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PARTICLE APPROXIMATION OF THE BGK EQUATION

PAOLO BUTTA, MAXIME HAURAY, AND MARIO PULVIRENTI

ABSTRACT. In this paper we prove the convergence of a suitable particle sys-
tem towards the BGK model. More precisely, we consider an interacting sto-
chastic particle system in which each particle can instantaneously thermalize
locally. We show that, under a suitable scaling limit, propagation of chaos
does hold and the one-particle distribution function converges to the solution
of the BGK equation.

1. INTRODUCTION

The BGK model is a kinetic equation of the form,

Orf +v-Vif)(z,v,t)= /\(g(x, )My (z,v,t) — f(a:,v,t)) , (1.1)
where
B |v — u(x,t)|?
)= G (e )
and

o(z,t) = /dv fz,o,t), ou(z,t) = /dv f(z,v,t)v,

o(u? + Td)(z,1) = /dvf(;v,v,t)|v|2.

Eq. (1) governs the time evolution of the one-particle distribution function
f = f(z,v,t), where (z,v) denotes position and velocity of the particle and ¢ is the
time. Here, d = 1,2,3 is the dimension of the physical space. The BGK model
describes the dynamics of a tagged particle which thermalizes instantaneously at
Poisson random time of intensity A > 0. The Maxwellian M; has mean velocity
and temperature given by f itself.

This model was introduced by P.L. Bhatnagar, E.P. Gross, and M. Krook in
[1] as a simpler substitute to the fundamental and physically founded Boltzmann
equation. Clearly, the BGK model preserves local mass, momentum, and energy, so
that it shares many physical properties with the Boltzmann equation. Moreover, it
satisfies the H-Theorem, and therefore it exhibits the usual hydrodynamic behavior
in the limit of vanishing mean free path.

Roughly speaking the BGK model was introduced to handle situations where
the mean free path is very small (but positive) so that the hydrodynamic picture
is inadequate. To fix the ideas, we consider a stochastic particle system like the
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DSMCM (the Bird Montecarlo method), thus equivalent to the Boltzmann evo-
lution, when the intensity of the interactions is very large and the free motion is
finite. The BGK leading idea is that it is useless to compute in detail the very
many interactions taking place locally, since we know a priori that the system is
locally thermalizing. This means that we can replace the true dynamics with a
jump process in which position and velocity of a given particle are instantaneously
distributed according to the local equilibrium. Inspired by these arguments, in this
work, we present a stochastic system of IV interacting particles yielding the BGK
equation in a suitable scaling limit. In this microscopic model, each particle moves
freely up to some random instant in which it performs a random jump in position
and velocity. The outgoing position and velocity are chosen according to a given
distribution and a Maxwellian respectively, both determined by the actual particle
configuration. See Section for details.

In the limit N — oo, we expect that the one particle distribution function
converges to the solution of the BGK equation, provided that, at initial time, the
particles are independent (i.e., their distribution factorizes).

Obviously, the dynamics creates correlations because of the jump mechanism,
which depend on the state of the full particle configuration. Note that the in-
teraction is not binary in the present context, so that we do not use hierarchical
techniques to obtain propagation of chaos.

Actually, the convergence follows from the fact that the action on a given particle
produced by any other particle is small (as in the mean-field limit), so that we can
expect to recover the propagation of chaos in the limit N — oo.

We mention the recent work [4], where the one dimensional homogeneous linear
BGK equation has been obtained as a limit of a suitable particle process in which
the thermalization is driven by the Kac’s model. Therefore, the context and the
approach are different from the ones of the present paper.

We note that in the original work [I], the jump rate is chosen A = p, namely the
jumps are favorite whenever the spatial density is high. This case is mathematically
much more involved compared with the case in which the rate A is constant so that
here, we assume for simplicity A = 1. From a mathematical point of view, a
constructive existence and uniqueness theorem for the BGK equation was given in
[7]. Previous non-constructive existence results, in the spirit of the Di Perna-Lions
theorem for the Boltzmann equation, were obtained in [6] (see also [3]). Regarding
the hydrodynamic limit we mention, e.g., [8]. Actually, we are not aware of any
constructive existence theorem for the solutions of the BGK equation when \ = o
and this makes difficult to approach the particle approximation problem. However,
the particle system yielding, at least formally, this BGK kinetic equation makes
perfectly sense as we shall discuss briefly in Section Bl

The plan of the paper is the following. The next section is devoted to notation,
preliminary material, and statement of the results. The remaining sections are
devoted to the proofs. More precisely, the convergence follows from two separate
results: the convergence of a particle dynamics towards a regularized version of the
BGK equation, and the removal of the cut-off to recover the true BGK equation
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from its regularized version. The former requires the main effort and it is the
content of Section[3] while the latter is proven in Section[dl Finally, some concluding
remarks are given in Section

2. PRELIMINARIES AND STATEMENT OF THE RESULTS

Let T4 = (R/(% —l—Z))d be the d-dimensional torus of side length one. We denote
by Myr = My, r(v), v € R¢, the normalized Maxwellian density of mean velocity
u € R% and temperature T, i.e.,

1 v —ul?

In particular,

1
u:/deuyT(v)v, T= E/dUM“*T(”) v —ul?.

