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Abstract

22 In this work we explore the boundary conditions in the Einstein-Hilbert action, by considering a displace-
ment from the Riemannian manifold to an extended one. The lattersis characterized by including spinor
25 fields into the quantum geometric description of a noncommutativesspacetime. These fields are defined
on the background spacetime, emerging from the expectation value of the quantum structure of spacetime
28 generated by matrices that comply with a Clifford algebra. We demanstrate that spinor fields are candidate
to describe all known interactions in physics, with gravitation included. In this framework we demonstrate
31 that the cosmological constant A, is originated exclusively by massive fermion fields that would be the pri-
mordial components of dark energy, during the inflationary expansion of an universe that describes a de

34 Sitter expansion.
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I. INTRODUCTION AND MOTIVATION

The theory of inflation[1-3] solves the curvature problem by producing a very tiny spasial cur-
vature at the onset of the radiation epoch taking place right after inflation. The spatial curvature
can well grow during the decelerated phase of expansion but it will be always subleading provided
inflation lasted for sufficiently long time. A general prediction of cosmological inflation is the gen-
eration of quantum fluctuations of the inflaton field[4—6], and of primordialsgravitational waves
(GW)[7-10]. The gravitational waves detected so far come from astrophysical phenomena[11-16],
but have not yet been detected as a cosmic background of gravitational radiation.. The detection
of GW produced during inflation would be of great importance for thefunderstanding and corrob-
orating of an inflationary epoch during the early phase of the expansion (E the universe[17], but
the problem is that it is very weak. In the standard single-field, slowsroll inflationary scenario
the tensor fluctuations of the metric are characterized by a fiearly scale-invariant power-spectrum
on super-Hubble scales. During inflation the universe grows quasi-exponentially describing a de
Sitter expansion which is driven by a scalar field in a“classical description, but its origin is still
unkown and should be the same that of the dark enérgy {(orthejcosmological parameter). All these
theoretical descriptions of the physical nature that drives the expansion of the universe contituite
the same physical problem and is a mistery that deserves study.

One of the central problems in contemporary theoretical physics is the unification of quantum
field theory with general relativity in a theory that eontain both. In previous works we have devel-
oped a pure geometric spinor fiéld theory on amparbitrary curved background, which is considered
a Riemannian manifold[18]. In that theery, the spinor field with components o is responsible for
the displacement from a Riemann manifold to an extended manifold, and the covariant derivative
of the metric tensor in the Riemannian background manifold is null: V,ggg = 0. However, the
extended covariant derivative on the extended manifold (we denote the covariant derivative on the
extended manifold with a'|y), is.nonzero: g*? Iy # 0[19]. Furthermore, we consider the coupling of
the spinor fields with the background and their self-interactions in a generic manner. The theory
is worked in 8 dimensionss 4 of them related to the space-time coordinates (z*), and the other
4 related to the inmerfspace, (¢*), described by compact coordinates. The former have the spin
components as canonical momentums: (s,). To describe a non-commutative spacetime, we shall
consider unit vectors are 4 x 4-matrices: 4%, that generate a globally hyperbolic spacetime. These
matrices generate the background metric and we include the spinor information in the spacetime

structure that can describe quantum effects in a relativistic framework: {¥.,%3} = 2 gaplaxa,
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where ;x4 is the identity 4 x 4-matrix.

In this work we extend the study when boundary terms are considered in the variation of the
Finstein-Hilbert action in general relativity. We explore the emergent quantum physical dynamics
that is obtained when we make a displacement from a background Riemann manifold to.anextended
one, by extending the Unified Spinor Field (USF) formalism developed in previous aworks, in order
to make an rigorous study of the nature of the flux through the 3D-gaussian hypersurface on
which the non-metricity is nonzero. In Sect. (II) we introduce the theoretical expression for the
cosmological constant by studying the flux through the gaussian hypersurfacesin the boundary
conditions of the minimal action principle and we demonstrates that A is originated exclusively by
fermionic fields. In Sect. (III) we describe the noncommutative quantum spacetime. In Sect. (V)
we develop the quantum dynamics of the spinor field components U yoft the extended manifold. In
Sect. (IV), we make the Fourier expansion of the spinor fields from the“scalar flux that cross the
3D-gaussian hypersurface in the boundary conditions of the minimal action principle. In the Sect.
(VI) we calculate the value of the cosmological constant A in a'de Sitter expansion of the universe
and we obtain the value of the mass parameter m. FEinally, in Sect. (VII) we develop some final

