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ABSTRACT: Motivated by the recent work on TT-type deformations of 2D CFTs, a especial
class of single-trace deformations of AdS3/CFTj correspondence has been investigated.
From the worldsheet perspective, this corresponds to a marginal deformation of the o-
model on AdSs that yields a string background that interpolates between AdS3 and a flat
linear dilaton solution. Here, with the intention of studying this worldsheet CFT further,
we consider it in the presence of a boundary. In a previous paper, we computed different
correlation functions of this theory on the disk, including the bulk 1-point function, the
boundary-boundary 2-point function, and the bulk-boundary 2-point function. This led
us to compute the anomalous dimension of both bulk and boundary vertex operators,
which first required a proper regularization of the ultraviolet divergences of the conformal
integrals. Here, we extend the analysis by computing the bulk-bulk 2-point function on
the disk and other observables on the sphere. We prove that the renormalization of the
vertex operators proposed in our previous works is consistent with the form of the sphere
N-point functions.
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1 Introduction

String theory on AdS3 with NS-NS fluxes admits an exact worldsheet formulation in terms
of the SL(2,R) WZW model [1-3]. Recently, motivated by new results in the study of inte-
grable irrelevant deformations of CFT9 [4, 5] and their possible holographic interpretation,
the authors of [6] considered a especial class of marginal deformations of the AdSs theory
that induces an irrelevant deformations in the dual CFT5. In terms of the SL(2,R) WZW
description, such deformation corresponds to adding to the action an operator quadratic
in the Kac-Moody currents; namely

/dzz JHJT. (1.1)

This operator, while being marginal in the worldsheet CFT9, induces an irrelevant de-
formation in the dual CFTy that can be thought of as a single-trace version of the TT
deformation [6, 7]. The worldsheet theory obtained in this way admits the interpretation
of string theory on a background that interpolates between AdS3 and a linear dilaton back-
ground, resulting in a solvable deformation of AdS3/CFTs that exhibits Hagedorn spectrum
at high energy and Cardy spectrum at low energy. This theory has been studied in [6-19]
and in references thereof. In particular, correlation functions were studied in [8, 11, 12],
where it was shown that the insertion of the operator (1.1) in the correlation functions
produces a logarithmic divergence that leads to the renormalization of the primary op-
erators, which consequently acquire an anomalous dimension. In [11], we compute the
2-point function on the sphere geometry and obtained the anomalous dimension explicitly.



This provided us with a direct way of determining the spectrum of the theory. In [12], we
extended the computation of [11] to the CFTy with a conformal boundary: we computed
there the expectation value of a bulk primary operator on the disk geometry, and we gave
a closed expression for such observable, confirming the result for the anomalous dimension
derived in [11]. We also computed the bulk-boundary and the boundary-boundary 2-point
functions on the disk. Here, we extend these results by explicitly computing the bulk-bulk
2-point function on the disk and the N-point function on the sphere, whose forms are also
shown to be in perfect agreement with the results of [8, 11, 12].

The paper is organized as follows: in section 2, we introduce the marginal deformation
of the SL(2,R) WZW model in presence of a conformal boundary. We discuss the form
of the relevant 2-point functions on the disk geometry, we revisit the calculation of the
boundary-bulk 2-point function using a method different from the ones used in [12], and
we employ the same method to compute the bulk-bulk 2-point function. In section 3,
we discuss the theory on the sphere: we compute the 3-point function and the form the
N-point functions take in the deformed CFT.

2 The theory on the disk

2.1 The action

The conformal field theory is defined by an action of the form S = Swzw + Sp + Sp,
consisting of the action of the level-k SL(2,R) WZW theory, the marginal deformation
Sp, and the appropriate boundary action S,. The WZW action can be written using the
Wakimoto fields, namely

1 - - b _
Swzw = o /F d?z g'/? <a¢a¢ + B0y + 07 + 1R¢ —b? 5562b¢) , (2.1)

with k = 2+ b2, In terms of this representation, the WZW theory consists of a scalar
field with non trivia background charge coupled to a 8 — -y ghost system. In this language,
the term in the action that realizes the marginal deformation (1.1) takes the form

Sp =20 / = g'285, (2.2)
™ Jr

which is controlled by a dimensionless coupling constant Ag. I' is the Riemann surface
corresponding to the disc geometry, which can be mapped to the complex upper half
plane, which can be parameterized by y > 0 with z = x + iy, with its boundary Ol being
the real line z = z. The boundary action Sy is given by

1

Si=gp [ do gt (26K0 48y + ) — gAY — in5) (23)
T Jor

where ¢, A\ are two arbitrary constants, the latter corresponding to the marginal defor-

mation on the conformal boundary OI'. Notice that the disc geometry is compact. When

mapping to the complex upper half plane by means of a conformal transformation, the

radius of the disc does not appear in the equations.



