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The dissertation is split into several chapters, and further divided by the real
and complex case. Chapter 1 gives some background to Abstract Phase Retrieval
and Homotopy Continuation Methods. Chapter 2 covers the nature of the algorithm
(named the Golden Retriever), gives a summary and description of the theoretical
results, and shows some numerical results. Chapter 3 covers the details of the
derivation and results in the real case, and Chapter 4 covers the same for the complex

case.



HOMOTOPY CONTINUATION METHODS
FOR PHASE RETRIEVAL

by

David J Bekkerman

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
2021

Advisory Committee:

Professor Radu Balan, Chair/Advisor

Professor Wojciech Czaja

Professor Leonid Koralov

Professor Min Wu

Professor Ramani Duraiswami, Dean’s Representative



© Copyright by
David Joseph Bekkerman
2021



HOMOTOPY BOUND:

TALE OF A GOLDEN PHASE RETRIEVER

i



Dedication

For Jessica.

1ii



Acknowledgments

I would like to thank my advisor, Radu Balan, for introducing me to this
problem, for always being willing to get in the trenches with me and work through
the details, for mathematical and financial support, and for overall invaluable life
advice.

To my friends in my office, Gilles, Dani, Zack, Jian-long, Charles and J.T.
(listed up to permutation), you made the university feel like a home for me, and
that alone made the commute worth it.

To friends outside of graduate school, I would like to thank Chinami and Yuichi
for staying close through the years.

Thank you to my parents and siblings for all your support throughout my life.

Finally thank you to Jessica, for being there for me when I needed you most.

v



Table of Contents

Preface ii
Foreword ii
Dedication iii
Acknowledgements iv
Table of Contents v
List of Figures vii
List of Mathematical Symbols viii
Chapter 1: Introduction 1
1.1 Overview . . . . . . . . . e 2

1.2 Injectivity . . . . . . .o 3

1.3 Homotopy Continuation Methods . . . . . . ... ... .. ... ... 8
1.4 Overview of some Algorithms for Phase Retrieval . . . . . ... ... 12
1.4.1 PhaseLlift . . ... .. ... ... 12

1.4.2  Wirtinger Flow . . . . . . ... ... .o . 13

1.4.3 Approximate Message Passing . . . . . . ... ... ... ... 15
Chapter 2: Overview of the Golden Retriever 18
2.1 The Real Golden Retriever Algorithm . . . . . . . .. ... ... ... 20
2.2 Overview of Real Results . . . . . . .. ... ... ... ... .... 23
2.2.1 Real Convergence . . . . . . .. .. ... .. ... ... ... 23

2.2.2 Path Verification . . . . .. ... .. ... ... .. .. ... . 27

2.2.3 Oracle Convergence . . . . . . . . .. .. ... ... ..... 29

2.3 The Complex Golden Retriever Algorithm . . . . .. ... ... ... 31
2.4 Overview of Complex Results . . . . ... ... ... ... .. .... 34
2.4.1 Complex Convergence . . . . . .. . .. .. .. ... ..... 34

2.4.2 Path Verification . . . . .. ... .. ... .. ... ... ... 37

2.4.3 Oracle Convergence . . . . . . . . .. ... ... ... ..... 39

2.5 Numerical Results . . . . . . .. .. ... oo 39
2.5.1 Numerical Experiments . . . . . . .. ... ... .. .. ... 39

2.5.2  Computational Complexity . . . . . . .. ... ... ... ... 44



2.6 Future Work . . . . . . ..

Chapter 3: Real Case

3.1 Derivation of the Golden Retriever in the Real Case . . . . . . . . ..

3.1.1 Preliminaries . . .
3.1.2 Boundedness . . .
3.1.3 Sufficiency . . . . .
3.1.4 Assumptions. . . .
3.1.5 Initialization . . . .
3.1.6 Update rules . . .
3.2 Expected System . . . ..

3.3 Analysis of the minimum distance between critical points . . . . . . .

3.4 Real Convergence Analysis

3.5 Following the Retriever: Real Certifier . . . . .. ... ... .. ...

3.6  Oracle Convergence . . . .

Chapter 4: Complex Case
4.1 Background . ... .. ..

4.2 Derivation of the golden retriever in the Complex Case . . . . . . ..

4.2.1 Preliminaries . . .
4.2.2 Boundedness . . .
4.2.3 Sufficiency . . . . .

4.2.4 Properties of the Hessian and Gradient . . . . . . . ... ...

4.2.5 Assumptions. . . .
4.2.6 Initialization . . . .
4.2.7 Update Rules . . .
4.3 Expected System . . . ..

4.4 Analysis of the minimum distance between critical points . . . . . . .
4.5 Complex Convergence Analysis . . . . . . .. ... .. ... .....
4.6 Following the Retriever: Complex Certifier . . . . . . . ... ... ..

4.7 Oracle Convergence . . . .

Appendix A: Useful Identities and Derivations

A.1 Useful Identities . . . . . .

A.2 Simple Properties of Matrices . . . . . . .. ... ... ... .....
A.3 Constants in Concentration Lemma . . . . . . . . . . . . . ... ...

A.4 Probabilistic Bounds on by

Bibliography

vi

48
48
48
o6
o8
29
60
65
67
78
81
102
116

120
120
124
124
130
131
133
144
145
146
149
160
164
193
205

210
210
213
214
217

221



1.1
1.2

2.1
2.2
2.3
2.4
2.5
2.6
2.7

3.1
3.3
3.2

4.1

List of Figures

Example of Homotopy Paths . . . . . . . ... ... ... ... .... 10
More examples of Homotopy Paths . . . . ... ... ... ... ... 10
Golden Retriever inside the leash . . . . . . ... ... .. ... ... 25
Golden Retriever breaking the leash . . . . . . .. ... ... ... .. 26
Golden Retriever with Oracle matrix @), . . . . . ... .. ... ... 30
Real noiseless case, n =128, SNR=00. . . . . . . . ... ... ... 41
Complex noiseless case, n = 128, SNR=00 . . . . ... ... . ... 42
Golden Retriever vs Wirtinger Flow Real Case . . . . . . ... .. .. 43
Golden Retriever vs Wirtinger Flow Complex Case . . . . . .. . .. 44
Boundedness Restriction on the Golden Retriever . . . . . . . . ... 57
Golden Retriever turning back again to a different Eigenvalue . . . . 61
Golden Retriever turning back to a different Eigenvalue . . . . . . . . 62
The cubic polynomial Q3(¢) . . . . . . . ... . 169

vil



List of Mathematical Symbols

Set of Frame Vectors, usually Finite Dimensional
Real Numbers

Complex Numbers

N(0,1) Standard Normal Distribution

CN(0,1) Complex Standard Normal Distribution

Q=FY

Tr Trace of a Matrix

Sk Sphere of Radius 7 in R¥

E The Expected Value of a Random Variable, typically over a Normal Distribution
m Number of Frame Vectors

n Dimension of the Frame Vectors

Qo Lower Bound on a 2 — 4 Matrix Norm

bo Upper Bound on a 2 — 4 Matrix Norm

R(z) Fundamental n x n Matrix associated to Real Phase Retrieval

Iy The k x k Identity Matrix

J(z, \) J-criterion, non-convex criterion associated with phase retrieval

F(z,\) Vad(z, \)
Hess(x,\) Shorthand for the Hessian of the J — criterion at a point (z, \)
w(A) A suitable reference path

J The 2n x 2n symplectic matrix (_OI %)

Q(zx, \) The )-criterion, non-convex criterion associated with complex phase retrieval

viil



Chapter 1: Introduction

Phase retrieval is the problem of recovering the phase of a signal from the
magnitudes (or the magnitudes squared) of its linear measurements. The applica-
tions range from X-ray Crystallography, where we want to discover the molecular
structure of a crystal by using X-rays [1], to Quantum Tomography, where we want
to recover a quantum state from a series of independent measurements on identical
states [2]. It also finds applications in Speech Recognition [3]. In all these cases,
the phase of the measurement is lost, and we want to recover the signal as best
as possible up to this phase. To this end, several algorithms have been proposed.
We propose and analyze the use of a Homotopy Continuation Algorithm to recover
the signal. We named this method the Golden Retriever. Homotopy Continuation
Methods have proven to be a useful tool in Numerical Algebraic Geometry, and
we aim to use it to solve the system of polynomial equations that arise in Phase
Retrieval. We study some of the convergence and analytical properties of such an

algorithm. For a background on Homotopy Continuation, please see the section 1.3.



1.1 Overview

Phase retrieval began from trying to reconstruct a function from the magni-
tudes of its Fourier coefficients. It has now expanded to a branch called abstract
Phase Retrieval, which states the problem more generally.

Let H be a Hilbert Space over either R or C. Let I be a finite or countable
index set. Define a set of vectors to be a frame set, F = {fi, fo, ...}, indexed by I,

if there exist positive constants A and B such that for every v € H

AlllPP <3 1w, fi)* < Bl (1.1)

kel

We call A the lower frame bound of F, and B the upper frame bound of F. In the
finite case, this turns out to be equivalent to F being a spanning set of vectors (see
[4] for more information about frames).

For a frame set, F = {f;,i € I} we define two operators

ar(z) = ((z, fi)l)ier (1.2)

Br(x) = ((z, fi)*ier (1.3)

By linearity, it is clear that if |¢| = 1, then a(cx) = a(z) and S(cx) = B(x).
Therefore we define an equivalence relation where we say x ~ y if there exists a
constant ¢ of magnitude 1 such that x = cy. If we quotient out by this relation,

we say that the frame set F is phase retrievable if the corresponding map on the



quotient space is injective.

a:H/ ~—RL (1.4)

1.2 Injectivity

We now focus on the case when [ is a finite index set. The infinite case can
be found in many places, such as [5] or [6].

As with many of the results we present, we separate the real and complex
cases.

Let H =R" and |I| = m and define

1 m
= 2; z fi) P i (1.5)

This matrix plays an important role not just in the injectivity, but throughout
many results presented later on as well.

The following theorem and proofs are taken from [7].
Theorem 1.2.1 (Complement Property [7]). The following are equivalent
1. aF is an injective map on R™/ ~

2. For any disjoint partition of the frame set, F = Fy, U Fy, either F; spans H

or Fy spans H
Proof.

e (1) = (2) Assume that there exists a subset 1 C {fi, ..., fm } such that neither
JFy or FE spans H. Hence there exist vectors z,y such that = L span(F;) and

3



y L span(FF). Then a direct check shows az(z +y) = ar(z —y). We are
left with showing that x 4+ y is not a multiple of x — y. If x +y = z — y, then
y = 0 which we know is not possible, and if x +y = y — x, then x = 0, which is
not possible. Therefore, we found two vectors which map to the same output,

which are not in the same equivalence class, so « is not an injective map.

e (2) = (1) Suppose that ax(x) = ax(y), for z,y € H/ ~. This means for all

0<k<m,|{z, fr)| = |{y, fr)|. We partition the set F into two subsets

Fr={fe:(x, fx) = =, fx) }
Fo = {fk : <$afk> = <ya fk>}

Note that z +y L F; and x —y L Fy. Assume that span(F;) = H, then
x4+ 1y = 0sox = —y, so they are in the same equivalence class. Similarly, if
span(Fz) = H, then x — y = 0 so x = y. Therefore, either way, the map ar

is injective.

The following is an important injectivity result from [7].

Theorem 1.2.2 ([7]). Let F ={f1, ..., fm} C H be m vectors and let H be a subset

of R™. The following are equivalent

1. For any disjoint set of the frame vectors, F = F1 U Fy, either Fy spans H or

Fo spans H.



2. For any 2 vectors x,y € H, if x # 0 and y # 0 we have
> U, flPly, f) P >
k=1

3. There exists a positive real constant ag > 0 such that for all x,y € H

m

D s fd Py, )P > aollal Pyl

k=1

4. There exists a positive real constant ag > 0 such that for all v € H

Proof.

e (1) = (2) We prove this by contradiction. Assume we have two vectors

z,y € H with z,y # 0, but > 1, |[(x, fe)|*[{y, f)|* = 0. Then we have

(x, fi){y, fry =0 for all 1 <k < m. Form the set 7y = { fi|(z, fr) = 0}. Since

x is orthogonal to all of F7, it is clear that F; cannot span all of H. Similarly,

we know that y is orthogonal to {F}\ F; = FC, so F£ cannot span all of H,

therefore, the complement property is not satisfied.

e (2) = (3) Since H is finite, the unit sphere S;(H) is compact, and so is

S1(H) x S1(H). Since the map

(.y) = 3 1, F P, il
k=1

5



is continuous, by compactness we have that there exists a constant
m
Qo = TN (z,y)eS: (H) xS (H Z| z, i) P, fa)]? >
k=1

By homogeneity, we have that for x,y € H, x,y # 0

k=1

If x =0 or y =0, then statement (2) is still satisfied.

(3) = (4) This follows from the property of quadratic forms
1 m
|1R(x)|] = mawe =1 (R( = EZ z, fu) Pl{e, fi)l®
k=1

1 on)
> —agmazjej=a| || *|le]|* = [
m m
Therefore, we have that R(x) > %2|[z||*]

(4) = (1) We show the contrapositive. Assume (1) is not true, we aim to
show (4) is not true either. Therefore there exists a partition F = F; U Fy
such that F; doesn’t span H and F» doesn’t span H. Therefore there exists an

x L span(Fy) and also ay L span(Fy), therefore for each fy, either (z, fi) =0

or (y, fr) = 0, Therefore (x, fi)(y, fr) = 0= (R(x)y,y) =0
UJ

There are several things to note here. First is the following corollary, which

6



follows from the Complement Property.

Corollary 1.2.3. If H = R", then ax being injective on the quotient space is

equivalent to any of the conditions of Theorem 1.2.2.

Next, we note that ar being injective is equivalent to Sz being injective.
For wus, it is of particular interest to use the map [z instead of ar, because Bz is
differentiable everywhere.

Now we state the theorem in the complex case. To do so, we need to begin

with some definitions that follow from the process of realification (introduced in [8]).

0 —1I Re(fk)
Define J = ,and @), = € R?". Further, define

I 0 Im(f)

O, = " + Jpp" J"
again define the important 2n x 2n matrix

F€) = oue™of (1.6
k=1

Now we state the following theorem, the proof of which can be found in [7].
Theorem 1.2.4. ([7]) The following statements are equivalent
1. BF is injective on C"/ ~

2. For any £ € R*™, £ #0, rank(T(£)) =2n —1



3. For any € € R?", £ # 0, there exists a constant ag > 0 such that

(&) > aoll¢|?Px

where P7. = I — JEETJT is the orthogonal complement of the span of J
JE

1.3 Homotopy Continuation Methods

The technique we use for phase retrieval is known as a Homotopy Continua-
tion Method. Homotopy Continuation Methods are a tool in Numerical Algebraic
Geometry that can be used to solve a system of polynomial equations [9]. These
methods can vary, sometimes being set up to give one solution, and sometimes all
solutions. The advantage to these methods is that no approximations are needed to
get solutions, so almost nothing needs to be known beforehand. These methods have
been applied extensively to applications in Economics [10, 11], Mathematics[12], En-
gineering [13], and many other fields. See [14] for many more applications.

The overarching philosophy behind these algorithms is to find a solution to a
simple problem, and then deform the simple problem into the desired complicated
problem, and in the process deform the solution of the simple problem into the
solution to the complicated problem. For the Phase Retrieval problem we will study;,
the simple problem will be an eigenvalue equation, and the complicated problem
is minimizing the mean square error of a criterion, a non-convex quadratic loss
function, associated with Phase Retrieval.

To formalize the notion of deformation, we review the concept of a homotopy.



Definition 1.3.0.1 (Homotopy [14]). Let X,Y be two spaces and let I be a unit
interval (0 <t <1). Two maps f: X - Y and g : X — Y are called homotopic

if there exists a continuous map

H: XxI—=Y
such that

H(z,0) = f(z)

H(z,1) = g(z)
forallz € X.

To use this to solve a system of nonlinear polynomial equations (say over R"),
we take two copies of R, one for ¢t = 0, denoted R™ x {0}, and the other for ¢ = 1,
denoted by R" x {1}. Now we solve the problem in R™ x {0}, which is assumed
to be easy by construction, and then trace the solution through the homotopy in
R™ x I to R™ x {1} and with luck, find the solution to the system of equations there
as well. [14]

Equivalent images to the following figures were originally drawn in [14].



U Rx {1}

C
m //
Rx {0}

Figure 1.1: These are examples of homotopy paths the algorithm may make, with
A yielding a traceable path to a solution in R x {1}

Rx{1}

R x {0}

Figure 1.2: These are examples of homotopy paths which all lead to the same
solution in R x {1}

In the first figure, we see three labeled paths, A, B,C. In path A, we have a
solution to simple system in R x {0} which converges to a solution to the complicated

10



system in R x {1}. Some paths, like path B, will never make it to R x {1}, and in
this case, the path turns around and goes back to another solution at R x {0}. The
third type of path C, goes off to infinity, and never converges to either R x {1} or
back to R x {0}. In the phase retrieval case, these types of paths are not possible
by the boundedness properties we will show.

In the second figure, we see that all homotopy paths starting at {0} converge
to the same point in R x {1}. With the assumptions we will make, these type of
paths will be impossible as well.

We now follow [9] to show how to apply these techniques to solve nonlinear
systems. To apply these to solving systems of polynomial equations, say we want
to solve F(z) = 0 with z € R". We do so by defining a smooth homotopy H :
R" x R — R™ such that H(z,0) = G(z) and H(z,1) = F(x), where G : R — R" is
a trivial smooth map having known zero points. One can choose a convex homotopy
such as

H(z,\) = AF(z)+ (1 = N)G(x)

One can ask several immediate questions

1. When is it assured that a curve c(s) € H1(0) exists and is smooth?

2. If such a curve exists, when is it assured that it will intersect the target ho-

motopy level A =0 in a finite length?

3. How can we numerically trace such a curve?

The first is answered by the implicit function theorem, if the Jacobian H' has

11



full rank rank(H') = n, then such a smooth curve will exist (at least locally).
Generally, for polynomial systems, the second requires the use of some bound-
ing conditions to make sure the curve doesn’t run to infinity before intersecting at
A=0.
The third is usually used by a combination of a predicator and corrector step,

such as an Euler Step, followed by a fixed point correction.

1.4 Overview of some Algorithms for Phase Retrieval

In this section, we take a look at existing algorithms for Phase Retrieval. In

all of the cases, we assume that the frame set is Phase Retrievable.

1.4.1 PhaseLift

In the PhaseLift algorithm, it is assumed we have quadratic measurements of
the form y;, = {|(x, f1)|*}, and it recognizes this can be lifted up and interpreted as
linear measurements on xx*, so the quadratic constraints turn to linear constraints.

Then one can note

[z, fi)|* = Tr(@" fifiz) = Tr(fufiza”) = Tr(F.X)

Then the problem turns into one of matrix completion, given by solving the

following

12



find X
minimize rank(X)
subject to F(X) =y
— subject to F(X) =y
X >0
X >0
rank(X) =1
In general the problem of Rank Minimization is known to be NP-hard, so
the authors suggest instead to relax the constraints and solve a trace minimization

problem, which can be done with a semidefinite program.

The problem would then be to solve

minimize Tr(X)
subject to F(X) =y

X>0

After solving this SDP, if the solution has rank 1 (which would guarantee mini-
mization to the Rank Minimization) one would then factorize it (through orthogonal
diagonalization, for instance), and get the solution to the phase retrieval problem
as well.

Detailed analysis of this algorithm can be found in [15].

1.4.2  Wirtinger Flow

Let & € C". The problem is to recover z from m phaseless linear measure-

ments. Let F = {f;}7, be a finite frame which spans our vector space C".

13



Ye = [z, fi)? +wp for k=1,...m (1.7)

where wy, ~ CN(0,02).

The algorithm for Wirtinger Flow is a gradient descent algorithm which min-
imizes the loss function ¢(z,y) = |(z — y)|?.

Hence, we want to minimize the loss function I(x) = 5= >, €(ys, |[(z, fe)[?),

so we want to find

n

argmin [ (z) = arginin % Z(yk — Nz, fi)])?)? (1.8)

* k=1

After initialization, the update rules are given by a gradient descent procedure

e 1 e 2 * Hi+1
-7, — —- E — =T — V.1
Tt+1 = Lt ||:1:0||2(m T:1<|<5L‘t7fk>| i) frfran) = ENE ()

For initialization, we note that we define

1 m
Yo=—> wffi
m
k=1
and let zy be the principal eigenvector of Y. Furthermore , set

/\2 —-n %Zl:l Yk
>t |l

and set [|zo]| = A

It is worth noting, if the frame set is real then Y| is exactly Ry given in the

14



real golden retriever algorithm, and in the complex case Yj is related to the I'y in
the complex golden retriever through the realification process.

Although the algorithm and the analysis are quite different, there are a lot of
similarities between the Golden Retriever Algorithm and Wirtinger Flow.

Now there are many variants of Wirtinger Flow (see for instance [16], [17])
that deal with different loss functions. The original Wirtinger Flow converged with
high probability when the number of frame vectors is of the order m = O(nlogn).
We are looking at the same loss function as Wirtinger Flow, but the proof strategy

we employ is very different, as it will be a proof based on a perturbation analysis.

1.4.3 Approximate Message Passing

Let & € C". The problem studied in Approximate Message Passing (AMP) is

to recover x from m phaseless linear measurements of the form

Yr = |2Akixz’|+wk for k=1,...m (1.9)

=1

where wy, ~ CN(0,02).

Hence, the goal is to minimize:

min Y (4 — [(A@)i])?) + 5 e} (1.10)

Notice that a regularization term is included, £{|«||3. This is known to reduce

the variance of an estimator and because without the regularization term, the loss

15



function would be non-convex, this is expected to be useful even in the noiseless
setting [18].

As with many problems in estimating probabilities , one approach is to attempt
to make a probabilistic graphical model out of this (in the same way one can model
speech recognition as a Hidden Markov Model).

To begin to do this, one needs to first have a PDF defined on a graphical
model.

One can examine the minimization criterion mmin i (Y — |(Ax)i])?) + 2|3

k=1

and construct a corresponding joint PDF

o) = 5 TTenpl=60 — (A0 TLean-5- 58 ()

Then the next step is to approximate this joint PDF. AMP accomplishes this

in several steps [19]:

1. Derive the Belief-Propogation update rules for p(z)
2. Approximate the BP update rules

3. Find the Message update rules in the limit § — oo

The BP message update rules [20] act on the graphical model which in this
case, a fully connected bi-partite graph with n vertices being for the z;, and m
others for the y;. Given such a graphical model, the message update rules can be

written (after some rearranging) in the following form

16



(i) = [ Sl (A2),) [ ()

i j#i
i
mith () = [[ mioi(@) - eap(-BZa?)
b#a

where f(y, z) :== exp(—B(y — |2|)?)

After applying this to the AMP case and simplifying with asymptotic approx-

imations, one gets the following algorithm which is called AMP.A

2 _
p' = Az’ — gg(pt Ly)

' = 2[—div,(g;) - ' + A g(p', y)]

Here the functions are defined

[ divp(gt) = % z—:lzﬁ%“ -1
 gpy) =y 5 —p

Now the analysis of the convergence for this system is governed by a dynamical
system, which in the noiseless case under sufficient conditions on the asymptotic

redundancy, converges. Details on this can be found [18].
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Chapter 2: Overview of the Golden Retriever

In this chapter, we state the golden retriever algorithm as a PC (Predictor-
Corrector) algorithm and we outline the main results of the thesis. The derivations
and proofs for these results can be found in subsequent chapters. We also show
some numerical results.

Let & € C". The problem of phase retrieval for us is to recover & from m
phaseless linear measurements. Let F = {fx}72; be a finite frame which spans the
vector space C".

ye = (@, fi)> +wy for k=1,...,m (2.1)

where wy, ~ CN(0,02).
Our objective function to minimize is a regularized quadratic loss function

given by

m

3= > ISP + 5 () 2.2

4m
k=1
where () is a hermitian positive definite matrix and A is a real parameter (A > 0),
which we will use to homotope our solution to the desired A = 0. Note that at

A = 0, the quadratic objective function we are minimizing is equivalent to the one

in the Wirtinger Flow algorithm.

18



We also specialize the problem to the real case as and write it out explicitly
as follows
Let £ € R™. We wish to to recover @ from m phaseless linear measurements.

Let F = {fx}7-, be a finite frame which spans our vector space R".
ye = [z, f)? +op for k=1,...m (2.3)

where o, ~ N(0,0?).

Hence, we want to minimize the same

1 & , A
:R; uk — (2, fi)|?) +§<Q$,$> (2.4)

where () is now a symmetric positive definite matrix.

The minimization objective is not convex, so it may have many stationary
points and local minima. Minimizing non-convex objectives such as this is in general
known to be NP-hard. See [21] for an example of when convergence to a local
minimum is known to be NP-hard.

It is worth noting that in many of the theoretical results, we specialize further

to the noiseless case and we take () = I.
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2.1 The Real Golden Retriever Algorithm

To define the algorithm, we need to know the initialization, and we need to

specify the update rules.

Algorithm 1: Real Golden Retriever Initialization

Input : Observations {y;}, the frame set {f}, a positive symmetric
semidefinite matrix ), and an initial step size pg

Define e; to be the eigenvector corresponding to the largest eigenvalue

(denoted ;) of

1 m
Ry =— > ki
k=1

Set

. po{Qer, e1)
=3 e ((ex, fi))?

Set

g = Ccey

Output: Initial parameters (zo, \1 — fi0)

The update rules are split into two steps, the predictor and the corrector. The
predictor is given by a linear step, and the corrector is a fixed point correction to

get back to the path.
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Algorithm 2: Real Golden Retriever Predictor Step
Input : Previous step (x;, \;), the frame set {f}, a positive symmetric

semidefinite matrix @), and a step size u; and an n + 1 vector of
signs of the previous step sgn

Define the matrix
1 m
== (&, i) fuli
m

Then form the n x (n 4 1) extended Hessian matrix

Hegi (i, Ai) = [SR(xi) +AMQ— Ry Quy

Find a unit vector v is in Null(H.,:). Choose the index ¢ to be the index
1,..,n + 1 largest in magnitude of v.

Now

(étJrl,O, 5\t+1,0) = (£t> )\t) + u;v

Choose the sign of v to be the one that matches the sign of the previous
step at index c.

Output: Predictor parameters (410, 5\t+1,0)

Now, since we took a step in a linear direction, we want to do a corrector step

to get back onto the right path.
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Algorithm 3: Real Golden Retriever (Newton) Corrector Step

Input : Predictor parameters (Z¢10, 5\t+1,0)7 the frame set {fx}, the
positive symmetric semidefinite matrix (), and an error threshold

Err

Define the matrix
1 m
= Z , ) fefi
m
k=1

For j =0,1,2, ..., until a threshold of error

Form the n x (n + 1) extended Hessian matrix

Hept(For1g, Msrg) = BR(Fi41)) + Ma1,Q — Ry QFesny
Set H ;Et to be the pseudoinverse of H.,; and then set
(ZT41,5415 5\t+1,s+1) = (Ty41.s, /N\t—i-l,s) —Hl, [R(Zt11,5) + 5\t+1,sQ — Ro|Zy41,6
Terminate when the
(Ze41,841 5\t+1,N+1) — (Z41,N, 5\t+1,N)|| < Err

After convergence, we finally define

Output: Next step (2,41, A1) = (Fep1,85 A1)

After initialization, we continue doing the Predictor and Corrector steps until

A =0 or x =0, at which point the algorithm terminates.

22



There are a number of questions this algorithm brings up, including how to

choose the step size, how to derive it, convergence analysis and asymptotics, etc.

2.2 Overview of Real Results

We outline the results here for the real case and some observations about these

results. We start with the convergence results.

2.2.1 Real Convergence

We outline a convergence result for the Golden Retriever. Here we work in
the noiseless case with () = I. The analysis is based on a reference path. We can
take the reference path to be anything, but we want it to start at (0, A;) (the same
point the Golden Retriever starts at), and end at (z,0), the global minimizer. With
this reference path in mind, we want to see how far the Golden Retriever Homotopy
Path can deviate from the reference path, and ensure that no other critical point
can get close.

We define two conditions that the reference path ¢(\) can satisfy.

Let s,(\) = A (Hess(p(A), ), by = max¢=1(R(e)e, ) and () sn(})

~ Bbolle(V]]
Condition 2.2.1 (Initialization Condition). Given a frame set, Ry, a suitable ref-
erence path p(\), and the golden retriever path x(X\), we say that ¢ satisfies the

Initialization Condition if

[12(A) = (W] < () (2:5)

for some 0 < X\ < Aq.
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Condition 2.2.2 (Gradient Condition). Given a frame set, Ry and a suitable ref-

erence path p(\), we say that ¢ satisfies the Gradient Condition if

Sn(A)2

[[(R(p) + M — Ry)epl| < 12bo|[e(V]]

(2.6)

forall0 < A < )\
The remarkable theorem is the following.

