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ABSTRACT
The line tension between two coexisting phases of a binary lipid monolayer in its fluid state has contributions not only from the chemi-
cal mismatch energy between the two different lipid types but also from the elastic deformation of the lipid tails. We investigate to what
extent differences in the spontaneous curvature of the two lipids affect the line tension. To this end, we supplement the standard Landau-
Ginzburg model for the line tension between coexisting phases by an elastic energy that accounts for lipid splay and tilt. The spontaneous
curvature of the two lipids enters into our model through the splay deformation energy. We calculate the structure of the interfacial region
and the line tension between the coexisting domains numerically and analytically, the former based on the full non-linear model and the
latter upon employing an approximation in the free energy that linearizes the resulting Euler-Lagrange equations. We demonstrate that
our analytical approximation is in excellent agreement with the full non-linear model and use it to identify relevant length scales and
two physical regimes of the interfacial profile, double-exponential decay, and damped oscillations. The dependence of the line tension on
the spontaneous curvatures of the individual lipids is crucially dependent on how the bulk phases are affected. In the special case that
the bulk phases remain inert, the line tension decreases when the difference between the spontaneous curvatures of the two lipid types
grows.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5138192., s

I. INTRODUCTION

Coexisting phases in a lipid monolayer are separated by a thin
interfacial region—a domain boundary—that gives rise to a line ten-
sion σ. The line tension of two-dimensional domains is the analog
of the surface tension in three dimensions.1 The presence of phase
coexistence occurs in a wide variety of lipid monolayers. Depend-
ing on the lateral pressure applied to a one-component monolayer
at the air-water interface, a sequence of phase transitions may be
initiated, including that from the liquid-expanded to the liquid-
condensed phase. For a two-component lipid monolayer, composed
of a lipid type A and a lipid type B, such a phase separation can

also be triggered at a constant applied pressure as a function of the
lipid composition (that is, the mole fraction of lipid A). For example,
adding the cholesterol analog dihydrocholesterol (dchol) to a lipid
monolayer composed of various saturated2,3 or unsaturated4 lipids
can trigger domain formation. Other mixtures of lipids, such as
dipalmitoylphosphatidylcholine (DPPC) and dipalmitoylphospho-
glycerol (DPPG), also give rise to the formation of distinct immisci-
ble fluid-like phases.5 In the heterogeneous environments of mixed
monolayers and bilayers, line tension plays an important role for the
shapes and sizes of the lipid domains,1,6 the nucleation kinetics,7,8

the capture zone of each domain,9 and the formation and stability of
lipid rafts.10–12
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The line tension σ corresponding to the domain boundary of a
lipid monolayer at the air-water interface has been determined based
on a variety of methods,3 including shape relaxation of domains,2,13

boundary fluctuations,14–16 and analysis of domain size distribu-
tions.12,17 Using a domain shape relaxation method that employs
non-homogeneous electrostatic fields, Bischof et al.2 have found a
correlation between line tension σ and spontaneous curvature c0 of
the involved lipids. For binary dchol-phospholipid mixtures, they
observed larger σ for phospholipids with a large negative c0 (such
as phosphatidylethanolamine) and smaller σ for lipids with small
or vanishing c0. We have taken this experimental finding as moti-
vation to develop a systematic model that relates the line tension σ
to the spontaneous curvatures cA0 and cB0 of the two involved lipid
types.

Our goal in the present work is to develop and analyze a
theoretical formalism to include elastic deformations of a binary
lipid monolayer into the calculation of the line tension between
two fluid-like coexisting phases based on Landau-Ginzburg theory.
Landau-Ginzburg theory has been used in a plethora of studies to
describe the structure and phase behavior of lipid membranes,18,19

vesicles,20–22 and simple and complex fluids.23–28 In the absence of
an elastic contribution to the monolayer free energy, our model
reduces to the well-known mean-field description of the interfacial
structure (following a hyperbolic tangent-like profile for an appro-
priately defined compositional order parameter) and corresponding
line tension.29–31 We take this as a reference with respect to which
we analyze the influence of elastic deformations of the lipid mono-
layer, which we characterize by a second order parameter, the local
average tilt angle of the lipid tails with respect to the monolayer nor-
mal. While changes in the lipid tilt angle and lipid splay enter into
the elastic free energy, we focus on the dependence of the line ten-
sion on the spontaneous curvature of the lipids (which contribute
to the splay energy). We derive an approximate (and yet very accu-
rate) analytic expression for the line tension and analyze its depen-
dence on the lipid spontaneous curvature for the two physically most
interesting cases.

II. THEORY
Consider a lipid monolayer in its fluid state at the air-water

interface. The monolayer consists of two lipid types, referred to as
“A” and “B,” with sufficiently strong mutual repulsion so that it sep-
arates into two distinct phases, one rich in A and the other rich in
B. The two phases are separated by an interfacial region (a domain
boundary) that is associated with a line tension σ, the excess energy
per unit length. Our goal is to develop a theoretical model for the line
tension, thereby accounting both for the repulsion between lipid A
and lipid B that produces the phase separation and for the elastic
energy of the lipid monolayer. Separating the “chemical” from the
“elastic” interactions allows us to investigate the role that the lipid
shape, embodied by the spontaneous curvature of each lipid type,
plays for σ.

We describe the monolayer properties locally using two order
parameters, the local composition η, defined as the mole fraction of
lipid A (ranging from η = 0 to η = 1), and the lipid tilt angle θ with
respect to the normal direction of the air-water interface. Note that
the tilt direction θ reflects an average tilt angle, which even for lipids
in their fluid state is a well defined quantity.32 We place the x-axis of

FIG. 1. Schematic illustration of a binary lipid monolayer at the air-water inter-
face that forms two distinct fluid-like bulk phases at x → ±∞. The state of
the monolayer is fully characterized by the local composition η(x) and lipid tilt
angle θ(x), both measured along the x-direction normal to the domain bound-
ary. The lipid director that defines the tilt angle θ represents an average quantity
of the lipid tails. The two fluid-like hydrocarbon tails of three lipids are shown
schematically.

a Cartesian coordinate system along the air-water interface, which
we assume to be straight, normal to the domain boundary. All prop-
erties of the monolayer then depend only on x, implying that the two
functions η(x) and θ(x) fully characterize the state of the monolayer.
Figure 1 illustrates a cross-section of the monolayer along the x-axis
schematically.

