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Abstract. We extend to Gaussian distributions a result providing smoothed
analysis estimates for condition numbers given as relativized distances to ill-
posedness. We also introduce a notion of local analysis meant to capture the
behavior of these condition numbers around a point.
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1 Introduction

In the 1990s D. Spielman and S.H. Teng introduced the notion of smoothed analysis,
in an attempt to give a more realistic analysis of the practical performance of an
algorithm than those obtained through the use of worst-case or average-case analy-
ses. In a nutshell, this new paradigm in probabilistic analysis interpolates between
worst-case and average-case by considering the worst-case (over the data) of the
average value (over possible random perturbations) of the analyzed quantity. See,
for instance, [7] for an overview.

An example of this analysis to the quantity Inx(A), where A is a square matrix
and k(A) := ||A|| |A~L||, was provided by M. Wschebor in [10]. Wschebor showed
that

_ max E Ink(A) <In (
AES(R"*™) AN (A,021d)

—_— o1 1
min{o’,l}) +0(), (1)
where here, and in what follows, z ~ N(%,c?Id) indicates that x is drawn from
an isotropic Gaussian distribution centered at T with covariance matrix o?Id. The
behavior of the bound H(n,o) in the right-hand side of (1) shows two expected
properties of a smoothed analysis:
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(SA1) When o — 0, H(n,o) tends to its worst-case value (there are no random
perturbations of the input in this case).

(SA2) When 0 — oo, H(n, o) tends to the average value of the analyzed quantity
(the random perturbation is over all the input data in this case).

Indeed, the convergence of H(n, o) to infinity when o — 0 is clear, and with it (SA1).
And a result of A. Edelman [6] proves that E (9 021a) In £(A4) = Inn + O(1), thus
showing (SA2).

The main agenda of this paper is to introduce the notion of local analysis, which
aims to study locally at a base point T the average value over possible random
perturbations of the analyzed quantity, without taking then the worst-case over all
input data. The benefit of such analysis is that it provides information depending
directly on the base point instead of assuming a worst-case, as in the smoothed
analysis.

We illustrate this notion by developing it for a conic condition number. This is a
condition number satisfying a Condition Number Theorem. We next describe more
precisely this notion and its context.

In 1936 Eckart and Young [5] proved that for a square matrix A, k(A4) =
I|A||/d(A,Y) where X is the set of non-invertible matrices and d denotes distance.
This result came to be known as the Condition Number Theorem, even though it
was proved more than ten years before the introduction of condition numbers by
Turing [8] and von Neumann and Goldstine [9]. In 1987 J. Demmel observed (and
proved) that similar Condition Number Theorems hold true for the condition num-
bers of various problems [3]. More precisely, he showed that these condition numbers
were either equal to or closely bounded by the (normalized) inverse to the distance
to ill-posedness. That is, that for an input data x of the problem at hand, the
condition number of x for that problem is either equal to or closely bounded by

(o) = 7ok 2

where ¥ # {0} is an algebraic cone of ill-posed inputs. One year later, Demmel [4]
derived general average analysis bounds for those (conic) condition numbers. These
bounds depend only on the dimension /N + 1 of the ambient space, the codimension
of ¥, and its degree. He carried out this idea for the complex case and stated it for
the real case (requiring ¥ to be complete intersection) based on an unpublished (and
not findable anywhere) result by Ocneanu. The underlying probability distribution
is the isotropic Gaussian on RN*! but it is easy to observe that the bounds hold
as well for the uniform distribution on the unit sphere S (or, equivalently, on any
half-sphere, due to the equality ¥(—z) = €(x)).

In [2] Demmel’s idea was extended to perform a smoothed analysis of the conic
condition number & (z) in the case that ¥ is the zero set of a single real homogeneous
polynomial F'in N + 1 variables. For this analysis one considers the centers T of the



distributions in SV (as in (1)) and there are two natural choices for the distribution
itself: a Gaussian supported in RV*! or a uniform on a spherical cap in SV. The
uniform case is studied in [2], where the following bound is obtained for 6 € [0, 7/2]:

Nd
max E In¥¢(z) < In-— +2(In2+1 3
zeSN xeBs(%,0) (@) sin 0 ( ) (3)

where d is the degree of F' and Bgs(T, #) is the spherical cap of radius 0 centered at T
which we endow with the uniform distribution. This bound H(N,d, ) recovers an
average analysis in the particular case that the spherical cap is a half-sphere. That
is,

(SA2’) H(N,d,n/2) = In(Nd)+ O(1), is the average value of In%(x) for x € SV,
see [4].

