
By standard properties of the free resolvent Ry (see, e.g., [65, Pages 197, 282]),
Au][ + kaujl =g;.

We now think of uf as an incident field and observe that, since ug and u; satisfy the Sommerfeld
radiation condition and 9, u; = 0, u; is the corresponding solution of the scattering problem (1.1)
and (1.2). Green’s integral representation theorem [25, Theorem 2.21] implies that

5 for x € QF,

(k0 @) + (K =4
‘ J 0 fOI‘.Z'EQ_v
0 forxeQF
—(Sk, Opul) (@) + (Ki ul) (z) = |
(Sk; Onuj) () + (K uj) () uf forx € Q.

Adding the two equations in Q*, and using the fact that 9; u; = 0, we find that
uj = u]I + K7ty in QF. (7.9)
Applying the operator R9;" — iyt and using the jump relations (A.5), we obtain that
B r(vTuy) = f;,  where f; = —(Ro} —ingyt)u’. (7.10)

Therefore, to prove Theorem 2.6, we only need to show that

-1 1
+ 1/2
H’Y UjHLz(F) > C||fj||L2(F) k; <||RHL2(F)—>L2(1")]€]' + \77|> (e(kj) - k) . (7.11)
By (7.9) and the definition of the quasimode,
L= gy = Nsllzagey < 1Pk 05l gy + 1R sy <C( I il pagey + 7 193 gey )
JllLzQ+) dllLziey = 15k Uillp2 i) illL2(cy) = T Uil L2y ks 9illL2 (k)

1
SC( HVJFUJ‘HLz(F) + Ee(kj))a
(7.12)

where we used Theorem 3.2 to bound Ky, Theorem 3.3 to bound Ry, and the bound (7.8) on g;.
Having proved the bound (7.12) on v u; from below, to prove (7.11), we now need an upper
bound on || fj|lr2(r). Let x € Cnp(R?) with x = 1 on a neighbourhood of Q~. By the norm

comp

relation (3.3), the trace bound (3.5), and Theorem 3.3,

1/2

H'7+“§HL2(F) < ’|’7+“§HH;]/2(F) < ijl'/z quﬂ’H;j(m) < Ck; " lgjll 2o+ -

Similarly,

||87T“§||L2(r) <C ‘|7+V(X”§)HH;;2(F) < Ck'/? HV(X“I)HH;(W) < OK*? HXUIHHg(m)
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1/2
< Cky? g5l e -

Using these last two displayed bounds in the definition of f; (7.10), we find that

1l oy < Ok 2 (Rl Bllacry ey + Inl ) e(ky).

Combining this last inequality with (7.12), we obtain (7.11) and the result follows.

8 Numerical experiments illustrating the main results

8.1 Obstacles considered

We consider the following obstacles 27, shown in Figure 8.1, and inspired by those considered in
the experiments in [12].

e The unit circle and an ellipse whose minor and major axis are respectively 0.5 and 1; these
are both examples where I" is C* and curved (in the sense of Definition B.3).

e The “kite” domain defined by (cos(t) — 0.65 cos(2t) — 0.65, 1.5sin(¢)) with ¢ € [0, 27]; this T’
is smooth.

e A square with side length 2; this T" is piecewise smooth (in the sense of Definition B.4).

e The “moon” domain defined as the union of an elliptic arc and a circular arc, where the
particular ellipse is (0.5 cos(t),sin(t)) with ¢ € [0,27] and the particular circle is (cos(t) +
0.25,sin(¢)) with ¢ € [0,27]; this ' is both piecewise smooth and piecewise curved (in the
sense of Definition B.5).

e The “elliptic cavity” defined as the region between the two elliptic arcs

(cos(t),0.5sin(t)), € [—¢o,¢0] and (1.3cos(t),0.6sin(t)), t € [—d1,P1]
with ¢o = 77/10 and  ¢; = arccos (113 cos(d>0)> ;

this corresponds to the shared interior of the solid lines in Figure 8.1f.

All these Q™ are nontrapping (in the sense of Definition B.1), apart from the elliptic cavity,
which is trapping. The elliptic cavity also satisfies the assumptions of Part (ii) of Theorem 2.7,
and so there exists a quasimode with exponentially-small quality.

When considering R = Sy, we choose the constant a in the Laplace fundamental solution
(A.3) to be 4. Since the maximal diameter of the considered 2~ is < 3 and the capacity of 2~
is < diam(Q27) (see [65, Exercise 8.12]), this choice of a ensures that Sp is coercive and that
(Bi.y,s,) " exists when T is C' by Part (ii) of Theorem 2.2.

