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Abstract

General metric spaces satisfying weak and synthetic notions of upper and lower
curvature bounds will be studied. The relations between upper and lower bounds
will be pointed out, especially the interactions between a packing condition and
different forms of convexity of the metric. The main tools will be a new and flexible
definition of entropy on metric spaces and a version of the Tits Alternative for
groups of isometries of the metric spaces under consideration. The applications can
be divided into classical and new results: the former consist in generalizations to a
wider context of the theory of negatively curved Riemannian manifolds, while the
latter include several compactness and continuity results.
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Chapter 1

Introduction

The purpose of this thesis is to study geometric properties of metric spaces satisfying
weak and synthetic notions of upper and lower curvature bounds. The introduction is
divided into sections according to the different chapters: we will present the setting,
we will describe the main results comparing them to the literature and we will try
to explain why the packing condition is the right one to consider in order to obtain
a good control on the geometry of metric spaces with upper curvature bounds.

1.1 Upper and lower curvature bounds

Usually limits of Riemannian manifolds are no more Riemannian manifolds, even
when the geometry of the manifolds is uniformly bounded. Several notions of upper
and lower curvature bounds on arbitrary metric spaces have been developed during
the years in order to overcome this problem and to describe the limits of sequences
of Riemannian manifolds. The hope is to find large enough classes of metric spaces
to contain every limit of sequences of Riemannian manifolds with bounded geometry
(for instance: bounds on the sectional curvature, the diameter, the injectivity radius,
etc.) but still with good local and global geometric properties.

1.1.1 Upper bounds

Locally CAT(x) metric spaces, where & is a real number, are currently one of the
main topics in metric geometry. They have been studied from various points of
view during the last decades. We will recall the CAT (k) condition in Chapter [2| In
general these metric spaces can be very wild and the local geometry can be difficult
to understand. Under basic additional assumptions (local compactness and local
geodesic completeness) it is possible to control much better the local and asymptotic
properties of these spaces, as proved by Kleiner and Lytchak-Nagano. In particular,
under these assumptions, the topological dimension coincides with the Hausdorff
dimension, the local dimension can be detected from the tangent cones and there exist
a decomposition of X in k-dimensional subspaces X* (containing dense open subsets
locally bilipschitz equivalent to R¥ and admitting a regular Riemannian metric),
and a canonical measure px, coinciding with the restriction of the k-dimensional
Hausdorff measure on each X%, which is positive and finite on any open relatively
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compact subset (cp. the foundational works [KIe99] , [LN19], [LN18]). Following
[ILN19] we will call for short GCBA-spaces the locally geodesically complete, locally
compact and separable metric spaces satisfying some curvature upper bound, i.e.
which are locally CAT (k) for some x. When we want to emphasize in a statement
the role of k we will write GCBA".

It is a standard fact that a complete Riemannian manifold is GCBA” if and only
if its sectional curvature is bounded from above by k. In particular GCBA-spaces
arise in a natural way as generalizations and limits of Riemannian manifolds with
sectional curvature bounded from above.

Usually the geometry of Riemannian manifolds is studied at level of universal covers,
especially when the sectional curvature is non-positive. It is classical that universal
covers of GCBA? spaces exist and are complete, geodesically complete, CAT(0)
metric spaces. A second notion of upper bound on the curvature, that is implied
by the CAT(0) assumption, is the convexity (or Busemann) condition. Convex
metric spaces are simply connected, so they should be thought as generalization
of universal covers of Riemannian manifolds with non-positive sectional curvature:
indeed again the universal cover of a complete Riemannian manifold is a complete,
convex and geodesically complete metric space if and only if its sectional curvature is
non-positive. The main aspects of convex metric spaces will be discussed in Chapter

2

The third kind of synthetic notion of upper bound on the curvature is the so-called
Gromov-hyperbolicity condition, see Chapter [2 This is a widely studied property
due to its relations with geometric group theory, dynamics, number theory, etc. (cp.
IDSU17| for an overview).

There is a qualitative difference between the Gromov-hyperbolic condition and the
other two: indeed the former is a sort of large scale version of negative curvature
but it does not give information on the local structure at scales smaller than the
hyperbolicity constant d, while both CAT (k) and convexity control the local geometry
of the space. That is why it is difficult to use local estimates (or estimates at a fixed
scale) to study the geometry of Gromov-hyperbolic spaces.

In large parts of the thesis we will consider metric spaces that are both Gromov-
hyperbolic and convex: combining these two assumptions we will be able to link the
local estimates given by the convexity to the large scale properties implied by the
Gromov-hyperbolicity. Convex, Gromov-hyperbolic metric spaces should be thought
as generalizations of Riemannian manifolds with negative sectional curvature.

1.1.2 Lower bounds

We recall here some notions of synthetic lower bound on the curvature for a metric
space:

— curvature bounded from below in the sense of Alexandrov (cp. for instance [BGP92]).
It is the analogue of the CAT (k) condition, but the geometry of an Alexandrov metric
space is simpler (for example the dimension is constant). A complete Riemannian
manifold has curvature bounded from below by  in the sense of Alexandrov if and
only if its sectional curvature is at least k;
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— the RCD(K, N) condition, that is defined for metric measure spaces (X, d, u) (cp.
for instance [LV09]). Here N should be thought as an upper bound on the dimension
of X, while K is a synthetic version of lower bound on the Ricci curvature. Indeed a
Riemannian manifold (M, g, voly) of dimension n satisfies the RCD(K, n) condition
if and only if its Ricci curvature is at least K;

— doubling condition on a metric measure space (X,d, u): X satisfies a Dy-doubling
condition up to scale ro > 0 if for any 0 < r < rg and for all x € X it holds

p(B(z,2r))
p(B(x,7))

— upper bound to the entropy: in [BCGS17] it is considered the case of d-hyperbolic
metric spaces X admitting a discrete group of isometries I with compact quotient.
It is natural to consider the entropy hr of the counting measure of an orbit (that is
the critical exponent of T, see Section [1.6.2)). Their version of lower bound on the
curvature is then given by the condition hr < H for some fixed H > 0. We will see
in a minute why this is a lower bound on the curvature.

< Dy.

The synthetic notion of lower bound we will use throughout the thesis, that is the
packing condition, is extremely simple and natural. We say that a metric space (X, d)
satisfies the Py-packing condition at scale ro > 0 if all balls of radius 3ry contain
at most Py points that are 2rg-separated from each other (this can be equivalently
expressed in terms of coverings with balls, see Chapter [2)).

We observe that by Bishop-Gromov’s Theorem every Riemannian manifold (M, g)
with Ricci curvature bounded below by k satisfies the Py-packing condition, where
Py depends only on x and the dimension of M, at least at scales smaller than the
injectivity radius of M. Notice however that for Riemannian manifolds a doubling
or a packing condition at some scale g > 0 are much weaker assumptions than a
lower bound of the Ricci curvature (see [BCGS17], Sec.3.3, for different examples
and a comparison of Ricci, packing and doubling conditions).

From a metric-geometry perspective the original interest in studying metric spaces
satisfying a packing condition at arbitrarily small scales is Gromov’s famous Precom-
pactness Theorem [Gro81]. Another major outcome involving packing is Gromov’s
celebrated result on groups with polynomial growth, as extended by Breuillard-
Green-Tao [BGT11] (cp. also the previous results [Klel0] and [ST10]), which shows
that a uniform bound of the packing or doubling constant for X at arbitrarily large
scale (or even at fixed, sufficiently large scale with respect to the diameter) yields
an even stronger limitation on the complexity of the fundamental group of X, that
is almost-nilpotency.

We can now come back to the bounded entropy condition given in [BCGS17]. Indeed
one of the main results of that paper is that if (X,d) is a geodesically complete,
d-hyperbolic space admitting a discrete group of isometries I' with compact quotient
then X is Py-packed at scale rg, where Py, 9 depend only on § and an upper bound
on the diameter of the quotient and the critical exponent of I". That is why the
upper bound on the entropy can be thought as a lower bound on the curvature
condition.
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1.1.3 Relations between upper and lower bounds

The packing condition alone is not enough: it is true that the packing at the fixed
scale rg gives a control of the packing function at bigger scales (Lemma , but
it does not give geometric information at scales smaller than ry (see Example .
The fundamental lemma of the thesis affirms that if in addition we have an upper
bound on the curvature (either convexity or the GCBA condition) and the locally
geodesically completeness assumption then it is possible to propagate the packing
estimate at scales smaller than r(: this is the statement of Lemma [2.4.5, whose proof
is almost trivial. However it is the starting point for all the results of the thesis. The
idea is that a control of the packing function of X at a fixed scale gives a control of
the local geometry of the metric space, provided X has an upper curvature bound
and is geodesically complete. We report here this fact in case of convex metric space
for simplicity.

Theorem A (Propositionm Packing Propagation Theorem). Let X be a convex
and geodesically complete metric space that is Py-packed at scale ro. Then for every
0<7r <R itholds:

Pack(R,r) < Po(1+ Po)g_l; if 1 < ro;

R
Pack(R,r) < Py(1+ Py)ro Lifr > .

Moreover if X is complete then it is proper.

The quantity Pack(R, ) is the packing function of X at scale 0 < r < R, that is
defined as the supremum among x € X of the maximal cardinality of a 2r-separated
subset inside the closed ball B(z, R). A related quantity is the covering function
Cov(R,r) of X, which is defined as the supremum among = € X of the minimal
cardinality of a r-dense subset of B(x, R). We notice that the packing condition can
be stated as Pack(3rg,rg) < P.

1.2 Packing in locally CAT(k) spaces

In Chapter [3] we will study the case of GCBA spaces, where more local structure is
known as explained in Section

The first key-result of Chapter [3|is a Croke-type local volume estimate for GCBA-
spaces of dimension bounded above for balls of radius smaller than the almost-
convexity radius:

Theorem B (Theorem |3.1.1)). For any complete GCBA space X of dimension < ng
and any ball of radius r < min{pac(X), 1} it holds:

,u,X(B(:E,?“)) > Cpg -1 (1)
where ¢y, s a constant depending only on the dimension ny.

The almost-convexity radius pac(x) of a geodesic space X at a point z is defined
as the supremum of the radii r such that for all y,z € B(z,r) and all ¢t € [0, 1] it
holds:
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d(yt7 Zt) <2t d(y7 Z)?

where y;, z; denote points along geodesics [z, y] and [z, 2] at distance t - d(z,y) and
t - d(z, z) respectively from z. The almost-convexity radius of X is correspondingly
defined as p,c(X) = inf e x pac(x). It is not difficult to show that every GCBA-space
X always has positive almost-convexity radius at every point: namely if X is locally
CAT(k) and = € X then pac(x) is always greater than or equal to the CAT(k)-radius
peat () (see Section [2.2] for all details and the relation with the contraction and the
logarithmic maps). However the almost-convexity radius is a more flexible geometric
invariant than the CAT(k)-radius, much alike the injectivity radius for Riemannian
maniolds, since a space X might have a large curvature x concentrated in a very
small region around z, so that it may happen that pac(x) is much larger than the
CAT(k)-radius at z.

We stress the fact that no explicit upper bound on the curvature is assumed for the
estimate ; the condition GCBA is only needed to ensure sufficient regularity of
the space (and the existence of a natural measure to compute volumes). Notice that
the above theorem is a generalization of the original Croke’s result on manifolds
([Cro80], Proposition 14) at least for radii smaller than the almost-convexity radius:
indeed on a manifold the curvature is bounded above on any compact ball. The
differences are in the proofs: Croke’s original proof is based on differential analysis,
while our methods are purely metric.

For all subsequent results of this section we will consider, as standing assumption,
GCBA-spaces with a uniform upper bound on the packing constant at some fixed
scale rg smaller than the almost-convexity radius, or a doubling condition up to an
arbitrary small scale. These classes of metric spaces are large enough to contain
many interesting examples besides Riemannian manifolds and small enough to be,
as we will see in Section compact in the Gromov-Hausdorff sense.

There are a lot of non-manifolds examples in these classes of metric spaces. The
simplest ones are simplicial complexes with locally constant curvature (also called
MP*-complexes, cp. [BHI3]) and "bounded geometry" in an appropriate sense:
they will be studied in detail in Section [3.4.1] Another interesting class of spaces
satisfying a uniform packing condition at fixed scale is the class of (universal coverings
of) compact, non-positively curved manifolds with bounded entropy admitting
acylindrical splittings (see [CS]).

The first application of the Packing Propagation Theorem [A]is the characterization
of the packing condition on GCBA spaces in terms of volume and dimension.

Theorem C (Extract from Theorem [3.2.1). Let X be a complete, geodesic, GCBA-
space with almost-convezity radius pac.(X) > po > 0. The following conditions are
equivalent:

(a) there exist Py and ro < po/3 such that X satisfies the Py-packing condition at
scale ro;

(b) there exist ng and Viy, Ry > 0 such that X has dimension < ng and px (B(x, Ry)) <
Vo forallz € X;
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For Riemannian manifolds of dimension n the measure px coincides with the n-
dimensional Hausdorff measure, so (b) corresponds simply to a uniform upper bound
on the Riemannian volume of balls of some fixed radius Ry, a condition that it is
sometimes easier to verify than the bounded packing.

The proof of this theorem is essentially based on universal estimates from below
and from above of the volume of small balls of X in terms of dimension and of
the packing constants: the estimate from below is exactly given by . We want
to remark out that many of the ideas behind these results are already implicitely
present in [LN19].

In Section we investigate the relation between the local doubling conditionﬂ with
respect to the natural measure px and the local structure of GCBA-spaces. It is easy
to show that a local doubling condition implies the packing. However it turns out
that the doubling property is much stronger and characterizes GCBA-spaces which
are purely dimensional spaces, i.e. those whose points have all the same dimension.
Indeed we prove:

Theorem D (Extract from Corollary & Theorem [3.3.2). Let X be a complete,
geodesic, GCBA-space with almost-convexity radius pac(X) > po > 0. The following
conditions are equivalent:

(a) there exists Dy > 0 such that the natural measure px is Do-doubling up to
some scale rg > 0;

(b) X is purely n-dimensional for some n and there exist constants Py and ro <
po/3 such that X satisfies the Py-packing condition at scale rg.

Finally in Section [3.4.1] of Chapter [3] we specialize our results to M"-complexes
with bounded geometry. We will first establish some basic relations relating the
injectivity radius to the size and valency of the complexes. Recall that the valency
of a M"-complex X is the maximum number of simplices having a same vertex in
common and the size of the simplices of X is defined as the smallest radius R > 0
such that any simplex contains a ball of radius % and is contained in a ball of radius
R; we refer to Section for further definitions and details. Then we prove:

Theorem E (Proposition [3.4.12)). Let X be a M"-complex whose simplices have
size bounded by R, with valency at most N and no free faces. Then the following
conditions are equivalent:

(a) X is a complete GCBA-space with curvature < k;
(b) X satisfies the link condition at all vertices;

(c) X is locally uniquely geodesic;

(d) X has positive injectivity radius;

(e) X has injectivity radius > 1y, for some vy depending only on R and N.

'Beware that the doubling constant which is used in [LN19] is a different notion, which is purely
metric and does not depend on the measure.
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The equivalence of the first four conditions is well-known for M"-complexes with
finite shapes (that is whose geometric simplices, up to isometry, vary in a finite
set), see [BH13|, while the last condition is new and we will use it to exhibit other
examples of compact families of GCBA-spaces as explained in Section We
remark that the class of complexes satisfying the assumptions of Theorem [E] is made
of locally CAT (k) metric spaces with uniform lower bound on the almost-convexity
radius and satisfying a uniform packing condition at the same scale (see Proposition

B3

1.3 Entropies

Chapter {|is devoted to the investigation of different asymptotic quantities associated
to a metric space, some of them classical and widely studied. The attention will
be held on convex (and sometimes Gromov-hyperbolic) metric spaces satisfying a
uniform covering (or packing) condition. We remark that convex metric spaces are
the natural setting for the study of the geodesic flow, see Chapter 2l We are going
to present the different notions of entropies we are interested in, starting from the
Lipschitz-topological entropy.

1.3.1 Lipschitz-topological entropy of the geodesic flow

The topological entropy of the geodesic flow has been intensively studied in case of
Riemannian manifolds, especially in the negatively curved setting. If such a manifold
is denoted by M = M/T, where M is its universal cover and T is its fundamental
group, then the set of parametrized geodesic lines is identified with the unit tangent
bundle SM and the non-wandering set of the geodesic flow is the set of unit tangent
vectors whose lift to M generate a geodesic with endpoints in the limit set of I': we
denote it by SM™ . Two cornerstones of the theory of the geodesic flow are the
works of Eberlein (J[Ebe72]), who proved that the geodesic flow restricted to SM™
is topologically transitive, and Sullivan [Sul84], who proved the ergodicity of the
geodesic flow when M is the 3-dimensional hyperbolic space and T' is geometrically
finite.

Probably the most important invariant associated to the geodesic flow is the topolog-

ical entropy of its restriction to the non-wandering set, denoted hgg, (M). It equals
the Hausdorff dimension of the limit set of I' and the critical exponent of I (see
[Sul84], [OP04]). Moreover if M is compact then it coincides also with the volume
entropy of M ([Man79]), while this is no more true in general, even when M has
finite volume (cp. [DPPS09]): we will come back to these examples later. The
topological entropy of the non-wandering set of the geodesic flow characterizes the
hyperbolic metrics among Riemannian manifolds with pinched, negative curvature

and with finite volume ([PS19]).

When X is a convex metric space the topological entropy of the geodesic flow is
defined as the topological entropy (in the sense of Bowen, cp. [Bow73|, [HKR95]) of
the dynamical system (Geod(X), ®;), where Geod(X) is the space of parametrized
geodesic lines, endowed with the topology of uniform convergence on compact subsets,



8 1. Introduction

and ®; is the reparametrization flow. It is:

1
htop(Geod (X)) = inf lim lim —logC K,r),
op(Geod(X)) = E | S o P 7 108 Covar (o)

where the infimum is taken among all metrics on Geod(X) inducing its topology,
the supremum is taken among all compact subsets of Geod(X), dT is the distance
dT(y,7) = max;c(o.7] A(P¢(7), @1(7)) and Covr (K, r) is the minimal number of
balls (with respect to the metric d”) of radius r needed to cover K.

For this flow the non-wandering set is empty and applying the variational principle
(cp. [HKR95]) it is straightforward to conclude that its topological entropy is zero
since there are no flow-invariant probability measures (Lemma . Looking
carefully at the proof of the variational principle it turns out that the metrics on
Geod(X) almost realizing the infimum in the definition of the topological entropy
are restriction to Geod(X) of metrics on its one-point compactification. In particular
they are no the natural ones to consider: indeed the general idea behind the
topological entropy is to compute the number of geodesic lines needed to stay at
small distance r from any other geodesic line for a long time 7. But a general metric
d on Geod(X) does not take into account this information. That is why, in Section
we will restrict the attention to the class of geometric metrics d: those with the
property that the evaluation map E: (Geod(X),d) — (X, d) defined as E() = ~(0)
is Lipschitz. Notice that for a geometric metric two geodesic lines are not close
if they are distant at time 0. Accordingly the Lipschitz-topological entropy of the
geodesic flow is defined as

. 1
hvip-top(Geod(X)) = inf eI lim lim - log Covyr(K,r),

where now the infimum is taken only among the geometric metrics of Geod(X).
Although the definition of the Lipschitz-topological entropy is quite complicated, its
computation can be remarkably simplified. Indeed one of the most used metric on
Geod(X) (see for instance [BL12]) is:

400 1

doeoa(1,7) = [ d(2(s)7/(5))

SN 2@|3|

ds

that induces the topology of Geod(X) and is geometric, and it turns out that it
realizes the infimum in the definition of the Lipschitz-topological entropy.