A smoothed analysis of the conic condition number #(z) in the Gaussian case
N (zZ,0%1d) was still lacking, and it is one of the results we present in this paper,
since it is strongly linked with our local analysis as we will see below. Theorem 4.1
shows that
max E In%(x) < H(N,d,o)
TeSN z~N(Z,021d)

where H(N,d, o) is an explicit bound that satisfies (SA1) and (SA2). That is

lim H(N,d,0) =00 and lim H(N,d,o) =1In(Nd)+ O(1).

o—0 T—00

With respect to local analysis, the gist is to obtain bounds for the quantities

E In%(x)
~D(T)

where 7 € SV and D(7) is either the uniform distribution on the spherical cap
Bs(z,0) or the Gaussian N (7, 0%Id).

These bounds will be expressions H(N,d, v, % (%)) where v is either 6 or o de-
pending on the underlying distribution, which should coincide with smoothed anal-
ysis bounds when ¢ (Z) = co. More precisely, if we denote by Huo (N, d, v) the result
of replacing ¥ (Z) by oo in H(N,d,v, € (7)) then we want the following:

(LAO) H(N,d,v) has the same behavior as the smoothed analysis bound
H(N,d,v).

Furthermore, when % (Z) < oo we seek the following limiting behavior:

(LA1) limO H(N,d,v,%(z)) =In(%(z)) + O(1), the local complexity at .
v—r

(LA2) li_)rn H(N,d,o,%(7)) = In(Nd) + O(1) in the Gaussian case, the average

complexity.



(LA2’) H(N,d,n/2,%4(Z)) = In(Nd) + O(1) in the uniform case, the average com-
plexity.

Indeed, we show that this is the case in Theorem 3.1 (uniform case) and Theo-
rem 4.8 (Gaussian case).

Acknowledgments. We are grateful to Pierre Lairez for many useful discussions.
In particular, for pointing to us an argument in Proposition 4.2. We also thank
Martin Lotz for making us notice, during the refereeing procedure, that there is a
nice alternative proof of Theorem 4.1.

2 Notations and preliminaries

In all what follows we consider the space RVt endowed with the standard inner
product ( , ) and its induced norm || ||. Within this space we have the unit sphere
SN = {z € RV*L: ||z|| = 1}, and for T € S we denote by B(Z,r) = {x € RN*+1:
|z — Z|| < r} the closed ball centered at T € RV*! with radius » > 0, and by

Bs(z,0) = {z e SV : 0 < «(z,7) <0} = {z € SV : (2,7) > cos b}

the spherical cap in SN centered at T € S with radius 0 < 6 < m, that is the closed
ball of radius # around Z in SV with respect to the Riemannian distance in SV.

We will also refer to the sine distance dg, in RN\ {0} given by dgn(z,T) :=
sin(<(x,7)). Let Bgn(T, p) := {x € SV : dgn(z,7) < p} denote the closed ball of
radius p with respect to dg, around z € SV. This is the union of Bs(Z,6) with
Bs(—x,0) where 6 € [0,7/2] is such that p = sin 6.

We will denote by Oy = vol(SY) the volume of SV¥. We recall (see [1,
Prop. 2.19(a)]) that

271'%
Oy = (4)
r(%%)
as well as [1, Cor. 2.20]
O
vol(B(0,1)) = Nfl (5)

and, for z € SV and 6 € [0, 5], the bound (see [1, Lem. 2.34])

@ @)
— N (sin0)"N < vol(Bs(z,0)) < —(sin0)™. (6)
2n(N + 1) 2
The main object in this paper is a conic condition number on RN*1 ie. a
function given by
]l

¢ RNTL [1,00], €(z)= m,



where 3 # {0} is the set of ill-posed inputs in RN+1 which we assume closed under
scalar multiplication. We note that & (x) > 1 for all x since 0 € X. As ¥ is scale
invariant we may restrict to data z lying in S where @ can also be expressed as

1

¢) = don(z, 5 NSV’

3 The uniform case

We endow Bgin (T, p) with the uniform probability measure. A smoothed analysis for

this measure is given in [1, Th. 21.1]. Assume that X is contained in a real algebraic

hypersurface, given as the zero set of a homogeneous polynomial of degree d. Then,
s

for all 6 € [0, 5] and p := sin 6, we have

Nd
E Ing(x) = E Ingz) < In— + K 7
z€Bs(T,0) (z) 2€Bgin (T,p) (z) sin 6 (7)
and
E In¥(x) < In(Nd)+ K, (8)

zeSN
where K = 2(In2 + 1). Here In denotes Neperian logarithm. We observe that
the equality above is due to the fact that ¥ (z) = ¢(—=x) for all z € SV and that
vol Bsin (T, p) = vol Bs(%, 0) + vol Bs(—T, 0).
The same observation applies to the following result.