The free energy F = Fc + Fe of the phase-separated monolayer
can be expressed by a “chemical” (index “c”) and an “elastic” (index
“e”) contribution. For the two individual contributions, measured
per unit length L of the domain boundary, we write

Fc
L
=

1
a

∞

∫
−∞

dx[fBW(η) +
K
2
η′2],

Fe
L
=

∞

∫
−∞

dx[
κt
2
θ2 +

κ
2
(θ′ − c0)

2
],

(1)

where we express all energies in units of the thermal energy unit kBT,
the Boltzmann constant kB times the absolute temperature T. Both
integrals in Eq. (1) run from −∞ to∞, where the two distinct phases
exist in their bulk state.

The “chemical” contribution [Fc in Eq. (1)] integrates over a
local free energy

fBW(η) = η lnη + (1 − η) ln(1 − η) + χη(1 − η) (2)

and a gradient term (the prime denotes the derivative with respect to
x) with a corresponding modulus K. The function f BW(η) expresses
the mean-field free energy of a binary two-dimensional lattice gas,
measured per lattice site. The parameter χ embodies the lipid-
lipid interaction strength. Positive χ signifies effective repulsion
between lipids of types A and B; in the absence of additional inter-
actions, phase separation takes place for χ > 2. Note that the mean-
field approximation of a lattice gas is also known as random mix-
ing approximation, and the corresponding free energy as Bragg-
Williams free energy29 (hence the subscript “BW”). Each site of the
lattice gas has a cross-sectional area a, which we identify with the
cross-sectional area per lipid. We assume a is constant and uni-
form for all lipids of the monolayer irrespective of the location and
deformation state.

The “elastic” contribution [Fe in Eq. (1)] accounts for the ener-
gies associated with lipid tilt, θ, measured relative to the normal
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direction of the air-water interface, and lipid splay, θ′ (recall that
the prime denotes the derivative with respect to x). Three mate-
rial parameters are contained in Fe: the tilt modulus κt , the bend-
ing stiffness κ, and the spontaneous curvature c0. The latter reflects
the preferred shape of the lipids, ranging from c0 > 0 for cone-
like lipids to c0 < 0 for inverted cone-like lipids. Although the lipid
monolayer lays flat on the air-water interface, the lipids are able to
undergo a splay deformation by changing the angle θ as function
of x. The corresponding modulus κ can be identified as a bending
stiffness.33–35

The material parameters κ, κt , and c0 contained in Fe may all
be functions of the local lipid composition η. While these depen-
dencies will only moderately affect the magnitudes of κ and κt ,
mixing cone-like with inverted cone-like lipids will obviously alter
not only the magnitude but also the sign of the spontaneous cur-
vature c0. In order to most clearly establish the role of the sponta-
neous curvature, we assume that κ and κt are independent of η and
that the spontaneous curvature depends linearly on the composition
through

c0(η) = cA0 η + cB0(1 − η), (3)

where cA0 and cB0 are the spontaneous curvatures of lipid monolayers
consisting only of lipid types A and B, respectively. A lipid mono-
layer with a free energy F according to Eq. (1) and a spontaneous
curvature according to Eq. (3) gives rise to a critical point η = ηc,
θ = θc, and χ = χc with

ηc = 1/2, θc = 0, χc = 2 +
a
2
κ (cA0 − c

B
0)

2. (4)

Note that the increase of χc beyond 2 can be interpreted in terms of
the “frustration energy” that is stored in a planar lipid layer with a
composition-dependent spontaneous curvature c0(η). Equation (4)
suggests the introduction of the new compositional variable ϕ and
the excess lipid-lipid interaction strength Δχ (in excess to the critical
value, with Δχ > 0) via

η = ηc + ϕ, χ = χc + Δχ (5)

and to expand F in the vicinity of the critical point up to fourth order
in ϕ. This yields a Landau-Ginzburg type free energy in terms of the
two order parameters ϕ(x) and θ(x),

F
L
=

1
a

∞

∫
−∞

dx { − Δχ ϕ2 +
4
3
ϕ4 + aκc̄0 Δc0ϕ +

K
2
ϕ′2

+ a[
κt
2
θ2 +

κ
2
θ′2 − κθ′(c̄0 + Δc0 ϕ)]}, (6)

where we have defined the average, c̄0, and difference, Δc0, of the
spontaneous curvatures of the single-component A and B lipid
monolayers via

c̄0 =
cA0 + cB0

2
, Δc0 = cA0 − c

B
0 . (7)

With these definitions, Eq. (3) now reads c0(ϕ) = c̄0 + Δc0 ϕ. We
reiterate that F in Eq. (6) coincides (up to an arbitrary constant) with
the free energy F = Fc + Fe in Eq. (1) only in the vicinity of the critical
point.

