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Abstract

We prove that, under some additional assumption, Putinar’s Positivstellensatz holds on cylin-
ders of type S x R with S = {Zz € R" | g1(&) > 0,...,9s(Z) > 0} such that the quadratic module
generated by g1,...,9s in R[X7,..., X,] is archimedean, and we provide a degree bound for the
representation of a polynomial f € R[Xy,...,X,,Y] which is positive on S x R as an explicit
element of the quadratic module generated by g¢1,...,¢s in R[X1,..., X,,Y]. We also include an
example to show that an additional assumption is necessary for Putinar’s Positivstellensatz to hold
on cylinders of this type.

1 Introduction

Putinar’s Positivstellensatz ([I1]) is one of the most celebrated results in the theory of sums of squares

and certificates of non-negativity. This theorem states that given g1,...,g9s € R[X| = R[Xq,..., X,]
such that the quadratic module M(gy,...,gs) generated by g1,...,gs in R[X] is archimedean, every
f € R[X] positive on

S={zeR"[q:(z) 20,...,95(2) = 0}
belongs to M (g, ...,gs), which is a certificate of the non-negativity of f.

We explain now the terminology in the preceding paragraph. A subset M C R[X] is a quadratic
module if it satisfies

e lec M,
e M+ MCM,

e R[X]2M C M (i.e. M is closed under multiplication by squares).

The set of sums of squares Y R[X]? is the smallest quadratic module in R[X]. Given gi,...,gs € R[X],

the quadratic module generated by these polynomials in R[X] is

M(gl)"')gs) = {00—1—0’1914-'“—1—0’393 | 00,01,---,05 € ZR[X]Q}
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and it is the smallest quadratic module in R[X] which contains g1,...,gs. Every polynomial f €
M(g1,...,gs) is non-negative on the set S C R™ but the converse is not true in general (see [14]
Example]). A quadratic module M in R[X] is said to be archimedean if there exists N € Ry such
that

N-X?l—...—X2c M.

If the quadratic module M (g, ..., gs) is archimedean, then the set S C R"™ is compact, but again, the
converse is not true in general (see [3, Example 4.6]).

Another of the most important results in the theory of sums of squares and certificates of non-negativity

is Schmidgen’s Positivstellensatz ([12]). This theorem states that given gi,...,g9s € R[X] such that

the set S C R™ is compact, every f € R[X] positive on S belongs to the preordering T'(g1,...,9s)

generated by g1, ...,gs in R[X], which is a certificate of the non-negativity of f.

As before, we explain the terminology we have just used. A subset T' C R[X] is a preordering if it
satisfies

oIRﬂgP cT,
o I'+T CT,

o TT C T (i.e. T is closed under multiplication).

The set of sums of squares Y R[X]? is the smallest preordering in R[X]. It is easy to see that T C R[X]
is a preordering if and only if it is a quadratic module and it is closed under multiplication. Given

g1,--.,9s € R[X], the preordering generated by these polynomials in R[X] is

T(gl,...,gs):{ Z UIHg,- | O’]EZR[XP for everyIC{l,...,s}}

Ic{1,..,s} i€l

and it is the smallest preordering in R[X] which contains g1, ...,gs. It is clear that M(gq,...,gs) is
included in T'(g1,...,gs). Every polynomial f € T(¢g1,...,gs) is non-negative on the set S C R", but
the converse is not true in general (again, see [14, Example]).

Both Schmiidgen’s Positivstellensatz and Putinar’s Positivstellensatz provide a representation of a
polynomial on a basic closed semialgebraic set which makes evident the non-negativity of the poly-
nomial. A natural question is if it is possible to bound the degrees of all the different terms in these
representations. Answers to this question have been given by Schweighofer ([I3, Theorem 3]) in the
case of Schmiidgen’s Positivstellensatz and by Nie and Schweighofer ([8, Theorem 6]) in the case of
Putinar’s Positivstellensatz. In the particular case where S is the hypercube [0, 1]”, improved bounds
have been given in [2] and [6]. We include here the precise statement of [§, Theorem 6], but we
introduce first some useful definition already present in [8], [9], [10], [13], etc.

