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Abstract. Study of graph from a group has become an interesting topic until now. One of the
topics is spectra of a graph from finite group. Spectrum of a finite graph is defined as
collection of all distinct eigenvalues and their algebraic multiplicity of its matrix. The most
related topic in the study of spectrum of finite graph is energy. Energy of a finite graph is
defined as sum of absolute value of all its eigenvalues. In this paper, we study the spectrum and
energy of detour matrix of conjugate graph complement of dihedral group. The main result is
presented as theorems with complete proof.

1. Introduction

Several graphs from some group have been studied by researchers, such as Cayley graph [1,2],
Schreier coset graph [3], identity graph [4], commuting [5,6] and non-commuting graph[7-9],
subgroup graph [10,11], power graph [12], inverse graph [13,14] and conjugate graph [15] of a group.
For non-abelian finite group G, two elements x and y in G are said to be conjugate to each other if
there exists an element z in G that satisfies x = zyz~'. Let [e], [x;], [x2], ..., [xp] are all conjugacy
classes of G. The conjugate graph of group G contains all elements of G as its vertex set and two
distinct vertices will be adjacent if they are representatives of the same conjugacy class [15]. So, the
vertex y will be adjacent to x; if y € [x;]. In this paper, conjugate graph of a group G will be denoted
by C(G) and the complement of C(G) will be denoted by C(G). Two distinct vertices of C(G) are
adjacent if and only if they are not adjacent in C(G). The cardinality of the vertex set of C(G) and the
edge set of C(G) will be denoted by p(C(G)) and q(m), respectively. For a graph G, p(G) is called
the order of G and q(G) is called the size of G [16].

Detour matrix of graph G of order p that denoted by DD(G) is a (p X p)-matrix DD(G) = (Dy;)
where D;; is the length of the longest path v; — v in G [17]. Since DD(G) is a symmetric matrix, all
of its eigenvalues A; (i = 1, 2, ..., p) are real and can be labeled as 4y = A, = A3+ = 4,. Let
Ay > Ay, > Ay > - > A, are the distinct eigenvalues of DD(G), then the spectrum of DD(G) can
be written as

i, Ay e A
0@ =05y i) - mGi)
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where m(Aij) is the algebraic multiplicity of the eigenvalue Aij. The energy of DD(G) will be

denoted by Epp (G) and be defined as Epp (G) = X7_,|4;] [17,18].

The concept of spectrum was introduced by Bigg [19], the concept of detour matrix was introduced
by Harary [20] and the concept of energy was introduced by Gutman [21]. The researches about
detour spectrum of graphs have been conducted, such as detour spectrum of several graphs [17] and of
commuting and non-commuting graphs of dihedral group [22]. Several kinds of energy of graph has
been studied, for instance in [18,23-33]. Finally, the survey about kinds of energy of graph can be seen
in Meenakshi and Lavanya [34]. Since the study of detour spectrum and energy of conjugate graph
complement of dihedral group has not been done yet, we do this study.

2. Result
First, we show some properties of conjugate graph complements of dihedral group.
THEOREM 1: Let C(D,,) be conjugate graph of dihedral group D,,, of order 2n, where n = 3 and n

is positive integer. The number of edge in complement of conjugate graph of D,,, is

() a(CDz)) = 22 for odd n.

J— 2_
(i) ¢q(C(Dyy)) = Mzﬂfor even n.
PROOF: (i) For odd n, all of conjugacy classes of dihedral group D,,, are [1]1= {1}, [] = {r, ¥}, ["]
= {7, 7, L [rD2] = [p(mD/2 p(mD/2H Y and [s] = { s, 57,512, 573, ., st 1) According to
definition of conjugate graph, C(D,,) will contains a complete graph K, (n - 1)/2 complete graphs K,

and a complete graph K,,. Thus, q(C(D,,)) = (n?> — 1)/2. Then, we have
2n(2n—=1) n*-1 _ 3n*-2n+1

q(C(D2p)) = —, =,
(iii) For even n, all of conjugacy classes of dihedral group Dy, are [1] = {1}, [r"/2] = {r"/2}, [r] =
{r, 7Y, [P = 47, P, L PR = 2 2 s = (s, s, st L, st 2Y and [sr] = (s

s, s, ..., st 1 According to definition of conjugate graph, C(D,,) will contains two complete
graphs K, (n - 2)/2 complete graphs K, and two complete graphs K,.. Thus, q(C(D,,)) = (n? —
4)/4. Then, we have