In thermal equilibrium, all lipids of type A must have the same
chemical potential μA everywhere in the lipid monolayer. An equiva-
lent statement also applies to the chemical potential μB of the type-B
lipids. Because our model involves only one single compositional
degree of freedom (ϕ), the only relevant chemical potential is the
difference Δμ = μA − μB. We fix Δμ by the Legendre transformation
F̃ = F − (L/a) ∫∞−∞ dx Δμ ϕ. Minimizing F̃ in the bulk of each coex-
isting phase (at x → ±∞) and accounting for the common-tangent
condition of two coexisting phases29 yields the bulk equilibrium val-
ues ϕ(x→ ±∞) = ±ϕeq and θ(x→ ±∞) = ±θeq as well as the chemical
potential difference Δμ. We find

ϕeq =
√

3
8
Δχ, θeq = 0, Δμ = aκc̄0 Δc0. (8)

The expression for Δμ eliminates the term linear in ϕ from the free
energy F̃. This implies [see below in Eqs. (11) and (13)] that the
line tension σ does not depend on the average spontaneous curva-
ture c̄0, defined in Eq. (7). That is, it only depends on the difference
Δc0 = cA0 − c

B
0 , but not on cA0 and cB0 individually.

In the following, it is convenient to define the four quantities

y(x) =
ϕ(x)
ϕeq

, ξ =
√

K
Δχ

, τ =
√

κ
κt

, ā =
3aκ

16ϕ3
eq

. (9)

The first one defines the scaled compositional order parameter y(x),
which we use instead of ϕ(x). The next two define the two character-
istic lengths ξ and τ. The final definition, that for ā, can be viewed as
a scaled cross-sectional area per lipid. Using Eqs. (8) and (9), we can
express the free energy as

F̃
L
= κ

∞

∫
−∞

dx
⎧⎪⎪
⎨
⎪⎪⎩

ϕeq
⎡
⎢
⎢
⎢
⎢
⎣

−y2 + 1
2 y

4 + ξ2

2 y
′2

2ā
− Δc0 θ′y

⎤
⎥
⎥
⎥
⎥
⎦

+
1

2τ2 θ
2 +

1
2
θ′2
⎫⎪⎪
⎬
⎪⎪⎭

.

(10)

Thermal equilibrium corresponds to the state of the lowest free
energy F̃. To find that state, the functions y(x) and θ(x) must satisfy
the two Euler-Lagrange equations

ξ2

2
y′′ = −y + y3

− ā Δc0 θ′,

θ′′ =
1
τ2 θ + Δc0 ϕeqy′,

(11)

subject to the four boundary conditions y(x → ±∞) = ±1 and
θ(x → ±∞) = 0. Note that our assumption of a vanishing tilt angle
in each bulk phase is justified for lipid monolayers in their fluid
state. The two Euler-Lagrange equations and corresponding bound-
ary conditions predict that y(x) = −y(−x) and θ(x) = θ(−x) are odd
and even functions, respectively.36 Hence, y(0) = θ′(0) = 0. Using the
two Euler-Lagrange equations and corresponding boundary condi-
tions allows us to re-express F̃/L in Eq. (10) as (see the Appendix for
details)

F̃
L
= −

4
3
ϕ4
eq

a

∞

∫
−∞

dx y4. (12)

The line tension σ corresponds to the excess free energy with respect
to the bulk, where y(x→ ±∞) = ±1. Because y(x) is an odd function,
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we can calculate the line tension from

σ = −
8
3
ϕ4
eq

a

∞

∫

0

dx (y4
− 1). (13)

In summary, to calculate the line tension σ, it is sufficient
to integrate the fourth power of the solution y(x) of the Euler-
Lagrange equations minus one, from the center of the interface
(x = 0) into one of the two bulk phases (x→∞). However, one of the
two Euler-Lagrange equations is non-linear, making it non-trivial
to find an explicit solution for y(x) and thus an analytic expres-
sion for σ. Indeed, we have not succeeded in doing so. Instead, in
Sec. III, we will demonstrate excellent agreement between numeri-
cal solutions of the present non-linear problem [Eqs. (11) and (13)]
and a linearized approximate approach that yields explicit analytic
expressions for y(x), θ(x), and σ.

If lipid types A and B have the same intrinsic spontaneous cur-
vature, then Δc0 = cA0 − c

B
0 vanishes. In this case, the Euler-Lagrange

Eq. (11) decouple and give rise to the simple solution

y(x) = tanh
x
ξ

, θ(x) = 0. (14)

The compositional order parameter following the function of a
hyperbolic tangent across a domain boundary constitutes the well-
known29–31 solution of the phenomenological Landau-Ginzburg
approach for simple fluids. Equation (13) then predicts the corre-
sponding line tension

σ =
32
9

ξ
a
ϕ4
eq, (15)

which will serve us below as reference for Δc0 = 0. That is, we
describe the influence of non-vanishing |Δc0| on the line tension rel-
ative to Eq. (15). We note that the line tension in Eq. (15) can also be
calculated using the relation29–31

σ =
8

3a
ϕ4
eqξ

2
∞

∫
−∞

dx y′2, (16)

which follows from inserting the first integral ξ2y′2 =−2y2 + y4 + 1 of
the Euler-Lagrange equation ξ2y′′/2 = −y + y3, subject to y(x →∞)
= 1, into the free energy F̃/L. Indeed, inserting y(x) = tanh(x/ξ) into
Eq. (16) recovers the line tension in Eq. (15). We emphasize that the
validity of Eq. (16) is limited to the case Δc0 = 0. In contrast, Eq. (13)
applies to any choice of Δc0.

III. RESULTS AND DISCUSSION
We first derive approximate—yet, as we shall demonstrate

below, very accurate—analytic expressions for y(x), θ(x), and σ.
We then define a proper reference state and, finally, compare our
analytic approximation with numerical solutions of the non-linear
formalism developed in Sec. II.

A. Analytic approximation
In order to find approximate expressions for y(x) and θ(x)

as well as for the line tension σ, we employ the symmetries

y(x) = −y(−x) and θ(x) = θ(−x) to re-express the free energy in
Eq. (10) as an integral over the positive region of the x-axis,

F̃
L
= 2κ

∞

∫

0

dx
⎧⎪⎪
⎨
⎪⎪⎩

ϕeq
⎡
⎢
⎢
⎢
⎢
⎣

−y2 + 1
2 y

4 + ξ2

2 y
′2

2ā
− Δc0 θ′y

⎤
⎥
⎥
⎥
⎥
⎦

+
1

2τ2 θ
2 +

1
2
θ′2
⎫⎪⎪
⎬
⎪⎪⎭

.