Definition 1 For

_ |Oé| v vV

f= <a 4, X € R[X]
aeNg
|o|<d



we consider the norm of f defined by
11 = max{laa| | € Ng, |a] < d};

where for a = (aq,...,ap) € NI,

!
ol =1+ +ap and o] :ﬁ.
« arl. .. ap!

Note that the definition of this norm is made in such a way that for every d € N, ||(X1+---+X,)%| = 1.

The precise statement of [8] Theorem 6] is the following.

Theorem 2 (Putinar’s Positivstellensatz with degree bound) Let g1,...,9s € R[X] such that
0 £S={z R | gi(z) >0,...,g:(z) > 0} C (~1,1)"

and such that the quadratic module M (g, ...,gs) is archimedean. There ezists a positive constant ¢
such that for every f € R[X] positive on S, if deg f = d and min{f(z)|z € S} = f* > 0, f can be
written as

f=o0+01g1+ - +0s9s € M(g1,...,9s)

with 0,01, ...,05 € > R[X]? and

(Hfdend)c
deg(00)7 deg(algl), s ,deg(asgs) <ce ! :

In the degree bound above, e = 2.718... is the base of the natural logarithm. Note that the constant
¢ depends on g1, ..., gs but it is independent of f.

The problem of representing positive polynomials as sums of squares for cylinders with compact cross-
section has been studied within the more general framework of the moment problem in [4], [5] and [9].
Under some extra mild assumption, in [9 Theorem 3] Powers obtains an extension of Schmiidgen’s
Positivstellensatz to cylinders of type S x F with § C R™ a compact semialgebraic set and F' C R
an unbounded closed semialgebraic set. The precise extra assumption under consideration is the
following.

Definition 3 Let f € R[X,Y], m = degy f and S C R™. The polynomial f is fully m-ic on S if for
every z € S, f(z,Y) € R[Y] has degree m.

In other words, the condition of being fully m-ic on S is that, when the variable Y is distinguished, the
leading coefficient (which is a polynomial in R[X]) does not vanish on S. To obtain [9, Theorem 3],
given f € R[X,Y] a positive polynomial on S x F, the idea is to consider the variable Y as a parameter
and to produce a uniform version of [I3] Theorem 3], in such a way that all the representations obtained

for all the specializations of Y can be glued together to obtain the desired representation for f.

In this paper we borrow and combine many ideas and techniques from [8], [9] and [13] to extend
Putinar’s Positivstellensatz to cylinders of type S x R, again under the extra assumption in Definition
Bl Before stating our main result, we introduce some definition and notation.



Definition 4 For

o _ . _
f= Z > <|a|>aa,iX°‘Y’eR[X,Y]
0<i<m aeNj
jal<d

we consider another norm of f defined by

[flle = max{laq,:|[0 <i <m,a € N, |o| <d}.

Notation 5 For
f= > AHX)Y €RX,Y]

0<i<m
with fm, # 0, we note by
f= fi(X)Y'Z™ ' e RIX,Y, Z]
0<:<m

its homogenization with respect to the variable Y .

Let ) # .S C R™ be a compact set and let f € R[X,Y]. If f is fully m-ic on S and f > 0 on S x R, it
is clear that m is even and f,, > 0 on S. It can also be easily seen that if we take

C={(y2) eR:y* + 2 =1}

then f > 0 on the compact set S x C.

Notation 6 For ¢1,...,¢gs € R[X], we denote
_ _ 5 112
Mpxyi(91,- .., 9s) = {ao—i-algl +---+0s9s|00,01,...,05 € ZR[X,Y] }

the quadratic module generated by g1,...,gs in R[X,Y].

Note that we keep the notation M(g,...,gs) for the quadratic module generated by ¢i,...,¢gs in

R[X]. We state now our main theorem.