The variation of the boundary terms, using the constraint §(3 + )|,z = 0, yields

58y = ﬁ /ar dz (5¢> ((5 —9)p— gbﬁeb¢) + 63 (7 by (e )\b) ) (2.4)

from which we obtain the gluing conditions
B+B’Z:5 - 07 (5_6)(25‘2:2 - gbﬁeb(b? 7+:Y|z:2 - Cebd)—i_Ab: (25)

valid at OI', where z = Z, as the subscript indicates. These gluing conditions are consistent
with the symmetry preserving boundary conditions

J 4+ J o=z =0, T(2)=T(2)|.=z=0. (2.6)

2.2 Conformal covariance

We consider bulk primary vertex operators of the form

7 (p|z) = Zy PV 7PI(E) 20 H1)6(22) (2.7)

where p can be regarded as a complex momentum in the v direction, and j is the momentum
in the ¢ direction. It is convenient to fix the normalization as Zy = |p[2U+1).

In the undeformed WZW theory these operators have holomorphic and antiholomor-
phic conformal dimensions h; = h; = —b%j(j + 1). Due to the presence of (1.1), we expect
the conformal dimension to be corrected in the deformed theory

hj — %P = h; + 0hb. (2.8)
We also consider the boundary operators
W g]r) = |g 12 ()~ 209 H(L+1)O(T) (2.9)

which are inserted at the boundary with real coordinate 7. In the undeformed theory these
operators have conformal dimension h; = —b2I(l + 1) and we expect that dimension to be
corrected as well, namely

hy — h59 = hy + 6RY,. (2.10)

There are three correlation functions that have a fully determined dependence on the
worldsheet coordinates from conformal invariance (see e.g. [20]). These are the bulk 1-point
correlator

, 1

(@7 (pl2)) ~ pprl (2.11)

the boundary-boundary 2-point correlator

1
(W (glr) ¥ (~g|2) ~ ) (2.12)
|71 — 7o
and the boundary-bulk 2-point correlator
. 1

(@ (pl2)¥!(q)) ~ (2.13)

|z o E‘thﬁp*hlelq’z - 7_|2hf1;‘1 ’



Figure 1. Correlation functions on the disk geometry.

and there is a fourth one with a partially determined dependence on the worldsheet coor-
dinates, namely the bulk-bulk 2-point correlator [21]

_pdP1_3d:p2
¢ hg " —hg

(®7 (p1]21) P (pa| 22)) ~

hj,pz G%pg (77); (2.14)
>

_ 51’2%’”1 |Z,2 _ 22’2

|21

see figure 1. In (2.14) we defined two projective invariant cross ratios of the four points z1,

Z1, z2 and Zo as follows

(21 — 22) (21 — 22)
(21— 21)(22 — 22)

(21— 22)(71 — 22)
(21— 2)(51 — 22)]

(=

(2.15)

which are related through ¢ = /(1 — 7). Notice also the identity |z; — Z2|? = |21 — 22|? +
’Zl — 51”22 — §2|.

Our strategy in our previous paper [12] was the following: by carefully treating the
deformation (2.2) in the path integral approach of the 1-point bulk correlator and the
boundary-boundary 2-point correlator, we read (5h§> and 6h‘\11, from the expected scal-
ings (2.11)—(2.12), in a similar way as it was done in [11] for the sphere 2-point function.
In this way, we obtained the corrections

SRl = 2Xolp?, SR, = 2Xoq? (2.16)

Then, with 624 and dhf, at hand, we could verify the scaling (2.13) and verify the consis-
tency of our computation, regularization and renormalization. Now that we have (2.16),
we can also verify the scaling (2.14), which is something we did not address in [12]. Be-
fore doing that computation explicitly, we will redo the computation of the bulk-boundary
2-point function (2.13) in a different way, in order to introduce a new technique that will
help us to solve the conformal integrals involved in the bulk-bulk 2-point function.