(17)

Our inability to identify an analytic expression for the free energy
minimum of F̃/L originates in the presence of the fourth-order poly-
nomial −y2 + y4/2 in the integrand of Eq. (17). Motivated by the
work of Gompper and Zschocke,24 we replace the fourth-order poly-
nomial by two second-order polynomials, one for y < 0 and another
one for y > 0. This double-parabola approximation37,38 leads to
piecewise linear Euler-Lagrange equations that can be solved analyt-
ically and may thus give rise to a reasonably simple analytic expres-
sion for F̃/L. To ensure a stable bulk phase, the quadratic polynomial
should have a local minimum at y = 1. We therefore make the ansatz
to replace

− y2 +
1
2
y4
→

c2

2
(y − 1)2

−
1
2

(18)

in Eq. (17), with a yet to be determined parameter c. Figure 2 shows
the function −y2 + y4/2 (black solid line) together with its approxi-
mation [c2(y − 1)2

− 1]/2 for c = 1 (blue dashed line), c = 4/3 (red
dashed line), and c = 2 (green dashed line). Clearly, the choice c = 1
leads to a match at positions y = 0 and y = 1. On the other hand, the
choice c = 2 provides the best fit in the vicinity of y = 1.

We determine the value of c such that we reproduce our refer-
ence result for σ in Eq. (15) when Δc0 vanishes. The choice Δc0 = 0
leads to θ(x) = 0 and thus leaves us with the free energy

FIG. 2. The function −y2 + y4/2 (black solid line) together with its approximation
[c2(y − 1)2

− 1]/2 (dashed lines), displayed for c = 1 (blue), c = 4/3 (red), and
c = 2 (green).
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F̃
L
=

16
3
ϕ4
eq

a

∞

∫

0

dx [
c2

2
(y − 1)2

−
1
2

+
ξ2

2
y′2], (19)

which, subject to y(0) = 0 and y(x → ∞) = 1, is minimized by
y(x) = 1 − e−cx/ξ . This leads to the line tension

σ =
8
3
ξ2

a
ϕ4
eq y
′
(0) =

8
3
ξ
a
ϕ4
eq c. (20)

Matching of σ in Eqs. (15) and (20) yields c = 4/3. The corresponding
approximation is displayed by the red dashed line in Fig. 2. We will
use the value c = 4/3 in the remainder of the present work.

Based on the approximation introduced in Eq. (18), together
with c = 4/3, the free energy in Eq. (17) now reads

F̃
L
= 2κ

∞

∫

0

dx
⎧⎪⎪
⎨
⎪⎪⎩

ϕeq
⎡
⎢
⎢
⎢
⎢
⎣

8
9(y − 1)2

− 1
2 + ξ2

2 y
′2

2ā
− Δc0 θ′y

⎤
⎥
⎥
⎥
⎥
⎦

+
1

2τ2 θ
2 +

1
2
θ′2
⎫⎪⎪
⎬
⎪⎪⎭

. (21)

This gives rise to the two linear Euler-Lagrange equations

ξ2

2
y′′ =

8
9
(y − 1) − ā Δc0 θ′,

θ′′ =
1
τ2 θ + Δc0 ϕeqy′,

(22)

which need to be solved subject to the boundary conditions
y(x = 0) = 0, θ′(x = 0) = 0, y(x → ∞) = 1, and θ(x → ∞) = 0.
Inserting the Euler-Lagrange equations back into Eq. (21) and using
the boundary conditions allows us to compute an expression for the
excess free energy, namely, the line tension

σ =
8
3
ξ2

a
ϕ4
eq y
′
(0) + κϕeq Δc0 θ(0). (23)

Because the Euler-Lagrange Eqs. (22) are linear, it is straightforward
to identify their analytic solution

y(x) = 1 +
e−ω1x[(ω2ξ̄)2

− 1)] − e−ω2x[(ω1ξ̄)2
− 1)]

(ω2
1 − ω2

2)ξ̄2
,

θ(x) =
Δc0 ϕeq
(ω2

1 − ω2
2)ξ̄2

(
e−ω1x

ω1
−
e−ω2x

ω2
),

(24)

where we have defined ξ̄ = 3ξ/4. The two inverse characteristic
lengths ω1 and ω2 satisfy the equations

ω2
1 + ω2

2 =
1
τ2 +

1
ξ̄2
(1 − s2

), ω1ω2 =
1
τ ξ̄

, (25)

where we have introduced the quantity

s = Δc0

√
9
8
ā ϕeq =

3
8
Δc0

ϕeq

√
3
2
aκ. (26)

It is useful to analyze how the two inverse characteristic lengths
behave as function of s. For a sufficiently small magnitude

|s| < str , both ω1 and ω2 are positive real numbers, indicating a
double-exponential decay of y(x) and θ(x). In the region, str < |s|
< smax, the two quantities ω1 = ωr + iωc and ω2 = ωr − iωc are
conjugate complex numbers, implying that y(x) and θ(x) exhibit
spatially damped oscillations. The prediction of damped oscillations
for the spatial relaxation of lipid layers and other amphiphilic sys-
tems is not uncommon,39,40 especially when more than one order
parameter is needed to describe their energetic behavior. For |s|
> smax, the monolayer is structurally unstable, with undamped
oscillations due to both ω1 and ω2 being imaginary numbers. We
find

str = ∣1 −
ξ̄
τ
∣, smax

= 1 +
ξ̄
τ

. (27)

Two other special cases deserve to be mentioned. At |s| = sbal, the
real and imaginary parts ωr and ωc are equal to each other, ωr = ωc.
Finally, at |s| = svan the line tension σ, which we calculate below [see
Eq. (30)], vanishes. We find

sbal =

√

1 +
ξ̄2

τ2 , svan =

¿
Á
ÁÀ(1 +

ξ̄
τ
)
ξ̄
τ

. (28)

Note that the superscripts in Eqs. (27) and (28) stand for transition
(“tr”), maximal (“max”), balanced (“bal”), and vanishing (“van”). If
ξ̄ = τ, then str = 0 and no regime of double-exponential decay exists;
at the same time, sbal = svan coincide.

