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Abstract. The behaviour of pre-twisted and tapered beams (such as turbine or helicopter blades) is 

characterized by stress distributions that may be quite different from those of the usual beam theory, 

yielding couplings among bending, twisting and traction. We propose a physical-mathematical model 

for tapered beams that accounts for the effects of the pre-twist of the cross-sections along the centre-

line. The beam centre-line may undergo large displacements, while its cross-sections see small warp-

ing both in- and out of their plane. Supposing infinitesimal strain, a variational approach provides the 

field equations, which are perturbed in terms of a small geometric ratio and shall be solved numeri-

cally in general. However, analytical closed-form solutions exist in some cases, such as for isotropic 

beams with pre-twisted, bi-tapered elliptic cross-sections; they are presented and compared with the 

results of nonlinear 3D-FEM simulations. 
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1 INTRODUCTION 

Non-prismatic beams, e.g., blades of propellers, helicopters and wind turbines, components of 

civil buildings and bridges, require continuous efforts to improve their description and en-

hance their performance and cost effectiveness. This is because their cross-sections have non-

uniform geometry (taper) and may be initially twisted, making the usual beam theory inade-

quate. The geometric pre-twist, for example, introduces couplings in their structural response, 

making bending always three-dimensional, and traction not independent from torsion [1-6]. A 

review on this topic is that by Rosen [7], while Kunz [8] presents a survey on beam theories 
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for rotor blades, comparing models for rotating beams and discussing how engineering theo-

ries for rotor blades evolved over the years. The taper also contributes to the couplings among 

flexure, traction, and torsion. Wind blades are a noteworthy example in which such couplings 

emerge, as they may be pre-twisted, tapered, and even curved in their unstressed state, and 

may undergo large displacements [9-12]. Thus, their modelling is very challenging and does 

not generally provide analytical closed-form formulas for design purposes. On the other hand, 

the formulas of the usual beam theory, based on Saint-Venant’s solutions, usually provide in-

correct results for non-prismatic cases, as the authors also found in a recent work [12]. 

A rational model for beams is due to Love [13]; recent studies are: [14-16], where geomet-

rically exact models are introduced, derived from three-dimensional continua, with a view 

towards numerical implementation; [17], where a discussion on the elastic energy stored in a 

deformed beam is provided; [18], investigating how the cross-section stress and strain are ap-

proached by a variational method; [19], where non-infinitesimal strains are considered; [20], 

where non-linear elastic coupling between inner actions is considered; [21], investigating ta-

pered elements; [22], discussing various kinematic representations for beams modelling; [23-

24], highlighting the inadequacies of usual design formulas for tapered beams; and a paper by 

the authors [25], introducing a beam model derived from three-dimensional continua and suit-

able for the above quoted engineering applications; reviews are in [7-8,26-27].  

General non-prismatic beams still require investigations to obtain stress and strain by a 

rigorous, yet application-oriented, model; indeed, the cross-section pre-twist and taper and the 

centre-line curvature should be explicitly considered; in addition, one should not limit to 

small displacements, even though usual formulas should be recovered in the trivial cases. 

This paper extends previous works by the authors [11,12,25] in that it considers the effects 

of the geometric pre-twist on the behaviour of bi-tapered beams undergoing large displace-

ments of the axis, in- and out-of-plane cross-sectional warping and small strains. The main 

objective is the evaluation of the effects of the pre-twist superposed to those of the taper on 

the stress and strain fields in such structural elements. The model for the aforementioned 

beams is introduced in Section 2. Analytical results for beams with pre-twisted, bi-tapered 

cross-sections are presented in Section 3. Numerical examples, comparisons with nonlinear 

3D-FEM simulations, and thorough comments are reported in Section 4. 
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2 MECHANICAL MODEL 

We sketch the model presented in [12], where further details are available. We then investi-

gate the influence of the cross-sections’ pre-twist on the fields equations, discuss how these 

equations may be solved, and search cases where it is possible to find analytical closed-form 

results for non-prismatic beams with pre-twisted, bi-tapered cross-sections. 