2.1. The BGK equation and its regularized version. We denote by f =
f(t) = f(z,v,t), where (z,v) € T¢ x R? and t € R, is the time, the solution to the
BGK equation,

8tf+v-wa:ngf—f, (2.2)
where o5 = p5(x,t) is the local density defined by
r(at) = [dvf(o.v.t), (23)
while M; = My(z,v,t) is the (local) Maxwellian given by
Mf(‘rv v, t) = Muf(ac,t),Tf(z,t) (U) 5 (2.4)
where uy = us(z,t) and Ty = Ty(x,t) are the local velocity and temperature,
or(z, thus(x,t) = /dv fz,v,t)v, (2.5)
1
or(x, )Ty (x,t) = yi /dv v, t) v —up(z,t))?. (2.6)
We also consider the solution g = ¢(t) = g(z,v,t) of the “regularized” BGK
equation,
g +v-Vaog=0"Mf —g, (2.7)
where
M(;a(xu v, t) = Mug"’(z,t),T;(z,t) (U) . (28)

In Egs. @17) and @.8), 0f = 0¥ (z,t), uf = ug (v,t), and TY = T (x,t) are smeared
versions of the local density, velocity, and temperature. More precisely,

5(.0) = (0 x 2)(w6) = [dyola =)oy a:), (29)
o (w,t)uf (z,t) = /dy dv(z —y)g(y, v, t)v, (2.10)

1
GO w0 = 5 [dydvpta — oot - a0, @1)
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where
0g(x,t) = /dvg(:v,v,t) (2.12)

and ¢ is a strictly positive, even, and smooth smearing function, i.e.,

o€ CX(T4R,), o) = p(—2), /ﬁyw@>=1. (2.13)

Well-posedness of the BGK equation together with L> estimates for the hydro-
dynamical fields can be found in [7]. In particular, the following proposition follows
immediately from [7, Theorem 3.1].

Proposition 2.1. Let fy be a probability density on T® x R? and suppose there are
a function a € C(RY) and positive constants C1,a > 0 such that

a(v) < fo(z,v) < Cre™!"" V¥(z,0) e T x RY,
(2.14)
a>0, Cy:= /dva(v) >0.

Then there exists a mild solution f = f(t) = f(z,v,t) to Eq. @2) with initial
condition f(x,v,0) = fo(z,v)] Moreover, there are a non-decreasing finite function

t— Ky = Kq.(fo), ¢ €N, and a non-increasing positive functiont — A, = Ai(fo)
such that, for any (z,t) € T? x R,

lug(@,t)] + Tr(2,t) + No(f (1) < Kqp (2.15)

of(x,t) > Coe™, Ty(x,t) > As, (2.16)
where

Ny(f) := sup flz,0)(1+|v]?). (2.17)

(z,v) €T xR
Finally, the above solution is unique in the class of functions f = f(t) = f(z,v,t)
such that, for some q > d +2, sup,<, Ny(f(t)) < 400 for any 7 > 0.

The analysis in [7] can be extended straightforwardly to the regularized BGK
equation, in particular the L*° estimates do not depend on the smearing function
. This is the content of the following proposition, whose proof is sketched in
Appendix [Al

Proposition 2.2. Let g = g(t) = g(z,v,t) be the solution to Eq. ) with initial
condition g(x,v,0) = fo(x,v), fo as in Proposition [Z1l. Then, similar estimates
hold for the corresponding hydrodynamical fields, namely,

ug (@, )] + T3 (2,1) + No(9(t)) < Kqpr, (2.18)
0g(x,t) > Coe™", 0% (x,t) > Che ™", (2.19)
To(e,t) > Ar, (220)

(with Kg;, Ay independent of ¢).
1This means that f solves the integral equation,
t
flz,v,t) = et fo(x — vt,v) + / ds ef(tfs)(ngf)(x —v(t —s),v,s8),
0

which formally derives from Eq. (22) via Duhamel formula.



PARTICLE APPROXIMATION OF THE BGK EQUATION 5

2.2. The stochastic particle system. We consider a system of N particles mov-
ing in the d-dimensional torus T¢. We denote by Zx = (Xy, Vi) the state of the
system, where Xy € (T%)" and Vy € (R?)YN are the positions and velocities of
particles, respectively.

Recalling ¢ denotes a smearing localizing function with the properties detailed
in Eq. Z13), setting Xy = (z1,...,2n) and Vy = (v1,...,vn), we introduce the
(smeared) empirical hydrodynamical fields o%, u%, and T% (depending on Zy)
defined by

© 1o @ 1
on(w) = N Zcp(x —zj), oyun(z)= N Zcp(x — xj)vj,

N
1
oRTR(x) = Nd E oz — ;)| —uf (@)
j=1

The system evolves according to a Markovian stochastic dynamics, whose gen-
erator Ly is defined as

LnG(Zn) =[(VN - Vxy — N)G|(Zn)

N
+ Z /difi dv; p(Z; — x) M3 (fivﬁi)G(ZJl\}(zi’vi)) ; (2.21)
i—1

where Zj\’,(y’w) = (XY, V4") is the state obtained from Zy = (X, V) by replac-
ing the position z; and velocity v; of the i-th particle by y and w respectively; G
is a test function on the state space, and M§N (x,v) is the Maxwellian constructed
via the empirical fields,

MEN (.I,’U) = Mu}‘\’,(m),T;\’}(w) (1)) .

We emphasize that the process is well defined since, as ¢ is strictly positive, the
smeared hydrodynamical temperature T (, t) is vanishing only if v; = u%(x,t) for
all j = 1,..., N, and this is a negligible event, and even if T (x,t) = 0, we could
replace the Maxwellian by a Dirac mass in u%(x,t), and the N particle dynamics
will be well defined in any case.

The generator Eq. (221)) is associated to the process Zn(t) = (Xn(t), Va(t))
in which at each Poisson time, of intensity N, a particle chosen with probability
1/N performs a jump from its actual position and velocity (z;,v;) to the new ones
(Z4,0;), extracted according to the distribution (- —x;) for the position and then to
the empirical Maxwellian M;N (Z;,-) for the velocity. In the sequel, we will denote
by Fn(t) = Fn(Zn,t) the density of the law of Zn(t) (but we will often refer to it
as simply the law of the process).