comments. v

II. BOUNDARY CONDITIONS, FLUX AND ORIGIN OF THE COSMOLOGICAL CON-
STANT

On the other hand, the boundary conditions,in the minimum action’s principle is a very impor-
tant issue which must be taken inte account to develop a physical theory[20, 21]. For simplicity
we can consider this topic in a general Einstein-Hilbert (EH) action Z = [ d'z /=g [% + C} It

is important to notice that;, after?ariation, we obtain

0T = /d4x\/—g [590‘5 (Gag + KTap) + go‘ﬁéRa/@} , (1)
where x = 871G /c*. dere; T, «@1is the the background stress tensor
oL
Taﬁ = QW - g,ullﬁa (2)

and £ is the Lagrangian density that describes the background physical dynamics. The last term
in (1) isqvery impeortant because takes into account boundary conditions. When that quantity is
zero, we obtain the well known Einstein’s equations without cosmological constant. In the general

case, the classical Einstein equations, with boundary conditions included, results to be

Gag = —HTQB, (3)
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with Gag = Gag — A(2) gap. 1t is well known that Heisenberg suggested an unified quantum field
theory of a fundamental spinor field describing all matter fields in their interactions[22, 23]. In
his theory the masses and interactions of particles are a consequence of a self-interaction term of
the elementary spinor field. The fact that manifolds with no-Euclidean geometry can helpruncover
new features of quantum matter makes it desirable to create manifolds of controllable shape and
to develop the capability to add in synthetic gauge fields[24]. In our case, the full connections will
be defined by

. N ~a N .
ngz{M}-Fél“m:{m}jteqﬂgm, ()
which is an extension of whole introduced in[18, 19, 25]. Here, g are.quantum spinor field
components that represent rather bosons or fermions', and ¢ is a. parameter to be determined. In
the classical General Relativity theory A is an invariant on the Riemann manifold, but not on the
extended manifold (4). In this framework, the flux O, on the extended manifold is given by

6 = 6" Ras = W] — (g7) (M0T s + (97 0T 5 (5)

[ex

. e . 4 .
where || denotes the covariant derivative on thel exténded manifold defined by (4), with self-
interactions included and 5T; g=¢€ g 9s~- These self-interactions will describe quantum properties

of spacetime, such that we must require

éaﬂ = Gaﬂ — A(x) JaoB = _’ifaﬂy (6)

L If we consider the case of fermions, we obtain the quantization rules in agreement with a anti-commutative algebra

that comes from the Pauli’s exclusion principle

< qu (x, 9, ‘@H > 2; {w,%}hxzx\/g“@(xff) s (o —¢),
(B[00 W] [B) =0

where \/g is the squared root of the ratio between the determinant of the Minkowsky metric: 7,, and the metric

that describes the background: 'gg,. This ratio describes the inverse of the relative volume of the background
manifold. Furthermore, in theicase of bosons, they describe the algebra

2

<B H o40), ¥ ”B> 28h2 (s 0] \/g 5@ (x —x') 69 (-4,
(B \{%(x,@,@(x’,cﬁ’)}\ B) =0,

for theSpin value.s (integer for bosons and (2n + 1)/2 for fermions).
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where

0 = g*%6R,s = g*° / ' <B‘5}zaﬂ B), (7)
A = /dv’ <B‘A‘B>, )
Gop = Ga5+/ ' <B‘5Ca5 B), 9)

B> , (10)

Tos = Taﬂ+/ dv’ <B‘5Ta5

where v’ is the volume of the spacetime coordinated and of the inner space [which we shall study

with more detail later, in Sect. II], on which we shall describe the spinor fields operators. In order

to the new Einstein’s equations to be fulfilled, we must require that; ~
Gop = —kTys, (11)
5Ca5 = f/&ga[g = —K 5Ta5. (12)

Here, the equation (11) describes the background (classical equations) without cosmlogoical param-
eter, and (12) describes the new physics due to the/flux that gross the 3D-gaussian hypersurface,
which we shall consider that in this work is of quantum nature. Furthermore, the quantum stress
tensor 6Ta5, is defined by

5L

5Taﬂ = QW - guwca (13)

where £ is the Lagrangian density which describes the quantum dynamics related to the flux that
cross the 3D-gaussian hypersurface and. must be the responsible for the existence of the quantum
operator A that originates the cosmologieal parameter A(z).