2.1 Geometry and strain measures 

Our beam is a collection of plane figures (the transverse cross-sections) attached at a 3D curve 

(the centre-line or axis) through one of their points (in the following sections, when specified, 

such point is considered to be the cross-section centroid). The cross-sections are fully deform-

able, i.e. they may undergo in- and out-of-plane distortions (referred to generally as warping); 

then, the displacement of each material point from the reference to the current state consists of 

a rigid part (analogously to usual theories of beams with rigid cross-sections) onto which 

warping is superimposed. Thus, it is possible to consider the axis motion to be finite regard-

less of the amplitude of the warping and strain fields, which are considered infinitesimal (as is 

specified in the following). Henceforth, Greek (Latin) indices range from 2 to 3 (from 1 to 3); 

repeated indices imply summation over their range.  

Fig. 1 shows a sketch of the beam reference (left) and current (right) shapes. Two local tri-

ads of orthogonal unit vectors are introduced: the first, bi, is in the reference state, with b1 tan-

gent to the reference axis (i.e. the cross-section is orthogonal to the centre-line in the reference 

state), and depends on the reference arc-length s, i.e. bi=bi(s). The second triad, ai, is an image 

of bi in the current state and depends on s and the evolution parameter t, i.e. ai=ai(s,t). A third 

triad ci pertains to a fixed Cartesian reference frame with origin at will. 
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Figure 1: Sketch of reference and current states: axes, cross-sections, local and global bases. 

The mapping functions RA and RB identify the position of the beam material points in the 

current and reference states, respectively. The reference mapping function is 

0 1 1( ) ( ) ( ) ( )B i B iR z R z x z b z       (1) 

where R0B denotes the position of the reference axis relative to the triad ci, xα identify the posi-

tion of the points in the cross-section relative to axis, and zi are three variables independent of 

time, with z1=s and zα belonging to a bi-dimensional domain mapping the prototype of the 

cross-section. The spanwise variation of the cross-sections reference shape is given by 

i ij jx z        (2) 

where the Λij depend on z1; we consider beams with bi-tapered cross-sections for which it is 

Λ11=1, Λ22=Λ2(z1), Λ33=Λ3(z1), while the remaining Λij vanish identically. 

The current mapping function is, analogously to Eq. (1), 

0 1 1 1( , ) ( , ) ( ) ( , ) ( , ) ( , )A i A i k i kR z t R z t x z a z t w z t a z t      (3) 

where R0A denotes the position of the current axis relative to the triad ci, while the wk are the 

components of the warping vector, w, relative to triad ak. In this way, we are separating the 

in- and out-of-plane motion of the cross-sections (described by w) from the displacement of 

the beam’s axis (associated to the difference between R0A and R0B). The former can thus be 

small (as specified in the following) regardless of the latter (which may be large). 
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Since the local triads are of unit vectors, a measure of the local curvatures of the reference 

and actual axes are the vector fields kB, kA given by i B ib k b    and i A ia k a   , where the 

apex prime denotes the derivative with respect to s and ∧ is the usual cross-product. 

The vector field k, describing the curvature variation between the current and reference 

states, is then given by 

T

A Bk T k k       (4) 

where the proper orthogonal tensor field i iT a b  , with the usual tensor (dyadic) product, 

defines the relative orientation between the triads ai and bi; kB, kA, k depend on s. 