For all nontrapping domains, we compute norms of By, r and (Bk),,)R)_1 for Kk = 5 x 2"
with n = 0,1,...,8, i.e.,, k € (5,1280). For the elliptic cavity, we compute at k& = 5 x 2" with
n=0,1,...,7 ie., k € (5,640), but we also compute at (approximations of) particular frequencies
in the quasimode. The particular frequencies are denoted ky, , with this notation explained in the
following remark.

Remark 8.1 (The quasimode frequencies ky, ). The functions u; in the Neumann quasimode
construction in Part (ii) of Theorem 2.7 (from [10, Theorem 3.1] and analogous to the Dirichlet
quasimode construction in [12]) are based on the family of eigenfunctions of the Laplacian operator
in the ellipse E (2.7) localising around the periodic orbit {(0,z2) : |x2| < a2}, i.e., the minor axis
of the ellipse; the square root of the associated eigenvalues defines frequencies in the quasimode.
We use the method introduced in [86] and the associated MATLAB toolbox to compute the eigen-
values of the ellipse, and hence the frequencies in the quasimode. In this paper we consider the
Jrequencies kp, ; the superscript ‘e’ is because the associated eigenfunctions are even functions of
the “angular” variable, the subscript ‘m,0’ means that the associated eigenfunction has no zeros
when the angular variable is in [0,7) and m zeros when the radial variable, u, is in (0, ug), where
Lo = cosh_l(al/\/a% —a3) and the boundary of the ellipse is pu = uo; see [64, Appendiz E] for
more details.
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Figure 8.1: Obstacles considered in the numerical experiments
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8.2 Description of the discretisation used for the experiments

We consider By, r (1.6) with R = Sij; and R = Sy. These operators are discretised using the
boundary-element method (BEM) with continuous piecewise-linear functions. We choose n = 1/2
as in [19, (23)], and we define the mesh using ten points per wavelength. In more detail: given a
finite-dimensional subspace V,, C L?(T), the Galerkin method is

find v,, € V;, such that (Bk,,,,Rvn,wn)B(F) = (f, wn)LZ(F) for all w,, € V,, (8.1)

where f denotes the right-hand side of the BIE in (1.6); the Galerkin solution v, is then an
approximation to yTu. We denote the continuous piecewise-linear basis functions by ¢; € V,, for
j=1,...,n. The matrix of the Galerkin linear system (8.1) can be written

1
Bk =i (2M - Kk> +RM™'Hy,

where (B, r)jk = (Bk7n7R¢k7¢j)L2(r)? the matrices arising from the operators K, Ry and H),
are defined similarly, and the mass matrix M is the discretisation of the L? scalar product on V,.
The meshwidth h was chosen so that 10h = 27/k; this corresponds to having ten gridpoints per
wavelength, which, at least empirically, ensures the accuracy does not deteriorate as k — oo (but
see [41] and [40] for more discussion on this). This choice of h means that n ~ h=(@=1) ~ gd=1,
Approximations to the norms of By, g and (By,, r) " are computed as the maximal singular
value of M~'By, ,, g and the inverse of the minimum singular value of M™!'By, ,, g, respectively. As
h — 0 for fixed k, we expect these approximations to converge by the following lemma combined
with (a) the fact that cond(M) is bounded independently of h for standard BEM spaces (see
[74, Theorem 4.4.7 and Remark 4.5.3] and [80, Corollary 10.6]), and (b) the fact that By , r is a
compact perturbation of a multiple of the identity when I' is C* by Part (ii) of Theorem 2.2.

Lemma 8.2. (|64, Lemma B.1].) Let V,, C L*(T) be a finite-dimensional space with real basis
{¢j}j—1. Given A: L*(T) — L*(T), let A be defined by (A); 1 = (A¢r, ¢;)r>ry- Let Py : L*(T) —
Vi, be the orthogonal projection, and let

21::: }%114‘Vﬁ'
(i) 1 B
[M™IA[|, < v/cond(M) HA||L2(F)—>L2(F)

where cond(M) := ||[M||2||M~}||2, and if (M~LA)~1 exists, then
—1 A1 [ || A1
(M~ A) 7], < v/cond(M) ||A ||L2(F)—>L2(F)’
(ii) If Pod — ¢ as h — 0 for all ¢ € L*(T), then

H14||L2(F)4>L2(r) - ”11”L2(F)49L2(F) as h — 0;
if, in addition, A = al + K, where a # 0 and K 1is compact, then

Hg_lum(r)ﬁm(r) - HA_1HL2(F)%L2(F) as h — 0.