A notation warning. In what follows, we shall denote by C' a generic positive
constant whose numerical value may change from line to line and it may possibly
depend on time t and initial condition fy.
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2.3. Results. The particle approximation of the BGK equation is achieved in two
steps. We first show that, for fixed smearing function ¢, the stochastic dynamics de-
fined above is a particle approximation to the BGK regularized equation Eq. (27)).
This is in fact the main result of the paper and it is the content of Theorem 23]
below. We next consider a d-approximating sequence {p.} of smearing functions
and show that the corresponding BGK regularized equations furnish an approxi-
mation to the BGK equation. From these results we deduce that the stochastic
dynamics constructed with smearing function ¢ = ¢, , for a suitable choice of e
(converging to 0 slowly as N — +00), gives the required particle approximation of
the BGK equation.

Theorem 2.3. Suppose that the law of Zy(0) is Fx(0) = &V, where fo satisfies
the assumptions detailed in Eq. @I4). Let g = g(t) = g(x,v,t) be the solution to
Eq. 7)) with initial condition g(0) = fo and smearing function ¢ as detailed in

Eq. 213). Define also

Dpi= (14 COH Rl + IVel) . Cpo= (mine(@) . (222)

zeTe

Let fJN(t), j €{1,...,N}, be the j-particle marginal distribution function of the
(symmetric) law Fx(t),i.e.,

f;v(l'l,...,l‘j,’l)l,...,’l)j,t)Z/d$j+1-"d$]vd’l}j+1"'d’UNFN(XN,VN,t).

Then, the 2-Wasserstein distancd Wo (ffv(t),g(t)@) vanishes as N — oo for
any 7 € N and t > 0. More precisely, there exists a non-decreasing finite function
t— L, = L(fo) such that, for any j € {1,...,N} and t > 0,

Wa (N (1), 9(t)%7)" < %Ltrw exp(L;Ty) . (2.23)

In particular, the one particle marginal distribution function f (t) weakly converges
to g(t) as N — 400 for any t > 0.

Now, we fix a sequence {¢:}, ¢ € (0,1), of smearing functions such that, in
addition to Eq. (213), fulfil the following condition,

lpelloe <Ce™, | Vepelloo < Ce™ D, <O, (2.24)
e % J = Jlloo < C(J)e VJ € CHTY), (2.25)

with Cy,,_ as in Eq. 2.22) and C(J) is a constant multiple of (||J||oc + ||V J]|). For
example, given a smooth function ®: R? — R, with Jdz®(z) =1 and compactly

21f w1 and v are two probability measures on a metric space (M, d) with finite second moment,
the 2-Wasserstein distance between p and v is defined as
1/2
Wau) = (ot [ arwadwa?)
YEP (1) J M x M
where P (i, v) denotes the collection of all measures on M x M with marginals p and v. Here, M =
(T4)7 x (R4)7 and W (fJN (t), g(t)®7) denotes the 2-Wasserstein distance between the probability

measures with densities fJN (t) and g(t)®7 respectively.
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supported inside the ball of radius 1/2 centered in z = 0, it is readily seen that the
functions ¢. on T? defined by setting

Hi—_f;(/a), €T € (—l l) , 56(0,1)7 (226)

(Pa(x): 279

satisfy the conditions in Eqs. (Z13), (Z24), and Z25).

We next denote by g° the solution to the regularized BGK equation with smear-
ing function p.. Our goal is to compare g with the solution f of the BGK equation
which satisfies the same initial condition.

Theorem 2.4. Assume f(0) = ¢°(0) = fo, where fo is a differentiable density
satisfying the condition in Eq. (ZI4) and such that, for some ¢ > d + 2,

Ny(IVa fol) < +oo. (2.27)

Then, for any t > 0,
/d:z: dv (1 4+ [v]?) |f(z,v,t) — g°(2,v,t)| < Ce. (2.28)

It is now easy to construct the particle approximation to the BGK equation.
First of all, we observe that, in view of Eq. 222), I',, < Ce™" with n = 10(d + 1)
for any € small. Then, let ZN (t) be the process constructed with smearing function
© = @en, €N — 0 to be chosen. Suppose also that the law Fiy () of Zx(t) has
initial value Fy(0) = f&, where fy satisfies the assumptions of Theorem 22 Let
f=ft) = f(z,v,t) be the solution to Eq. [Z2)) with initial condition f(0) = fo.
Then, from Theorem 23] and Theorem 24, for any N large enough we have,

Wa (Y (6), F0)%7) < Wa(f(8), 97 (£)%7) + Wa (g™ (8)%, f(1)*7)
< C\/%&Nn exp(Cey") + jCen .

From this estimate we deduce the aimed result, which is the content of the following
theorem.

Theorem 2.5. With the above notation, choose exy = (log N)~'/7 with v > 1.
Then, letting ij(t), j €{1,...,N}, be the j-particle marginal distribution func-
tion of the (symmetric) law Fy(t), the 2-Wasserstein distance W (fJN(t), f(£)%9)
vanishes as N — 4oo for any j € N and t > 0. In particular, the one particle
marginal distribution function fN(t) weakly converges to f(t) as N — +oc for any
t>0.