Theorem F (Extract from Theorem & Proposition4.2.3)). Let X be a complete,

convex, geodesically complete metric space that is Py-packed at scale ro. Then

) 1
Prip-top(Geod(X)) = im_ 77 log Covyr, (Geod(z), o),

T—~+o00
where Geod(x) is the set of geodesic lines passing through z at time 0.

Therefore the infimum in the definition of the Lipschitz topological entropy is actually
realized by the metric dgeoq and the supremum among the compact sets can be
replaced by a fixed (relative small) compact set. Moreover also the scale r can be
fixed to be 7y (or any other positive real number).
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1.3.2 Volume and Covering entropy

The second definition of entropy we consider (see Section [4.1.2)) is the volume entropy.
If X is a metric space equipped with a measure p it is classical to consider the
exponential growth rate of the volume of balls, namely:

hu(X) = Tl—ig-loo % log (B(x, T)).
It is called the volume entropy of X with respect to the measure y and it does not
depend on the choice of the basepoint z € X by triangular inequality. This invariant
has been studied intensively in case of complete Riemannian manifolds with non
positive sectional curvature, where p is the Riemannian volume on the universal
cover. It is related to other interesting invariants as the simplicial volume of the
manifold (see [Gro82]), [BS20]), a macroscopical condition on the scalar curvature
(cp. [Sabl7]) and the systole in case of compact, non-geometric 3-manifolds (cp.
[CS19]). Moreover the infimum of the volume entropy among all the possible
Riemannian metrics of volume 1 on a fixed closed manifold is a subtle homotopic
invariant (see [Bab93], [Bru0§| for general considerations and [BCG95|, [Piel9] for
the computation of the minimal volume entropy in case of, respectively, closed
n-dimensional manifolds supporting a locally symmetric metric of negative curvature
and 3-manifolds).

Another example, besides the Riemannian setting, is the counting measure of the
orbit of a discrete, cocompact group of isometries of a convex, geodesically complete,
Gromov-hyperbolic metric space (as studied in [BCGS17]). Both this case and the
Riemannian one (at least when the curvature of the Riemannian manifold considered
is pinched) share the following property: the measure p under consideration satisfies

= <u(Bler) < H

for every x € X, where r, H are positive real numbers. A measure with this
property is called H-homogeneous at scale r. Among homogeneous measure there is
a remarkable example: the volume measure px of a complete, geodesically complete,
CAT(0) metric space X that is Py-packed at scale ry (see Section [1.2]). We recall
once again that if X is a Riemannian manifold of non-positive sectional curvature
then px coincides with the Riemannian volume, up to a universal multiplicative
constant.

A more combinatoric and intrinsic version of the volume entropy of a generic metric
space is the covering entropy, defined as:

1 _
hoov(X) == TETOO T log Cov(B(z,T),r),

where z is a point of X and Cov(B(x,T'),r) is the minimal number of balls of radius
r needed to cover B(z,T). It does not depend on z but it can depend on the choice
of r. This is not the case when X is a geodesically complete, convex metric space
that is Py-packed at scale rg, as proved in Proposition Moreover it is always
finite (cp.Lemma [4.1.3)). These results are again direct applications of the Packing
Propagation Theorem [A]
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1.3.3 Shadow and Minkowski dimension of the boundary

The explicit computation of the Lipschitz-topological entropy suggests the possibility
to relate that invariant to some property of the boundary at infinity of X. Once
fixed a basepoint x € X we define the shadow dimension of the boundary 0X of X
as

Shad-D(0X) = lim 1 log Shad-Cov,(0X, e~ 1),
T—+oco T

where Shad-Cov,.(0X,e~T) is the minimal number of points v, ...,yy at distance
T from x such that every geodesic ray issuing from x passes through one of the
balls of radius r and center ;. The limit above does not depend neither on x nor
on r. It describes the asymptotic behaviour of the number of shadows casted by
points at distance T' from x needed to cover 0.X, when 1" goes to +00. The shadows,
and especially their relations with other properties of the boundary at infinity, have
been intensively studied during the years (starting from [Sul79]). In particular if
X is Gromov-hyperbolic the boundary at infinity can be equipped with a metric
and it turns out that the metric balls are approximately equivalent to the shadows.
This equivalence remains true when we consider the generalized visual balls. If we
denote by (+,-), the Gromov product based on z then the generalized visual ball of
center z € 90X and radius p is B(z,p) = {7’ € 0X s.t. (2,7'), > log %} The visual
Minkowski dimension of 90X is:

1
MD(0X) = TETOO T log Cov(0X, e~ 1),

where Cov(9X,eT) is the minimal number of generalized visual balls of radius
e~ T needed to cover 0X. If the generalized visual balls are metric balls for some
visual metric D, , then we refind the usual definition of Minkowski dimension of
the metric space (0X, Dy ), once the obvious change of variable p = e T

These invariants are presented in Section

is made.

1.3.4 Equality of the entropies

One of the main results of this thesis is:

Theorem G. Let X be a complete, convex, geodesically complete metric space that
is Py-packed at scale ro. Then

hiip-top(Geod(X)) = hyy(X) = heoy(X) = Shad-D(9X),

where 1 is every homogeneous measure on X. Moreover if X is also d-hyperbolic
then they coincide also with MD(0X).

Actually something more is true but in order to state it we need to introduce
the notion of equivalent asymptotic behaviour of two functions.
Given f,g: [0,400) — R we say that f and g have the same asymptotic behaviour,
and we write f < g, if for all € > 0 there exists T, > 0 such that if T" > T then
|f(T) — g(T)| < e. The function T is called the threshold function.

Usually we will write f - x5 g meaning that the threshold function can be
0,7°0,0;---
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expressed only in terms of € and Py, rg, d, ... In particular if g is constantly equal
to go and f » xé go then the function f tends to gg when T goes to +o00 and
0,70,0-.-

moreover the rate of convergence to the limit can be expressed only in terms of
Po, To, 5, e

Theorem H. Let X be a complete, conver, geodesically complete metric space that
is Py-packed at scale ro. Then the functions defining the quantities of Theorem |G|
have the same asymptotic behaviour and the threshold functions depend only on
Py, ro9,d and the homogeneous constants of .

Therefore not only all the introduced quantities define the same number, but all
of them also have the same asymptotic behaviour. This means that if one can control
the rate of convergence to the limit of one of these quantities then also the rate of
convergence of all the other quantities is bounded. We remark that, differently from
many of the papers in the literature, we do not require any group action on our
metric spaces for the moment. The case of group actions will be studied in Chapter

[

1.4 The Tits Alternative

The classical Tits alternative, proved by J. Tits [Tit72] says that any finitely generated
linear group I' over a commutative field K either is virtually solvable or contains a
non-abelian free subgroup. This result has been extended to other classes of groups
during the years. For instance, without intending to be exhaustive, it is now known
that all the following classes of groups satisfy the Tits Alternative:

e any discrete, non-elementary group of isometries of a Gromov-hyperbolic space,

o any discrete group of isometries a proper CAT(0)-space containing a rank one
element,

e any group acting properly and freely by isometries on a finite dimensional
CAT(0)-cube complex,

e any acylindrical hyperbolic group,

« any subgroup of the mapping class group

(see respectively [Gro87], [Ham09], [SWO05], [Osil6] [McC85]; also notice that the
second class is a particular case of the fourth one, by [Sis18]).

Also, the original result has been improved by quantifying the depth in I' of the free
subgroup with respect to some fixed generating set S of I'. E. Breuillard proved that
there exists a universal function N(d) such that for any finite subset S C GL(d,K)
either the group I' generated by S is virtually solvable or there exist two words
a,bon S of S-length less than N(d) which generate a non-abelian free group (see
[Bre08], and previous quantifications in this direction [BG0§|, [EMOO05]). Similar
forms of quantification of the Tits Alternative for Gromov hyperbolic groups were
proved by T. Delzant [Del96], by M. Koubi [Kou98| (for Gromov hyperbolic groups
with torsion) and by G. Arzantsheva and I. Lysenok [ALO6| (for subgroup of a given
hyperbolic group), for a constant N depending however always on the group I' under
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consideration. A quantititative Tits Alternative for finitely generated subgroups of
the mapping class group Mod(S) of any compact, orientable surface S was proved
by J. Mangahas in [Manl10].

A weaker form of the alternative, generally easier to establish, which we will call
weak Tits Alternative, asks for the existence of free semigroups in I' instead of free
subgroups, provided that I' is not virtually solvableﬂ For instance, it is known that
there exists a universal constant N such that for any finitely generated group I
acting properly without global fixed points on a CAT(0) square complex and for any
generating set S of I', there always exist two elements a,b € I" with S-norm smaller
than N, generating a free semigroup, provided that I" is not virtually abelian (which
is the same as non-virtually solvable, for groups acting properly on finite-dimensional
CAT(0)-cube complexes), cp. [KS19], [GJN20].

The same is true for finitely generated torsionless groups acting on d-dimensional
cube complexes with isolated flats admitting a geometric group action, for a function
N (d) only depending on the dimension of the complex, see [GJN20], Theorem B).

Within the realm of negatively curved spaces very general quantifications of the
weak Tits Alternative for discrete groups of isometries of Gromov-hyperbolic spaces
were recently proved independently by Breuillard-Fujiwara [BF18], and by Besson-
Courtois-Gallot-Sambusetti [BCGS17]. Namely they show that there exists a uni-
versal function N(C') such that for any finite, symmetric subset S of isometries of a
Gromov hyperbolic space X, either the group G generated by S is elementary or SV
contains two elements a, b which generate a free semigroup, provided that X satisfies
a packing condition at scale § with constant C' or, better, if the counting measure
of GG satisfies a doubling condition at some scale rq with constant C'. Less general
forms of quantifications of the weak Tits Alternative for Gromov hyperbolic spaces
were previuosly proved by C. Champetier and V. Guirardel [CGO0|, for d-hyperbolic
groups I (for some N depending on the hyperbolicity constant and on the cardinality
of the generating set S) and by Besson-Courtois-Gallot [BCGO03], for fundamental
groups of pinched, negatively curved manifolds X (for some N depending on the
injectivity radius of X and on a lower bound of the sectional curvature).

For discrete isometry groups of pinched, negatively curved manifolds S. Dey, M.
Kapovich and B. Liu [DKLIS]| recently improved [BCGO3|, proving a quantitative,
true Tits Alternative: there exists N = N (k, d) such that for any couple of isometries
a, b of a complete, simply connected, d-dimensional Riemannian manifold X with
pinched, negative sectional curvature —k? < Kx < —1 which generate a discretelﬂ
non-elementary group, with a not elliptic, one can find an isometry w, which can
be written as a word w = w(a,b) on {a,b} of length less than N, such that {a™,w}
generate a non-abelian free subgroup. Noticably the authors not only find a true

2Notice that, in this weaker form, the Tits Alternative is no longer a dichotomy for linear groups,
since it is well known that there exist solvable groups of GL(n,R) which also contain free semigroups
(and actually, any finitely generated solvable group which is not virtually nilpotent contains a
free semigroup on two generators [Ros74]). It remains a dichotomy for those classes of groups for
which “virtually solvable” implies sub-exponential growth, e.g. hyperbolic groups, groups acting
geometrically on CAT(0)-spaces etc.

3We are not able to understand the proof in [DKLIS] without the torsionless assumption, which
seems to be used at page 14, below Lemma 4.5.
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free subgroup with quantification, but they also specify that one of the generators of
the free group can be prescribed a-priori (provided it is chosen not elliptic). This
motivates the following definition:

Definition. We say that a discrete group I satisfies the quantitative Tits Alternative
with specification Tys(N) (respectively, the quantitative weak Tits Alternative with
specification T} (IV)) if for every couple a,b € T which generates a non-virtually
solvable group, with a of infinite order, there exists w € I' which can be written as
a word w = w(a,b) in {a,b} of length at most N, such that the subgroup (a”,w)
(resp. the semigroup (a™,w)T) generated by {a’¥,w} is free.

The aim of Chapter [5] is two-fold:

(a) to generalise Dey-Kapovich-Liu’s result, proving the property 7,,s(/N) for a large
class of sufficiently mild, negatively curved metric spaces, and

(b) to extend the range of applications of the quantitative free sub-(semi)group
theorem proved in [BCGS17] to non-cocompact actions ﬁ

With this in mind we recall that the lower sectional curvature bound can be replaced,
in the metric setting, by the condition of bounded packing at some scale ro > 0. By
Breuillard-Green-Tao’s work, the packing condition provides sufficient information
to deduce an analogue for metric spaces of the celebrated Margulis Lemma for
Riemannian manifolds: there exists a constant €q, only depending on (Py,ro), such
that for every discrete group of isometries I' of a space X which is Py-packed at
scale ro, the eg-almost stabilizer I'c,(z) of any point x € X is virtually nilpotent (cp.
[BGT11], Corollary 11.17); that is, the elements of I" which displace x less than £
generate a virtually nilpotent group. This result allows us to mimick most of the
arguments used in [DKL1§].

On the other hand Gromov-hyperbolicity is the most natural metric replacement for
the classical hypothesis of negative curvature. However we were not able to recover
Dey-Kapovich-Liu’s result without the additional assumption of the convexity of the
space. This additional assumption gives much more regularity at scales smaller than
the hyperbolicity constant, in particular it allows, using the Packing Propagation
Theorem [A] to obtain precise estimates of the e-Margulis” domains of isometries for
values of € smaller than §:

Theorem I (Proposition . Let X be a complete, convex, geodesically complete,
d-hyperbolic metric space that is Py-packed at scale ro and let 0 < 1 < 9. Then
there exists Ko, only depending on Py, 1¢,0,€1 and €2, such that for every non-elliptic
isometry g of X with £(g) < e1 it holds:

sup d(xz, Mg, (9)) < Kp.
"EGMEQ(Q)

Here ¢(g) denotes the translation length of g and M_.(g) is the generalized
Margulis domain of g of displacement e, see Chapter [2| for the definitions. This
result is a key-tool for the proof of the following:

4 Non-cocompact actions of a group I' on general metric spaces are also considered in [BCGS1T],
especially in Chapter 6, but always with the underlying assumption that the group I' also admits a
cocompact action or a “well-behaved” action on some Gromov-hyperbolic space Xy, e.g. with some
prescribed, lower bound of the minimal asymptotic displacement ||g|| on Xo, for all g € T".
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Theorem J (Quantitative free subgroup theorem with specification).

Let Py, 1o and ¢ be fized positive constants. Then there exists an integer N (P, r0,0),
only depending on Py, 1o, d, satisfying the following properties. Let X be any complete,
convez, geodesically complete, d-hyperbolic metric space that is Py-packed at scale rg:

(a) for any couple of isometries S = {a,b} of X, where a is non elliptic, such that
the group (a, b) is discrete and non-elementary, there exists a word w(a,b) in a,b
of length < N such that one of the semigroups (a™¥,w(a,b))™, (a™N, w(a, b))+
1s free;

(b) for any couple of isometries S = {a,b} of X such that the group {(a,b) is
discrete, non-elementary and torsion-free, there exists a word w(a,b) in a,b of
length < N such that the group (a™,w(a,b)) is free.

Therefore any discrete group of isometries I' of a complete, conver, geodesically
complete, packed &-hyperbolic space satisfies property T, ,(N), and also property
Tws(IN) if T is torsionless, for N depending only on § and on the packing constants

(Po,r0)-

The first part of the theorem precises Proposition 5.18 in [BCGS17] and Theorem
5.11 of [BE1§|, showing the specification property under the additional hypothesis
of convexity. The difficulty here is that there is no a apriori bounded power N such
that £(a’) is greater than a specified constant (for instance, when a is parabolic
this is false for every N). To avoid changing a with a bounded word in {a,b} (as in
[BCGS17] and [BE18]) we follow the strategy of [DKLIS8|, which however requires
the convexity property.

For the second part of Theorem [J| it should be remarked that the torsionless
assumption is actually necessary, as shown by some examples of groups acting on
simplicial trees (with bounded valency, hence packed) produced in Proposition 12.2
of [BF1§].

Finally notice that, in our setting, elementary is the same as virtually nilpotent
because of the bounded packing assumption (see Section for a proof of this fact;
notice however that, without the packing assumption, there exist elementary groups
of negatively curved manifolds which are even free non-abelian, cp.[Bow93]).

We want also to stress that the proof we give of this theorem heavily draws from
techniques developed in [DKLI18] and [BCGS17]. However some ideas are new, such
as the bound of the distance between different levels of the Margulis domains of a
single isometry, as well as the use of the free subgroup for some of the applications
(estimate of the diastole and structure group of the thin subsets), which we will
discuss in the next section.

1.5 Applications of the Tits Alternative

The motivation for us behind the quantification and the specification property, as well
as for looking for true free subgroups (not only semigroups), is geometric. Actually
the aim of Chapter [f] is to develop a geometric analysis for actions of discrete groups
on packed, convex, Gromov hyperbolic spaces, and the Tits Alternative (in the



1.5 Applications of the Tits Alternative 15

sharp, quantitative form stated in Section is a key-tool which is essential for
many of the applications we will present. For instance a weak Tits alternative is not
enough to properly describe the group structure of the connected components of the
thin subsets for the action of I' on a hyperbolic space X, as we will do in Section
(which is more precise than in [BCGS17]). On the other hand the specification
property will be used to bound from below the systole of the action in terms of the
upper nilradius thus yielding a new version of the classical Margulis’ Lemma in our
context. Some applications we will describe do not need the specification property
or the quantitative Tits Alternative, but the packing assumption remains almost
everywhere essential, in particular for Breuillard-Green-Tao’s generalized Margulis
Lemma.

A first, direct consequence of a quantitative free group or semigroup theorem
is a uniform estimate from below of the algebraic entropy of the groups under
consideration and of the entropy of the spaces they act on (from Theorem |G|we know
that it can be computed in different ways, for simplicity we will refer to the covering
entropy). On the other hand given any group I' with a finite system of generators
S one defines Ent(I", S) as the volume entropy of the Cayley graph of the couple
(T',S). The algebraic entropy of a finitely generated group, denoted EntAlg(T"), is
accordingly defined as the infimum, over all possible finite generating sets S, of the
exponential growth rates Ent(I", S). We record here two estimates for the entropy of
the groups and the spaces under consideration, which stem from the simple weak
quantified Tits Alternative (as previously proved in [BF18], Theorem 13.9, or in
[BCGS17T], Proposition 5.18(i)), combined with the packing assumption:

Theorem K. Let X be a complete, convex, geodesically complete, d-hyperbolic
metric space that is Py-packed at scale ro. Assume that X admits a non-elementary,
discrete group of isometries I'. Then:

(a) EntAlg(I") > Co,
(b) hcov(X) > Co - nilrad(T, X) 1,
where Cy = Cy(Py, 10,0) is a constant depending only on Py,ro and 6.

The invariant nilrad(T", X') appearing here is the nilradius of the action of I on X,
defined as the infimum over all x € X of the largest radius r such that the r-almost
stabilizer I',.(x) of x is virtually nilpotent. By definition it is always bounded below
by Breuillard-Green-Tao’s generalized Margulis constant 9. On the other hand the
nilradius can be arbitrarily large, if the orbits of I' are very sparse in X. However if
I is non-elementary (which in our case means non-virtually nilpotent), it is always a
finite number.