2.3 Boundary-bulk two point function revisited

We will use the path integral techniques of reference [22]. The starting point is to perform
the integration over the fields v, 4. This yields two Dirac deltas that constrain the 3, j3
fields. A solution with the proper boundary conditions on the disk only exists for p+p+¢q =
0 and it is given by

Bw)=--L_ P _ 9 (2.17)



Instead of regrouping the denominators, we will multiply term by term in S(w)3(w) pro-
ducing a total of nine separate contributions to the deformation of the action. Three out of
those nine contributions are trivial since they become tadpole-like integrals in dimensional
regularization. For example, the first term in $(w) times the first term in B(w) combines
with second respective terms of 3 and 3, and it ultimately contributes with the integral

1 1

2 2

d 2.18
ot w(m—4f+m—49 (2.18)

where I' is the upper complex half plane. Since the integrand is invariant under w — w

which exchanges the upper half with the lower half, the integral can be carried out in the
whole complex plane, giving

‘P|2/2 1 1 2/21 272 /2—2 Lo
K — 2 [ ot S @ [ Lo,
2 Jo T o —ap T g ) T T PR
(2.19)
where in the last steps we have introduced a regularized version of the integral and set it

to zero. As we discuss in the appendix, the resulting integral coming from the products
[ d*wpB(w)B(w), when considered as a whole, is logarithmically divergent when w hits the
insertion points, as one would have expected. Spurious IR and tadpole-like divergences —
as the one we have just showed — will appear in the intermediate steps of the computation
as an artifact of the separation of the 3(w)3(w) product in multiple terms. It is a well
known fact that using dimensional regularization is a suitable method for handling this
kind of divergence mixing. The remaining six contributions to the deformation can be
reordered in the following way

—Sp =)7\T0/Fd2wﬁ(w)6(w)
A ) IRY . ) \
- ?0 [11(911; )(Z) + <I(Bll; )(Z)> + Igb’ )(Z,T) + (Igl; )(2,7-)) } (2.20)

where we defined the regularized integrals (extension to the whole complex plane using the
symmetry w — w will always be carried out)

I(l,e) :leQ»y e [ g2-2 2.21
B (%) 2(€7T) w (2.21)

(w—2)(w =)

15 (2, 7) = S (PPem)* / d22€w( R - ) . (222)

(w—2)(w—71) (w—71)(w—2)

Symbol ()* in (2.20) stands for the complex conjugate (recall p and z are complex while ¢
and 7 are real). We have introduced a scale | to keep the contribution adimensional and
the factor e7“7€ to absorb irrelevant constants following the same regularization as in our
previous paper. The precise way of regularizing and computing these integrals is explained
in the appendix. Here we just quote the results

2
€ € 1 € €
11(911; )(2’»7') = Lap Gii(€)—— I]‘;,; )(Z,T) = —pqr %G1y (e)

5 Pl (2.23)

|z — 7%



€ _\2
with Gh1(e) = W Combining these two results with their complex conjugates

in (2.20), we obtain

2 =2 _
—SDZ)\oGu(e)lQe(p TP pq+pq>

2|z — z|2¢ |z — 7|3
1 _s _
o (S + 2P + (26— APy log 57— aog = 1 09)) (220
where in the last expression we have expanded in € and made use of p + p + ¢ = 0. Thus,
by exponentiating we find

o(a2+2[p2)ro /e

|Z — 2‘4>\0|P|2*2>\0q2 ’z — 7—|4>\0q2

~Sp _

(2.25)

which is exactly both what we expected to obtain (cf. (2.13)) to obtain and what we
had obtained in the last paper through a different method. This result is consistent with
our previous knowledge of the anomalous dimensions 6kl = 2X\o|p|> and dhl, = 2X\q>.
Moreover, the renormalization of the bulk and boundary operators that is consistent with
the 1-point bulk and 2-point boundary functions exactly agrees with the one we need now
to cancel the poles in (2.25) and drop the regulator; namely

. . _ 2olp? . . _ Aog?
/(plz) = @ (plz)e” < T, W(qlt) = U(glr)e € . (2.26)

In all, the correlator computation would lead to the relation

) 1
j ! _
@GV DD =

YN (‘I’j(p\z)‘l’l(Q\T»WZW (2.27)
|z — 7=
with 6h% and 0k, as before. The subindex D on the left hand side means that the
expectation value is computed in the deformed theory (A\g # 0), while the subindex W ZW
on the right hand side refers to the undeformed WZW theory (Ao = 0); see [23, 24].