We consider the extended ﬂu)hhrough the 3D-Gaussian hypersurface described by (5). From

the equations (6) and, (48), wé can write

Gop = Gap — Agap = Gap + 6Gap, (14)
such that, we obtain
9°P6G 05 = 6G = —4A, (15)
where
3G = g*P5G o5 = / die / A6 /=g <B|gaﬁat:a5|3>. (16)
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Hence, we promote as a quantum operator A, with expectation value A = —%56’ =

/d4x/d4¢\/?g<B‘A’B>,
_ i/d4x/d4¢Jjg<B‘5T‘B>, (17)

1 .
15T

A

where 6T = g8 5Taﬁ. In Sect. VI we shall calculate A in a cosmological de Sitter expansion that
describes the inflationary expansion of the primordial universe, in order to estimate its value due

to primordial fermionic fields.

III. QUANTUM STRUCTURE OF A NONCOMMUTATIVE SPACETIME

~

In order to describe the dynamics of the operators ¥, we must take into/account the quantum
structure of spacetime. To propose a description we shall consider thatithis spacetime is generated
by a base of 4 x 4-matrices, 4*. The 4, = E4~, matrices which generate the background metric are
related by the vielbein Ef to basis 7, in the Minkowski spacetime, (in cartesian coordinates). By
introducing these matrices we aim to include the spinorinformation in the spacetime structure and
construct a non-commutative basis that can describe quanturr? effects in a relativistic framework.
The Dirac and Majorana matrices are good candidatesy-but in general it is possible to use any
basis that describe a globally hyperbolic spacetimey which is the global geometry necessary to
obtain relativistic causality. It is expectednthat the background spacetime can emerge from the
expectation value of a quantum structure of spacetime. We consider the variation of the quantum

operator X P which can be represented as

5 (2) = \(er)Q

such that bL and b, are /the gcreation and annihilation operators of spacetime, with

(5]

in which the states{do not,evolve over time, but yes do it the operators. In an analogous manner

/d%&a [bk Xpp(z") + b X ("), (18)

B> = 6@k — k")."We shall use the Heisenberg representation of the states |B),

we introduce the variation of the quantum operator dH: related to spin

) = ooy [ 53" [ () + L 83100 (19)

where <B l [cs, Cl,:|

B > = 6@ (§ — g ). In our case the background quantum state can be represented
in a ordinary Fock space in contrast with Loop Quantum Gravity (LQG)[26, 27], where operators

are qualitatively different from the standard quantization of gauge fields. The variations and
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differentials of the operators X" and ®* on the extended Weylian manifold, are given respectively
by
5X*|B) = (X“) 1B, 5" |B) = (&w) L 46%1B), (20)
« (6%

dX"|B) = (X“)adma]B>, dd" |B) = <<i>“>ad¢"‘|B>, (21)

) )

where the covariant derivatives take into account the interaction of X#, with the geometrical'spinor

components VL2
(XM)HB 1B) = [Vﬁf(ﬂ te (\iwf(ﬁ —Xﬂﬁfﬁ)] BY (22)
(ciw)Hﬁ|B> - [vﬁcﬁue (\ifﬂéﬁ —émifﬁ)} B) (23)

In order to recover a background theory in agreement with General Relativity, we must require
that the operators can be applied to some background quantum state in the background curved

space time, and they comply with
6X"|B) = da* [B),  SOMBYEdo" | B), (24)
L

where ¢® are the four compact dimensions/related to their canonical momentum components s

that describe the spin. Hence, the requisites for the equations (24) to be fulfilled, are

e (Xmi, - iy ) By " vy, (25)
v
A A D N 14 ~
¢ (Ru03F U, ) 1B) = g X, |B), (26)
B
~
¢(80, 2010, |B) = " Leripy, 27)
v
M~ A A 14 ~
. (cb#q/a - 53111”@) IB) = ¢ b, |B). (28)
B