Theorem 3.1. Let € ba a conic condition number on RN with set of ill-posed
inputs X. Assume that 3 is contained in a real algebraic hypersurface, given as the
zero set of a homogeneous polynomial of degree d. Let T € SN and 0 < 0 < w. Then,
for p:=siné,

Nd 1
In———+mnl2+2 ifp> ————
p+ 55 1w

BE( e)m(g(x) = L :
2€Bs(T, In——— +1n4 ifp< o
p+;(§p) 2¢(7)+1

In particular, there is a uniform explicit bound H(N,d,0,% (%)) —defined in (10)
below— such that
E In¥(x) <H(N,d0,¢ ().
x€Bs(T,0)
This bound satisfies satisfies (LAO), since Hoo(N,d,0) = In S]i\rllde—i—(’)(l) as H(N,d,0)
in (3), (LA1) and (LA2’).

1
PROOF. Assume first that ————— < p < 1. In this case, we have
2¢(@)+1
_ _ _ 1—p
p2E@T)+1)>1 <= 206@)+p>1 <= 2p€(T)>1—p — 2p>%



and we can decompose

1 +1(2)>1(+1—p) Ll 3
== = = e — < ———r.
p=3rt300 >3t o5 ) =N

Therefore, by (7),

Nd
E ¥ <Ih—+Ind+2
p

x€Bs(T,0)
<ln%+ln4+2:ln%+lnl2+2.
Pt @) Pt @)
1 .
We next assume 0 < p < —————. In this case,
2¢(7) +1
1 1 1 3 1 1—p
S > -
2¢(T) +1 4<2<g(f)+1 + 2%(f)+1> - 4('0Jr %(f))
3 1 1—0p
since > > . Equivalently,
2@+ e@ " w@
_ 4
2¢(T)+1< —1
Pt 7@

and therefore

which implies

1
71_/) +1n4

In%(z) <In
Pt

This shows the first statement. We now derive the expression of a bound
H(N,d,0,¢(T)).

Let ¢ : [0,1] — R be the function defined by

log 1 %

p—=>2(Nd—1)p 2¢® +1




1 1

— of o
2% () 2
which, by continuity, we take to be 0 when ¥(Z) = co. We note that ¢ is concave,
monotonically increasing, and satisfies ¢(0) = 1, ¢(1) = 2Nd — 1, and when ¢ (T) =

00, p(p) = 2Nd — 1. Moreover, by monotonicity,

where the exponent of p in the numerator is the logarithm in base

«p(ml)ﬂ) < so(wl(x)) — o(Nd — 1)% 1= Nd

This implies, since

1
1n71_p+1n4§1n%+1n12+2for 0<p<

and using also concavity,

Nd
lnﬁ+ln12+2§ln%+ln12+2fm <p<l1

)

that

e(p)
1-—p
¢(T)

E In%¥(z)<In +1n12 + 2.

*TGBS (570) ,0 +
That is,

2ANd—1)p Z¢@ +1

H(N,d,0,%(z)) =In +1n12 4 2. (10)

Finally, it is trivial to verify, from the specific values taken by ¢ mentioned previ-
ously, that H(N,d,0,%(x)) satisfies (LAO), (LA1) and (LA2’). O

4 The Gaussian case

We keep the same conic condition number ¥ but now consider a Gaussian measure
N(z,0%1d) in RV*! centered at 7 € S and with covariance matrix oId for 0 <
o < 0o, that is with density function given by

exp (—Ilfv —chQ)
(27“72)% 202 ‘

Since our local analysis will rely on a smoothed analysis in this case, which is not
yet known, we begin by studying a general smoothed analysis for the Gaussian case.



4.1 Smoothed analysis

Let 7 € SV. We recall that, for any 0 < 8 < 51
Bs(%,0) = {z € SV : 0 < «(z,7) < 6},

and in the particular case § = 5 we denote
s () := BS(T, g) = {x esV i 0< «(x,7) < g} ={zesS" : (2,7) > 0},
the open half-sphere centered at T.

The main result of this section is the following smoothed analysis for the Gaus-
sian distribution.

Theorem 4.1. Let ¢ be a conic condition number on RNTY with set of ill-posed
inputs Y. Assume that 3 is contained in a real algebraic hypersurface, given as the
zero set of a homogeneous polynomial of degree d, and that N > 5. Then, there
exists an explicit bound H(N,d,o) —defined in (13)— such that

max E Ing(x) < H(N,d,o).
TESN £~ N (F,021d)

This bound satisfies
(SA1) lin%) H(N,d,o) = o0, the worst-case value.
o—
(SA2) li_}IIl H(N,d,o) = In(Nd) + 2(In2 + 1), the average value, in remarkable
coincidence with (8).