A second geometric consequence of Theorem [J]is a lower bound of the systole of the
action of I' on X, that is the smallest non-trivial displacement of points of X under
the action of the group. Namely let X., C X be the subset of points which are
displaced less than the generalized Margulis constant €y by some nontrivial element
of the group I': this is classically called the gg-thin subset of X (we will come back
to it later). We define the upper nilradius of T, as opposite to the nilradius, as the
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supremum over x € X, of the largest r such that I',(z) is virtually nilpotent. In
other words the upper nilradius, denoted nilrad ™t (T", X'), measures how far we need
to travel from any = of X, to find two points g1z, gox of the orbit such that the
subgroup (g1, g2) is non-elementary. A natural bound of the upper nilradius is given,
for cocompact actions, by the diameter of the quotient I'/X. However the upper
nilradius can well be finite even for non-compact actions, for instance when I' is a
quasiconvex-cocompact group, or a subgroup of infinite index of a cocompact group
of X (see Examples and Section for details on quasiconvex-cocompact
groups). The specification property in the quantitative Tits Alternative yields a
lower bound of the systole of the action in terms of the geometric parameters Py, g, d
and of an upper bound of the upper nilradius:

Theorem L. Let X be a complete, convex, geodesically complete, d-hyperbolic metric
space that is Py-packed at scale ro. Then for any torsionless, non-elementary discrete
group of isometries I' of X it holds:

1 .
SyS(F, X) > min {50, Fe—H()'nllra(ﬁL (F7X)}
0

where Hy = Hy(Py, 19,0) is a constant depending only on Py, 19,9 and g9 = o(Po, o)
1s the gemeralized Margulis constant introduced before.

Remark that without any bound of the upper nilradius of I" there is no hope of
estimating sys(I', X) from below in terms of § and the packing parameters. This
is clear for groups acting with parabolics (cp. Example , but also fails for
groups without parabolics. It is enough to consider compact hyperbolic manifolds
X possessing very small periodic geodesics v of length €, much smaller than the
Margulis’ constant: by the classical theory of Kleinian groups, v has a very long
tubular neighbourhood and, consequently, I has arbitrarily large upper nilradius.
This is a general fact for actions of discrete groups on complete, convex, geodesically
complete, Gromov-hyperbolic, packed metric spaces, as we will see in a minute.

Even without any a-priori bound of the upper nilradius of the action of I', one
can always find a point  where the minimal displacement is bounded below by a
universal function of the geometric parameters Py, rg of X. Recall that the diastole
of ' acting on X, denoted dias(I", X), is defined as the supremum over all x € X of
the minimal displacement of x under all non trivial elements of the group. When X
is a nonpositively curved manifold it corresponds to (twice) the greatest value of
the cut radius for points of the quotient manifold I'\ X. The next result generalizes
one of the classical versions of the Margulis Lemma for negatively curved, pinched,
Riemannian manifolds:

Theorem M. Let X be a complete, convex, geodesically complete, &-hyperbolic
metric space that is Py-packed at scale ro. Then for any torsionless, discrete, non-
elementary group of isometries I' of X we have:

dias(T', X) = sup inf d(x,gz) > €g
zeX 9™

(where eg = e0(Py, r0) is the generalized Margulis constant).
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Notice that the estimate, which holds also for cocompact groups, does not depend
on the diameter (in contrast with Proposition 5.25 of [BCGS17]; also notice that our
groups do not belong to any of the classes considered in [BCGS17], as they do not
have a-priori a cocompact action on a convex, Gromov-hyperbolic space or an action
on a Gromov-hyperbolic space with asymptotic displacement uniformly bounded
below).

A consequence of the above estimates is an analogue of the classical thick-thin
decomposition for Kleinian groups or isometry groups of pinched, negatively curved
Riemannian manifolds (see [Thu97], [Bow95]) for discrete torsionless groups I' acting
on any complete, CAT(0), geodesically complete, Gromov-hyperbolic, packed metric
space. Namely we show that for any € > 0 smaller than the generalized Margulis
constant eg the connected components X! of the e-thin subset of X are precisely
invariant subsets whose stabilizer in T' is a maximal, elementary subgroup I'. (the
subgroup generated by all the e-almost stabilizers of points in X?): see Proposition
[6.4.0] for a precise statement. This allows us to talk of hyperbolic and parabolic
components of the e-thin subset of the quotient space X = I\ X, according to the
type of the elementary subgroups I'Z, and opens the road to the notion of geometrical
finiteness in our setting (whose study will be pursued elsewhere).

Propositions [6.4.2 & [6.4.4] in Section [6.4] resume the geometric picture of these
components. Namely each component X! contains:

— in the hyperbolic case, a tubular neighbourhood C.(7) of any axis 7 of the cyclic
subgroup T'¢, which projects into a neighbourhood C.(7) of a periodic geodesic 7 in
X;
— in the parabolic case, a connected, geodesic cone C.(7) for any geodesic ray 7y
with endpoint in the parabolic fixed point z of I', which projects into a cone-
neighbourhood C.(¥) of the quotient ray ¥ in X containing definitely all rays
asymptotic to 7.

Moreover there exist universal functions L.(r), R-(r) (only depending on the geo-
metric parameters Py, r9,0), tending to oo as r — 0, such that if the above axis /
rays 7 are included in X! C X;, for some 7 < ¢, then the components X! are:

o the thinner, the longer: the L.(r)-neighbourhood of C,(7) is entirely contained
in X! (thus X! contains a long tube around ~ in the hyperbolic case and a
large cone around any ray v with endpoint z in the parabolic one);

o have simple topology: the R.(r)-neighbourhood in X of the periodic geodesic
7 or of the geodesic cone C,(¥) are, respectively, isometric to the R.(r)-
neighbourhood of  in X modulo the cyclic group T (in the hyperbolic case),
and to the R.(r)-neighbourhood of the cone C, () in X modulo the virtually
nilpotent group I'? (in the parabolic case).

The CAT(0) assumptions is needed to find a true invariant cone C¢(y) in the parabolic
case, since in this case the horospheres are preserved by the isometries of the group
I'i. This good description of the parabolic components opens the possibility to the
study of geometrically finiteness in this setting. This topic will be investigated in
further works.
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1.6 Entropies and groups

In Chapter[7] we will introduce a variant of the different notions of entropies presented
in Chapter {4]in order to study the critical exponent of groups acting on complete,
convex, geodesically complete, d-hyperbolic, packed metric spaces.

1.6.1 Entropies of the closed subsets of the boundary

In case X is a complete, convex, geodesically complete, d-hyperbolic metric space
that is Py-packed at scale rq it is possible to define the version of all the different
notions of entropies of Section relative to subsets of the boundary at infinity 0.X
(notice that in Section the hyperbolicity assumption was not needed).

For every subset C' C 90X we denote by Geod(C) the set of parametrized geodesic
lines with endpoints belonging to C' and with QC-Hull(C') the union of the points
belonging to the geodesics of Geod(C'). Actually the hyperbolicity assumption (or at
least a visibility assumption on 9X) is necessary since otherwise the sets Geod(C')
and QC-Hull(C') could be empty. The numbers

1 _
hcov(C) = lim flog Cov(B(z,T) N QC-Hull(C), o)

T—+o0

. |
hiip-top(Geod(C)) = inf . lim lim - logCovyr(K,7)

Shad-D(C) = THT %log Shad-Cov,, (C,e™T)
—+00

1
MD(C) = lim =1 -T
(C) m og Cov(C,e )
are called, respectively, covering entropy of C, Lipschitz-topological entropy of
Geod(C'), shadow dimension of C' and visual Minkowski dimension of C. The volume
entropy of C' with respect to a measure p is

h,(C) =sup lim %log w(B(z,T) N B(QC-Hull(C), 7)),

>0 T—~+o0

where B(Y, o) means the closed o-neighbourhood of Y C X. If i is H-homogeneous
at scale r then the volume entropy can be computed putting o = r instead of the
supremum over o > 0 (Proposition . For instance when M is a Riemannian
manifold with pinched negative curvature and pps is the Riemannian volume then it
is H(r)-homogeneous at every scale r > 0, so the definition does not depend on o at
all. Most of the relations of Theorem [G] remain true for subsets of the boundary,
but the asymptotic behaviour of the different functions involved in the definitions of
the entropies depend also on the choice of the basepoint € X. The best possible
choice, x € QC-Hull(C), allows us to give again uniform asymptotic estimates.

Theorem N. Let X be a complete, convex, geodesically complete, d-hyperbolic
metric space that is Py-packed at scale ro and let C C 0X. Then

heoy(C) = Shad-D(C) = MD(C) = h,(C)
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for every homogeneous measure p on X. All the functions defining the quantities
above have the same asymptotic behaviour and the threshold functions can be expressed
only in terms of Py, 70,0 and the homogeneous constants of i, if the basepoint x

belongs to QC-Hull(C).

The proof of this result does not follow by the same arguments of Theorem [G]
indeed it will be based heavily on the Gromov-hyperbolicity of X. The relation
between the Lipschitz-topological entropy of Geod(C) and the other definitions of
entropy is more complicated. We have:

Theorem O. Let X be a complete, conver, geodesically complete, d-hyperbolic
metric space that is Py-packed at scale ro and let C C 0X. Then

(a) if C is closed then hiiptop(Geod(C)) = hcov(C) and the functions defining
these two quantities have the same asymptotic behaviour with thresholds function
depending only on Py, rg, 9.

Moreover if x € QC-Hull(C) then

1 —
hiip-top(Geod(C)) = lim TlogCovdgeod(Geod(B(m,L),C),ro),

T—+o0

where Geod(B(x, L), C) is the set of geodesic lines with endpoints in C' and
passing through B(z, L) at time 0 and L is a constant depending only on §.

(b) if C is not closed then

hiip-top(Geod(C)) = glucpc hLip_top(Geod(C”)) < heov(C),

where the supremum is taken among the closed subsets of C.

In the forthcoming paper [Cav21] we will see how the inequality in (b) can be strict.

1.6.2 Critical exponent of discrete groups of isometries

When C' is the limit set A(I") of a discrete group of isometries I" of X there is another
largely studied invariant: the I'-entropy of X defined as

hr(X) = Tgrfw % log #I'z N B(x,T),
which is precisely, when x € QC-Hull(A(I")), the volume entropy of the set A(I") with
respect to the counting measure pl of the orbit T'w. It equals the critical exponent
of ', whose definition will be recalled in Section [7.2] The critical exponent of I has
a dynamical and a measure-theoretical counterpart. Indeed when M = M /T is a
complete Riemannian manifold with pinched negative sectional curvature then it
equals the topological entropy of the non-wandering set of the geodesic flow, h?cv,‘}’)(M ),
as showned in [OP04]. The same result will be generalized in case of discrete and
torsion-free group of isometries of convex, geodesically complete, Gromov-hyperbolic,
packed metric spaces in [Cav2I]. On the other hand, by Bishop-Jones’ Theorem, it
equals the Hausdorff dimension of the radial limit set of I ([BJ97], [DSUL7]).
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We recall that a group I' is said quasiconvex-cocompact if the action of I'" on
QC-Hull(A(T")) is cocompact. In this case the codiameter of the action is the
diameter of the compact space QC-Hull(A(T"))/T". Quasiconvex-cocompact groups
have been extensively studied, due to their regularity. For instance in [Co093] is
shown that the limit set of a quasiconvex cocompact group of isometries of a proper
Gromov-hyperbolic metric space is Ahlfors-regular. Our main result of Chapter
is a refinement of this result, in terms of quantification of the Ahlfors-regularity
constants. In the following the I'-entropy of X will be denoted simply by hr.

Theorem P. Let X be a complete, convez, geodesically complete, §-hyperbolic metric
space that is Py-packed at scale ro and let I be a discrete, quasiconvez-cocompact
group of isometries of X with codiameter < D. Then the Patterson-Sullivan measure
pps on A(T) is (A, hp)-Ahlfors regular, i.e. for every z € A(T') and every 0 < p <1
it holds

1
thf < ups(B(z,p)) < Apr,

where A is a constant depending only on Py,rq,d and D. Moreover

% log Cov(A(D),e ™) | =
If " is elementary the proof is trivial, while in the non-elementary case it depends
heavily on a uniform estimate of the critical exponent. Indeed by Theorem [[]in this
case we have 0 < h~ < hr < h™, where h™ and h™ depend only on Py, rg,d and D
(see Remark and Example [6.2.3)).
Theorem [P] together with its proof, has two main consequences: the first one is
a quantified equidistribution of the orbit (see again [Co093] for a non quantified
version).

Theorem Q. Let X be a complete, conver, geodesically complete, d-hyperbolic
metric space that is Py-packed at scale 1o, let I' be a discrete, quasiconvez-cocompact
group of isometries of X with codiameter < D and let x € QC-Hull(A(T")). Then
there exists K > 0 depending only on Py, 19,0 and D such that for all T > 0 it holds

1 _
T el <TenB(z,T) <K -elhr,

The second one is the continuity of the critical exponent as we will see in the last
part of the introduction.

1.6.3 Differences of the invariants for geometrically finite groups

Theorem [P| affirms that for quasiconvex-cocompact groups the critical exponent
equals the Minkowski dimension of the limit set (and so all the other relative notions
of entropy, by Theorem [N| and Theorem @ We present here the situtation for
geometrically finite groups in case of Riemannian manifolds, trying to give several
interpretations of the possible difference between the critical exponent and the
entropy of the limit set.

So we restrict the attention to the case of Riemannian manifolds M = M/T" with
pinched negative sectional curvature. If I' is geometrically finite then the limit set
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of T' is the union of the radial limit set A,(T") and the bounded parabolic points.
The latter is a countable set, therefore the Hausdorff dimension of the limit set
coincides with the Hausdorff dimension of the radial limit set and so by Bishop-Jones’
Theorem it holds:

HD(A(T)) = HD(A,(T) = hr. (2)

We remark that this is not true if I" is not geometrically finite, even when M is the
hyperbolic space.

Example 1.6.1. In general it can happen HD(A;(T"))) < HD(A(T")). Indeed let T’
be a cocompact group of H? and let IV be a normal subgroup of I' such that I'/T”
is non amenable. Let F' C A(I”) be the subsets of points z that are fixed by some
g € I'. For every z € F and every h € I we have hz = hgz = g’'hz for some ¢ € T’
since I is normal. Then hz is fixed by ¢’ and so it belongs to F, i.e. F is I-invariant.
By minimality of A(T') we get A(I") = A(T"), so HD(A(I')) = HD(A(T)). But by the
growth tightness of I (cp. [Sam02]) we have

HD(A(I")) = hp < hr = HD(A(T')) = HD(A(T)).

However if M is the hyperbolic space and I is geometrically finite then even something
more is true, indeed by [SU96]:

hr = HD(A(T')) = MD(A(T)). (3)

This equality fails to be true for geometrically finite (actually of finite covolume)
groups of manifolds with pinched, but variable, negative curvature. Indeed we have:

Example 1.6.2. In [DPPSQ9] it is presented an example of a smooth Riemannian
manifold M with pinched negative sectional curvature admitting a (non-uniform)
lattice (i.e. a group of isometries I with Vol(M/T") < +00) such that hr < hy,,, (X).
We observe that since I' is a lattice then A(I') = OM, so hy,, (M) = MD(A(T")) by
Theorem [G], while hp = HD(A,(T')) = HD(A(T)) by (2).

The example above is due to a relevant variation of the curvature of M. Indeed in
[DPPS19] is shown that for non-uniform lattices I' of asymptotically 1/4-pinched
manifolds with negative curvature M it holds hy,,, (M) = hp. The general situation
in the geometrically finite case is:

122

HD(A(T)) = hr = hig,(M/T) 0
hiip-top(Geod(A(T))) = hcov(A(L)) = Ry, (A(T)) = MD(A(L)),
where the equalities follow by Theorem [N Theorem @] and . Moreover it is clear
that the first line is always less than or equal to the second one, since the Hausdorff
dimension is always smaller than the Minkowski dimension.

The relations in allow us to give new interpretations of the phenomena occurring
in Example i.e. the possible difference between the critical exponent of the
group and the volume entropy of A(T):

e measure-theoretic interpretation: it can be seen as the difference between the
Hausdorff and the Minkowski dimension of the limit set A(T"), so it is related
to the fractal structure of the limit set;
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e dynamical interpretation: it can be seen as the difference between the topolog-
ical entropy of the non-wandering set of the geodesic flow and the Lipschitz-
topological entropy of Geod(A(I)).

e combinatoric interpretation: it can be seen as the difference between hr and
hcov(A(T)), where the former counts the exponential growth rate of an orbit
while the latter counts the exponential growth rate of the cardinality of r-nets,
for some (any) r > 0. Here the difference arises in terms of sparsity of the
orbit.

1.7 Compactness and continuity

The last part of the thesis, Chapter [8] is focused on stability results under (pointed)
Gromov Hausdorff convergence and ultralimits. The main properties of ultralimits
will be recalled in Chapter [2| as well as their relation with Gromov-Hausdorff limit.
For the purpose of the introduction we will expose the results in terms of Gromov-
Hausdorff convergence when possible. In this chapter will be considered only CAT (k)
(or locally CAT(x)) metric spaces since this condition is stable under limit, while
the convexity assumption is not. In particular all the results of the previous section
should be thought in terms of CAT(0) spaces instead of convex ones.

1.7.1 Compact classes

The families of spaces with uniformly bounded diameter, satisfying a packing
condition for some universal function P = P(r) and all 0 < r < r¢, are classically
called uniformly compact; actually one can always extract from them convergent
subsequences for the Gromov-Hausdorff distance (see [Gro81]). Moreover it is
classical that an upper bound on the curvature is stable under Gromov-Hausdorff
convergence, provided that the corresponding CAT(k)-radius is uniformly bounded
below (see also Proposition . Starting from the Packing Propagation Theorem
[A]it is possible to decline Gromov’s Precompactness Theorem for GCBA-spaces as
follows. Consider the classes Pl
GCBAp, ok (FPos 05 p0);  GCBAY,(Vo, Ro; po, o)

of complete, geodesic, GCBA-spaces with curvature < k, almost-convexity radius
pac(X) > po > 0 and satisfying, respectively, condition (a) or (b) of Theorem |C| Let
also denote by

GCBAZ, (Vos; pos g )

the class of complete, geodesic, GCBA-spaces with curvature < k, total measure
px (X) < Vo, almost-convexity radius pac(X)>po>0 and dimension precisely equal
to ng. Then:

SMnemonically we write before the semicolon the parameters which are relative to the packing
condition or to the condition on the natural measure pux
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Theorem R (Theorem Corollary & 8.1.7)).
(a) The classes GCBAY, 4 (FPo,70; po) and GCBAL;(Vb, r0; po, no) are compact with

pack vol
respect to the pointed Gromov-Hausdorff convergence;

(b) the class GCBAL,;(Vo; po, ng ) is compact with respect to the Gromov-Hausdorff
convergence and contains only finitely many homotopy types.

As our spaces are locally CAT (k) with CAT(x)-radius uniformly bounded below
(see inequality @ in Sec. , it is not surprising that the limit space is again
locally CAT(k). Less trivially, as a part of the proof of the compactness, we need to
show that the conditions on the measure, on the almost-convexity radius and on
the dimension are stable under Gromov-Hausdorff limits. So let us highlight the
following results which are consequence of the estimates in Theorems [B] and [C| and
are part of the compactness theorem.

Theorem S (Proposition & Proposition [8.1.5)). Let (X, x,) be GCBA"-spaces
converging to (X, x) with respect to the pointed Gromov-Hausdorff topology. Then:

(a) pac(X) > limsup,,_, o pac(Xn);

(b) if pac(Xpn) > po > 0 for all n then dim(X) < lim, 4o dim(X,,) and the
equality holds if and only if the distance from x, to the maximal dimensional
subspace X' of X,, stays uniformly bounded when n — oo.

(The second assertion refines Lemma 2.1 of [Nag1§], holding for CAT(k)-spaces).

Therefore GCBA spaces with curvature uniformly bounded from above and almost
convexity radius uniformly bounded below can collapse only if the maximal di-
mensional subspaces go to infinity. We will see such an example in Section [8.1.1

On the other hand the lower-semicontinuity of the natural measure of balls and of
the total volume will follow from [LN19|, where it is proved that if (X,,)p>0 is a
sequence of GCBA-spaces converging to X then the natural measures px, converge
weakly to the natural measure px (see Lemma and the proof of Corollary
for details). We will see in Section that, under the stronger assumptions that
the natural measure is doubling up to some arbitrarily small scale, the volume of
balls is actually continuous (cp. Corollary .