Theorem 7 Let g1,...,9s € R[X] such that
D£S={zeR" | ¢(x)>0,...,9s(x) >0} C (—1,1)"

and such that the quadratic module M (g, ...,gs) is archimedean. There exists a positive constant ¢
such that for every f € R[X,Y] positive on S x R, if degy f = d, degy f = m with f fully m-ic on S
and
min{f(z,y,2)|Z € S, (y,2) € C} = f* >0,
f can be written as
f=o0+o11+ - +059s € Mpix y1(91,---,9s)
with 09,01, ...,05 € Y. R[X,Y]? and

deg(ao), deg(o_lgl)’ s ’deg(asgs) < C(m + 1)27e f



As in Theorem [2 the constant ¢ depends on ¢i,...,gs but it is independent of f. Note that, when
m = 0, this is to say, f € R[X], the bound in Theorem [T is of similar type to the bound in Theorem
@ Actually, in Remark 2T we see that if n > 2, the factor 3¢ in the exponent can be hidden in the

constant ¢ and therefore the bound in Theorem [7 is of the same type to the bound in Theorem 21
Theorem [7 is basically Putinar’s Positivstellensatz under the additional assumption that f is fully
m-ic on S. Next example, which is a variation of [14, Example] shows that either this one or some
other additional assumption is indeed necessary.

Example 8 Take g1 = (1 — X?)3 € R[X], then S = [-1,1] C R and M(g1) is archimedean since

- X =g(v-g) g(i- X))
Now take f(X,Y) = (1 - X?)Y2+1€R[X,Y]. Itis clear that f >0 in S x R but f is not fully 2-ic
on S. If f € Mgix,y)(g1), we have an identity

1-x)v241=Y ( > pji(X)Yi>2+ > < > QJi(X)Yi>2(1—X2)3 (1)

1<j<s  0<i<m/ 1<j<s  0<i<m/

with at least one of Pimsy .-+ Psm/s Qim?s - - - » sy MO identically zero. Looking at the degree in' Y at
both sides of (), we have m’ > 1.

If m’ > 2, looking at the terms of degree 2m’ in'Y at both sides of () we have

0= piw(X)°+ D qu(X)*(1-X%)°

1<j<s 1<j<s

but this is impossible since the polynomial on the right hand side is positive in [—1,1] with the only
possible exception of a finite number of points. Indeed, any point in (—1,1) such that the polynomial
on the right hand side vanishes at, should be a common 100t Of D1ty - -« Psmls Qi - - - » Qs ; DU at
least one of these polynomials is not identically zero and therefore has a finite number of roots.

If m’ =1, looking at the terms of degree 2 in'Y at both sides of (1) we have

L-X*= 3" puX)+ Y an(X)(1-X%)" € M(g)

1<j<s1 1<j<s2

and this is impossible since it is exactly the well-known example from [T}, Example].

As in [0, Theorem 3], the general idea to prove Theorem [ is, given f € R[X,Y] a positive poly-
nomial on S X R, to consider the variable Y as a parameter and to produce, this time, a uniform
version of Theorem 2] ([8, Theorem 6]), in such a way that all the representations obtained for all the
specializations of Y can be glued together to obtain the desired representation for f.

Actually, the proof of [8, Theorem 6] uses [I3, Theorem 3], and the proof of [13, Theorem 3] uses the
bound for Pélya’s Theorem from [10, Theorem 1]. For us, in order to succeed to prove Theorem [7]
following the described strategy, we need to reorganize these ideas in a way that we use directly [10]
Theorem 1] without going through [I3] Theorem 3] as a packaged theorem (even though we use ideas
from its proof).



Since Pdlya’s Theorem plays such a significant role, we first prove the following auxiliary proposition,
which is a a version of Theorem [7lunder the extra assumption that the set S is included in the interior
of a convenient simplex. Then, Theorem [l is obtained by simply composing with a linear change of
variables.

Notation 9 For n € N, we denote by A, the simplex

&n:{jzeR”\ Z xiglandaziEOforlgign}.