The following map plays a central role in all what follows,

lz||~tz  if (z,7) >0

RV 7 — s (3), x»—){ (11)

—||z||~'z otherwise.

The main stepping stone towards the proof of Theorem 4.1 is the following.

Proposition 4.2. Let T € SV. There exists a probability density f : [0, 5] = Rxq of
a random variable 0 € [0, 5], associated to T, o and N, such that for all measurable

function F : RN+ — Rq satisfying F(x) = F(\x) for all A\ € R*, one has

_1_ __1_
E Fy=(-e=)E( E F@)+em E F)
y~N (7,021d) O~f \zeBs(T,0) zesy ()

We begin by proving the following lemma.



Lemma 4.3. For any measurable function F : RNTY — R, satisfying F(\y) =
F(y), VA € R*, one has

F(y) = / Go(<(z, 7)) F(2)da
y~N(Z,021d) s (z)

where Gz : [0, 5] = R is a decreasing function of a defined by

G() 1 e ( A+ 1—2)\cosa
(o) = ———— exp | —
! (2mo?) M) s 202

>|>\\Nd>\.
Proor.  We have
1 —lly —=|?
E F(y) = / F(y)exp| —————|d
y~N (Z,021d) ) (2m02) "5 JrN+ ) p( 202 > Y

1 0 —HA.’L’ _f||2 N
- @ F —lAT — |~
(27{'0’2)% /Sﬁ(x) (/ (Az) exp( 952 )‘)\‘ d)\) dx

1 > —[Az —Z|?Y || & ]
= Fla)| ———— exp | ———— )|\ dA|dx
/Sw) ()[(2m2)N2“ oo p( 20 )H
:/ F(z)G(x)dz
s¥ (@)

where the second equality follows from the transformation formula [1, Thm. 2.1]
applied to the diffeomorphism

v 2 if (x,@
(I)ZRN—FI\?L—)S?(?)XR\{O}, T ( (iL‘),HIEH )2 1 <.’E,£L'>.>O
(U(z), —||lx||*) otherwise,
" o~ 7?
B 1 > —|[Az —= N
G(z) = prel ( — )w dA

does not depend on F'. Now, for T,z € Sf (T),
Az —Z||2 = A2 — 2\ cos(<t(z,T)) + 1.

Therefore, G(x) =: Gz(<(x,T)) where for 0 < a < F,

1 *° A 41 —2\cosa
Gzla) = ———Fx5 exp ( - 3 )P\‘Nd)\,
(2n02) 2 J-oo 20
which is a continuously differentiable decreasing function of . O
PROOF OF PROPOSITION 4.2. By Lemma 4.3,
Fo) = [ Gala(e,2)F(o)ds, (12)
y~N(Z,0%1d) sV (@)

9



Now, by the fundamental Theorem of Calculus for 0 < o < 7,

Gal(a) = GE(@ - /a : GL(0)dg = Gj(g) . /0 : 1l o0y GL(6)d6.

Replacing this in (12) and changing the order of integration, we obtain

%
8 F0)=Ga(3) [ Pate— [ P@mnds)Gro)e.
y~N(Z,021d) 27 Jsh (@) 0 SN (7)

Now, since

/ F(z)dx / F(z)dx
E Fa)=2@ 4 B Fr) = 2@
zesy (@) vol(SY (7)) € Bs(7,0) vol(Bs(z, 0))
we obtain

s
E  F(y)=Gz(=|vol(SY¥ (@) E F
y~N (Z,021d) ) (2>V ( +(x))zeS$(E) (=)

_/072r (voI(BS(T,H)) E F(z))G’E(Q)dG.

z€Bs (5,9)

We now denote

which is a non-negative function since Gz is decreasing, and rewrite the equality
above as

E F(y)=H(N,o) E F(:L‘)+(1—62_012)/0< E_Fl(x))f(0)do,

y~N(Z,0%1d) zeS (z) 2€Bs(z,0)
where
m N N 1 > P A
H(N,o) = G§<§)VO|(S+ (7)) = vol(SY (x))m e ( -5 )w dA.
We now prove that H(N,o0) = ¢ 207 Changing variables v = % we have
vol(S¥ (7)) [ A+l
H(N,O’) = (4_(1\7-21)/ exp(—j)M\Nd)\
(2m02) 2 J-oo 20
I(SY(z)) [ 2
_ VO( +(13:+)1)/ exp(—yf—iz)|lj|NO'N+1dV
(27’[‘0‘2)T — o0 2 20
I(SY (z o2
= e m? [vo ( +N(f1)) / e_zMNdy].
(2m) 2 J-o