Theorem 3.4.7. If there exists a suitable reference path which satisfies the Initial-
1zation Condition and the Gradient Condition, then the Golden Retriever Homotopy

Algorithm converges.

Notice that the Initialization Condition involves the homotopy path, but the
Gradient Condition is a condition which does not use the homotopy path directly,
and thus can be checked without tracing the homotopy path.

The intuition behind this is the following: r(\) defines a radius for each A,
from which the homotopy path cannot cross, and no other critical point can enter.
The Initialization Condition ensures that the homtopy path is inside this radius,
and the Gradient Condition ensures that it never leaves this radius. Then it is
possible to show that the only critical point it can converge to at A = 0 is the global

minimizer.
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Figure 2.1: This is an example of the golden retriever satisfying both the Initial-
ization Condition and the Gradient Condition. It was generated with n = 2, and
m = d.

In Figure 2.1, the red line is the Golden Retriever Homotopy path, the green
line (barely visible), is a reference path, and the blue circles are the radius r(\).
Because the Initialization Condition was satisfied, the red curve starts out inside
the tube (called the leash), and because the Gradient Condition was satisfied, it
never leaves the leash (and no other path enters), so it converges to the global
minimizer.

It is important to note that this is not a requirement for convergence. Figure
2.2 shows that the red homotopy path leaves the leash (so it doesn’t satisfy the
Gradient Condition), yet it still converges to the global minimizer. Thus it is a

sufficient, but not necessary condition for convergence.
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Figure 2.2: This is an example of the golden retriever satisfying the Initialization

Condition but not the Gradient Condition. It still converges to the global minimizer,
however. It was generated with n = 2, and m = 5.

Any reference path can be used (assuming it satisfies a few properties to make

it suitable), but we study a specific reference path.

To define it, let g be the top eigenvector of Ry, normalized such that g =

mel. Define 7 =1 — %1 The reference path is now given by

©01(\) = VT(t2 + (1 —7)9) (2.7)

Notice that this is a convex combination of z and g, which is scaled by /7.

We first state that this path satisfies the Initialization Condition.

Theorem 3.4.12. For all 7 > 0 sufficiently small, ||z(A) — @1 (N)]| < r(A), i.e

©1(N) satisfies the Initialization Condition.

Thus, ¢;(A) satisfies the Initialization Condition, so if it satisfies the Gradient

Condition, we will have shown that it converges to the global minimizer.
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We will investigate with what probability it satisfies the Gradient Condition
based on the concentration of the matrix R(z) about its mean. Assume that the

frame set fj is drawn from a standard normal distribution. Then we can say

Theorem 3.4.19 (Probabilistic Convergence Result). In the noiseless case with
Q = I, let z be fired and let f, be drawn from a standard normal. Let m be
sufficiently large, by which we mean m > C - n?, where the constant may be large,
but independent of n. Then with probability greater than or equal to 1 — 5e™"" —
% — (n3 + 1)6_%, ©1(\) satisfies the Gradient Condition, and thus the algorithm

converges to the global minimizer. Here vy > log(9) is a universal constant.

2.2.2 Path Verification

In this section, we state the derivation of a numerical certificate that can verify
that one is staying on the same critical path. This can be used to get a numerical
step size, p;, but it is not used in practice because it would slow down the algorithm
considerably. However, the result is still interesting, and can be useful in debugging
strange cases.

To state the result, we will need to first state some terminology and notation.
Let (Zo1q, Aota) be on the path of the algorithm. To get the next point on the path
(Tnews Anew), We want to make sure we didn’t cross to a different path, so there
is no other critical point (Zyper, Aother) In some hyperplane is the true point on
the continuous path. Let H.,: o be the extended Hessian matrix at (2,4, Aotg) and

Heytnew be the extended Hessian matrix at (Zpew, Anew). Let v be a normalized
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vector in the null space of Heynew, and let ¢ be the index of the largest entry in
absolute value of v. LetH,¢q..o denote H., o after deleting column c.

Define

1
by = —Uf?
m

where U is the frame bound, and f = max]’, ||fx|| (we can use the smaller con-

stant by, as defined in the previous section, but computing that numerically can be

difficult)
Now define
o1 5n<Hext(a7 Aa)))
a,\q) = min(=,
plad) =min(5, e Tl
and

tmin = min(

Plnew: Anew) _ Strlioll +[1QI - Sbillaoll + 1QUy, | sn(Hreaco),
2A ’ 6Aby 6Ab, 6A2%b,

Hez,
where A = (2 + 2%)

Now we state the Main Theorem from section 3.5.

Theorem 3.5.5. Assume the Golden Retriever algorithm starts at a point (o4, Aoia)
which is a critical point. Let (Tpew, Anew) be a new critical point the algorithm decides
and (Tother, Mother) be any other critical point in the same coordinate at the indez c,

as defined above. Let Dy denote the distance from (Zo1q, Aotd) 10 (Tnew, Anew)-

Assume the following two conditions are satisfied:
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p(xnewy)\new)
1. Dy < Menewducs)

2.t < tmin

Then (Tpew, Anew) 1S the point connected on the continuous homotopy path

which goes through (Toa, Motd)-

Theorem 3.5.5 gives us a numerical certificate we can check. In the implemen-
tation, it is now possible to choose a step size u; based on the previous one p; 1,
take a step and see if the certificate certifies. If not, one can reduce the step size

(update p; to p;/2 for instance) and repeat the check.

Note that in practice this is still rarely used, and when used, it is a debugging
parameter, as it can be significantly slower this way. It is more efficient in practice to
pick a numerically feasible small step size. Also, to improve performance we usually
bias the coordinate we move along to be X for speed purposes, and the certificate is

not compatible with the bias.

2.2.3 Oracle Convergence

The next theorem has a very interesting meaning to it. We no longer take
@ = I. In general Homotopy Methods are not guaranteed to lead to the correct
solution, they can turn around and go to a different eigenvalue at x = 0, or a
different critical point at A = 0. However, this theorem says it is always possible to

initialize the system with a specific matrix ) that would guarantee convergence.

Theorem 3.6.3. Let z be the minimizer to the optimization problem in (2.2). There
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exists a positive definite matriz ), such that the Golden Retriever Algorithm, ini-
tialized with @, converges to z. Moreover, the trajectory of the homotopy path with

Q. projected onto A = 0 follows a straight line.

This theorem means that with enough computing power, we could initialize the
algorithm with several different choices of () and run them in parallel. In principle,
if one had more information about the location of the global minimizer, one could

bias the () matrix to give a higher probability of convergence.

Figure 2.3: This figure was generated by running the Golden Retriever algorithm
with the matrix @), instead of the identity. The red path is a parabola, while the
projection onto the A = 0 plane, the green path, shows that the x estimates follow
a straight line to the solution. It was generated with n = 2, and m = 5.
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2.3 The Complex Golden Retriever Algorithm

We again give the initialization. The complex case is done through the reali-

fication procedure so all vectors and matrices live in or act on R?".

Algorithm 4: Complex Golden Retriever Initialization

Input : Observations {y;}, the frame set {fi}, a positive definite
hermitian matrix @), and a step size ug

Define the following quantities

0 -1, o Real(Q) —Imag(Q) -
J = E R nXsn S = G R nxan
In 0 Imag(Q) Real(Q)
Real(f)
Imag( fx)

Define n; to be an eigenvector corresponding to the largest eigenvalue

(denoted A1, which will have multiplicity 2) of

1 m
I'y=— Zykcbk
m k=1

Set

. P (ST, M)
% kazl (771T<1>k771)2

Output: Initial parameters (§, A1 — o) = (€1, A1 — fo)

As with the real case, the update rules are split into two steps, the predictor

and the corrector. The predictor is given by a linear step, and the corrector is a
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fixed point correction to get back to the path.

Algorithm 5: Complex Golden Retriever Predictor Step

Input : Previous step (x;, \;), the frame set {f;}, a positive symmetric
semidefinite matrix ), and a step size p; and an n + 1 vector of
signs of the previous step sgn

Define the matrices

m

I'(€) = %ZfT(Dqu)ka () = %Z(Dkngq)k
K1

k=1

Then form the 2n x (2n + 1) extended Hessian matrix

Hext(giv >\z) - |:F(§l) -+ QF(&) + /\ZS - FO S§2:|

Find a unit vector v is in Null(H,.), and v L J;. Choose the index ¢ to be
the index 1,..,n + 1 largest in magnitude of v.

Now

(étJrl,O, 5\t+1,0) = (51&, )\t) + u;v

Choose the sign of v to be the one that matches the sign of the previous
step at index c.

Output: Predictor parameters (ét+1,07 5‘t+1,0)
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Algorithm 6: Complex Golden Retriever (Newton) Corrector Step

Input : Predictor parameters (étﬂ,o, 5\t+170), the frame set {fi}, the
positive symmetric semidefinite matrix (), and an error threshold

Err

Define the matrices

1 & ~ 1 &
['(§) = - ;qu)kf@k, ['(§) = — kz:;@kffT‘I)k

For 7 =0,1,2, ..., until a threshold of error

Form the 2n x (2n + 1) extended Hessian matrix

Heat(§41.5: A1) = | T(E15) + 20 (G415) + Aey1iS —To S

Set H!

» t0 be the pseudoinverse of H.,; and set

(§t+1,3+17 5\tJrl,erl) = (gﬂ»l,sa 5\tJrl,s) - ngt[r(gﬂrl,s) + 5\tJrl,sS - FO]étJrl,S
Terminate when the
1Eesr a1 Mpaven) = G, M)l < Err

After convergence, we finally define

Output: Next step (&1, A1) = (étJrLN, :\t—i-l,N)

After initialization, we continue doing the Predictor and Corrector steps, and
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the algorithm terminates when either A =0 or £ = 0.
Again we need to know how to choose the step size, how to derive it, conver-

gence analysis and asymptotics, etc.

2.4  Overview of Complex Results

2.4.1 Complex Convergence

As with the real case, we can analyze the convergence of the Golden Retriever
algorithm. We work in the noiseless case, with S = I5,,. This analysis is also based
on a reference path which starts at (0, A;) and ends at (z,0).

We define, like in the real case, two conditions that the reference path ()
can satisfy.

Let s2,-1(A) = Aan—1(Hess(¢(A), N)), B = maxq=1(I'(e)e, e) and

_ 128N + V144B2[[o(MI[? + 72B520-1(N)

r(A) 365 (2.8)
Finally define
-B B2 +4AC A
Py = TS = 2O (2.9

where

A =972532

B = 8645°[|o(M)|” + 6485%[|o(M)|s2n-1(N)
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C = 3662520 1(N)?|[9(M]* + 2485201 (N)°

Condition 2.4.1 (Initialization Condition). Given a frame set, I'y, a suitable ref-
erence path p(X), and the golden retriever path £(\), we say that ¢ satisfies the

Initialization Condition if

1ECA) = I < P2 (V) (2.10)

for some 0 < X\ < Aq.

Condition 2.4.2 (Gradient Condition). Given a frame set, I'y and a suitable ref-

erence path (), we say that ¢ satisfies the Gradient Condition if

1T (p) + AL = To)el| < pa(A) (2.11)

for all0 < X < M\

Notice the difference in the expressions in the complex conditions from the
real conditions. This comes from difficulties arising with the phase ambiguity in the
complex case.

The conditions give rise to an equivalent theorem as in the real case.

Theorem 4.5.9. If there exists a suitable reference path which satisfies the Initial-
1zation Condition and the Gradient Condition, then the Complex Golden Retriever

Homotopy Algorithm converges to a global minimizer.

Notice that the Initialization Condition involves the homotopy path, but the
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Gradient Condition is a condition on the reference path alone.

The intuition behind this is similar to the real case. Assuming the Initializia-
tion Condition and the Gradient Condition are satisfied, then r(\) defines a radius
for each A, from which the homotopy path cannot cross. The Initialization Condi-
tion ensures that the homtopy path is inside this radius, and the Gradient Condition
ensures that it never leaves this radius. Using this, it is still possible to show that
the only critical point it can converge to at A = 0 is a global minimizer.

Then, we define a suitable reference path

p1(\) = UNVT(rC+ (1 = 7)n) (2.12)

where 7 =1 — %1 and U()) is an certain alignment matrix.
It is possible to show that () always satisfies the Initialization Condition.
Thus we are left checking whether it satisfies the Gradient Condition.

Again, after using concentration of I'(§) about its mean, we can conclude the

following theorem, by showing when ¢;(\) satisfies the Gradient Condition.

Theorem 2.4.3. In the noiseless case with Q = I, fix a nonzero ( € R?*" to be
the realification of the generating signal. Assume fi are distributed i.i.d. complex
normal, with a sufficiently high number of samples. That means that m > Cn?,
where the constant may be large but independent of n. Then with probability at least
1—13 —10e7™ — (n® + 1)6’%, v1(A) satisfies the Gradient Condition, and thus the

algorithm converges to a global minimizer. Here vy > log(9) is a universal constant.
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2.4.2 Path Verification

As with the real case, we derived a certifier that issues a numerical certificate
which, if verified, guarantees that one are on the correct homotopy path.

To state the theorem, we will need to state some terminology and notation.
Let (€oia, Aota) be a critical point on the the homotopy path. To get the next point on
the path (&ew, Anew), We want to make sure we didn’t step to another critical point
which came close (in some hyperplane) to the homotopy path, so we want to make
sure there is no other critical point ({,iner, Aother) close enough to be the true critical
point smoothly connected to (&, Aora) Let Hezro be the extended Hessian matrix
at (&ods Aotd) and Hegy neyw be the extended Hessian matrix at (§yew, Anew). Let v be a

normalized vector in the null space of Heyypew, and let ¢ be the index of the largest

F(gold) + QF(fOld) +AS — Iy Sﬁold
entry in absolute value of v. Hyeg.co = after

(J&oia)" 0

deleting column c.

Define 5, = %Uf2 where U is the upper frame bound, and f = max}", || fx||

(one can use [ instead of 51 everywhere, but that makes it difficult to compute).

Now define

1 $2n(Heact(a'> )\a)))

2 VI 106, 4 35l £ TS

pla, A\,) = min(
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and

tmin = min(

P(Enews Anew) _651||£o||+||3||+1+ <6ﬁ1||£o||+||5|!+1>2 Szn(Hred:c,o))
24 ’ 6405, 645, 6A20,

where A = (2 + QM)

S2n (Hred:c,O)

Theorem 4.6.5. Assume our algorithm starts at a point (Epa, Aota) which is a
critical point. Let (&new, Anew) be a new critical point the algorithm decides and
(Eothers Mother) be any other critical point in the same coordinate at the indez ¢, as

defined above. Let Dy denote the distance from ({oa, Aotd) 10 (Enews Anew)-

Assume the following two conditions are satisfied:

p(gncwy)\new)
1. Dy < lnednen)

2.t < tmin

Then (§news Anew) 1S the point connected on the continuous homotopy path

which goes through (&ed, Notd)-

Theorem 4.6.5 gives us a numerical certificate we can check. In the implemen-
tation, it is now possible to choose a step size u; based on the previous one p;_ 1,
take a step and see if the certificate certifies. If not, one can reduce the step size
(update p; to p;/2 for instance) and repeat the check.

Note that this is usually used as a debugging parameter, as it can be signifi-
cantly slower this way. Also, we usually bias the coordinate we move along to be A

for speed purposes, so it won’t work together with this bias.
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2.4.3 Oracle Convergence

The next theorem says it is always possible to initialize the system with a
specific matrix positive definite symmetric matrix S in R?"*?" (or equivalently a

positive definite hermitian matrix @) in C"*™) that would guarantee convergence.

Theorem 4.7.3. Let ¢ be the minimizer to the optimization problem in (2.2). There
exists a positive definite matrixz S, such that the Golden Retriever Algorithm, ini-
tialized with S,, converges to S. Moreover, the trajectory of the homotopy path with

S, projected onto A = 0, follows a straight line.

This theorem means that with enough computing power, we could initialize the
algorithm with several different choices of S and run them in parallel. In principle,
if one had more information about the location of a global minimizer, one could bias

the S matrix to give a higher probability of convergence.

2.5 Numerical Results

2.5.1 Numerical Experiments

We ran the golden retriever and gathered statistics on the convergence of the
algorithm. We present results for the noiseless case, a trial is declared a success if
the relative error was less than 10~° from the global minimizer. The noisy case is
more difficult since we don’t have access to the global minimizer. For trials here,
we recommend declaring success based on a success criterion which is a sum of the
error tolerance 107° and a term involving the Cramer-Rao Lower Bound (see [22]
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for details about the Cramer-Rao Lower bound in Phase Retrieval). This can then
compared to the distance from the generating signal. The Cramer-Rao Lower Bound

for the real case is given by

0.2

—Tr(R(z)™) (2.13)

4dm

In the complex case, one can use the lower bound

—Tr((¢)7T) (2.14)

This expression is be derived in [22], where we use that J( is in the null space of
().

For the noiseless real case, we looked at the Gaussian Case when n = 128 with
m = 1.1n,1.2n,...4.1n and gathered statistics about how often it converged to the
global minimizer in 100 trials.

Figure 2.3 shows the empirical success probabilities in the real noiseless case
SNR = oco. We plot the redundancy to the number of success. Here success is

defined by having an error less than 107>,
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Figure 2.4: Real noiseless case, n = 128, SNR = oo

We see from this that with a small number of samples (m ~ 3.4) already yields
very high probability of success.

In the complex case, we looked at the Gaussian Case when n = 128 and m =
2.6n,1.9n,2n,,...,4.5n and gathered statistics about how often it converged to a
global minimizer, a non-global local minimum, a saddle point, or another eigenvalue
at z = 0.

For the noiseless case, the criteria for convergence was whether the error was

less than 107°. We plot the redundancy to the number of success.
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Figure 2.5: Complex noiseless case, n = 128, SNR = oo

To compare with Wirtinger Flow, we note that for high enough redundancy,
it seems that if either Wirtinger Flow or the Golden Retriever converges, then the
other converges with high probability.

For lower redundancies, it seems as if Golden Retriever succeeds more often
than Wirtinger Flow does.

To illustrate this, the following graphs compares Wirtinger Flow directly to
the Golden Retriever.

The first graph is for the real Golden Retriever, and we compare it at redun-

dancies from 1 to 4 against Wirtinger Flow. In these, the default parameters were
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chosen, except the the number of iterations for Wirtinger Flow was increased to

100, 000.

1
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— Wirtinger Flow

0.8 Golden Retriever |
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Figure 2.6: The following figure illustrates, in the real case, the Golden Retriever
empirical success and Wirtinger Flows empirical success on the same graph. This
was generated with n = 30, and 500 trials for each redundancy.

The next graph is for the complex Golden Retriever, and we compare it at re-
dundancies from 1.5 to 4.5 against Wirtinger Flow. In these, the default parameters

were chosen, except the the number of iterations for Wirtinger Flow was increased

to 100, 000.
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Figure 2.7: The following figure illustrates, in the complex case, the Golden Retriever
empirical success and Wirtinger Flows empirical success on the same graph. This
was generated with n = 30, and 500 trials for each redundancy.

We can see that the Golden Retriever outperforms Wirtinger Flow at low

redundancies.

2.5.2  Computational Complexity

We estimate the computational complexity of the Golden Retriever algorithm.
We will examine this with ) = I. We start with the space complexity. Storage is a
known issue for many phase retrieval algorithms (see [23]). For reducing the required

storage, we will not store any matrices, and instead sacrifice time complexity in
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computing these on the fly. We also will assume that we don’t store the frame
vectors, and we can either compute them as needed (in constant time) or retrieve
them from an oracle if needed. Thus the space complexity is going to be O(n).

The time complexity is a little more complex. The predictor step requires
computing the null space of a n x (n + 1) extended Hessian matrix, H,. This
is equivalent to computing the null space of a symmetric positive definite HX H.,.
To do this, we deform the matrix by adding 61 to look at the matrix HI H, + 61
and are looking at eigenvalue corresponding to the smallest eigenvector. This can be
done with only matrix-vector multiplications and vector additions using a conjugate
gradient algorithm outlined in [24]. Each matrix vector computation can be done
in O(mn) steps, and if we assume we do the conjugate gradient for x; steps, that
brings each predictor step to a complexity of O(kemn).

For the corrector step, we need to solve a linear system consisting of H.v =
F(x,)), where F(z,\) = V,J(z,)\). Again we look at the equation HI Hov =
HTF(z,\). Computing F(z,)) can be done in O(mn) steps, and so can computing
HIF(x,)). The conjugate gradient would also only involve matrix-vector multipli-
cations, so if kg denotes the number of fixed point corrections done, the complexity
of the corrector step is O(kamn).

Therefore, if we set a bound on the number of fixed points iterations and
conjugate gradient steps, and if NV is the total number of iterations in the golden
retriever, the complexity of the golden retriever comes out to O(Nmn). The same

computations and complexities hold in the complex case as well.
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2.6 Future Work

Here we identify some directions for future research. We have shown that in the
noiseless case, the Golden Retriever converges with some probability if the number of
samples is of the order m = O(n3). This is based on finding upperbounds and getting
control on some constants which can be done in O(n?). If these upperbounds were
tightened, or the assumptions removed, then the Golden Retriever would converge
with a lower sampling requirement of O(nlogn). In addition, many variants of
Wirtinger Flow have been created which have sampling size of order m = O(n), so
the number of measurements is of the same order as the signal. In many of these,
the loss function has been altered from the mean square error, to a less smooth

absolute error. That is, the criterion to minimize may look like

m

Ko 3) = 53 o= [ S| + 5(Qe.)

k=1

We postulate that a similar homotopic algorithm with this absolute error loss func-
tion would bring the convergence rate of the retriever to m = O(n).
At the same time, one could also play with the regularization term, change it
from a quadratic regularization term to a different order term, such as a linear term.
Another area of future work is to optimize the analysis of the leash developed
in the convergence result. In the derivation it is a sufficient result, where one side
of an inequality is minimized and the other maximized which provides a sufficient

bound necessary for convergence. However, a more careful analysis may lead to finer
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results. This may prove particularly effective in removing the assumptions on by, as
this is what drives the rate up to O(n?)
Another possibility is the investigation into different reference paths. Perhaps

a different suitable reference path may enjoy nicer convergence results.
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Chapter 3: Real Case

In this chapter, we analyze details about the Golden Retriever algorithm in

the real case. We begin with the derivation of the algorithm.

3.1 Derivation of the Golden Retriever in the Real Case

First we start off by rewriting the minimization criterion, then we show some
properties satisfied by solutions to the system, and finally we derive the Golden

Retriever Algorithm.

3.1.1 Preliminaries

First we look at the minimization criterion

m

T F Q) = 1 3 (e~ e, F)? + 5 (Qu, ) (3.)

4m
k=1

Usually we will suppress the dependence on the frame set, the measurements, as well
as the symmetric positive definite matrix @ by denoting the criterion as J(x, \).

We would like to rewrite the criterion into a form more manageable to work
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with. To his end, we expand the form to get:

m

= S 2wl P I 1Y) + Qe

V= I

k=1
Il &, 1 iy
Zmzyk+m2|$ﬁc| me——Zyklasz
k=1 k=1

Now we write some terminology:

1 m 1 m
Ro=—> ufefi.  R(@)=—> o fi) Pfefi
k=1 k=1

(3.2)

With these, we can simplify the criterion using the following proposition.

Proposition 3.1.1. With the above notation, we can simplify the criterion into the

following form

T N) = {R@, ) + 5 (0Q — Rol,a) + 7 > i (33)
k=1
Proof. First look at R(z)r = %é“x, TP feflz = %é!(w, foll?(z, fi) fr =
1 i (o, Fi))?
Therefore (R(z)z,z) = (L i (a, fi)l o) = % (a, Fi) P, fi) (i ) =
LS~ |, S

B
Il
—

Similarly Rox = % S uefufie = # Z k(x, fx) fr. Therefore, (Ryz,z) =
k=1 k=1

1 i il (2, i) 2
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Proposition 3.1.2. For a fized \, we have

F(x,\) :=V,J(x,\) = R(z)x + (AQ — Ro)z (3.4)

Proof. Let us first examine V,1(R(z)z,z). We have that

1 1 — 1 &
ZVI((R(x):c T E; x, fk :E;V:ﬁ x fk
4 & 1 &
ZMZ (@, f1))’Va((z, :EZ (@, fi))’ fx = R(x)x
k=1 k=1

In addition, we know for a constant symmetric matrix A, V,((Az,z)) = 2Az.

Therefore, since AQ — Ry is a constant symmetric matrix, we have that V(3 ((AQ —

Ro)z,x)) = (AQ — Ro)x

Since the last term is constant with respect to x, we have our result. O

Proposition 3.1.3.
Hess(J(z,\)) =3R(z) + A\Q — Ry (3.5)

Proof. First of all, we have that V,[(AQ — Ry)z] = (AQ — Ry), so what we want to
find is V,(R(z)z)

To do this, as we established before, R(z)z = + > ((z, fi))® fr, and if we use

k=1
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the vector calculus identity that V,(cA) = A®V,(c)+cV,(A), we get the following

NE

vx(

1
m

(G P F) = = S ) e ® fi
k=1

T

1
m

Z z, fi)*fufi = 3R(x)

To summarize the results we got so far, we showed that for the criterion

TN = o D= 1 SR + 5@, )
1 1 1 &« 5
= @) + 500~ Rojea) + 03 i

We have the following gradient:

V.J(z,\) = (R(z) + \Q — Ro)x

And we have the following hessian matrix:

Hess(J(z,\)) = 3R(x) + A\Q — Ry

(3.6)

(3.7)

(3.9)

Now we look at the the case where x, \ are parameterized by another parameter ¢,

and look at the extended Gradient and the extended hessian.

Proposition 3.1.4. If x = z(t), A = A(t), then the extended hessian of both x and
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A can be written

Hesseat = |(3R(2) + \Q — Ry) Qx (3.10)

Proof. The proof follows from the taking the derivative of the gradient with respect

tot

d d
7 (Vad (2(1), A1) = — (R(x(t))2(t) + A(t)Qz(t) — Rox(t))
= Vx(VxJ)Cfl—f + %(VIJ)
= Hessy(z, ) - Ccll—f + Qz%
= |BR(z) + \Q — Ry) Qx| - i

= HesSpys -

Now to handle expansions in R(z), we define associated bilinear matrices.

Definition 3.1.4.1. Let z,y € R™. Define R(x,y) = = > 7" (x, fi){y, fi) fefL-

We can summarize some of the properties of these matrices in the following

proposition.
Proposition 3.1.5. Let x,y,z € R™. Then we have the following properties:
1. R(z,z) = R(x)

2. R(r +y) = R(z) + R(y) + 2R(z,y)
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3. R(z,y) = R(y,x)
4. R(z,y)z = R(y,z)r = R(z,2)y
5. R(z,y)y = R(y)z
Proof. These are easy computations
L R(z,x) = . 30 (o, fi)(@, fi) fufil = 55 25 (@, fo)* fiufid = Rlx)

2. R(z+y) = 250 ((+y), fo)2 fufiE = = S (@, fo) 2 fefE = Sor s fe) fufiE+

o 2 s fi) Y, i) fe i = R(x) + R(y) + 2R(2,y)
3. R(z,y) = %ZZL:NU’ fk><yafk>fkfkT = % E;n:l@, fk)(ﬂf,fk>fkfkT = R(y, x)

4. R(x,y)z = % S (@, fi) W, fe){(z, fe) fr, now we can permute them in any

order.
5. By (4), we have R(x,y)y = R(y,y)x, which by (1) gives us R(y,y)x = R(y)x.
O

Theorem 3.1.6. Let x,y € R". Define by = max|c=1(R(e)e,e) Then the following

properties hold.
1. J|R(z) = R(y)| < bollz —yl[ - [lz + vl
2. ||R(2)I] < bol|[”

3. |[R(z, y)|| < boll]] - [lyl|
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Proof. 1.

|R(@) = R)I| = max |(R(@) — Rw)e.c)

= xS o) S — (0 e S
k=1
< E ﬁn‘ le e, [e) )z, fr)® — (y, fr)?]

Now we use the Cauchy Schwarz Inequality twice to split the summation into
three parts. To do this, let z —y = ||z —y|| - v and z+y = ||z + y|| - v, where

u,v are unit vectors. Then we have

1R() = R@)I| < — max S (z =y, fi) (2 + v, i) (e, fi)?

m [leli=1 &=
= o = oll- llo g1l - max S o) (o fi) e fo?
k=1
< o =il llo+ ol - mae > (Gu S, S (Y (e )}
k=1 k

< o= il llo o1l - mase S o)) (G Sl (S e )
| w1 w1 il
=l =l e+l 32 ) o 2 D e )

11 1
<|lz =yl -[lz+yll- b5 - by - b5

= bollz —yl| - |z + yll

2. Set y =0 in (1) and we get the result
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3. To show this one, we note for v € R", we have

n

LS fi) (s Fi (o, i)?

m
k=1

(R(z,y)v,v) =

We can rearrange and we get (R(x,y)v,v) = (R(v)z,y) Therefore, we have
1Rz, y)l| = max [(R(z, y)v, v)] = max [(R(v)z,y)]

< max [ |R()a] - [ll] < max R - i« - o]

< boll[] - [[yll

]

If we look at the proof, we see that the constant by is optimal, because if all
the vectors, x + y,x — y, e were equal, all the inequalities would be equalities, and
such an equality is possible.