Once proved that the bound on the total volume is stable under Gromov-Hausdorff
convergence and that this implies the uniform boundedness of the spaces in our class,
the homotopy finiteness stated in (b) is a particular case of Petersen’s finiteness
theorem [Pet90]; actually, as the CAT(x)-radius is uniformly bounded below, these
spaces have a common local geometric contractibility function LGC(r) = r for
r < P0-

It is not difficult (see Section |8.1.1)) to check that also the doubling property is stable
under pointed Gromov-Hausdorff convergence and so is the property of being pure
dimensional. Namely let us also consider the classes (with the same conventions as
before)

pure)

GCBAgou (Dos 103 po) GCBAL1(Vo; pos g
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of complete, geodesic, GCBA-spaces X with curvature < k, almost-convexity radius
pac(X) > po > 0 and which are, respectively, either Dy-doubling up to scale r¢ or
purely ng-dimensional with total measure px(X) < V4.

We then deduce the following additional compactness results:

Theorem T (Extract from Corollaries & 8.1.7)).
The classes GCBA%, ., (Do, 705 po), GCBAL (Vo po, g ) are compact with respect

to pointed and unpointed Gromov-Hausdorff convergence respectively. Moreover
GCBA” (Vi posng ) contains only finitely many homotopy types.

These theorems can be specialized to the case of M*-complexes with bounded
geometry. Namely let

M"(Rg, No), M"(Ro; Vo, no)

be the class of M*"-complexes K without free faces, with positive injectivity radius
(but nor a-priori uniformly bounded below), simplices of size bounded by Ry and,
respectively, valency bounded by Ny or total volume bounded by Vj and dim(K) <
no. It is immediate to check that, for suitable Ny = Ny(Ryp, Vo, no), the class
MP"(Rg; Vi, ng) is a subclass of M"(Rg, Np), made of compact M"-complexes, namely
with a uniformly bounded number of simplices (cp. proof of Theorem ; hence
it contains only finitely many M"~-complexes up to simplicial homeomorphism. On
the other hand we prove:

Theorem U (Extract from Theorem & Corollary . The classes
MP"(Rgy, No) and M"*(Ry; Vo, ng) are compact, respectively, under pointed and un-
pointed Gromov-Hausdorff convergence. Moreover there are only finitely many
MP*-complexes of diameter < A in M"(Ry, Ny), up to simplicial homeomorphisms.

The proof is based on Theorem [E] and Proposition that imply that the
class M*(Ry, Ny) is contained in GCBAgaCk(PO,rg; po) for suitable Py, g, po. The
remaining part is to show that the limit of a sequence of spaces in M"*(Ry, Ny) has
again the structure of a M"-complex with bounded geometry.

All the assumptions in this result are necessary. Indeed we will see how dropping
the bounds on the valency or on the size of the simplices we do not have neither

finiteness nor compactness (see Example 8.1.13]).

1.7.2 Ultralimit groups

In Section [8.2] we introduce the notion of ultralimit groups: given a sequence of triples
(Xn,Tn, '), where (X, z,,) is a pointed metric space and I'y, is a group of isometries
of X,,, and a non-principal ultrafilter w we set I';, as the set of admissible sequences
(gn), with g, € T, for every n. It acts naturally by isometries on the ultralimit
space (X, xy,). By Theorem @ (and by the classical stability of the §-hyperbolicity

condition) the class CATgaCk(Po,ro, 9) of complete, geodesically complete, CAT(0),

d-hyperbolic metric spaces that are Py-packed at scale rg is closed under ultralimits.
Moreover for all Py,7g,d, A > 0 we denote by CATY,(Py, 70, ; A) the class of triples

nil

(X, z,T') where (X, z) € CATgaCk(PO, r0,0) and I is a discrete and torsion-free group

of isometries of X satisfying nilrad™ (T, X) < A. We have:
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Theorem V (Theorem Theorem & Corollary [8.2.7)).

Let (X, x,) C CATgaCk(Po,ro,(S). Let Ty, be a sequence of torsion-free, discrete
groups of isometries of X,,. Let w be a non-principal ultrafilter and 'y, be the

ultralimit group of isometries of X,. Then:
(a) T, is either discrete and torsion-free, or elementary;

(b) T, is not elementary if and only if there exist admissible sequences (gn), (hn)
such that (gn, hy) is not elementary for w-a.e.(n);

(c) the class CATY,(Py,r0,d;A) is compact under pointed Gromov-Hausdor(f
convergence.

Notice that the two conditions in (a) are not mutually exclusive: the group
I',, can be discrete, torsion-free and elementary. But if it is not discrete then it is
elementary.

1.7.3 Continuity of the entropy

In general the entropy is not continuous under Gromov-Hausdorff convergence or
ultralimits. However a control of the asymptotic behaviours of the function defining
the different notions of entropies gives continuity, indeed:

Theorem W. Let (X,,,x,) be a sequence of complete, geodesically complete, CAT(0)
metric spaces that are Py-packed at scale ro converging in the pointed Gromov-
Hausdorff sense to (Xoo, Too). If for every n it holds

1 _
T log Cov(B(xn,T),10) < hy,

and the threshold functions do not depend on n, then hcoy(Xoo) = limy 400 A

Under the assumptions of Theorem [W] we have that X« is a proper, geodesically
complete, CAT(0) metric space and moreover for every n the covering entropy of
X, is exactly h,, so it states exactly the continuity of the covering entropy. Clearly
by Theorem [H], the assumption on the asymptotic behaviour of the covering entropy
can be replaced by an equivalent assumption on the asymptotic behaviour of any
other notion of entropy. This continuity result can be compared with [Rev05], where
a continuity of the volume entropy is established in case of special classes of compact
metric spaces. A similar result holds for the relative versions of the entropies, so for
subsets of the boundaries (see Theorem . Theorem |W|and its relative version,
are interesting if there is a family of metric spaces whose asymptotic behaviour
of the covering entropy (or any other notion of entropy) is uniformly controlled.
This is exactly the statement of Theorem E namely if CATgC(PO, r0,9; D) denotes
the class of triples (X, z,T") where (X, z) € CATgaCk(PO, r0,6), I' is a discrete, non-
elementary, quasiconvex-cocompact group of isometries of X with codiameter < D
and € QC-Hull(A(T")) then we have a universal bounded asymptotic behaviour of
the function defining the Minkowski dimension of A(T").
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Theorem X (Theorem|8.3.2). The class CATgC(PO, ro,0; D) is compact with respect
to the pointed Gromov-Hausdorff convergence and with respect to this convergence the
critical exponent is continuous, i.e. if (Xp,xn,I'y) C CATgC(PO,ro, 0; D) converges
to (Xoo, Toos ') then hp = limy, o0 hr, .

Remark that the lower semicontinuity of the critical exponent is known in some
cases (see [BJ97] and [Pau97]) but several restrictions on the class of groups are
made.

In the proof of the compactness part we will show the interesting fact that under
the assumptions of the theorem the boundary at infinity of the limit space is
homeomorphic (and actually isometric for a suitable choice of a metric) to the limit
space of the boundaries (Theorem . Moreover in the quasiconvex-cocompact
case with bounded codiameter we will see that the limit sets A(T',) converge to the
limit set A(I's) (Theorem [8.3.2)).
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Chapter 2

Preliminaries on metric spaces

We fix the notation. The open and the closed ball of radius R centered at x in
a metric space X will be denoted by Bx(z, R) and Bx(x, R) respectively; if the
metric space is clear from the context we will simply write B(z, R) and B(x, R). The
closed annulus with center at x and radii 71 < r2 will be denoted by A(z,r,r2). If
(X, d) is a metric space and A is a positive real number we denote by AX the metric
space (X, Ad), where (Ad)(z,y) = Ad(z,y) for any =,y € X, i.e. the rescaled metric
space. We denote with Byx(z,r) the ball of center x and radius r with respect to
the metric Ad. The identity map from (X, d) to (X, Ad) is denoted by dily.

A geodesic is a curve v: I — X, where [ is an interval of R, such that for any
t,s € I it holds d(y(t),v(s)) = |t —s|. If I = [a, b] we say that v is a geodesic joining
x = 7(a) toy = y(b). A generic geodesic joining two points x,y € X will be denoted
by [z,y], even if there are more geodesics joining = and y. A curve is a local geodesic
if it is a geodesic around any point in its interval of definition.

A geodesic ray is an isometric embedding from [0, +00) to X, while a geodesic line
(or, simply, a geodesic) is an isometric embedding from R to X. The space X is
called geodesic if for all z,y € X there exists a geodesic segment joining x to y.

A metric space is complete if every Cauchy sequence has a limit point, while it is
proper if every closed and bounded set is compact. Every proper metric space is
complete.

X is said locally geodesically complete if any local geodesic in X defined on an
interval [a, b] can be extended, as a local geodesic, to a bigger interval [a —&,b + €.
It is said geodesically complete if any local geodesic can be extended, as a local
geodesic, to the whole R.

A complete, locally geodesically complete metric space is geodesically complete.

Let X be a metric space and ~v: [a,b] — X be a curve. The length of  is

U(y) = sup > d(y(ty), v (tj41)),

a=t0<t1,...,tn<tn+1=bj 0

where the supremum is among every possible finite partitions of [a,b]. A metric
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space X is a length space if for all z,y € X it holds
d(z,y) = inf (),

where the infimum is taken among all the curves joining = to y. If X is a proper
length space then it is geodesic.

Finally we stress the fact that we consider pointed Gromov-Hausdorff convergence
only for complete metric spaces: so every time we write (X,,x,) — (X, z) in the
pointed Gromov-Hausdorff sense we mean that X, and X are complete. This
condition is not restrictive; indeed if (X,,, z,) converges to (X, z) then it converges
also to the completion (X, #). As a consequence if (X,,z,) is a sequence of proper
metric spaces converging to (X, z) then X is proper (see Corollary 3.10 of [Herl(]).

2.1 Convex metric spaces

A metric space X is conver (or Busemann) if it is geodesic and for every couple of
geodesic segments 7,7’ such that (0) = 4/(0) = z the function ¢ — d(y(t),~'(t)) is
convex from the common maximal interval of definition to R. Every convex metric
space X is uniquely geodesic, i.e. for every two points x,y € X there exists exactly
one geodesic segment joining them ([Pap05], Corollary 8.2.2). Moreover any local
geodesic is a global geodesic ([Pap05], Corollary 8.2.3). Furthermore:

Lemma 2.1.1. A complete, convex metric space is locally geodesically complete if
and only if every geodesic segment can be extended to a geodesic line.

The radius of a bounded subset Y C X, denoted by ry, is the infimum of
the positive numbers r such that Y C B(z,r) for some x € X. The following
fact is well-known for CAT(0)-spaces and will be used later to characterize elliptic
isometries:

Lemma 2.1.2. For any bounded subset Y of a proper, convex metric space X there
exists a unique point x € X such that Y C B(x,ry). Such a point is called the center
of Y.

Proof. The existence of such a point is easy: just take a sequence of points x,
almost realizing the infimum in the definition of ry, i.e. B(x,,ry + %) D Y. Since
Y is bounded then the sequence x,, is bounded. We may suppose, up to taking
a subsequence, that the sequence x, converges to a point zo,. We then have
d(Zoo,y) = limy, 400 d(2p,y) <ry for any y € Y.

Assume now that there exist two points z # ' satisfying the thesis, that is Y C
B(z,ry) N B(a2',7y). We take the midpoint m between z and z’ and we claim that
there exists € > 0 such that B(m,ry —¢) 2 B(x,ry) N B(2',ry). Otherwise there
exist a sequence of points z,, € B(x,ry) N B(z',ry) with z,, ¢ B(m,ry — %), that
is d(zn, ) < ry, d(zy,2') < ry and d(z,, m) > ry — 2. Then again we may assume
that the x,,’s converge to a point x, satisfying

Ad(Too, ) <1y, d(To0, @) Sy, d(Too,m) =Ty
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So, by convexity (see Example 8.4.7.(iii) of [Pap05]), the distance from z to any
point of [z,2'] is constant; this is impossible as the projection of o on [z,2’] is
unique ([Pap05], Corollary 8.2.6). We have therefore proved that there exists ¢ > 0
such that

B(m,ry —¢) 2 B(z,ry) N B2, ry).

which contradicts with the definition of ry. Then x = 2. O

When X is a convex, geodesically complete metric space then for all x € X and
0 < r < R it is well defined the contraction map:

ol B(z,R) — B(z,r)

by sending a point y € B(z, R) to the unique point 3’ along the geodesic [z, ]
satisfying d(z,y')/r = d(x,y)/R. By the geodesically completeness of X we conclude
that the map f is surjective. Moreover it is #-Lipschitz as follows directly from
the definition of convexity of X.

2.1.1 Space of geodesic lines

The space of parametrized geodesic lines of a proper, convex, geodesically complete
metric space is
Geod(X) = {v: R — X isometry},

endowed with the topology of uniform convergence on compact subsets of R. There
is a natural action of R on Geod(X) defined by reparametrization:

oy() =(+1)

for every t € R. It is easy to see it is a continuous action, i.e. ®; 0 &g = P,y for
all t,s € R and for every t € R the map ®; is a homeomorphism of Geod(X). This
action is called the geodesic flow on X. The evaluation map E: Geod(X) — X,
which is defined as E(vy) = 7(0), is continuous and proper ([BL12], Lemma 1.10).
Moreover it is surjective since X is assumed geodesically complete. The topology on
Geod(X) is metrizable. Indeed we can construct a family of metrics on Geod(X)
with the following method.

Let F be the class of continuous functions f: R — R satisfying

(a) f(s) >0 for all s € R;
(b) f(s) = f(—s) for all s € R;
(c) J2X f(s)ds = 1;
(d) JEZ 20l f(s)ds = C(f) < +oc.
For every f € F we define the distance on Geod(X):

“+o0o
f() :/ d(y(s),~'(s)) f(s)ds. (5)
—0o0
We remark that the choice of f = 2el\~@\ gives exactly the distance dgeoq of the

introduction.
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Lemma 2.1.3. The expression defined in satisfies these properties:

(a) it is a well defined distance on Geod(X);

(b) for all v,7" € Geod(X) it holds f(~,~") < d(v(0),7(0)) + C(f);
(c) for all v,y € Geod(X) it holds d(v(0),7'(0)) < f(v,7);
(d) it induces the topology of Geod(X).

Proof. For all v,~" € Geod(X) we have

d(v(s),7'(s)) < d(~(s),7(0)) +d(7(0),7(0)) + d(v'(0),7(s))
< 2[s +d(7(0),7'(0)),
SO
+o0 , , +o00
[ d0s) A () F (s)ds < d3(0),7'(0)) + [ 2sl ()t < +oo.

This shows (b) and that the integral in is finite. From the properties of the
integral and the positiveness of f it is easy to prove that f is actually a distance.
The proof of (c¢) follows from the convexity of the metric on X and the symmetry of

f. Indeed for all v, € Geod(X) the function g(s) = d(y(s),7'(s)) is convex. This
means that for all S,S” € R and for all A € [0,1] it holds

gAS + (1= 1)8") < Ag(S) + (1 = N)g(S").

We take s > 0 and we use the inequality above with S = 5,5 = —s and \ = %,
obtaining

d(v(s),7'(s)) + d(v(=5),7'(=5))
5 :

4(3(0),7/(0)) = 9(0) < J(~5) + 39(s) =

We can now estimate the distance between v and v’ as

0 400
= [ o)V @D (s)ds + [ dr(). () (5)ds
- /0+OO (d(y(=5),7(=5)) + d(1(5),7(5))) f(s)ds > d((0),7(0)),

where we used the symmetry of f. This concludes the proof of (c).
If a sequence 7, converges to v uniformly on compact subsets then it is clear that
for every T" > 0 it holds

+T
lim d(n(8),700(8)) f(s)ds = 0.

n—+oo J_p

For every ¢ > 0 we pick 7, > 0 such that fﬁoo 2|s|f(s) < e. Then it is easy to
conclude, using the properties of f, that

lim o d(n(8), Yoo (8)) f(s)ds < 2e.

n—+o0 J_so
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By the arbitrariness of € we conclude that the sequence ~, converges to 7o, with
respect to the metric f.

Now suppose the sequence 7, converges to vy~ with respect to f and suppose it does
not converge uniformly on compact subsets to vo,. Therefore there exists T > 0,
€0 > 0 and a subsequence ,; such that d(yy; (t;), Yoo (tj)) > 629 for every j, where
t; € [T, T]. We can suppose t; — to, and so d(Vn,(teo), Yoo (too)) > 4eg for every
j. For all t € [too — €0, %00 + 0] We get d(n, (t),Yoo(t)) > 260. Therefore, if we set
m = Milye)y oo roo+e0] f(8) > 0, we obtain

[ (51,2051 5 (5)ds > a3m

—00

for every j, which is a contradiction. O

A metric d on Geod(X) inducing the topology of uniform convergence on compact
subsets is said geometric if the evaluation map F is Lipschitz with respect to this
metric. Any metric induced by f € F is geometric by Lemma M(c)

Similar definitions can be given for the space of geodesic rays, Ray(X), which is
Ray(X) = {¢: [0,400) — X isometry},

endowed with the topology of uniform convergence on compact subsets of [0, 4+00).
Any f € F defines a distance on Ray(X) by

+oo
HEE) = [ dle(s),€ (51 (5)ds

that induces the topology of Ray(X). The evaluation map E: Ray(X) — X that
sends £ to £(0) is again continuous, surjective and proper. A metric ' on Ray(X)
inducing its topology is geometric if the evaluation map is Lipschitz with respect
to d. The reparametrization flow on Ray(X) is defined only for positive times and
therefore it is a semi-flow called the geodesic semi-flow.

2.1.2 Boundary at infinity

The boundary at infinity of X is defined as the set Ray(X) modulo the equivalence
relation & ~ £ if and only if

sup d(§(t),€'(t)) < +oo.
te[0,4-00)

Since X is proper then for every geodesic ray £ and every point € X there exists
a unique geodesic ray ¢ which is equivalent to £ and with &'(0) = z. A point of
0X is denoted by z and the unique geodesic ray £ in the class of z with £(0) = x is
denoted by &, = [z, z]. There exists a topology on X UdX that induces the original
metric topology on X and the quotient topology on 90X (as quotient of Ray(X)).
With this topology the space X UJX is compact.
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2.2 GCBA metric spaces

We recall the definition of locally CAT (k) metric space. We fix k € R. We denote by
ME the unique simply connected, complete, 2-dimensional Riemannian manifold of
constant sectional curvature equal to x and by D, the diameter of M¥. So D, = 400
if&SOandDH:%ifH>O.

A metric space X is CAT(k) if any two points at distance less than D, can be
connected by a geodesic and if the geodesic triangles with perimeter less than 2D,
are thinner than their comparison triangles in the model space MJ. This means the
following. For any three points z,y, z € X such that d(x,y) +d(y,z) +d(z,z) < 2D,
a geodesic triangle with vertices x,y, z is the choice of three geodesics [z, y], [y, z]
and [z, z], denoted by A(x,y, z). For any such triangle there exists a unique triangle
A"(z,7,%) in M3, up to isometry, with vertices z, y and z satisfying d(z,y) = d(z,y),
d(y,z) = d(y, z) and d(z,z) = d(z, z); such a triangle is called the k-comparison
triangle of A(x,y, z). The comparison point of p € [z, y] is the point p € [z, y] such
that d(z,p) = d(&,p). The triangle A(z,y, z) is thinner than A" (z, 7, 2) if for any
couple of points p € [x,y| and ¢ € [z, z] we have d(p,q) < d(p, q).

A metric space X is called locally CAT (k) if for any € X there exists r > 0 such
that B(z,r) is a CAT(k) metric space. The supremum among the radii r < %
satisfying this property is called the CAT(k)-radius at x and it is denoted by peat ().
The infimum of peat(x) among the points € X is called the CAT(k)-radius of X
and it is denoted by pcat(X); therefore, by definition, peat(X) < %.