1<i<n

Proposition 10 Let gq,...,9s € R[X] such that
D#S={z€R" | g(z)>0,...,0.(3) > 0} C A;

and such that the quadratic module M (g, ...,gs) is archimedean. There exists a positive constant ¢
such that for every f € R[X,Y] positive on S x R, if degy f = d, degy f = m with f fully m-ic on S
and
min{f(z,y,2)|Z € S, (y,2) € C} = f* >0,
f can be written as
f=o00+01g1+ +059s € Mgz y)(91,---,9s)

with 09,01, ...,05 € Y. R[X,Y]? and

(HfH-(W:H)dz)c
deg(oyp),deg(o191),-..,deg(osgs) < c(m +1)22e / .

A nice fact about the bound in Proposition [I0l is that it is singly exponential in d, meanwhile the
bound in Theorem [7 is doubly exponential in d. This could be of independent interest even in the
case m = 0, this is to say, f € R[X] positive on S.

2 Proof of the main result

As said in the introduction, to prove Theorem [l we borrow and combine many ideas and techniques
from [8], [9] and [I3]. We start this section by quoting some results from these papers. We will also
use many other general ideas from these sources which is not possible to quote independently but we
want to give them credit for.

The following two auxiliary results come from [8, Remark 12] and [8, Proposition 14].

Remark 11 For every k € N and t € [0, 1],

1

t’(t_l)%g%ﬂ'




Proposition 12 Let gq,...,9s € R[X]\ {0}. Then

llgr...gsll < (deggr +1)...(deggs +1)[lgrll-..Ilgsl-

If in addition ¢, ...,gs are homogeneous, then
lgr---gsll < llgall-- - llgs|l-

Next remark is present in the proof of [8, Lemma 13] and is similar to a remark made in the proof of
[13, Lemma 9].

Remark 13 Let g1,...,9s € R[X] such that
D#S={zeR" | g(2) 20,...,0:(2) > 0} C A].
By Lojasiewicz inequality (see [1, Corollary 2.6.7]), there exist ¢1,co > 0 such that for every T € A,,
dist(z, S) < —comin{gy(Z),--- ,9s(Z),0}.
In particular, for x € An \ S, there exists ig with 1 < iy < s such that g;,(Z) < 0 and

dist(z, S) < —cagi, (T).

The following remark will be useful in the proof of our main result and the idea of using a Putinar
representation for a finite number of fixed polynomials comes from the proof of [I3| Theorem 3.

Remark 14 Let gq,...,9s € R[X] such that
0#S={zeR" | 0(#)20,....0:(2) 20} C A;
and M(gy,...,gs) is archimedean. Since for each v = (vg,v) € {0,1}*F!
1-X;— = X,)"X">0in S,
by Putinar’s Positivstellensatz ([11)]), there exist 0y, 0u1,- - -, 00s € Y. R[X]? such that

(1 -Xi - = Xn)vOXT) =0y + Op191 + -+ + OpsGs-
We need to extend the definition of || ||¢ to polynomials homogeneous in (Y, Z) as follows.

Definition 15 For

=Y 3 <|Z|>aa7,-XaYiZm—ieR[X’,Y,Z]

0<i<m aeNp
la|<d

we consider the new norm defined also for h by

I|h]le = max{|aqi| |0 <i<m,a e Nj,|a| <d}.



Note that || f|| = ||f|| for every f € R[X,Y].

Next auxiliary lemma will be useful to prove the degree bound from Theorem [[l We use the notation
C ={(y,z) € R? | % + 22 = 1} which we introduced before and we keep for the rest of the paper.

Lemma 16 Let f € R[X,Y] such that degg f = d and degy f = m. For every T € A, and
(y,2) € C,
|f@y, ) < [ flle(m +1)(d +1).

Proof: Suppose

a — .
Sy (Daer
(6
0<i<m aeNy
lo|<d

Then

Fepals % () oaalyrln

0<i<m aeN?
|a|<d

<ifle ¥ 3 (e

0<i<m aeNp
| <d

il Y 5 3 ()

0<i<m 0<j<d aeNy

loo|=j
=flle D D (w4 +wn)
0<i<m 0<5<d
<Uflle Do D0 1=|fllelm+1)(d+1).
0<i<m 0<5<d

The following lemma is an adaptation from [§, Lemma 11].