—_— 2n(2n-1) 24 7n’—4n+4
q(C(Dm)) = —5—— ===

THEOREM 2: Detour matrix of complement of conjugate graph of dihedral group D,,, for odd n is
(2n X 2n)-matrix

——— (A B
pp(C) = (o)

where

A= (a; ) isan (n x n)-matrix with a;; = 2n - 2if i # j and a;; = 0 elsewhere,

B = (by;) is an (n X n)-matrix with b;; = 2n - 1 for all i and j, and

C = (c;;) isan (n x n)-matrix with ¢;; = 2n- 1ifi # jand ¢;; = 0 elsewhere.

PROOF: According to the proof (i) of Theorem 1, the conjugacy classes of dihedral group are

[1] — {1}, [7‘] — {T‘, T'n_l}, [rz] — {rz’rn—z}, . [r(n—l)/z] — {T(n_l)/z,r(n_l)/2+1} and

[s] = {s,sr,sr?,..,sr™"1}. They will be a complete graph in C(D2n), respectively. Therefore, in

C(D,,), vertex 1 is adjacent to r! and sr’ (i =1,2,..,n—1), vertex ' is adjacent to sr/ (i =

1,2,..,n—1and j =0,1,2,..,n — 1) and vertex sr’ is not adjacent to sv/ (i,j = 0,1,2,..,n — 1).

Then we can establish the longest path between two distinct vertices in C(D,,,) as follow. _

(i) Forriand/,1<i<j< n,we can construct a path P: r', sr', r'** sr'™ .. At s pf* s
P2 st st e sr r? sr2 r? sr? r sr, . This path P contains all element of Dy,

except st/ . Hence, the length of P is 2n - 2.
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i) Forriandsr/,1<i,j<mn,wecanconstructapath P: r' sr', r* sr'* ... r?
] p

, Sl’j'l, r.j+l, Sl’j+1, r.j+2,
sP*2 " st srt 2 srE L st st sl Thus, path P ocontains all element of D,,,.
Hence, the length of P is 2n - 1.

(i) For sr’ and s7/,1 < i <j < n, we can construct a path P: sr', r', r'**, sr'*?, ..., P sPi?, i sP*,
A2 sP*2 e s, r o srt r2 st r? st s 1, sl Thus, path P ocontains all element of
D, . Hence, the length of P is 2n - 1.

From (i)-(iii), giving label to the rows and the columns of DD(WM)) in appropriate way, we will

reach the desired proof. m

For any two distinct vertices in C(D,,) for even n, the longest path has the length 2n - 1. It is
stated as the following theorem.
THEOREM 3: Detour matrix of conjugate graph complement of dihedral group D,, for even n is
(2n x 2n)-matrix DD(C(D2,)) = (D;; ) where D;; = 2n — 1if i # j and D;; = 0 elsewhere.
PROOF: All of conjugacy class of dihedral group D,, for even nare [1]= {1}, [r"/2] = {r"/?}, [r] =
{r, Y, [P =7, P, L PR = 2 e 2 6] = s, s st L s T2 and [sr] = (s
s, s, ..., sr™ 1 Each conjugacy class will be a complete graph. So, in C(D,,), it will be a
complete 5-partite graph where ¥, = {1, 7/2}, V, = {r,r?, ..., 7™/27 1}, = {pn=1,pn=2 | pn/2+1}
Vi= {s,sr? srt, ..,sr" 2} and Vs ={sr,sr3,..,sr™ 1} are its partition sets with |V;| = 2, |[V;| =
Vsl = n/2 —1and |Vy| = |Vs| = n/2.Cycle W: 1,s, r, s, 1%, sr, .., v™/271 sy =2 y/2 gp 771,
s, L,/ 2H srm=1 s one of the Hamiltonian cycles in C(D,,,). Hence, C(D,,) is a
Hamiltonian graph. And for every two distinct vertices in C(D,,,) for even n, we can always find its
Hamiltonian path. Consequently, the longest path between two distinct vertices in complement of

conjugate graph of dihedral group D,,, for even n has the length 2n - 1. m
Based on Theorem 2 and Theorem 3, we can determine the characteristics polynomial of detour

matrix DD(C(D,,)). The characteristics polynomial of detour matrix DD(C(D,,)) is defined by

p(2) = det(DD(C(D,,)) — AI), where I is identity matrix of order (2n x 2n) [35]. To compute

det( DD(C(D,,)) — AI), we can eliminate matrix DD(C(D,,)) — Al using Gaussian elimination

method to get an upper triangular matrix U. Then, det( DD(WM)) — Al is equal to the product of

all entry in the main diagonal of U. We present the following lemma for odd and even n. The lemma

will be very useful in determining detour spectrum and energy of C(D5,,).

