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ABSTRACT

This paper establishes necessary and sufficient condition for the boundedness of
the fractional integral operator I,f on Morrey spaces over metric measure spaces
which satisfies the Q-homogeneous and its corollary.
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1. INTRODUCTION

We consider to a topological space X := (X, §, u), endowed with complete measure u such
that the space of compactly supported continuous functions is dense in L*(X, ) and there
exists a function (metric) §: X X X — [0, o) satisfying the following conditions.

1. 8(x,y) =0ifandonlyif x = y;

2. 8(x,y)>0forallx #y,x,y €X;

3. 8(x,y) =6@,x);

4. §(x,y) <{6(x,2z) +6(z,v)}

for every x,y,z € X. We have an assumptions that the balls B(a,r) = {x € X:6(x,a) <
r} are measurable, for a € X, > 0, and 0 < u(B(a, 1)) < . For every neighborhood V of
x € X, there exists » > 0, such that B(x,r) c V. We also assume that u(X) = o, ufa} =
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0Oand B(a,m;)\B(a,r;) =0, for all a € X,0 <1, <r, <oo. The triple (X,d,u) will be
called metric measure space [7].

X is called Q-homogeneous (Q > 0) such that C, 79 < p(B) < C;r9 where C,and
C, are positive constants [8].

Eridani [6,7] proved the boundedness theorem on Lebesgue spaces in K, and classic
Morrey spaces over quasi metric space where

f)
Ky = _ad )
e

with0 < a < 1.

The result of [7] can be adapted to the operator K, with doubling condition. Let 0 < a <
B, we consider the fractional integral operator I, given by

L fO0) = f _f»

J 3Gy 1)

for suitable f on X

The boundedness theorem of 1, on homogeneous classic Morrey spaces can be proved
using Q-Homogeneous. In this paper, we will prove the generalization of the boundedness
theorem from [6,7].

2. PRELIMINARIES

The following theorem is the inequality for the operator K, from L? (X, ) to L4(X,v) for the
case of Euclidean spaces.

Theorem 2.1 [6] Let (X, 5, n) be a space of homogeneous type. Suppose that 1 < p < g <
o and 0 <a< % Assume that v is another measure on X. Then K, is bounded from
LP(X,w) to L9(X,v) if and only if

1
v(B) < cuB)% ¥

for all balls B in X.
Eridani  and Meshki [7] proved the boundedness results of K,

from LP(X,u) to the classic Morrey spaces LP*(X,v,u) which is defined as a set
of functions f € LI, (X,v) such that

1

If: £2AX, v, || = sups (25 [ F OIIPAv) ) < o

with v is another measure on X, where 1 < p < o and 4 > 0. Their theorem can be
stated as the following theorem.

Theorem 2.2 [7] Let (X, 48, ) be a space of homogeneous type and let 1 < p < g < co.
Suppose that 0<a< %, 0<A <1—-apand ’2—2 = %. Then K, is bounded
from LPA(X,v, ) to L£L3%2(X,v,n) if and only if there is a positive constant C such
that

1
v(B) < cuB)% Y
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3. MAIN RESULT

In this section, we formulate the main results of the paper. We begin with the case of p-
homogeneous over metric measure space.

Theorem 3.1 Let (X, 8, 1) be a B-homogeneous metric measure space, v be a measure on X,
1<p< qg<o, 1<a<pf.Then I, is bounded from LP(X, ) to LI(X,v) if and only if
there is a constant C > 0 such that for every ball B on X,

v(B) < Cu(B)q(%_%)

Proof:(Necessity) If x,y € B(a,r) then §(x,a) <r and &(y,a) <r thus &(x,y) <
6(x,a) +6(y,a) < 2rthus
1 1

@ = 500 y)Fe

the above inequality implies.
u(B) [ duly) <f du(y) ij(y)du(y)
rbme Jp@r)fe T s y)fte Jy 5Cxy)Fe
r* < Clyxp(x)