We should emphasize here that the techniques we use to solve the conformal integrals,
while leading to results that exactly coincide with those obtained by other methods consid-
ered in the literature, has an advantage over such methods. For example, in reference [12]
the boundary-bulk 2-point function was computed by means of Mellin-Barnes type inte-
grals, similar to those that usually appear in higher-dimensional quantum field theory. The
result obtained there exactly agrees with the one obtained here; however, the computation
we just presented is more efficient and, as we will see, it permits to be easily generalized to
the case of higher-point correlation functions. Also, the dimensional regularization method
we use here can be shown to agree with other methods considered in the literature, cf. [12].

2.4 Bulk-bulk 2-point function

Now, let us move to the computation of the bulk-bulk 2-point function. Inserting two fields
in the bulk with momenta p; and py at the points z; and 29 leads, after integrating in the -y,



# fields, to a solution for the 3, 3 fields consistent with the boundary conditions, given by

Bw) = pP1 4 P2 T ;01_+ pg_
w — z1 w — 29 w — z1 w — 29

(@)=--2_-2_ "N 7 (2.28)

w— 21 W — Z2 W — 21 W — 22

™I

subject to the condition p; + p1 + p2 + p2 = 0. Now, there are twelve non-trivial contri-
butions which can be regrouped in terms of only three different types of integrals in the
following way

_5p =20 /F wi(w)B(w)

™

A € * € € *
20 [ISB)(ZhZz) + (Il(gB)(zth)) +I§321’3)(z1,22) + (Ig];)(zl,zg))

s

155 Galo) + (155 (alp)) + 15 Galpo) + (15 alp)) ] (2:29)

where

(L), oy _PIP2 2 5 e [ g2-2c,, 1 1
Ipp' (21, 22) 5 (1 V)/d <(w_21)(w_z2)+(w_Z2)(w_Zl)>
(2.

30)
(2,6) _ bip2 2 v, _\€ 2—2¢ 1
Ipp (21, 22) 5 (I"eTm) /d w ((w—zl)(w—zz) + (w—zz W — 1)
(2.31)
and I(3’E)(z\p) :pQ(lzeVﬂ)E/dQ_ZEwl. (2.32)
BB 2 (w—2)(w — 2)

These three integrals are of the same kind as those that appeared before and are dealt with
in the appendix. Their solution is

por 1%G11(€) 2 p1p2m %G1 (€)
I(l,e) _ _ hip27 I( €) — Bt A
BB (#1,%2) 4|Z1 22 BB (21, 22) |21 — Zo|2¢
2 2e
3,e p 7Tl G11(6)
and I (alp) = =55 (2.33)

Inserting these results in (2.29) and expanding in powers of €, we obtain for the pole and
finite piece; namely

Ao
= Spler = = (2p* + 2|paf?) (2.34)
and
—Spleo =Ao [—2 (Ip1]? + [p2l?) log ¢ — 4lp1 * log 2172 — 4|py | log 12272

— ((p1+p2)” + (1 +p2)°) log + (p% + 93+ %+ 3) log(1 — )| (2.35)

where in both cases we used the condition p; + ps +p1 +p2 = 0. The subindices € and e!
in (2.34) and (2.35) refer to the different orders in the expansion in e. The singular piece of



the exponential e=“Ple-1 gets canceled with the same renormalization (2.26). Furthermore,
the exponential of the remaining finite piece yields

¢ —Ong — o

—Splo —
‘ |21 — 21|26h{;1 |20 — 22|25h22 G Dpups (1) (2.36)

with
(1 — ) oPi+p3+P1+P3)
GDpips (1) = nPo(P1+p2)?+ 0 (P1+p2)?

(2.37)

which is the exact behavior we expected according to (2.14). This manifestly shows the
consistency of the calculation of §h%, proposed in [11] with the disk 2-point functions.