A metric space X is GCBA if there exists a k such that X is locally CAT(k), locally
compact, separable and locally geodesically complete. In some case we will write

GCBAF*, if we want to emphasize the role of k. This class of metric spaces is the
one studied in [LN19].

A tiny ball, according to [LN19], is a metric ball B(z,r) such that » < min{1, %6
and B(x,10r) is compact.

2.2.1 Contraction maps and almost-convexity radius

We suppose X is a complete, locally geodesically complete, locally CAT(k), geodesic
metric space. If z,y € X satisfy d(x,y) < peat(z) then there exists a unique geodesic
joining them. Hence for any x € X and 0 < r < R < pcat(2) it is well defined the
contraction map:

ol B(z,R) — B(z,r)

by sending a point y € B(x, R) to the unique point ¢ along the geodesic [z, ]
satisfying d(x,y')/r = d(x,y)/R. Moreover any local geodesic starting at = which
is contained in B(x, peat(x)) is a geodesic. This fact, together with the locally
geodesically completeness and the completeness of X, shows that the map ¢F is
surjective also in this setting. It is also %—Lipschitz as stated in [LN19]. We skecth
here the computation.

Lemma 2.2.1. Any contraction map is %—Lipschitz.
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Proof. By the CAT(k) condition it is enough to prove the thesis on the model space
M. The result is clearly true when x < 0, so we can assume x = 1. In this case
M} is the standard sphere S2.

Step 1. For any x € S? and for any 0 < R < 5 the inverse of the exponential map,
the logarithmic map log, : B(z, R) — Br,s2(O, R), is %—Lipschitz. So for any R
in our range we have that the logarithmic map is 2-Lipschitz. Thus we can conclude
that, for any v,z € B(x, §),

d(y, z) < d(log,(y),log,(2)) < 2d(y, 2)

where the first inequality follows by standard comparison results.

Step 2. We fix 0 <r < R< 7§ and y,z € B(z,R). Let 3 and 2’ be the contractions

of y and z. We observe that the contraction of log,(y), on the tangent space, from

the radius R to r coincides with the point log,(y') and the same holds for z; this
T

contraction map is a dilation of factor . Therefore

Ay, ') < dllog, (), o, () = rd(log, (1), og,(2)) < Ty, 2) ]

The natural set of scales where the contraction map is defined is not bounded
from above by the CAT(k)-radius but rather from the almost-convexity radius. The
almost-converity radius at a point x € X is defined as the supremum of the radii r
such that for any two geodesics [z, y], [z, z] of length at most r and any ¢ € [0, 1] it
holds:

d(yta Zt) < 2td(y7 Z)v

where y;, z; are respectively the points along [z,y] and [z, 2] satisfying d(z,y;) =
t-d(x,y) and d(x, z;) = t-d(x, z). The almost-convexity radius at x does not depend on
x and is denoted by pac(x). Then, by definition, for any point y € B(x, pac(z)) there
exists a unique geodesic joining x to y (the existence follows from the assumptions
on X), so the contraction map is well defined for any 0 < 7 < R < pac(z). A
straightforward modification of Corollary 8.2.3 of [Pap05] shows that any local
geodesic joining x to a point y at distance d(x,y) < pac(x) is actually a geodesic.
This fact and the geodesic completeness of X imply again that any contraction map
within the almost-convexity radius is surjective and 2%-Lipschitz, by definition.
The (global) almost-convexity radius of the space X, denoted by pa.(X), is corre-
spondingly defined as the infimum over x of the almost-convexity radius at . Clearly
we always have pac(X) > peat(X). The inequality can be partially reversed when X
is proper: indeed in this case it holds

peas(X) = min {2 ()}, (6)

therefore a lower bound on the almost-convexity radius and the knowledge of the
upper bound « yield a lower bound on the CAT(k)-radius. The proof of @ follows
directly from Corollary 11.4.12 of [BHI13] once observed that any two points of X at
distance less than p,.(X) are joined by a unique geodesic.
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2.2.2 Tangent cone and the logarithmic map

We fix a complete, geodesic, GCBA-space X.

Given two local geodesics vy, 7' starting at the same point z € X we can consider
the geodesic triangle A(z,~(t),7'(t)) for any small enough ¢ > 0. The comparison
triangle A" (z,~(t),7/(¢)) has an angle oy at z. By the CAT (k) condition the angle
oy is decreasing when t — 0, see [BH13]. Hence it is possible to define the angle
between v and 7/ at z as limy_,g ay: it is denoted by Z,(v,v’) and it takes values in
[0, 7].

For any x € X the space of directions of X at x is defined as

¥, X = {7 local geodesic s.t. y(0) = z}/~

where ~ is the equivalence relation v ~ 4/ if and only if Z,(v,v") = 0. The function
Zy(+,+) defines a distance which makes of ¥, X a compact, geodesically complete,
CAT(1) metric space with diameter 7 (see [LN19]). The tangent cone of X at the
point x is the metric space
T,.X =%, X x[0,+00)

up to the equivalence relation (v,0) ~ (w,0) for every v,w € ¥, X. The point
corrisponding to ¢t = 0 is called the vertex of the tangent cone, denoted by O. The
metric on T, X is given by the following formula: given two points V' = (v,t) and
W = (w, s) of T, X we define dr(V, W) as the unique positive real number satisfying:

dp(V,W)? =12 + 5% — 2ts cos(Ly (v, w)). (7)

In other words T, X is the euclidean cone over ¥, X. With this metric T, X is a
proper, geodesically complete, CAT(0) metric space ([LN19]).

Remark 2.2.2. Let Y = S"! be the euclidean standard sphere of radius 1. Then
the euclidean cone over'Y is isometric to R™.

For any point x € X the logarithmic map at x is defined as:
1ng: B(xvpaC(‘T)) _>TCEX7 y'_) ([Cl?,y],d(l‘,y)),

where [z, y] is the unique geodesic from x to y (uniqueness is due to the definition
of almost-convexity radius).

The logarithmic map can be recovered by the contraction maps as follows. First
notice that if X is a GCBA-space and A > 0 then the space AX is GCBA. Now, let
the logarithmic map on the space AX at dily(z) be denoted by

logdﬂk(m) : B,\X(dil)\(m), )\pac(l')) — Tdﬂ/\(x)(AX).

The spaces Tyj, (x) (AX) and T, X are canonically isometric since the respective space
of directions are canonically isometric. Let R < pac(z): we consider a sequence of
real numbers r,, — 0, we set A\, = % and we define the maps

gn =loggi1, () ©dily, © el Bx(z,R) = T, X

where we are using the natural identification Ty, (2)(AnX ) =2 T, X. By the CAT (k)
condition the map logg;, (5) is (1 + €p)-Lipschitz with e, — 0 for r, — 0. So, by
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Lemma the map g, is 2(1 4 €,,)-Lipschitz and for any non-principal ultrafilter
w this sequence defines a ultralimit map g, between the ultralimit spaces (cp.

Proposition [2.7.5)). Since T, X is proper we can apply Proposition and find
that the target space of g, is T, X, i.e.

go : w-lim Bx(z, R) — T, X.

Using the definition of the logarithmic map and the natural identification between the
tangent cones Ty, | (@)(AnX) = T, X as metric spaces, it is straightforward to check

that g, restricted to the standard isometric copy of Bx(z, R) in w-lim Bx(z, R)
given by Proposition coincides with log,.

In general the logarithmic map of a GCBA space is not injective, due to the possible
branching of geodesics. We summarize its properties in the following lemma:

Lemma 2.2.3. Let x € X be a point of a complete, geodesic, GCBA space. Then
the logarithmic map log, has the following properties:

(a) log,(B(z,r)) = B(O,r) for any r < pac(x);

(b) d(O,log,(y)) = d(z,y) for any y € B(x, pac(z));
(c) it is 2-Lipschitz on B(z, pac(x)).

Proof. Let y € B(x, pac(z)). By definition we have log,(y) = ([z,y], d(z,y)), where
[z,y] is the unique geodesic from z to y. From we immediately infer that
dr(log,(y),0) = d(y,z). This proves (b) and that log,(B(x,7)) is included in
B(O,r) for any r < pac(z). Now let V = (v,t) € B(O,r), for r < pac(x). We take a
geodesic 7y in the class of v. Since X is locally geodesically complete, there exists an
extension of v as a geodesic to the interval [0, r] (this follows from the completeness
of X and the fact that any local geodesic is a geodesic if it is contained in a ball
of radius smaller than the almost-convexity radius). Then, using the definition of
the logarithmic map, we deduce that log,(v(r)) = V. Now d(z,v(r)) = r, which
concludes the proof of (a). Finally we have seen that the logarithmic map is obtained
as the restriction of the limit map g, : w-lim Bx(z, R) — T, X to Bx(z,R). It is
2-Lipschitz for all R < pac, therefore it is 2-Lipschitz on B(z, pac(x)). O

The logarithmic map gives a good local approximation of X by the tangent cone,
as expressed in the following result.

Lemma 2.2.4 ([LN19|, Lemma 5.5). Let x € X be a point of a complete, geodesic,
GCBA space. For any € > 0 there exists § > 0 such that for all v < & and for every
y1,y2 € B(z,r) it holds

|d(y1,y2) — dr(log, (y1),log, (y2))| < er.

As a consequence of this fact, Lytchak and Nagano proved that the tangent cone
at x can be seen as the Gromov-Hausdorff limit of a rescaled tiny ball around xz. We
explicit the proof of this fact because in the following we will need to write who are
the maps realizing the Gromov-Hausdorff approximations.
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Lemma 2.2.5 ([LN19], Corollary 5.7). Let x € X be a point of a complete, geodesic,
GCBA space. For any sequence A, — oo consider the sequence of CAT(k), pointed
spaces Yy, = (A B(x,7),2), for any r < peat(x). Then:

(a) Y, — (TpX,dr,O) in the pointed Gromov-Hausdorff convergence;

(b) the approzimating maps fn: Yn — T X are given by frn = logg, (2) (using
again the natural identification Tdﬂ)\n(x)()\nX) =T,X)

Proof. Fix R > 0 and any € > 0. Let ¢ be as in Lemma and set 7, = 1/\,.
We may assume that 7, - R < . Then for all y1,y2 € By, (z, R) we have y1,ys €
Bx(z,r,R) and we can apply the Lemma [2.2.4] which yields

ld(y1,y2) — dr(log,(y1),10g,(12))| < ernR.

We have dy, (y1,y2) = d(yrlifm and, by (7)) and by the definition of the logarithmic
map,
1
dr(fn(y1), fn(y2)) = rdT(logx(yl)ulogx(yQ))'

In conclusion we get

‘dYn (y17y2) - dT(fn(yl)a fn(y2))‘ < eR.

Since this is true for any € > 0 the thesis follows from Lemma [2.2.3 O

Finally we observe that this characterization of T, X has another consequence.
Fix any v € ¥, X, which can be naturally seen as an element of 7, X, and take any
geodesic «y starting at x defining v: then for any sequence r, — 0 we have that the
sequence y(ry,) € Y, defines v in the limit (indeed, f,,(y(r)) = v for any n).

2.2.3 Dimension and natural measure

We recall some fundamental properties of GCBA-spaces proved in [LN19]. For any
point x € X there exists an integer number k£ € N such that any sufficiently small
ball around = has Hausdorftf dimension k. This number is called the dimension of
X at the point x and it is denoted by dim(x). It is possible to show that dim(x) is
equal to the geometric dimension of the tangent cone to X at x as defined in [KIe99].
The dimension of X is the (possibly infinite) quantity dim(X) = sup,cx dim(x) €
[0, 4-00].

There exists a natural stratification of X into disjoint subsets X*, where X* is the
set of points of dimension k, for k € N. In other words X = | J;cy X*. Moreover
the k-dimensional Hausdorff measure H* is locally positive and locally finite on X*.
Hence it is defined a measure on X as

ux = Z HECXE,
keN

The measure px is locally positive and locally finite: we call it the natural measure

of X.

Example 2.2.6. If X is a n-dimensional Riemannian manifold with sectional
curvature < k then X is a locally geodesically complete, locally compact, separable,
locally CAT (k) metric space. In this case px is the n-dimensional Hausdorff measure
and it coincides with the Riemannian volume measure, up to a multiplicative constant.
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This stratification of X has good local properties, as shown in [LN19]. For any
k € N it is possible to define the set of reqular points Reg®(X) of the k-dimensional
part X* of X. We do not present here the definition of regular points (they are
those points that are (k, d)-strained for a suitable small J, according to [LN19], Sec.
11.4). Instead we recall the main properties of the set of k-dimensional and regular
k-dimensional points we will need. For every S C X we will denote S¥ = § N X*
and Reg®(S) = S¥NReg*(X).
Then:

o the set Reg®(X) is open in X and dense in X* (Cor. 11.8 of [LN19]);

o for any tiny ball B(x,r) there exists k such that B(x,r) does not contain points
of dimension > k (Corollary 5.4 of [LN19]);

o for any tiny ball B(x,r) there exists a constant C, only depending on the maximal
number of r-separated points in B(x,10r), such that:

H* (B(x, r)’f) <C-rk (8)
H* 1 (B(z,1)" \ Regh(B(a,7))) < C - rh! 9)

(Corollary 11.8 of [LNT9]; see Sec[2.4] for the definition of r-separated points).

2.2.4 Gromov-Hausdorff convergence

We recall here some facts about the behaviour of the natural measures and the
dimension under pointed Gromov-Hausdorff convergence.

Consider a proper GCBA-space X and its natural measure pux =3y r_oH".X*, where
n = dim(X) is assumed to be finite. The k-dimensional Hausdorff measure #H*
restricted to the k-dimensional part is a Radon measure (indeed it is Borel regular
and locally finite on the proper metric space X), so it is ux. In particular for any
open subset U C X it holds:

pux(U) =sup{ux(K) s.t. K is a compact subset of U}.

Now suppose to have a sequence of proper GCBA-spaces X, converging in the
pointed Gromov-Hausdorff sense to some (proper) GCBA-space X. Arguing as in
the first part of the proof of Theorem 1.5 of [LN19] we deduce that the natural
measures px, converge in the weak sense to the natural measure of the limit, px.
This means that for any compact subsets K,, C X, converging to a compact subset
K C X it holds:

lim liminf px, (B(Ky,¢€)) = lim limsup px, (B(Kp,€)) = px (K) (10)

e—0 n—+o0 e=0 pstoco
where we denote by B(Kj,¢) the e-neighbourhood of K,,. As a consequence:

Lemma 2.2.7. Let X, be a sequence of proper, GCBA-spaces converging in the
pointed Gromov-Hausdorff sense to a proper, GCBA-space X. Let x, € X,, be a
sequence of points converging to x € X. Then for any R > 0 it holds:

ux (B(z, R)) < limsup oy, (B(wn, R)). (11)

n—-+4o0o
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Proof. The natural measure px is Radon and any compact subset contained in
B(x, R) is contained in B(x, R — 2n) for some n > 0, therefore

U
On the other hand for any 1 > 0 we have by
x(B(z, R—2n))<limsup px, (B(xn, R—n)) < limsup px, (B(zn, R)).

n—+00 n—+o00 ]

The equality in would follow from a uniform estimate on the volumes of the
annulii of a given thickness. Indeed this is the case when the metric spaces satisfy a
uniform doubling condition, as we will see in Section

We end the preliminaries about GCBA spaces recalling some facts about the stability
of the dimension under Gromov-Hausdorff convergence. In [LN19] (Def. 5.12),
Lytchak and Nagano introduce the notion of standard setting of convergence. This
means considering a sequence of tiny balls

B(xn,70) C B(xn,1070)

in a sequence of GCBA-spaces X, satisfying the following assumptions:

o the closed balls B(z,,10rg) have uniformly bounded -covering number (i.e.
3 Cp such that the ball B(x,,10rg) can be covered by Cj closed balls of radius
0 with centers in B(zy, 10r¢) for all n , cp. Sec|2.4)

o the balls B(x,,10rg) converge to a compact ball B(x, 10ry) of a GCBA-space X
in the Gromov-Hausdorff sense;

o the closures B(x,, o) converge to the closure B(z,rg) of a tiny ball in X.

We then have:

Lemma 2.2.8 (Lemma 11.5 & Lemma 11.7 of [LN19]).
Let B(xy,r0) be a sequence of tiny balls in the standard setting of convergence. Let
Yn € B(xpn,70) be a sequence converging to y € B(xz,19). Then:

(a) dim(y) = limsup,,_, o, dim(yn);

(b) if y is k-regular then dim(y) = dim(y,,) for all n large enough.

For non-compact spaces the following general result is known:

Lemma 2.2.9 (Lemma 2.1 of [Nagl8]).

Let (Xp,zy) be a sequence of pointed, proper, geodesically complete, CAT (k) spaces
converging to some (X, x) in the pointed Gromov-Hausdorff sense. Then dim(X) <
liminf, o dim(X,).
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2.3 Gromov-hyperbolic metric spaces

Let X be a geodesic space. Given three points z,y, z € X, the Gromov product of y
and z with respect to x is defined as

(0, 2)e = 5 (d(wp) + (2, 2) — d(y, 2).

The space X is said d-hyperbolic if for every four points z,y, z, w € X the following
4-points condition hold:

(%, 2)w > min{(2, Y)uw, (Y, 2)w} = 6 (12)

or, equivalently,

d(z,y) + d(z,w) < max{d(z, z) + d(y, w), d(z,w) + d(y, z) } + 20. (13)

The space X is Gromov hyperbolic if it is é-hyperbolic for some § > 0.

The above formulations of §-hyperbolicity are convenient when interested in taking
limits (since they are preserved under ultralimits). However we will also make use of
other classical characterizations of d-hyperbolicity, depending on which one is more
useful in the context.

Recall that a geodesic triangle in X is the union of three geodesic segments
[x,9], |y, 2], [2,x] and is denoted by A(z,y,z). For every geodesic triangle there
exists a unique tripod A with vertices Z, 9, Z such that the lengths of [z, 9], [¢, 2], [Z, Z]
equal the lengths of [x,y], [y, 2], [, ] respectively. There exists a unique map fx
from A(z,y, z) to the tripod A that identifies isometrically the corresponding edges,
and there are exactly three points ¢, € [y,z],¢, € [z,2],c; € [z,y] such that
fales) = faley) = falc:) = ¢, where c is the center of the tripod A. By definition
of fx it holds:

d(z,c.) = d(z,cy), d(y, cz) = d(y, cz), d(z,cz) = d(z,¢y).