What is further interesting is that this is a natural distance on the quotient
space R"/ ~, (it is well defined on representatives) and we’ll see such distance also

plays a role in the complex case.

Corollary 3.1.7. Let x,y € R"™. Then
[Hess(x, A) — Hess(y, M| < 3bol|lz — yl|([lx =yl + 2[yl[)

Proof. 1t is easy to verify that ||Hess(z, \) — Hess(y, \)|| = 3||R(z) — R(y)||, so by
Theorem 3.1.6, we get that ||Hess(z,\) — Hess(y, A\)|| < 3bo||lz — yl| - ||z + y|
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Therefore, using the triangle inequality we have that ||Hess(x, \)—Hess(y, \)|| <

3bollz — yll(llx — Il + 2[lyl]) as desired. =

3.1.2 Boundedness

We aim to show that if x #£ 0 is a critical point of the J criterion, then it is

bounded within a parabolic region. Such a critical point x with x # 0 satisfies

(R(x) + AQ — Ry)z =0

Therefore, taking the inner product of that expression with z, we get

(R(x)x,z) + (AMQ — Ro)x,z) =0

(R(z)x,z) = ((Ry — \Q)x, x)

On the one hand we have

((Ry — AQ)x, ) < Aoz (Ro — AQ)]|z]|? (3.11)

On the other hand we have

(R(x)z,z) > 2

v

[Edl (3.12)
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Putting these together, we get

Amaz(RO - )‘Q)

Qo

|z|[* <m (3.13)

so there is a specifically parabolic form to the bound and the trajectories are

bounded.

-1.5
40

i {
LR
HIRAGL
w.. '&"Q

35

0'%""

30

Figure 3.1: Boundedness Restriction on the Golden Retriever

In the case that Q = I, we get Apae(Ro — M) = A\ — A, so

AL — A

||| |* < m
Qo

(3.14)

(where Ay = Aoz (Ro))-
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For general @), instead of equation 3.11, we can say

((Ro = AQ)x, ) < Ao (Q 2 RoQ ™2 — AI)|| Q|2 (3.15)

from which we now see that

1 (Anae(Q ' Ro) = V[IQ)]

Qo

lz|* < (3.16)

3.1.3 Sufficiency

Let z € R" be fixed. Define {yy = |(z, f&)|* + v& }r=1..m Where v ~ N(0,0?)

are i.i.d. measurements.

Proposition 3.1.8. Ry is a sufficient statistic for z, if the noise is drawn from a

normal.

Proof. We aim to use the Fisher-Neyman factorization theorem. To do this, we

take the PDF

m

1 -1 9\ 9
) = — {z, 3.17
p(y; 2) (\/%0)77167319{202 ;(yk (2, fe)")"} (3.17)
Therefore, by taking the logarithm, we get
—1 = , 1 1
log(ply; 2)) = 55 D i —mlog(V2r0) + — 3 (= fu)* — 55 (2, fi)"
k=1 k=1

Zy — mlog(v2ro) + <R02 zy — ﬁ(R(z)z,@

T 952 202

o8



Now we can factor

p(y; 2) = foy)g(Ro, 2)

where both fy and g are nonnegative functions defined by

Therefore, the factorization theorem applies and Ry is a sufficient statistic for z. [

3.1.4 Assumptions

There are several assumptions we make for this algorithm, which usually will

happen in the generic case, or at least with high probability.

1. The frame set F is phase-retrievable.
2. For a fixed A, the set of critical points of J(x, \) is isolated.
3. The top eigenvalue of Q 'Ry has a one dimensional eigenspace.

4. Assume z # 0 and (z, \) is a critical point of the J-criterion, so F'(z, ) = 0.
Then we assume the extended hessian, Hess,,; has full rank (rank(Hesse,;) =

n) at (z, ).

Conditions 1 and 2 ensure that it is reasonable to try to recover the signal.

In fact, these conditions are not independent of eachother. If Condition 1 is not
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true, then Condition 2 need not hold either, in the noiseless case. To see this, recall
that if F is not phase-retrievable it is possible (by Theorem 1.2.2) for the matrix
R(z) not being strictly positive definite. Assume it is not. Then we can look at
the V,J(x,\)|x=0 = R(z)x — R(z)z = 0. Clearly at z = z, the gradient is zero.
However, the hessian is given by Hess(x, A)|y=» x=0 = 2R(2), which has rank strictly
less than n, thus the critical point at (z,0) is degerate and is not isolated.

Condition 3 will ensure that the initialization of the algorithm is well defined.

Condition 4 ensures that there is no really degenerate cases, such as bifurca-
tions of the path, or exploding to a hypersurface, etc.

Condition 4 implies condition 2 as well. To see this, if condition 2 is not true,
it is possible to find a continuous path in the fixed A hyperplane which gives rise
to a null vector of the hessian. This lifts up to another null vector of the Hess..,
so condition 4 would not be true either. We leave condition 2, as it is important to

emphasize it.

3.1.5 Initialization

Now, in the spirit of Homotopy Continuation, we would like to find solutions
to (2.2) when A is reasonably large, and get a sense on how large A should be to
get simple solutions. After this the algorithm will be to homotope the solutions to
A = 0. Therefore, from the largest eigenvalue, under our assumptions there a well
defined path we can follow. By the theory developed by (among others) Rabonowitz

([25, 26]), the path can only end at x = 0, at an eigenvalue different from the one it
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started at, or at infinity. By boundedness, the case where the path goes to infinity
must cross the A = 0 hypersurface. Thus we continue following the path until we
reach either z = 0 or until we reach A = 0.

Both cases are possible and do show up in numerical simulations. If one were
to do these numerically, and the path ends at x = 0, one would then have to choose

a different matrix ) in an attempt to reach \ = 0.

Figure 3.3: This is an example of the golden retriever turning back and ending up
at the second largest eigenvalue. At the same time, the critical path from the global
minimizer is shown. It was generated with n = 5, and m = 20.

Figures 3.2 and 3.3 are examples of the algorithm turning around and going
to the second largest eigenvalue. In the second case, also displayed is the homotopy
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Figure 3.2: This is an example of the golden retriever turning back and ending up
at the second largest eigenvalue. It was generated with n =5, and m = 20.
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path going from the true solution (in red) to another critical point at A = 0 (in
blue).
Recall that R(z) is a positive semidefinite matrix, and since we assume that

the frame set is phase retrievable, we can assume it is positive definite so long as

x # 0.

Proposition 3.1.9. Assume \ > €igmq(Q ' Ry) = ez’gmax(Q_%RoQ_%), then x =0

is the solution to the optimization problem in (2.2).

Proof. Since R(z) > 0, it is clear from (3.7) that if (AQ — Ry) is positive semidefinite,
then J(z, A) > 0 so a solution to the optimization problem in (2.2) is given by x = 0.

To solve for (AQ — Ry) > 0, we want AQ) > Ry. This happens if and
only if A\l > Q 2RyQ 2. By rearranging, this implies that (A — Q*%ROQ*%)
should be positive definite. Since Q_%ROQ_% is symmetric, and by assumption,
A > ez’gmw(Q—%RoQ_%), then (Al — Q_%ROQ_%) is positive definite, which implies
that (AQ — Ro) > 0.

To show that this is the same as A\ > €igmna(Q ' Rp), note that if e is the
eigenvector corresponding to the largest eigenvalue of (Q~'Ry), then e satisfies the

equation

0 = det(el — Q' Ry)
= det(Q?)det(el — Q™" Ry)det(Q?)

= det(el — Q 2RyQ"7)
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and since the process is reversible, these have the same eigenvalues. O

Denote \; as the largest eigenvalue of (Q~' Ry). From our philosophy, we know
how to solve our system at A\ = A;, and it is achieved when z = 0, so this will be
the reference point for A\ in our algorithm.

Now we know we can initialize A = A\{, and x = 0, we want to know which
direction to step into. This is equivalent to initializing the algorithm at A = A\; — ¢
for small € and determining how to initialize x.

To initialize such a vector z, we look at the ball centered at (z, ) = (0, \; —¢)
with a sufficiently small radius. Since R(z) ~ 0 if z ~ 0, and it is a quadratic term,
we neglect this term and instead solve the dominant linear terms in F'(z, A) = 0.
This implies that (R(z) + AQ — Ry)x = 0= (AQ — Ry)z = 0.

Thus we have

(AQ — Ry)z = 0= \Qz = Ryr = Mz = Q 'Rz

So we have that to satisfy this equation, it suffices to be an eigenvector for
Q'Ry. Denote this eigenvector €,,qs.

In other words, we initialize our algorithm such that

T=CCmar », A=A —€

Now we need to find the constant ¢ we initialize with.

64



To answer this, we want a constant ¢ which minimizes the J criterion at \; —e

argmin J(¢ - €maz, A1 — €)

Expanding what this means, we get that

. 1 & 1 € 1
arg m1n<C4R Z(<emax> fk>)4 + C2§<()‘1Q - RO)ema:pu emam> - C2§<Q€maxa emaz> + E Z y]%)
¢ k=1 k=1
1 & 1 €
= arg mln 4% Z Cmazxs fk + Cz§<()\lQ - RO)emaxa emax> - 625<Qemax7 emax>)
¢ k=1
= arg IIllIl 4i emaza fk - CQE<Q6maxa 6mam>)
c 4m — 2

This is a quadratic in ¢2, thus after solving for ¢ we we get

<Q€max y Emaz >

Zk 1(<€maa:7 fk))

3.1.6 Update rules

The next thing we have to do is check how we update the algorithm. This is
divided into two steps. This is done by a predictor-corrector method, which are a
class of well studied methods and are commonly used for Homotopy Continuation
Methods. Another way to think of these is as doing an Euler Step followed by a
Fixed Point Iteration.

Step 1: The Predictor
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The goal of the predictor step is to make an Euler Step in the direction of
the homotopy path. Therefore, we want a new point (x, A) that roughly follows the
path V,(J)~1(0) which is smoothly connected to the (0, \;). If we parameterize the
path by ¢, so x = z(t) and A = A(t), we want to step in the direction based on the
slope of the curve at the current point (x(t), A(%)).

Therefore, we want to step into the direction of the tangent of this curve,

dx

dt

which is given by

dX
dt

By differentiating the equation

F(z(t),A(t)) =0

we can find the tangent by computing the derivative

L Fa(t), A1) =0 (3.18)

From the work we did earlier we know

%F@(t),w))—Hessext(x(a,w)) i —0 (3.19)

dt

Therefore the direction we want to step in the same direction as the vector in the
null space of Hesseu(x(t), A(t)).
To summarize this, in the predictor step, we compute the extended hessian

matrix Hesse., find the vector in the null space which matches sign in the largest
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coordinate with the sign of the coordinate in the previous step (to make sure the
path is moving in the correct direction), and then make a choice in step size. Unfor-
tunately, it likely going to step away from the path, so we need a corrector algorithm
to get us back on the path.

Step 2: The Corrector

In this, we want to find a point (z, ) which is a solution to the gradient being

zero but is as close as possible to the point in the Predictor Step. We can use the

Newton Step. If ot was our old estimate, we can update it with a correction of
Aold
the form N
Lnew Told
= — Hess!  F(2oiq, Motd) (3.20)
Anew Aold

Where Hess_,, is the pseudo-inverse of the extended hessian.

The Newton corrector step is well studied, and under suitable conditions on
the extended hessian, is guaranteed to converge to a critical point after a number
of corrector steps. See Chapter 3 of [9], specifically Theorem 3.4.1 in for a full
treatment on the subject.

One can also modify the extended hessian Hess.,; to ensure that the new

critical point stays in a specific hyperplane by adding appropriate rows to the matrix.

3.2  Expected System

In this section we analyze the expected system if a single frame vector, f ~

N(0, ).
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Lemma 3.2.1. For f;, f;, fx, i elements of a vector from any frame vector f, then

we have the following:

4

1 if the indices match in distinct pairs

Epnon)(fififef) ==93 ifi=j=k=1

0 otherwise
\

Proof. In case one, without loss of generality, say i = j, k =1, # k, then E(f; f; fx.fi) =

E(fif;))E(fefi) = ]E(fz?)E(fl?) =1

Let z = f;. In case two, it reduces to finding

0o [T ey —Tdr =3 [ aPexp—Ldr = 3E(?) =
E(z") = x” exp de—?) x” exp 2da:—3E(x)—3

[e.9] o0

The second equality is by integration by parts.
Case three is obvious, as there is a distinct index, independent from the others

whose expectation is 0.

Proposition 3.2.2. E(R(z)) = ||z||*T + 2z2”

Proof. Let us examine E(R(z)). By definition, this is: E(= >0 (@, fi)l frfi)

%lefmfkfk

=1

:%ZE (@, fi) P frfi)

=1
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So we reduced it to finding the expected value of M = |(x, fi)|frfE.

To do this, we look at the (i, j) component, we have that

M5 = |z, o) P(fefi) g

= (Z xl(fl))sz’fj)

=1

= (Z Z xpa:ququifj)

p=1 ¢=1

Therefore E(M); ;) reduces to finding E(f, f,fif;)-
When i # j (off diagonal terms of M) we have
E<M)(i,j) = Z Z T B(fpfofifs)
p=1 q=1

(2

When i = j (diagonal terms of M) we have

E(M) ) = Z prqu(fpquifi>
p=1 ¢=1
Y B+ (Y

p=1,p#i

= ||=]* — 27 + 327

= ||=||* + 227
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Therefore we have found that

E(M) = ||z|[*1, + 2z2” (3.21)

Therefore, since this doesn’t depend on the dimension m, we see that

1 & 1
E(R(x)) = — Y E(M) = — -mE(M) = E(M)
k=1
Therefore we have that
E(R(z)) = ||=||*L, + 2zz” (3.22)

]

Corollary 3.2.3. Let z denote the true signal. Then in the noiseless case, we have:

E(Ro) = ||2|[*T + 222" (3.23)

Corollary 3.2.4. E(F(z,))) = ((J|z||*) — ||z]]* + M) + 222" — 2227z

We can solve the system of equations given above, what we call the expected
system. To do so, note that the spectrum of E(Ry) is given by {3||z|%, ||2|%, .-, |2]|*},

so M (E(Ry)) = 3||z||*. Now if we guess that x = kz, for some scaling function k,
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we can derive

0 = ((K[|21") = [IlI” + A)I) + 27227 — 2227)2

= (K" = Dll2l* + A+ 2(k* = )][2]]*)=

Setting the coefficient of z equal to 0 gives us

0=3k>+

STETE
A

[
3|z

So we get that k = /1 — m. Therefore, a solution to our expected system is

given by

:m»::(¢1—xﬁﬁ%gﬁ)z (3.24)

Corollary 3.2.5. E(Hess(z,\)) = (3||z||? — ||2||)I + 6zzT — 2227 + 2\Q

The next theorem establishes the concentration of R(x) about its mean, which
will prove invaluable in proving the convergence of the algorithm. We first need to

state some Lemmas involving the normal distribution.

Lemma 3.2.6. [23] Let v ~ N(0,1,). Then for any ¢y > 0 there exists an upper

bound C'(ey) such that for m > C(ep), each of the following hold with probability at
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least 1 — #

<
1r§r}€a§n\vk\ < +/10log(m)

Furthermore, such probabilities are achieved with

10395 712 1
Cl(e) = C. = max{4.76 x 1013,?l 0‘:’395 ’l_glog(a>2}

Proof. We will start by showing the second inequality. The first and third can be
done similarly. We want to find P(}_,", v > (3 + €9)m). Denote this probability
as P. Define a constant L, which we will specify later, but is allowed to depend on
m and €.

We know that

P= ]P’(Z v > (34 ¢)m) = P(Zvﬁ > B4e)m | |vil, .oy |om| < D)P(J01], oy Jom] < L)
k=1 k=1

+P(Y "t > 3+ co)m) ‘ 01| = LV oV o] < L) -B(|or] > LV ...V o] < L)

<P vt > (B+e)m ‘ o1l ooy |om| S L) -1+ 1-P(jog| > LV ...V |vn| < L)

<P(> v > (B+e)m ‘ (01], ooy [Ua] < L) -1+ m - P(|o| > L)

T
I
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Now to bound these terms, we start with the second and recall that since er fe(z) <
2

= ([27]), we get that P(|v;] > L) < ez (see Proposition A.3.1). Now for the

first inequality, we can bound it by Bernstein’s inequality so after centering we see

that

1.2

POk =3) > com | [l oo om] < L) < eop(qgirp
3

k=1

) (3.25)

2

Therefore P < exp(— ) + me:vp(—%Q), and choosing L = m# shows that

105+ L4

P < — for sufficiently high C(e).

The expressions for the other two cases are very similar. For v¢ we get Py <

1.2

s 2
ea;p(ﬁ) + mexp(—%)

Similarly, for v we get P < exp(5+ 2m =) + mexp(— L

To estimate the C'(¢y) needed, we will look at the v9 case and we examine the

1/6 —%egm 1
—20——) < .
and exzp (10395+§L660) = 2m?

) <

sufficient bounds mexp(—"% 5o -

The first one is true for any m > 4.76 x 10'3 by a direct check. For the second

term, is is sufficient for

1.2
—36m 1

() S g

so long as 10395 < 2\/mey. or m > § 10395 . This simplifies to exp(—3€0v/m) < 5.

Define x = /meg, so this is equivalent to exp(—%x) < SO we rewrite

247

1
2x4e:rp(—§x) <€
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It is sufficient to let 2z*exp(—ix) < 1 and exp(—3x) < €j. By a direct check, the
first one is satisfied for = > 71 or equivalently m > 73 , and the second is satisfied
for x > 16log(%), or equivalently m > %log(%)? Therefore both of these are
satisfied if m > %log(%)2 for C(eg) = C. = max{4.76 x 103, 910::?52 712[ 09(+)*},
we get the probabilities needed, and we can see that the constants for the v} and v
cases would be smaller.
For the last inequality, we want to know what is the probability that P(|vg|* >
10eom) = P(Jug| > +/10egm). By the erfe(z) inequality given above, we know that
P(|vg| > v10egm) < exp(= 10log( —100og(m)y — 15 Now we apply the union bound and see

that P(maxy [vx| > +/10egm) <m-m™> =m™* < # ]

Theorem 3.2.7. [25] Assume fr ~ N(0,I) and ||z|| = 1. Choose ¢ > 0 and
v > log(9). There ezists a function C(e,7v) > 0, independent of n, such that for

everym > C(e,v)nlog(n), ||R(z) —E[R(z)]|| < € with probability 1 —5e™"" — 2. Let

€0 = g and &y = 5. Furthermore, let C, = max{4.76 x 103,39 103352 ey, g(%)Q} as
in the preceding lemma, Cy = max{\/40/305£07, 16%}, C1=2,/5, then a sufficient

upperbound for C would be C(e,v) = max{C,, 16C%,80Cy, 1600CZ }

Proof. We follow the proof of Lemma 7.4 in [23]. By unitary invariance, we let
x = ey, the first canonical basis vector. Let ||y|| = 1 and we write y = (y(1),y) and

fr = (vg, fk) We examine the quantity

Io(y) = y" (Rlex) — (I + 2e1e7))y|

= 1S ol fil? — (14 25(07)
k=1
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Now notice that <y7 fk> = y(l)vk—i_(g? ]/.k>7 S0 <y> fk>2 = y(l)QUI%—i_Qy(l)Uk(g? .]7/?><g7 .]T.k>2

This together with the fact that y(1)? + ||y]| = 1 gives

Io(y) = I% > vy + 208y (1), fi) + 0p (T, fu)® — 1= 2y(1)?]

=3k - 3)(1) kay . i + kayfk ~ 1P

b
Il
—

Splitting the last term using the triangle inequality gives

1 <& i ~
) < EZ +|—Z(vi—1)|~|1yl|2
k=1 k=1
+2|—kay @, fr) |+I—ka 7, 02 = 17112
§2e+2\gzv2y(1)@,ﬁ>l+|EZUZ(@,J§>2—||§||2)|
k=1 k=1

Now for the last term, we can apply Hoeffding’s inequality (Proposition 5.10 in [28])

gives us that for any constants dy and v, m > C1(dp, 7)/n(>_ 41—, v)) we have

I—kay ()| < Soly(1)] - 171] < o

holds with probability at least 1 — 3e=2"™. Here one can choose C} = 2, /% (see
Proposition A.3.2).
For the final term, we apply the Bernstein-type inequality (Proposition 5.16

in [28]) which asserts: for any positive dy, 7y, there exist constants

5



m > Co(80,7) (V/1 Y pey UE + 1 - mazg—1,..m|vg]?), such that
1~ 5~ 7 . N
|EZ“£(<% fied* = 1911%)] < ol 91" < o
k=1

holds with probability at least 1—2¢=2"". Here one can choose Cy = max{ \/M 5%7, 16%}
(see Proposition A.3.3).

Therefore, for any unit norm vector y, Io(y) < 2¢y+ 3¢ holds with probability
at least 1 — 5e~?". By Lemma 5.4 in [28], we can bound the operator norm via an

e-net argument, so

||R(x) — E[R(x)]|| = max Iy(y) < 2max Iy(y) < deg+ 65y = €

yesyt yeN

where A is a 1/4 - net of ST~
Therefore, using that the cardinality of a i - net can be achieved by 9" points,

and by applying the union bound it follows that the theorem holds with prob-

ability 1 — 5e™ so long as m > max{Ci\/n > 1, fr(1)%, Co(v/nd r, f(1)* +

nmax; fr(1)%)}

Write C, = max{4.76 x 10'3, 204 102952, 7264 og(£ ) } as in the lemma.

The theorem holds with the probability 1 — 5e™7" — 7;% when m > Cnlog(n),
for C' sufficiently large.

To find a C sufficiently large, we examine each of those terms. First we look

at m > Ciy/n- >, fr(1)5. By lemma 3.2.6, we get that for m > C. >, fr(1)°

m(15 + €) < 16m so m > C1v/n - 16m. This implies that m > 16C%n.
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Examining the other term, we want m > Coy/n >, fr(1)* + Comaxy, fi(1)2.
Again, using the lemma, we see that it is sufficient if & > Co\/n ), fp(1)* and

5 > Conmax;, fx(1)%. We examine the first of these terms.

Using the lemma, the other term gives us
>y ml?xfk(l)2 > Cy10log(m)

m > 20Conlog(m)

now we take m = Cynlogn and we get
m > 20Cynlog(Canlogn) = 20Cynlog(n) + 20Cynlog(Cy) + 20Cynlog(log(n))
Bounding log(log(n)) by log(n), we get
m > 40Cynlog(n) + 20Cynlog(Cs)
Again bounding each by % gives us %Og(") > 20Cynlog(Cy) which is satisfied if

Cy > 40Cylog(Cs). Bounding log(Cy) by +/Cs, this is satisfied if Cy > 1600C2. On
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the other hand, we need m > 40Cynlog(n) so we want

Csnlogn > 80Cynlogn

so we need Cy > 80C,. Putting everything together, it suffices to take m >

Cnlog(n), with C' = max{1600 - CZ,80Cy, 16C%, C.}

3.3 Analysis of the minimum distance between critical points

It will be important that the zero of the gradient of J(x, \) is isolated within
some radius around it. To this end, we want to find an estimate for the minimum

distance to the next zero.

Theorem 3.3.1. Let z denote the global minimizer of J(z,\) at A\ = 0. Let 2/

An(R(2))
bo

denote any other critical point at A = 0. Then ||z — 2'|| > 2

Proof. Since z denotes the global minimizer at A = 0 of the J-Criterion, z satisfies

F(2,0) = R(2)z — Roz =0

R(z)z = Roz

Now consider the another point 2’ = z + te, with ||e|| = 1. Therefore, we can write
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a polynomial for t by the evaluating the gradient at the point 2’

F(2',0) = R(2")z' — Ry’
= R(z +te)(z + te) — Ro(z + te)
= (R(2) + R(te) + 2R(z,te))z + (R(2) + R(te) + 2R(z, te))(te) — Roz — Ro(te)

= (R(2) — Ro)z + t?R(e)z + 2tR(z,e)z + t(R(z) — Ro)e + t*R(e)e + 2t*R(z, e)e)

Now we know R(z,e)z = % Sz, fi) e, fi) fi= % Sz, fo)? frfife = R(2)e.
Similarly, we have: R(z,e)e = R(e)z.

Therefore, the above simplifies to the following

= (R(2) — Ro)e +t(3R(2) — Ro)e + 3t>R(e)z + t°R(e)e

= t(3R(2) — Ry)e + 3t*R(e)z + t*R(e)e

Where the second equality follows from the fact that z is a critical point of the
gradient.

Now note that 3R(z) — Ry = Hess(z,0), and that this is necessarily positive
definite by the global minimality of z. Therefore, we will write H, = 3R(z) — Ry.
In the noiseless case, we note that R(z) = Ry, so H, = 2R(z).

We can now look at the following polynomial expression

P(t) = (F(z +te,\),e) = t[{H.e,e) + 3t{R(e)z, e) + t*(R(e)e, €)] (3.26)
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We write P(t) = tQ(t). Now we want to locate zeros of the gradient. It is clear
that that can only happen if P(¢) = 0. ¢ = 0 is a solution which corresponds to the
critical point at z, so we want to look at roots of the polynomial Q(t).

Q(t) is a convex polynomial which is positive at t = 0 (since H, is positive

semidefinite), so we can approximate the root by: (setting z = zyl|z||)

In the noiseless case we have:

2 R(zp)e, e
ol > Sl
So what remains is to bound this quantity over all possible directions e using prop-
erties of the frame and the magnitude of z.

We want to find a lower bound for this. We do this for the noiseless case and
do so by rewriting the denominator as something larger which has the numerator

as a factor. So we start with the denominator:

[(R(e)z0,€)] = |(R(e)2e, R(e)Zz0)| < [|R(e)ze|| - || R(e)? 20|

= V(R(e)e, e)V/(R(e)z0, 20) = V(R(e)e, )/ (R(zo)e. €) < Vbo/(R(z0)e, €)
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Now we can rewrite the whole expression using the following

|2][\/ (R(z0)e, €)

2
3V

VAn(R(2))[|]]

Ito] >

_3\/_ _3\/_

An(£(2))

This gives us the inequality we want. We also note that this is > 2 2]z, but

this proves to be less useful. O

3.4 Real Convergence Analysis

We look to the expected system to provide a means of analyzing the conver-
gence properties of the system. If we assume we can parameterize the homotopy
path by A, we want a curve (¢(XA), ), known as the reference path, from which we
will measure how much our golden retriever path (z()A), ) deviates from. An inter-
esting choice to try is the curve gotten from solving the expected system, denoted
by ¢g, but it turns out this doesn’t have the right theoretical properties near A = A;.
Instead, we will analyze the curve gotten from taking the convex combination of ¢q
and the eigenvector of Ry corresponding to A\;. We show that if the homotopy path
doesn’t deviate too far from this reference curve, then it converges to the global
optimal. Then we say, for sufficiently large m, that the conditions needed for this
deviation will be satisfied.

The main idea is to define the reference path that goes from A = A\ to A =0,

then for each A to define the radius of a sphere in R” such that no other critical point
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is on the sphere. Over all A, this changing radius forms a tube with no critical points
on the boundary. If this condition is satisfied for all A\, then the critical path defined
by the golden retriever stays inside this tube and no other critical point enters the
tube. If the radius is smaller than the distance to the nearest critical point at A = 0,

then the homtopy path is forced to converge to the global minimizer.

Definition 3.4.0.1. We call a reference path p(\) suitable if it satisfies the fol-

lowing conditions.

e [t is a smooth path parameterized by \ for 0 < A < \;

e p(A\) =0, and p(N) is nonzero for A < A;.

e ©(0) = z, the global minimizer

First we assume we are given a suitable reference path p(\).

The following lemma shows how the gradient varies when it is perturbed.

Lemma 3.4.1. Assume 1 = x5 + 6. Then we have

F(x1,\) = F(x9,\) + Hess(xg, A)d + 3R(0)xy + R(0)d (3.27)

Proof. This is a direct computation, it is also true in the noisy case and for general
Q.
F(z1,\) = R(x1)z1 + AQx1 — Rozq, and since R(z1) = R(z2 +0) = R(x2) +

R(6) + 2R(x2,9), we get
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F(z1,\) = (R(x2) + R(6) + 2R(22,0)) (z2 + 6) + AQ(x2 + &) — Ro(x2 + 0)
= (R(z2)z2 + AQx2 — Rowa) + (3R(22)0 + AQJ — Rod) + 3R(8)za + R(6)6

= F(x9, \) + Hess(x2,\)0 + 3R(8)x2 + R()0

[]

Now we define a boundary region, which for each 0 < A < A; is given by a
sphere of radius r(A). The following theorem will give us a criterion to check there

are no critical points on the this region, which we name the leash of the retriever.