The squaréd norm of the bi-vectorial space of 5EI>, and the inner product of 6X , are
Sp=1 (52u0%,) (53), @ X = Lx o ox° (29)
g =1 pOPr YY) g =394 .

where @ = oA, X =g A% are respectively the components of the inner space and the coordinate

space, and (o) = § {45} + § B 4], s0 that (3°57) = § {3°.49°} — § [4*,4°], in order to
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obtain the relevant invariant: (Y,93) (ﬁ/a’yﬁ ) = 414x4. The matrices 4*, comply with the Clifford

algebra:

A I yn canBay AU RV g

=g €ap Y 11T = 20 Ly,
where I = 4%y1~243 is the pseudoscalar, T4 4 is the identity matrix, and we define e gy = 9" €papy,
with:

1 if paBr is an even permutation of 0123
€papr = § —1 if pafv is an odd permutation of 0123

0  in any other case,

We shall consider the Weyl representation of matrices in cartesian @oordinates:

0T 0 —ot
70 = ) 71 = )
IO ol 40
0 —o? 0n—0
’72 = ) 73 ] . ) (30)
a2 0 o3 0
where the Pauli matrices are &
01 0 —3 10
ol = , ol= , ol =
10 7.0 0 -1

The idea of introducing these matrices isito. generate a globally hyperbolic (and non-commutative)
spacetime where those matrices are a gemeralization of the unitary vectors. Once defined the
spacetime on the desired global“tepology, one can describe the 4-quantum spinor fields on this
spacetime, in order for describé quantum effects in a relativistic framework. In other words,
spacetime and matter are describe@by the same tetra-vectors 4*. The Dirac and Majorana matrices
are good candidates, but in/general it'is possible to use any basis that describe a globally hyperbolic
spacetime, which is thefglobal geometry necessary to obtain relativistic causality.

The line elementssto,describé both, the coordinate spacetime and the inner spacetime, are
da®Sppr = (BIOXOX |B'),  d¢*opp = (B 258 |B). (31)

Notice that the coordinated spacetime takes into account only symmetrized contributions with
respect to'the matrices product, but the inner line element becomes from a bi-vectorial product
that takes into account symmetric and anti-symmetric contributions of matrices. The bi-vectorial

squéred norm"6f the spinor S, is

|3 = 2|55 )

(B[(580) (34")

1
= Z B> — 52]14><47 (32)



Page 9 of 17

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - PHYSSCR-109544.R1

where Su = s%,. Bach component of spin Sm is defined as the canonical momentum corresponding

to the inner coordinate ®#, such that one can define an universal bi-vectorial invariant:

(58] )~ (8] (.8 o

with n-integer. In this framework, gravitons (which have s = 2h), will be invarianttunder ¢ =nm

B> = s¢ Lixa = (270h) Luna, (33)

rotations, vectorial bosons (with s = i), will be invariant under ¢ = 2n7) rotations, fermions with
s = 171 will be invariant under ¢ = 4nm rotations, meanwhile fermions with 's = %h are invariant
under ¢ = 3mr rotations.

We define the variation of the metric tensor on the extended manifold, with respect to the

background curved (Riemannian) one ~

9pally 0X ' |B) = dgsa | B) . (34)

IV. FOURIER EXPANSION OF THE FLUX 6 AND GAUGE-INVARIANCE
The flux through the 3D-gaussian hypersurface, swill be
- 4

O (z"¢”) =g 6Rop = —36V, UH, (35)

which means that the flux © (z#|¢") is alway integrable,on the background (Riemannian) manifold,

and UH is invariant under transformations: \ilﬂ = \ilu — VHC:), with
e =0, (36)

in order to Vuli/“ = Vuli/“.
The flux O, of U-field throug?the 3D-Gaussian hypersurface, can be represented according to
(31), as a Fourier expansion in‘the momentum-space (the asterisk denotes the complex conjugate):

6 (2710") =

g

k/d4 |: Sk@ks( ) ﬁé +B£,s®2,s(lﬂ)67%(§>¢

A. Definition of \ila

Therefore we can define the spinor 4-vector components T, (xﬂ |¢”) = A(I;Ga, in the momentum-
space associated to (31):
H
(I) iy iy
( 4 |¢ / d'k / ats” — [ASJ{; Orsei® — Bl O e 1T (37)
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where S = sA% is the spin operator, and
) < ~ o~ &3 & N
" (g o ) = (29gaplaxa — Ya¥8) 8 = 250 — Fa 5, (38)

such that sllyy4 = %Sﬁfyﬂ.