In Fig. 3, we display the characteristic lengths based on the par-
ticular example ξ = 2 nm and τ = 1 nm. This leads to ξ̄ = 1.5 nm
and thus str = 0.5, sbal = 1.803, svan = 1.936, and smax = 2.5. We show

FIG. 3. Visualization of the solutions (in nm−1) of Eq. (25) as function of |s|. For
0 < |s| < str , we display ω1 (green) and ω2 (blue), and for str

< |s| < smax , we
display ωr (magenta) and ωc (violet) with ω1 = ωr + iωc and ω2 = ωr − iωc being
complex conjugate numbers. We also mark the values sbal and svan. The diagram
is calculated for ξ = 2 nm and τ = 1 nm, leading to ξ̄ = 1.5 nm as well as to
str = 0.5, sbal = 1.803, svan = 1.936, and smax = 2.5.
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ω1 (green) and ω2 (blue) as a function of |s| in the region 0 < |s| <
str . We also show ωr (magenta) and ωc (violet) as a function of |s|
in the region str < |s| < smax. Note that Fig. 3 describes the principal
physical behavior of the solutions y(x) and θ(x) in the entire range of
s, where the lipid monolayer has two stable coexisting bulk phases.
If a, κ, and ϕeq are independent of Δc0, then s is proportional to Δc0,
leading to the same behavior of the solutions when these are ana-
lyzed with respect to Δc0. On the other hand, if a, κ, and ϕeq depend
on Δc0, then the function s = s(Δc0) is no longer necessarily linear in
Δc0.

To determine the line tension σ, we only need the two quantities
y′(0) and θ(0) [see Eq. (23)]. From Eq. (24), we obtain

y′(0) =
1
ξ̄2

1 + ξ̄
τ

ω1 + ω2
, θ(0) = −

τ
ξ̄

Δc0 ϕeq
ω1 + ω2

, (29)

which after insertion into Eq. (23) yields our final result for the
approximate line tension

σ =
8
3

16
9
ϕ4
eq

a
(1 +

ξ̄
τ
− s2 τ

ξ̄
)

1
ω1 + ω2

, (30)

with s being specified in Eq. (26). Below, we demonstrate that
Eq. (30) is an excellent approximation of the line tension in Eq. (13);
it therefore constitutes the major result of the present work.

Clearly, if Δc0 = 0, then s = 0 together with Eq. (25) implies
ω1 = 1/ξ̄ and ω2 = 1/τ, yielding σ = (32/9) ξ ϕ4

eq/a, which is identical
to Eq. (15). We also verify that σ = 0 in Eq. (30) gives rise to svan as
specified in Eq. (28).

B. Definition of reference state
Following Eq. (8), we have argued that the line tension σ

depends only on the difference between the two spontaneous cur-
vatures Δc0 = cA0 − c

B
0 but not on c̄0 = (cA0 + cB0)/2. The quantity Δc0

will serve as a control parameter in our work. Changing Δc0 can be
achieved by utilizing different types of lipids. Yet, this implies that,
in general, all material parameters that appear in Eq. (1)—including
a, χ, K, κ and κt—may be functions of Δc0. Incorporating all pos-
sible dependencies into our model introduces at least five (in the
case of linear relationships) additional parameters, of which none
are known from experiments. This suggests us to focus instead on
a small number of special cases that allow for a clear interpretation
of the predictions of our model. To this end, we assume that only
χ = χ(Δc0) may depend on Δc0, whereas a, K, κ, and κt remain
unaffected. Even more, we focus on only two cases for the function
χ = χ(Δc0). In the first case, χ will not depend on Δc0, and in the sec-
ond case, χ will depend on Δc0 in such a way that the compositions
of the two bulk phases remain unaltered. In the following, we define
the two cases accurately.

We first discuss our reference state, Δc0 = 0. In this case, we
introduce the notation χ(Δc0 = 0) = χ0, ϕeq(Δc0 = 0) = ϕ0, ξ(Δc0
= 0) = ξ0, and σ(Δc0 = 0) = σ0. Recall from Eqs. (4) and (5) that
for Δc0 = 0, we have χc = 2 and thus Δχ = χ0 − 2. Therefore,
ϕ0 = [(3/8)(χ0−2)]1/2, ξ0 = [K/(χ0−2)]1/2, and σ0 = (32/9)ξ0ϕ4

0/a
or, equivalently,

K =
√

2aσ0ξ3
0 , χ0 = 2 +

√
2aσ0

ξ0
,

ϕ0 = (
9

32
aσ0

ξ0
)

1/4
.

(31)

If reasonable values for a, ξ0, and σ0 can be estimated or extracted
from experiment, we can determine K, χ0, and ϕ0 through Eq. (31).

As mentioned above, we will focus only on two scenarios for
the dependence of χ on the difference between the spontaneous
curvatures cA0 and cB0 . We specify these two cases as

χ = χ0 + ϵ
a
2
κ (Δc0)

2, (32)

with ϵ adopting one of two values, either ϵ = 0 or ϵ = 1. Because of
Δχ = χ0 − 2 + (ϵ − 1)(a/2) κ (Δc0)

2, we can specify how ϕeq and ξ
depend on Δc0. From Eqs. (8), (9), and (31), we find

ϕeq =

¿
Á
ÁÀ3

8

⎡
⎢
⎢
⎢
⎣

√
2aσ0

ξ0
+ (ϵ − 1)

a
2
κ (Δc0)2

⎤
⎥
⎥
⎥
⎦

,

ξ =
ξ0

√

1 + (ϵ − 1) a2κ (Δc0)2
√

ξ0
2aσ0

.
(33)

This also yields the Δc0-dependencies of ξ̄ = 3ξ/4, of s in
Eq. (26), and of ω1 and ω2 in Eq. (25), thus fully specifying the
Δc0-dependence of the line tension σ = σ(Δc0).