Theorem 3.4.2. Define the radius r(\) = 6b§|7f<g>(\;)\\' If the following condition is

satisfied ||F(p, V|| < #2)&)”, then no other critical points are on the sphere of

radius r(\), centered at p(N).

Proof. A sufficient condition to ensure that there are no critical points on the bound-

ary of the sphere is to require
(F(s,7),58 = ©(N) >0 Vs €8y (p(N) (3.28)
If we let 6 = s — ¢, and we use lemma 3.4.1, we see that this is equivalent to
<F(g0, A) + (Hess(p, A) + R(6))0 + 3R(6)p, 5> >0 (3.29)

Now if we make the substitution § = ru, where r is a positive radius, and u €
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ST(¢(X)) then an sufficient condition becomes
<F(<p, A) +r(Hess(p, N) + m*R(u))u + 3r*R(u)p, u> >0 (3.30)
Therefore, expanding this out we see that
3 {(R(u)u,u) +r(Hess(@)u,u) > —(F(p, \),u) — 3r*(R(u)p, u) (3.31)

A lower bound for the left hand side is given by r®aj+rs, (Hess(p)) > rs,(Hess(y))
and an upper bound for the right hand side is given by || F (¢, M\)|[+3r%||R(u)||| || <
[1E (0, M| +3r%bo - [

Therefore, a sufficient condition for this is
rsn(Hess(p)) > [|F (0, N)|| + 3r2bo - [[ ]| (3.32)

Define the polynomial Py(r) = 3r?bg - ||| — rs.(Hess(v)) + ||F (@, \)||, this suf-
ficient condition is satisfied in the region of this polynomial where it is negative.
This is satisfied with two roots if the discriminant is positive, or equivalently if

s2(Hess(p)) — 12bo||#]| - || F (¢, N)|| > 0, or rewritten if

2 (Hess(p))
ol - TE o N (3.33)
so if
2 (Hess(y))
o> IF Gl (3.34)
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To ensure that Py(r())) is negative, we can take () to be the vertex of the quadratic

Py(r), which is given by

_ sn(Hess(p))

"= Gl (855

]

This theorem inspires us to have a condition on the gradient to ensure that

there are no other critical points which cross the boundary of the leash.

Condition 3.4.3 (Gradient Condition). Given a frame set, Ry and a suitable ref-
erence path p(\), we say that ¢ satisfies the Gradient Condition if ||F(p, N)|| <

sn(/\)2
mforall()<)\<)\1.

Definition 3.4.3.1. We define the fundamental constant ps = #ﬁi\)”, which

shows up in the Gradient Condition.

The other condition that needs to be satisfied is the Initialization Condition,

that the golden retriever path z(\) is initialized within the tube.

Condition 3.4.4 (Initialization Condition). Given a frame set, Ry, a suitable ref-
erence path p(\), and the golden retriever path x(X\), we say that ¢ satisfies the

Initialization Condition if ||x(X) — @(N)|] < r(X) for some 0 < X < A;.
We now show that leash doesn’t contain the origin for any A < A;.

Lemma 3.4.5. Given a suitable reference path o(X\), then [|p(N)|| > r(X) if X < Aq.
Therefore for such a reference path o(\), the radius r(\) is disjoint from the origin

for all X < Aq.
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Proof. We want to show that ||p(N\)|| > r(A) = Gbosl’fé?;)”. This is equivalent to
showing that

Gbollo(A)[[* > sn(A) (3.36)

Now we examine s,(A) = A, (Hess(p,A)) = M(3R(¢) + Al — Ry). Since A < Ay,
= A — Ry is of mixed signature, so \,(A — Ry) < 0. Using Weyl’s perturbation
theorem ([29]), we see that an upper bound on \,(3R(¢) + Al — Ry) is given by
3||R(¥)||, by thinking of 3R(y) as the perturbation. Thus, s,(\) < 3||R(p)|| <

3bol[(N)]|?. Therefore, we have shown that

sn(A) < 3bollp(N)]* < 6bole (V)] (3.37)

and so we are done. O

The consequence of these conditions is that if we find a path ¢ () which satis-
fies the Initialization Condition (for sufficiently small \) and satisfies the Gradient
Condition for all 0 < A < Aq, then the homotopy path xz(\) must stay inside the
tube, which is disjoint from the origin, and so must end up at A = 0. The next
lemma says that the distance between critical points at the A = 0 is strictly larger
than the radius r(0). This ensures that the homotopy path cannot end up at any
point other than the global minimizer, thus forcing x(0) = z.

Recall that the distance to the nearest critical point is lower bounded by

— 2 [ M(R(z)
Pe =13 o
~ 2 [ 2(R(2)) sn(0)
Lemma 3.4.6. p. > r(0), in other words, 5 B0 = Bl
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Proof. Recall that ¢(0) = z an s,(0) = A\,(2R(2)) in the noiseless case. Thus we
want to show

(3.38)

Rewriting this, it is equivalent to requiring

VA(R(2)) < 2¢/bol 2] (3.39)

which then gives

Ma(R(2)) < 4bol|z[]” (3.40)

Since A\, (R(2)) = ||2||*An(R(E)) < bol|2][?, thus we get p. > r(0). O

[I=]]

What we have shown is that

Theorem 3.4.7. If there exists a suitable reference path which satisfies the Initial-
1zation Condition and the Gradient Condition, then the Golden Retriever Homotopy

Algorithm converges.

Now we choose a suitable reference path which will satisfy the Initialization
Condition. After this, we will work towards finding the probability that it satisfies

the Gradient Condition.

Definition 3.4.7.1. We define a specific suitable reference path, but in terms of a
parameter T =1 — /\il Define o1(\) = \/T(124+ (1 —7)g), where z is the global mini-
mizer and g = |/ =——e1, and ey is the normalized eigenvector of Ry associated

(R(e1)er,e1)

to )\1.
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For the path ¢1(\), we aim to show that it satisfies the Initialization Condition.
We do so by showing that the asymptotic rate as 7 — 0 (A — A1) of () is bounded
below by 72. We then argue that the asymptotic rate of [|z(A) — 1 (A)]] as 7 — 0 is
bounded above in the order of 72. Therefore, for 7 sufficiently small, we get ©1(N)
satisfies the Initialization Condition.

To establish this, we first establish asymptotics of two quantities that show up

often: ||p1(N)|] and s, ().

Lemma 3.4.8. There exists a 79 > 0 such that 0‘97—%’/0%1)3—21761) < ler(W)]] <

1172 Wel/\)—lel,m forall 0 <7 <19

Proof. Recall that ¢1(\) = ||@1(A1(1 — 7))||. This is then, in turn,

A1 _ 7_% #e T% Z— #6
||[VTT24+vT(1=7) W@H— | (R(ey)ey, e1) 1 (R(e1)er, e1) '

. 1 3 1
On one hand this is less than 72 , /—<R(6321’61>+7’2 |z2—4 /—<R(el’\)161’el>61|| <1.1r2 —<R(el’\)1€1’el>,

1 3 o . L
so long as 0.172 /Wef)—lel’q) > T12||z—, /(R(es—lel,eﬁel’" If z is aligned with ey, this is
A
0'1\/ <R(61)1€1,€1> On the

A
==/ me eyl

1 3 1
other hand, ||p1(7)|| > 72 —<R(e1/\)1el,e1) —T2||z — /—<R(el’\)161761>61|| > 0.972, /—<R(61A)161761>

always true, otherwise, we see that this is true so long as 7 <

3 . . ..
so long as 0.17 (Mef\)—lelem > T2||]2z — (R(es—lcqel)elH’ which is the same condition
as before.

Therefore, for all 0 < 7 < 79 := <R(ejl>el’el> , we have the desired inequal-
lle=/ eyt el
ities. O

Now we examine the asymptotics of s,(\) = Hess(p1(A), A)
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Lemma 3.4.9. There exists a 71 > 0 such that s,(\) = s,(A(1 — 7)) > M7 for all

O<7t<m

Proof. First note that, if we assume the top eigenvalue of Ry is distinct (which
happens with high probability and the spectrum(E(Ry)) = {3|[z|% |1z]|%, .-, ||2]]*}),
we can bound

RO = Z )\kekeg S /\QI + ()\1 — )\2)616{

k=1
If we examine Hess(¢) = 3R(¢) + Al — Ry, and substitute ¢ in terms of z and g,

we get

Hess(p1) =3TR(tz+ (1 —7)g9) + M (1 — 7)I — Ry
=37R(g) + A\ (1 —7)] — Ry + O(7?)

> (A1 = M) — (M — Ao)ere] +7(3R(g) — MI) — O(7?)

Define M = (A — X)l — (M — Xo)erel + 7(3R(g9) — M), we will show M is

positive definite for 7 sufficiently small. First we check (Mey,e1), and substituting

_ ] I\
g = —<R(el)1617€1>61 we get

(Mey,e1) = (A — X2) + (3M

(R(e1)er, er)

:2T)\1>0

—1)7mA — (A1 — o)
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Next, we take a direction = L ey, ||z|| =1

o @
(Mz,z) = (M )\2)+(3<R<€1)61761> 1A

Which for 7 sufficiently small is greater than 0, since there is a gap between A\; and

Ao. Finally we look at a linear combination of x and e;, so define & = cos(f)e; +

sin(0)x, and look at (MZ, )

o (REe)Z.3) |
(M2,3) = (= Xa) + (Bpes =0s = D7h = (= da)eos? (0)

= (A1 — Xo)sin®(6) + (3cos*(0) — 1 + 6005(9)32'71(9)% + SSinQ(Q)M

(R(e1)er, er) )™

Define o = % and 8 = % > (. Additionally, note that |a| < f, since
1 1 1 1
_ (R(er)er,x) _ (R(e1)2e1,R(e1)2x) _ [{R(e1)2e1,R(e1)2 )|
Q= Rleerer = (Beneney - and o] = el T <

Therefore, substituting these bounds in, we see that

(R(e1)er,e1){R(e1)z,z)
(R(e1)ere1)

(MZ7,%) = (M — Ay + 387\ — 37\1)sin?(0) + 3sin(20)atA; + 27\

1 Ly \
— §(>\1 — X+ 3(1 = B)7A\) + 3aT A sin(20) — 1 9+ 367\

5 cos(0) + 21\
1 1
Z 5()\1 — )\2 + 3(1 - B)T)\l) + 27’)\1 — \/1()\1 - )\2 - 3(1 — ﬁ)T)\l)z + (3047')\1)2
1 1 3at\)?
> 5 (= A0 +3(1 = B)TA) + 2740 = (0 = de +3(1 = B)rh) - Ba)

()\1 — )\2 + 3(1 - 6)7’)\1)
i (30&7’)\1)2
=2 - (M — A +3(1 = B)TA\)

Now we see that this implies that A\,(M) > 1.5\;7 for all small 7. From here,

we use Weyl’s inequalities ([29]), by taking the hessian to be a perturbation of
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M. Thus, if we take Hess(¢1) = M + R, we get that since \,(R) < dr?, then
M (Hess(p1)) = A(M) — dr? > 1.5\ 7 — dr* > M7 for all sufficiently small 7.
Thus we get there exists a 7 such that \,(Hess(¢1,A)) = sp(A) > A7 for all

0<T<7'1. O

Now we can put these lemmas together and find the asymptotic rate of the

radius of the leash r(\).

A (R(er)er,er)

Lemma 3.4.10. For all \ sufficiently close to A, r(\) > o T2

Proof. Since r(\) = W(f‘()w. Lower bounding s, (A) by A7 and upper bounding

lle1(N)]| by 1.1 mT% gives us the result. O

Now that we established an asymptotic lower bound on the radius r()), we

look at the other term in the Intitialization Condition.

Lemma 3.4.11. There exists a 75 > 0 and a positive constant C such that for all

0 <7 <m [[2(N) ~ (V]| < O3

Proof. Let’s decompose z(\) = c¢p1(A) + 7201 (N), such that (py, o) = 0.

If we write p1(A) = /T(724 (1 —7)g), we get the following expression for the
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gradient

1

1
T2

F<6901 + SO%, )‘) =

]
I
o=
!
~
8
—
>
N~—
>
N~—
I

=A37(1—7)3R(g9)g + (37" — er)R(2)z + TR(0i) o+
33721 — 7)?R(g)z + 3¢*T(1 — 1)’ R(g) o7+
(33731 — 1) —er(1 — 7))Aig + (37 — 1)R(2)¢7r + 3er(1 — 7)R(p7 ) g+
3cm?R(p71)z + 6272 (1 — 1) R(g, 2) o7+

ct(l—=71)\z+ (1 — 7‘))\1g01L

Now let {gx} be a basis of eigenvectors of Ry, we normalize them to be {ex}, and
note that g = constant - e;. Also define v = i /||of]|.

Note that taking the inner product of the expression above with e, and definin-
ing —7T}, to be the coefficient of every term that has a coefficient of at least degree

T gives us n — 1 equations of the form

(v, er)llor || = Aellor (v, ex) = 7(M)

(A = M) (v, el || = 7(T)

Now summing the squares over k = 2,..,n, we get

n

D = M) (v, et P < 7T
k=2
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where T'= Y, T?. We can get a lower bound by using the smallest gap A\; —

get

(M= X[l IP D (v, ex)? < 7°T

k=2

Summing over the whole range gives us
(M = 2)* (1 = (v,e0)?)||r [|* < 7°T

VA= el < i

We will briefly examine (v, e;). Note that

0= (v,01) = V77(v,2) + V/7(1 — 7){v, g)
= V717V, 2) + VT(1 = 7)|lg|(v, 1)

So simplifying, we get

2 2 2 2
<U,61>2 — T <Z72U> 5 < T ||Z2|| -
(L =7)?lg[* = (1 —7)?[|gl|

Substituting this back in, we get

T PR VT
”“’1"\/1 —NaP = A

|7 || < Oy for all 7 sufficiently small
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Now going back to the equation, if we take the inner product with g itself (and use
the fact that ||¢7 || < C17), if we look at all terms with a coefficient of 7 or less, and

collect all terms with a coefficient of 72 or more and label it —72N, we get

Ar(R(9)g,9) — etAi{g, 9) = T°N

A(R(9)g,9) — chilg.g) = TN

A1

If we substitute in g = Rleene))

e1, we get

s A AT
¢ - =7N
(R(er)er,er)  (R(er)er,er)

(® —¢) :T(N<

These three paths, ¢ = 0,1, —1 each correspond to a different path of the solution.
For ¢ = 0, this corresponds to staying at x = 0, and the ¢ = 1 correspond to the
inability to distinguish phase between the paths. By analyticity of the roots, we get
that on the path corresponding to ¢ =1, |c — 1| = O(7).

Putting these results together, we get that x(\) = cp; + T%(,Of‘, therefore

[2(A) = 1] = [I(e = Vg1 + 7207

<|(c=1)| ||| + 72||5|| < C72( for all T sufficiently small)
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The consequences of the above lemma are immediate.

Theorem 3.4.12. For all 7 > 0 sufficiently small, ||x(X) — p1(N)|| < 7(N), i.e.

©1(N) satisfies the Initialization Condition.

Proof. This is just looking at the order, r(\) stays above something of order T3

as 7 — 0 while [[z(A) — o1 (V)]] < C72. Thus for all sufficiently small 7, we get

[2(A) = (M < r(A) a

Now we have shown that ¢;(\) satisfies the Initialization Condition, we know
that if it satisfies the Gradient Condition, i.e. if |[F(p1,A)|] < W;\R(QA)H for all
0 < A < Ay, then the algorithm converges to the global minimizer.

Our next goal is to understand when ¢;(\) satisfies the Gradient Condition.
We study this probabilistically. The main idea is to realize that in the expected
system, ¢ aligns with z exactly, so if we treat g as a perturbation of z, then we can
rewrite the Gradient Condition as a condition on the perturbation. Then we show
that for sufficiently high m, the size of the perturbation decreases, and the Gradient
Condition is true with high probability.

Thus we define the perturbation p = g — 2. We first rewrite the gradient
F(gp1,A) in terms of p (and 7= A\ (1 = ).

In this part, we will make the following assumptions:
o by >2

o M(R(2) = 5zl

1
2
Later we will see that these hold with high probability.
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Lemma 3.4.13. The gradient for ¢1(\) can be written as follows

o

FloN).A) = 7 (ﬁ"( ~ R(p)p) + (3R ()= + 3R()p)

+T()\1p —3R(z)p —6R(p)z — 3R(p)p)

+( = A\ip+ 3R(2)p+ 3R(p)z + R(p)p)>

Proof. First note that o1 = /7(tz2 + (1 — 7)g). For g = z + p, we get ¢; =

VT(rz+ (1 =7)z+ (1 -7)p) = v7(z+ (1 = 7)p).

Now if we look at

F(p1,A) = VT(R(V7T(2 + (1 = 7)p)) + M — Ro)(z + (1 = 7)p)

We can simplify this expression (with a bit of careful bookkeeping) to get

Flpn ) = V7 (74( ~ R(p)p) + 7 (3R(p)z + 3R()p)
+72 (Alp —3R(z)p —6R(p)z — 3R(p)p)

—l—T( —Mp+3R(2)p+3R(p)z + R(p)p))

Factoring out the extra term of 7, we get our result. O]
Now we can find an upper bound on the norm of this gradient.
3
Lemma 3.4.14. ||F(¢p1, A)|| < 72 (4bo|[2|[*|[p[| + 3bol|p|*[|2]] + bol[pI*)

Proof. Examining the terms in ||p|| of the gradient, we see that F(p, A) = 72 ((r—

96



DAip+3(1 — 7)R(2)p + +3(1 — 27 + 73 R(p)z + (1 — 37 + 372 — 73)R(p)p, so we

get that

3
1E(pr, M| < 72 (Mallpl] + 3boll2IPlIpl| + 3bol [pII*[12]] + bol [pII)

Now we use the fact that \; = A\ (R(z)) = ||R(2)|| = bo||z||* to say that

3
[1E (o1, M| < 72 (4bol 2] [[p]] + 3bollpl[*[[2]] + bolp]*)) (3.41)
[
Now that we have bounded || F'(¢1, A)|| from above, we bound pa(\) = #j\fi\)\l

from below, to get a sufficient condition for satisfying the Gradient Condition.

|||, we have pa(N) > 3 AL (R())

Lemma 3.4.15. If ||p|| < % > T2

Proof. We start with a lower bound on the hessian.

Hess(p1) =3TR(z+ (1 —7)p) + M(1 —7)I — R(2)
> (1 —1)R(2) +27R(2) + M(1 — 7)1 — 7O(||p||)
> (1 = DMT +27R(2) + M(1 = 7)1 — 7O(||p|])

= 27R(z) — 7O([|pl])

Therefore, we know that s, (\) > 27\, — 7O(]|p||). Thus for ||p|| sufficiently small
(one can check that it is satisfied if ||p|| < %HZH), we get s,(A) > 7A,. Also
leal] < V7llz + (1= 7)pll < V7(l[2l] + (1 = 7)]Ipl]). Since 0 < 7 < 1, we get
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leall < v/7llzl + [lpll < G2l so long as ||pl] < gzl

sn(A\)? .
So pa(N) = #II)@H gives us

32 7_2/\2
A: n > n
P2 = il ~ VrLab ]
1N
=T
14bo]|2||

For [[pl] < 5 2]l

O

From the previous two lemmas, we see that a sufficient condition for satisfy-

ing the Gradient Condition (X, > 0.5|z]|?) is for 72 (4bo|| 2| [*[p]| + 3bollp|*]|2]] +

3 |24 S . .
boHpH?’)) < T2 5é20||“z||, which is satisfied if

2 el _ 1
el gl ol 1
Yzl T PRI T 56
This is satisfied if
lpll < min(z. ) (3.42)
min(=, ——)||z .
PIl= TG 14802
Since m < % and @ < %, under our assumptions, thus it is satisfied if

1
448b2

Ipll < 1=l (3.43)

We define 7. = we get that if our assumptions are true and ||p|| < 7,

aallell
then the Gradient Condition is satisfied and the algorithm converges.

Now we want to use the difference in ||R(2) —E(R(2))|| to get an upper bound
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for ||p||. We work on this in two steps. Since p = g — z, we first do an estimate
on |le; — zo||, where e; = ﬁ and zp = %;. Then we work with the normalization

g Ell

terms.

3
Theorem 3.4.16. ||e; — z|| < W

This is a consequence of the famous Davis—-Kahan sin(©) theorem. A proof

of it can be found in [30].

Theorem 3.4.17. ||p|| < ||z|| - ||lex1 — 20]|(<R(61b)—061761> +1)

Proof. Define ¢’ = ||z||e;. Then

Ipll =llg =2l =llg — 9"+ 9" — =]

<Ilg=d'll +1lg" = =l|

Now we want to estimate each of these terms. The term ||¢' — z|| = ||z]| - ||e1 — 20]]-

For the term ||g— ¢/|| = | <R(’\—1> —||2|| |- We write Ay = (R(2)er, e;) and

er)er,el

examine the fraction

(R(z)e1, e1)

<R(€1)€1, €1>
_ ||Z||2<(R<Zo) — R(ey))er,e1) + (R(eq)er, e1)
<R(€1)€1, €1>
2(<(R(2’0) — R(ey))er, er) i 1)

= HZH <R(€1)€1,61>
<l g

Substituting this back into the expression, and using the fact that /1 +¢ <1+ 3
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we see that

|| R (20 (en)]|
g —g'll <z - \/ +1-1
61 61761

< H HHR<(ZO (61)“

2{R 61)61, €1

)
R(z) — R(e1)]|
2(R(e1)eq, e1)

I
<[l

We know that ||R(z0) — R(e1)|| < 2bol|ler — 20|, so we see that

1211 - bo - ller = o]

(R(e1)er, er)

Ilg—d'|| <

Putting it together, we see that

1Pl < llg = g'll + 1lg" = 2|

[|21Bollex — 2ol |

+[12]] - ||le1 — =
<R(€1)61,61> H || H 1 0||

b
=||Z||'||61—Zo||(< > +1)

R(ey)er,eq)

O

Assume that A\,(R(e;)) > 0.5. We can now simplify the argument in the
1
previous theorem by saying it is sufficient if |z||-||e; — on(m +1) < v 2],

which is equivalent to

bo 1
_ 0 i y<
ller = 2ollmeyeen TV < 1302
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If we assume A\, (R(zp)) > 0.5, then we know that since

|R(20) — R(e1)|| < 2boller — 2ol

if ||e; — 20| < %, then [|R(z0) — R(e1)|| < 0.1, so A, (R(e1)) > 0.4. Thus under this

assumption, we get a sufficient condition for the Gradient Condition is

1 1 0.4

44
200, 44862 by + 01 (344)

ller — 2zo]| < min{

Since under our assumptions, by > A (R(z9) > 2.9, we get that being less than the
second term always implies being less than the first, so the sufficient condition can

be written as

1 04
44802 by + 0.4

ller — zo|| < (3.45)

To get some control on the smallest eigenvalue, we use the concentration of

the R(e) about its mean to estimate \,(R(z)).

Lemma 3.4.18. Let C(9) be an upper bound and v be a universal bound as defined
in the Concentration Lemma. Then for m > C(0.1)nlog(n), A\,(R(2)) > 0.9]|z|/?

with probability 1 — % —be "

Proof. By the concentration of expectation (Theorem 3.2.7), there exists a C' >
0 such for m > Cnlog(n), ||R(e) — E[R(e)]|| < 0.1. Since A\ (E[R(e)]) = 3, we
get that A\ (R(e)) < 3+ 0.1 = 3.1. Similarly, A\, (E[R(e)]) = 1, so A\ (R(z)) =

[1212An(R(ip)) = llzl*(1 = 0.1) = 0.9]][|* 0
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Putting this together with what we had before, we get the following theorem

Theorem 3.4.19. Assume that we are in the noiseless case with the frame vectors
drawn from a standard normal. Fiz a nonzero z € R™ to be the generating signal. Let
v > log(9) be a universal constant. Then there exists an upper bound C' sufficiently
large (but independent of n) such that if m > max{Cnlog(n),64n®}, then the golden

retriever algorithm converges with probability 1 — % —5e " — (n3 + 1)6_%.

Proof. Define 6 = min{0.1 }, as specified above. We will take C' = C(0,7)

1
? 224053
from the concentration theorem (Theorem 3.2.7)

Now we note that that the assumptions are true if ||R(z) — ER(29)|| < 0.1,
and thus under this assumption, a sufficient condition for the Gradient Condition is
if

1 0.4 2

< <
= 448bg(b0+0.4)

2HR(ZO) - E[R(Zo)] = 448058

(3.46)

It is possible to give bounds on by, specifically we can show that if m > 64n?,

then by < 64 with probability 1 — (n® +1)e™ 1 (see lemma A.4.1).

3.5 Following the Retriever: Real Certifier

In this section, we want to provide theoretical guarantees that we are staying
on the same path after an Euler step and correction. This analysis will provide a
certificate which can be numerically verified to ensure one is following the correct

path. This can be used in numerical applications to determine a step size, but the
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size of the requirement does not make it practical to do this. However, it can still
prove useful in certain debugging scenarios.

The idea behind the proof is to look at a cross section with one of the coordinate
directions and find an upper bound for how far the distance the path can go in a
single step, and then make sure there is no other critical point that is within the
upper bound’s distance.

As in Corollary 3.1.7, let by = max.=1(R(e)e,e) < by = B(maxy || fi|[?),
where B is the frame bound.

Here we recall that by is a || - ||2—4 matrix norm, (norm of the frame analysis
operator acting from (R™ || - ||2) — (R™,|| - ||4)) which is NP-hard to compute in
general (see [31]), so we may use the upper bound b; in place of by in all numerical
computations and the results still apply.

Now let Hessepi(x, A) denote the n x (n 4+ 1) extended hessian, and let ¢ to
be the index of the maximum absolute value component of its null vector computed
at the next point of the Golden Retriever algorithm (usually, this will mean we are
marching along the ¢th column). Let ¢ denote the ¢'th column of the extended

hessian. Furthermore, let Hess,qq.. denote the n x n reduced hessian, the hessian

To
without column c¢. We start at a coordinate X, = and we parameterize by the

Ao

distance moved along the ¢’th entry. Notationally, whenever a quantity is computed

at the original point, it will use the notation (-)o. So the algorithm moves to a

x(t)
new point X(t) = , and it satisfies in the difference of the ¢’th coordinates

A(t)
Xo(t) = Xoo = t.
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Let D(t) = ||X(t) — Xo|| and g denote column ¢ of the hessian (the column

being removed). Note that

D _1d ., dX

dt — 2dt (G X0~ Xo) (3.47)

de

X we know that (£¥). = 1, thus breaking off

By examining the components o

that component we see from the equation H essm% =0 we get

red c

1-g=0 3.48
o Tl (3.48)

HesSpogo—————

Therefore we have % = —HesS,eq.cq, since we chose ¢ in a way that allows us

to assume HesS,eq.. is invertible. (Our general assumption is the Hess,; is always
full rank).

Then we have the following lemmas.

Lemma 3.5.1. |42| < 7l 41

Proof.
1d dX AX,eq:
__D2 = X Xo) = — Xredie — Xrede t
2 dt G 0) =g Krea 4c0) +

= —<H68$feldch, Xred:c - Xred:c,0> +1
| | = [(Hess oy Xrea — Xreao) + 1) < |[Hess ol - || Xrede = Xreacol| + |t

< ||Hess,geqllD+ D < lgllD + D

Sn(HeSSTed:c)

Dividing by D gives us the desired result. O]
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Lemma 3.5.2. Assume ||HesSezt — HeSSexto|] < M Then D(t) < (2+

[[Hesseat,oll )
Sn (HESSTEd,O)

Proof. First, we note that

lall < ||HesSet||op < ||HeSSext — HesSezro|| + || HeESSeat o] (3.49)

. . Sn(Hessyeqd:
Since by assumption, ||HesSes — HesSeq ]| < w, we get

Sn(Hessred:c,O)
2

gl < + |[Hesseat,ol| (3.50)
Also, by Weyl’s inequalities ([29]), we know that

1
Sn(Hessred:c) Z Sn(Hessred:c,O) - ||H6336J3t - Hessewt,()” Z §Sn(H633red:c,0) (351)

(because adding a row can only increase the norm, and by using the assumption) so

it follows that

dD
i _ . |ll| +1
dt Smin(Hess eog.c) Sn(Hessred:c,O) - ||H6556a:t B HeSSemt,OH
. Q(M + ||HesSeatpl|) +1
= Sp(HesSred:c,0)
o g lIHessel]

Sn(Hessred:c,O)
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Now if we examine the integral:

Hesse,
|/ —dt|</ (242 [[Hessertol] )dt = (2 + 2 [[Hessertoll T (3.52)
0

Sn(Hessred:c,O) Sn(-HeSSTed:c,O)

On the other hand, we can evaluate it directly and we get

y/ 9D ) = |/D(T 1dD| = D(T) (3.53)

Therefore, as desired, we get that

||HesSeat o]

D(t) < (2+2 )t (3.54)

Sn(HeSSred:c,O)

O
Now we want to see for which condition on ¢ will guarantee that ||HesSe. —
Hessext70| | S Sn(HESSTed:c,O) )
Define the constants
|| HesSextol|
A=(2+2 : 3.55
( * Sn<HeSST6d:C,O) ( )
and
6bo|zol| + [|Q] 6bo|[zol| + [IQI]\, | Sn(HeSSredcp)
t, = — 2 ’ 3.56
+ T | Ay e— 6%, (3:56)

Lemma 3.5.3. For t < ti, ||[HesSext — HeSSeuro]| < w and D(t) <
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(2+2 ||Hessext o] )t

Sn (Hessred:c,())

Proof. We want to check the condition that

Sn (Hessred:c,O)
2

||HesSext — HesSeztol| < (3.57)

Let us begin by finding an upper bound on the left hand side.

||HesSexr — HesSeno|| < ||Hess — Hessol| + ||Q)] - ||z — xo|

< 3bo(2l|zol[ + D)D + 2DI|Q]

The last inequality is given by the estimate on the difference of the hessians found
in Corollary 3.1.7.