3. PARTICLE APPROXIMATION OF THE REGULARIZED BGK EQUATION

In this section, we prove Theorem For reader convenience, the section is
divided in several subsections corresponding to the different steps of the proof.
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3.1. Heuristics. Because of the mean field character of the interaction among the
particles, we expect that the propagation of chaos property holds as the size N of
the system tends to infinity. We claim that if this is true then the one particle
marginal distribution function f¥ = fN(t) = fi¥(x,v,t) of the law Fx(t) does
converge to the solution to Eq. (Z71). Indeed, from Eq. (221,

d

d
! dzy dvy fY (z1, 01, )0(21,01) = I /dZN Fn(Zn,t)Y(z1,v1)

== /dIl d’Ul le(.Il,’Ul,t)(’Ul . VEl - 1)1/)({E1,’Ul)

+ /dZN FN(ZN,t) /di?l d’[)l @(571 — $1)M§N(531,51)1/)(571,171),

where v is a test function on the one-particle state space. Now, due to the law of
large numbers, if Zy is distributed according to Fx (t) ~ £ (t)®V then

Y6 w50 =) = ) (weakly),

whence
M;N ({fl,’[)l) ~ M}iN (fl, 171) .

Therefore,

/dZN FN(ZN,t) /d,fl d’l~)1 go(;il — wl)MgN(9~01751)¢(£51,?71)
~ /dfvl doy fiY¥ (21,01, 1) /do%l doy (21 — xl)M}iN (Z1,01)Y (21, 01)

= /do%l do, Q?{v (i.l)M}plN (&1, 00)Y(21,01),

and the claim follows.

Our purpose, Theorem 23] is to prove rigorously this fact. This will be achieved
by showing that the dynamics remains close to an auxiliary N-particle process,
constituted by IV independent copies of the non-linear jump process associated to
the kinetic equationﬁ The thesis of the theorem then follows by applying the law
of large numbers to the auxiliary process.

3.2. Coupling. The auxiliary process, named Xy (t) = (Yy(t), Wy (t)) € (THN x
(RN is defined according to the following construction.

Let g = g(t) = g(z,v,t) be as in Theorem[Z3]and denote by (z(t),v(t)) € T xR?
the one-particle jump process whose generator is given by

Lyp(x,v) = [(v- Ve — )] (z,0) + /di dop(Z — o) M7 (%,0)9(7,0), (3.1)

where 1 is a test function and M is defined in Eq. (Z8). We remark that if the
initial distribution has a density then the same holds at positive time and for the
probability density of (z(t),v(t)) solves the regularized BGK equation (Z7).The
auxiliary N-particle process X (t) is then defined by N independent copies of the

3This process is called non-linear since its generator is implicitly defined through the law of
the process itself, see Eq. (8] further on.
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above process. Otherwise stated, it is the Markovian dynamics on (T4)Y x (R%)N
with generator

LYLG(Zn) = [(VN - Vxy — N)G|(Zn)
N
+3 /djzi A3 (% — ) ME (7, 0) G237y (3.2)

We emphasize on the fact that the only difference w.r.t. Eq. (221)) is that M§N has
been replaced by M.

In proving the closeness between Zy (t) and X (t) we find convenient to intro-
duce the coupled process Qn(t) = (Zn(t),Xn(t)) given by the Markov process
whose generator L¢ is defined in the following way. Denoting Zy = (Xn, Vn),
EN = (YN,WN), with XN = (l‘l, . ,CL'N), VN = (’Ul, . ,’UN), YN = (yl, .. .,yN),
and Wy = (w1, ...,wy), and letting G = G(Zn, X n) a test function, we set

EQG(ZN,EN) = [(VN -Vxy +Wn - Vy, — N)G](ZN,EN)
N
+° / A%, dv; Ag; dids; o, o, (F4, §i)
i=1

X M (&3, 05 G5, 03) G(ZRETH0) B{I0) - (3.3)

where, for given 7,5 € T¢ M¥(&,v;7,w) is a joint representation (to be fixed
later on) of the Maxwellians M;N (T,v) and Mg (g, w), and, for given z,y € T,
O, ,(Z,7) is the joint representation of the probability densities ¢, (Z) = ¢(T — x)
and ¢, (¥) = ¢(7 — y) defined as

(I)Iyy(ivg) = 4%790(5)5(:% — &= g + y) ) (34)

where §(x) denoted the Dirac measure on T¢ centered in z = 0. We remark that
in particular, for any integrable function J on T¢,

[45450.,(@.0)0 - 5) = S - ). (3.5)

In term of process, (Zy, X ) performs jumps at random Poisson time of intensity
N: at each jump time, ¢ is chosen uniformly and (z;,v;, yi, w;) — (x; + & yi +
&, Ui, W;), where the common position jump ¢ is distributed according to ¢ and
(03, w;) according to the aforementioned joint representation of the two Maxwellians
My (%i,-) and Mg (g, -) to be specified later.

Let now Ry (t) = Ry(Zn, XN, t) be the law of Qn(t) and assume that, initially,

Ry(0) = 0(Xn — YN)O(Vy — Wa) &N (X, Viv) -
Then, setting
In(®)i= [dRx (@) (01 =l + o — )
and noticing that, as Ry (t) is symmetric with respect to particle permutations,

In(t) = %/dRN(t)Z(m P+l —wP)  Vie{l,....N},

i=1
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the proof of Theorem reduces to show that

In(t) < 0]5“’ exp(CT,) . (3.6)

Indeed, from the definition of the 2-Wasserstein distance it follows immediately
that Wa (f]Y(t), g(H)®7) < \/jIN(t).
To prove Eq. (B8] we compute,
d

G 0 = [dRx(0) Loz — 1l +]or — wiP)

= /dRN(f) (v1 - Va, + w1 - Vy,)|z1 — 1 ]?

- N/dRN<t> (ler = yaf? + Jon — wn|?)
N

+ Z/dRN(t) (Jz1 — w1 + o1 — wi]?) + /dRN(t) |21 — ]?
=2

+/dRN(t) /dﬁso(é“) /dﬁl diig M? (21 + &, 01391 + & @) |01 — i 2.