We note that for ϵ = 0, an increase in |Δc0| moves the coexisting
compositions ± ϕeq closer to each other until, for

Δclim0 = (
8 σ0

a κ2 ξ0
)

1/4
, (34)

the compositional difference between the bulk phases vanishes, ϕeq
= 0. Then, there is no phase transition anymore, implying that the
line tension σ vanishes. We expect (and demonstrate below) that in
this case the reduction of σ with growing |Δc0| mainly reflects the
diminishing mismatch between the two bulk phases. We refer to the
case ϵ = 0 as that of adjusting bulk phases.

For the other case, ϵ = 1, we find ϕeq = ϕ0 and ξ = ξ0. Hence, the
change in Δc0 does not alter the bulk phase compositions ±ϕeq. This
case is the most interesting one because the change in line tension σ
with growing |Δc0| reflects exclusively the restructuring of the inter-
facial region without being affected by an additional adjustment of
the bulk phases. We refer to the case ϵ = 1 as that of non-adjusting
bulk phases.

In this work, we choose for our reference state a = 0.65 nm2,
σ0 = 0.1 kBT/nm, κ = 10 kBT, κt = 10 kBT/nm2, and ξ0 = 2 nm. The
cross-sectional area per lipid a and bending stiffness κ correspond
to typical values in lipid layers.41 The magnitude of the tilt modu-
lus agrees with recent theoretical estimates32,34 and coarse-grained
computer simulations.42 Experimental1–3,6,13,17 and computational43

observations of the line tension in lipid monolayers and bilayers
exhibit significant variations but are generally on the order of 1 pN,
thus motivating our choice for σ0. Computational studies also sug-
gest ξ0 to be on the nm-range.43 Inserting our selected reference
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values into Eq. (31) yields ±ϕ0 with ϕ0 = 0.31 for the compositions
of the two coexisting bulk phases.

C. Comparison of numerical results and analytic
approximation

We are now ready to compare numerical solutions of the full
non-linear model [Eqs. (11) and (13)] with the approximate analytic
results [Eqs. (24) and (30)]. We also provide an interpretation of our
findings.

1. Adjusting bulk phases
We first consider the case ϵ = 0, where a change in Δc0 leaves all

other material parameters unaffected. Figure 4 shows y(x) = ϕ(x)/ϕeq
[panel (a)] and θ(x) [panel (b)] for three different values of Δc0 < 0.
Note that switching the sign of Δc0 merely changes the sign of θ(x)
thereby leaving y(x) and σ unaffected. The inset of Fig. 4 shows the
maximum tilt angle θmax = θ(0) as function of Δc0. Recall that for
the analytic approximation, the maximum tilt angle is specified in
Eq. (29), with ϕeq, ξ̄, ω1, and ω2 all being functions of Δc0. It appears
that our approximation in Eq. (18) reproduces the functions y(x) and
θ(x)—including the maximum θmax—with high accuracy. A maxi-
mum in |θmax| as a function of |Δc0| appears because the matching
of a growing spontaneous curvature difference by a growing non-
vanishing tilt angle |θmax| is counteracted by the decrease in ϕeq.
Indeed, according to Eq. (33), we find the decreasing equilibrium
bulk compositions ϕeq = 0.304 for Δc0 = −0.05/nm, ϕeq = 0.216 for
Δc0 = −0.2/nm, and ϕeq = 0.139 for Δc0 = −0.25/nm, which cause
θmax to eventually decrease. Ultimately, at ∣Δc0∣ = Δclim0 = 0.28/nm,
the bulk phases become identical, ϕeq = 0, implying the absence of a
phase transition and θmax = 0.

The profiles of y(x) and θ(x) in Fig. 4 appear not to involve spa-
tially decaying oscillations. That is, ω1 and ω2 are both real-valued.
Let us analyze under what conditions we will observe oscillations.

FIG. 4. (a) Compositional profile y(x) = ϕ(x)/ϕeq and (b) tilt angle θ(x) mea-
sured in radians, for the case of adjusting bulk phases (ϵ = 0), with Δc0 =
−0.05/nm (violet), Δc0 = −0.20/nm (green), and Δc0 = −0.25/nm (magenta).
The inset in (b) shows θmax = θ(0) as a function of Δc0. Dashed lines (and
open circles in the inset) correspond to numerical results of the non-linear model
according to Eq. (11); solid lines display the analytic approximation according to
Eq. (24). In all calculations, we have used a = 0.65 nm2, κ = 10 kBT, κt = 10
kBT /nm2, ξ0 = 2 nm, and σ0 = 0.1 kBT /nm. The equilibrium bulk compositions are
ϕeq = 0.304 for Δc0 = −0.05/nm, ϕeq = 0.216 for Δc0 = −0.2/nm, and ϕeq = 0.139
for Δc0 = −0.25/nm.