Now, for a sufficient condition, we would want

Sn(H eSSred:c
3h0(2ljza]l + D)D + DY@ < e reteo) (3.58)
This is a quadratic in terms of D, and solving for D, we get
6b n H rea:c
D2+( 0Hx0|‘+‘|QH)D_S ( €8s d :0) SO (359)
3b0 6b0

Now if we substitute the bound we want to derive on D, we can find the zeros and

will get

|| HesScat0 6bo||wo|| + [|Q]

2 ( ||HeSSea:t,O|| Sn<HeSSred:c,0)
3n<H655red:c,0> 3b0

242 t— =0
)( * Sn(Hessred:c,O)) 6b0

(242
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Since A = (2 + 2%), we have the equation

6bo||(l]0H + ||Q|| Sn(HeSSred:c())
At — — =0 3.60
3bo ) 6bg ( )

AP+ (

After solving, we get t < t,, where t, is defined as above is the positive root of this

quadratic.

Now, we still need to justify why it is a sufficient to substitute the upperbound
for D(t).

We define the following parameter

L

to =sup{s:Vt e [0,s],D(t) < (2+2
? p{ [ ] ( ) N ( Sn(Hessred:c,O)
We claim that to =¢.
First note that the set above is nonempty because s = 0 satisfies the conditions.
Therefore, by construction, if to < ¢4, then for all ¢t € [0,%5], D(t) < (2 +

QM)L and for every t' > t,, there exists a t” € (to,t') such that D(t") >

Sn (Hessred:c,())

(2 +9 [|HesSexzt ol ))t”.

Sn(Hessred:c,O
We claim that from this we can derive a contradiction, so that ¢, > ¢,. In

fact, we claim that there exists a € > 0 such that for all ¢ € [to, 5 + €] satisfies

D(t) < (2 + 2,1 eeoll )y,

Sn, (Hess'red:c,o

By the existence and uniqueness of the differential equation, we can define the
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solution on [ty, ts + ] for some n > 0. Also note that

||H6886wt0|| HHGSSBwtoH
D(ty) < (2+2 ’ to < (142 : t
(b2) < 2+ sn(Hessred:C,o)) 2 < (14 Sn(Hess'red:c,O)) ?
Therefore we know since
dD 2 ‘H exr
dD 2l gy g lIHESSeol] (3.61)

| dt < Sn(HesSredp) Sn(HeSSred:c0)

is still satisfied at 5.
Examining this, take a ¢ < 7, so the solution to the differential equation is
defined on [to, t + €].

Therefore, if we take t € [ta,ts + €]

tate ||HesSextol| ||HesSezt o]
—dt| < 2+2 i dt = (242 i t—t
| /2 ‘ / ( * Sn(Hess’/‘ed:c,O)) ( * Sn(HeSSred:c,O) >( 2)

On the other hand, we can evaluate it directly and we get

|/2 dt|—|/t2)1dgo| (t) - D(t:)
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Therefore, since the upper bound is satisfied at t5, we find

H Eex
D(t) — D(ts) < (2 + 255t

)(t —15)

Sn(HQSSTed:c,O)

||HesSext 0|
D)< (242 : t—t D(t
(t) <2+ Sn(Hessred;C,o))( 2) + D(t2)
D(t) < (242 [ Hesseroll )t

Sn(}lessred:c,O)

Therefore, for all ¢t < €, the upper bound condition is satisfied, which provides the
contradiction that o < ¢, can be the maximum (or supremum) of the set, so the
maximum must be ¢, itself.

Therefore to summarize, so long as the chain of equalities (3.61) is satisfied,
which it is for all ||HesSeye — HesSearpl| or t < ty, we get the upper bound. As soon
as t > t,, the chain of inequalities is broken and the upperbound no longer needs
to hold true.

[]

Now that we have found an upper bound on the distance, we need to make
sure there is no other critical point within this distance. The following theorem will

be useful in showing this.

Theorem 3.5.4. Let X = (a, \,) be a critical point of J(xz,\) and let

sn(HeSSE;ct(ll,Aa))) )
Vn4-1(bo+3bollal|+|QI]) 7

p = min(3,
Then there is no other critical point X, such that X;(c) = X(c) and || X1(c) —
X(¢)|| < p. In other words, p serves as a lower bound for a distance to the nearest

critical point on the same Xi(c) = X(c) hyperplane.
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Proof. Let e = (b, \y) be a unit vector with e, = 0.

Standard computations show that

b
F((a,\a) +t(b,\p)) = th(b)b + t2(3R(b)a + \yQb) + t(HesSex(a, \a) )

Ap

b

Define vy = R(b)b, vy = 3R(b)a + \Qb, and vs = (HesSczt(a, Ay) )
Ab
Now define the function
G(t) = ||[F((a, \a) + (b, \p))]] (3.62)

We want to obtain some estimates on the roots from this function.

G(t) = |[F((a, Aa) + (b, X))
= [t| - ||(t?vy + tvg + v3)||

> [t] - (llvs|| = [¢l][val] = [¢*[]os 1)

So what we want to do is find the nearest root of

(lsl] = [¢llvall = [t [fva])

If the root is farther than 1 (so t > 1), then 1 is a lower bound on the root.

Otherwise, the root is closer than %, so the slope of the function is dominated by
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the slope at 3. The slope at £ is given by M = —[[vi|]| — |[v2]|.

Now if we go back and estimate the zero of the line passing through (0, a) with

|[vs ]|

slope M = —||v1]| — ||v2]|, we get that the root is at o0 = Torlt ol

Therefore —1%__is a bound on the closest root.
[[o1[[+]va]]
So now we want to minimize this bound over all directions e not in the null

direction.

First we will minimize ||vs]|.

b
||U3||2 = ||(Hessezt(a, Aa) )||2
Ap
b b
= ((HesSezt(a, Ag) ), (HesSext(a, Ay) ))
)\b )\b
dx
Now let v = be the null vector of the extended hessian, and decompose
d\
b
= cyv+w, where w € span(v)*. We examine this norm in a little more detail.
Ap
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b b
||U3||2 = ((Hessext(a; Aa) ), (Hessea(a, Aa) )
b b
= ((HesSept(a, Ag)w), (HesSez(a, Ag)w)
= ((HesSepr(a, Mg)T ) (HesS ez (a, \o)w, w)

= M (HesS ezt (a, Ng) T Hessear(a, M) ||w]]?

> 52 (Hessepi(a, Ng))  min |\pr0j8pan(vL)(b,)\b)|]2

[lel|[=1,ec=0

Note that the null vector v here is normalized so that v. = 1, as ¢ is chosen so that
v, it is the largest component.

To estimate this, define € to be e without the ¢’th component, and v as v
without the ¢’th component. Now note we are trying to minimize the projection

onto the complement of v, so we get
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o= 1o = flo - 0 g 4 (HET

llell=L.eeo ||v][2 1+||3]]2 1+ |o]]?°
~ <é 17> ~ o~ <é> 6> ~ <évﬁ> 2
= <6 —U € — ~ U> + ( ~ )
1+ |9 1+ [|9]f? 1+ ||9]?

—1—-9 <€7U>2 <~ ~> H HQ ( <év@> )2

S+ =
Lol (1 + [o]f?)? 1L+ [[o]|?

G0, @0

=1+ — =
L+|lol> 1+ jofl?
(€, 9)?
L+ jof[?
>1- ﬂ by Cauchy Schwarz
1+ o]

B 1 - 1
PP+ T e+l

since 1 is the largest component in a size n vector

Therefore, we see that

HU3H > 3n<H€55696t(a> )\a)) )

Nl (3.63)

Now we want to maximize the denominator, so we want to maximize both ||v || and
[[v2]
sl = 1R < (1Bl R

)H<HR(

HbH)H < by (3.64)

And for ||vy||, we can find a bound similarly, again using that ||b]| <1

[va]| = [[3R(b)a + Q0] < 3[[R(b)al| + || Q]| (3.65)

< 3[[RO)] - lall + [lQ[] < 3bollal| + [|QI| (3.66)
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Therefore, the root

1 ||Ul|| 1 Sn(HGSSea:t(a’/\a»)

, } > min(, ) (3.67)
2" Tual | + Ifosl] 2 \/n+ 1(bo + 3bollal | + Q1)

troot Z Hlln{

]

Theorem 3.5.5. Assume our algorithm starts at a point (T, Aora) which is a
critical point. Let (Tpew, Anew) be a new critical point the algorithm decides and
(Zothers Aother) be any other critical point in the same coordinate at the index ¢, as

defined above. Let Dy denote the distance from (T, Aotd) 10 (Tnew, Anew)- Define

= W and tin = min(ty, ty)

Assume the following two conditions are satisfied:
ﬂ(xneum)\new)
1. Dy < Frnegmnees

2.t < tmin

Then (ZTpew, Anew) 1S the point connected on the continuous homotopy path

which goes through (T, Mold)-

Proof. Assume (Zother, Aother) 1S a critical point on the path instead of (Zpew, Anew)-

Define UB(t) = (2 + QHHLE“’O“))t. Then, since ¢ <t < t4, we have that

Sn, (Hess'red:c,o

||(xother7 Aother) - (:Eolda )\Old) || S UB(t> (368)

115



Since t < t1, we get that UB(t) < _P(xmwfnew), 0

p(xnew ) /\new)

. (3.69)

H(ajother’ )\other) - ('rolab )\old) || S

Also, since Dy < M we get that

H(Jznewa Anew) - (xotheh )\other)H S H(xne’un Anew) - (xoldv )\old)H + H(xolch >\old) - (xotheru )\other)H

Lnew >\new Lnew )\new
< IO( 9 ) + p( 9 ) = p(xneun )\new)

but this is a contradiction, because any other critical point must be a distance
further that p away from (Z,ew, Anew)-
Therefore, the only possible point on this level set that is the point passing

through the continuous path is (Zpew, Anew)- O

3.6 Oracle Convergence

Given an Oracle, we can ask the following question: Does there exist a positive
semidefinite matrix () such that the Golden Retriever algorithm converges to the
exact solution?

The answer is yes. In fact, we can make the algorithm converge to any critical

point we want.

Lemma 3.6.1. Let v be a critical point of J(x,\) and let Ry be the matriz in the
condition, there exists a positive definite symmetric matrix QQ # Ry satisfying the
following properties:
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e Qu= Ryv

e The determinant of the pencil, det(AQ — Ry) has generalized eigenvalues which

satisfy: A <1

e The generalized eigenvalue around X = 1 has corresponding eigenvector v, and

18 distinct

Proof. The proof is by construction.

Define the following rank one matrix.

. RQUUTRQ

Q1= (Rov.v) (3.70)

Note that Qv = Rgv. Since @), is a rank one matrix, so we want to make it full
rank.

Set

vt

= I —
Q Q1+M( ||’U||2

) (3.71)

Note that we still have Qv = Ryv.

At this point, we constructed a family of symmetric matrices () such that
Qv = Rov. The only thing left to do is to make 1 be the largest generalized
eigenvalue here.

To do so, let 11 = Mpae(Ro — Q). The claim is that for any g > py, that @
would satisfy the pencil criterion.

To justify this, @ = Q1 + pQo, what we need is Q@ > Ry (because A\Q — Ry
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would be positive definite for A > 1)

Q = Q1+ nQo > Ry

wQo > Ry — 1

pul > Ry — @y
1

1> —(Ry— Q)
U

The reason the identity appears is because Qg = (I — m; ). We already know that
for v, the generalized eigenvalue is A = 1. We now get @)y acts as the identity on
the orthogonal complement.

Therefore, for p > A\juaz(Ro — Q1), we have that A < 1.

Therefore a () with the listed properties exists and is constructible.

O

Theorem 3.6.2. There exists a matrix () such that if the Golden Retriever is ini-

tialized with the given @, then the algorithm converges to the critical point v.

Proof. Let () be as in the previous lemma. we examine the path V,J(z,\) =

(R(z) + A\Q — Ro)x where x = cv.

0= (R(cv) + A\Q — Ry)cv
0= R(v)v + cAQu — cRyv

0= cR(v)v + AQu — Ryv
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Now since R(v)v = Rgv (v is a critical point at A = 0), and Qv = Ryv, and Rov # 0

(since Ry is positive definite) then we have the following:

0 =c*R(v)v + AQv — Ryv
0= (c2+A—1)Ryv
= (1-M\)

c=v1—2A\

The last line is effectively choosing one of the two equivalent paths. Therefore, if we
initialize the algorithm with the given ) matrix, and initialize the direction along

the principal eigenvector, v, we have that the algorithm will follow the critical path:

(@A), \) = (VI= N, \) O

The theorem above, when applied to v = z, the global minimizer, shows that
there exists a ) which guarantees that the algorithm converges. This gives us the

following theorem as a corollary.

Theorem 3.6.3. Let z be the minimizer to the optimization problem in (2.2). There
exists a positive definite matrix (), such that the Golden Retriever Algorithm, ini-
tialized with ., converges to z. Moreover, the trajectory of the homotopy path with

Q., when projected onto A = 0, follows a straight line.

However, it is worth noting that to construct such a ), we will need to know

z, 80 () can only be given by an oracle.

119



Chapter 4: Complex Case

4.1 Background

We define the following equivalence classes:

Cr = {&,7 € C"} (4.1)

&= {xe” 0 € R} (4.2)

Now say we are given a frame, F = {f1, ..., f} € C™ Then we can also define the

following function:

Ba) = (z, fi)] )i (4.3)

We want to adjust our results in the real case, and one way to quotient out the phase
ambiguity is to do so through realification. Therefore, We want to understand what

happens with the beta map once we apply the realification procedure to it.
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Definition 4.1.0.1 (Realification and Complexification). j : C* — R?*" defined by

real(x)
reC—¢= = j(r) € R*

imag(z)
15 called the realification map.
The map k : R*® — C™ with k = j~' is called the complezification map.

The following are basic properties of realification which are straight forward

to check.

Lemma 4.1.1 (Basic Properties of Realification). Let x € C"
1. j 1s a R-linear map
2. el = 15 (@)l

In the context of phase retrieval we have

real(x)
reC"—=¢= = j(x) € R*™
imag(z)
Similarly we have
real(fx) ,
JreC" =g = = J(fr) € R™
imag(fr)
0 -1,
We also define the (2n x 2n) symplectic matrix J = . This is an im-
I, 0
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portant matrix and plays the role of a higher dimensional complex unit and has
many similarities with the number ¢ and the complex plane’s identification with R2.
Specifically, j(iz) = Jj(x) and more generally let U(6) = cos(0)1s, + isin(0).J, and
let u = € then j(uz) = U(0)j(x)

If we now examine what is the inner product and expand, we see that

(x, fr) = (real(z) + i -imag(x), real(fr) + i - imag(fx))
= (real(z),real(f)) + 1 - (imag(x),real(fy)) — i - (real(z),imag(fi)) + (imag(x),imag(fi))

= (&, or) +1- (€, Jon)

Therefore, we have that

[z, fi) | = €, o) P + (€, Tor)|?
= orpné + & Jor(Jor) €T

=" oy, + Jorpr JT)E

Now if we define the matrix @ = (prer + Jorpr JT), we get

[z, fi)|* = €7 it (4.4)

Proposition 4.1.2. With ®y defined as above, we have that rank(®y) < 2
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Proof. First note that J© = —J. Then we can see that

(s Jor) = (T or, 00) = —(Jor, ox) = —{r> Jox)

Therefore we get orthogonality

(or, Jor) =0 (4.5)

Since ¢y and Jpy are orthogonal and thus linearly independent, we know @ is the
sum of two rank-1 matrices with linearly independent components.

Therefore rank(®y) = 0 iff ¢, = 0(<> fr = 0), and rank(®;) = 2 otherwise.

]
Proposition 4.1.3. &, commutes with J, so ®,J = Jb,.
Proof.
Ot = (orpr + Joror JT) I = —pror JT + Jowpr
= J(Jorer I + orer)
= Jo,
O
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4.2 Derivation of the golden retriever in the Complex Case
We follow a similar idea as how we started in the real case. We will start by

adjusting the criterion through realification to map everything into R?".

4.2.1 Preliminaries

We want to minimize the criterion

e X F.Quy) = 1= S (e — | f + 5(@Q.2) (4.6
k=1

Here, z € C", A e R, F C C", y € R", and () is a positive semidefinite hermitian
matrix.

Once again, we expand to get

A
471712 b = 20l )P + (@, fe)l! )+§<Q:r,.r> (4.7)
k=1
k=1 k=1

Let £ be the realification of z, and let ; be the realification of f;. Also let &) =

0 —1
(erpt + Joppt JT), with J =
I 0

We introduce the following definitions

= % Y uPr, T(E) = % > 0Py, T Z oD, (4.9)
k=1 k=1

k 1
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Then we can rewrite the criterion with the following

Proposition 4.2.1. With the above notation, we can simplify the criterion into the

following form

Oz, 3) = EA) = JFO6E) + 3 (A - T8 + 1> ok

1 1 1 «— ,
. , Qr —Qr
For the symmetric matriz S = Where Qr = real(Q) and Q; =
Qr Qr

imag(Q)

Proof. First note that I'(§)¢ = f(f)f , S0 the two expressions above are equivalent.

Therefore, it suffices to prove the first one.
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Let us examine the term - Z |(z, fi)|*. By (4.4), we know that

m

- im Z (DREETDLE, €)
k=1
= _<(E Z DrEETPL)E )

= 1{f©e.

Similarly, it also follows from (4.4) that

——Zyk\ v, fi) Z——Zykf (I3

’kl

Now we just need to examine what happens to (Qx, z) in terms of &.
To do this, note that since @ is hermitian, (Qz, x) is real (and positive, since

@ is positive definite).
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Now let z = a +ib, Q = Qr +iQ;.

Then we can compute

(Qz,z) = 2"Qx
= (a¥ —ib")(Qr +iQr)(a + ib)

=a"Qra —a’ Qb+ b"Qrb + b Qra

The last line is because we know the inner product must be real, so we only need to
keep track of the real terms.

Now if we examine the following

{ ] Qr 0 a [ ] Qra O
CLT bT = aT bT
0 QR b 0 QRb

= CLTQR(Z + bTQRb

Similarly, it is easy to see that

0 —Q] a
|flT bT:| = —(ITQ]b + bTQRCL
Qr 0 b
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So therefore, if we define the matrix

S = + = + J
0 Qg Qr 0 0 Qg 0 Qr
Qr —Qr
Qr Qg
a real(x)
If we write £ = = , then by construction, we get (Qz,x) = (S¢, &)
b imag(z)

It is also the true ) being Hermitian implies S is symmetric since for a Her-

mitian matrix Q, QT = —Qr and Q% = Qg (since Qr +iQ; = Q = Q* = QL —iQ¥,

and then equating real and imaginary parts).

Proposition 4.2.2. VQ(z,\) = (I'(§) + AS —T'p)¢

Proof. Note that Ve[3((AS — To)&, &)] = (AS — )¢, so all we have to compute is

Ve[3(T(€)¢.6)].
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Note that

Vel©e0 = 1 Zcbk&%kf 3

m

1
= Ve ;gT%s&T@kf
1 m

1 m
= Z%T@kf Ve(®rE, &)
k=1

1 m
=1 Z T DL - 20,8

m

Z SEIRIINS

m

Z Dy eeT Dy

k

=T(&)¢

Now since f(g)g =T'(§)&, we get our result. O
Proposition 4.2.3. Hesse(Q(E,\)) = 20(€) + T(€) + AS — T

Proof. We are looking at the following computation (and simplify things by using

Lemma A.1.5 from the Appendix)

Ve[ &Py
= 08 @ Vel O + ETDEV DL
= Ol (20,67 + T DRED,

= 20,867 Dy + T PRED
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Therefore we have

Hesse(QUEN) = — > (20,670, + 7 0ED) + AS — T

m
k=1

1
m

=2I'(§) + T(&) + NS — Ty

4.2.2 Boundedness

We show that if & # 0 is a critical point of the ) criterion, then it is bounded

by a parabola. Such a critical point £ with £ # 0 satisfies

(T(§) +AQ —Tg)§ =0

Therefore, taking the inner product of that expression with &, we get

(T(E)E,€) + ((AS —Tp)E,€) =0

(L(§)¢, &) = ((To — AS)E, &)

We know that

((To = AS)E, €) < Amaw(To — AS)[IE]I* (4.11)

(T(€)&.€) = anll¢]l* (4.12)
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Putting these together, we get

Amaz (Lo — AS
g2 < AmaeTo 2 25)

so there is a specifically parabolic form to the bound and the trajectories are
bounded.

In the case that S = I, then Ay (T'o — AI) = A\ — A, so

A — A
el < == (4.13)
(7))

where A\; = Aoz (o).

For general S, we can look, instead of at equation 4.11, at
(Do = AS)E,€) < Amax(S™2T6S™% — AI)||S2¢]? (4.14)

From which we see that

(Amaz (S~ To) — N|IS]]

(%]

I€]1? < (4.15)

4.2.3 Sufficiency

We show that I'y is a sufficient statistic, an analogue for Ry being a sufficient

statistic in the real case. The proof closely follows that for the real case as well.

Theorem 4.2.4. 'y = %ykq)k 1s a sufficient statistic for y, if the noise is drawn
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from a normal.

Proof. This proof is essentially the same proof as was used in the real case, but
modified with the notation of realification.

As before, we will use the Fisher-Neyman factorization theorem. Let z €
C" be fixed. Define {yx = |(z, fu)|* + & }r=1..m Where v, ~ CN(0,0?) are i.i.d.

measurements. We examine the PDF

1 -1 ¢ 2\2
p(y; 2) = (\/%O_)mercp{%2 ];(yk = [z, f) )"}

Therefore, by taking the logarithm, we get

_1 m m

tog(plys2)) = 53 D 67 = mlog (Vo) + ~5 " kle i) — 5l e Sl

k=1 k=1

Now we use the face that (I'y(, () = CT% Yo P = % S kTP = % Syl (=, fo)
Similarly, (D(¢)¢,C) = |(z, fr)|* (we can equivalently use I'(¢) here)

Therefore, using these, we get

log(ply; 2)) = o5 Do — mlog(v/Zr) + T5(Tpe. 2) — 2502, 2)
k=1

Now we can factor

p(y:z) = fo(y)g(To, 2)

132



where both fy and g are nonnegative functions defined by

Therefore, the factorization theorem applies and I'y is a sufficient statistic for z.

4.2.4 Properties of the Hessian and Gradient

We list some properties of the Hessian and Gradient in this section, as these
properties differ from the real case.

Let H = Hesse(SUE,N)), HesSewr = [H, SE], d(§,N) = VeQ(EN)

Proposition 4.2.5. Assume all of the notations above:

Then, the following are true:
1. T(§)J = JI(¢)
2. I(J§) =T(S)
3. T(JE) = JTT(€)J
4. Jd(§,N) = d(JE, )
5. T(€) =T(€) +T(J¢)
Note that H.J # JH, since T(€) and J do not commute as operators.
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Proof. 1.

2 DU = & 35 €T DI = & 3 OB = & 3 ETED = T(E)
k=1 =1 =1

3. TU9) = £ 32 0uIEUET 0 = T 3 BueTIT0 = —IL 3 i I, =
) 2

JTL SN @ €7Dy = JTT(E)]
k=1

Qr Q1
4. First we know that JS = SJ, since S =

Qi Qr

Jd(€,A) = J(T(E) +AS —To)¢
= (I'(§) + AS —T0)J¢
= (T(J€) + AS — Tp) J¢

=d(J§,N)

5. It is sufficient to show that 7@ D, = PREET D + DL JE(JE)T Dy, for all k
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Therefore, label @ as .

We will equate these by taking quadratic forms on both sides against a vector e.
First note that e? 7 ®EPe = (E1PE)(e? Pe). On the right hand side, we see that
el ®IEET + JE(JTE)T e = (BIEET + JE(TE)T|De, e) = ([€€T + JE(JE)T]De, De).
Now splitting the sum, we get (€7 ®e, Pe)+(JE(JE)T Pe, De) = ((1 e, ETDe)+
((JE) e, (J§)TPe) = (7 De)? + (7T De)?

Now we use that ® = pp? + Jp(Jp)T and JT® = p(Jp)T — (Jo)eT.

Substituting these in on the left hand side, we see that ({(;, £)2+(J¢, £)*)({p, e)*+
(Jop,€)?).

On the right hand side, the substitution gets us [({¢, £) (@, e))+{Jp, E){(Jp, e)]>+
[ E)(Jp,€) = (T, ), €)]*.

Setting a = (¢,£),b = (Jp,&),c = (p,e),d = (Jp, e), equating the left hand
side with the right hand side, we want to show that (a? + b?)(c* + d?) =
(ac+bd)?+ (ad — be)?, but this is the Brahmagupta-Fibonacci identity, so the

statement is true.

O

We now define and examine the properties of the complex bilinear cross ma-

trices. These play the analogues to the real bilinear cross term R(-,-).
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Let a,b € R?*". We write

1 m
P(a,b) = — > " by
k=1

~ 1 &
P(a,b) = — > drab" @y
k=1

Note that I'(a,b) = ['(b, a) but in general I'(a, b) # I'(b, a). Also note that I'(a, a) =
I'(a) and T'(a,a) = I'(a).

We can summarize some of the properties of the complex bilinear cross matrices

in the following proposition.

Proposition 4.2.6. Let a,b,u € R?". Then we have the following properties
1. T'(a+b) =T(a) +T'(b) +2I'(a,b)

2. T(a+b) =T(a) +T(b) + L(a,b) + (b, a)

3. T(a,b)u = T'(a,u)b =T(b,u)a = I'(u,b)a (Trilinear relations)

4. T'(a,b)a =T(a)b

Proof. 1. Each term in the summation of mI'(a + b) is (a + b)T®1(a + b)P.
Expanding this, we get a’ ®,a®;, + b7 ®,b®;, + 2a” ®1,b®P;,, so putting this back

together with the summation and the scaling by -, we get I'(a)+T'(b)+2I(a, b).
2. This proof is identical to (1).

3. Each term in the summation of mI'(a,b)u = ®pab’®pu = Ppa(b’Dpu) =
(bT®4u)®Pra which when putting it together with the summation is T'(b, u)a.
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Therefore f(a, b)u = I'(b, u)a which by symmetry is the same as I'(u, b)a. Now

if we exchange all the positions of b and u, we get this is the same as I'(a,u)b

and the result is shown.

4. By the trilinear relations in (3), if we let u = a, then we get I'(a,b)a =

['(a,a)b =T(a)b

[
Proposition 4.2.7. For&, A such that d(§, ) = 0, we have dim(Null(HesSey)) > 2

Proof. We first show that for such a pair (£, A), J¢ is in the null space of H.

First we begin by noting

H(J€) = (20(€) + T(€) + AS — Ty) J¢

= 2T(§) JE + (T(&) + AS — T'o).J¢

Now by proposition 4.2.5, we have that I'(¢).J = JI'(§). We also know that SJ = JS,
and I'yJ = JI.

Therefore we have

20 (£)JE + (D(€) + AS — [o)JE = 20(§) JE + J(D(€) + AS — To)¢

= 2I'(§)J¢

Since the gradient is assumed to be 0.

Now, we are left with showing that: [(£)J¢ = 0.
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To show this, we have that

Fe)Je = ki NS
- kﬁ; DLE(E, BIE)
- kfj BEE, T
- kzij DE(TE BE)
— ij DE(LIE )
- ki‘ BE(E, BT

= —T(&)J¢

Therefore we have that I'(€).J¢ = 0.
Therefore we have 1 vector in the null space of H, which is J¢. To extend this

to a vector in the null space of the extended hessian, we can just extend by 0, so

JE

our first vector in the null space would be:
0

Now there are 2 cases. First is if nullity(H) > 1, in which case, we have
another vector in the null space, so we can extend this by 0 as well, and have
another null equation to our extended hessian.

