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Influence of Initial Conditions on the Fundamental
Periods of LFSR-Dithered MASH Digital

Delta-Sigma Modulators with Constant Inputs
Hongjia Mo, Student Member, IEEE and Michael Peter Kennedy, Fellow, IEEE.

Abstract—A digital delta-sigma modulator (DDSM) with a
constant input may produce a periodic output with a small funda-
mental period, resulting in strong tonal output behavior instead
of the expected shaped white quantization noise. In practice, the
problem is alleviated by dithering the DDSM. Pseudorandom
dither generators based on linear feedback shift registers (LFSRs)
are widely used to “break up” periodic cycles in DDSMs with
constant inputs. Pseudorandom dither signals are themselves
periodic and can lead to relatively short output sequences from
dithered DDSMs. It is known that the fundamental period of
the output signal depends not only on the input and initial
condition of the DDSM but also on the initial state of the LFSR.
This work shows that bad LFSR initial conditions can lead to
ineffective dithering, producing short cycles and strong tonal
behavior. Furthermore, it explains how to set the inital state
of the DDSM, as a function of the initial state of the LFSR, in
order to obtain a maximum length dithered output.

I. INTRODUCTION

Digital delta-sigma modulators (DDSMs) are widely used
in oversampled digital-to-analog converters and fractional-N
frequency synthesizers [1]–[3]. In the synthesizer application,
the input to the DDSM is typically constant.

A DDSM is a nonlinear finite state machine. When its input
is held constant, it produces a periodic output. It has been
proven that the fundamental period of the output depends on
the input and the initial state of the DDSM [4]–[6].

For some constant inputs, the fundamental period may be
very small, resulting in strong tonal behavior in the output
spectrum. A number of ways have been suggested to increase
the fundamental period. One popular (deterministic) solution
is to set the initial state of the DDSM [6]. A more common
(stochastic) alternative is to apply an additive dither signal [7].

Ideally the dither signal should be random. In practice, it
is produced by a linear feedback shift register (LFSR) which
is itself a finite state machine. The output of the LFSR is
pseudorandom, meaning that it is periodic, albeit usually with
a very large period.

We have shown previously that the output of a DDSM
driven by a periodic input is itself periodic [8]. In particular,
a MASH 1-1-1 with a modulus M and a constant input x—as
well as additive LSB dither produced by a b-bit LFSR with
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fundamental period Lsd = (2b−1)—has a fundamental period
LDDSM.

Qualitatively, the larger the value of LDDSM, the closer the
DDSM’s output spectrum should approximate shaped white
noise. While one might be tempted to achieve this by making
Lsd large, the downside of this approach is that it causes the
shaped dither signal to dominate the noise performance at low
frequencies. This is illustrated in Fig. 1(a), which simulates
an 8-bit MASH 1-1 architecture that has been used to drive
the DCO in an ADPLL [9].

If Lsd is smaller, it may result in spurs due to feedthrough
of the dither signal [10], [11]. Guaranteeing no feedthrough
spurs imposes an upper bound on the value of Lsd [12]. This
in turn puts a lower bound on the possible value of LDDSM,
which could be as low as Lsd. Fig. 1(b) shows the case where
b is small and LDDSM is large: dithering is effective; the
low frequency noise is highpass filtered. Fig. 1(c) shows the
case where b is small and LDDSM is also small; in this case,
dithering is ineffective in the sense that the spectrum is tonal.
The difference between Figs. 1(b) and (c) is only the initial
state of the LFSR. This dependence on the initial state of the
LFSR, and how to overcome the problem, is the focus of this
manuscript.

We focus on MASH DDSMs comprising a cascade of first-
order error feedback modulators. We show how to choose the
initial state of the DDSM as a function of the initial state of
the LFSR in order to maximize LDDSM and present empirical
formulae for the worst case value of LDDSM in terms of Lsd

when the necessary conditions are satisfied.
This paper is organized as follows. In Section II, we review

the LFSR architecture and show spectra of an effectively
dithered MASH DDSM [12]. In Sec. III, we consider a MASH
1-1-1 DDSM with additive first-order shaped LSB dither.
We present general results for various modulator and dither
filter orders in Sec. IV. These empirical results are based on
extensive simulations; we hope that they will inspire other
researchers to solve the problem analytically. We summarize
our observations and hypotheses in Sec. V.