The numerical experiments were conducted with the software FreeFEM [48] using

e the interface of FreeFEM with BemTool?> and HTool? to generate the dense matrices stem-
ming from the BEM discretisation of the considered operators, and

e the interface of FreeFEM with PETSc [9, 8] and SLEPc [49, 72] to solve singular value
problems; in particular, we used ScaLAPACK [15] to obtain the largest and smallest singular
values of M™'By, , r and in Figure 8.6 we used the cross method to compute the largest
singular values of the Galerkin matrices of Dy, SqHy, and Sip Hy.

2https://github.com/xclaeys/BemTool
Shttps://github.com/htool-ddm/htool
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8.3 Numerical results

With R = Sj; and R = S, the maximum singular value of M_lBk,n,R and the inverse of the min-
imum singular value of M~'By, ,, g (which equals the maximum singular value of (M~'By, , g) ')
are plotted in Figure 8.2 (circle and ellipse), Figure 8.3 (moon), Figure 8.4 (kite and square), and
Figure 8.6 (elliptic cavity). In the captions of the figures we abuse notation and write “opy.x for
By y.s,” and “1/omin for By, g,”. The computed growth rates with k& are summarised in Table
8.1 and compared with those in the bounds in §2.

We now discuss separately (i) the norms for all 2~ other than the elliptic cavity, (ii) the norms
of the inverses for all Q= other than the elliptic cavity, and (iii) the norms and the norms of the
inverses for the elliptic cavity.

Circle Ellipse
Observed Expected Observed Expected
”Bk,n,sik ‘ ~1 S 1 ~ 1 5 1
H(Bkﬂ%&k)_l” ~ kO34 i k1/3 ~ k028 < k1/3
[1Bk.n.0l ~ k094 <k o 0:99 <k

Table 8.1: Comparison of the k-dependence of the computed norms for the circle (Figures 8.1a)
and the ellipse (Figure 8.1b) (column “Observed”) and the bounds in Section 2 (column “Expected”)

Moon
Observed Expected
1B, ~ k01 < kYO log(k +2)
|(Br,n,si) "M~ K04 < k2/3
1 Bkn.s0l ~ k100 < klog(k + 2)

Table 8.2: Comparison of the k-dependence of the computed norms for the moon obstacle in
Figure 8.1e (column “Observed”) and the bounds in Section 2 (column “Expected”). (Note that the
bound on (By s, )" from Theorem 2.3 strictly does not apply since I is not C.)

Kite Square
Observed Expected Observed Expected
B, s ~ k02 < kY4 log(k +2) ~ k016 < kY4 og(k 4 2)
”(Bk,n,Sik)71H ~ k0-41 g k2/3 ~ k0-13 g k2/3
1 Bk.n.s0ll ~ kN0 S klog(k+2) ~ K09 < klog(k +2)

Table 8.3: Comparison of the k-dependence of the computed norms for the kite (Figures 8.1c) and
the square (Figure 8.1d) (column “Observed”) and the bounds in Section 2 (column “Expected”).
(Note that the bound on (B, s..) ! from Theorem 2.3 strictly does not apply to the square since
I" is not C*.)

Discussion of the norms of By, ,, 5, and By, 5, The computed norms of By, ,, s, and By 5 s,
agree well with the theory for all obstacles apart from the square and the elliptic cavity, where
the norms of By, s, grow slightly slower than expected. The explanation of this discrepancy for
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the elliptic cavity is given below while for the square it appears that we have not computed large
enough frequencies to reach the asymptotic regime.