Otherwise, the nullity(H) = 1, and we want to find another vector which is a

solution to the null equation of the extended Hessian.
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To find another vector, note we want:

Ui Ui
Hesseyt =0= {H SS] =0

) )

Therefore we have that Hn + yS¢ = 0= Hn = —yS¢.

Therefore, we want S¢ € Range(H). To ensure such a inclusion exists, recall
that since H is a symmetric matrix, we have that Range(H) =null(HT)+ =null(H)*.

Now note that we can show it is orthogonal to our 1 dimensional null space

by the following:

(J¢,58) = =(¢, JS¢)

Therefore (J&,S¢) = 0. Now this implies that S§¢ €Range(H).

Now take 1 to be the vector such that Hnp = —S¢. Then then by the above

n
construction is another vector in the null space of HessSqy. O
1

Now we have several very important bounds that will prove very useful in the

analysis of the system.

Theorem 4.2.8. Let U(0) = cos(0)I + sin(6).J. Let f = max=1(I'(e)e,e) Then

the following properties hold:

1 [|0(&) = T(&)]] < Bming ||& = U(O)&l| - |61 + U(0)&l| for all &1,& € R
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2. [Tl < D] for all € € R

3N < BIIEIP for all & € R

4 IT©I < BIEIP for all & € R>"

5. |I0(&) = T(&)I| < BlIé - &ll - 116 + &l for all &1, € R
6. |0 &) < Bllall - 16| for all &,& € R

7. ([T I < BlIll - 16| for all &, € R

In the following proofs, let x; be the complexification of & and x5 be the
complexification of &. Also let v be a unit vector in R?", let e be the complexification

of the vector v. Also let u = € so that ux, is the realification of the vector U&,.

Proof. 1. First recall that T'(§) = T(U¢) for all £ € R*".Now we see that ||T'(&;) —

(&) = |IT(&)—-T(U&)]|- Now let v be a unit vector in R?", so let us examine

vI(T(&) —T(U&))v.

A (0(E) - TWE)w = - Do — STV

1
< = T & —cuToU Ty
S o 2N By — GUI UG By

- %Z(|<I1,fk>|2 — [, fi)?) - [{e, fr)”
k
- %Z (21 — uws, fu)l|[(z1 +uxs, fi)] - [(e, fi)l?
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Now this reduces to the proof in the real case, from which we know that

max (v ([(&)~T(U&))v) < Bller—uzs||-||v1+uwa]| = Bl|&~U(0)&||-[|&1+U (0)&|]

llvl=1

This is true for all 8, so we get

I0(&) = D(&)]] < Bmin & — U(0)&l] - [|& + U(0)&||

. First note this follows from the fact that I'(€) = ['(€) + I'(JE), but we can
also show this directly. We recall that if A is a real positive semidefinite
symmetric matrix, the Cauchy Schwarz inequality for positive semidefinite

hermitian forms implies that (Az,y)? < (Ax,z)(Ay,y) for all z,y.
Also note that ®; is a symmetric positive semidefinite matrix.

Let us start by examining

IT(€)]] = max "T(€)e

llell=1

To use this, after expanding, we examine the k’th term of the summation

el Oprr’ dre = (Ope, x)?

< (P, x) (DPre, €)

Now we note that the k’th term in e’T'({)e = (®px, ) (Ppe, ), thus we have
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1T < [T @) for all &
3. This follows from (1) by substituting y = 0 into the inequality.

4. This follows from (1) and (3).

5. To start we notice that I'(&;) — I'(&) = LS PR(GE] — &Ly,
Define u = & — & and v = & + &. Then f(fl) — f(ég) = % Sy @k%(uvT +
uv) Dy
Thus T(&;) — T(&) = o S5, GruvT @y + 55 S0 dpou’®y,

Now we know that

~ ~ 1 e 1 —
I0(&) — T'(&)]] = 5 max |— Z (Druv’ Pra, a) + — Z(‘I’WUT@W,@H
2 |lal|l=1 ' m — m —
! i Dy, @) (40, a)]
= ma — Cl U a
" Jlall= - g g

= lfg'frxl[(% > (@, a)))z - max (= > (@0, a))?

1 & PR e 1
= ||E Z‘PkuuT@kHQ ' HE Z%UUT%HQ
k=1 K=1

1T (w)]|2]|T(v)]|2
< Blful] - [Jvl]

= Bll& — &l - 161 + &2

6. Since for v € R?" we have (I'(&1, &)v,v) = = 310 ] ®p&v? @pv = (T(v)€1, &),
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thus

(&, &2)Il = max [(T(§1, &2)v, v)] = max [((v)¢1, &)

< max IC@)6 |- 6] < mazal T 611 l1&] < Bl [l

7. Forv € R (T(&, &)v,0) = L5 (0T 06) (6T Dpv) = 2 S0 €7 0T 8y =

(T'(v)&, &) Therefore we have

(€1, &)1 = max ({6, &2)0,0)] = max [(F)6, &)

< ﬁnlflxl\lf( Dall- Nl < mazy=l [C@)I| - 1] NIl < Bl - e

]

Define 3 = max|¢=1(I'(e)e, e), we will write many of the results that require

bounds in terms of 3.

Corollary 4.2.9. Let & and & be in R?™ such that they are aligned. That is, let
d =& — & =& —U(0)& for 6 that best aligns them (so ming ||& — U(0)&]|| =

||51 — 62”) Then

|| Hess(&1, A) — Hess(E2, )| < 351[0]] - ([0]] + 2]|€l])
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Proof.

Hess(&1,\) — Hess(E, \) = D(&1) 4 2T(€1) + AS — g — T'(&) — 2T'(&) — AS + Iy

= T(&) - (&) +20(&) — 2T(&)

Therefore, taking norms, we see that

[ Hess(é1,A) — Hess (&, V)| = [IT(&) = T(&) +20(&) — 20(&) ||
< |IT(&) = D&l +2/T(&) - Tl
< 38]16 — &l - |6 + &l
< 3616 — &l - [1& + &|
< 3816 — &l - (1§ — &Il + [12&]])

< 3pl18] - (1411 + 2[|&I1)

4.2.5 Assumptions

There are several assumptions we make for this algorithm, which usually will

happen in the generic case.

1. The frame set F is phase-retrievable.

2. For a fixed A, the set of critical points of (&, A) is isolated in the quotient
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space R*/ ~, where & ~ & if for some 0 < 6 < 27, & = U(0)&,, for

U(0) = cos(0) Iz, + sin(0)J

3. The top eigenvalue of S™1T'y has a two dimensional eigenspace.

4. For any critical point of the Q-criterion, (£, A), we assume that the extended

Hessian HessSey: 1s of rank 2n — 1.

Conditions 1 and 2 ensure that it is reasonable to try to recover the signal.
Condition 3 will ensure that the initialization algorithm is well defined. Condition
4 ensures that the homotopy path is well defined and smooth.

As with the real case, the conditions are not independent of eachother, but it

is important to emphasize each of them.

4.2.6 Initialization

In the next sections, we explore how to initialize the Complex Golden Re-
triever, which is very similar to the real case.

First we notice that from the Q-criterion (4.10), we get that for A > A\;(S™'T),
the minimization occurs when & = 0, since I'(§) is positive definite, and (AS — I'y)
is as well. So, like the real case, we can initialize the algorithm at (A; —€). Next we
need to determine how to initialize &.

To initialize &, we turn to the gradient equation 4.2.2, and since £ ~ 0, we

ignore the cubic term in &, I'(£)¢ (as a higher order error term), so we see

0=VeQEN) = (D) +AS —To)é = (AS —Tp)¢
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We look at 0 = A\S¢ —T'o€, and note that it satisfies A\ = S™T¢, for €, small
therefore, this approaches the eigenvector of S™!I'y corresponding to the eigenvalue
at A;. Therefore, we will initialize the algorithm at (£ = cej, A — €).

To finish the initialization, we need to determine the scaling parameter c¢. We
choose the one which minimizes the (2-criterion.

Therefore we want to find

. Ly € 2 1 2
argmin Q(cey, A\ —€) = =c (I'(eq)e1, e1) — =c*(Sey, eq) + g Yy
ceRen ( 1, A1 ) 4 < (1) 1 1> 9 < 1 1> Am - k

%(‘961761) — (S’el,el)
%(F(€1)61,61) — “{(T(er)er,e1)

This is a quadratic equation in ¢? which is minimized at ¢ =

e(Sei,e1)

. This determines the initialization of
(C(e1)e1,e1)

Therefore, we choose ¢ =

the algorithm.

4.2.7 Update Rules

As with the real case, the update rules are split into two steps, the predictor
step and the corrector step.

Step 1: The Predictor

The goal of the predictor step is to make an Euler Step in the direction of
the homotopy path. Therefore, we want a new point (£, A) that roughly follows the
path V,(©)7(0) which is smoothly connected to the (0, \;). If we parameterize the
path by ¢, so £ = £(t) and A = A(f), we want to step in the direction based on the
slope of the curve at the current point (£(¢), A(t)).

Therefore, we want to step into the direction of the tangent of this curve,
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g
which is given by a

d
dt

By differentiating the equation

F(E(t), A1) =0

we can find the tangent by computing the derivative

—F(E(1), A1) = 0 (4.16)

From the work we did earlier we know

d§
L (). M0) = Hessea(e. A1) | “| =0 (4.17)

dt

Therefore the direction we want to step in the same direction as a vector in the null
space of Hesse.(£(t), A(t)). Note that unlike the real case, the dim(Null(HesSey)) >

2, but with equality under our assumptions. One of the null vectors is given by the

JE
phase ambiguity . This we pick the vector in the Null(Hess.,;) perpendicular

JE

to
0

To summarize this, in the predictor step, we compute the extended Hessian

JE
matrix Hess.,, find the vector in the null space, perpendicular to , that
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matches sign in the largest coordinate with the sign of the coordinate in the previous
step (to make sure the path is moving in the correct direction), and then make a
choice in step size. Unfortunately, it likely going to step away from the path, so we
need a corrector algorithm to get us back on the path.

Step 2: The Corrector

In this, we want to find a point (£, \) which is a solution to the gradient being

zero but is as close as possible to the output in the Predictor Step. We can use the

gold

Newton Step. If was our old estimate, we can update it with a correction of
>\old

the form

gnew gold
= — H,F(Eota, Mota) (4.18)

ext
)\new /\old

Where H,

"+ 1s the pseudo-inverse of the extended Hessian, with an extra row added

J gold
to ensure that it is orthogonal to the vector . Therefore, it is the pseudo-

0

inverse of the following matrix:

Hess(§,\)  S¢
Heazt(g))\) = (419)

(J&T 0
The Newton corrector step is well studied, and under suitable conditions on
the extended Hessian, is guaranteed to converge to a critical point after a number
of corrector steps. See Chapter 3 of [9], specifically Theorem 3.4.1 in for a full

treatment on the subject.
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4.3 Expected System

Assume that ¢ is a random variable distributed as a standard normal distri-
bution, i.e. ¢ ~ N(0, I5,). Also let ¢ be the realification of the generating signal

zZ.

Lemma 4.3.1. Ew[ZﬁLl Z;\;1(fknl@kﬂpl@i@j)] = (&, Iy +n&" +&n"

Proof. We first look at the case where ¢ = j. We have two subcases, one where k =
[ =i = j, in which case we get 3¢;m; (where 3 comes from E(¢})). If k =1 # i = j,

then we have >, ; & = (€,m) — &imi-

Therefore the expected value along the diagonal i = j, gives us (&, n) + 2&7;.

For the case where i # j, we have either that ¢ = k,j =l or that i = 1,5 =k,
so we get two terms: &xmp + &Mk

Therefore, we see we can put both terms together with n¢% + &nT + (€, ) In

]

Corollary 4.3.2. Ego[ZiV:l Zl]il(fkflgpkgolgoigoj)] = HSWIN + 26€T

Proposition 4.3.3.
Eo(D(€)) = 4|[€]]* Ton + 4€ET + 4(JE)(JE)" (4.20)

Proof. Recall that:

N =Y ran,
k=1
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Since each of the summands are independently and identically distributed, it
is sufficient to consider E(¢T®EP) for a randomly chosen ®.

Note that ® = o’ + (Jp)(Jp)T, so this is a sum of four terms

E("¢D)
=E("pp o™ + Mo e (T )"

+E(Jp) (o) " + T (Jo)(Jo)TE(T)(Je)T)

Call these My, My, M3, M, respectively. Now we check each of these

(M) = (€500 ") 5
= (" Epp" ) ip;

= ("€, &) pip;
2n

= Z(@sgs)%oi@j

s=1

(%33 Z P16 it
1 =1

2n

2n

2n
= fkéz%@l%%
k=1 =1

By lemma 4.3.1 above, we get: ||¢]|* Ly, + 2££7.

Therefore we have

E, (M) = ||¢| ] Lon + 266"
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Now we consider My = LT ¢ Jp(Jp)T. The key observation to simplify things
is to note that J'MyJ = Tpp o™ = My, so we get E [Ms] = E [JM;JT]| =
JE, [ M;]J*

Substituting in we see that E,[Ms] = |[£]|2] + 2(JE)(JE)T

For Mj, we define n = Jo, and then we rewrite Mz = &7 (J)(Jp)Tépp! =

() (In)”

Since the distribution of 7 is the same as the distribution of ¢ we get

E,(Ms) = Ey(Ms) = [|E|[*T +2(J€)(J€)"

Finally for My, again since the distribution is the same, we can rewrite

My =& &m’ = Ey[Mi] = E,[Mi] = |[€]*T + 26¢"

So putting it all together, we see that

]E@(F(f)) = EQO(M1> + Ew(M2) + Ew<M3) + Ew(M4)

= 4[¢|[PLon + 4€6T + 4(TE) (JE)T

]

Corollary 4.3.4. In the noiseless case, we have: E,(To) = 4|[C||*I2n + 4¢¢T +

e/elo/on
Proof. Note that in the noiseless case I'g = I'((), therefore we can apply the above

151



proposition. O

Proposition 4.3.5.

B, (T(€)) = 2|[€][* Loy + 6667 — 2(JE)(JE)T (4.21)

Proof. Note that, similar to the case for I'(£), we can split it up into four cases

E, (L)) = Ex(M; + My + Ms + M)

Where

My = ppT €T T
My = ppT €T (J)(Jp)T = o €T Tt JT
MyJ = ppTén"pp”
Where n = J¢
My = (Jo)(Jp) €€ pp"

My = (Jo)(Jo) 66" (Jo)(J)"
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For M, we have the following

2n

(M1>i,j = Z(@@TﬁfT)i,k(WPT)k,j
k=1
2n  2n

— Z Z(gpgoT)i,z(ééT)z,k(SOQDT)k,j

k=1 I=1
2n  2n

= Z Z Ek€1PRP1PiP;

k=1 l=1

Which is the same form as M; from I'(§) (or from the real case), therefore we know

E,(My) = |[€|[Lon + 2667

For Ms, it can be reduced to a similar expression with the same kind of trick, we
can reduce it further.

Define n = JT&, then we can write

My = oo €67 (J)(Jo)T = "¢ Tt JT

MsyJ = @ én" oo

As with Mj, this reduces to the following

2n  2n

(MJ);; = Z Z Sk PR PIPIP;

k=1 =1

By lemma 4.3.1, we have that this is exactly n¢? + &nt + (€, 1) Is,. Since n = JTE,

which is orthogonal to &, this is just JTEET + £(JTE)T
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Therefore putting things together, we have

E (M) = E (MyJ)J"
— (€T + &n" + (&, ) o) J”
= (JTE" + (T + (6, T"E) 1) JT
= JTecT T 4 g7 JJT
=TT 4+ &€ JT

=& = (JOIE)"

Note that Mz = MJ

E@(Mi’)) = Es@(M2T) = Etp<M2)T
= (&" = (JOION"

=& = (JOUIHT

So M3 has the same expectation as Ms.
For M,, we notice that Jy has the same distribution as ¢, so it would have
the same expectation. Therefore: E(M;) = E(M,).

Putting the four matrices together, we get

Ey(T(€)) = Eg(M1 + My + Mz + My) = 2[[¢]|* Lo + 6667 — 2(JE)(JE)T
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Corollary 4.3.6. In the noiseless case: E,(VeQ(E, X)) = 8]|€]12€ + ASE — 4)|C])*%¢ —

A€, Q)¢ — 4(E, JQ) ¢

As in the real case, let us now examine the expected system with S = I, which
we define to be E,(VQ(£,A)) = 0. To do this, we presuppose that the solution is

of the form ¢ = k¢ and we simplify to the equation to

0 = 8J[&]1%€ + Ag — 4lICI*€ — 4(&, ¢)¢ — 4(&, J¢) ¢

= k(8K?|IC|[PC + AC — 4][¢I¢ — 4[[¢]1*¢)

Therefore, dividing through by k gives us

0= (8K|ICI[C + A — 4l[¢IP€ — 4][¢I[*¢)

= (8K?[ICI[* + X = 8|[¢*)¢
Setting the scaling to be zero, we see

0 = 8K*[[C]* + A — 8[[¢][*

A

=1- -
8lI¢]2

Since E(Ty) = 4/|C|]* + 4¢¢T + 4J¢(JC)T we see that the spectrum of E(I'y) =

{811C11%, 811¢11%, 4l [€ 1|2, -, 4][¢])?}. Therefore, we get that k = /1 — —/\I(EA(FO))
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So the solution to the gradient system is given by

A
E(N) = (\/l — m)g (4.22)

Corollary 4.3.7. In the noiseless case, we have:
E,(Hess(E,A)) = (8I[E]* = 4[[¢][*) Ian + 16667 — 4¢CT = 4(JO)(JOT + NS (4.23)
Proof.

E,(Hess(§,\) = By (20(§) + T(€) + AS —Ty)
= (4)1€]*Tn + 126€" = A(JE)(JE)) + (Al|EIPTon + 46T +4(TE)(JE)T) + 1S
—(4]C][* Lo + 4¢CT + 4(JC)(JO)T)

= (8I€I* — 4¢P Lo + 166€" — 4CCT = A(JQ)(JQ)" +AS

O

Lemma 4.3.8. Let v,w ~ N(0,1,,). Then for any € > 0 there exists a C' which

depends on € such that for m > C(e), each of the following hold with probability at
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least 1 — #

1 « 1 «

=Y vi—1l<e =) wi-1<e
M= M=
|l§:v2‘—3|<e |l§:w,‘i—3|<e
iyt gyt
|iiv6—15|<6 ]liw6—15|<6
m F m < k

k=1

< <
max |vg| 10log(m) max |wg| 10log(m)

1 m
2 9
—E —1 <
|m vewy, — 1] < e
k=1
m

S N N
— ) vwg| <€ —Zwkvk €
m nlk:l

k=1

Furthermore, conditional on the above probabilities, for m > C(e), the above also

hold with probability at least 1 — %

m

1 — 1
<500 |— 3 206)?| < 500
mz wy + viwy)’| |m2(%+wkvk> |

k=1 k=1

Proof. The first 8 inequalities are identical to the real case, and so they is handled in
Lemma 3.2.6. The next 3 can be handled in much the same way, after conditioning
on one of the variables.

For the term |= 7" (w} 4+ viwy)?| < 500 We first expand and see we want
an upper bound on =3 (wh + 2viw; + viwy) < 23 wh 4+ 50 0} +
> wi 4+ =570 v, The last inequality hold because 2wivi < w§ + vt and
vewi < 3(vp + wi) and wf < wi + wj.

Thus since = 3" v < 14eand = Y7 0 < 105+€, = S0 (wi+viwy)? <
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475 + Te. Therefore, we can bound it by 500 and for m > C(e), it holds true with
probability 1 — #, given that the other bounds are true.

]

Theorem 4.3.9. Assume ¢ ~ N(0, Is,) and ||(]| = 1. Let € > 0 be a constant
and C(€) be a sufficiently large constant that is allowed to depend on €. Let m >

C(e)nlog(n). Then ||T(&) — E[[()]|| < € with probability 1 — =5 — 10e™""

Proof. The proof is very similar to the proof of Theorem 3.2.7. By unitary invari-
ance, let £ = e, the standard unit vector in R?". Let y be a unit norm vector and

let us examine Iy(y) = y' T(ey)y — yTE[[(e1)]y.

Let vy = ¢x(1) and wy = g (n + 1), then standard computations show that

2 m
- — Z v 4+ wi) (y(1)?vf +y(n + 1)*w; + 2y(1y(n + 1)vgwy
k=1

+2y(Lor(F, 9) + 2y(n + Dwily, @e) + (7, 8r)°)
Since E[[(e1)] = 41 + dejel + 4(Jep)(Jey)T, we get that

y'E[L(e1)]y = 8y(1)* + 8y(n + 1)* + 4[|7]|*
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Putting these together, we see that

- % D> _ (e =3)y(1)* + % > (wi = 3)y(1)° + % > (vpw} = 1)(y(1)* + y(n +1)%)

k=1

4 & 4 SN
y(Dy(n + 1)vjwy, + — > y(Wy(n + v + . > @ Gy (v + vewy)
1 k=1 k=1

B
Il

+
3l 3.
NE

NE

m

_ 2 — _ 2 _
(@, Py (n + 1) (w} + viwy) + EZ 7.0 = 917 + — > (7, @) *wi = [1911°
k=1 k=1

i

1

Now we estimate each of these terms. Let deltag = {5 and € = 55. We start
with the last 2 terms, each of which is of the form 23" (7, @r)%0} — |[7]|* =
2 (@ o) —19l1A)+ 2 30 (vE—1) 7] |*. The second part we estimate from
the inequalities in Lemma 3.2.6, and the other part is identical to the Bernstein Type

Inequality used in the proof of Theorem 3.2.7. Therefore for m > Co(y/nY_, ¢% +

n maxy |vg|?)

> (@708~ P < Sollal < b
k=1
holds with probability 1 —2e=2™. A similar thing holds with the w;, term, thus with
probability 1 — 4e=2'™ both of these hold.
To estimate the remaining term = 37" (7, Gr)y(n+1)(w} +viwy,), we want to
use the Hoeffding inequality, as we did in the real case, but we need an upper bound
on the /5 norm of the coefficients, so we need an upper bound on % o (wiptviwg)?

We fortunately get that from the lemma, so we can apply Hoeffding’s inequality

with a bound of 500.
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Thus for m > C1v/nV, where V = >"7" (w} + viwy)?, we have

LS G @)} + o) < bly(D)]- 7] < o

m
k=1

Conditioning on the bounds in the lemma (with an upper bound of €y) , we
get for m > max{Co(v/n >, ¢S +nmaxy_1, ., [vx]* +nmaxi_1_. [wel?), C1(vVnV +
VW)Y, (where W = Y77 (v} + w?vy)?) with probability at least 1 — 10e~2"",
In(y) < 1dep + 89y = €

A similar argument to the real case (involving the N — net which forces v >
log(9)) now shows that with probability at least 1 — X3 —10e~"", the theorem holds

true. O

4.4 Analysis of the minimum distance between critical points

Here we show an analogous result to the real case. However, as with many
results in the complex case, special care must be given to the distance because
unlike the real case, the critical points are not isolated, but they come with the
the continuous path that corresponds to the invariance of the (2-criterion to the
continuous change in phase.

Let ¢ be a zero of the gradient of €2, so F((,\) = 0. Further, let 7 be a unit
vector in the orthogonal complement of the subspace spanned by J¢.

We start with some computations.

Proposition 4.4.1. (F(C + tn),n) = t[(Hess(C, \n,n) + t{(T(n) + 2(n))¢, n) +
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t*(T(n)n, n))

Proof. We begin by examining the Gamma term.

L(C +tn) =T(C) + T (n) + 2T(¢,m)

Therefore, we see that

(¢ + tn)(C +tn) = (T(C) + 3T (n) + 26T (¢, m)(C + tn)
= T()C + (20 (¢, m)¢C + T(C)m) + (T (n)C + 20 (¢, m)n) + (T (n)n)

= T(¢)¢ + H2D(O)n + T(C)n) + (T ()¢ + 20(n)C) + (T (n)n)

Now putting this together in the full gradient, we get

F(C+1tn,A) =T(C+tn)(C+tn) + A +tn) —To(C +tn)
= (T()¢ + AC — To¢) + t(20(C)n + T(O)n + A — Ton) + £2(T(n)¢ + 2T (n)¢) + t*(D(n)n)
= F(¢,\) + t((2D(¢)n + T(C)n + Ay — Ton) + t(T'(n)¢ + 2T (n)C) + t*(D(n)n))

= F(C,A) + t(Hess(¢, \n) + T ()¢ + 2T (n)¢) + *(T(n)n))

Now taking inner product with n, and noting that F(¢,\) = 0, since it is a critical
point gives us our result.

]

Theorem 4.4.2. Let p..; denote the minimum distance from C, a global minimizer
at A = 0 to the nearest critical point in the orthogonal complement of J§. Then
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2 /s20-1(0(Q)
Perit = 3 %

Proof. Define the polynomial Q(t) = [(Hess(C,\)n,n) + t{(T'(n) + 2I'(n))¢,n) +

t2(T'(n)n,n)]. Therefore we have by Proposition 4.4.1 that

(F(¢+tn),m) = tQ(1)

Q(t) is convex, and positive at t = 0 (since ¢ is a global minimizer), therefore

a lower bound for the distance to the root can be given through the tangent line

Therefore, expanding this out, we get that

QO) _  (Hess(C,0)n,n)

© =10 T 00 + 20w )]

At a global minumum ¢, Hess(¢,0) = 2I(¢)

Also note that since (I'(n) + 2I'(n)) is symmetric

((T(m) + 2T(m))¢,m) = (T(n) + 2T(n))n, )

= 3(T(n)¢.n)
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Therefore, the expression can be simplified to

(Hess(¢,0)n,m) 2(?(()%77)
T + 20| 3T )¢, )]

Now let us once more examine the denominator. We will upper bound it in terms

of the numerator.

m\»—\

(D¢, )| = {T2(m)C T2 ()| < [IT2(n)C]| - 102 (n)n|
— T i Tme. O = Twmmmy T

Recall from Theorem 4.2.8 that (I'(n)n,n) < ||n||> = 8. Therefore we get

2Ty 2y T(Omem)

NG VB

Now if we minimize over all possible 7, we get

r
Perit = > min M

In]|=1 3B
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4.5 Complex Convergence Analysis

In this section, we show an analogous result to the convergence result to the
real case. Because of the ambiguities present in the complex case, many of the real
results don’t carry over exactly to the complex case, so other methods need to be
employed.

Similar to the real case, we compare the golden retriever’s homotopy path to

a fixed reference path.

Definition 4.5.0.1. We call a reference path ¢(\) suitable if it satisfies the fol-

lowing conditions.
e [t is a smooth path parameterized by \ for 0 < X < Aq.
e (A1) =0, and (N) is nonzero for A < Ay.
e »(0) =z, a global minimizer.

e [t is aligned with the Golden Retriever Homotopy Path, in the sense that for
each 0 < A < Ay, [[€(A) — (V]| = ming [[E(A) = U(0)e(N)]| , where U(0) =

cos(9)1 + sin(0)J.

First we assume we are given a suitable reference path o(\).
We work towards defining a similar region as the leash in the real case. We
begin with a proposition.

Proposition 4.5.1. F({,\) — F(p,\) = (Hess(p)d + T'(0)0) + (T'(d) + 2T'(9) )¢
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Proof. This is by direct computation. We compute

F(§,A) = F(p, A) = (T(§) + M = To)§ = (I'(p) + AL = To)e

=L(p+0)(p+06) +AMe+6) —Tolp +6) = T(p) — Ap + Top

By the identities on I' and f, we have

= D)o+ T(6)p + 2T(2)6 4+ ()8 4+ T(8)8 + 20 (8)p + Ap + Ad — To — Tpd
—I(¢) = Ap +Top
= (T()d + 20(9)d + A8 — Tod) 4+ T(8) + (D(8) + 2T(6))¢

= Hess()6 +T(8)6 + (T(8) + 2T(8))

]

In the same way, by exchanging roles of & and ¢, we get F\(p,\) — F(§,\) =

—((Hess(£)0 +T'(6)0) + (I'(6) + 2I'(6))&)
Now we are can rearrange to get a bound on the difference.

Therefore, we get

1F (9, ) = F(§, M| = [[((Hess(§)d +T(6)d) + (I'(9) + 2I'(6))¢)]|

Call s9,-1(A) = Aan—1(Hess(p(A), A)).

Definition 4.5.1.1. Given a suitable path p(X), define the following auziliary con-
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stants

A =27-363"
B =4-63llpN)|]’ + 18- 365%[|(A)||s20-1(N)
C = 3662520 1(N)|[9(M]* + 2485201 (N)°

Define the following important constants.

B+ VB2 4AC

pa(N) = (4.24)
- 02()\)

p1(N) = G (4.25)

NI . [ R e 2 et

Now we state two conditions, which are the complex case analogues to the
Initialization Condition and the Gradient Condition in the real case.
The first condition is the Initialization Condition, that the golden retriever

path £(A) is sufficiently close to ¢(A).