Here, the first two terms in the right-hand side arise from the stream part (Vy -
VxyG+ Wy - Vy, G) and the loss part (—NG) of the generator Lq, respectively.
The loss part is largely compensated by the third term, which is the sum over all
the particles but particle 1, see the last term in the right-hand side of Eq. (83).
The last two terms are those arising from the remaining term i = 1, separating the
position and velocity contributions and having used Eq. (81) in the former and
Eq. (34) in the latter.
We observe that the stream part is equal to

2/GlRN(lt) (v1 —w1) - (z1 —y1) < /dRN(f) (lzr =91 * + [or —wn %),

while, concerning the last term, we choose M¥ the optimal coupling that realizes
the 2-Wasserstein distance between the marginals, whose square is given by (see,

e.g., [A])
Wo (ME_(z,-), M?(y,)? = [u (z) — uf (y)* + d|\/TE (@) — /TS
2 (M, (2,7), ME(y,))" = [, (@) — s ()2 + d|\/ TG (@) — \/TF (v)
Collecting together the above formulas, we find that

d

e In(t) < In(t) + /dRN(t)D(ZNazN)a (3.7)

‘ 2

where

D(Zn,Ex) = [AE0() o1 + ) — o +©)F

+ [agp©d) T8+ 9 - 17w + )

Our goal is to estimate from above the integral in the right-hand side of Eq. (37
with a constant (independent of N') multiple of Iy (¢) plus a small (order 1/N) term.
Then, Eq. B.6) will follow from Grénwall’s inequality.

2

(3.8)
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3.3. Estimates. In estimating the function D defined in Eq. (38)), it is convenient
to replace of, uf, T with the fields g%, u%, T} given by

N
1
=NZ¢(w—yj), o% % (v Zcp — yj)w;
éﬁT@ Ndz¢ yJ |w3 ~ﬁ($)|2 )
i.e., the empirical fields constructed via the variables Yy = (y1,...,yn) and Wy =

(w1, ..., wy), distributed independently according to g(¢)®V. By the law of large
numbers, the error due to this replacement in estimating the right-hand side of
Eq. (38) will be shown to be small (order 1/N).

More precisely, since from Eq. (Iﬂﬂl)

. T - |TE@) - )|
V) - 1| = ww D+ VTG~ VIE@ + VA

T5(y) — T3 ()]
TR
we have,
D(ZN,EN) < Dl(ZN,ZN)-‘rg(EN), (39)
where
Du(Zy,Ex) = [d€ 0l 2uf o +) = T (1 + OP
~ 2
T (v +&) = TRy +§)
+/dw(§) ! T{(x1 + &) + VA (3.10)
and
&) = [d€p© 2+ — vl + ) (3.11)
+/d€sﬂ(€)2 1 TE W+~ o H{URDIN . (3.12)

Lemma 3.1. Recall the definition of Ty, in Eq. 222)). Then, for any t >0,
Dl(ZN; EN)

1 XN = YN+ |[Vn — Wy |?
<CT, (1+sz|wj|4> (' N = Y| N' v = Wyl +|:vl—y1|2>. (3.13)

Proof. Before evaluating the difference between the empirical fields, we introduce
the normalized weights,
. p(r1 +& —z;) . plyr +&—y))
Tt E—a) T ey + & - k)
Recalling the definition of Cy, in Eq. [2:22), we have,

max{p;;¢;} < % . (3.14)
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Moreover, since
el +&—z) — oy +§ —yj)
Yo elrr + & —xp)
il +&—xx) — oy + € — yi)]
Y@ +&—w) 3o olyr + € —yi)’

pj—4; =

+ oy +&—y))

it also follows that

CollVeolloo
oy — sl < S (o )

C2ll¢llos Vel oo

4 PN S s — vl + i — )

%
CollVellso ColIVell o
< Gell¥elee (1 1 0 o) s — ] + Gl

sznwnoonv‘PHoo |XN - YN|

~ Vot (3.15)

where in the last bound we used that, by the Cauchy-Schwarz inequality, ), |zx —
Y| < VN[ Xy — Y.
Regarding the first term in the right-hand side of Eq. (3I0), we notice that

lufy (@1 + &) — aR(y1 + )| < U1 + Uz,
where, by Eqs. (814) and (3I5),

Collell
Ur =Y pilvy; —wy| < %ZM —wjl,
7 7

CollVelloo
Us = Ipj — gjllw;| < wT(l + Collplloo) 21 — y1] > w;]

J j
C. HVQPHOO |XN —YN| 1
+ wT > laj = yjllw;| + CZHSDHooHVSDHooTN > lwl .
J J
Therefore, again by the Cauchy-Schwarz inequality,
- Vn — Wnl?
o +©) — (o + O <207 + 203 < 202 o2, Y INE

+ 1+ C2lp ) C2 Vol 2 N

The estimate of the second term in the right-hand side of Eq. (BI0) is more tricky
and requires some effort. We first notice that

T{(e1 +&) — Ty +€)

VI + )+ VA

where (omitting the explicit dependence on x1 + £ and y1 + &)

T = ézpj
J

Wl /| Xy — Yil?
2 Wl (' N — Y| +|x1—y1|2>. (3.16)

<Ti+1T>,

0 = WG 2 — s — AP

VTS + VA

Jwi —ag P

1
T = — . — _—
B 2 d Ej |p.7 q; | \/A_t




PARTICLE APPROXIMATION OF THE BGK EQUATION 13

1 v —uh —wj +ay) - (v; —ul +w; — ak
Tl ij (] N J N) (] N J N) §T1,1+T1,27

d = VTR + VA

with

L= Z (lv; = wi| + [uf — axDlv; — uy
’ d

VTR + VA ’

Tip= m ;pj(lvj —wj| + |[uf — agw; — agyl-

By the Cauchy-Schwartz inequality with respect to the weights {p;} and Eq. (8.14),

1 \/TLP
Tya < =4/ pilloy —wi| + [uf — af))?
1,1 = d\/ jpg(|va wy] |UN /—T«p+ /A,

L 2C[¢llo .
E\/¢T|VN — Wy %+ 2Ju¥ — a%|?