= CIaXB (x)

llexp : L9 < Cllxp: LPW| < CU )(B(t)d,u(t)>p < CM(B)%

<.f Ira|qdv(x)>q <C <f |Ia)(B(t)|qdv(t)>q < CHIaXB : Lq(v)” < C,u(B)%

Thus
1 1
r*v(B)e < Cu(B)r
Cor? < w(B) < ¢;rf thus
u(B)t < Cr®

1 1

,u(B)%v(Bﬁ < Cr*v(B)a < C,u(B)%

1 a 1
v(B)iu(B)F » < C
Thus

1 1a
v(B)? < Cu(B)r #
or alternatively

v(B) < Cu(B)q(57)
Sufficiency: Let f > 0. We define
6= [ foum)
5(a,y)<s

for every s € [0, 7]. Suppose that S(r) < o, then 2™ < S(r) < 2™*1 forsomem € Z.
Let

sj = sup{t: S(t) <2/}, j < m,and sp4q =1
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Then (s]) _is non-decreasing sequence, S(s;) < 2/,5(t) = 2/for t > s; and

2 < | FOARE)
5j<6(a,y)<sj4q

If p :=lim;_,_, sj, then

6(a,x) <r e 6(a,x) €[0,p]U U (s, Sj+1l,

]——OO

if S(r) = ocothenm = oo. Thus
o< [ o) < s(s) <2
S(a,y)<p
for every j, thus
[ rorduen =o
(ay)<p

from these observations, we have

Iy (x))'d < I, ()qd
-L(a,x)<r( fG) dv(x) Zfs (If () dv(x)

j<6(ax)<Sj4q

OO
USSR
Z ‘[9]—5(‘1 X)SSj41 («L(a,y)ssﬂ_l 6(95, y)ﬁ—a) V(X)

j=—c q
1\
Z f <S_> f f@)du(y) | dv(x)
o Usjs6(ax)ssjyg J+1 8(ay)ssjyq
m B-a !
1
|\ 2Ga) [ rwwe) e

J== §(ay)ssjyq
Using the fact that

| FOIR) < S(s50) <2< | FO)du()
8(a,y)ssjpq

sj_lsé‘(a,y)SSj
then, by using Holder’s inequality, we obtain

Jj==2 \sj_1<6(ay)ss; sj-1=6(ay)ss;j J

1 1 q
< Cv(B) i f (Fo)) d@wy f 1d(uw)y Sﬁl—a>

< cu(B) [ o awy) D ueem i

sj—1=6(a,y)<s; j=—o0 J

1
= Cv(B)rq(a_g) f (f(}’))Pd(H)y )

5j-156(ay)ss;j
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1, 4
< Cu(B)q(%_%)rq(a_g) f (Fo) dwy \
Sj-1 sé‘(a,y)ssj /

AT o))

(F») d@wy
\ sj_156(a,y)Ss]-

Thus
lef : LI < CIf: LP@WI

Next, using the modified condition for measure v, we obtain the following result.
Theorem 3.2 Let (X, §, 1) be a Q-homogeneous metric measure space, v be a measure on X,
1<p<qg<o, 1<a<p- % . Then I, is bounded from £LP (X, ) to £L9(X,v) if and only
if there is a constant C > 0 such that for every ball B on X,

v(B) < Cr<ﬁ_a_§)q

withp’ = p—f’l

Proof. (Necessity) Suppose that I, is bounded from LP (X, n) to £L(X, v) thus

leof = LX< CIf + LPX, Wl

1/(1 1/p
( f |1af|de) < c( f If(x)lpdu>

f = xp wherea € X,r > 0 then

. l/q ) 1/p
<f|IaXB| dv> SC(f |)(B| d,u)
B B

XB a Ya y
([ segmaaucn) av) < cuw's

re=fu(B)v(B)/1 < Cu(B)'/r
v(B)'a < C,u(B)%_er‘“

Hence,

Because p’ = p_: and Cyr? < pu(B) < C;r9then

1 _Q
v(B) /4 < Cr v'rPa
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v(B) < er(ﬁ_a_ﬁ)