LEMMA 1: Let C(D,,) be a complement of conjugate graph of dihedral group D, for positive

integer n and n > 3. The characteristics polynomial p(2) of detour matrix DD(C(D5,,)) is

() p() = A2—4ar—(4/2)? —B)(A+(@2n—2))""'(A+@n—1)"" where A = (4n?—7n+3)
and B = (4n* — 4n3 + (5n% — 2n + 1)/4) for odd n, and

(i) p() = @A —(@n—1D2(A+ @n—1)""" forevenn.

PROOF: (i) If n is odd, we determine the characteristics polynomial p(4) of DD(m) in Theorem

2 by eliminating DD(WM)) — Al using Gaussian elimination method to an upper triangular matrix

U. It follows that p(4) is a product along main diagonal of U. (ii) If n is even, then DD(WM)) =

(2n—1)(J — 1), where J is all one square and [ is identity matrix whose order is the same as the order

of DD(C(D,,)). Hence, the characteristics polynomial p(2) of DD(C(D,,)) is p(A) = (A —

2n-1D)(A+2n-1)""". =

THEOREM 4: The spectrum of detour matrix of conjugate graph complement of dihedral group D,,,
for odd positive integer n and n = 3 is
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specon (CO) = (% +2V2AZ+4B —(2n—1) -(2n-2) 5-3V2AT+ 43),
1 n—1 n—1 1
where A = (4n? — 7n + 3) and B = (4n* — 4n3 + (5n% — 2n + 1)/4).
PROOF: Let n be odd, letting p(1) = 0 for Lemma 1(i), we have its eigenvalues are 1, = (A +
V242 +4B)/2, 1, = —(2n—1), A3 = —(2n—2) and A4, = (A —V2A4% + 4B)/2. From Lemma 1(i)
we also have m(4;) = m(14) = 1 and m(4,) = m(43) = n — 1. It completes the proof. m
THEOREM 5: The spectrum of detour matrix of conjugate graph complement of dihedral group D,,
for even positive integer nand n = 3 is
- 2 _ _
specpp(C(D2n)) = ((Zn 1 D (Zznn_ 11))

PROOF: From Lemma 1(ii), it is clear that the eigenvalues of DD(C(DZn)) are 1; = (2n — 1)? and
A, = —(2n—1) and we have their algebraic multiplicity are m(4;) =1 and m(4,) = 2n —1,
respectively. m
COROLLARY 1: The energy of detour matrix of conjugate graph complement of dihedral group D,,
for odd positive integer n and n > 3 is Epp (C(D2,)) = 2(n— 1)(4n — 3)
PROOF: Based on Theorem 4, we have
Epp(C(Dzn)) = E + %\/ZAZ + 4B| +(n-1D)C2n-D+nm-1)2n—-2) + E — %\/ZAZ + 4B|

> (n—1)(4n —3) + |5 +3V247 + 4B + 5 — S V247 + 4B|

=(n—1)MAn-3)+ |A|

=(n—-1)(4n—-3)+ (4n* —7n+3)

=2(n—1)(4n—3). m
COROLLARY 2: The energy of detour matrix of conjugate graph complement of dihedral group D,,
for even positive integer n and n > 3 is Epp (C(D,,)) = 2(2n — 1)2
PROOF: According to definition of energy, it is clear from Theorem 5 that Epp(C(Dy,)) =
22n—-1)%. m

3. Conclusion

In this paper, we have discussed the detour spectra and detour energy of conjugate graph complement
of dihedral group D,,. Given that the kinds of energy of a graph are so numerous, further research
may be undertaken to determine the other energies of the conjugate graph complement of dihedral
group Dy,,.
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