IN

and

1 - -
Tia € o[ il = sl + = G502\ [ sl — 5P

2Cs ¢l _ Colllloo _
[V — Wy |2+ 2Ju% — a2 *"szmj—um?.

<amV
On the other hand, in view of Eq. (B10]) and by the Cauchy-Schwarz inequality,

Cy Hv‘p”oo -
s =t o Z[(1+c¢|\w|\w>|x1—y1|+|wj—yj|}|wj—uﬁ|2

| 2

el Vole X ¥ 1
+ w2l

dv/ Ay Uy
Cy ||Vl oo { |XN—YN|} \/1 _
<222 1+ C 0 — 22 2 = —var
= dVA, ( + «p”@” )|I1 yi| + JN sz|wJ Upn
CQIWHMIIWPHOO |XN YN| 1 )
dv/A; Z|U’J— ayl”

We finally observe that, as [@%| < Cy||¢|lco| Wn'|/VN,

1 ~p 12 2 2 |VV]V|2
J

1 - 4 |Wr|*
R D[Rl g W LICY PN LLE ey CRE
J
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From the above estimates on T4 1, T} 2, T2, and inequalities Eqs. (B16]) and (317,
we conclude that

2
T5(x TS W
(Tlffl)+ 2 <y1+s>‘ scm(' W[t leﬂ)'xl_yllz

Wx|? | [Wal* 1 |Xn — Yn|?
+ CFw < N + N2 + sz|wj|4 T

Wi [*\ [V — W [?
I, (1 . 1
+CT, < + N ¥ (3.18)
Since & |Wn|? < | /%2j|wj|4, Eq. BI3) follows from Eqgs. (310) and (BI8)) (recall
Jaeple) = 1) 0 0
Lemma 3.2. Recall the definition of 'y, in Eq. @22)). Then, for any t >0,
1
/dRN(t) N Z (Jv;[® + |w;|'®) < Cexp(CTy,). (3.19)

J

Proof. From the estimate on Ny(g) in Eq. (2I8) and the symmetry of Fy(t) we
have,

/dRN(t) 1 > (10j1® + ;') = /dZN Fnx(Zy,t) |n 2+ C,

N J

so that we only need an upper bound on the first term in the right-hand side.
To this purpose, recalling the explicit expression of the generator Eq. (Z21]), we
compute,

d

3 | N () vy |®

o / dZy Fy(Zy, 1) [ + / AZy Fy(Zy.1) / ag (€)
/dm ZN('Il +§,1}1)|’Ul|
_ / dZy Fy(Zy, 1) [ + / AZy Fy(Zy.1) / ae (€)

x / ay Moy (1) | (1 + ) — /TG (@1 + ) n]° (3.20)

where My ; is the Gaussian centered in 0 with unitary variance. Since, in view of

Eq. @.14),
Collolloo HwHoo
lufy (1 +€)] < WTZ lvil,  T{(@+§) < Collollee Z'UJ|2
J

the Gaussian integral in the right-hand side of Eq. (3:20) is bounded by a constant
multiple of (Cyl|¢llec)® 4 > |v;1%, so that, by using again the symmetry of Fy (),

d
G [amn@ P < cCllele)® [aulnl,

from which the lemma follows by Gronwall’s inequality and the assumption on the
initial distribution function fy given in Eq. 214). O O
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3.4. Conclusion (proof of Eq. (B.6])). Our task is to estimate from above the
integral in the right-hand side of Eq. (87) with a constant multiple of I (¢) plus a
small (order 1/N) term. To this end, we use Eq. (839) and decompose

/dRN(t)D(ZN,EN):K1+K2, (321)
with
K = /dRN(t) Di(Zn,Sn), Ky= /dg(t)®N E(XN).
Recalling the definition Eq. I1) of £, from the law of large numbers we have that

K, < % (3.22)

Now, we want to use Lemma Bl to bound K; by means of In(t). This is not
immediate, due to the factor (1 + %Zj|wj|4) appearing in the right-hand side of
Eq. I3). The strategy is to decompose the domain of integration, by introducing
the “good set”

Go = {(Zn,Zn): > gl < Na}, a>0,

where the right-hand side of Eq. (813]) is under control, and show that for a suffi-
ciently large the contribution of the integration outside G, is order 1/N(due to the
law of large numbers). With this in mind, we decompose

Ky =K1+ Kz, (3.23)
with
K1 :/ dRn(t) D1(Zn,%N), Ko :/GdRN(t)Dl(ZN,EN).
a ga

In view of Eq. BI3), if C¢(a) = CT,(1 + a) then, for any (Zy,Xn) € Ga,

XN —Yn|2+ |V — Wy |?
D2, 5x) < Cila) (XN E N g )
so that, noticing that the law Ry (t) is symmetric,
XN = Yn|2+ |V — Wy |?
KMgot(a)/dRN(t)<| v~ Y| N' v~ Wl +|x1—y1|2)
<2Ci(a)In(t). (3.24)

In estimating K 2, we first observe that

1/2
K < (/dRN(t) Dl(ZszNy) </Z . dg(t)®N>

1/2
<CT, exp(crw)< / dg(t)®N> : (3.25)
>, lw;|*>Na

where, in the last inequality, we first used that the square of the right-hand side
in Eq. @I3) is bounded by a constant multiple of ', +; > (Jv;]® + |w;]*¢), and
then we applied Eq. (819). We now show that, by the law of large numbers, if a is
large enough then the integral in the right-hand side of Eq. (8:28)) is vanishing as