The triangle A(z,y, z) is called 6-thin if for every u,v € A(z,y, z) such that fz(u) =
fa(v) it holds d(u,v) < 0; in particular the mutual distances between c,,c, and ¢,
are at most 6. It is well-known that every geodesic triangle in a geodesic d-hyperbolic
metric space (as defined above) is 4d-thin, and moreover satisfies the Rips’ condition:

[y, 2] € B([z,y] U [, 2], 46). (14)

Furthermore these last conditions are equivalent to the above definition of hyperbolic-
ity, up to slightly increasing the hyperbolicity constant § in . As a consequence of
the d-thinness of triangles we have the following: let x,y,2 € X, fx: A(z,y,2) = A
the tripod approximation and c;, ¢y, c; as before. Then

(Y, 2)a = d(z,c;) = d(z, cy) and d(z,c;) < d(x,cy) + 40 (15)

All Gromov-hyperbolic spaces, in this thesis, will be supposed proper; we will however
stress this assumption in the statements where it is needed.
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2.3.1 Gromov boundary

We fix a d-hyperbolic metric space X and a base point z of X.
The Gromov boundary of X is defined as the quotient
aG’X = {(yn)nEN cX ‘ lim (ynvym)w = +OO} /~7

n,m—-+00
where (y,)nen is any sequence of points in X and ~ is the equivalence relation
defined by (yn)nen ~ (2n)nen if and only if limy, y— 400 (Yn, 2m)e = +00. We will
write y = [(yn)] € X for short, and we say that (y,) converges to y. Clearly this
definition does not depend on the basepoint x.
There is a natural topology on X U dgX that extends the metric topology of X.
The Gromov product can be extended to points y, z € g X by

0:2)e = (0, gL o)
where the supremum is over all sequences such that (y,) ~ y and (z,) ~ z. For any
x,y,z € 0qX it continues to hold

(l‘, y)x 2 min{(l'? Z)$7 (ya Z)m} — 0. (16)

Moreover, for all sequences (yy), (z,) converging to y, z respectively it holds

(4 2)e =6 < Mminf (yn, 2m)e < (¥, 2)a- (17)
In a similar way is defined the Gromov product between a point y € X and a point
z € 0qaX. This product satisfies conditions analogue of and .
Any geodesic ray ¢ defines a point €T = [(£(n))nen] of the Gromov boundary g X:
we say that £ joins £(0) =y to €T = 2z, and we denote it by [y, z]. Notice that any
point y € X can be joined to any point z = [(z,)] € d¢X: in fact the sequence (z,,)
must be unbounded (as (zy, z,), is unbounded), so the geodesic segments [y, z,]
converge uniformly on compact sets, by properness of X, to a geodesic ray £ = [y, z].
A geodesic ray connecting the basepoint x to z is denoted by &, = [z, 2], even if
it is not unique. If X is also convex then &, is unique for all z € 05 X. This fact
defines a natural identification between 0X and dgX: indeed, a base point x € X
being fixed, for every geodesic ray & starting at x one defines a point in the Gromov
boundary as £ = [(£(n)nen]. This formula provides a well defined homeomorphism
between 0X and 0gX.

Analogously, given different points z = [(z,)], 2’ = [(2],)] € 0cX there always exists
a geodesic line y joining z to 2/, i.e. such that ¥|[ 4o0) and ¥|(_ue 0 join ¥(0) to
z, 2’ respectively (just consider the limit v of the segments [z, z]]; notice that
all these segments intersect a ball of fixed radius centered at z, since (2, 2, )z 18
uniformly bounded above). We call z and 2’ the positive and negative endpoints of
7, respectively, denoted 4. We will also write, for short, 9y := {yT,7"}.

The Busemann function at z € g X can be defined as

B:(z,y) = sup lim d(z,£(t)) —d(£(1).y) for z,y € X,
5 —+00



2.3 Gromov-hyperbolic metric spaces 41

where the supremum is over all geodesic rays £ with £t = 2. It is clear from the
definition that the Busemann function B, (z,y) satisfies

(yaz)l’ - (.CC,Z)y -9 < Bz(xay) < (y7 Z)w - (x,z)y.

We remark that the formula (y, z), — (x, 2), is used in [DSUIL7] to define Busemann
functions in arbitrary Gromov hyperbolic metric spaces.

The level set B,(x,y) = 0 is called the horosphere of X centered at z passing
through x, while the subset B,(x,y) > 0 is the horoball through x; they are denoted,
respectively, H,(x) and HJ (x). Since B,(z,y) = B.(«',y) for z, 2’ lying on the same
horosphere H, centered at z, we will also often write B,(H,y), which should be
thought of as a signed distance from H.,.

Lemma 2.3.1. For all x € X and z € 0gX the function B,(z,): X — R is
1-Lipschitz.

Proof. We fix 31,3/ € X. For all € > 0 we take a geodesic ray & that e-almost realizes
the supremum in the definition of B,(x,y). Then

B.(z,y) = Bo(z,y) < lim —d({(),y) +d((t),¢) + & < d(y, ) +e.
In the same way B,(z,y') — B.(z,y) < d(y,y') + €. By the arbitrariness of ¢ we
achieve the result. O

As X is not uniquely geodesic it may happen that there are several geodesic rays
joining a point of X to some point z € dgX, or several geodesic lines joining two
points of the boundary. However the following standard uniform estimates hold:

Lemma 2.3.2 (Prop. 8.10 of [BCGS1T]). Let X be a d-hyperbolic space.

(a) Let &1,& be two geodesic rays with & = & and €1(0) = &(0): then we have
d(&1(t),&2(t)) < 86, vt > 0;

(b) let &1,& be two geodesic rays with & = &F: then there exist t1,ty > 0 with
t1+t2 = d(£1(0),&2(0)) such that d(&1(t+1t1),&(t+t2)) < 85, Vt > 0; moreover,
if £€1(0) and &2(0) lie on the same horosphere centered at the common endpoint,
then |t1 — t2| < 86;

(c) let v1,7v2 be two geodesic lines with 'yfr = 'y; and v, = vy : then for allt € R
there exists s € R such that d(v1(t),v2(s)) < 84.

2.3.2 Visual metrics

When X is a proper, d-hyperbolic metric space it is known that the boundary
0cX is metrizable. A metric D, , on 0gX is called a visual metric of parameter

a € (O, ngQJ and center € X if there exists V' > 0 such that for all 2z, 2’ € 9o X

it holds )
Ve*a(w% < Dyo(z,2') < Ve =), (18)
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A visual metric is said standard if for all z, 2’ € 05X it holds
(8 = 2e)e ") < Dy o(2,2) < e,

For all a as before and x € X there exists always a standard visual metric of
parameter a and center z, see [Pau96]. We remark that the constants involved in
the definition of a standard visual metric depend only on 4. As in [Pau96] we define
the generalized visual ball of center z € 0o X and radius p > 0 as

1
B(z,p) = {z' € 0cX st. (2,2))z > log}.
p

It is comparable to the metric balls of the visual metrics on dgX.

Lemma 2.3.3. Let D, , be a visual distance of center x and parameter a on 0gX.
Then for all z € 0 X and for all p > 0 it holds

1
BDas,a, <Z7 Vpa> g B('Z7 p) g BDz,a(Zy Vpa).

Proof. For all 2/ € B(z,p) by definition it holds (z,2"); > log% and therefore
Daa(, ) < Veraele < vy,

If 2/ € Bp, ,(z,+p") then %e‘“(z’zl)z < Dyya(z,2) < #p% This easily implies
z' € B(z,p). O

A compact metric space Z is (A, s)-Ahlfors regular if there exists a probability
measure p on Z such that

1 S S
27" S u(B(z,p)) < Ap

for all z € Z and all 0 < p < Diam(Z), where Diam(Z) is the diameter of Z. In case
Z = 0gX we say that Z is visual (A, s)-Ahlfors regular if there exists a probability
measure g on dgX such that

1
27" S 1Bz, p)) < Ap?

for all z € Z and all 0 < p < 1, where B(z, p) is the generalized visual ball of center
z and radius p. From Lemma [2:3:3] it follows immediately the following.

Lemma 2.3.4. If 0o X is (A, s)-Ahlfors reqular with respect to a visual metric of
center x and parameter a, then it is visual (AV®, as)-Ahlfors reqular, where V' is the

constant of .

2.3.3 Projections

Recall that a subset C' C X U dgX is said conwvez if for every x,y € C there exists
at least one geodesic (segment, ray, line) joining x to y that is included in C'. Given
any closed, convex subset C' of X and a point x € X, a projection of x to C is a
point ¢ € C such that d(z,C) = d(x,c). Since C is closed and X is proper, it is
clear that there exists at least a projection.

A fundamental tool in the study of projections in d-hyperbolic spaces is the following;:
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Lemma 2.3.5 (Projection Lemma, cp. Lemma 3.2.7 of [CDP90]).
Let X be a §-hyperbolic space, and let x,y,z € X. For any geodesic segment [y, z]
we have:

(y,2)e > d(z, [y, z]) — 49.

Therefore if C' is a convex subset and xg is a projection of z on C then (xg,c)y >
d(x, o) — 40 for all ¢ € C. This easily implies that the projection x( satisfies, for all
ceC:

(x,0)z, <49 (19)

One can then extend the definition of projection to boundary points, using this
relation, as follows: we say that zqg is a projection of x € 0gX on C if

(x,¢)z, <50 forall ceC.

In the next lemma we summarize the properties of projections we need. Recall that
since C' is convex and closed then it is naturally a geodesic, é-hyperbolic, proper
metric space; furthermore the Gromov boundary dgC of C canonically embeds into

0gX.

Lemma 2.3.6. Let X be a proper, 6-hyperbolic metric space and C be a closed,
convex subset of X. Let x,x' € X U0gX \ 0cC. The following facts hold:

(a) there exists at least one projection of x on C;
(b) if x1,x2 are two projections of x on C then d(x1,x2) < 106;

c) if xo and ), are respectively projections of x and x’' on C, then
(c) if 0 y proj
d(zo, z() < d(z,x’) + 124.

Proof. We first show the existence of a projection for points = € 95X \ daC. Let
(zn) be a sequence converging to x and let ¢, be a projection of x,, on C. First of
all we claim that the sequence (¢,) is bounded. As the sequence (¢,) is in C' and
x ¢ 0cC, then (¢,) is not equivalent to (x,). In particular (z,,cp)q, < D for some
0 < D < 400 and some ¢y € C. This means

d(co,zn) + d(co, cn) — d(cp,xn) < 2D.

As zg € C and ¢, is a projection of =, on C, we have d(cg,x,) > d(cp,x,) and
therefore d(co,c,) < 2D for all n. Therefore the sequence ¢,, converges, up to a
subsequence, to a point ¢ € C. Notice that for any n and any ¢ € C' we have
(Tn, e, < 44. Applying we get for all ¢ € C

(z,c)e <limsup(zy, d)e + § < limsup(zy, )., + d(cn, c) + 6 < 54.

n—-+00 n—-+00
This proves (a). Assertion (b) is an easy consequence of the definition, as
($a$1)$2 < 59, ($a$2)$1 < 59,

so d(z1,x2) = (2,21) 2, + (z,22)4, < 100.
Finally the proof of (c¢) can be found in [CDP90], Corollary 10.2.2. O
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Remark 2.3.7. We record here a consequence of the proof above: if (z,) is a
sequence of points converging to a point x € ;X \ 0¢C and ¢, is a projection of
zy on C for all n, then, up to a subsequence, the limit point of the sequence ¢, is a
projection of x on C.

We now recall the Morse property of geodesic segments in a Gromov-hyperbolic
space. A map «: [0,1] = X is a (1,v)-quasigeodesic segment if for any ¢, ¢’ € [0,1] it
holds

[t —t'| —v <d(at),al)) < |t -1+

The points «(0) and «(l) are called the endpoints of a.

Proposition 2.3.8 (Morse Property). Let X be a d-hyperbolic space and let o be a
(1, v)-quasigeodesic segment. The following facts hold:

(a) for any geodesic segment 3 joining the endpoints of o we have dp (o, f) < v+124,
where dg s the Hausdorff distance;

(b) for any (1,v)-quasigeodesic segment [3 with the same endpoints of o and for any
time t where both « and B are defined it holds d(«a(t), B(t)) < 6v + 480.

The proof of the first part can be found in [Bow06], while the second part is classical
and follows from a straightforward computation.

As an immediate consequence of Lemma [2.3.5] and the previous proposition we get:

Lemma 2.3.9. Let X be a -hyperbolic metric space, x € X and & be a geodesic
ray such that £(0) is a projection of x on §. Then

(a) for all T >0 the curve o = [x,£(0)] U [£(0),&(T)] is a (1,49)-quasigeodesic and
d(a(t),y(t)) < 726 for all possible t, where v = [z, £(T)];

(b) the curve a = [z,£(0)] U [£(0),£T] is a (1,40)-quasigeodesic and d(a(t), &' (t)) <
720 for allt > 0, where &' = [z,£T];

Now we state the contracting property of projections:

Proposition 2.3.10 (Contracting Projections). Let X be a proper, §-hyperbolic
space, C C X any closed conver subset and Y C X another convex subset. The
following facts hold:

(a) suppose that the projections c,c’ on C of, respectively, y,y' € Y satisfy d(c,c’) >
9§: then, [y, c]Ule,dTU[d, Y] is a (1,180)-quasigeodesic segment;

(b) if d(Y,C) > 300 then any two projections on C of points of Y are at distance at
most 96 ;

(c) if a, B are geodesic with daNdB = O, then any projection by of BT on « satisfies
d(bs, f) < max{494, d(a, 5) + 195}.
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Proof. By assumption we have (y,c'). < 40 and (', ¢) < 49, i.e.
d(y,c) > d(y,c) +d(c,c) — 86, d(y',e) > d(y', ) +d(c,c') — 8. (20)

We apply the four-points condition (13| to (y,c,y, ¢) obtaining

d(y,d) +d(y', c) < max{d(y,y’) + d(c,c),d(y, c) + d(y', )} + 20.
Assuming d(c, ) > 9§ we get by
d(y,d)+d(y',c) > d(y,c)+d(c,d)+d(y, ) +d(c,d) =166 > d(y,c) +d(y', ) +26.
Therefore the four-point condition becomes

d(y, ) +d(y,c) < d(y,y") +d(c,c) + 26.

Using again we get

d(y,c) +d(c,d) +d(y, )+ d(c,d) — 166 < d(y,y") + d(c, ) + 25

which proves (a). We suppose now d(Y,C) > 30 and that there are two points
v,y € Y with projections ¢,¢ on C such that d(c,¢’) > 95. Then the path
ly,c]Ule, dTU [, y'] is a (1,180)-quasigeodesic segment by (a) and it is at Hausdorff
distance at most 304 from any geodesic segment [y, y'], by Lemma As Y is
convex, one of these geodesic segments is included in Y, so ¢ is at distance at most
300 from Y. This contradiction proves (b).

In order to prove (c) we observe that o and § are two closed, convex subsets of X.
We divide the proof in two cases.

Case 1: d(a, ) > 306. Then let 29 € a and yo € 5 be points minimizing the distance
between « and 3; in particular zg is a projection of yp on . By Remark [2.3.7] and
by (b) there exists a projection by of 37 on « that falls at distance at most 9§ from
xo. Therefore we have d(by, 8) < d(by,xo) + d(zo, 8) < 99 + d(c, B). The thesis for
all possible projections of 87 on « follows from Lemma (b).

Case 2: d(a, 8) < 304. In this case we parameterize 3 in such a way that 5(0) is at
distance at most 300 from «. Then let

to = max{t € [0, +00) s.t. d(5(t),a) <300},

let yo = B(tg) and let zg be any projection of yy on a.. The convex subset [3(tg), 3]
of B is at distance > 300 from «, so arguing as before we have that any projection b
of BT on « is at distance at most 19 from zy. Then, again d(b,, ) < d(by, o) +
d(.’L‘o,yo) < 494. ]

2.3.4 Helly’s Theorem

A subset C C X U0gX is said A-quasiconvex, where A > 0, if for every x,y € C
there exists at least one geodesic (segment, ray or line) joining x to y that is included
in B(C,)\). The subset C is called starlike with respect to a point xo € C if for
all x € C there exists at least one geodesic (segment, ray or line) [z, x| entirely
included in C. For instance a convex set is starlike with respect to all of its points.
The proof of the following lemma can be found in [DKLI18| and [CDP90]:
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Lemma 2.3.11 (Lemma 3.3 of [DKLI8| and Proposition 10.1.2 of [CDP90]).
Let X be §-hyperbolic and let C C X U dgX be starlike with respect to xog. Then C
is 120-quasiconvex and B(C, \) is 200 -quasiconvez for all X > 0.

We state now the version of Helly’s Theorem which we will need. The proof we
give here follows the one given by [BF18], with the minor modifications needed to
deal with quasiconver subsets instead of convex ones.

Proposition 2.3.12 (Helly’s Theorem). Let X be a §-hyperbolic space and let
(Ci)ier be a family of A\-quasiconvex subsets of X such that C; N Cj # 0 Vi, j. Then:

() B(Ci,1196 + 15)) # 0.
el
The proof is a direct consequence of the following lemma.

Lemma 2.3.13. Let X be a §-hyperbolic space, let C1,Cy C X be two A-quasiconver
subsets with non-empty intersection and let xg € X be fixed. Assume that we have
points x1 € C1 and xo € Cy which satisfy:

d(zo,x;) < d(zo,C;) + 6 for i = 1,2
d(zo,x1) > d(zg,z2) — 9§
Then, d(x1,C3) < 1195 + 15A.
Proof. Let u € C; N Cs. By the Projection Lemma we have
(u, 1)z, > d(zo, [u, 1)) — 49.

Moreover

d(zo, [u, 1)) > d(zo, B(C1,)) > d(z0,C1) — A > d(zg,z1) — X — 4.
So (u, 1)z, > d(xo, 1) — A — 5d. Computing the Gromov product we get

d(u, z) + 100 + 2X > d(z1, z) + d(z1, u).

The same conclusion holds for 2. Hence the two paths o = [u, z1] U [x1, 20] and
B = [u, z2) U [z2, zo] are (1,100 + 2))-quasigeodesic segments with same endpoints.
Applying Proposition [2.3.8] we conclude that for any ¢ where the two paths are
defined it holds:

d(a(t), B(t)) < 1086 + 12

We estimate now the distance between z; and the geodesic segment [u,z2]. Let
t1,ta be such that a(t1) = z1 and B(t2) = za. If t; < t9 then S(t1) € [u,x2] and
in particular ¢; is a common time for both geodesic segments. Therefore we can
conclude that d(x1, [u, z2]) < 1085 + 12A. We consider now the case t; > to. Since
d(xo,x1) > d(zg, z2) — § we know that

t1 = d(u,z1) < d(xo,u) — d(xg, 1) + 100 + 2
< d(zg,u) — d(xg,z2) + 116 + 2
< d(zg, z2) + d(z2,u) — d(zo, x2) + 115 + 2\
=19+ 116 + 2.
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Therefore we get

d(w1,m2) = d(a(t1), B(t2)) < d(a(ty), a(te)) + d(a(tz), B(t2))
< 116 + 2\ + 1086 + 12X\ = 1196 + 14\.

In any case we have d(z1, [u, z2]) < 119 + 14A. In conclusion
d(z1,C9) < d(x1, B(C2,A)) + X < d(z1, [u, z2]) + A < 119 + 15A.
O

Proof of Proposition[2.3.13 We choose a point xg € X. Let x; € C; be as in the
previous lemma, say with d(zg,z1) > d(xo,x;) — 6 for all i € I. Applying the lemma
to any couple C1, C; we find that the point x1 belongs to the intersection of all the
desired neighbouroods of Cj;. O

Finally we recall the definition of quasiconver hull of a subset C of 0gX: it
is the union of all the geodesic lines joining two points of C' and it is denoted by

QC-Hull(C).

2.4 Packing and covering

Let Y C X be any subset of a metric space:

—a subset S of Y is called r-dense if Vy € Y 3z € S such that d(y,z) < r;

— a subset S of YV is called r-separated if Yy, z € S it holds d(y, z) > r.

The r-packing number of Y is the maximal cardinality of a 2r-separated subset of Y
and is denoted by Pack(Y,r). The r-covering number of Y is the minimal cardinality
of a r-dense subset of Y and is denoted by Cov(Y,r). These two quantities are
classically related by the following relations:

Pack(Y, 2r) < Cov(Y,2r) < Pack(Y,r). (21)

On a given space X the numbers Pack(B(z, R), r) and Cov(B(xz, R),7), for 0 < r < R,
depend in general on the chosen point x. We are interested in the case where these
numbers can be bounded independently of x € X. Therefore consider the functions

Pack(R,r) = sup Pack(B(z, R), 1), Cov(R,r) = sup Cov(B(z, R),)
zeX zeX
called, respectively, the packing and covering functions of X. They take values on
[0, +00]; moreover, as an immediate consequence of , we have

Pack(R,2r) < Cov(R,2r) < Pack(R,7). (22)

Definition 2.4.1. Let X be a metric space and let Cy, Py, 9 > 0.

We say that X is Py-packed at scale rq if Pack(3rg,r9) < Py, that is every ball of
radius 3ry contains no more than Fy points that are 2rg-separated.