3 Back to the sphere

3.1 Three-point function

Now that we have succeeded with this method to solve new observables in the disk geometry,
it is tempting to go back to the sphere and tackle the 3-point function. Conformal symmetry
demands the 3-point function to scale like

(BT (p1]21) B2 (p2|22) D7 (ps|23))
1

~ (3.1)

J1-P1 J2:P2 53 73:P3 J2:P2 J3:P3 53 J1:P1 J1,P1 J3:P3 51 J2:P2
’212|2hq> +2hy 2hg |223|2h<b +2hy 2hg |2’13|2h<1> +2hg 2hg

where z;; = 2z; — z;. The solutions for the 3 fields after functional integration over «y fields is

5(“1): y4! n b2 + D3
w—z w — 29 w — 23

A/ b1 b2 b3
Bw) = ———— — - (3.2)
w— 21 w — 29 w — 23

with p; 4+ ps + ps = 0. Similarly to the computations before, when making the product
B/ three out of the nine terms become trivial. The six remaining terms contribute to the
deformation of the action in the following way

Ao

_SD = _? [I;glﬁz <21’ 22) + Iiglﬁs <21’ 23) + 1122151 <22, 21)
+ I;st (ZQ, 23) + 11673131 (,23, 21) + 153132 (,23, 22)] (33)
with
_ _ 1 p-ﬁ~7rl2EG11(e)
Ie,—, . ) — “ZQ’Y € d226 _ g ) 3.4
plp](zuzj) pzp]( e 77) / w(w _ Zl)(’LT) _gj) ’Zi _ Zj‘ge ( )

This is the same kind of integral we have been doing all along. Combining all the contri-
butions we get

(3.5)

P1p2 + p2D1 | DP2p3 + P3p2 | P1P3 + P3p1
— Sp = NG (€)% ( )
( ) ’212’26 |223‘26 ‘213’26



Expanding in € and making use of p; + p2 + p3 = 0 we obtain for the pole and leading

finite piece
_ 2Xo 2 2 2
=Sple-1 = == (Ip1” + Ip2|” + Ips]), (3.6)

and
—Spleo = —4Xo | (p1]? + [p2]* — ps[?) log Z2L 4 (|pa|? + |ps[* — [p1[?) log 22l

(I + Ipsf? = [paf) Tog 2521 (3.7)

The exponential of the poles piece e~ 5Ple=1 gets canceled by the renormalization of the
fields, while the exponential of the finite piece is

1
’26h§,2 +26h53 —26R5}

e Spl—0 = (3.8)

|21 |25h”1 +20h52 —26R53 |29 213 |25h§,1 +26h53 —26h5?

which is exactly what we expected to obtain: this confirms that both the anomalous
dimension and the vertex operators renormalization derived in [11] are consistent with
the 3-point function. This raises the question as to whether the same occurs for N-point
functions with N > 3.

3.2 N-point functions

It is easy to write down a general formula for the contribution from the action deformation
to the N-point function. The solution for § in that case is [22]

N A B N
B(w) = Y () e (3.9)

W — 2 W — Z;
i=1 ¢ i=1 v

with >, p; = 0. When making the product B(w)B(w) we obtain N(N — 1) non trivial
contributions given by

)\ .—,+ o
—Sp=-— 20 Z Zz,Z] = /\ol “G11(e) Z W (3.10)
i,j=0 1<i<j<N v
i#]

where integral I} ; was defined in (3.4). With the conservation condition }_; p; = 0, which
follows from the integral over the zero-mode of -, one can derive the following properties

> (i +pipi) = zjlpzl2 and

1<i<j<N
PR

ki

2
— Ipil* = [p;? (3.11)

pipj + pjpi =
which we use after expanding in € to write the exponential of the action deformation as

N
2\ , .
e=5P — exp ( 60 Z |pi!2> H ’zij’—4Ao(\pl\2+lpjIQ—IZk;éi,jkaQ). (3.12)
i=1

1<i<j<N



Again, the pole piece exponential is exactly what we expected in order to cancel the pre-
scribed renormalization of the fields, in perfect agreement. After renormalizing the fields,
we arrive to the general proportionality relation between correlation functions