10



To estimate the quantity between the square brackets we use the known equality
o0 2 N+1 -
/ I/Ne_TdV:F(i>2¥
0 2

together with (4) to obtain

I(SY(z)) [*° 2 (SN (z
vol( +N(i))/ exp(—y—)|y|Ndy _ vol( +(f:1))r(N+1)2N2+1
(2m)2 Joeo 2 (2m) 2 2
_ 7'('% F(N+ 1)21\7;1
- N+1
F(T—H)(Qﬂ') 2 2
= 1.
Therefore
1 1 [2
Fy) =t E F(x)—&—(l—eza?)/ (& F@)re)as
y~N(Z,0°1d) zesY (7) 0 \z€Bs(T,9)

This implies, by taking F' = 1, that

lmeby ety [? 0)do,
e+ (=) [ 10)
i.e. .

/2f(0)d9:1.

0

Therefore f is a density on [0, 5], and

/0( E F(x))f(e)dazE( E F(a;)).

z€Bs(z,0) O~f \ zeBs(T,0)

Since ¢ (z) = ¥(Ax) for all A € R*, we can now focus on F(z) := In%(x).

Proposition 4.4. With the notation in Proposition 4.2, we have

E In#(y) <(1- e%) E (ln<

N(z,021d) ot >)+1H(Nd)+2(ln2+1).
y~N(T,0 ~

sin

11



PRrOOF. Replacing the expectations in the right-hand side of the equality in
Proposition 4.2 by their bound in (7) for p = sin6 and p = 1 = sin §, we obtain

E n#(y) = (1*6712) E( E 1nfg(:v))+efﬁ E In%(x)
y~N (z,021d) O~f \z€Bs(T,0) zeS ()

=1 Nd _ 1
< 1-e2?) E(h—+K)+e 222 E (In(Nd)+K)

o~f  sinf zes ()

< (@-e#)( B (n(g) + (Nd) + K)) + ¢ 27 (n(Nd) + K)
O~ f sin 6

< (1—e3?) E (ln< 1 ))+1n(Nd)+K,
O~ f sin 6

where K = 2(In2+ 1). The result follows from the last equality in Proposition 4.2.
O

Our next goal is to estimate the right-hand side in Proposition 4.4.

Lemma 4.5. Let 0 <t < %. Then

/tgln (Siig)f(e)de < 1n\f2+/'¢2E

sint

arcsin s 1
( /t f(a)de) ~ds.
PROOF. Write

/t; In (ﬁ)f(@)de - /tz In (ﬁ)f(@)d@ + /2 In <sir119>f(9)d9'

Since ﬁ < V2 for ¢ |7, 5], the second term satisfies

/wg In (Sir119>f(9)d6 =< ln\@/f £(6)do

We analyze the first term. Let A = {(6,7) € [t,%] x [0,In ()] : r < In(25)}
and A, = {0 € [t, %] : r < In(:i5)}. By Fubini’s Theorem we have both

sin 6

/(07T)€Af(9)d(9,r) :/tz (/Oln(sme)dr>f(9)d9:/tzln (Siie)f(e)dg

and
ln(ﬁ)
/(G,T)eAf(g)d(e’t) - /0 </96A f(9)d9>dr
Inv2 ln(Tit)
/ (/HGA d&)dr+/lnﬁ (/OEATf(O)dQ)dr

n(siit)
— V32 / 6)d6 + / ( / F(6)d9)dr,
V2 sint<sin f<e~T"

12



since t < T implies Inv2 <1In (ﬁ) and when r < In+/2, then A, = [t, 7). There-
fore,

V3

/( o, SO0 = 2 /t " po)an+ / | /t msmf(e)de)ids,

int
by taking s = e~". Finally,

V2

/tgl“(siie)f”)d@élnﬂ / Cf0) + V3 /t "0+ / " /t F(0)a0) s

int S

< mﬂ/f f(9)d9+/sfj (/tarCSinsf(H)d0>ids
V2

gln\/§+/ : (/arcsmf(e)de)lds
¢ s

sint

since [, £(6)d0 < 1. 0

Lemma 4.6. Assume N > 5. For allt € [0,7%], one has

1 (sint)V

[ #0300 < min {1, (i) + SR}

1—e2s2

PROOF. Fort < 7,

t
/Of(9)d9=9Ef(“{9g}) < E(E Vawn<))

eNf BS(Eﬁ)
1
S - 1 E ]J T
=YW N C ST E)
1

_- PI‘Ob < \I/ ,f S t 5
1— 620712 y~N (Z,021d) { ( (y) ) }

for U defined in (11). The first inequality holds because for § < t, <(z,Z) < 0 implies

<(x,T) < t, and the second by Proposition 4.2 applied to F' = ]J{q(\l,(y) <t} It is

then enough to bound the right-hand expression.