Analogously we say that X is Cy-covered at scale ro if Cov(3rg,19) < Cp, i.e. every
ball of radius 3ry can be covered by at most Cy balls of radius rg.

The packing property can always be propagated at larger scales.
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Lemma 2.4.2. Let X be a geodesic metric space that is Py-packed at scale ro. Then
for any R > 3rq it holds:

R

Pack(R, 7o) < Py(1+ Py)7o '

Proof. We prove the thesis by induction on k, where k is the smallest integer
such that R < 3rg + krg. The case k = 0 clearly holds as for R = 3ry we have
Pack(R,r9) < Py < Py(1+Py)%. Let now k > 1 and R > 3rg such that R < 3rg+kro.
We consider the sphere S(x, R — () of points at distance exactly R — rg from z. We

observe that R —ry < 3rg + (k — 1)rg, so by induction we can find a 2rg-separated
R—

subset y1, ..., yn of S(xz, R—1p) of maximal cardinality, where n < Py(1+4 Pp) "o i

Moreover
n

U E(yi, 3rg) 2 A(z, R — 1o, R).

i=1
Indeed for any y € A(z, R — g, R) we take a geodesic [z,y] and we call 3 the point
on the geodesic [z,y] at distance R — g from z. Then y € B(y’,r9). Moreover there
exists y; such that d(y',y;) < 2rg, because of the maximality of the set {y1,...,yn}
Hence d(y,y;) < 3rg. Therefore we get:

Pack(B(x, R),r9) < Pack(B(z, R —r9),r9) + Pack(A(xz, R — ro, R), o)

< Pack(B(z, R —19),70) + Z Pack(B(y;, 3r9),70).
i=1

Since Pack(B(y;,3r0),70) < Py, we obtain

Pack(B(z, R), o) < Pack(B(z, R —19),70) + Py n
< Pack(B(z, R —rg),m0) + Po - Pack(B(z, R — 1), 70)

R—r

aTro
<1+ P)R(1+Py) 70 = PR(l+ Py)

R
A1

O

In general a control of the packing function at some fixed scale does not imply
any control at smaller scales, as shown in the following example.

Example 2.4.3. Let D™ C R” be the closed Euclidean disk of radius 1. Let X,
be the space obtained gluing a Euclidean ray [0, +00) to a point of the boundary
of D". Fix rg = 1. Any 2rg-separated subset S of X,, contains at most one point
of D™. Hence Pack(3rg,79) < 2, in other words X, is 2-packed at scale 1 for every
n. However at smaller scales, for example at scale r = %, we can easily show that
Pack(3r,r) — 400 when n — +o00. Notice that the spaces X,, in this example are
complete and CAT(0) but they fail to be geodesically complete.

2.4.1 Packing in convex spaces

The next result states that in a conver and geodesically complete metric space, the
packing function Pack(R,r) is well controlled by the packing condition at any fixed
scale rg:
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Proposition 2.4.4. Let X be a convex and geodesically complete metric space that
is Py-packed at scale ro. Then:

(a) for all v < rg, the space X is Py-packed at scale r;

(b) for every 0 < r < R it holds:

Pack(R,r) < Py(1 + P0)§_1, if r <ro;

R_
Pack(R,r) < Py(1+ Py)mo 1, if r>ro.

Moreover if X is complete then it is proper.
The proof follows by the next easy but fundamental lemma.

Lemma 2.4.5 (Packing propagation). Let X be a convez, geodesically complete
metric space that is Py-packed at scale rq. Then X is Py-packed at scale r for any
r<71g.

Proof. We fix z € X and r < ro. We take a 2r-separated subset {z1,...,zx} of

B(x,3r). We consider the contraction map @377:0 which is surjective and %-Lipschitz.

For any i we fix a preimage y; of x; under @2:0. We have 2r < d(z;,z;) < %d(yi, yj)

for any i # j. This means that the set {y1,...,yn} is 2ro-separated in B(z, 3ro),
hence N < F,. ]

Proof of Proposition|[2.4.7. By Lemma [2.4.5] we know that X is Py-packed at scale
r for all 0 < r < rg. Therefore, for these values of r, Lemma yields

Pack(R,7) < Py(1+ By)+ !

VR > 3r; but this also holds for R < 3r since then Pack(R,r) < Pack(3r,r). On
the other hand if r > ry the thesis follows directly from Lemma [2:4.2] Indeed when
R > 3rp then Pack(R,r) < Pack(R, ) and Lemma concludes. If R < 3rp we
get

Pack(R,r) < Pack(R,r9) < Pack(3rg,79) < Py

pid
T

and Py(1 + Py)r ! > P,.

Finally we assume that X is also complete. For all x € X and R > 0 the ball
B(z, R) is complete since it is closed and X is complete. Moreover for all € > 0 the
maximal cardinality of a e-separated subset of B(xz, R) is finite, hence this ball is
totally bounded and so compact. O

We can read this result in terms of the covering functions instead of the packing

functions using .

Corollary 2.4.6. Let X be a convex, geodesically complete metric space that s
Py-packed at scale ry. Then for every 0 < r < R it holds:

2R _
51

Cov(R,r) < Py(1 + P) ,ifr < 2rg;

2R
Cov(R,7) < Py(1+ Py)™0 ', if r > 2ro.
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Proof. We have

2R _
R

Cov(R,r) < Pack <R, ;) < Py(1+ Fy) , if

T
- <79

2R _
70

Cov(R,r) < Py(1+Py)7 ', it % > 7. .

2.4.2 Packing in GCBA spaces

The proof of the packing propagation lemma is based on two properties of the
contraction maps ¢f: they are surjective and %5-Lipschitz. In case of GCBA spaces
the contraction maps are again surjective but Z5-Lipschitz. However we can mimic
the proofs above in this setting, up to a factor 2. Indeed the next proposition affirms
that the packing functions can be well controlled for complete, locally CAT(k)-spaces
which are locally geodesically complete (notice that no local compactness is assumed,
since it will follow from the packing condition):

Proposition 2.4.7. Let X be a complete, locally CAT(k), locally geodesically
complete, geodesic metric space with pac(X) > 0. Suppose that X satisfies

Pack (3r0, T;) <Py for 0<my< pac(X)/3.

Then X is proper and geodesically complete; so it is a GCBA metric space. Moreover
for any 0 < r < R it holds:

Pack(R,r) < Po(1 4 Po)* Y, if r < ro;

R_
Pack(R,r) < Py(1+ Py)ro 1, if v > ro.

We remark that a packing condition to scales bigger than the almost-convexity
radius does not propagate to smaller scales:

Example 2.4.8. Let X,, be the graph with one vertex and n loops of length 1. For
any n we glue an half-line to the vertex obtaining a complete, GCBA, geodesic
metric space Y,,. As in Example 2.4.3]it is easy to show that at big scales the spaces
Y,, satisfy a uniform packing condition, while at small scales they do not.

The proof of Proposition [2.4.7]is based again on the adapted version of Lemma

2.4.9

Lemma 2.4.9. Let X be a space satisfying the assumptions of Proposition|2.4.".
Then X is Py-packed at scale v for any r < rg.

The proof is exactly the same given for Lemma The difference is the factor
2 in the Lipschitz constant of the contraction maps: the packing assumption on X
is made especially to overcome this fact.

Proof of Proposition[2.4.7. The estimates on the packing functions can be made
exactly as in the proof of Proposition as well as the proof of the properness of
X. Moreover a complete, locally geodesically complete metric space is geodesically
complete. O
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Also in this case we have:

Corollary 2.4.10. Let X be a complete, locally CAT(k), locally geodesically com-
plete, geodesic metric space with pac(X) > 0. Suppose that X satisfies

Pack <3r0, 7”20) < Py for ro < pac(X)/3.
Then for any 0 < r < R it holds:
Cov(R,r) < Py(1+ Py) L, if r < 2rg;

2R
o 1

Cov(R,r) < Py(1 + P) L if v > 2.

2.5 Isometries of Gromov-hyperbolic spaces

When X is a Gromov-hyperbolic space then its isometries are classified into three
types according to the behaviour of their orbits (cp. for instance [CDP90]):

e an isometry g is elliptic if it has bounded orbits; when g acts discretely this is
the same as asking that it is a torsion element, cp. [BCGS17];

e an isometry g is parabolic if there exists a point ¢*° € JgX such that for all
z € X the sequences (¢*z)>0 and (g*z)r<o converge to g>;

« an isometry g is hyperbolic if the map k — ¢gFz is a quasi-isometry Vz € X, i.e.
there exist L, C' > 0 such that for any k, k" € Z it holds

1 /
Zm—m—0§af%f@ng—M+a

In this case there exist two points g~ # g* in dgX such that for any x € X the
sequence (g*r)>o converges to g and the sequence (g*x)r<o converges to g~.

Also recall that the asymptotic displacement of an isometry ¢ is defined as the limit
(which exists and does not depend on the choice of z € X):
. d(x,g"x
loll = tim A9,
n—-+oo n

It is well known that for any isometry g of X and for any k € Z* it holds ||g*| = k||g||
and that g is hyperbolic if and only if ||g|| > 0 (see [CDP90]). The following lemma
is well known and will be used to bound the displacement of an isometry by its
asymptotic displacement:

Lemma 2.5.1 ([BCGS17], [CDP90]). For any isometry g and every x € X we have:
d(z,g"x) < d(z,gx)+ (n—1)-||g| + 49 - logy n. for all n > 0.

Any isometry of X acts naturally by homeomorphisms on dgX. If g is parabolic then
g is the unique fixed point of the action of g on X U dg X, while if g is hyperbolic
then g—, g7 are the only fixed points of the action of g on X UdgX. The set of fixed
points of an isometry ¢g on the Gromov boundary is denoted by Fixs(g). For any
ke Z* =7\ {0} we have that an isometry g is elliptic (resp.parabolic, hyperbolic)
if and only if g* is elliptic (resp.parabolic, hyperbolic); moreover if g is parabolic or
hyperbolic it holds Fixs(g*) = Fixa(g).
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2.5.1 Isometries of Gromov-hyperbolic and convex spaces

The displacement function of an isometry g is defined as dy(x) = d(z, gx), and the
minimal displacement of ¢ is

(g) = int d(z,g).

In general the asymptotic displacement always satisfies ||g|| < ¢(g). However on a
convex metric space we always have ||g|| = ¢(¢g) (cp. [BGS13]). In particular if X is
convex and Gromov-hyperbolic all parabolic isometries have zero translation length
(notice that this is false for arbitrary convex spaces, cp. [Wul8]) and ¢(g) > 0 if and
only if g is of hyperbolic type. Moreover by Lemma [2.1.2] every elliptic isometry g
of X has a fixed point (the center of any bounded orbit ¢g"x of g, which is clearly
invariant by g¢); reciprocally every isometry with a fixed point is clearly elliptic.
We can therefore restate the classification of isometries of a proper, convex, Gromov-
hyperbolic space as follows:

o an isometry g is elliptic if and only if ¢(g) = 0 and the value of minimal
displacement is attained for some z € X

o an isometry g is parabolic if and only if /(¢g) = 0 and the minimal displacement
is not attained;

e an isometry g is hyperbolic if and only if ¢(g) > 0 and the minimal displacement
is attained.

In the last case there exists a geodesic line joining ¢~ to g+ on which g acts as a
translation by ¢(g); any such geodesic line is called an azis of g (see [Pap05]).

It is classical that in CAT(0), Gromov-hyperbolic spaces the Busemann function
B.(z,y) can be computed using any geodesic ray ¢ with endpoint T = 2z, cp.
[BH13], [DPS12] (observe that this is false in convex metric spaces, see [And08]).
As a consequence, under these assumptions, every parabolic isometry preserves the
horospheres centered at its unique fixed point:

Lemma 2.5.2. Let g be a parabolic isometry of a CAT(0), Gromouv-hyperbolic metric
space X with fized point z. Then B,(x,gz) = 0 for every x € X. In particular g
preserves the horospheres centered at z and passing through x.

Proof. The metric derivative of a parabolic isometry ¢ is equal to ¢'(z) = 1 (cp.
[DSUIT]), then by Proposition 4.2.16 of [DSUI7] we conclude there exists C' > 0

such that |B,(z, ¢g"z)| < C for all n € Z. However by the cocycle condition satisfied
by the Busemann function on CAT(0) metric spaces we have

B.(xz,g"x) = B,(x, gx) + B.(9x,9"x) = n - B,(z, gx)

which is larger than C for n > 0, unless B, (z, gz) = 0. O
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2.5.2 The Margulis domain of an isometry

In this part X will be a proper, convez, Gromov-hyperbolic space.
From the convexity of the metric it follows that the displacement function d, of an
isometry g of X is convex. We are interested in the sublevel sets of d,. Given € > 0,
the subset

M:(g9) = {z € X s.t. d(z,gx) < e}

is called the Margulis domain of g with displacement . As d, is convex, the Margulis
domain is a closed and convex subset of X. Finally we denote by

Min(g) = My4)(9)

the subset of points of X where d; attains its minimum (which is empty for a
parabolic isometry g).

Lemma 2.5.3. The Margulis domain M:(g) of any isometry g of X, if non-empty,
is starlike with respect to any point z € Fixg(g) U Min(g).

Proof. Fix a point € M,(g) and z € Fixg(g). Assume that the geodesic ray [z, 2] is
not contained in M.(g). Then there exists a point y € [, z] such that d(y, gy) > e+n
for some n > 0. Let L = d(x,y) and consider the points y, along [z, z] at distance
nL from x. By convexity of the displacement function, we have d(yn, gyn) > € + nn.
We observe that the points gy, belong to the geodesic ray [gz, gz], defining the
point gz of the boundary. The two rays [z, z] and [gz, gz] are not parallel, hence
gz # z which is a contradiction since z € Fixp(g). The case where z € Min(g)
follows directly from the convexity of the displacement function and the minimality
of z. O

The generalized Margulis domain of g at level ¢ is the set

M.(g) = | M(g").

1€Z*

It clearly is a g-invariant subset of X. We remark that for all € > 0 the union is
finite when ¢ is elliptic (and (g) is discrete) or hyperbolic, while it is infinite when ¢
is of parabolic type.

Lemma 2.5.4. The generalized Margulis domain Mc(g) is 125-quasiconvex and
connected.

Proof. As a consequence of Lemma the domain M_(g) is starlike with respect
to any = € Min(g) U Fixy(g). So, by Lemma it is 12d-quasiconvex.

The last assertion is trivial if g is elliptic or hyperbolic: in that case M.(g) is a
finite union of connected sets with a common point. If g is parabolic we fix a point
x € M.(g) and any y € M.(g), so y € M.(g%) for some i # 0. Since £(g) = 0 we can
take a point 2’ € M, /M(g). By convexity we havg that the geodesic segment [z, /]
is entirely contained in M.(g). Moreover d(2’, g"z’) < €, so the geodesic segment
[y, 2] is contained in M.(g%). As a consequence the curve [z,2'] U [2/,y] is contained
in M.(g). We conclude that M_.(g) is connected since every of its points can be
connected to the fixed point x. O
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One of the key ingredients in the proof of Theorem [J] and in the applications
(notably, the existence of long tubes around small closed geodesics) are the following
lower and upper uniform estimates of the distance between the boundaries of two
different generalized Margulis domains. Hyperbolicity in used only in the upper
estimate, while the packing condition is essential to both.

Proposition 2.5.5. Let X be a complete, convex, geodesically complete,
d-hyperbolic metric space that is Py-packed at scale ro, and let 0 < e1 < 9. Let g be
any non-elliptic isometry, x € X \ Meg,(g) and assume M., (g) # 0. Then:

(0) d(z, Mey (9)) 2 5 (22— 21);

log(%—l) ‘52_1‘

(b) 'Lf82 S To then d(ﬂf,Mgl (g)) > ng(gl) = m 5

Notice that the estimate (b) is significative only for €3 small enough, and has
a different geometrical meaning from (a): it says that the M., (g) contains a large
ball around any point x € M, (g), of radius which is larger and larger as ¢; tends
to zero.

Proof. The first estimate is simple and does not need any additional condition on the
metric space X. Let & be a projection of x on the closure M, (¢) of the generalized
Margulis domain. By definition for all 7 > 0 there exists some nontrivial power g,

of g such that d(z, g,z) < e1 +1n. So:
g2 < d(x, gnz) < d(z, ) + d(Z, gy@) + d(gyT, gnz) < 2d(x, M<,(9)) + 1+ 7.

The estimate follows from the arbitrariness of 7.

Let us now prove (b). Let again & € M., (¢) with d(z, z)=d(x, M., (g))=R. For any
n > 0 let g, be some nontrivial power of g satisfying d(z, g,) < €1 + 7. Then again

d(z, giz) < 2R+ d(Z, gfz) < 2R+ |k|(e1 + 1)

S0 d(x,g,];x) < 2R+ 1 for all k such that |k| < 1/(e1 + n). Therefore we have at
least n(e1,n) = 1+ 2|1/(e1 +n)] points in the orbit T'x inside the ball B(z,2R + 1).
We deduce that if n(eq,n) > Pack(2R + 1,e2) two of these points stay at distance
less than €3 one from the other, which implies that x € M,,(g), a contradiction.
Therefore,
2B+1 g
n(e1,n) =1+ 2[1/(e1 +1n)] < Pack(2R + 1,e9) < Py(1 4 Py) =2

by Proposition [2.4.4] (since £ < ), which implies that R = d(z,Z) is greater than
the function L., (e1) in (b) by the arbitrariness of 7. O

The upper bound is more tricky:

Proposition 2.5.6. Let X be a complete, convex, geodesically complete, §-hyperbolic
metric space that is Py-packed at scale rg and let 0 < e1 < e9. Then there exists K,
only depending on Py, ro,d,e1 and €3, such that for every non-elliptic isometry g of
X with £(g) < ey it holds:

sup d(x, M. (9)) < Ko.
ZGMEQ(Q)
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The condition ¢(g) < e is necessary to guarantee that the set M, (g) is non-empty.

Proof of Proposition[2.5.6. Let x € M_.,(g), so by definition there exists iy such
that d(z,g"z) < e9. If ¥ € M¢,(g) there is nothing to prove. Otherwise we can
find a point Z of OM,,(g) such that d(z,z) = d(x, M, (g)). We set 7 = max{e,d}
and Ny = Pack (427, ), which is a number depending only on Py, o, and €1, by

Proposition [2.4.4]

Step 1: we prove that there exists an integer k < 2No+1 such that

d(z,g""%) > 427 and d(z, g "x) < K := g9 + 847 + 2(No + 1)8 (23)

If this was not true, then for all k& < 2M0F1 such that d(x, g*z) < K we would have
d(z, g*"z) < 427. Let py be the largest integer such that d(z, g*""0z) < 427 for all
0 < p < py. We affirm that pg > Ny + 1.
Actually pg > 0 because d(z, g"x) < g9 < K, hence d(z, ") < 427 by assumption.
Also, by Lemma [2.5.1], we get
d(z, g% 0x) < d(w,g® 0x) +Ug* ) 426 = d(x, g% ow) + 27 Ligl(g) + 20.
and, iterating,
d(z,g*" "x) < d(x, g"x) + (20 = 1)iol(g) + 2pd < (2 — 1)igl(g) + 2p6 + e
for every 0 < p < Ny + 1. So, if pg < Ny we would have:
d(x792(P0+1)-i0x) S d(m’gQPO-iox) + 2p0 . 'LOE(Q) + 26
< d(z,g*"""x) + d(z, 97" F) + 20
< (2P0 — 1)igl(g) + 2pod + €2 + 427 + 20
<847 +2(po+1)0+e2 < K

since 2P0igl(g) < d(z,g*°%x) < 427 by definition. Hence by assumption
d(i",gQ(pOH)'ZOEJ) < 427 and pg would not be maximal.

Moreover since z is in the boundary of dMc, (g) then

. s
ilean* d(z,g9'z) > €.