II. DITHERED MASH DDSM

We consider in this work MASH DDSMs with additive LSB
dither [7], [10], [12]. A block diagram of the architecture is
shown in Fig. 2. The lth order DDSM comprises l first-order
error feedback modulators (denoted EFM1) and an error can-
cellation network. The binary dither signal d[n] is filtered by a
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(a)

(b)

(c)

(d)

Fig. 1. 8-bit MASH 1-1 with additive zeroth-order LSB dither and
x = 120: (a) s1[0] = 1, s2[0] = 0, 19-bit LFSR with sd[0] =
11000000000000000002; (b) s1[0] = 1, s2[0] = 0, 4-bit LFSR with
sd[0] = 11112 (even parity); (c) s1[0] = 1, s2[0] = 0, 4-bit LFSR with
sd[0] = 10112 (odd parity); (d) s1[0] = 0, s2[0] = 0, 4-bit LFSR with
sd[0] = 10112 (odd parity).
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Fig. 2. MASH DDSM with additive filtered dither

discrete-time filter with transfer function V (z) = (1− z−1)ld .
The dither generator is a so-called “internal feedback” LFSR.

To illustrate the problem we address in this work, let us
consider a third-order MASH 1-1-1 DDSM with additive first-
order shaped dither. This structure is often used in commer-
cial fractional-N frequency synthesizers [13]. A commercial
DDSM might have 24 bits per stage and a 20-bit LFSR. For
illustrative purposes, the EFM1 stages in our example DDSM
are 8 bits wide.

A simulated power spectrum is shown red in Fig. 3(a).
The idealized spectral envelope, assuming white quantization
noise, is defined by

S3(f) =
1

12

(
2 sin

(πf
fs

))6

. (1)

This is shown black in Fig. 3.
The spectra in Figs. 3(a) and (b) are qualitatively different:

one is smooth, while the other is comprised of discrete tones
(spurs). The difference between Figs. 3(a) and (b) is that the
LFSR has been initialized to 0100 in (a) and 1001 in (b).

Fig. 4 presents brute force simulations of the power spectral
density of our 8-bit third-order MASH DDSM with first-order
shaped dither from a 4-bit LFSR for all possible initial states
of the LFSR. The input is x = M/2 and the initial state of
the DDSM is s1[0] = s2[0] = s3[0] = 0.

If the quantization noise were white, one would expect to
see a smooth surface. Instead, for some “bad” LFSR initial
conditions, the dithered MASH 1-1-1 DDSM has a small
fundamental period, resulting in strong tonal behavior such
as that seen in Fig. 3(b). This confirms that the cycle length
of a dithered MASH 1-1-1 DDSM depends not only on the
input and initial condition of the DDSM but also on the initial
condition of the LFSR [14].

We previously proved how to set the initial condition of
an undithered DDSM to ensure that the fundamental period
is maximized, independently of the value of a constant input
[6]. In this paper, we will show how to set the initial condition
of the DDSM so that the fundamental period of the dithered
DDSM is maximized, independently of both the value of the
constant input and the initial state of the LFSR.

We will illustrate the method in detail for a third-order
MASH with first-order shaped additive dither. A similar ap-
proach can be taken for other DDSM and LFSR architectures.

III. EXAMPLE: MASH 1-1-1 DDSM WITH ADDITIVE
FIRST-ORDER SHAPED LSB DITHER

The block diagram of the first-order dithered MASH 1-1-1
DDSM we consider is shown in Fig. 5. The LFSR-derived LSB
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(a)

(b)

Fig. 3. Simulated power spectrum of an 8-bit MASH 1-1-1 DDSM with
input x = M/2 and additive zeroth-order LSB dither produced by a 4-bit
LFSR. The smooth black curve shows the expected behavior assuming that the
quantization noise is white and the dither is effective. (a) s1[0] = 1, s2[0] =
s3[0] = 0, and sd[0] = 10012 yields a “good” output with a fundamental
period of 512 × Lsd. (b) s1[0] = s2[0] = s3[0] = 0 and sd[0] = 10012
yields a “bad” output with a fundamental period of 32 × Lsd.

dither is added to the second stage of the MASH, resulting in
first-order shaping; this is equivalent to V (z) = (1− z−1) in
Fig. 2.