1/2
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N — 400. More precisely, from the estimate on N,(g) in Eq. [2I8), there is M =
M(t, fo) such that [dydw g(y, w,t)|w|* < M. Therefore, letting &y = + > w;]*
and E(én) = [dg(t)®Néy, if a > 2M we have

/ dg(H)®™ < / dg(t)®N
> jlwjl*>Na [Env—E(EN)|>M

Therefore, by the law of large numbers (i.e., Chebyshev’s inequality),

c
dg(t)®N S AT O
/zj|wj4>zva N

so that

cr
K172 S Nw GXp(OF@) . (326)
In view of Eqs. (317), B.21), B.23), B.24), (3.26), and ([B.22), we conclude that,
for any 0 < s <,
d cr
T In(s) < [1+2C(a)]In(s) + —=2
which implies Eq. (8.0) by Gronwall’s inequality.

exp(CTy,), (3.27)

4. LIPSCHITZ ESTIMATES AND REMOVAL OF THE CUT-OFF

In this section we prove Theorem 24l A preliminary result is the following
lemma, where we provide L*° bounds on the spatial derivatives of the solutions
to either the BGK equation, Eq. ([22), or its regularized version, Eq. 7). We
emphasize that, in the latter case, these estimates do not depend on the smearing
function ¢.

Lemma 4.1. Under the hypothesis of Theorem[2.4), for any t >0,
No(IVa fO)]) + No(IVag(t)]) < C, (4.1)

where f(t) [resp. g(t)] is the solution to the BGK [resp. reqularized BGK] equation
with initial condition f(0) = ¢g(0) = fo given by Proposition [21] [resp. Proposition

Z7.

Proof. We prove the claim for the solution to the BGK equation, the case of the
regularized BGK equation can be treated in the same way.
By differentiating Eq. (Z2]) we have,

(O +v- Vo +1)Vaf = 0s MsQys,

with

Q- Voor , (Doup)'(v—ug) . <|v —ug*

of Tf 2Tj2» 47TTf >

Therefore, by Duhamel formula,

V. Ty .

Vef(z,v,t) = e_tVIfo(x—vt,v)—i—/tds e ) (0 MQp)(w—v(t—s),v,5). (4.2)
0
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To estimate the Ay-norm of the integral in the right-hand side of Eq. [2]) we first
observe that

(L+ || —ug My < C(1+ v —ug|? + |ug|)|v — ugl’ My
j—d)/2 2 .
<CTP P+ T2 gt Wi=0,1,2.

Moreover,

Vool < /dvlvmfl < CN (V. f)).

|[Dyug| < M + 1 /dv IV f| |v] < C(l + Jug DN (IVa f])
of of of

T¢IV, 1
M-F—/dﬂvzﬂ |v—uf|2
of of
Ty 41+ Jus PN (IVa £1)

of ’

|V Tyl <

SC(

where we used that if ¢ > d + 2 then

14 |v)? ’
< _ '
1+ [o]7 SCONG(IVefl)  VYji=0,1,2

Javiaiol = [ao]9.filep

Therefore, in view of Egs. 215 and (2I0]), from the above estimates we deduce
that Ny(orMsQr) < CNy(|V.f]). The estimate on N,(|V,f|) then follows from
Eq. (I2) and Gronwall’s inequality. O O

Proof of Theorem We introduce the shorten notation ¢°, u®, T to denote the
smeared local fields defined as in Egs. (29)), (ZI0), and ZII) with ¢, in place of

®.
From Duhamel formula,

t
f(zyv,t) — ¢ (x,v,t) = /0 dse™ (=) (o, My — 0° Mye)(z — v(t — 5), 0, 5),

so that, setting
D(®) = [dedo (14 o) £z 0.8) = g7, 1)
we have (after the change of variable z — x + v(t — s) on T%)
t
D(t) < / ds /dxdv (1+ |v|2)‘(ngf — QEqu)(x,v,s)‘ ) (4.3)
0

To estimate the right-hand side in Eq. (£3) we argue as in [[]. We set, for
A€ [0,1],

(Q)\; U, T)\) = A(Qfa uf, Tf) + (1 - A)(Q‘Ea ué‘, TS)
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and let My (v) = My, 1, (v), so that
1
JavsoP) et -yl < [an [ dv<1+|v|2>{|gf—g€|MA
0

OM )
|Tf_T€|}

oT
< Clloy — 0°| + [uy — | + [Ty — Tyel),

+ Q)\|VuM)\| |Uf — u5| + OX

where, in obtaining the last inequality, we first used that

/dv(1+|vl2)MA <1+ ua?+Th,

1+ |ux|? + Ty
dv (14 [v|*) |[VuMy| < C———2,
/( [v]%) | | T
OM 1+|u,\|2+T,\
2
<
/ava++m) | <o

and then applied the lower and upper bounds on the hydrodynamical fields given
in Propositions 2.1 and Now, again from these propositions,

lup —u®| < Coglup —u®| < Clopus — 0" u| + [u®||of — 0°])
gc/dvm|v|2>|f—g€|+0|gf—g€|,

Ty —T°| < Coy|Ty = T°| < Cllof Ty — o°T°| + |T%| |0y — &°|)
< O/dv (14 [0]*)|f = g°| + Cloy — &7 -

Finally,

o - &l(e) < [do|fat) = [dyeno - y)oy .0
< /dv 1+ [v]?) |f = ¢°| + /dydv ve(x —y)lg° (y,v,t) — ¢°(x, v, 1)