The vector field γ describes the difference between the tangent vectors to the current and 

reference axes and is defined as 

0 0

T

A BT R R         (5) 

It can be shown that γ and k vanish for rigid motions and are invariant under superposed rigid 

motion [15,20] (i.e., they are objective). We refer to them as 1D strain measures, while the 

Green-Lagrange tensor E is referred to as 3D strain measure. The latter is written, as in [12], 

in a form based on the assumption of small strain and warping. In fact, we assume that: the 

characteristic dimension h of the cross-sections is much smaller than the reference length L of 

the centre line (i.e., the beam is slender); the axial curvatures are much smaller than 1/h (this 

conforms to standard assumptions on the axial radius of curvature which is considered suffi-

ciently large compared to the cross-sectional diameter [28]); the warping components wk are 

small in the sense that they are of the order of hε, ε<<1 being a non-dimensional parameter, 

and their derivative with respect to z1 has magnitude proportional to εh/L, thus much smaller 

than ε. In general, all 1D and 3D strain measures are supposed to have order of magnitude at 

most ε. The strain tensor E is then expressed, as in [12], in the form 

2

T TT H H T
E I


     (6) 

where H is the gradient of the transformation between the reference and actual shapes 

A

B

R
H

R





      (7) 
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2.2 Stress measures and balance equations 

The stress fields in the beam can be determined supposing it to be elastic; for small strain, the 

second (symmetric) Piola-Kirchhoff stress tensor S is expressed in terms of E as 

2S E trE I        (8) 

where μ and λ are two known parameters for a given isotropic material [29] and I is the iden-

tity tensor. For small strain and warping, it is P=TS and C=TST
T
, where P and C are the first 

Piola-Kirchhoff and the Cauchy stress tensor, respectively. 

The stress resultants on transverse cross-sections are a force F and a moment M, both vec-

tor fields depending on s; they are defined by means of P 

1

1

i i

i i

F P a

M x P a a 







 




    (9) 

where Σ is the domain of a transverse cross-section and the components ij i jP P a b   . Here, 

and in the following, the area of integration is implicit in the integral, that is, the integration is 

performed over the domain reported in the integral’s subscript. The same short-hand notation 

is used for the volume integrals as well. 

We use the principle of expended power to get the balance equations for the considered 

body, which we think three-dimensional and hyper-elastic [30]. We admit that its interactions 

with the environment are quantifiable, for each velocity field attainable by the body, by a lin-

ear functional of the velocity in the volume V of the reference shape, called external power Πe 

e
V V

b v p v


          (10) 

In Eq. (10) b is the body force per unit reference volume, p is the contact force per unit area of 

the reference boundary and v is the referential description of the time rate of the current posi-

tions of the body material points, given by 

0v v x b w         (11) 

In Eq. (11) w
•
 is the time rate of warping, v0 is the time rate of the position RA0, and ω is re-

lated to the time rate of the orientation of the current local triad ai by i ia a  . 

The interactions among parts of the body are quantified by the internal power Πi 
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i
V

d

dt
        (12) 

where Φ=(S∙E)/2 is the energy density of the body, depending on 1D strains and 3D warping. 

According to the principle of expended power, for any velocity field attainable by the 

body, its interactions with the external environment and among its different parts are such that 

at any value of the evolution parameter t the total power vanishes or, equivalently, Пe=Пi. 

The exploitation of such principle is a usual technique in continuum mechanics to obtain 

balance equations in terms of the unknowns of the problem [20,28-30]; in our case we get  

0 0

s

A s

F + F = 0

M R F M



    
    (13) 

where Fs and Ms are the resultants per unit length of the beam axis of the external body and 

contact actions in the current state. 

The principle of expended power makes it also possible to reduce the determination of the 

warping fields to those that verify the following variational statement (as in [12]) 

0
V

         (14) 

where the symbol δ denotes the variation operator with respect to the warping fields, related 

to the time rate in Eq. (12). The warping fields satisfying Eq. (14) can be obtained by solving 

the corresponding Euler-Lagrange equations [31] by numerical methods (in general) or by 

analytical approaches yielding closed-form results (in particular cases). Thus, the resolution 

of the original 3D problem is reduced to that of two problems: the first is defined over the ref-

erence cross-section domain and is solved (numerically or, in particular cases, analytically) 

once and for all for a given cross-section shape; the second is defined over the beam centre-

line (i.e., it is expressed by non-linear ordinary differential equations) and must be solved for 

each single assigned external load. This procedure of course reduces the computational effort 

and promises to be effective with an aim towards design, as discussed in [12].  