The fundamental period of the output y of a MASH DDSM
depends

on the cycle length of the last stage. If the third stage is
started from state s3[0] then, after Ls3 iterations, we have that
[14]:

s3[Ls3] =

(
s3[0] +

Ls3−1∑
k3=0

s2[k3]

)
mod M

=

(
s3[0] + Ls3s2[0] +

Ls3(Ls3 − 1)

2
s1[0]

+

Ls3−1∑
k3=0

k3−1∑
k2=0

k2−1∑
k1=0

x[k1] +

Ls3−1∑
k3=0

k3−1∑
k2=0

d[k2]

)
mod M,

where x is the input, si is the state of stage i, and M is the
modulus.

Fig. 4. Power spectral density of first-order shaped 4-bit dither dithered
MASH 1-1-1 8-bit DDSM with x = M/2. Spurs (and troughs) associated
with short cycle lengths correspond to “bad” LFSR initial conditions.
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Fig. 5. Block diagram of a MASH 1-1-1 DDSM with first-order shaped
dither.

Note that s3 is periodic with period Ls3 if s3[Ls3] = s3[0].
For a constant input x[n] = x ∀n, we obtain [14]:(
Ls3s2[0] +

Ls3(Ls3 − 1)

2
s1[0] +

Ls3(Ls3 − 1)(Ls3 − 2)

6
x

+

Ls3−1∑
k3=0

k3−1∑
k2=0

d[k2]

)
mod M = 0.

Note that the period of s3 depends explicitly on the input,
the initial state s1[0] of the first stage, and the initial state sd[0]
of the dither generator (which determines the double sum of
the samples d[k]).

The LFSR has the property that
∑Lsd−1

k=0 d[k] = 2b−1, where
b is the number of bits in the LFSR, which is an even number.
Recall that, in the undithered case, the maximum cycle length
can be achieved by setting s1[0] to an arbitrary odd number
in the range of [1,M − 1] [6].
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A. Simulations

The fundamental period of an 8-bit MASH 1-1-1 DDSM
with first-order dither produced by a 4-bit LFSR was deter-
mined by brute force simulation of all possible combinations
of inputs (0 through 255) and initial states (1 through 15) of
the LFSR. Two cases were considered: (a) the initial state of
the DDSM was set to all zeroes, i.e. s1[0] = s2[0] = s3[0],
and (b) the initial state of the first EFM1 in the DDSM was
set to 1, with s2[0] = s3[0] = 0.

Consider Fig. 6, which shows the simulated fundamental
period (cycle length) of the dithered DDSM as a function of
the (constant) input value and the initial condition of the LFSR.
Fig. 6(a) shows what happens when the DDSM is initialized to

(a)

(b)

Fig. 6. Simulated fundamental period of an 8-bit MASH DDSM with first-
order dither from a 4-bit LFSR for all possible constant values x of the input.
The initial states s2[0] and s3[0] = 0. (a) With s1[0] = 0, both “bad” short
and “good” long cycles can occur; (b) when s1[0] = 1, all initial states lead
to maximum length cycles.

the zero state. In the worst case, the output period is as small
as 16 × Lsd; in the best case, it is 2M × Lsd. By contrast,
setting s1[0] to the opposite parity as the initial state of the
LFSR always leads to maximum length cycles, as shown in
Fig. 6(b).

B. Output spectra

Fig. 7 shows the output spectra of our 8-bit third-order
MASH 1-1-1 DDSM with first-order dither produced by a
4-bit LFSR, constant input x = M/2 and initial states
s2[0] = s3[0] = 0.

By contrast with Fig. 4, in which s1[0] = 0, the smooth
spectra in Fig. 7, corresponding to maximum length cycles,
result from setting s1[0] to 1.

Fig. 7. Output spectra of a 8-bit third-order MASH DDSM with first-order
dither produced by a 4-bit LFSR. The initial states are s2[0] and s3[0] = 0
and s1[0] = 1. All cycles are maximum length; all spectra are smooth.

IV. GENERAL RESULTS

The observations in Sec. III also apply to higher order mod-
ulators and dither filters. Our empirical results are summarized
in Tables I and II for MASH modulators (comprising cascaded
first order stages) up to fifth order and filters (1 − z−1)ld up
to third order.