To this end, we consider the condition str = ∣1 − ξ̄/τ∣ that separates
the double-exponential decay from the regime of spatially decaying
oscillations [see Eq. (27)]. With the definitions of s [Eq. (26)] and the
expressions for ϕeq and ξ [Eq. (33) for ϵ = 0], we rewrite the condition
for str as

s̃tr(s̃) =
RRRRRRRRRRR

√

1 −
8
9
s̃2 −

3
4
ξ0

τ

RRRRRRRRRRR

, (35)

expressed in terms of the variable

s̃ =
3
8
Δc0

ϕ0

√
3
2
aκ. (36)

Note that s̃ becomes identical to s in Eq. (26) if ϕ0 is replaced
by ϕeq. Hence, s̃/(Δc0) = [s/(Δc0)]Δc0→0. Transitioning between
the double-exponential and damped oscillating regimes requires the
equation s̃tr(s̃) = s̃ to be fulfilled. To identify the critical value of
the ratio ξ0/τ where the transition starts to occur, we solve that
equation together with the additional equation ds̃tr/ds̃ = 1, lead-
ing to ξ0/τ =

√
34/3 = 1.94 and s̃ = 9/(2

√
34) = 0.77. Hence, for

ξ0/τ > 1.94, we will always observe double-exponential behav-
ior, whereas for ξ0/τ slightly smaller than 1.94, there is a re-
entrant behavior as function of growing |Δc0|: from double-
exponential decay to damped oscillations and then back to double-
exponential decay. The re-entrant behavior starts for ξ0/τ = 1.94 at
Δc0 = 0.217/nm. Because Fig. 4 corresponds to ξ0/τ = 2, only
double-exponential decay is observed.

Figure 5 shows the line tension σ as function of |Δc0| (see the
solid blue line, which applies to ϵ = 0). We have marked the point
Δclim0 = 0.28/nm at which ϕeq = 0 and phase separation ceases
to occur. Clearly, the line tension σ decays fast from its reference
value σ0 = 0.1 kBT/nm to σ = 0 because of the assistance from the

FIG. 5. Line tension σ(Δc0) for ϵ = 0 (blue) and ϵ = 1 (red). Open circles cor-
respond to numerical result of the non-linear model according to Eqs. (11) and
(13); solid lines display the analytic approximation according to Eq. (30). The blue
dotted line shows the line tension obtained when we only account for the indirect
Δc0-dependence of σ in Eq. (15) through ϕeq and ξ given by Eq. (33). In all calcu-
lations, we have used a = 0.65 nm2, κ = 10 kBT, κt = 10 kBT /nm2, ξ0 = 2 nm, and
σ0 = 0.1 kBT /nm. For the case ϵ = 0 this leads to Δclim

0 = 0.28/nm. For the case
ϵ = 1, this leads to Δctr0 = 0.132/nm and Δcvan

0 = 0.511/nm.
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Δc0-induced decrease of ϕeq. The assistance is in fact an almost
complete dominance. To demonstrate this, we have included into
Fig. 5 the curve given by Eq. (15) (the dotted blue line) that
is obtained by enforcing θ(x) = 0. This neglects the direct Δc0-
dependence of σ and, instead, accounts only for the indirect Δc0-
dependence through ϕeq and ξ, as specified in Eq. (33). The indirect
Δc0-dependence of σ arises exclusively from adjustments of the two
coexisting bulk phases, for which the lipid tilt degree of freedom is
irrelevant. Clearly, dotted and solid blue lines in Fig. 5 almost coin-
cide, thus demonstrating the dominance of the indirect over the
direct dependence of σ on Δc0. Hence, when calculating the line
tension between two coexisting phases as a function of a control
parameter (such as the difference in spontaneous curvatures Δc0),
it is important to not neglect the influence of that parameter on
the bulk phases. Specifically, in case our control parameter Δc0 only
affects the spontaneous curvature c0(ϕ) = c̄0 + Δc0 ϕ of the lipid
layer but no other quantity, the line tension is determined largely
by the influence of the spontaneous curvature on the bulk phases,
not by the influence of the spontaneous curvature on the interfacial
structure.

2. Non-adjusting bulk phases
For the case ϵ = 1, the interaction parameter χ in Eq. (32) adjusts

so as to fix ϕeq = ϕ0, leaving also ξ = ξ0 unaffected [see Eq. (33)].
Growing |Δc0| then leads exclusively to changes in the interfacial
structure, without affecting the bulk phases. Figure 6 displays the
compositional profile y(x) and tilt angle θ(x) for different choices of
Δc0 < 0 [here again, changing the sign of Δc0 changes only the sign
of θ(x)]. The inset of Fig. 6 shows the maximum tilt angle θmax = θ(0)
as function of Δc0. In contrast to Fig. 4, some of the profiles exhibit
spatially decaying oscillations. From str in Eq. (27) and the definition
of s in Eq. (26), we find that ∣Δc0∣ = Δctr0 with

Δctr0 =
8
3
ϕ0

√
2

3aκ
∣1 −

3
4
ξ0

τ
∣ = 0.132 nm−1 (37)

FIG. 6. (a) Compositional profile y(x) = ϕ(x)/ϕeq and (b) tilt angle θ(x) measured
in radians, for the case of non-adjusting bulk phases (ϵ = 1), with Δc0 = −0.05/nm
(violet), Δc0 = −0.2/nm (green), Δc0 = −0.3/nm (magenta), and Δc0 = −0.4/nm
(blue). The inset in (b) shows θmax = θ(0) as a function of Δc0. Dashed lines
(and open circles in the inset) correspond to numerical results of the non-linear
model according to Eq. (11); solid lines display the analytic approximation accord-
ing to Eq. (24). In all calculations, we have used a = 0.65 nm2, κ = 10 kBT,
κt = 10 kBT /nm2, ξ0 = 2 nm, and σ0 = 0.1 kBT /nm. This leads to Δctr0 = 0.132/nm,
Δcbal

0 = 0.476/nm, Δcvan
0 = 0.511/nm, and Δcmax

0 = 0.660/nm.

separating the regimes of double-exponential decay from spatially
decaying oscillations. Further on, at ∣Δc0∣ = Δcbal0 = 0.476/nm,
the real and imaginary parts ωr and ωc of ω1 = ωr + iωc and
ω2 = ωr − iωc are equal to each other. Next, at ∣Δc0∣ = Δcvan0
= 0.511/nm, the line tension σ vanishes, as can indeed be observed
in Fig. 5 (the red line corresponds to ϵ = 1). We note that despite
the vanishing line tension, the bulk phases remain stable. Only for
∣Δc0∣ > Δcmax