Figure 8.6 plots the norms of By, s, and By, s, and the norms of their component parts,
ie., SoHy and Ky for By, s, and SiHy and Ky for By, s,. For By, s, we see that the
S0 He | L2(ry—12(r) grows like k (as expected from Lemma 7.1) and dominates || K| z2(r)—r2(r),
which grows just slightly slower than the k'/* predicted by Theorem 3.1 (in this discussion we
ignore the logk terms in the bounds, since these are essentially impossible to see numerically).
For By s, we see that ||SixHg|lr2(ry—r2(r) is bounded independently of k (as expected from
Theorems 4.6 and 4.8) and By, s,, is determined by || Ky ||z2(ry—r2(r)-

Discussion of the norms of the inverses of By, s, and By, s, Since Sy does not satisfy
Assumption 1.1, this paper does not prove any bounds on |‘(Bk,n,so)71HL2(F)—>L2(F)- However, for
all the considered Q~, the norm of ||(Bj,,s,) ! r2(r)— r2(r) grows with k at approximately at the
same rate as ||(By,n,s,.) " L2 ()= L2(1)-

For the curved domains (i.e., the circle and ellipse), the experiments show ||(Bj,n, s, )~ || L2(r)— £2(1)
growing approximately like k'/3, exactly as in the upper bound (2.4). The upper bound (2.5) for
general smooth nontrapping domains shows that ||(By,y,s,,) || 2(r)—£2(r) grows at most like k2/3,
but the largest growth observed is k%4! for both the moon and the kite.

Discussion of the experiments for the elliptic cavity. The left-hand plot of Figure 8.5
shows || By .5, £2(r)—r2(r) growing like k, which is as expected from the discussion above, and

| B, | 22 (r)— £2(r) growing roughly like E1/6. The latter is the k-dependence one expects from
Theorem 3.1 for piecewise curved boundaries, even though I' has two straight line segments, for
which the best existing bound is k*/4. The explanation is that the constants in these bounds (mul-
tiplying the algebraic powers of k) depend on the surface measure of these parts of the boundary
and thus we expect growth faster than k'/¢ for large enough k.

Although Theorems 2.6 and 2.7 predict exponentially growth of H(Bk’n’50>_1||L2(F)*}L2(F) and
”(Bk,n,sik)_l||L2(F)~>L2(F) through k = k7, o, we do not see this in the right-hand plot of Fig-
ure 8.5. This feature is partially explained by the bound (2.6); indeed, this bound shows that
| (Bk,n,s0.) "l L2(0)— £2(r) is bounded polynomially in k for all k except an arbitrarily-small set,
demonstrating that the growth of |[(Bg,y,s,.) " | L2(r)—£2(r) is very sensitive to the precise value of
k. This result indicates that the exponential growth of ||(Bk,y,s,,.) " | L2(r)—r2(r) through k = k¢, ,
is not captured in Figure 8.5 due to discretisation error; see [64] for further discussion and results
on this feature.

9 The choice of n: heuristic discussion and numerical exper-
iments

The bounds on ||(Bky,z) " '||L2(r)—r2(r) in Theorem 2.3 are proved under the assumption that n
is independent of k; the reason for this is that we only have upper bounds on ||P1;]’3n’RHL2(F)—>L2(r)
for this choice of n (see Theorem 6.5).

The purpose of this section is to provide evidence that non-constant choices of n can give slower
rates of growth of the condition number and the number of GMRES iterations than constant 7.
More specifically, we show the following.

e Under the assumption that ||1:’I;1’)"’R||Lz(p)_>Lz(p) < |n|7! (which is plausible because of
Lemma 6.6), the bounds in §2 indicate that cond(By,,, r) (defined by (2.11)) is smaller for
certain choices of || that decrease with k than for |n| ~ 1. This is confirmed by numerical
experiments for the kite domain of Figure 8.1c.

e For the kite domain, when GMRES is applied to M_lBk,m R, the number of iterations grows
more slowly for certain non-constant choices of 1 than for constant 7.

These observations are particularly interesting because (as recalled in Remark 2.4) [19, 17]
advocated that choosing 7 constant leads to a “small number”/“nearly optimal numbers” of GMRES
iterations.
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Figure 8.2: The computed norms for the circle and ellipse

Bounding the condition number assuming ||PI;[’)"’R||L2(F)HL2(F) < Cln|l~t.