V. QUANTUM DYNAMICS OF ¥, ON THE EXTENDED MANIFOLD,

The boundary terms in (1), on the extended manifold described by the connections components
(4), are given by (5), where g®?dR.5 = O(z%) = Ag*®dgap is the flux of the d-vector sw*
that cross any 3D closed manifold defined on an arbitrary regionof thesbackground manifold,
which is considered as Riemannian and is characterized by the Levi-Civ;a connections. Here,
we are considering the covariant derivative of the metric tensor andisome vector on the extended

manifold, with self-interactions included, which are respectively. given by
Goally = Vagsa — € (95y¥a + agar ) +2 (1 28) U, gulh (39)

7] o = Ve OTET (1= €00 AT 0T TG5) + 21, (40)

where ¢ is the self-interaction constant, V4gpe = 0 is\thé covariant derivative on the Riemann
manifold, and || denotes the covariant derivative.on the extended manifold. If we deal with fermions,

creation and destruction operators mustieomply[18]

452 L2 A3\
2 (|Apsl? + 1Brof?) = ( p) . (41)

h? h

The expectation value for the local particle-number operator for bosons with wave-number norm

k and spin s, Nk,sa is given by >

B> = njg (TLSY /d4x\/jg/d4¢ <B H‘i’(x, ¢),‘i’T(X7 ¢)}' B> = N5 Laxa,
(42)

o o oot T
where the slashedsspinor fields are: ¥ = W, v = ("y“\llu) . Furthermore, these fields comply

<B ‘Nk,s

with the algebra

(8| (Mo} B) = 5 (i + 18ap) ([16® (x-x) 6 (5 ). (a9

This zesultyis valid in any relativistic scenario. To connect the Fock-space theory and the ordinary

quantum mechanics one can introduce the wave function in position space by using the definition

10
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of a kind of ny, ;-particle state vector that describes a system of nj ¢ particles that are localized in

coordinate space at the points x1; ¢1...Xy; On:

X1, X2, 0, Xni 61, B2, ) = [ | . "i’T(XU ¢1)~--‘i’f(xn;¢n) 1B) ,

k,s T,

where here |B) is our reference state. The reference state |B), is not a vacuum statéybut describes
the Riemannian (classical) reference with respect to which we describe the quantum system on a
curved background state. Notice the order prescription in the product: Hzrg . This faet,is because
we are dealing with fermions and the Pauli’s exclusion principle excludesthe possibility that two
particles can stay in the same state.

In order to obtain the dynamic equations of quantum spinor fields on-theeéxtended manifold,

we must variate the Ricci tensor using the Palatini identity[28]; 5AREW = (5}%57 = (5T§a> -

Iy
<5ng> 2 i

lle
5Rﬁv =€ [V'y‘i’ﬂ - (6 +1- 52) 9p~y (@V@V) — 9By (Vl/i’y) + (6 +1- 52) ‘i’ﬁ‘i’“f} : (44)
This tensor has both, symmetric U 3, and antisymmettic VB’Y contributions:
L
Ug,y = % (Vﬁ\i/7 + V’Y\TJB)
PN A 1 A A
~ [(E +1-€) g, (0,) RgM(TP") - 5 (e +1-¢) {0, @7}] . (45)
~ € ~ A € 9 A A
Vey = 9 (Vv\ljﬁ - VE\I"Y) + 2 (€+ 1-¢ ) [‘1’67‘1’7} . (46)

Furthermore, the purely antisymmetric tensor: 5}%367 = 5357, is
Sy = AV Wl Va0, ) + e (1= €2) [0, 0] (47)

which, once we set € (1 — 52) = 4g,Vissthe Yang-Mills tensor on the curved background manifold

and describes for example the gluoni¢ (strong) interactions of quarks. Notice that (47) can describe

2 To calculate the Riccistensor wenmust develop the following covariant derivatives:

(#15),,, = < (¥ 0s)
(51‘27)”@ - (ﬁ;“ g,g—y)