In the following we show analytical results indicating the effect of pre-twist on bi-tapered 

beams (Sect. 3), along with examples that are compared with 3D-FEM results (Sect. 4). 

3 ANALYTICAL RESULTS 

We find expressions for the stress, strain and warping fields by exploiting condition (14). In-

deed, we choose, for easier calculations, that the unit vector a1 is tangent to the current centre-

line. The transformation of the cross-section from its reference setting is thus described only 
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by the functions wk; that is, shear strains are accounted for by the warping functions. Warping 

functions satisfying (14) are determined by solving the corresponding Euler-Lagrange equa-

tions up to terms of order εh/L, similarly to [12]. From a procedural standpoint, in order to 

write such equations we have to express the energy function Φ in terms of the warping fields 

and their partial derivatives. To this end, we just have to combine Eq. (1)-(7), which provide 

the Green-Lagrange strains as functions of the warping fields and their partial derivatives, 

with Eq. (8), which provides the stress tensor S in terms of the strain tensor E; further details 

can be found in [12]. That done, writing the aforementioned equations is just a matter of cal-

culations and is performed by exploiting standard mathematical techniques of calculus of 

variation (see [31], for instance). The final result of this procedure is reported hereafter and is 

a system of partial differential equations (PDEs) with Neumann-type boundary conditions, the 

solution of which provides the components of tensor E. 

Note that in this section we focus only on the effects of pre-twist in tapered beams, while 

other geometric effects (e.g. those of the beam’s curvature) are not considered. Proceeding in 

this way, we obtain the following expressions for the components E11, E21, E31 of E, describ-

ing the out-of-plane deformations of the transverse cross-sections, 

11 2 3 3 2 1 1,1 1 3 1,2 2 1,3

1

21 1,2 1 3 2 3 3 2 1 2 2 2 1 3 2

1

31 1,3 1 2 2 3 3 2 1 3 3 3 1 2 3

( )

2 2(1 )( )( )

2 2(1 )( )( )

B

B

B

E k x k x u k x u x u

E u k x k x k x x k x e

E u k x k x k x x k x e



 

 





     

         

         

 (15) 

where ij i jE E b b   and υ is Poisson’s ratio. In Eq. (15), the comma indicates the derivative 

with respect to xi, while the scalar fields e1, e2, e3 are solutions of the Neumann problems 

1,22 1,33

1,2 1 3 2 1,3 1 2 3

0

( ) ( ) 0

e e in

e k x n e k x n on

  

    
    (16) 

2,2 3,3 2 2 3 3

3,2 2,3 2 2 3 3 1

2 2 3 3 0

e e f x f x in

e e g x g x g in

e n e n on

   

    

  

     (17) 

The fields e1, e2, e3 are a combination of the fields wk and their partial derivatives with known 

functions, and make it possible to arrange the consequences of Eq. (14) in the compact form 

expressed by Eq. (16)-(17), which resemble those for torsion and flexure in a Saint-Venant’s 

cylinder [32]. In such equations, Σ and ∂Σ are the cross-section and its boundary; nα are the 
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components of the outward unit normal to ∂Σ; fα, gk are linear functions of the strain measures 

kα and their s-derivative, and depend on the taper coefficients Λ2, Λ3 and pre-twist kB1, 

 
 

1 1

2 3 3 3 2 2 3

1 1

3 2 2 2 3 3 2

1 1 1

1

2 2 2 2 2 1 3

1

3 3 3 3 3 1 2

2(1 ) 2(1 ) 2

2(1 ) 2(1 ) 2

2 (2 2 )

2 2(1 ) 2 (3 2 )

2 2(1 ) 2 (3 2 )

B

B

B

f k k

f k k

g k

g k k k k

g k k k k

 

 

 

  

  

 

 





           

           

 

        

        

   (18) 

We also get the expressions for the components E22, E33, E23 of E, describing the in-plane 

cross-sections distortion, plus the relevant PDE problem. Hereafter we do not provide details 

on this but focus on the effects of pre-twist on tapered beams, included in e1, e2, e3. 