We observe that for 0 < ¢ < %, the set K = {y € RN : (¥(y),7) < t} is a
pointed cone with vertex at 0, central axis passing through = and angular opening
« := 2t. In addition, one can prove by the cosine theorem that this cone is included
in the union of the pointed cone K with vertex at 7, central axis passing through 2z
and angular opening 2« with the intersection K N B(7, 1) (see Figure 1). Hence, the
measure of K (with respect to N (%, 02Id)) is bounded by the sum of the measures

of K and K N B(7, 1).

13



Figure 1 The cones K (shaded) and K (line patterned).

As the vertex T of K coincides with the center of N(Z, o), the measure of K
with respect to N(T,0) equals the proportion of the volume (in S(Z, 1)) of the
intersection of K with S(%, 1) within this sphere. That is, the measure of K with
respect to N (T, o) satisfies

. vol(Bs(z, 2t))
Prob Ktl=——— "’
mNN(ri(,)o?Id){x € K} On

where, we recall, Oy := vol(SY). Using (6) we deduce that, for ¢ € [0, 5],

—_

— . N
INIE’(%?EQId){x € K} < i(sm(Qt)) .

14



Also,

1 |l — |
Prob {x e KN B(7,1 :/ ——exp| ——=—)dzx
z~N(Z,021d) { ( )} 2€KNB(Z,1) (271-0-2)1\];1 < 202 )
1 / 1 _
< lde = ——vol(K N B(z, 1))
(2770'2)% r€KNB(T,1) (271'0'2)%
< (KNB0,2) = M ol(B(0,2))
(2mo?) 2 (2mo?) 2
2N+ (sin )V 273 (sint
< (—Ll)vol(B(O, 1) < SN (sint)" N
©) (2r02) 2 -2 @) T(EH)(V +1)o
< N3 3 (sint)Y
T VAN = 1)3 (N + 1)gN+1

2

2 _N-1

Here we used the well-known lower bound T'(&3) > v/ 277(%) e 2 (see for

instance [1, Eq. 2.14]) for the last inequality. We finish the proof by noting that it
can be easily proven by induction, using for instance that NV*! > 2N(N — 1)V
that for all N > 5, we have

2N+% b=l
VAN 1)
Lemma 4.7. Assume N > 5. Then,

- < 1. O
2

(N+1)

1 1 N-1 1 1
eIEf(ln<sin9>) = N<1+ln (2 +0N+1) —In(l—e 2"2))'

Proor.  We have by Lemma 4.5 with t = 0,

1 Y2 carcsins .
O]IEf(ln (sin@)) = ln\/§+/0 (/0 f(e)d9> ;ds,

where by Lemma 4.6, since 0 < arcsins < 7 for 0 < s < \f

/arcsins £(6)d6 < min {1’ % <1(sin(2 arcsin 8))]\/ T (sin(arcsin S))N) }
0 _ 2

1—e 202 o+l
1 N
<1, L (4 )
1—e 202 ot
2N-1 4 ﬁ
N
< mln{l, T }

15



We have

2N71+ ]\} T 1
T o N o] e (2N 4 SN§1—672072<:>S§C(N0')
1 6_2% O-N+1 ’ ’

N (1—6_2%2)01\”1 .
where ¢(N,o0) := [ oV T N1 In addition we observe that for all N > 2,
o

2
¢(N,o) < \2[ since
(1-— efﬁ)oN‘H 1
1+ 2N-15N+1 < 27%

= 25 (1 e 5?)o Nt <14 2NN

—

¢(N,o) <

Sl

2V +
Rewriting ¢(N, o) N = ——— 27 we get
1 ¢ 27

91@f(1n(sii 0)) <Inv2+ /0 o ( /0 e f(9)d0) %ds—k / o ( /O e f(@)d&)%ds

V2

b

1
—ds

¢(N,o)
< ln\/§+/ ¢(N,o) VsV lds +
0 ¢(N,o) S

1 2
Sln\/§+f+ln£—lnc(N,a)
N 2
2N—1_|_ 1

1 N+1
Lt e
N+

1 N_1 1 _ 1
:N<1+ln(2 +UN+1)—ln(1—e 202)>.

PROOF OF THEOREM 4.1. By Proposition 4.4 and Lemma 4.7,

1 1
1 < (1 — e202 | - +In(Nd) + K
yNN(IfE,ﬂId) ngly) <(1-e )91~Ef( B <Sln9)) n(Nd)

-1
1—e2s2
N
+In(Nd) + K,

1 1
(1—|—ln (2N + JN+1) —In(1—e 2i2))

IN

with K =2(In2+ 1). We then define

(1-e27)

H(N,d,o) = ~

)—In(1—€52) ) +In(Nd)+2(In 2+1).