=e¥g),

[l

= ¢ [ o g + ¥ 93,10

llex
where

Vg, = vw‘ijﬂ — €98y \iju‘i/u + (1 - 52) ‘ijﬁ‘ijw
U0 = Vol +20°0,,

98yf|la = —€ (gav\ilﬁ + gv8 ‘i’a) +2(1 - 52) N 9By-

11
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the gluon field strength tensor related to the gluon field components: W# = % AY | such that A"
are the eight (3 x 3) Gell-Mann matrices in the SU(3) group representation and g = v/4ras, as
being the coupling constant of the strong force. The experimental value is o ~ 0.1182[30], that
corresponds to e(1 — £2) = 1.2187467).

The Einstein tensor on the extended manifold can be defined using the symmetric contribution

of the Ricci tensor (44): 5@57 =Us, — %957[7, with U = g**U,p:

6Gy = 5 | (Vala + Vs) + 95,V + (e 4+1 - €2) {5, 0, } -2 (e + 0.6%) g5, (970, )|

(48)
Therefore, the operatorial Einstein equation (12), with (48) and (57) qwresults to be
~
= [Ty +9,05) + 95,787 + (e 41— ) {85, 0, [ =@+ 1 262) g5, (90, )]
1 . . .
= -3 (Tt +9,8,) +m {8, 8,1]. (49)

In order to describe massless bosons and charged bosons, we.define /\Afga, = %VM + iiﬁ'y and

5 (7= Vo) + (- D= 5 ) [95]. (50)
Mg, = @ (1-¢) - ;) O] (51)

The symmetric tensor 5@57, with the antisymmetric ones f]gq,, /\Afm and /\;lg,y, describe all the
possible interactions of fermiongrand bosons emthe extended manifold. On one hand, we see that
/\A/'g7 corresponds to a Yang-Millssstrength tensor, and describes massless bosons like photons or
gravitons with self-interactions included.; On the other hand $87 describes bosons which interact
with colour charge (like gluons).}\fe ¢an see that N 3y is independent of the coupling and all the
coupling-related information i§ on the tensor M 8y Also, M gy does not contain a free-like term,
so that can describe massive and charged vector bosons (may be X* and Y mediators predicted
by GUT theories)/which will Tesult in a non-wave-like propagating field dynamics. If the four

fundamental tensors are conserved on the extended manifold, then they must comply

(5@‘”) =0 (/WY) =0 @M)Ilw —0, (MW) =0 (52)

12
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VI. DE SITTER EXPANSION: FERMIONIC ORIGIN OF COSMOLOGICAL CONSTANT

To explore the model we shall consider a de Sitter (inflationary) expansion, where,the back-

ground spacetime is described by the line element
dz* = a®(n) [dn® — 6;j da'da’] (53)

where 7, that runs from —oo to zero, is the conformal time of the universe, which is considered as

spatially flat, isotropic and homogeneous.

A. Background dynamics
~
In a de Sitter expansion the scale factor of the universe is a@(y) = —Flﬁ. If the expansion is
governed by the inflaton field ¢, and it is non-minimally coupled to gravity, the universe can be

described by the action

I:/d“x\/fg [% +£4, (54)

1

where L, = — [5(¢/)? — V()], where the scalar potential i3 a Qonstant Vip) = 32

— and the prime

denotes the derivative with respect to n. Farthermore, H= (a'/a) is the Hubble parameter which
remains constant during the de Sitter expansion[6]."The background inflaton field has the equation

of motion

)
" + 2Hep + 6:: =0, (55)

with solution () = . Therefore, the kinetic component of L, is zero.