Lemma 17 Let f € R[X,Y] such that degg f = d and degy f = m. For every T1,%Ts € A, and
(y,2) € C,

’f.(flvy? ) (‘r?ayv )’ < \/7”](.” (m + 1) (d+ 1)“‘%1 - £2H

We include also a technical lemma similar to [8, Lemma 15].

Lemma 18 Given (c1,c¢2,c3,¢4,C5,¢6) € Rgo, there exists a positive constant ¢ such that for every
r e Rzo,

c C
cr®? <ce” and 637‘c4ec°r < ce"

Before proving Proposition [I0] we include some more notation.



Notation 19 For n € N, we denote, as usual, by A,, the simplex

An:{(azo,f)eR"+1\ Z ;=1 andaziEOforOgign}.

0<i<n

We are ready to prove Proposition [0

Proof of Proposition [I01: Without loss of generality we suppose degg; > 1 and |g;| < 1 in A,, for
1< <s.

To prove the result, we take such a polynomial f € R[X,Y] and we need to show that we can find
a constant ¢ which works independently from f. If d = 0 then f € R[Y] is positive on R and it is
well-known that f € > R[Y]?. Moreover, we can write f as a sum of squares with the degree of each
square bounded by m (see [T, Proposition 1.2.1]), and then the degree bound simply holds for any
constant ¢ > 1. So from now we suppose d > 1 and if the final constant ¢ we find turns out to be less
than 1, we just replace it by the result of applying Lemma [I8 to the 6-uple (1,0,¢,0,1,¢). The new
constant c¢ in particular satisfies for every r € R,

1<ce”

and taking r = 0 we have ¢ > 1.

We prove first that there exist A € Ry and k& € Ny such that

h=F-A¥*+29)7% Y g-(6- )% €R[X,Y,Z

1<i<s

satisfies h > %f’ in A, x C.

For each (y, z) € C' we consider

Note that A, , NS = 0.
To exhibit sufficient conditions for A and k, we consider separately the cases T € Kn\Ay, candz € A,y .
IfzeA, \ A4, ., by Remark [T}

W@y, 2) = F(@,y.2) - AP+ 222 Y (@) - (g:(@) — D)*

1<i<s
F(&y,2) = A Z 9:(2)] - (|9i(2)] — 1)%
1<i<s
3 e As
“al e
Therefore the condition h(Z,y,z) > & f* is ensured if
4
% 1> % 2)



If z € Ay ., for any Zy € S, by Lemma [I7 we have

L < F@oy2) — F(@.9,2) < SVl flllm+ 0d(d + 1) 70 — 3l

then
. < Jlzo — 2
2y flle(m +1)d(d +1) ~
and therefore .
/ < dist(z, S).

2v/n[[flle(m +1)d(d + 1)
By Remark [I3] there exist ¢1,c2 > 0 and 1 <ig < s such that g;,(Z) < 0 and

dist(z, S) < —cagi, (T).
By @) and (@) we have
i (:f) < 4.

with o i < fe >Cl
e \ 2Vl f[le(m +1)d(d + 1)

On the other hand, defining f; , = min{f(Z,y,2)|Z € S}, again by Lemma [I7 we have that

> 0.

F(@9.2) = 321 < GVAIS o+ il + Deiam(A,) = Al + D+ 1)
Then, by Remark [T and using (&) and (B) we have
W@ 0.2) 2 F(@0.2) ~ Agio(@)(gn(@) — 1% - 22—
> (@ 02) Syt 20— )
> —%\/ﬁ\\f\\-(m D+ 1)+ 7 420 - Ao,

Finally, the condition h(z,y,z) > % f¢ is ensured if

> Yolfllelm+ Ddld+1) _ o2 (vnllflle(m + 1d(d + 1)t

Va5 Vafe

and
2A(s —1)