<1+ln (2N
(13)

oNT1
We now verify that H(N,d, o) satisfies (SA1) and (SA2):

16



(SA1) lim H(N,d,0) = lim (% (1 +In (2871 + )) +In(Nd) +2(In2 + 1))

o—0 O'NJrl
N+1 N
= lim ( * ln—d—l-O(l)) = o0.
o—00 o

Note that actually the difference of the formula in the last line compared to
(7), with the dispersion parameter o replacing sin 6, is negligible.
(SA2) lim H(N,d,o) = In(Nd) + 2(In2 + 1), and we recover the well-known,
T —00

average-case analysis, bound for E,c.gvIn(€(z)) (see [4] and [1, Theo-
rem 21.1]).

O]

4.2 Local analysis
The main result of this section is the following.

Theorem 4.8. Let € be a conic condition number on RNTL with N > 6, with set
of ill-posed inputs . Assume that X is contained in a real algebraic hypersurface,
given as the zero set of a homogeneous polynomial of degree d. Let T € SV and
o > 0. Then, there is an explicit bound H(N,d,o, € (T)) —defined in (23) below—
such that

E In#(x) < H(N,d,o,%(T)).
z~N (Z,021d)

This bound satisfies (LAO), (LA1) and (LA2).
In order to prove Theorem 4.8 we need the following lemma.
Lemma 4.9. Assume N > 2. For allt € [0,7/2],
B 210/N + 1
/2 F(6)a6 < min {1, V22N
t (1—e 2:2)t

PROOF.  The idea is to apply Markov’s inequality (e.g. [1, Corollary 2.9]) to the
density f to deduce that

[y

/t f(0)40 =Prob(0 2 1) < § E (0)

Therefore we need to bound E (). We first prove that

o~f

V2m _
E@)<—— E (¥ -7, (14)
O~f 1 — e202 YEN(T,021d)

where ¥ is given by (11), and then that

E (W) -7l) < V2ovN +1. (15)

yEN(Z,021d)

17



This implies

2novN + 1
E(0) < 22V L
O~ f 1 — e202

To show (14) we apply Proposition 4.2 with F(y) = ||¥(y) — Z|| and get

=1 o
E_(ew-a)>0-ex)E ( E (le-z]).  (16)
yEN (z,021d) O~f \z€Bs(z,0)
We claim that Y
_ 2
E(lz—7) > 3-6. (17)
z€Bs(T,0) T

Indeed, for 0 < a := <(2,7) < §, one has

2V2
7r

a<|lz—7| < a.
Therefore, writing v(6) := vol(Bs(Z, 0)),

24/2
E (le—7) > 22 <(z,7)
z€Bs(Z,0) T  xeBs(z,0)

= 2v2 </ <I[x,:c]dx+/ <z[x,x]dx>
mv(0) \ JBs(z,9) Bs(@,0)\Bs(@,2)

2v/2 040 — 0v2 (v(0) —v(§)
= mv(0) /Bg(w,e)\BS(m,g)2d oo ( v(0) >

Now, for 0 < 6 < 5, we have

0 0 0
sin9:2sin§cos§ > \/§sin§,

which implies

=]
[NCEIS

< sin 6
—_— ﬂ .
Using (6) twice we have, for N > 6,

N
v(e) < @(sing) < @%(sinQ)N < On N (sinG)N < v(9)

2 2 2 o 2 /27(N + 1) = 2
_u(l
and we deduce that V(ei(e)(ﬁ > % With this,
_ V2
E(lo—7])> 20
x€Bs(Z,0) m

18



which shows (17). From (16) and (17) it follows that
—1

V2(1 — e2?)
Uly) —7||) > ~—~——2L E (0),
n o 1F® =7 2 = E (6)

which shows (14). We now show (15). We let U*(y) be the closest point to T on the
line through 0 and y (see Figure 2) and have

E (o) -z) < v2 E (V@) —7)
yEN (T,0%1d) yeEN(Z,0%1d)

V2 B (ly-7l) < V2oVN +1,

yEN(7,021d)

IN

where the last inequality is a consequence of [1, Prop. 2.10 & Lem. 2.15].

Figure 2 The point U*(y).