Given the strain fields (15), we determine the corresponding stress fields by the constitu-

tive Eq. (8) and, subsequently, the stress resultants by eq. (9). We note that the components 

F1, M2, M3 of the stress resultants require the expressions for the strain components E11, E12, 

E13 and the additional term ESV=E22+E33+2υE11, related to the cross-section in-plane defor-

mation. However, ESV is of higher order with respect to other terms in the expressions of the 

stress resultants [11], and vanishes in prismatic beams [13, 32-33]. Hereafter, we neglect it in 

calculating F1, M2, M3; the components Fi, Mi of the resultant force and moment with respect 

to the current local triad ai are then found to be 

1 1 1 1 1 1

2 3 3 23 2 3 3 23 2

3 2 2 23 3 2 2 32 3

1 1 1 1 1 2 2 3 3 2 2 3 3

2 2 2 23 3 2 1 2 1

3 3 3 23 2 3 1 3 1

F YA YZ k YX k

F YJ k YJ k YI k YI k

F YJ k YJ k YI k YI k

M GJ k YV YV k YV k Y k Y k

M YJ k YJ k YZ k YX k

M YJ k YJ k YZ k YX k



  

  

     

    

      

   

   

 

 (19) 

where Y and G are Young and shear moduli, and the coefficients multiplying 1D strains and 

their s-derivatives depend on the beam reference shape and Poisson’s ratio; their expressions 

are obtained by combining Eq. (8)-(9), relating the stress resultants and the strain fields (15), 

with Eq. (15)-(18), providing the strain fields (see appendix). Remark that shearing forces de-

pend on the variation in curvature, which, on their turn, directly affect the problems (16)-(18) 

that determine the warping functions and hence the local shearing (see appendix).  

We now present solutions of the problems (16)-(18) generalizing the results shown in [12]. 
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3.1 The effect of pre-twist on bi-tapered beam with elliptic cross-sections 

For generic cross-sections, the problems (16)-(18) require a numerical resolution, as expected, 

since only few analytical formulas are available even in the linear theory of prismatic beams 

[13]. For pre-twisted beams with bi-tapered elliptic cross-sections, however, we obtain the 

following analytical closed-form solutions 

1 1 2 3

2 2 2 22

3 3 2 2 2 3 1 2 32
2 2 2 2 2 2 2 2 2 2

3 3 2 2 3 3 3 2

2 2 2 22

2 2 3 3 3 3 1 3 22
3 2 2 2 2 2 2 2 2 2

2 2 2 2 3 3 3 2

1
2

1
2

e m x x

m x x m f d x g d xx
e

d d d d d

m x x m f d x g d xx
e

d d d d d

 

 



 



  
      

    

  
      

    

 

 (20) 

where d2, d3 are the major semi-axes of a given ellipsis (e.g., the initial cross-section), 

ρ=Λ3/Λ2 is a known function of s, and the coefficients mi are given by 

2 2 2

3 2
1 12 2 2

3 2

2
2 22 3

2 3 32

2
2 23 2

3 2 22

1 3

1 3

d d
m k

d d

g f
m d

g f
m d



























 




 



     (21) 

Replacing Eq. (20), (21) into Eq. (15) yields the strain components, then the corresponding 

stress fields by Eq. (8). It turns out that the 3D strain and stress fields explicitly depend on 

geometry by the taper functions Λ2, Λ3 and the pre-twist kB1. The relevant terms can be fun-

damental to accurately predict the stress and strain fields in non-prismatic beams. Eventually, 

the force and moment stress resultants in terms of 1D strain measures are given by Eq. (19) 