2k+1>
fo

(7)

(8)

Since (2)) implies (8), it is enough for A and k to satisfy (2]) and (7). So for the rest of the proof we

take

_ 029 (Vn| flle(m + 1)d(d + 1))+ (£ lls(m + 1)d(d + 1))+

A \/if.q = feer

>0

10



co 2¢1 \/ﬁcl +1

7 and

with c3 =

In this way,

1 [4Xs
< = -1 1
w25 (o)
. 1 D\ 1
ey (Ml + D@+ Y1
f* 2
(Hf\l-(m + Dd(d + 1))”“
<
f.
with ¢4 = 2c3s + 1. Here (and also several times after here) we use Lemma [I6] to ensure

[fllalm+ D@+ _
f* -

Also, if we define ¢ = deg g h, we have

¢ < max{d, (2k + 1) max degg;}

c1+1
< max {d, <2C4 <Hf”'(m J}})d(d u 1)> + 1) fnax deggz} (10)

£ ]le(m + 1)d(d + 1)\
< ¢s < f. >

with ¢5 = (2¢4 + 1)112522 deg g;.

On the other hand, using Proposition [[2] and (@),

Il < 171l + As2% max {(degg; + (g + 1))
(I flle(m + 1)d(d + 1))+
focl
< (ess + 1) max {(degg; +1)(llgill + 1)} - (11)

5 (I f]le(m + 1)d(d + 1))Cl+1
focl

C +1 o(m c1+1
r;(HfH.(m+chzccil(d+ D)t or (Ulatotataen

= [Iflle +css2%

max {(deg g; + 1)(|lgi | + 1)}
<i<s

M)%H
f.

-2

' ‘ 204(
gg;{(deggz +1)(llgsll +1)}

= 062

with ¢ = (c35 + 1) max {(deg g; + 1)(||gi|| + 1)} and ¢7 = log | max {(deg g; + 1)(||gi|| + 1)}%¢ ).
1<i<s 1<i<s

So far we have found A and k such that that h > %f’ in A, x C, together with bounds for k&, ¢ = degg h
and ||hlle. Now, we introduce a new variable Xy with the aim of homogenize with respect to the

11



variables X and be able to use Pélya’s Theorem. Let
= Y i
0<i<m 0<j </
with h;; € R[X ] equal to zero or homogeneous of degree j for 0 < i <m and 0 < j < /. We define
= > ) ()Xo + X1+ X)) Y27 € R[X, XY, Z)
0<i<m 0<5<4
which is bihomogeneous in (X, X) and (Y, Z) (i.e. homogeneous in the variables (X, X) and (Y, Z)
separately).
Since H(xo,,y,2) = h(Z,y, z) for every (zo,Z,y,2) € A, x C, it is clear that H > %f’ in A, x C.
On the other hand, for each (y, z) € C, we consider H(Xy, X, v, 2) € R[Xq, X]. Using Proposition 2
we have

||H(X07X7y7z)” < Z Z th XO + - _|_Xn)f—jylzm—z”

0<i<m 0<5 <t

< DD g (X)) (Xo+ -+ X))
0<i<m 0<5<4

< D D lmy(X
0<i<m 0<5 <t

< (m+ 1)L+ )[Rl
We use now the bound for Pélya’s Theorem from [I0, Theorem 1]. Take N € N given by
N {(m + 1)+ 1)e(f —1)||Rh]le
f.
Then for each (y,z) € C we have that H (X0, X,y,2) (Xo+ X1+ + X)) € R[Xy, X] is a homo-
geneous polynomial such that all its coefficients are positive. More precisely, suppose we write
H(X0,X,Y,Z) (Xo+ X1 + -+ X)) = Y bV 2)XPX €R[X, XY, 2] (12)

a=(ap,a)eNg !
|a|=N+¢

—t|+1

with b, € R[Y, Z] homogeneous of degree m. The conclusion is that for every a € Nyt with |a| =
N + £, the polynomial b, is positive in C, and therefore, since it is a homogenous polynomial, b, is
non-negative in R2.