Lemma 9.1. Assume that there exists kg > 0 and C > 0 such that HPI;]E;LR”LQ(F)*)[}(F) <C|n|~t

for all k > kqg. Then there exists k1 > 0 and C' > 0 such that for all k > k

1
cond(By, , g) < C’ (|T,|( 1Kkl L2 0y 2y + 1) +logk) <k ||P§tD|}L2(FHH%(F) + nl> . (9.1)

Proof. || By rllL2(r)—12(r) is bounded by a k- and n-independent multiple of the terms in the first
set of brackets on the right-hand side of (9.1) by the definition of By, ,, g, Corollary 3.7, and Theorem
4.6. Furthermore, ||B,;7177RHL2(F)_>L2(F) is bounded by a multiple of the terms in the second set of

brackets on the right-hand side of (9.1) by (7.4), the assumption ||P1;bn’R||L2(r)—>L2(F) < Cn|I7t,
O

Corollary 3.7, and the equality of norms (5.1).
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Figure 8.3: The computed norms for the moon obstacle

The k-dependence of |5 that minimises the upper bound in (9.1). Observe that
(aln] +logk) (b+ |n|~") = njab+ a+ blogk + |n| ' logk

achieves its minimum over || > 0 of

log k 1/2
2(ablogk)'/? + a+blogk when |n| = ( b ) .
a
Therefore, the upper bound in (9.1) is minimised when
1/2
log k
In| ~ <k||P+ || IR ) (9.2)
Nep ez a0y 1Kkl 22y 22y

with this minimum equal

1/2
Q(k log k ||PI:I~_tDHL2(F)HH,1(F) HK’CHL?(FHL?(F) ) +HK’CHL2(FHL2(F)+Mng HPI:TFtDHLQ(F)HH;(F) ‘
(9.3)

From here on, we ignore all factors of logk (i.e, we set each occurrence of logk to 1) and
assume that the bounds on ||P§tD||L2(F)aHé(F) in Theorem 5.2 are sharp; recall that the bounds
on || K| z2(r)—r2(r) in Theorem 3.1 are sharp modulo the factors of log k by [43, §3] and [47, §A].

When 7 is a ball, inputting the bounds ||P§tD||L2(F)~>H,1(F) ~ k~2/3 and | KkllL2my—r2my ~ 1
into (9.2) and (9.3), we see that the optimal || is || ~ k~'/¢ and the corresponding right-hand
side of (9.1) ~ k/3. This is the same k-dependence of this right-hand side when || ~ 1.

When Q~ is nontrapping, inputting the bounds ||P§tD||Lz(F)%H;’(F) ~ k713 and || Ky 2 (r)— 2(r) ~
kY% into (9.2) and (9.3), we see that the optimal |5 is || ~ k~*'/24 and the corresponding right-
hand side of (9.1) ~ k?/3. However, under the choice || ~ 1 the right-hand side of (9.1) ~ k'*/12]
which is larger.

In summary, these arguments indicate that the condition number of By, r may grow slower
with %k for choices of n that decrease with k than for the standard choice that n € R\ {0} is
independent of k. We now investigate this numerically for the specific example of the kite of
Figure 8.1c.
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Figure 8.4: The computed norms for the kite and the square

Computation of the condition number for the kite with varying n. Figure 9.1 plots the
computed condition number for n = 0.5, n = 0.5k~'/6, n = 0.5k=/3, and n = 0.5k~ /2 for k €
(5,640) (where the set up for these numerical experiments is as described in §8.2). In particular, the
condition numbers for both n = 0.5k~'/¢ and 7 = 0.5k~ /3 are smaller than those for n = 0.5, and
they also grow with k at a slower rate; the condition number for = 0.5k~'/2 grows at the same rate
with k as the condition number for n = 0.5. These results may seem surprising, since the arguments
above indicate that the optimal || for generic nontrapping Q= is || ~ k~'/24. However, these
arguments were based on the assumption that the bound || Pg; 2= a1 () S k~1/3 is sharp. The
fact that the computed growth of ||(By, s, ) || 2(r)—r2(r) in Figure 8.1c is lower than expected
from Theorem 2.3 (see Table 8.3) indicates that ||P§tD||L2(F)HH;(F) for the kite may be smaller
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Figure 8.6: The norms of By, s, and By . s, , and the norms of their component parts, for the
kite obstacle (note the different scales on the y-axes).

than k~1/3; this would mean that (from (9.2)) the optimal |n| is larger than k—'%/2* which is
consistent with Figure 9.1.

Number of GMRES iterations for the kite with varying n. The left-hand plot in Figure
9.2 shows the number of iterations when GMRES is applied to M~'By,, p for the kite with
n = 0.5k~%, for « = 0,1/6,1/3,1/2, with k € (5,1280) and incoming plane wave at angle 7 to
the horizontal (i.e., a in §1.2 equals (—1,0)). We apply GMRES to M~ !By, g, i.e., the Galerkin
matrix preconditioned with the mass matrix, rather than By, g itself, since the former better

42



inherits properties of the operator By , r at the continuous level; see Lemma 8.2. The number of
iterations is smallest for = 0.5, although the rate of growth with & is smallest for n = 0.5k /6
over the range of k considered.