This shows (15). Therefore,

2 N+1
E (9) < 7OV
O~f 1 —e2:2
as desired, and hence,
2 2ro/N + 1
/ * fo)ap < TV L 0
t (1 —e2?)t
PROOF OF THEOREM 4.8. Let ¢ := arcsin 2%1@. Since ¥ (Z) > 1, 2%1@) <3
and we have t < &. For all § <t and all x € Bs(7, 0) we have
1 1 1 1 1
—— = dgin(7,X) > dsin (T, X) —dsin(2,T) > ——sinf > — — > —>
Py nlnB) =2 Al 26D 2 @ 2¢@ - 290

19



which implies In(%(z)) < In(2%(%)).
We apply Proposition 4.2 to F(y) = In ¥ (y) and use the previous inequality and the
bounds (7) and (8) to obtain

E mg(y)=(1-e=)E( E I¢)+e = E Ing)
y~N(zZ,0) O~f \z€Bs(T,0) zesy (z)

<(1- ez_a12)<ln(2<g(x))/otf(9)d0—|—/tg (m ( N ) +K)f(0)d9

sin

N—

+e 7 (In(Nd) + K)

Sln‘f(x)(l—ei'é)/o f(0)d9+(1—e2112)/gln( 1

¢ sin 6

) £(0)d0

+In(Nd) (e*ﬁ 4 (1 - e2:?) /2 f(e)de) + K
t
since . .
(1 —ezlé)(lm/ f(9)d0+K/2 £(0)d0) + Ke 22 < K.
0 t

We next bound each of the first three terms in the right-hand side.
Applying Lemma 4.6 and the inequality sin(2¢) < 2sint¢ we obtain

37 . 1 N, (sint)
(1 —e252) /f < mln{l—e 202,§(s1n(2t)) + O_NJrl}

. NS 1
< min {1 =7, ooy + G )

= min{l — 67%%, W(QN_I + 0-1\}+1)}'

This bounds the first term in (18) by

1

1n<g(x)min{1—e‘za2,W(2N1+UN1+1)}. (19)

20



Second, by Lemma 4.5 since ¢t < &, Lemma 4.9 and ¢ > sint =

J

_1
2 cg(f) 9

V2

m(,i) £(0)d0 < /2 + / S /t f(@)d@)%ds

sin 6 1
2¢(x)

oy

\/§

ln\f—k/ 1rnin{1—e*2i2 727”; N+1}lds

t S

IN

(z)

o V2
ln\[+mln{ 2 = . }<ln(22)ln2(gl($))

= Inv/2 + min {1, 4”% Vl (Ve @)

1—e o2

dro € (T)v N

—e 2(,2

IN

< min {1, }1 %€(Z) + 2. (20)

Also, as t > 0, we have by Lemma 4.7 that

B 1 1 1 _1
/thn(Sin9>f(9)d9 < F(1+mEVT+ )~ —ea))
1 1
< +(mEY+ )~ —e757)) + 2.

Putting together this inequality and (20) we deduce that the second term in (18) is
bounded by

min{(l TR )In(€ (%)), 4m0 €(Z)V N + 11In(% (%)),

1
(1 —e 247) _ 1 _ 1
T(m (¥ + ) ~l(1—e w)) +In2. (21
Finally, using again Lemma 4.9 and t > sint = ﬁ@) we obtain

N 1 [z 1 _1 210N +1
2 1(l-e 2i2)/2f(9)d0 < e 2c1r2+min{1—e 2i2,%}
t

< min{l,efﬁ + 47 € (T)ovV N + 1}
which bounds the third term in (18) by

In(Nd) min {1, 52 + 4 ¢ (@)oV/N +1}. (22)

21



Combining (19), (21) and (22) with the bound in (18), we obtain

H(N,d,0,%(%)) = In (%) min {1 =1 @cg(lm))N (2N‘1 + ﬁ)}

+ min {(1 — 1) In((@)), 4ro ¢ @VN + 1z (3),  (23)

R )it 3)}

N oN+1

+ In(Nd) min {17 e 307 + drg(T)oVN + 1} +K,

where K = In2 + K = 3In2 + 2. We now verify that H(N,d, 0,4 (T)) satisfies
(LAO), (LA1) and (LA2).
(LAO) When ¢(Z) = co we get

1

(1—em7)
N

which is that of (13) (with a slightly bigger constant) as required in (LAO).

Hy(N,d,o) =

(1 (2N*1+0NH)—1n(1—e—za%))+1n(zvd)+0(1),

(LA1) When o — 0, we have

lim H(N,d,0,%(x)) = n(%(7)) + K,
o—r

as required.
(LA2) Also, when o — oo, we get

lim H(N,d,o,¢(T)) = In(Nd) + K,

g—00

and we recover the average-case analysis bound for E gy In(€()).
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