Condition 4.5.2 (Initialization Condition). Given a frame set, Iy, a suitable ref-
erence path p(X), and the golden retriever path £(\), we say that ¢ satisfies the

Initialization Condition at a point X if ||E(N) — e(N)|| < p1(N) for 0 < X < A;.

Condition 4.5.3 (Gradient Condition). Given a frame set, I'y and a suitable refer-
ence path p(\), we say that ¢ satisfies the Gradient Condition if ||F(p, A)|| < pa(N)

forall 0 < A < )\
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Theorem 4.5.4. If the Initialization Condition is true for some 0 < X' < A\ and

the Gradient Condition is also true, then ||E(A) — @(A)|| < r(A) for all 0 < X < X.

The proof of this theorem revolves around the analysis about a cubic polyno-

mial. Let 6(A) = &£(A\) — ¢(A). Define the cubic polynomial

Qs(t) = Aan1(Hess(i2))t — 658 — 68 ¢l|¢* — po

with ¢ = |[0]].
Lemma 4.5.5. If the Gradient Condition is satisfied, then Q3(t) <0

Proof. By assumption on the hessian, the smallest eigenvalue of the Hess(&) is 0
with an associated eigenspace spanned by J¢. We know that £ L JE, and by ¢(\)
being suitable, ¢ L J¢. Therefore, § = & — Uy also satisfies § L J¢E.

Since 0 is in the complement of the eigenspace corresponding to A, (Hess(£)),

we get

1E(0,A) = F(E M| 2 Aanr(Hess(€))][8]] = |IT(8) + 20 ()] - [[€]]

If we use Weyl’s inequalities ([29]), and bound ||¢]| by ||£—o+¢|| < [|8]]+ ]2,

we get

1F(&A) = Fp, M| = Aan—1(Hess())[|0]] — [[Hess(§) — Hess(g)]| - ||9]]

—=[[0(8) +200)]] - (I1a]] + lNell)
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By Corollary 4.2.9, we know ||Hess(&) — Hess(p)|| < 38][0]|(||0]] + 2||¢]]), we
therefore get the cubic equation in ||d]|.
Since we know ¢t = ||§|| and by the Gradient Condition py > ||F(&,A) —

Fp, M|, we get

p2 > Ao Hess(p)t — 685 — 6|| ||t

We write down the cubic polynomial and we see

Qs(t) = Aan_1Hess(p)t — 65> — 65||¢|[t* — p2 < 0

]

Lemma 4.5.6. Assume py()\) < =B BH4C VQEEHAC, where A = 27 -366%,B = 4 -
6°B°[ll” + 18 - 368%[|¢|[son-1,C = 368%s3,_;[lo|l* + 248s3,_,. Then Qs(t) has

3 positive roots.

Proof. The proof is in the discriminant. Recall that a cubic polynomial has 3 real
roots if and only if the discriminant is positive. If we write Q3(t) = at+bt® +ct +d,
then the discriminant inequality is given by b?c? — 4ac® — 4b*d — 27ad? + 18abed > 0
32]

Gathering the terms for d = ps, we see that this would be equivalent to having
—Ap3— Bpy+C > 0, with A, B, C as defined above. Solving for the quadratic gives

us the desired result. O

Now we use the properties of Q3(t) to show that if the Initialization Condition
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and the Gradient Condition were both true, then the the difference between ¢;(\)
and £()), which we denoted ¢, will always be less than r(\). This is similar to the
bound the leash provided in the real case, but in this case is a root of a polynomial

bounding it away from r(t).

Proof of Theorem 4.5.4. Assume the Gradient Condition holds, which by the previ-

ous lemma means that Q3(¢) has 3 roots (and by the shape of it, 2 positive roots).

10 T T T T T T ]

15 - _

20 -

-25 ! ! ! ! 1 1
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Figure 4.1: @Q3(t) with 3 roots marked in red. The y coordinate of the green point
is —po(A) and the x coordinate of the blue point is r(\)

Since the Gradient Condition holds for all 0 < A < A;, this means that the
polynomial will always have 3 roots, for all A\. If the §(\) = t is initialized in the
region to the left of the first root, since the roots change continuously when the
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coefficients of @3(t) change continuously, then § can never go past the first root.
This implies that it can never go past the local maximum of the cubic, so we define
the coordinate of the local maximum to be r(A). This provides the leash from which
the algorithm cannot escape.

First we show that if the Initialization Condition is satisfied for some 0 < X <
A1, then 0()') is between 0 and the first positive root of Q3(¢). The first positive
root of the cubic can be estimated by a tangent line approximation, which is given

by pi(A) = 5 2,(I\(),\)' By convexity, this is an underestimate for the root, so if |||

was initialized before p;, then it is initialized before the first positive root of Q3(t).
Next it is an easy calculation that the vertex between the positive roots of the

cubic is given by r(\). O
Now first show that the origin is disjoint from the leash for all A < \;

Theorem 4.5.7. Let ¢(X\) be any suitable reference path. Then r(X) < ||¢(N)||, for

all X < A1 thus the origin is not contained in the leash for any X\ < A1.

Proof. We start with an estimate

san-1(A) < 3Blp(N)]?

To show this, we note that for sau_1(A) = Aan_1(I(¢) 4+ 2I(p) + A — Ty), and for
A < A1, Al =T is of mixed signature, with repeated eigenvalues, thus Ag,,_1(A0I)

is negative. Thus, treating this as a perturbation, we get that

san-1(X) < |IT () + 2T()]| < 38|l¢]]?
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Thus, we have that

_ 128l + V14482[[p(V[* + 72859301 (V) _ V/7285m1(Y)

M) 36,3 = 36,3

- VT2 33[el? _ V216
- 363 36

el < Il
O

S2n—1

Theorem 4.5.8. With the notation used above, r(0) < periz = % N the critical

distance to the nearest critical point.

Proof. Q4(t) = —186t* — 120|¢|[t + s2n_1(t) =0

—128||p]|++/14452||ip|[2+4-18 85251 (A)
2188

The positive root is given by 7(\) =

Using the identity VA2 4+ B < A+ £ for A, B > 0, we get

Son—1 ()\)

A
"N < 5

So putting this together with p., and knowing that ||¢(0)|| = ||C|| since

r(\) <
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We can now compare

Sgn_l(())

S2n—1(0)
12]|¢]]

2
< Z
=3 3

san_1(0) < 828||¢|?

Since we know g, 1(\) < 38|[p(N)]|?, we get that sq, 1(0) < 38][C|[?, so since

64 > 3, this inequality is true. O
What we have shown is the following theorem.

Theorem 4.5.9. If there exists a suitable path which satisfies the Initialization
Condition and the Gradient Condition, then the homotopy path converges to a global

mainimizer C.

So now we define a reference path ¢;(A). In the complex case, this is done in
two steps.

First we define the parameter 7 =1 — /\il Let n; be an normalized eigenvector
corresponding to the eigenvalue A\ of I'y. Then we define n = ( m) e
Then our first choice for a reference path is the equivalent to the real case, pg =
VATC+ (1= 7).

The issue is that ¢q is not a suitable reference path because it is not aligned

with £(A). To fix this, we define the following.

Definition 4.5.9.1. Let U(t) be a unitary matriz which aligns the vectors such that
©1(A) = U(Npo(A) and o1 L JE(A)
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Now () is a suitable reference path.
We want to show that for ;(\) the Initialization Condition is satisfied. We

begin with an asymptotic analysis of || (A)|]

Lemma 4.5.10. For ¢;(\) = UAN)/T(7¢ + (1 — 7)n), there exists a positive con-

1
stant T such that for all 0 < 7 < 7, we have 0.972 m < |ler(N)|] <

1 A
L172y [ ey

Proof. Note that ||¢1|| = ||¢o]| since U(A) is unitary. It follows that we can argue,

in the same way as the real case

A
IV/Tr¢+y/T(1-7) m-HT% 771+72 )
D) DN, ) (L), m)

.. 1 1 A
On one hand this is less than 72 —<F(m T +72 HC ‘/—F(m - m)mH <1.172 /—<F(m)7l7w1>7

so long as 0.172 #Z %HC

T 71 ||. If ¢ is aligned with 7y, this is

\/ <F<n1)n1 1) On the

\/F(m)n‘fnﬁ”l”
1 A 3 / A
other hand, ||¢1(7)|| > 72 <r(m)i,l - HC - —m Yo 7)1H > 0. 973 <r(m)i;1,m)

A 3 T
so long as 0.17, /[ mar—s = 72| — m )

771 7]1 771

always true, otherwise, we see that this is true so long as 7 <

771|| which is the same condition

as before.

0.1/t — o
Therefore, for all 0 < 7 < 19 := <F("A11)”1’"1> , we have the desired inequal-
HC—\/<F(W1)771,771>771H

ities. ]
Now we show the asymptotic rate of sg, 1(A) as 7 approaches 0.

Lemma 4.5.11. There exists a 1o > 0 such that, sa,_1(A) > M7 for all0 <7 <7
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Proof. Now we compute the Hessian at the point ¢q, but note that

Hess(p1) = Hess(Uggy) = UHess(po)UT

and this has the same eigenvalues as the Hess(pg), so we will just examine the
eigenvalues of Hess(yyp).
Note that since I'y has repeated eigenvalues, it’s spectrum looks like {1, A1, Ao, Ao, ... A, An

Also, the eigenvectors are related by multiplication by J. Therefore,

Lo < Aalon + (A — X2)mnt + (A — X) (Jmy) (Jm) T

Using this identity, we can now look at the Hessian

Hess(po) =1(1¢C+ (1 —7)n) + 2Tf(7’< +(1=7)n)+M(1—=7)—-T
= 70(n) + 270 (n) + M\ (1 = 7)I — Ty + O(7?)

> (A = A) T — (N = N (e + (I () ™) + 7(D(n) + 2L (n) — MI) — O(7?)

Now define the matrix M = (A\; — Ao)I — (A — Xo)(mnt + (Jn)(In)T) + 7(T(n) +
QF(U) — i)

First note that (Mn,m) = 27\ > 0. Second, note that since I'(n).Jn; = 0, we
get (M Jny, Jn;) = 0 but this is a direction that we don’t need to worry about since
we want to find the second smallest eigenvalue and thus will only look at critical

points that will be perpendicular to the eigenvector corresponding to the smallest
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eigenvalue, which at A = A\; is Jn;.
Therefore, take a direction = such that ||z|| = 1 and (z,n;) = 0 and (z, Jn,) =
0. Then

(M, z) = (M = Ao) + 7((C(n)x, ) + 2(T(n)x, ) — A1)

So for 7 sufficiently small, this is positive definite.

Now take & = cos(0)n; + sin(0)z. Then

(M, 2) = (M — X2) — (A = A)cos®(0) + T[{T'(n), &) + 2(T ()2, %) — A

Now after rearranging terms, and knowing that n = mm, and setting
_ (Lm)ea)+2((m)a.e) _ (Tm.z)
= T ) 2T = Wanmemy Ve 8t
T,T) = (A1 — Ag)sin + TA1|3cos + 0ycos(0)sin + asin —
Mz, x AL — Ag)sin?(0 A1[3cos*(0) + 6 0)sin(0 n?(0) — 1
= (A — Ay — 37A1 + TA1a)sin?(0) + 3y A Tsin(20) + 27
A1 — A2 — 37 A A1+ Ay — 37 A
— _im A 27' LT 1Oé)cos(%) + 3yAiTsin(20) + 2T A + s+ 2o 2T 1+ )
L M= - 32m1 MY o \/( AL — Ay — 327)\1 TN, g
2 ()\1 — )\2 — 37')\1 + 7'/\10[) 4 27_)\1 _ ()\1 — )\2 - 37')\1 + T)\lOé) . (3"}/)\17-)2
2 2 (A1 — Ag — 37A1 + TA1)
A 2
— 97\ — (37 17')

()\1 — )\2 - 37’)\1 +T)\10(>

Therefore, we get that for sufficiently small 7, Ay, 1(M) > 1.5 ;7 for all small .
From here, we use Weyl’s inequalities ([29]), by taking the Hessian to be a perturba-

tion of M. Thus, if we take Hess(p1) = M + R, we get that since Ay, 1(R) < d7?,
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then Xo,_1(Hess(p1)) > Aon_1(M) — dr? > 1.5\ 7 — d7? > M\ 7 for all sufficiently

small 7. Thus we get there exists a 77 such that Ao, 1(Hess(p1,\)) = sop_1(A) >

MTlorall 0 < 7 < 7. O

Now we can put these lemmas together and find the asymptotic rate of the

radius of the leash r(\).

Lemma 4.5.12. For all A sufficiently close to Ay (i.e. T sufficiently small) we get

Proof. Examining the expression for r(\), we use that /2% +y > 2 + £ v for

T 8z2»

y > 0, to get that

2
7,()\) > 1 (382n—1()‘> _ %SQn—l()‘)
3667 [leall 8 |l

)

. 1
Now using the bounds that sg, 1(A) > A7 and || (N)]] < 1.1 mm, we

get

A1
") > 5557 ~ g Cmmm)r

Now for sufficiently small 7 (where the 72 term dominates the 7 term), we get

1
T2

r(A) >

2473

]

Now that we established an asymptotic lower bound on the radius r()), we

look at the other term in the Intitialization Condition.
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Lemma 4.5.13. There exists a 75 > 0 and a positive constant C' such that for all

0<7 <, [[EA) —pi(V)]| < Cr2

Proof. The proof is by decomposing £ into a component along ¢, and an orthogonal
component. Denote @g to be an orthogonal component to (g such that (g, ¢g) = 0.
Then define ¢ = U(A)gy and note that this is orthogonal to ;. Now we can

decompose £(N) = ¢y + 72+, Then we look at the map

0= F(EN), ) = Fleor(N) + ¢1)

By factoring out, we get

0= F(ep1(N) +¢1) = UF(cpo(N) + ¢ )U”

. Therefore, we get

= F(cpo(N) + ¢p)

Expanding out we get the equation

F(epo(N) + ¢5) = T(epo(A) + @y ) (coo(N) + ) + Mepo(A) + @5 ) — To(epo(A) + ¢y)
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We can expand this out and after a little bit of work, we get

Flepo(N) +og) = ETT(O¢ + 268373 (1 — 1)T(Qn + Ar2(1 — 1)’ T ()¢ + (1 — 7)D(O)n

\]
|

+26*72(1 — 1) T()¢ + (1 — 7)°T(n)n + 27T () oy
+267(1 = 7)°T(n)eg + 287°(1 = 7)T(¢, )y + 267> (1= )T (0, )
+em’T (1) + e (L= 7)0(wy)n + 7°T(C) gy
+A7(1 = 1)°T(n)gg + 272 (1 = 1T M)y + e’ Tl )¢+ er(1 = 7)T(eg )n + 7T (v5) o

+A (1 — T)CTC + (1 — 7)2077 + )\1(1 - T)‘Pé —ctlo¢ — (1 — T)Foﬁ - Fo‘Pé

Now let us look at all the 7° terms in the expression and simplify them using the

fact that 'y = I'(¢) and 7 is an eigevector for Iy of eigenvalue A;.

Aen + gy — clon — Loy
= \ien + )\I(P(J)_ —A\ien — Fo@é

= My — Doy

Now let {n1, 72, ..., M2n—1, N2} be an eigenbasis for I'y, where 7, is in the direction of

7 and 7y is in the direction of Jn. Since

Fepo(N) +¢3) =0

ﬂ
[NIES =
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if we label all the terms with a coefficient of 7 by —7 M, then we can solve

Mg — Dopg = M

Now projecting onto an eigenspace {ny} for ny, corresponding to eigenvalues Ay, ..., A,

we get 2n — 2 equations of the form

()‘1 - /\k)<@éa 77k> = T<M7 77k> = TMk

so we can bound below by the difference with Ay, and letting ¢y = ||¢g||v, we get

(A1 = Xo) (v, mi)|ep || < TM;

So summing the square of both sides, we get

2n

(A= 2)?lleog 1) (v, me)* < 72 M

k=3

, where Mg =", Mj,. Therefore , we get

M
1 1— _ < —S
leallv/1 =) = o Tm) <7 (=,

This shows that ||pg || = O(7)
Now we want to find the order of |¢ — 1|. To do so, let us look at all the terms

in the expression with orders less than or equal to 7'. Denote —72N the all terms
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with a coefficient of at least 72 and note that here we use the fact that ||po|| = O(7)

to get

C3TF(77)77 + Aiet( 4+ Aen — 2et A + AlcpoL —ctl'o( —cl'on + ctlogn — Fogoé = 72N

Simplifying a little bit, we get that

AT ()N + Mer¢ — et A + Mgy — erTol — Doy = 7°N

Now we take the inner product of the expression with 7 itself, and we get

AL (m)n, m)+daer (¢ m)—er A (n, m)+A ey, m)—cr (Dol my—(Togy 1) = 7°(N,m) :== 7°N,,

Simplifying one using the fact that 'y is symmetric, we get

AT m)n,n) + Mer(C,n) — et (n,m) + M {py,n) — er(To¢,n) — (Lopy,n) = 7°N,,
AT m) + Mer(Cm) — erhu(n,m) + Al m) — et A (C.m) — Ml ) = 77N,

ASr(C(n)n,n) — ethi(n,n) = 7°N,

Therefore, dividing by 7, we get that

AT, m) — ehuln,m) = 7N,

180



A1

Now substituting n = GO

n1, we get

s N AT
c —c =71N,
<F(771)77177]1> (P(Ul)n1ﬂ71> !

Therefore, we get

R TNn<F(7;12)771, m)
1

So ¢ — ¢ = O(7). Therefore, there are three paths, ¢ = 1,¢ = —1 and ¢ = 0, which
are the three homotopy paths perpendicular to Jn;. If we, without loss of generality,
choose one of the nonzero homotopy paths, say ¢ = 1, we get |c — 1| = O(7).

Now note that since U is chosen such that & is orthogonal to J¢; we can

decompose £ into its components and examine the expression

1 1
16N — o1V = llegr + 7201 — @ul| = [I(e = Dpr + 727]|

Now using the triangle inequality, we get see that

1 3
<le =1 [lpr Wl + 72 llgr ]| < C(72)

7 sufficiently small

The consequences of the above lemma are immediate.

Theorem 4.5.14. For all 7 > 0 sufficiently small, ||£(N) — p1(N)]|] < 7(N), i.e.
©1(A) satisfies the Initialization Condition.
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Proof. This is just looking at the order, r(\) is bounded below by the order of T3

as 7 — 0 while ||€(\) — ¢1(A)]] < C72. Thus for all sufficiently small 7, we get

1E(A) =1 (W) < 7(A) O

Now we have shown that ¢;()\) satisfies the Initialization Condition, we know
that if it satisfies the Gradient Condition, i.e. if [|F' (1, A)|| < p2(A) for all 0 < A\ <
A1, then the algorithm converges to a global minimizer.

Our next goal is to understand when () satisfies the Gradient Condition.
As in the real case, we study this probabilistically. The main idea is to realize that
in the expected system, n aligns with (, so if we treat n as a perturbation of (, then
we can rewrite the Gradient Condition as a condition on the perturbation. Then
we show that for sufficiently high m, the size of the perturbation decreases, and the
Gradient Condition is true with high probability.

Thus we define the perturbation p = n — (. We first rewrite the gradient
F(p1,)) in terms of p (and 7 = A\ (1 — 2)).

In this part, we will make the following assumptions:
e 0>7
o A2 (T(C)) = 3|[¢II?

o Aot (T(Q)) = I¢I?

Later we will see that these hold with high probability.
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Lemma 4.5.15. The gradient for oo(\) can be written as follows

F(po,\) = 72 (TB( —T(p)p) + 72 (T(p)¢ + 2D (p)C + 3T(p)p)

+7(Mp — T(Qp — 2T(¢)p — 20(p)¢ — 4T (p)C) — 3T (p)p)

+(—Mp+FKm+2ﬂ0p+F@K+2ﬂm<+P@m0

Proof. First note that ¢ = /7(7¢ + (1 — 7)n). For n = ( + p, we get ¢y =

VT(TC+H (1 =7)C+ (L= 7)p) = V7((+ (1 = 7)p).

Now if we look at

F(po, A) = VT(L(VT(C + (L = 7)p)) + M = To)(C+ (1 — 7)p)

We can simplify this expression to get

F(po, ) =T (74( —T(p)p) + 7 (T(p)¢ + 2T (p)¢ + 3T (p)p)

+72(Mp — T(Qp — 2T (¢)p — 20(p)¢ — 4T (p)C) — 3T (p)p)

+¢(—Mp+F«m+2ﬂop+r@x+2ﬁm<+r@mﬁ

We can use this to get estimates on ||F'(p1, A)|| because

1 (1, M = U E (o, M = [[F (0, M| (4.27)
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Lemma 4.5.16. [|F(1, A)[| < 72 (45]1C|2lpl| + 365]1pl1?/[CI] + Bl[plP*)

Proof. To show this, we note that from the previous lemma, we get

Flpo, ) = (<T CDhp+ (1= IO + 201 — IT(Op
+(1—-27+ 72)F(p)C +2(1—-27+ 72)f(p)c

+(1 =37+ 37% — TB)F(p)p>

Thus, we get

IF (o1, M| < 72 (Alllp\l +381I¢I1l1pll + 381 IpII*lIC]] +5Hp|13) (4.28)

Since A\; = A\ (R(2)) < B]]2||?, we get

1F (o1, )| < 72 <4ﬁll<ll2l|p\| +3511pl*/[¢]] +ﬁ||p\|3) (4.29)

]

Now that we have bounded ||F(p1, A)|| from above, we bound ps(A) from
below, to get a sufficient condition for satisfying the Gradient Condition.

We begin with a lemma on py(A). Recall the definition of py with pa(N) =
“BHVBIHAC  where A = 27 - 3662, B = 4 - 6°8%||p|]® + 18 - 365%||¢[s20_1,C =

36523%%1(/\)“@ |2 + 245337#1-

Lemma 4.5.17. With A, B,C as above, pa(\) > min{(ﬁ;l)g, ¢
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Proof. Let us look at a general expression /22 4+ y2. We will restrict it so z, and y

are also positive. We know that \/x2? + y? > ﬂmin{:p, y}. So therefore, we know

that py = =BRYBIHAC o (VD B i¢ B« 9\/AC, or in other words if B2 < 4AC. If
B? > 4AC, we need a different bound.
We recall the bound /22 +y > z+ 3£ — 8%. This bound can either be derived

from the taylor expansion, or simply checked directly. If we look at what this means

AC® This bound always holds, but we want to know

for our bound, we get py > % -5

AC?
B3

when this gives us a meaningful bound, so we want % — > 0 which happens if
and only if B? > AC. Therefore for the case B? < 4AC, we use the first bound, for

the case B%2 > 4AC, we will use the second, and note that if B? > 4AC, the second

bound can be bounded further % — AB%Z > % — % = %.
. —1\B 3C
Therefore, we have that py > mln{(‘/i2 15,31 O

Lemma 4.5.18. Under the assumptions above, also assume ||p|| < HG—%”, then we

3 _
have pa(\) > 7'2||§||3\/§2 - 12%55

Proof. We begin using a bound on ||p1(N)|| = /7||¢ + (1 — 7)p||. By using the

triangle inequality and the reverse triangle inequality, we get upper and lower bounds

IICH)

(assuming |[p|| < 5+

SVl <l < SVl (430)
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Now we want upper and lower bounds on sy,_1(A). We look at the Hessian.

Hess(po) = T0(C+ (1= 7)p) +270(C + (1= 7)p) + M1 — 1) = T(Q)

> (1 — DI(C) + 2rT(¢) + M (1 — 1) — 7O(||pl])

Since I'(¢) is positive definite, we can bound (7 — 1)['({) below by (7 — 1)A\; and

we get

Hess(i1,\) > 27T(¢) — 7O(||p]))

Now we note sg,(A) > —7(||p||), because T'(¢) is positive definite. We can therefore

bound the sum

san(N) + 82021 () = Aar (27T(C) — TO(I[pl])) — TO(|pl])

Which means that

San-1(A) > 27 X001 (T(C)) — 27O([|p]|)

Thus, since s9,—1(A\) > S9,(A), We get 259, 1(A) > So5—1(A)+52,(A) > QTAgn_l(f(C))—

270(||p|]) so we get

Son—1(A) 2 TAza—1(I") = TO({[pl[) (4.31)
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So for ||p|| sufficiently small (and it turns out ||p|| < % suffices), we have

Som_1(\) > gx%,l(f) (4.32)

On the other hand, we can bound sg,_1(A) above since we know || Hess(p1(A), || <

3Bllp1(MI]?, we get

s (V) < Il (4.33)

Now we can turn our attention to bounding the quantities in py(\) using lemma

4.5.17, We see that since ‘/52_1 < %, we get

min{—, = (4.34)

We analyze each of these cases separately.
We note that we can ignore one of the terms in B and bound using the esti-
mates we found above to get

4-6°- llea”
27 - 3632

B 51
- > > 2|3 .
> > ri5lIclPs (4.35)

Similarly we can bound

36/3%53, 1|01l
4- 638 |ion| P + 18 - 3632 |¢p1 [[52n 1

C

— >

5=
Upperbounding and lowerbounding ss,—1(A) and ||p1(N)|| using our estimates as
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appropriate gives us

C_ s )
— > 72 R S 4.36
5 =7 I 05 s (4.36)
Now note that min{Z, ’\2729}3 W Dy — %ﬂg)) and since we are assuming
that Apn_1(I'(Co)) > 1 and 8 > 7 = 72943 + 486 < 12154, we get the result. O

From the previous two lemmas, we see that (under our assumptions and as-
suming ||p|| < %H(H, so ||p|| < ||¢]|)a sufficient condition for satisfying the Gradient

Condition under our assumptions is

spllell B(HPH) 5(HPH) vV2-1 1

: (4.37)
1] 1< [1<] 2 12150
Thus a sufficient condition for the Gradient Condition, is
V2 -1
< 4.
Since v2 — 1 > 140, we get

4.39
o1l < 55111 (4.39)

Now we note that since 5 > 7, then this automatically implies that ||p|| < [|¢|| and
]| < %HCH Thus we define rq.;; = WHCH. Thus we see that if Ag,_1(I'(¢o)) >
1 is satisfied, § > 7, and ||p|| < 7, then the Gradient Condition is satisfied and
the algorithm converges to a global minimizer.

Now we want to use the difference in ||T'(¢) —E(I'(¢))|| to get an upper bound

for ||p||. We work on this in two steps. Since p = n — (, we first do an estimate
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on ||m — (o], where n, = & and (o = H Then we work with the normalization

[l

terms.

5
Theorem 4.5.19. ||n; — (|| < —22”“2]5}50)””

71 is a normalized eigenvector of I'g. Similarly, y is an eigenvector of E(T'y).
The result is now a consequence of the famous Davis—Kahan sin(©) theorem. A

proof of it can be found in [30].

Theorem 4.5.20. ||p[| < [[¢]| - [Im — Col (g 5mmm + D

m 1)

Proof. Define ' = ||C||m. Then

pll =Iln—=<ll-lln—n"+n" =

<|ln =7l +ln" =<l

Now we want to estimate each of these terms. The term ||’ — || = ||| - ||m — Coll-

For the term ||n— /|| = | —[¢]I]- We write Ay = (T'(¢)n1, m) and

F(Wl 771 1)

examine the fraction

AL(Omm)
(L) m)

((T(Co) = T(mu))m, m) + (T, m)

(C(n1)m,m)
((T'(Co) = R(m))m, m)
= I G, )

I0(m) — )l
< I o

= IcII”

+1)

+1)

Substituting this back into the expression, and using the fact that /1 +¢ <1+ 3
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we see that

11T (o )|
[l —'ll < [<]]- \/ +1-1
771 771;7)1

[IT'(Co) — T'(m)|
< IS Gy, )
[[T'(¢o) — T'(m)]|
< licll 2(0 (), m)

We know that ||T'(Go) — T'(m)l] < Blllm — Goll - [Im1 + Coll < 28]Im1 — Goll, so we see

that we get [|T'(¢o) — I'(m)]| < 28||m — (o||- Therefore

CI[- 8- Im = Coll
(C(n)m1, m)

ln—n'l] <

Putting it together, we see that

1Pl < {ln = 7'l +[In" = ¢l

Bl = Goll o
— 11l = ol (ol 1)

(L), m)

]

What this shows is is that a sufficient condition for the Gradient Condition to

be true is

1 1

I < ;(— )
A86005* ™ ey T 1

[ — o (4.40)

Now we can estimate ||I'(n1) — T'(¢o)|| < 28]|m — Coll, so if ||m — Col] < 3/61, then
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1T (m) — T'(¢o)|| <0.1, 80 Ay ('(m1)) > 0.4. Therefore, we get

1 0.4

[ — Gol| < 186005 (%) (4.41)

Therefore, assuming 8 > 7, A\an(D(Co)) > 3, Aon_1(I(C)) > 0.5 we get a sufficient

condition for convergence is

1

— < — 4.42

Combining this with Theorem 4.5.19 gives the sufficient condition for convergence

1
r —ET e ——— 4.43
(@)~ BN £ Jes (1.43)
which gives us a sufficient condition of
IP(@) ~ BRG] € oo (4.49)
0 01 = 68730833 ‘

Now we want to know when the assumptions are satisfied. This is given to us

by the following lemma.