1 1 0 1 1 1

2 3 3 3 3 2 1 2

3 2 2 2 2 3 1 3

1 1 1 0 1 1 1

2 2 2

3 3 3

( )

( )

B

B

B

B

F YA Y J J k k

F YJ k YJ k YJ k k

F YJ k YJ k YJ k k

M GJ k Y J J k

M YJ k

M YJ k





  

    

   

  





    (22) 

where A, J0, J1, and Jα are, respectively, the cross-section area, polar moment of inertia, Saint-

Venant’s torsion inertia, and central principal moments of inertia (see appendix). 
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Eq. (22) are a particular case of Eq. (19) and show, among the rest, the expected coupling 

of extension and torsion due to the pre-twist. This important effect, studied by many research-

ers, is confirmed by experimental investigations [1-6]; yet, remark that this result holds for 

pre-twisted, bi-tapered beams without the need to enforce ad-hoc kinematic assumptions on 

displacements, which are very common in other works (e.g. [6]). 

It is important to remark that the effect of the pre-twist is present also in the dependence of 

the shearing forces on the bending curvatures, absent in usual beams; for the same forces the 

effect of taper emerges in the derivatives of the moments of inertia along the axis. Remark 

that the hypothesis of slender beam naturally implies that the shearing force has a constitutive 

dependence on the bending curvatures, like the one derived in the one-dimensional theory of 

purely flexible beams and in Saint-Venant’s solutions for a straight cylinder. Finally, the ana-

lytical results presented here generalize those of the linear theory of prismatic beams (see, 

e.g., [32-33]) and reduce to the latter for prismatic beams with small centre-line deflection. 

As expected by a look at the problems (16)-(18), analytical results such as (20) are found 

for very few cross-section shapes, but numerical methods for all other cases might be used. 

4 NUMERICAL EXAMPLES 

The accuracy of the proposed approach is discussed here by means of numerical examples, 

where we also provide comparisons with the results from nonlinear 3D-FEM simulations. 

In order to determine the current state of the considered beams we need to determine the 

cross-sections warping and the displacements of their axes. The latter are obtained by solving 

a non-linear set of ordinary differential equations governed by the kinematic, constitutive and 

balance equations introduced in Sect. 2, which can be numerically integrated with respect to 

the arc-length s; further details are in [12].  

Hereafter we show the results of the present model for the axis displacement, 1D and 3D 

strain measures, and 3D stress fields, implemented in a numerical code in MATLAB, here 

referred to as 3D-BLM. These are compared with those from 3D-FEM simulations performed 

with ANSYS by a fine mesh of solid tetrahedral elements with 10 nodes and quadratic dis-

placement behaviour [34], to show the effectiveness of the proposed approach. 

4.1 Test cases 

The tests address a pre-twisted, bi-tapered beam with elliptic cross-sections (Fig. 2), fixed at 

one end (the root) and loaded at the other (the tip) by a transverse force of increasing magni-
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tude. In this case we can use the analytical solution in Sect. 3, included in the numerical 

model. The length of the axis is 100m, that of the major semi-axes at the root is d2=2m 

(edgewise) and d3=2m (flapwise). The other cross-sections change according to the taper co-

efficients in Fig. 2 and are pre-twisted linearly from 0deg at the root section to 20deg at the 

tip section. The material properties are Young’s modulus, 70GPa, and Poisson’s ratio, 0.25; 

the load at the tip is a flapwise force F ranging from 100kN to 1500kN, as shown in Fig. 3. 

 

 

Figure 2: Pre-twisted, bi-tapered beam (left), intermediate section (semi-axes h2-h3) and taper coefficients (right). 