Sufficiency. Let f > 0. For x, a € X, next we consider the notation

Ei(x) = {y= 6(a,y) < 6%?}:
E,(x) == {y: 5(2621’0 < 8(ay) < 2a,6(a, x)} ;
E3(0) = (:8(a,y) > 0:6(a, %)}
Thus
[ e @) ave

q
<cC f ( f |f(y)|6(x.y)“-ﬁdu<y>> dv(x)
X \VE;1(x)
q
re f ( f |f(y)|6(x.y)“-ﬁdu(y>> dv(x)
X \VE;(x)
q
, f ( f |f<y)|6<x.y>“-ﬁdu(y>) dv(x) =S, +5; + 5
X \VE3(x)
Ify € E;(x), then d(a, X) < 2a,a,6(a, x). Thus obviously

q
5, = j ( j |f<y)|5(x.y)“-ﬂdu(y)> dv(x)
S(ax)<r \VE{(x)
q
<cC f ( f |f(y)|6(x.y)“-ﬁdu<y)> dv(x)
B \V&(a,y)<b(a,x)

q
<c j 5(a, x)1@P) ( j If(y)ldu(y)> dv(x)
B 6(ay)<é(ax)

Thus we have

f §(a, x)1 @ Pdy(x) = Zf (5(a, x)Q(“‘B)dv(x))
S§(ax)zt =0 /B(a2k+1t)\B(a2kt)

< cZ(zkt)q(Of-%(B), = Cta@-By(p)

n=0

which implies

f 10-P)du(x) < cu(B)
S(a,x)<t
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Thus

sup ~ q L »
CEXt> O<L §(a, x)1@ ﬂ>dv(x)> <J 10 p)d,u(x)>
(a,x)=t S(a,x)<t

1 1
< (CtQ(“‘B)v(B))q Cu(B)?
< Ct<“‘ﬁ)Ct( )q tQ( ) = =C<o

Now, using theorem C in [9], we have

q/p
S, <C <f If(y)l”du(y)> < Cllflocx )
B

Next, we observe that if §(a,y) > 2a,6(a, x), then §(a,y) < a,6(a,x) + a,6(a,y) <
6(a, y)/Z + a16(x y). Thus 6(a,y)/2a; < 6(x,y). Implies, using the condition  v(B) <

Ba

Cr( , then

lf ()l !
S3<C L(a,r) <L(a,y)>6(a,x) 5(a, y)ﬁ_a dll(}’)> dv(x)

q

y lf I
<C _FO 4
fB(‘”) Z fB(a'Zk+18(a,x))\B(a,zk6(a,x))5 (@, y)p ) | dvix)

k=0

0

<c j - kz j N CILTO

T R

6(a,y)<a-ﬁ>p'du(y)) dv(x)

X
<jB(a,2k+15(a,x))\B(a,2"5(a,x))

0 i q
< CIIfIIZp(X'#)J <Z 2"5((1 x) (yB(a,Zk“(S(a,x)))p) dv(x)

k=0

o q
< CIIfIIZp(X‘u) JB( )<Z(2k5(a,x))“—ﬁr§> dv(x)

k=0
4
= CllF |y 7P v v(B)

= ClF %

http://www.iaeme.com/IJCIET/index.asp @ editor@iaeme.com



The Fractional Integral Operators on Morrey Spaces Over Q-Homogeneous Metric Measure Space

Hence, we conclude that

S5 < CllF I

To estimate S,, we consider two cases. First assumption is thata < f — s. The hypothesis