Before going on, we bound N + ¢ using (I0) and (II]) as follows.

(m 4+ 1D+ D = D)][Rle

f.
_ (m+1)EA.
> f.

< cdeg(m+1)27% <

N+1<

+1
(13)
+1

I flle(m + 1)d(d + 1) 4(er+1) ec7<\\f\\.(m}L.l)d(d+1)>cl+1
f.

< a2 (Ul DAL VI (it

12



with cg = CgCG + 1.

Now we substitute Xo=1—X; —--- — X,, and Z = 1 in (I2]) and we obtain
F=AY24D)T Y gile-D*+ Y bV DX~ — X)X € RIX, Y] (14)
1<i<s a=(a0,a)eNit!
|a|=N+¢

From ([4) we want to conclude that f € Mg y1(g1-..,9s) and to find the positive constant ¢ such
that the degree bound holds.
The first term on the right hand side of (Id]) clearly belongs to Mpg(x v (91--.,9s). Moreover, for
1 <1< s,

deg (Y2 + 1) %gi(gi — 1)% <m+ (2k + 1)deg g;. (15)

Now we focus on the second term on the right hand side of ([I4]), which is itself a sum. Take a fixed
o € NI with || = N + .

Since b, (Y, 1) is non-negative in R, b,(Y,1) € >_R[Y]?. Moreover, we can write b,(Y,1) as a sum of
squares with the degree of each square bounded by m (see [7, Proposition 1.2.1}).

Also, take v(a) = (vg,?) € {0,1}"*! such that a; = v; (mod 2) for 0 < i < n. Denoting go = 1 € R[X],
by Remark [I4], we have

(1 — Xy == Xn)UOXU = Z Ov()ibis

0<:<s

with 0,4 € S R[X]? for 0 < i < s, and then

(1-X1— = X)X =(1-X; — - — Xp,)%0 70X Z Ty(a)idi
0<:<s
belongs to M(gi,...,gs) since (1 — X3 — -+ — X,)®0~v0 X0 ¢ R[X]?.
We conclude in this way that each term in the sum belongs to MR[X,Y} (91,---,9s). In addition, for

0 <1 < s we have
degbo (Y, 1)(1 — X1 — -+ — Xn)ao_voX&_ﬂav(a)igi <m+N+¥{+cg (16)

with cg = max{deg o,;g; | v € {0,1}""1,0 <i < s}.
To finish the proof, we only need to bound simultaneously the right hand side of (I5]) and (I6]).
On the one hand, using (9),

r . 1 1 c1+1
m+ (2k + 1) max deggi <m + <2C4 (HfH (m +f.)d(d * )> + 1> max deg g;

1 Flle(m + 1>d2>““

<co(m+1) < 7o

with c1g = (2¢4 + 1)291! max deg g;, since d > 1.
1<i<s

13



On the other hand, using (I3)),

4(c 1 7 c
£ lle(m + 1)d(d + 1>> D o (Ulampany

f.
cq1+1
f.

with 11 = (1 + ¢g + ¢9)24 ) and ¢15 = ;291 again since d > 1.

m+N+€+cggm+c8(m+1)2”5<

< cll(m + 1)2% <

Finally, we define ¢ as the positive constant obtained applying Lemma [I8 to the 6-uple (c19, ¢1 + 1,
611,4(61 —I—l),ClQ,Cl—I-l). O

Before going to the proof of our main result, we include a technical lemma with a bound.
Lemma 20 Let j,d € Ny with j < d. Then
pi (T 1) < gt
Jj+1

Proof: We proceed by induction on d. For d = 0 we check the inequality by hand. Now suppose d > 1.
If j =0 or j = d again we check the inequality by hand. If 1 < j < d — 1 then

2]'(6?“) :2-2j—1<¢>+2ﬂ'<.d >§2.3d—1+3d—1:3d.
Jj+1 J Jj+1

We are ready to prove Theorem [71

Proof of Theorem [7: We consider the affine change of variables ¢ : R™ — R" given by

(X X)) = <X1+1 X"“).