N N
(IT®% wilz))p = [ ] lzeg| @522 (T T @7 (pr|20) ) waw (3.13)
i=1 i<j r=1

This proportionality relation guarantees that the deformed theory satisfies global conformal
invariance for a CFT with primary fields with corrected dimensions hé;p = h; + ohf.
This can be seen as a consequence of the global conformal invariance of correlators of
primary fields in the WZW theory with dimensions h;. The explicit check can be made by
considering the following three operators for each theory

N

A s 0 s JisPi
AP =) (Zﬁlazi + (s + 1)z hE? ) (3.14)
=1

with s = —1,0,1. One can explicitly verify the global conformal Ward identities
AP (@71 (p1]21) ... ®IN (pi|2n))p = 0 (3.15)

as a consequence of WZW Ward identities and thanks to the fact that the power of the
proportionality factor in (3.13) satisfies

> " 2Xo(pip; + pipi) = —20h%; (3.16)
J#i

Let us mention that the form of the N-point function in the AdS3 worldsheet the-
ory (2.1) deformed by the marginal operator (2.2) carries information about the dual
theory, the latter being the symmetric product of a TT-deformed CFTy [6, 7]. It was
shown in [8] that the form of the 2-point function can be used to study aspects of the
dual theory such as its non-locality and its analytic properties. A key ingredient in the
discussion of [8] was a particular dependence on the momenta that the 2-point function
exhibits; more precisely, an overall factor |p;|*1+ D53 (p; 4 p2)6(j1 — j2). The analytic
properties of the 2-point function gets then determined by the spectrum of the theory, as
it restrict the possible values of ji in terms of the anomalous dimension dhk. Here, we
have implicitly shown that the N-point functions in the worldsheet theory (2.1) deformed
by the operator (2.2) exhibits a similar dependence: using the results of [22] (see section 2
therein) one can verify that the WZW N-point functions on the right hand side of (3.13)
are actually proportional to product Hf\i 1 |pi\2(ji+1). This is consistent with the expres-
sion for the 2-point functions found in [8] and [11]. It would be interesting to investigate
what information about the dual theory can be extracted from the dependence on p; in
the higher-point correlation functions. Also, it would be interesting to make a comparative
analysis of the results for the correlation functions obtained here and those studied in [27].
We plan to investigate this in detail in the near future.

~10 -



3.3 Four-point function
Consider now the four-point function

4 4

(T wilz))p = [T lzigPo@Pr+2Pd (TT &7 (prl20) )y waw (3.17)

i=1 i<j r=1

Let us define the cross-ratios

212234  _  Z12Z34
x = , T=—. (3.18)
Z13224 Z13224

Following the notation of [25], from the four-point function we can define three types of
functions of x and T, representing three different channels; namely: the s-type

. Ji.p . . . .
GayP(z,2) = lim |22 (@71 (py|21) @72 (po|1) @7 (p1 |2) D72 (pa] 0)) p

21,2100
the t-type
G (U —21-2) = lm_|a["%" (@7 (pi]21) 07 (p2]0)2% (pr |1 — )27 (pa 1)) .,
and the u-type
GAP(L ) = tim e (@7 (9 |0) @ (o DO (1| )07 (pa 20))

Notice that in the three cases, the powers of |z1| and |z4|, which arise to render the limit
finite, correspond to the conformal dimension of the deformed theory, hé;p = hj + 20|p|%.
With these definitions, we can use (3.17) to connect these functions with the three different
channels of the WZW 4-point function, and then use the crossing symmetry relations for
the latter. The crossing symmetry of the non-compact WZW theory has been proven
in [26]. This can be expressed as follows

GV W (@, 7) = GV (11—, 1-7) (3.19)
GV (@, 7) = oM GV (12, 1/7) (3.20)
where the functions Ggi’wzw(:z:,a’:) are defined as above but for the undeformed theory

Ao = 0. Using (3.17) it is possible to show that the deformed theory also satisfies the
crossing symmetry relations: the first relation is the simplest, and reads

GayP(1—2,1-2) = GoyP (2, 7). (3.21)

Proving the second relation is more subtle as it requires to use a chain of equalities. The
final result reads ,
21,D = —4p?3P3 ~24,D _
G5y (z,z) = |z| ™"~ G577 (1/x,1/%). (3.22)

To prove this identity one uses the trasformation of the WZW 4-point function under
x — 1/ and the momentum conservation Z?Zl pi = 0.