N

B. Calculation of A from fermion fields

We are aimed to calculate A in a de Sitter expansion originated by the flux through the 3D-
Gaussian hypersurface, deseribed by (5), that becomes from {\i/a, \ifg}, which has an exclusively
fermionic contribution. To/describe the system we shall consider a Lagrangian density for fermion
fields with mass m, deScribed by

. g/o’v . . M (A~
£ =2 (Vo + Vo b5) + 2 {050, ] (56)
suchi that, using the expression (13), we obtain the stress tensor related to this Lagrangian

50T = 5 (Vs + V) +m {08, }] (57)

13
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The matrices that generates the spacetime g, LIixa = (1/2) {4, Y0}, are:

A = a®(n)y*, (58)

with the v# given by (30).
Using the fact that 6G = —6R = —U = —g*f Ugy = —4A = —k 6T, and by eentracting the

quantum Einstein equations (49)
Vo = e {99}, (59)
we obtain that the cosmological parameter A, is (17), is

A:?’;n<3ee—1>gw/dvl <BH¢I“’®”HB>’ ) (60)

where it is easy to see that A is originated by quantum self-interaetion contributions of primor-

dial coherent fermionic fields, that comply with the algebra (61), and dv' = /—gd*¢' d*a’ =

a®(7) d*¢' d*z’. The fermion fields obey the quantization rules em.a de Sitter space-time

(B|{¥.x.0), 0.(x. 6" }| B) = 2(017)2 73; @ WhTiy \/Z 5 (x = x') 5B (¢ — ¢') (61)
where c7 is the size of the causal radius, ¢ is thelight velocity in the vacuum, 7 is same characteristic
time-scale of the self-interaction, such that in a cesmological framework we could take 7 = 1/H,
where H is the Hubble parameter. In this fashion the theory includes the effects of a quantum

field in the geometry of spacetime. Therefore, we obtain

e | Pohalfi )| 5) - 2 o
and therefore, for fermion fieldsswith s = //2, we obtain
A= % <3egj1> iIQQH4x4, (63)
which is
A= 352 Igxa, (64)
for
m =8 (366_1> > 0. (65)

This is an 9mportant result that say us that, when the geometrical field SW is equal than the
fermionnfield U, the flux © is integrable in terms of both: ¥® and §W. This fact holds when

14
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e = 1/3 and hence m = 0. However, when € > 1/3, the flux © is integrable in terms of 6Wa, but
not of U®. In this case fermion fields ¥* with s = h/2, acquire a mass given by (65), which is the
responsible for the existence of A. Notice that for the result (65), one obtains the asymptetic value

for m:

m| — 24. (66)

€E—00

The observational present day value for A is[30]:
A = 1.58908742 x 107°2  meters 2. (67)

which is obtained for an Hubble constant A = 0.678 and a Hubble yadius, (c/H) = 1.374 x 102

~
meters.

VII. FINAL COMMENTS

We have studied an USF theory that includes bothga quantumydescription of spacetime and a
relativistic description of spinor fields which describés bosonsiand fermions on curved background
spacetimes described by a Riemann manifold. To make it, :Ve have used as generators of the
4-quantum-operators the 4 x 4-v* matrices, which comply with the Clifford algebra, and assures
that all operators do that. In this framework, thesextended Ricci tensor has symmetric and
antisymmetric contributions, but not as a onsequence of the torsion, rather originated by the
structure coefficients induced by the Cliffordralgebra of the generators v*, with we construct the
operators and the spacetime. The spacetime has 8 dimensions, 4 dimensions coordinates and 4
that describes the inner space @” with camonical moments s* that describes the components of
spin. N

All the quantum spinor fields become from the boundary terms in (1), on the extended manifold
described by the conneetions components (4). The flux through the 3D-gaussian hypersurface is
given by (5), where gaB(SRag =0(z¢p*) = Agaﬁégaﬁ is the flux of the 4-vector W = 5T;ng3a -
5T27967 that crossiany 3D closed manifold defined on an arbitrary region of the background
Riemann manifolds In erder to 6Z = 0 in (1), we must require that the extended manifold be an

Einstein’s one:
0Rnp = Ndgag,

so that, be€ause 69°° g, = —09ap g*?, we obtain the extended Einstein’s equations (3). As we

have shown in Sect. (II), this implies that the ”cosmological constant” comes from the extended

15
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Einstein tensor: A = —%56‘ = iéR = 40T. Of course, in general A is not a constant on the

extended manifold, but in the example of a de Sitter expansion, which was studied in this paper, it

is so. We have calculated its value, which is determined exclusively by massive fermion fields. Of

course this is explained only by an entanglement of quantum fermions (with spin 1/2)ywhich are

coherent at the beginning of the expansion of the universe. They should constitutesthe large-scale

dark energy in the universe.
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