2n 7 2n
For 0 < i < s, we take §;(X) = ¢;(¢*(X)) € R[X] and we define
S={zeR" | §i(7) >0,...,4.(7) > 0}.

It is easy to see that

0 +#S8=105)CA°.

Moreover, since M (gy, ..., gyn) is archimedean, M (g, ..., gs) is also archimedean. To see this, following
the proof of [7, Proposition 5.2.3], if

N_Xlz__szLeM(glvmgn))

N1 (X4l 2 X, +1\?
2n2  2n n 2n -

14

then




1
:W(N—X%—“'—Xﬁ)Jr

and composing with £~! we have

2 (X1 =12 44 (X = 1)%) € M(gr,- - gn)

N 1 - -
W‘F%—X%—‘“—X%GM(Qh---,gn)-

Let f € R[X,Y] be as in the statement of Theorem [7 and let f(X,Y) = f(¢~1(X),Y) € R[X,Y]. It
can be easily seen that f is positive on S x R, deg ¢ f= degy f = d, degy f= degy f =m, f is fully
m-ic on S and

min{f(Z,y,2) |Z € 5, (y,2) € C} = min{f(Z,y,2) |Z € S, (y,2) € C} = [* >0,

Now we want to bound || f|l.. So suppose

= > <|Z|>aa7,~X‘lYi.

0<i<m aeNp
|| <d
Then
F= 3 <|a|>aavi(2nX1 — 1, 20X, — 1)°Y!
0<i<m aeNy o
|| <d
= Z (’a‘>aai Z <a1> <a"> (2n)Bl(—1)lel= 181 X By
0<i<maeny N & 7 BeNp A Bn
|| <d feine]
_ NCILEDS (’a‘> <a1> <an>am(_1)a|—ﬁ|xﬁyi
0<i<m BNy oy O/ \D Bn
1Bl<d pRa, |o|<d
_ 3 <|ﬁ|>(2n)|gi 3 |a|! Qg i(—1)-181 g By
0<i<m BENE p 11! aeN: (a1 = Bt (om = Bn)t
e B=a,lal<d

For 0 <i <m and § € Ny with |3| < d we define

bos = (2n)F1 L ja! e e g
’ (2n) 18! a%;g (a1 — B!+ (an _5n)!a ,( ) €

B=a, |o<d

15



Then we have

| 1 L o'
bl < 71l (2n) " g% (=B (an =B

BRa, |a|<d
(2 18l _—_ h! !
= [1£ls(2n) ng%d 2 A (A
B=a,|al=h
1 h! vl
= £l (2m)"" i 2 (7)
w2 i 2 (s
[y|=h—IB]

= 7o S0 ()t
P

< [f1e24nt 3 ( )
|8|<h<d 15l

=wmamm<d+1)

6] +
< [1flle(3n)?

using Lemma 20 So the conclusion is || f]le < ||f]le(3n)%

Finally, take ¢ as the positive constant from Proposition [I0 applied to g, ..., gs. Therefore, f can be
written as

f=60+61G1+  +6ss € My y1(G1,---, Js)
with &g,51,...,6s € Y. R[X,Y]? and

deg(dg),deg(61g1), - .. ,deg(dsgs) < c(m+1)2ze 7

and the desired representation for f is simply obtained by composing with £. O
Remark 21 Ifn > 2, the factor 3¢ in the exponentiation in the bound from Theorem 7 can be hidden

in the constant ¢ as follows. If d = 0, as explained before, the degree bound holds for any ¢ > 1. If
d > 1, then, using Lemma [10,

[Flle(m + Dd(3n)! _ [[fllo(m + Dd(d + 1)(3n)" _
fe B fe B
<(WMWH4MM+Dst<80ﬂMm+Ufﬂv3
B fe B fe
So we replace ¢ by the result of applying Lemma I8 to the 6-uple (1,0,¢,0,8% 3¢c) and we are done.

Acknowledgements: We are thankful to the reviewers for their helpful suggestions and remarks.
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