TABLE I
INITIAL CONDITION(S) FOR MAXIMIZING THE MINIMUM CYCLE LENGTH

Dither MASH Initial
Order ld Order l Condition
No dither 2–5 s1[0] odd [6]

0 2–5 set s1[0] opposite parity
to initial state of the LFSR

1 3–5 s1[0] odd
2 4–5 s1[0] odd
3 5 s1[0] odd

Referring to Table I, note that making s1[0] odd, as already
recommended for the undithered case [6], is sufficient to
guarantee maximum length cycles for dither filters of order
one or more. The problem of tonal behavior associated with
short cycles arises mainly when zeroth-order dither is used.
It can be alleviated by choosing the initial condition s1[0]
opposite to the parity of the initial state of the LFSR.

Figs. 1(b) and (c) show spectra of an 8-bit MASH 1-1
DDSM with additive zeroth-order LSB dither produced by a
4-bit LFSR, the block diagram of which is shown in Fig. 8.
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Fig. 8. Block diagram of a MASH 1-1 DDSM with zeroth-order shaped
dither.

A “bad” initial condition yields a fundamental period of
16× Lsd = 240 and a tonal spectrum, as shown in Fig. 1(b).
By contrast, satisfying the criterion in Table I by setting
s1[0] opposite to the parity of the inital state of the “internal
feedback” LFSR produces a significantly smoother spectrum
which more closely approximates idealized shaped white
quantization noise, as shown in Fig. 1(c). Finally, we show
in Fig. 1(d) the case of s1[0] = 0 and an odd parity initial
condition in the “internal feedback” LFSR.

Table II summarizes the maximum possible and guaranteed
minimum cycle lengths when the conditions on s1[0] specified
in Table I are satisfied.

TABLE II
WORST AND BEST CASE CYCLE LENGTHS LDDSM FOR MASH DDSM
WITH POWER-OF-2 QUANTIZER MODULUS M AND DITHER PERIOD Lsd

WHEN THE CONDITIONS IN TABLE I ARE SATISFIED.

Guaranteed Maximum
Dither MASH Minimum Possible

Order ld Order l Cycle Length Cycle Length
No dither 2 M/2 2M

3 2M 2M

4 2M 4M

5 4M 4M

0 2 M/2 × Lsd 2M × Lsd

3 2M × Lsd 2M × Lsd

4 2M × Lsd 4M × Lsd

5 4M × Lsd 4M × Lsd

1 3 2M × Lsd 2M × Lsd

4 2M × Lsd 4M × Lsd

5 4M × Lsd 4M × Lsd

2 4 2M × Lsd 4M × Lsd

5 4M × Lsd 4M × Lsd

3 5 4M × Lsd 4M × Lsd

The maximum possible fundamental period of the output is
either 2 or 4 times M × Lsd, depending on the order of the
modulator. When the corresponding initial condition for the
“internal feedback” LFSR in Table I is satisfied, the minimum
cycle length is guaranteed to be at least M/2× Lsd.

Note that a third-order modulator with zeroth- or first-order
dither always produces maximum length sequences when the
condition in Table I is satisfied. Furthermore, for dither orders
greater than zero, the “make s1[0] odd” recommendation is

the same as for the undithered case [6].

V. CONCLUSION

A pseudorandom dither generator based on an “internal
feedback” LFSR produces a periodic output. When this signal
is used to dither a DDSM with a constant input, the overall
system has a periodic output. The harmonic components of the
output spectrum, the so-called spurious tones, are influenced
by the length of the “internal feedback” LFSR’s output se-
quence, the initial condition of the “internal feedback” LFSR,
and the input, initial conditions and modulus of the DDSM.

The output spectrum can be made to approximate shaped
white noise by maximizing the fundamental period of the
dithered DDSM. We have shown by simulation that it is
possible to control the output sequence length by initializing
the DDSM appropriately. The required sets of initial conditions
are defined in Table I for modulators of order up to five and
dither filters up to third order. When the DDSM is started from
the initial state specified in Table I, the guaranteed sequence
length depends only on the DDSM’s modulus M and the size
of the “internal feedback” LFSR; it is independent of the value
of the (constant) input.
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