PRI Q A . pQ .
X = <
on the theorem a > 0 which implies 0 < a < f e Given p a7 then g < p™.
First assumption g < p*and suppose that
F, = {x: 2% < 8(a,x) < sk*1};
2k—2
Gy = {y: a < 5(a;Y)\a12k+2}-
1
Assume that %*, using Holder’s inequality, we obtain
q
o= [ ([ rodsemn i | we
X \ VE;(x)
q
=y [ [ roscn t duw) | aveo
kez Fk EZ(x)
a
R r*
p p'-q

k

skZ\jF k jE os@ ) dv(x)) ><<JF 1ﬂdv(x>>

a
p*

< cz v(B)p;_;q ( fx (Ia (If Ixak)>p* dV(y)>

keZ

<

< czv(B)pv—:q< FOIP du(y)>p
Gk

kezZ
Where

P-a_,_4

p* p*
_ 1 _9PE-2)-pQ+0Q)

pQ
Qpg+p—q) q
=1- +g—==0

pQ 1 p
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a

< c( If(y)lpdu(x)>p
Gk

< ClF %y 0

if g = p*, thus, we have
q

S, = f f FO) 8GN ™ Fdu(y) | dv(x)
X \ VE(x)

:CZL

kez """k

<oy ([ (1) dv(y)),,*
=l :

FOIP du(x))p
kez k

*

14

f VOIS du) | avte)

< c( If(y)l”du(x)>p
Gk

< ClF b 0

Ifa>p— pg , using Holder's inequality, we obtain

S, < j ( ] (f(y))pdu(y)>p < J S(a,x)(“‘ﬁ)”'du(y)> dv(y)
X \VE,(x) Ep(x)

thus we have

[ee]

Lz(x)5(a, x)(a—ﬁ)P,d,u(J’) < j u (B(a,d(a, x)) N {ym‘(x’ y) < A(a_;g)p'}) di

0

6(a,x)(“_'3)p' 1
< j u (B(a, 6(a, x)) N {y|6(x, y) < A(a—ﬁ)p’» da
0

+ f u (B(a, 6(a, x)) N {y|6(x, y) < A(a—B)p’}) da
8(a,x)@=Bp

o0

1
< €5(a,x)@t@-Pr 4 f Aa=Bw' d) = C8(a, x)t@hFr

8(a’x) (a—B)p'
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where the positive constant C is independent of a and x. Hence, using Holder's inequality,
we obtain

B8]

Z P

5, < f f 5(a, )@ P% du(y) f FOIIP duy) | dv(o)
X\ YE;(x) E;(x)

<3 [ stan® ) [ rorrdu ) avo)

kez Fk EZ(x)

a

—a-2)q+ %+ (a- P P
sczk«ﬁ i ’”">< If(y)l”du(y)> sc(f If(y)l”du(y)>
Gy X

< CIF N

<

The proof is complete.

The similar results concerning the boundedness properties of the fractional integral
operator I, on the classic Morrey spaces using Q-homogeneous metric measure space is
obtained by the following theorem.

Theorem 3.3 Let (X, §, 1) be a Q -homogeneous metric measure space, v be a measure on X,
1<p< q< oo, 1<a<,8—§,0</11 Bq_p’ and %z% . Then I, is bounded from

Q1 A2
LV pr X, to £%a (X, v) if and only if there is a constant C > 0 such that for every ball B
on X,

a2
v(B) < Cr(ﬁ “ P’)q
ith ot — P
with p’ = m—r

Ay
Proof: (Necessity) Suppose that I,,is bounded from £” 8 (X, u) to £9%2(X,v) which implies
that

QA
|lof: L2 (X, W)|| < C ”f:Lp’Tl(X,u)”

Thus

S

1

1 P 1
Ifl9d <C : Dy
<M(B)MJX' fl ”(")> = ppE RAQLEECY

f = xgp Where a € X and r > 0 then
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S