- 11 -
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A Conformal integrals

On the nature of divergences. Expanding of the product 33 term by term, all along
our work we have found two types of divergent integrals; namely
1 1
To(z :/de, Io(z1, 29 :/dZw — Al
S A S ey ey B

with z,2; and zy properly identified depending on each case. The first integral, Tp(z), is

both UV and IR divergent: the integral explodes when w — z and for large w. The integral
Iy(z1, z2), on the other hand, is UV finite and IR divergent: it is safe when w — 21, 25 (as
long as z1 # z2) but divergent for w large. At first glance, this could seem contradictory,
since we expected to reproduce an anomalous dimension computation as an effect of the
regularization and renormalization of only UV divergences. To understand this apparent
contradiction consider the solution for S(w) for the N point function

= Qa2 (w)

_ pi
B(w) = —w =z N (w—zl)(w—ZQ)._.(w_zN) (A.2)

In the last equality we have taken a common factor of all the denominators. Thanks to the
conservation condition ), p; = 0 the numerator Qy—_2(w) is a polynomial of degree N — 2
(this can also be seen as a consequence of Riemann-Roch theorem limiting the number of
zeros of a 1-form). When we insert § in the deformed action, we obtain

Ao Qn—a(w)]?
—SD:—f d2w 2| (2 )| -
T Jc |lw — z1)?|w — 22]% ... |w — 2N]|

(A.3)

By power counting we see that this integral is finite for large w due to the lowered degree
of the @Qn_2(w) polynomial. On the other hand, the integral has logarithmic divergences
when the integration point w approaches the insertion points z;, as expected. From this
analysis we see that the mixed UV/IR and purely IR nature of divergences of Tp(z) and
Iy(z1, z2) respectively are an artifact of the fact that we are separating the whole integral
in N? different pieces; N of the type Tp(z) and N(N — 1) of the type Io(z1, 22), which,
when considered all together as in (A.3) have the correct divergent behavior.

It is easy to realize that a regularized version of the integral (A.3) is much more difficult
to attack than a regularized version of Ty(z) and I(z1, 22). The only reason why we made
the separation of 8 into N? terms is to make the computation simpler. Nevertheless, one
could worry that by separating an UV divergent integral as (A.3) in multiple terms which
create artificial IR divergences we could be following an inconsistent path. The nice feature
about this is that we are using dimensional regularization which is very well suited to treat
UV and IR divergences on equal footing and dealing with an artificial mixing of spurious
divergences.
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Regularization and solution. Let us go back to integral Iy defined above (T is just a
tadpole and we put it to zero in dimensional regularization). All the non trivial integrals
that appeared in this note have the form

(72— 21) /C i v (A4)

with z; and zy being two arbitrary complex variables to be properly identified depending
on which integral one is facing at. In the last two equalities of this equation we have taken
two steps: firstly, we have written (w0 — z1)(w — 22) = |w — 22|* + (22 — 2z1)(w — 22) and
we discarded the first piece because it will eventually lead to a tadpole-like integral when
properly regularized; secondly, we have shifted the integration w — w + z9. Let us focus

in the last piece
w

JO(Zl,ZQ)—/(;d2w (A5)

and define the following regularized Feynman vector-like bubble integral in D = 2 — 2¢

|w|?|w + 29 — 212

dimensions
xOé

22 (x + x0)?

In D dimensions the vectors x and xg have D components that reduce to two components

J%(xz0) = 2(1%7m)° / >y (A.6)

when we take e — 0. We associate those two components with the real and imaginary part
of the points w and z2 — z; in (A.5). Moreover, the integral J%(zo) has also D components
that reduce to two which we associate with the real and imaginary part of Jy(z1, 22).

Integral (A.6) is a standard dimensionally regularized Feynman integral which can be
easily solved, giving

1% €
7(w) = Tt g (A7)

and by the association explained in the last paragraph this means that the regularized
version of Jy(z1, 22) becomes

(o) I (22 —21) |
JO (21722) = —7l Gll(ﬁ)m7 (AS)

going back to the original integral, its regularized version becomes

7I'l26 Gll(e)
’22 _ 21’26

=27 <1 —2log @ + O(e)> : (A.9)

IO(G) (Zlv 22) =

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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