0 = 0.660/nm do the bulk phases develop a structural
instability. As already observed in Fig. 4, our analytic approxima-
tion given by Eq. (24) (solid lines in Fig. 6) is an excellent approx-
imation of the numerical solution to the full non-linear Euler-
Lagrange equations given by Eq. (11) (broken lines in Fig. 6 and
open circles in the inset of Fig. 6). For the line tension, the agree-
ment becomes virtually quantitative—compare the solid lines in
Fig. 5 [the approximate analytic result according to Eq. (30)] to
the open circles [the numerical result of the full non-linear prob-
lem according to Eq. (13)]. When the effective lipid-lipid interac-
tion parameter χ = χ(Δc0) depends on our control parameter Δc0
such that the bulk phase compositions ϕeq = ϕ0 remain strictly con-
stant, then the line tension σ decays slowly as function of growing
|Δc0|. Eventually, however, it decreases to zero, and it does so before
the bulk phases develop a structural instability. Despite ϕeq = ϕ0
remaining constant, the line tension decreases as a function of |Δc0|
because the monolayer is able to employ the interfacial region to
alleviate some of the frustration energy that is stored in the bulk
phases.

IV. CONCLUSIONS
The standard Landau-Ginzburg model for the interfacial pro-

file and line tension between two coexisting fluid phases is based on
one single order parameter—the density for a compressible single-
component fluid or the composition for an incompressible binary
fluid.30 For a binary lipid monolayer, the tilt angle θ = θ(x) of the
lipid tails suggests to introduce a second order parameter, in addi-
tion to the scaled composition y(x). In this work, we have ana-
lyzed the ensuing two order parameter Landau-Ginzburg model
and its prediction for the interfacial profile, y(x) and θ(x), and
line tension σ between two coexisting phases in a lipid mono-
layer. Employing a previously introduced double-parabola approx-
imation24,37,38 into the free energy functional linearizes the Euler-
Lagrange equations and leads to simple, and yet remarkably accu-
rate, analytic expressions for y(x), θ(x), and σ. The approxima-
tion also allows us to identify two different physical regimes: a
double-exponential decay and spatially decaying oscillations of the
interfacial profile.

Our model describes binary fluid-like lipid monolayers at the
air-water interface that phase separate as function of their composi-
tion at fixed lateral pressure. This is reminiscent of mixed lipid bilay-
ers that phase separate into domains. However, lipid bilayers are
characterized by yet another order parameter, the bilayer thickness.
Despite some attempts to include tilt and thickness into calculations
of elastic membrane properties,44 no three-order parameter Landau-
Ginzburg model (including tilt, thickness, and composition) for a
binary lipid bilayer has been proposed and analyzed so far. Including
membrane thickness into the present model is thus a possible exten-
sion. For lipid monolayers at the air-water interface, the monolayer
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thickness does not entail an energetically relevant hydrophobic mis-
match between domains (yet, it can contribute to the miscibility45)
and is thus ignored in the present work. We have also neglected
changes of the local cross-sectional area per molecule a, assum-
ing instead that a is fixed and constant in both coexisting phases.
This approximation prevents us from having to account for differ-
ent dipole densities of different domains. Including changes in a
would appear as yet another order parameter in a Landau-Ginzburg
model.

The model proposed in this work was motivated by recent
experimental findings from Bischof et al.2 where an increase of the
line tension in binary lipid monolayers was observed as a function
of spontaneous curvature. Our present work, although suggesting a
decrease of σ as a function of Δc0 in Fig. 5, is not necessarily in dis-
agreement with the experimental findings. Recall that, in general, all
material parameters, especially χ and K, can depend on the spon-
taneous curvature. In our model, we have only investigated the two
physically most interesting cases, where either onlyΔc0 is changed or
where χ changes with Δc0 so that the bulk phases remain unaffected.
A general relationship between χ and Δc0 (and similarly between
K and Δc0) can easily be selected such that σ increases with Δc0.
However, little is known about these relationships, so we have not
included them into our present model.
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APPENDIX: FREE ENERGY CALCULATION
We derive Eq. (12) using Eq. (10), Eq. (11), and the boundary

conditions. Equation (10) can be expressed equivalently as

F̃
L
= κ

∞

∫
−∞

dx
⎧⎪⎪
⎨
⎪⎪⎩

ϕeq
−y(y − 1

2 y
3 + ξ2

2 y
′′
) + ξ2

2 (y
′y)′

2ā

−ϕeqΔc0 θ′y −
1
2
θ(−

θ
τ2 + θ′′) +

1
2
(θ′θ)′

⎫⎪⎪
⎬
⎪⎪⎭

. (A1)

Based on the Euler-Lagrange equations, we can replace y − y3/2
+ ξ2y′′/2 by y3/2 − ā Δc0 θ′ and −θ/τ2 + θ′′ by Δc0 ϕeqy′. We also
note that the two terms (y′y)′ and (θ′θ)′ in the integrand can be
integrated and, owing to the boundary conditions y′(±∞) = θ′(±∞)
= 0, do not contribute to the free energy F̃/L. This leaves us with the
expression

F̃
L
= κ

∞

∫
−∞

dx
⎧⎪⎪
⎨
⎪⎪⎩

ϕeq
2ā
(−

1
2
y4 + ā Δc0 θ′y) − Δc0 ϕeqθ′y

−
1
2
Δc0 ϕeq[(θy)′ − θ′y]

⎫⎪⎪
⎬
⎪⎪⎭

. (A2)

Here again, the term (θy)′ can be integrated and contributes nothing
to F̃/L because of the boundary condition θ(±∞) = 0. All other terms

that are proportional to Δc0 cancel out. The resulting expression is
Eq. (12).
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