 

      Figure 3: Deflected shapes using 3D-BLM for increasing F (left) and 3D-FEM for F=500kN (right). 
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The results obtained from 3D-BLM are summarized in Fig. 3 (left), showing an overview 

of the un-deformed state (F=0) and the deformed states for F=500kN and F=1000kN. Fig. 3 

(right), on the other hand, shows the deformed state for F=500kN given by 3D-FEM. 

In general, 3D-BLM provides several information on the response of the beam: axis dis-

placement, change in curvatures, 3D stress and strain fields, stress resultants. Fig. 4 to Fig. 14 

provide comparisons between 3D-BLM and 3D-FEM in terms of displacement, strain and 

stress fields, confirming the computational efficiency and accuracy of 3D-BLM compared to 

3D-FEM results. This was already highlighted in previous investigation of the authors, among 

which [12], where, however, only taper was accounted for. 

Specifically, Fig. 4 (left) shows the axis displacement as the tip-force F grows from 100kN 

to 1500kN. Comparisons with 3D-FEM simulations were done; Fig. 4 (right) reports those for 

F=1000kN and F=1500kN. It is worth noting that the tip-displacement is not along the ap-

plied tip-force, as expected due to pre-twist: one component is along y (that is, orthogonal to 

F) and vanishes if the pre-twist is zero, as in the un-twisted cases investigated in [12]. 

 

 

Figure 4: Centre-line displacement by: 3D-BLM for increasing F (left); 3D-FEM for F=1000-1500kN (right). 

In addition, pre-twist affects the stress and strain fields, hence the stress resultants, by the 

additional terms proportional the pre-twist kB1 in Eq. (16)-(18), (20). An idea of the effect of 

such additional terms is in Fig. 5 and 6, showing the Cauchy stress CYX at three cross-sections 

(30%, 50%, 70% span) along one major axis, for F=100kN and F=500kN, respectively. Blue 
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lines plot the results of 3D-BLM, including the effects of pre-twist. Black lines plot the results 

of the same model, neglecting pre-twist, whence the label 3D-BLM-NTW. Red marks denote 

the results of 3D-FEM simulations. Comparisons between 3D-BLM and 3D-FEM confirm the 

importance of the terms related to the pre-twist coefficient kB1 in Eq. (16)-(18) and (20) for 

accurate predictions of the stress and strain fields in pre-twisted, bi-tapered beams. 

 

 

Figure 5: Pre-twist effects on CYX in the cross-sections at 30%, 50%, 70% span for F=100kN. 

 

Figure 6: Pre-twist effects on CYX in the cross-sections at 30%, 50%, 70% span for F=500kN 

The effects of pre-twist are superimposed to those of taper, i.e.: i) a spanwise variation in 

the cross-section rigidities, affecting the axis deflection and, in turn, stress and strain. This is 

accounted for through the taper functions Λ2, Λ3, acting as scaling factors for the rigidities, 

and we name it here as taper scaling effect; ii) a spanwise variation in the taper coefficients, 

accounted for through the s-derivative of the taper functions, directly affecting strain and 

stress, see Eq. (17)-(18). This effect is referred to here as taper derivative effect.  

An idea of the output of these effects is in Fig. 7 and 8, showing the Cauchy stress CZX for 

the same cross-sections and loads as in Fig. 5, 6. The results of 3D-BLM (blue lines) include 

both scaling and derivative effects; the latter is neglected in black line plots, whence the label 

3D-BLM-NTD. Comparisons of 3D-BLM and 3D-FEM (red marks) confirm the importance 

of the derivative effects, unpredictable by the theory of prismatic beams. 
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Figure 7: Taper effects on CZX in the cross-sections at 30%, 50%, 70% span for F=100kN 

 

Figure 8: Taper effects on CZX in the cross-sections at 30%, 50%, 70% span for F=500kN 

Further comparisons between 3D-BLM and 3D-FEM are in terms of the Cauchy stresses 

CXX, CYX, CZX. In particular, Fig. 9, 10, 11 report the longitudinal stress CXX and the transverse 

shear stresses CYX, CZX, respectively, at the same reference cross-sections for F=500kN. It is 

remarkable to see that the proposed model almost exactly matches the 3D-FEM results ob-

tained by a commercial code, yet requiring less computational time also when pre-twist is in-

cluded: indeed, the computation is up to a hundred times faster than that of 3D-FEM, just like 

in [12] for the case of just tapered beams. 