S/dv(1+lvl2)|f—gsl+Ca,

where we used Eq. (2:28) and Lemma L] in the last inequality.
Inserting the above bounds in Eq. [@3)) we finally have,

D@gcf@D@+&,
0

which implies Eq. (228)) by Gronwall’s inequality. O

Remark 4.2. Note that the convergence part of the particle approximation is carried
out by using a weak topology. Actually, this is natural since such a proof is based on
the law of large numbers. In contrast, in removing the cut-off we used a weighted L'
topology. A direct use of the weak topology could be possible also in this part of the
proof, but in this context it is much less natural, being the proof more complicate
and the result weaker.
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5. CONCLUDING REMARKS

Let us consider, for the moment, the non-physical particle dynamics introduced
in the present paper as really describing the behavior of the microscopic world.
Then, it makes sense to exploit the scaling and the regime for which the kinetic
picture given by the BGK model is appropriate. Proceeding as for the most popular
kinetic equations, let (X, V) € (T4 x (R?)¥N be the macroscopic variables. The

evolution of the microscopic system takes place in 'H‘g

, the d-dimensional torus of
side ¢!, where ¢ is a scale parameter. In other words, the microscopic variables
are

(E_lXN, VN, E_lt)
(velocities are unscaled), and the time evolution of the law Fy of the microscopic
process is given by the Fokker-Planck equation,

((98—1,5 + VN - VleN)FN(s_lXN, VN,E_lt) = —’)/NNFN(E_IXN, VN, E_lt)

N
~ ~ —d —1 ~ —1
+IN z;/dfl?z /dviE (e (2 — xi))M(i,IX;'\}iiyvg’;ﬁi)(a T, ;)

X FN(sleJi\’,ii, V]@’ﬁi,aflt) ,
where vy modulates the intensity of the jump process suitably and ¢ is not scaled.
Note that z; in the above formula is a macroscopic variable which belongs to the
unitary torus.

Actually ¢ describes the interaction. A possible choice is the characteristic
function of the unitary sphere or a smooth version of it. This means that only the
particles at distance at most 1 from a given particle determine its random jumps.

Denoting by

Fn(Xn, Vi, t) =e N Fy(e ' Xy, Viv,e7't)
the law expressed in the macro-variables, we arrive to

(0 + VN - Vxy )FN (XN, VN, t) = _’Y?NNFN(XNavat)

N
N i [ di ; . 0T 10
+ ? ; /dil?l /dvz <p5(xz — Il)M&;\,iI,V]@ﬁl)(I“vl)FN(XN 7VN ,t) . (51)

Here, we used that
M(ﬁ—lxNﬁvN) (Eilxiu Ui) = M;; (:Eia Ui) B
with ¢ (x) = e~ %p(x/e), as follows by a direct inspection. Indeed, it follows that
uf (e le) = uff (@) TR(e wi) = TR ()
with the convention that the left-hand side is computed via e !Xy, Vy and the
right hand side via X, V.

Next, we assume the microscopic density O(1), thus N = ¢~ (hydrodynamical
density). We recall here that the hydrodynamic limit consists in scaling space
and time only, the evolution for the hydrodynamical fields being obtained via the
quick local thermalization toward the local equilibrium. In contrast, the kinetic
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description requires a suitable modification of the dynamics to moderate the number
of the interactions per unit (macroscopic) time. In the present context, we do this
by rescaling vy = €.

In conclusion, we recover the particle dynamics we have considered, but the
condition e = N~1/4 is too severe for our approach, as we need ¢ ~ (log N)~ for
some positive a.

Moreover, in contrast with the setting discussed in the present section, in our
derivation of the BGK equation we have assumed that ¢ is strictly positive, ex-
cluding the case of the characteristic function of a unitary ball. Therefore, we face
now a new potential divergence related to a possible rarefaction in a given box.
However, this issue could probably be handled via extra probabilistic estimates.

We finally mention that if we consider the Fokker-Planck equation (Bl with
vn replaced by % > y o(x; — xj) we expect, at least formally, to recover the BGK
equation with A\ = p(z).

APPENDIX A. PROOF OF PROPOSITION

We first observe that the smeared fields, defined in Eqs. (29), (21I0), and 211,
coincide with the usual hydrodynamical fields associated to the smeared distribution

function ¢%(z,v) := [dy p(z — y)g(y,v), i.e.,
0f = 0ge,  0Jud = ogeuge, 0JTS = 0geTye .
Therefore, according to [{, Proposition 2.1], we find the following pointwise esti-

mates for p7, uf, and T

P
(i) Ty < CNo(9%);
(it) p?(T% + (u?)?)@=D/2 < C,N,(g*) either for ¢ > d +2 or for 0 < ¢ < d;
(i) i

[T + wr PYTT
Above, C, Cy are constants independent of ¢ and

Ny(f) = sup lv|?f(v), ¢>0,

for g > 1.

for a given positive function f.
As a consequence, following [7], we infer

sSup |U|qu($=U) < CygNg(97)

and hence, writing the equation for ¢ in mild form and recallig Eq. (ZI1), we
obtain

MMMSM%H@A“MW@%

The a priori bound N, (g(t)) < Ny(fo)exp(Cyt) follows by the obvious inequality
Ny(g%(s)) < Ng(g(s)) and the Grénwall’s lemma.

Provided this estimate, by arguing exactly as in the proof of [7, Theorem 3.1], we
construct the solution g(t) by establishing the Lipschitz continuity of the operator
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g = pfM$ — g in L'((1 + v*)dzdv) and using the standard iteration scheme.
Moreover, exactly as in [7], the bounds ([ZI8), 219, and (220) follow from this
construction and the previous a priori estimates.
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