In the right-hand plot, we show the number of iterations for n = 0.5, n =0.5k="/°, n=k
and 7 = 2k~'/6. Of these choices of 7, the number of iterations is now lowest for n = k~1/6 for
64 < k < 1280 (observe that when k = 64,k~'/¢ = 0.5) and the rate of growth of the number of
iterations for n = k=1/6 is lower than that for n = 0.5 for 64 < k < 1280.
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Figure 9.1: The computsed norms and condition number of By, g for the kite with different 7

A Recap of layer potentials, jump relations, and Green’s in-
tegral representation

The single-layer and double-layer potentials, Sy and K, respectively, are defined for ¢ € L*(T") and
z € RI\T by

a(I)k,<-'L',y)

Skso(x)Z/F%(w,y)so(y)dS(y) and  Kpp(z) = W@(y)dé‘(y% (A1)

r
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Figure 9.2: The number of iterations when GMRES is applied to M™'By, ,, s, for the kite with
different n

where @y (x,y) is the fundamental solution of the Helmholtz equation defined by

i
i L R T (ke —y)), d=2.
Py (z,y) == 1 (277:1:—y|> H(d 2)/2 (k\x - yl) = etklz—yl J—3 (A2)
drla —y|’ ’

where H,El) denotes the Hankel function of the first kind of order v. The fundamental solution of
the Laplace equation is defined by

1 1
(b = 1 _ -1 = 2 = > A.

where Oy is the surface area of the unit sphere S%~! ¢ R? and a € R. If u is the solution to the
scattering problem (1.1), then Green’s integral representation implies that, for x € Q7

u(z) = ul () + Kp (vFu)(z) — Sk(0fu)(z) = ul (z) 4+ Ky, (vFu)(z); (A4)
see, e.g., [25, Theorems 2.21 and 2.43]. The potentials (A.1) are related to the integral operators
(1.3) and (1.4) via the jump relations

1 1
VESk =Sk OpSk=F I+ Kpy VK =E51+ Ky, 0, Ki = Hy; (A.5)
see, e.g., [65, §7, Page 219]. We recall the mapping properties (see, e.g., [25, Theorems 2.17 and
2.18]), valid when I is Lipschitz, k € C, and |s| < 1/2,
Skt HVA(T) — H VAT, Hy : HT/2(T) — H7V2(D),
Ky« HPY2(D) — H /2T, K, : HSYX() — H~Y2(). (A.6)

B Geometric definitions

Definition B.1 (Nontrapping). 2~ C R? is nontrapping if I' is C>° and, given R such that
Q= C Bg(0), there emists a T(R) < oo such that all the billiard trajectories (in the sense of
Melrose-Sjostrand [67, Definition 7.20]) that start in QT N Bgr(0) at time zero leave QT N Br(0)
by time T(R).
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Definition B.2 (Smooth hypersurface). I' C RY is a smooth hypersurface if there erists f, a
compact, embedded, smooth, (d — 1)-dimensional submanifold of R?, possibly with boundary, such
that T' is an open subset of I', with I strictly away from O, and the boundary of T' can be written

as a disjoint union
n

or=(Jv)ux,
(=1

where each Yy is an open, relatively compact, smooth embedded manifold of dimension d — 2 in f,
I lies locally on one side of Yy, and X is closed set with d — 2 measure 0 and & C |}, Y;. We

then refer to the manifold T as an extension of T.

For example, when d = 3, the interior of a 2-d polygon is a smooth hypersurface, with Y; the edges
and X the set of corner points.

Definition B.3 (Curved). A smooth hypersurface is curved if there is a choice of normal so that
the second fundamental form of the hypersurface is everywhere positive definite.

Recall that the principal curvatures are the eigenvalues of the matrix of the second fundamental
form in an orthonormal basis of the tangent space, and thus “curved” is equivalent to the principal
curvatures being everywhere strictly positive (or everywhere strictly negative, depending on the
choice of the normal).

Definition B.4 (Piecewise smooth). A hypersurface T' is piecewise smooth if I' = UN,T; where
I'; are smooth hypersurfaces and I'; NT'j = ().

Definition B.5 (Piecewise curved). A piecewise-smooth hypersurface T is piecewise curved if T'
is as in Definition B.4 and each I'; is curved.
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