1

axs () 1° dv(x)) 12500 [P dp(x)
<<B>1f ’ (B)HB

1

( (B)*2 f(de‘(y)) dv(x)) < cu(B) pﬁ ,U(B)p

-QA 1

u(B) @ P s u(B)V(B)q < Cu(B) »# u(B)r

Because p’ = Ll %— = ’L—zand Cor® < u(B) < €;r? then
1 1
v(B)4 < Cu(B)r'r* B
1 _e
v(B)a < Cr v'rP-@

v(B) < Cr(ﬁ_a_ﬁ)q

Sufficiency. Given arbitrary ball B on X. Suppose that B := B(a,r) and B := (a,2r) and
Ql1
fe e (u). we write

f=hHhtf= f)(g +f)(§c

Ifi: L) = ( f FOOIP du(x)>

1
p

oM
= u(B) #v o | fOIPdu
u(B) B B

Q41 pQ_ll
< uB) P ||f: L7 (X.u)”

if f; € LP(X, u), and using Theorem 3.2, it is obvious that

(L [ et dv(x))% <uB T ( [ et |qolv(x>>g
uB) Jy° ! B B '

< u(B) T igfi: LAV

< Cu(B) T lIfi: P (Wl
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< CM(B) 0 u(B) " >

Qll
aaean]

pQ_’ll
<c e oo

further we will prove,

f)
()] = SPASCA,
lf Wl
—  d
8 L(xJ/)Zr 5(x, y)ﬂ—a HO)

C IF I
< —d
= Z »]Zkr<5(x y)<2"+1r 6(.76' )ﬁ a M(Y)

=0

< i (ler)ﬁ_a L (x,y)szmrlf Ol du(y)

k=0

i 1
scz L [f COIP du(y) 1du) | o5

=0 (x,y)<2kt1y J5(x,y)52k+1r

< cu(B) ¥ |[r:c”5 x, )||Z (B, 2541t
Iz U U (2Fr)pa
Qll Q/l]_
= u(B) o=t .75 (x|
Then
a A2 QA1 Q/11
( & afz(x)|qdv(x)) = Cv(BYu(BY « (B B rbrt £ L7780 x|
Q11
el o)
The proof is complete.
—a-2
The condition % =2 is interchangeable to the condition v(B) < crife=n Yet, the

following theorem is hold obviously.
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Theorem 3.4 Let (X, 8, 1) be a Q -homogeneous metric measure space, v be a measure on X,

p

—a-2
1<p< q<oo 1<a<ﬁ—§,0</11<i—p, and v(B) < C‘I‘(B “ p’>q with p’=;

QA A2
Then I, is bounded from £? v (X, to £%a (X, v) if and only if there is a constant C > 0
such that for every ball B on X,
Br q

When Q = f, the previous theorem implies the following corollary.

Corollary 3.5 Let (X, §, u) be a p-homogeneous metric measure space, v be a measure on X,

A
0 < A< % 1 <p < ﬁ, and %:’2_2 . Then I, is bounded from £P7 (X,p) to

«
Ay
£%4 (X, v) if and only if there is a constant C > 0 such that for every ball B on X,
1 a
v(B) < cu)'H)
Corollary 3.6 Let (X, 8, u) be a B-homogeneous metric measure space, v be a measure on X,
1 a
0< X< % 1<p< g and v(B) < C,u(B)q(TE). Then 1, is bounded from

2 1z
Ll (X, to £%a (X, v) if and only if there is a constant C > 0 such that for every ball B
on X,

4. CONCLUSIONS

Through our work we have been able to extend the known results for the classical fractional
integral operator I, to the boundedness of with measure p and v on Morrey spaces over Q-
homogeneous metric measure space. Our results not only cover the known results for I,, but
also enrich the class of funtions of a, 1, and A, for which the operator I, is bounded from the

Q1
classical Morrey space £”78 (1) to L£9%2(v), on Q-homogeneous and the corollary I, is
bounded from the classical Morrey space £LP*1(u) to £L2%2(v), on f-homogeneous.
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