Lemma 4.5.21. Let C(0.1) be an upper bound and v be a universal bound as defined
in the Concentration Theorem. Then for m > C(0.1)nlog(n), we have 5 > 7.9 and
Aon(D(€)) = 3.9]¢||* with probability 1 — £ — 10e=.

Proof. By the concentration of expectation, there exists a C' > 0 such for m >
Cnlog(n), ||I'(e) — E[I'(e)]]| < 0.1. Since \(E[l'(e)]) = 8, we get that § >
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M(F(G)) = 7.9. Similarly, Az (E[T(€)]) = 4, 50 Aau(D(C)) = I Aen(Tl57)) 2

IC1*(4 = 0.1) = 3.9]IC][*. O

We will often use the bounds 8 > 7 and Ay, (T'(¢)) > 3||¢|[?, and Ag,,_1(T'(C)) >

€I

Theorem 4.5.22 (Sufficient Convergence Result). Let o7 = min{0.1, m} Then

if [IT(Co) — E[L(C)]|| < 7 and Aayp—1(T(C)) > |[C||* then the algorithm converges to

a global minimaizer.

Proof. Since the algorithm converges to a global minimizer if ||p|| < 7., Or equiv-
alently equation 4.44, we see ||T'(¢o) — E[T'({p)]|| < dr implies both the assumptions
and equation 4.44. Thus this is a sufficient condition for the Gradient Condition to

hold. ]

Theorem 4.5.23. Assume we are in the noiseless case, where fi are drawn from
a complex standard normal. Fiz a nonzero ( € R®** to be the realification of the
generating signal. Choose a universal constant v > log(9). Assume there are a

sufficiently high number of samples. That means that m > max{Cnlogn, 64n3}.

Then the algorithm converges to a global minimizer with probability at least 1 — % —

3n

10e7 — (2n® + 1)e 5

Proof. Let § = H‘ZﬂQ be as above. Take C' = C(9, ) from the concentration theorem,

Theorem 4.3.9. Now we apply this to Theorem 4.5.22. We also need Ay, _1(I'(()) >
||¢||?, but this follows from a equivalent Concentration Theorem on f(( ) as Theorem

4.3.9 for T'(¢). A proof of it can be seen as a concentration of the Hessian in
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[23]. Note that the I'(¢) concentration implies the concentration of I'(¢) (since
I'(¢) = IT'(¢) + I'(JC)). Now the last step is give bounds on 8, specifically we can
show that if m = O(n?), then 8 < M with high probability. Now it follows that
B < M with the same probability argument that by < M in the real case, but n
becomes 2n from the N' — net argument, and m becomes 2m from considering the

real and imaginary parts. O

4.6 Following the Retriever: Complex Certifier

In this section, we give a numerical certificate that can be checked at each step
to certify that the next point in the algorithm is on the same path as the previous
point. This gives as adaptive step size which guarantees one is following the correct
path.

The idea behind the proof is to look at a cross section with one of the coordinate
directions and find an upper bound for how far the distance the path can go in a
single step, and then make sure there is no other critical point that is within the

upper bound’s distance.

€o

To start, say we begin at the point Xy = and we move to a new point
A1
along column ¢, parameterized by ¢, such that X (t) — X.o = t.

Let D = ||X(t) — Xol||. Note that

D 1d ., dX
D%_ﬁﬂD —<%,X(t)—Xo>
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Since we assume the new point is on the gradient path, it follows that since
VeQ(€,A) =T(§)§ + ASE —Tg = 0

then taking the derivative with respect to t, we get

Hess(¢, )\)% + Sf% =0 (4.45)

We also impose two more condition on the derivative, which is that % 1 J¢ and

dXe(t) _
—— = L.

If we define the (2n + 1) x (2n + 1) orthogonal extended hessian matrix by

Hess(E,\)  S¢
Hew(§,N) = (4.46)

(7" 0

Now we note that the conditions given above are imply

3

dat dX
Hea:t(ga )‘) = Hezt(ﬂ)\)% =0

d\

dt

Furthermore, define H,q.. to be the (2n + 1) X 2n matrix gotten by removing
column ¢ from H.,y, call that column g. Furthermore, define X,.q..(t) to be X ()

after removing row c.

Lemma 4.6.1. With the definitions above, we can bound |“2| < S

52n(Hred:c)
Proof. From the way that c is chosen, it follows that rank(H,eq..) = 2n.
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From the equation above, and the condition on the derivative, we get that

ere ic
Hred:ch +1- q = 0 (447)

Since ¢ is in the column space of H,..q4.., We can project everything onto the columns

of H,eq.. and get

Hz;d:cHT‘edicT = _H;Z;d:cq (448)
Therefore, we get that
ere c —
dtd - _<H3;dZCH7’€d10) IHZ;d:cq = _H:ed:cq (449)

Where H:ed:c is the pseudoinverse of H,e4..;

The pseudoinverse satisfies the following equality for v

Hred:cv + q= 0 (450)

and we know that the equation has a solution because ¢ is in the column space of
Hred:c

Therefore, since the rank is 2n, we get that

Son(Hredze)|[v]| < [lql] (4.51)
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from which we get that

gt o<l
|| red.cq|| — SQn(Hred:c)
Therefore, we get that
aD(t), 1d ., dX
DI = |==D?| = [(—, X(t) - X,
S = 15D = (S, X ()~ Xo)
ered:c

= |< 7Xred:c(t) - Xred:c,0> + t|

dt

< U=H' .0, Xrea:e(t) — Xreaeo)| + |t]

< getl] - 1 Xreaic(t) = Xreaicoll + 11

lql|

< Hn
o SQn(Hred:c)

D+ D

Dividing by D gives us the desired result.

Now we follow the steps for the real certifier.

Lemma 4.6.2. Assume ||Hept—Hezrpol| < smin(Hrede0) — pep D(t) < (2+2

2

Proof. First we note find some upper bounds on ||g]|.

By Weyl’s inequalities ([29]), we know

HqH S HHe:ctHOP S HHext - Hext,OH + HHe:rt,OH

Therefore, by our assumptions, we have that

Smin (Hfred:c,O)

<
gl < 2

+ HHext,OH
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||Hezt,0H )t

S2n (Hred:c,O)

(4.53)

(4.54)



Also by Weyl’s inequalities, we have that

52n(Hred:c> Z S2n(Hred:c,O) - HHred:c - Hred:c,OH (455>

Since

||H7’ed:c - Hred:c,OH S ||Hemt - Hewt,O“ (456)

We get

Son(Hyed: Son(Hyede,
SQn(Hred:c) 2 82n(Hred:c,O)_HHext_Hext,O" 2 52n(Hred:c,O)_ 2”( red C’O) = 2”( - CO)

2 N 2

Putting these together, we get that

Smin (Hred:c O)
dD (e + || Hey +1
dt 52n<Hred:c) Smin(Hred:c,O)
||Hewt0H
= (2 42—t
( 52n(Hred:c>)

Now if we examine the integral

HHemtOH ||Hewt0|’
—dt</ 242———Hdt=2+2——)T
|/ ’ ( 32n(Hred:c,0>) ( S2n<Hred:c,O))

On the other hand, we can evaluate it directly and we get

r/ dt|—r/ 14D| = D(T)
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Therefore, as desired, we get that

| |Hezt,0
Son (Hred:c,0>

D(t) < (2+2 )t (4.57)

]

Now we want to provide a condition on ¢ for when the assumption ||H,; —

n(HTe :c, ) : — H—eac 2
Heprol| < 82% is true. Define A = (24 252!(&2;!‘0)), and

(4.58)

f = _(6ﬁ||§o|! + 1S+ 1) n \/<6ﬁ|!£o|\ TSI+ 1., | s2a(Hredco)

65 A 65 A ) 63 A2

Lemma 4.6.3. Fort <t., ||Hewt — Hewol| < M

Proof. Let us first examine ||Heyr — Hegrpol|. We know that

Hess(£(t), A(t)) — Hess(, M) S(E() — o)
||Hemt_Hemt,0H - || ||

(J(&(t) = &))" 0

< [|[Hess(§(t), A(t)) — Hess(Eo, Ao)|[ + S]] - [[£() — &oll 4 11€(£) — &ol|

Now we can use the bound on the difference of the Hessians (derived in Corol-

lary 4.2.9) to bound

[ Hess(&(t), A(t)) — Hess (o, Ao)l| < 36(2][&l| + D) D (4.59)
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This gives us a upperbound on the difference of the extended Hessians

1Heat = Hearol| < 35(2[|%l] + D)D + (|I51] + 1) D (4.60)

So we want a value of ¢ for which

S2n(Hred:c)

3B(2||&l| + D)D + (||S|| + 1)D < >

(4.61)

Substituting the bound for D(t) = At, for A = (2 + 2—eztoll ) we get, that

S2n (Hred:c,O)

681[oll + 1151 + 1 Son(Hred:c0)

D? D - /=5 L

+ ( 35 ) 65 <0
6BH£O|| + HSH +1 SZTL(Hred:CO)

A22 At — =~ ——7 L

2+ ( 35 )At 63 <0

6 S 1 n reda:.c

g (PSS, onllgen)

Therefore, for t less than the positive root of this quadratic gives us the bound we

would like. Therefore, define ¢, to be the first root, so

ty = —( (4.62)

6ﬁ||£0||+HS||+1)_'_ <6ﬁ|’£0||+||5||+1)2 S2n(Hred:c,0)
68A 68A 68A?

and for ¢t < t,, the condition is satisfied. To justify the substitution, we note that

the same proof used in the real case also works here. O

What we have shown so far is that for t < t,, D(t) < (2+ QM)t. Now

52n(Hred:c,0

that we have found an upper bound on the distance, we need to make sure there is
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no other critical point within this distance. The following theorem will be useful in

showing this.
Theorem 4.6.4. Let X = (a, \,) be a critical point of Q(x, \), set HesSepi(a, Ag) =

Hess(a,\,)  Sa| and define

1 Son—1(HesSea(a, Aa))
27 V2n + 1(B]al|® + 38/6]12||al| + [|S]])

pla, \y) = min( ) (4.63)

Then there is no other critical point X such that X,(c) = X(c¢) and || Xi(c) —
X(¢)|| < p. In other words, p serves as a lower bound for a distance to the nearest

critical point on the same Xi(c) = X(c) hyperplane.

Proof. Let (a,\,) be a critical point, and let (b, A,) be a unit vector such that
(b, \p)e = 0, and that (b, A;) L (Ja,0). Assume that (a,\,) + 7(b, \p) is another
critical point, for some scalar r

We first expand out

Fla+tb, Aq + tAs)

Standard computations show that

Fla+1tb,Aq +7XN) = F(a,A) + (| Hess(a, X\s)  Sa )

+r2(T(b)a + 20 (b)a) + \pSb + 1*(T(a)a)
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Since (a, A,) is a critical point, F'(a,\,) = 0, so

b
0 = Fa+rb, Ao+ M) = (| Hess(a, \y)  Sa )+r2(L(b)a+2L (b)a)+X Sb+r>(T(a)a)

Ab
Let rG(r) = ||F(a + rb, Ao + 7X)|| = 0, and we want to find the smallest

nonzero value for r.

~ b
Define vy =I'(a)a, vo = (I'(b)+2I'(b))atApSband  vs = | Hess(a, \,)  Sa

b

Now let’s get estimates on each. We have

[[or]| = [T (@)al | < [[al PO < Bllall? (4.64)

Jall

Similarly we get

[[va| = (T(b) + 2T (b))a + ApSbl| < ||(T(b) + 2T (b))al| + [S]] < 38]Jal| - |[b]|* + || S]]
(4.65)

Lastly, we want to show that

S2n—1<HeSSeatt)

Von+1

||vs|| = (4.66)
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To do so, note that

b
[lvs][* = [|(Hesseat(a, Aa) I

Ap
b b
= ((HesSezt(a, Ag) ), (HesSext(a, Ay) )
b b
dg
Now let v = | ™| be the null vector of the extended Hessian, and decompose
@
b
= ;v + w, where w € span(v)*.
Ap
, b b
[vs||® = ((Hessext(a; Aa) ), (Hessegi(a, Aa) )
A b

= ((HesSept(a, Ag)w), (HesSez(a, Ag)w)
= ((Hessext(a, )‘a)T)(HeSSe:ct(a’v Aa)W, W)
= Non—1(HesSear(a, M) Hessea(a, Ag))||w]|?
I

= S%nfl (Hesseﬂﬁt (CL, )\a)) min | ’projspan(vi-) <b7 >\b)

llel|=1,ec=0

Note that the null vector v here is normalized so that v. = 1, as ¢ is chosen so that
v, it is the largest component.
To estimate this, define € to be e without the ¢’th component, and v as v

without the ¢’th component. Now note we are trying to minimize the projection
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onto the complement of v, so we get

<€7U>UH2:Hé <é72~]> ~||2+( <é71~)> )2

e— —— — - ~— e
e~ e e RS e e
<é> 6> ~ o~ <éa 17> ~ <é> 6) 2
< (é— 0,6 — ————10) + (————)
1+ |[o]]? 1+ [[o][? 1+ [|o]]?
(¢,0) (€,9)> . (€, )
:1_21 ~2+ 1 ~22|’U|’2+(ﬁ)2
+o1> X+ [[o]?) + 19|
— 1 + <é7 622 _ <é7 622
L+|[o[* 1+ [of?
(¢,9)?
1+ [|o]]?
>1- ﬂ by Cauchy Schwarz
1+ |[o]?

S S
PP +1 T 2n+ 1

since 1 is the largest component in a size 2n vector

Therefore, we see that

1

v3|| > Son_1(HesSep(a, Ny)) - —— 4.67
H 3“ = 92 1( t( )) \/m ( )

Using these three bounds, we want to estimate the nearest root of
[los]| = [r[[[va]] = [7[*[[v1] (4.68)

If the root is farther than 1 (so r > 3), then 1 is a lower bound on the root.

Otherwise, the root is closer than %, so the slope of the function is dominated by
the slope at % (since it is a quadratic with negative slope at 0). The slope at % is

given by M = —[[v1][ — [[vz]]
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Now if we go back and estimate the zero of the line passing through (0, a) with

slope M = —||v1]| — ||va]|, we get that the root is at o = —2l

[[or][+[lv2]l”
Therefore m is a bound on the closest root.
Now since 0 = G(r) > ||vi]| — || - |Jval| = |7[*||vs]|, so we know that r >
min(3, %), so from our bounds we get

losll Son—1(HesSeat) (4.69)
[loall + Hvall = v2n +1(B]lal® + 38116l *]al| + ||S]])
So we got the desired bounds.
O

Theorem 4.6.5. Assume our algorithm starts at a point (§oa, Aora) which is a crit-
ical point. Let (§new, Anew) be a new point the algorithm decides and (Eoher, Nother)
be any other critical point. Let Dy denote the distance from (§o1a, Aotd) 0 (§news Anew)

and Dy denote the distance from (&pa, Aota) 10 (Eothers Nother). Lett; = plnew Anew)

HHezt,OH
2(2+2 SQn(HT‘Ed:c,O) )

and tomee = min(ty,t,), and UB(t) = (2 + 248eseollys -~ on g () be the expression

S2n (Hred:c,O)

defined in the previous theorem.

Assume the following two conditions are satisfied:

P(fnewy)\new)
1. Dy < Elénenducs)

2.t < tmaz

Then (&news Anew) 1S the point connected on the continuous path defined by the

zero of the gradient passing through (§od, Mold) -
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Proof. Assume (&otner, Mother) 18 a critical point on the path instead of (§new, Anew)-

Then, since ¢t < t,,4, < ty, we have that

||(fother7 /\other) - (golda >\old>|| S UB(t) (470)

Since t < t17 we get that UB(t) < p(Ener,)\new)’ S0

PEnew; Anew)

||(§othe7‘7 )\other) - (golda )\old) || S 9

(4.71)

Also, since D; < w we get that

||(§new> /\new) - (gothery /\other) || S ||(§new7 /\new) - (fold, )\old) || + ||(€0ld7 /\old) - <€0ther> /\other> ||

p(gnew 9 Anew) p(gnewy )\new)

< - new; )\new
5 + 5 p(& )

but this is a contradiction, because any other critical point must be a distance
further that p(&new, Anew) away from (&,ew, Anew)-
Therefore, the only possible point on this level set that is the point passing

through the continuous path is (&,ew, Anew)- O

4.7  Oracle Convergence

Given an Oracle, we can ask the following question, equivalent to the question
in the real case: Does there exist a positive hermitian semidefinite matrix () such

that the Golden Retriever algorithm converges to the exact solution?
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The answer, again, is yes. As before, we can make the algorithm converge to

any critical point we want.

Lemma 4.7.1. Let v be a critical point of Q(&,\) and let Ty be the matriz in
the condition, there exists a positive definite hermitian matriz () with realification

S # Ty satisfying the following properties:
e Sv=TIg

e The determinant of the pencil, det(AS —T'g) has generalized eigenvalues which

satisfy: A <1

e The generalized eigenvalue around X = 1 has a corresponding eigenvector v,

and has dimension 2

Proof. The proof is by construction.

Define:
Lo (vo” + (Ju)(Jv)")Tg
(Tov, v)

Sy = (4.72)

Note that Sjv = Lgv (since (JTgv,v) = 0). S; is a rank two matrix, so we want
to make it full rank. Note that S; is symmetric, and is the realification of some
hermitian matrix (); since S;J = J.5;.

Set
vt (JU)(JU)t> (4.73)

ol [[olf?

Note that Sv = I'gv still.

At this point, we constructed a family of symmetric matrices S such that
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Sv = I'yv. The only thing left to do is to make 1 be the largest generalized eigenvalue
here.

To do so, let u; = Apae(To — S). The claim is that for any p > pg, that S
would satisfy the pencil criterion.

To justify this, S = S + uSo, what we need is S > I'g (because AS —I'y would

be positive definite for A > 1)

S =81+ uSy = Ty

wSo > I'p — 54
M]ZFO_Sl
1> 1(F S1)
- 0 1

t

The reason the identity appears is because Sy = (I — % — %) We already
know that for v, the generalized eigenvalue is A = 1. We now get Sy acts as the
identity on the orthogonal complement.

Therefore, for > A\paz(Fo — S1), we have that A < 1.

Therefore a S with the listed properties exists and is constructible.

]

Theorem 4.7.2. There exists a matrixz S, such that if the Golden Retriever is

wnitialized with the given S, then the algorithm converges to the critical point v.

Proof. Let S be as in the previous lemma. we examine the path V,Q(&,\) =
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(T(&) + AS — T'p)& where € = cv.

0= (I'(cv) +AS —Ty)cv
0 =cT(v)v + eASv — clgv

0 = cT'(v)v + ASv — Tgv

Now since I'(v)v = I'gv (v is a critical point at A = 0), and Sv = Iyv, and T'yv # 0

(since T'gv = I'(v)v and T'(v) is positive definite) then we have the following

0= c*T'(v)v + ASv — [y
0= ("+X—1)l
= (1-\)

c=VITA

The last line is effectively choosing one of the two equivalent paths. Therefore, if we
initialize the algorithm with the given S matrix, and initialize the direction along

the principal eigenvector, v, we have that the algorithm will follow the critical path:

(EN),N) = (VI =X, \) u

The theorem above, when applied to v = 2, a global minimizer, shows that
there exists a S which guarantees that the algorithm converges. This gives us the

following theorem as a corollary.

Theorem 4.7.3. Let ¢ be the minimizer to the optimization problem in (2.2). There
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exists a positive definite matrix S, such that the Golden Retriever Algorithm, ini-
tialized with S,, converges to S. Moreover, the trajectory of the homotopy path with

S., when projected onto A = 0, follows a straight line.

However, it is worth noting that to construct such a @), we will need to know

z, s0 () can only be given by an oracle.

209



Appendix A:  Useful Identities and Derivations

A.1 Useful Identities

To derive the equations we used, there are several vector calculus identities we
needed. Here we give a brief derivation of those identities. These identities can be

found in many places (such as [33]).

Lemma A.1.1. V, (z, f) = f

P?“OOf. vx(<x7 f)) - v:r:('iclfl + ...+ mmfn)

Therefore: Vx(<xv f))l = fz = V$(<x, f>) = f O
Corollary A.1.2. V, (Az, f) = ATf
Proof. V {(Ax, f) = V,(z, AT f). Now we can apply the above lemma. O

Lemma A.1.3. V, (Azr,z) = (AT + A)x

Proof. Note that (Ax); =Y, Ak, then we have that (Az,z) =) . >, Apriz;

Therefore, we have that:
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Vo (Az, ) &Em Z Z A
= Z Z Azk xkxl
—ZZAM ~ (o xz—i—ZZAmxk
= A+ Y Appay =
i p
=3 ALz +) Ay
i p

= (AT2),, + (Az), = (AT + A)z],,
Since this is true for each fixed m, it follows that V,(Az, z) = (AT + A)z O

We immediately get the following corollary.

Corollary A.1.4. If A is symmetric, then V, (Ax,z) = 2Ax

Lemma A.1.5. V (c(z)v) =v® V,(c(x)) + c¢(x) Vv

Proof. First we need to define what it means to take a gradient of a vector field. In
rectangular coordinates, the gradient of a vector field V, f = dg -e; @ ey, (see [33]).
Note that in general, one can put in a metric tensor component, but for us ¢/* is

the metric tensor components for usual Euclidean space, so ¢g/¥ = §7*.

Therefore, we have the following:
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Lemma A.1.6. V,(Az) = A

Proof. Note we have that (Az); =), Az

Now again, we have that, by the definition of the gradient of a vector above:

4 =TT e
9 i
— ZZ Zg% ikLk e ® e
= ZZAUBZ ®€j
i

=A
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A.2  Simple Properties of Matrices

Lemma A.2.1. If A\ — A is positive definite, then A\ > €igyq.(A)

Proof. Since M\ — A is positive definite, then 27 (A — A)x > 0 for all z # 0, so take

T = Umaz(A), the eigenvector corresponding to the largest eigenvalue, e.

Then 0 < vT(AN — A)w = Wwlv — vl Av = Tv —vTev = (A — e)oTo =

(A = e)llv]|*.
Therefore 0 < A — e, and we get A > e. n

Lemma A.2.2. If A is symmetric and X\ > €igma(A), then N\ — A is positive

definite.

Proof. Since A is a symmetric matrix, then being positive definite is equivalent to

every eigenvalue being positive.

A vector v is an eigenvector of (A — A) if and only if it is an eigenvector for
A since if (M — A)v = Av — Av = cv, we can rearrange to have Av = (A —c)v. Let e
be the corresponding eigenvalue for A (e = A —¢). Then the eigenvalue for (A — A)
is given by A\ — e, which is minimized when e is the largest eigenvalue of A. Since

A > €igmar(A), we have that (M — A) is positive definite.
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A.3 Constants in Concentration Lemma

In this section, we sketch some of the probabilistic results used in the Concen-

tration Theorems in the Thesis.
2

Proposition A.3.1. If erfc(z) < e %, we get that P(|vy| > L) < e~2

Proof. Recall that erfe(z) =1 — \/%T I e~ dt, so if we now examine

P(|lv;| > L) = 1 — P(joy] < L) _1_—/ (A1)

V2 [t
_1_ﬁ/ e 2dx (A.Q)

Now making the substitution z = \/§t, we get
2 [V L 2
2 _
1-— —/ e dt = erfc(—2) <ez (A.3)
0

]

In the next propositions, we will show the upperbounds which were claimed

in Theorem 3.2.7

Proposition A.3.2. A sufficient upper bound for Hoeffding’s inequality in Theorem

3.2.7 1s given by C1 = 2\/ %

Proof. Let Xp = (fe.7), and a; = v¥. Then E[X;] = 0 and Var(X;) = ||7]%

Therefore, X;, ~ N(0,||y]]). Therefore, Var(3 ;" axXi) = > 1y v3||y]|*>. There-
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fore,

i _ ST aXel L mby
P=P(S arXe| > mbyl]) = P( i WX md
; \/Zkzl Ug||y||2 \/Zkzl Ug

Applying the tail bound for the cdf of a normal distribution gives us

—1 m?5
P < 2exp(— ™ %

%)
2 > i Ul?

. Now choosing m = Ciy/nY -, v8, we get
—1 —1
P < Zexp(76’1 ndgz) < 361)]9(701 ndgz)

To ensure this is less than 3ezp(—27yn), it is sufficient to take v = $C763, so C) =

pRal 0
)

Proposition A.3.3. A sufficient upper bound for Bernsteins’s inequality in Theo-

rem 3.2.7 is given by Co = max{,/40/3, /5,162 }

Proof. We do a direct computation of the probability. Let X = ({7, fx)* — ||9]]?).

Then we want to compute

P =P()_viXy =mdo|[gl]") = Pleap(A Y vpXy) > eap(mAdol[y]|*))
k=1 k
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Now, by Markov’s inequality, this is less than

m
in frsoe”MOIIPE[A I N = i f el TT ElMEH

k=1

Let p1 = Av?, then a computation shows Computing

ol

/\112X;c -
R Y e

Therefore we get that

cap(=mAdo|[g]|* = A3, villyl*)
[Trm (1 =229l 1%)2

P < EQ) = infiso

Choose a 0 < ¢g < 1, then define § = % + %% Now

1

. <P fr0<az<c <1
—x

Therefore

<extr for0<z<

[u—
|
8
N | —

Therefore

~ - - 5 -
E(X) < exp{—Al[y]|*(mdo + Z i) + Al[gl)? Z v + 5 ;in\\yll“}

k=1 k

_ _ 5 ~2)\ 5“&“4 4)\2
= cap{-mB 7P+ Z1UL 37 oia?)
k
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Define Q(X) to be the exponent

||
Q) = —manfla + TS g
k

The root of the quadratic in X is given by A\; = % ﬁw. We also need 2\0?||y]|* <
%, so we get that we must have \ < 4@%2 < 4||§||2r11ax;c 7= Ao

Thus we can take

1 3 TTI,50
4[[g][* max; 07" 10 [[5]]> 3, vf

A = min{ }

Now we examine the upper bound for E(\) with these parameters.

We have Q();) = 230§—2 and if Ay < Ay then Z5% < 2y, thus Q(As) =
k

ma.

mdg _ 5 Zk ”é > mdg
4 maxy, vz 48 maxy, vz

— 8maxy v}%

Therefore, we have

252

P < BO) < mae canl G e el

Now if we match the exponents to —2yn, we get that Cy = max{ /40/3‘({—?, 165} O

A.4 Probabilistic Bounds on by

In this section, we show a lemma which gives an upper bound on by.

Lemma A.4.1. For m > 64n3, the probability that by > 64 is less than (m +

)

Wl

Deap(—(2 — log(5))m
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Proof. By definition,

m

bo = max » (z, fi)"
ol |=1 4=

Define a positive constant t. We are looking for an upper bound on the probability

P{by > t}

We are looking for

(bom)i = ||T |24 = sup [|Tx||

lll=1

Let A be an r-net in R™. Thus for some 2y € S" !
T ot = e |[Tally = 1T

This in turn is equal to

T (o — &) + TZ||s < [[TZ[|a + [[T (20 — )|l

< .
< max || Tf[y + || 7|30 -
Thus implies, after rearranging
1
[T][24 < E(I&%(HTWD

Thus we get

(A.4)

(A.6)

(A7)

(A.8)

(A.10)



Thus P{by >t} <P{3z e N': =3" (x, fr)* > (1 —r)*} This in turn is less than

< ]N]IP’{% Zm:vﬁ >(1—r)*) < (1+ %)”P{Z v >m(1 —r)*t} (A.11)

Now we do a similar bound to what we did in the Concentration Lemma, where we
limit the quantity by some upper bound L, then use the upper bound on erfe(z)

and Bernstein’s Inequality to get

- 1 m((1—r)*—3)° 2.
P{by >t} < (me + exp{—§105 (1= ) —3) }) (1+ ;) (A.12)

Now choose r = % and assume %L“(%6 —3) > 105. Then we get

2 1m(L —3
P{by >t} < (meg + ewp{—§%>5” (A.13)
Choosing L = (m(& — 3))% gives us
1 t 1 .
P{by >t} < (m + 1)exp{—§(m[(ﬁ) —3])%}5 (A.14)
When ¢ = 64, and & — 3 =1, we get
1
m3
P{by > 64} < (m + 1)61’}9{—7}5” (A.15)

If m > 64n3, this gives us the bound in the statement of the lemma. Note that we

made an assumption that L* > 2105 = mi > 3.105, so m > 1977 (if m = 64n?,
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this would mean n > 4).
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