 

 

Figure 9: Longitudinal stress CXX in the cross-sections at 30%, 50%, 70% span for F=500kN. 
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Figure 10: Transverse shear stress CYX in the cross-sections at 30%, 50%, 70% span for F=500kN. 

 

Figure 11: Transverse shear stress CZX in the cross-sections at 30%, 50%, 70% span for F=500kN. 

Similar results are provided for F=1000kN and are shown in Fig. 12, 13, 14 respectively 

for CXX, CYX, CZX. It is apparent how the results match almost exactly those of non-linear 3D-

FEM, corroborating the reliability of the proposed model. 

 

 

Figure 12: Longitudinal stress CXX in the cross-sections at 30%, 50%, 70% span for F=1000kN. 
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Figure 13: Transverse shear stress CYX in the cross-sections at 30%, 50%, 70% span for F=1000kN. 

 

Figure 14: Transverse shear stress CZX in the cross-sections at 30%, 50%, 70% span for F=1000kN. 

Similar results have been obtained for other tip-forces and cross-sections, confirming the 

effectiveness of the proposed approach but are not reported here for the sake of brevity. It is 

apparent, however, that the proposed model is able to generalize the results of the linear the-

ory of prismatic beams and provides accurate results compared to 3D-FEM simulations. The 

approach proposed is then promising, from the point of view of design, to predict the me-

chanical behaviour of non-prismatic beamlike elements of interest in applications. 

5 CONCLUSIONS  

The design of non-prismatic beams require stress analyses that cannot be performed with the 

theory of prismatic beams, which would provide incorrect results because the spanwise varia-

tion in the dimensions and orientation of the cross-sections (taper and pre-twist) produces 

couplings between bending, twisting and tension, plus non-trivial stress distributions. 

Basing on previous works, this paper investigates the effect of pre-twist on the response of 

bi-tapered beams, mimicking elements used in the applications. The prediction of their me-

chanical behaviour is reduced to finding the 3D warping of the originally transverse cross-

sections and the displacements of the axis. A variational approach and the smallness of warp-

ing and strain allows expressing the 3D stress and strain in terms of some of the 1D strain 
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measures, 3D warping functions and geometric parameters. The approach yields analytical 

results that generalize those of the linear theory of prismatic beams and reduce to the latter for 

prismatic elements with small centre-line deflection. An efficient and accurate numerical code 

was implemented and tested through several comparisons with nonlinear 3D-FEM analyses. 

Here we focused on the out-of-plane distortion of the cross-sections and studied the corre-

sponding PDEs problems. Further studies will regard the in-plane cross-sections distortion 

and the corresponding PDEs, plus analytical investigations of the effects of the beam’s curva-

ture (superposed to those of the pre-twist and taper) on the 3D strain and stress fields. 

APPENDIX 

Eq. (19) provide the components Fi, Mi of the stress resultants with respect to the current local 

triad ai, obtained by combining Eq. (15)-(18), which provide the strain fields (15), with Eq. 

(8)-(9), which relate the stress resultants (9) and the strain fields (15): 
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 (23) 

Performing the integrals with respect to the cross-section centroid, and considering that e1, e2, 

e3 satisfy Eq. (16)-(18), we get Eq. (19), where the coefficients multiplying 1D strains and 

their s-derivatives are defined as 
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where ik

je  and ik

je

 are the values of je obtained by solving Eq. (16)-(18) in the cases in which 

the quantity in superscript (e.g. 2k ) is unitary and the others (e.g. 3k , 2k  , 3k  , 1 ) are zero. 
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