Indeed if d(z,g'%) = 1 — n for some i € Z* and some 1 > 0 then it is easy to show
that for any y € B(Z,1/2) we would have d(y, g'y) < e1; hence B(z,n/2) C M., (g)
and z would not belong to OM,, (g).

Then the points g2z, for p=1,..., Ny + 1, are £;-separated. But, as they belong
all to the ball B(Z,427), they should be at most Ny and this is a contradiction. This
proves the first step.

Step 2: for any ko < 2NoFL satisfying the conditions , we have:

d(z,g""z) > d(z,z) + d(g" "z, gFoox) (24)

Indeed let us write y = "0z and § = ¢gFo0z. By definition the point Z satisfies
d(z,z) = d(x, M, (g)); so, from the 12d-quasiconvexity of M., (g) (Remark ,
we deduce that

d(z,[z,y]) > d(z, B(Mc,(9),126)) = d(z,z) — 120.
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Moreover from the Projection Lemma we have
d(z,[z,9]) < (2,9)x + 40.

Combining these estimates and expanding the Gromov product we obtain

d(z,y) > d(x,z) + d(z,7) — 206. (25)
Similarly, using that d(y,y) = d(y, M, (g9)) (as M, (g) is g-invariant), we obtain

d(y,z) > d(y,y) + d(y, ) — 200. (26)
Adding these last two inequalities and using that d(z,y) > 427 > 42§ we deduce

d(z,y) +d(y,z) > d(x,z) + d(y, y) + 20.

Therefore applying the four-points condition to z,y,x,y we find

d(z,y) + d(z,y) < max{d(z,r) + d(y,y); d(z,y) + d(z,y)} + 26
= d(x,y) + d(%,7) + 26
It follows:

d(z,y) (x,y) +d(z,y) —d(z,y) — 20

>d
> d(z,Z) + d(Z,7) — 206 + d(y, §) + d(ij, T) — 206 — 26
> d(z,z) +d(y, y),

where we have used again (25)), (26 and that d( y) > 427 > 424 (the first condition
in (23)). Moreover the second condltlon in now yields

d(z, ) +d(y,y) < K
The conclusion follows observing that d(y,y) = d(x, Z), so that
d(x, Mg, (9)) < d(z,z) < K/2
which is the announced bound, depending only on Py, r¢,d, &1 and es. O

The distance between two Margulis domains (not generalized) of a non-elliptic
isometry can be bounded uniformly in CAT(0), d-hyperbolic metric spaces, but the
implied constant is not explicit. We will use this estimate in order to study the limit
of sequences of isometries in Chapter

Proposition 2.5.7. Let €,0 > 0. There exists a constant c(e,0) that satisfies the

following. Let X be a CAT(0), d-hyperbolic space and g be a non-elliptic isometry
of X with Mc(g) # 0. Then for all x € X it holds

d(:n,gx) > 0(6, 6) : d($a Mé(g))
In particular for all 0 < g1 < g9 we get

sup d(x, M, < =: Ki(e1,€9,0).
o (z, Me, (9)) @.0) 1(e1,€2,9)
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Proof. Suppose by contradiction that this is not true. Then for every n € N there
exist a CAT(0), d-hyperbolic space X,,, a non-elliptic isometry g, of X, such that
Mc:(g,) # 0 and a point x,, € X,, such that

1
0< d(xmgnxn) < gd(l‘na Ms(gn))a

where the first inequality follows from the hypothesis that g, is not elliptic.

All the translation lengths ¢, = ¢(gy) belong to the interval [0,£]. We fix a non-
principal ultrafilter w and we put £ = w-lim ¢,,. We divide the proof into two cases:
£>0and¢=0.

Case £ > 0. Clearly for w-a.e.(n) we have £(g,,) > g > 0. As a consequence g, is
hyperbolic for w-a.e.(n). Let y, be the projection of x,, on the minimal set of g,,. Let
X, be the ultralimit of the sequence of spaces (X, y,). X, is a CAT(0), §-hyperbolic
space (the stability of the d-hyperbolicity condition follows from , while the
stability of the CAT(0) condition is classical, Proposition The sequence of
isometries (gy,,) is admissible, i.e. for every n it holds d(gnyn, yn) = €(gn) < €. Then
it defines a limit isometry g, = w-lim g,, of X, see Proposition [2.7.5

First of all we show that g, is hyperbolic by proving that ¢(g,) > 0. Indeed for all
Wy = w-limw, € X, it holds d(g,wy, w,) = w-lim d(gpwy, wy) > w-lim ¢(g,) = £ >
0, so g, is hyperbolic with ¢(g,,) > ¢.

Now we consider the sequence of geodesic segments [y, z,]. The claim is that this
sequence converge to a geodesic ray of X,,. By Proposition [2.7.5| and Lemma [2.7.6
it is enough to show that the w-limit of the sequence d(yp, z,) is +00. For w-a.e.(n)
we have

l

2 )

where the first inequality follows from the fact that y,, € M.(gy) since y, is in the
minimal set of g,. So the ultralimit of the geodesics v, = [yn, zy] is a geodesic ray
Yw- The next step is to show that g, acts on v, by translation of length ¢, i.e. for
every T' > 0 it holds d(gwyw(T),Vw(T)) = £. We fix T' > 0 and, as shown before, for
w-a.e. n there exists a point along v, = [yn, x,] at distance T' from y,,. We denote
this point by w!. Clearly the sequence of points (w.) defines the point ~,,(T) of
X,,. We fix n > 0 and we claim that if n > n, then d(wl, g,wl) < £, + 7. This
would imply that d(7,(T), gwyw(T)) < £+ n for every n > 0, hence that the point
Yw(T) is translated exactly by ¢ since £(g.,) > £.

We fix an integer n and we suppose that d(w!, g,wl) > £, +n. We want to find an
upper bound n, for n. Let m € N be the smallest integer such that mT" > d(zy, yn).
For every integer k € {0,...,m — 1} let w*T be the point along 7, at distance kT
from y,,. From the convexity of the metric it holds

d(Yn, Tn) 2 1 - d(Tn, Gnrn) >0 - ﬁ(gn) >n:

d(wy", gnwy') > o+ k.
In particular, again by convexity of the displacement function, we get

mT > d(x, yn) > 1+ d(@n, gnwn) > n- dw{" D7, g D7)

- n

>n(l, + (m —1)n).



58 2. Preliminaries on metric spaces

We deduce n < %% < % =:ny.

Finally we consider the geodesic rays =y, and g,7, of X,. They are two geodesic
rays whose distance is constant, hence applying the Flat Quadrilateral Theorem (see
[BH13]) it is possible to find a strip in X, isometric to [0, +o00) x [0, £].

Notice that £(gY) = N{ for every N € N. Moreover for every z € =, it holds
d(gNx,x) < N¢, so d(g 4., (T),7.(T)) = Nt for every T > 0 and for every N € N.
Arguing as before one can find a strip in X, isometric to [0, +00) x [0, N¢]. If N is

big enough we get a contradiction since X, is é-hyperbolic.

Case ¢ = 0. This case is similar to the previous one, but we cannot project on the
minimal set of g,. The projection will be done on a suitable Margulis domain. For
w-a.e. n it holds ¢(g,) < §5. For w-a.e.(n) let y,, be the projection of z,, on the
nonempty level set M < (gn) and let y,, be the point along [y!, z,,] whose displacement
by g is exactly €.

Once again we consider the sequence of spaces (X, y,) and its ultralimit X,,, which
is CAT(0) and o-hyperbolic. Moreover also in this case the sequence of isometries
(gn) is admissible since d(gnyn,yn) = € for every n. Then it defines a limit isometry
9w of X,,. We will show that the isometry g,, is hyperbolic by proving £(g,) > § > 0.
We start studying how the isometries g, act on the geodesic segments [y, x,].
Arguing exactly as in the previous case, replacing ¢,, with € (that is the displacement
of y,, in this case), we find that w-lim d(x,, y,) = +00 and that for every T' > 0 and
for every n > 0 it is possible to find n, such that for n > n,, it holds

d(gnwy,wy) < e+,

Here we are using the notation w! with the same meaning of the previous case.
We apply this for any fixed 7' > 0 and n = §. Then for n big enough we have
d(yn,wl) =T and d(gnwl,wl) < e+ 5. From the convexity of the displacement
function of g, along the geodesic [y}, 2,,] we conclude necessarily d(y,,, y,) > T for
all such n’s and so for w-a.e.(n).

Suppose now that there exists a point p, = w-lim p,, € X,, whose displacement under
gw is less than £. Since p,, is a point of X, then by definition there exists L > 0 such
that d(pn,yn) < L for w-a.e.(n). Moreover for w-a.e. n we have d(gnpn,pn) < § and
since y,, is the projection of y,, on the level set M £ (gn) we obtain, for all fixed T" > 0,
d(pn,yn) > d(yl, yn) > T for w-a.e.(n). Choosing T' > L we find a contradiction, so
l(g) > 3.

Now we observe that the geodesic segments v, = [y/,, z,] defined on the intervals
[—d(Y},, Yn), d(Yn, y)] form a sequence of admissible geodesics and then define a
limit geodesic 7, that is actually defined on the whole R. Moreover every point of
this geodesic line is displaced by g, of exactly . Indeed arguing as in the first case
we conclude that for every T' € R it holds § < d(7,(T'), gu7w(T)) < . By convexity
of the displacement function we conclude that d(v,,(7T), gwy.(T)) is constant and
equals ¢, since this is its value at T' = 0 by construction. Arguing as in the previous
case we conclude again that for all N € N we have d(7,(T), 9)7.(T)) = Ne and we
find the contradiction applying once again the Flat Strip Theorem (see [BH13]). O
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2.6 Discrete groups of isometries

If X is any proper metric space we denote by Isom(X) its group of isometries,
endowed with the uniform convergence on compact subsets of X. A subgroup I" of
Isom(X) is called discrete if the following (equivalent) conditions (see [BCGS17])
hold:

(a) T is discrete as a subspace of Isom(X);

(b) Vz € X and R > 0 the set Xg(x) = {g € T'| gx € B(z, R)} is finite.

We will denote by I'* the subset of nontrivial elements of I", while I'* C T" will denote
the subset of elements with finite order.

We register here a number of invariants associated to the action of I' on X we will
be interested in later. For every r > 0 and every point x € X the r-almost stabilizer
of z in I' is the subgroup

L (2) = (5, (2)).
The r-thin subset of X (with respect to the action of I') is the subset
Xy ={reX|Jgel" st dlz,gx)<r}

and the free r-thin subset X? is obtained by replacing I'* in the definition above
with I' \ I'*. Some numerical invariants associated to the action of I' we will be
interested in are:

o the minimal displacement of g € T', defined as ¢(g) = inf,cx d(z, gx);

d(z,9"x)

o the asymptotic displacement of g € I, defined as [|g|| = limp, 100 = —;
o the minimal displacement of I' at x, defined as sys(I', x)=infjer-d(z, gz);
o the minimal free displacement of I at x, defined as sys®(I', #) = inf e\ po d(w, g);
e the nilpotence radius of I' at z, defined as
nilrad(T", z) = sup{r > 0 s.t. I';(z) is virtually nilpotent};
and their corresponding global versions:

o the systole and the free systole, defined respectively as:
. o . o
SyS(F7X) - ;2; sys(F,x), Sys (F,X) - a}g;‘( Sys (va)

o the diastole and the free diastole, defined as:

dias(T, X) = sup sys(T, z), dias®(T, X') = sup sys®(T, z)
reX reX

o the nilradius: nilrad(I", X) = inf,cx nilrad (T, ).

Moreover, for convex, packed metric spaces we can define an upper analogue of the
nilradius (like the diastole for the systole):

e the upper nilradius: nilrad™(T', X) = SUP,c ., nilrad(T", z)

where the constant g appearing in the definition is the generalized Margulis constant,
which will be introduced in the next section.
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2.6.1 Margulis constant

Consider a proper metric space X and a discrete group of isometries I" of X. In
general the nilradius of the action can well be zero. However, under the packing
assumption it is always bounded away from zero:

Theorem 2.6.1 (Corollary 11.17 of [BGT11]).

Let X be a proper metric space such that Cov(B(x,4),1) < Cy for all z € X. Then
there exists a constant ep; = ep(Co) > 0, only depending on Cy, such that for every
discrete group of isometries I' of X one has nilrad(I', X') > €.

In analogy with the case of Riemannian manifolds, the constant s is called the
(generalized) Margulis constant of X. Combining with Proposition we immedi-
ately get a Margulis contant for the class of complete, convex, geodesically complete,
metric spaces which are Py-packed at some scale 7q:

Corollary 2.6.2. Given Py,r9 > 0 there exists eg = €o(Po,1m0) > 0 such that for
any complete, convex, geodesically complete metric space X which is Py-packed at
scale ro and for any discrete group of isometries T' of X one has nilrad(T", X') > €.

Proof. By Proposition m X is proper. We rescale the metric by a factor 5i-.

2r9
As the packing property is invariant under rescaling, we have Pack(%, %) < Py by
assumption. Hence Cov(4,1) < Pack(4, %) < Py(1 + Py)7, as follows from and
from Proposition [2.4.4] Applying Theorem we find a Margulis constant &,
for the space %X, only depending on Py; then the constant eg(Py,r9) = 219 - epr

satisfies the thesis. O

2.6.2 Limit set and elementary groups

When X is a proper and J-hyperbolic metric space then the limit set A(I') of a
discrete group of isometries I' is the set of accumulation points of the orbit 'z on
0aX, where z is any point of X; it is the smallest I'-invariant closed set of the
Gromov boundary (cp. [Coo093|, Theorem 5.1).

The set A(T") is I-invariant, so is its quasiconvex hull. A discrete group of isometries
I is called quasiconvez-cocompact if its action on QC-Hull(A(T")) is cocompact, i.e. if
there exists D > 0 such that for all z,y € QC-Hull(A(T")) it holds d(gz,y) < D for
some g € I'. The smallest D satisfying this property is called the codiameter of T'.
A quasiconvex-cocompact group I is said cocompact if A(I') = 0X or equivalently
QC-Hull(A(I)) = X.

The radial limit set of a discrete group of isometries I' is defined as follows. Once
fixed z € X a point z € 95X is said o-radial if there exists a sequence {g,} of
elements of I" such that {g,z} is unbounded and d(g,z, [z, 2z]) < o for some geodesic
ray [z, z] and for all n € N. We denote the set of o-radial points by A, »(I') and the
set of radial points by

A(D) = ([ Avo (D).
>0

The set A,(T") is I'-invariant, so its closure is A(T").

The group I is called elementary if #A(T") < 2. For an elementary discrete group T’
there are three possibilities (cp. [Gro87], [CDP90], [DSU17|, [BCGS17]):
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o I'is elliptic, i.e. #A(I") = 0; then d(z,I'z) < oo for all x € X, so the orbit of T’
is finite by discreteness;

o T'is parabolic, i.e. #A(T") = 1; then in this case I' contains only parabolic or
elliptic elements and all the parabolic elements have the same fixed point at
infinity;

o I'is lineal, i.e. #A(T') = 2; in this case I' contains only hyperbolic or elliptic
elements and all the hyperbolic elements have the same fixed points at infinity.

So if two non-elliptic isometries a, b generate a discrete elementary group then they
are either both parabolic or both hyperbolic and they have the same set of fixed
points in dg X; conversely if a,b are two non-elliptic isometries of X generating a
discrete group (a, b) such that Fixg(a) = Fixy(b), then (a,b) is elementary. We also
recall the following property of elementary subgroups of general Gromov-hyperbolic
spaces:

Lemma 2.6.3. Let X be a Gromov-hyperbolic space and let I' be a discrete group
of isometries of X. Then for any non-elliptic g € I' there exists a unique maximal,
elementary subgroup of I' containing g.

Proof. The maximal, elementary subgroup of I' containing ¢ is:
{g' €T | g - Fixplg) = Fixp(g)}- m

It is well known that any virtually nilpotent group of isometries I' of X is
elementary (since any non-elementary group I' contains a free subgroup). Conversely
if I' is elliptic it is virtually nilpotent since it is finite. Also any lineal group is
virtually cyclic (cp. Proposition 3.29 of [Coul6]), hence virtually nilpotent. On
the other hand there are examples of non-virtually nilpotent, even free non abelian,
parabolic groups acting on simply connected Riemannian manifolds with curvature
< —1 (see [Bow93], Sec. 6). However under a mild packing assumption it is possible
to conclude that any parabolic group is virtually nilpotent. Some version of this fact
is probably known to the experts and we present here the proof for completeness;
we thank S. Gallot for explaining it to us.

Proposition 2.6.4. Let X be a proper, geodesic, Gromov hyperbolic space that is
Py-packed at some scale ro. Then any finitely generated, discrete, parabolic group of
isometries I' of X is virtually nilpotent.

Hence, we deduce:

Corollary 2.6.5 (Elementary groups are virtually nilpotent).

Let X be a proper, geodesic, Gromov hyperbolic space, Py-packed at scale ro. Then a
discrete, finitely generated group of isometries of X is elementary if and only if it is
virtually nilpotent.

We remark that the scale of the packing is not important: it plays the role of
an asymptotic bound on the complexity of the space. The proof is based on the
following fundamental result proved in [BGT11]:
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Theorem 2.6.6 (Corollary 11.2 of [BGT11]). For everyp € N there exists N(p) € N
such that the following holds for every group I' and every finite, symmetric generating
set S of T': if there exists some A C T such that SN®) C A and # (A-A) <p-#A
then T' is virtually nilpotent.

Proof of Proposition[2.6.4. Let S be a finite, symmetric generating set of I. More-
over let A(T') = {z} and let v be any geodesic ray such that y* = z. Finally set
Yr(z):={g €T s.t. d(gz,z) < R}.
IR,

Step 1. Setting Ry = max{2ry,300} and p = Py(1 + PO)TOO_l, we have for any
reX:

#(Sr, (@) Sy (@) < - #5m, (0)
Actually by Lemma we have

9Rg

Pack (930, ?) < Pack(9Ro, 7o) < Po(1+ Py) 70"

Then it easily follows (cp. Lemma 3.12 of [BCGS17]) that

#(XRry(z) - Xpy(x))  #3ag,(v) %—1
@) = #Spw) ST

which is our claim. Remark that p does not depend on the point z.

Step 2. There exists T = T(S,~,p) such that d(v(T), gv(T)) < 308 for all g € SN®)
(where N (p) is the value associated to p given by Theorem [2.6.6).

Let pg = maxeg d(7(0), s7(0)). So we have d(7(0), gv(0)) < N(p)po forall g € SN®),
Let g € SN, By definition we have gz = z, so (¢y)" = 2. Then by Lemma
there exist t1,t2 > 0 such that t1 +t2 = d(v(0), gv(0)) and d(y(t+t1), gy(t+t2)) < 86
for all £ > 0. Therefore,

d(v(s +t1 —t2),g7v(s)) < 80 (27)

for all s > T := max{t1,ta} < N(p)po. In the following we may assume ¢; > t5 and
call A = t1 — to. If A <96, we apply the previous estimate to s = T and we get
d(v(T),gvy(T)) < 174, so the claim is true. Otherwise, we have A > 94, and we
consider the triangle with vertices A = v(T'+ A), B = y(T' + 2A) and C = gA. Let
(A, B,C) be the corresponding tripod with center 6 with edge lengths p = £([A, 0]),
o =(([C,0]) and T = £([B,5]). We therefore have:

p+7=A, o4+7<85 and o+ p=d(4,g4).

This implies that p —0 = (p+7) — (0 +7) > A —8) > 0. In particular if m
is the midpoint of [A, gA] and m the corresponding point on the tripod we have
d(m, A) < d(o,A), so there exists a point m’ € [A, B] such that d(m,m’) < 4.
Applying Lemma 8.21 of [BCGS17] we deduce

d(m/,gm’) < d(m, gm) + 85 < 144

(as g is elliptic or parabolic). Moreover, as m’ = y(s + A) for some s > T (since
A > 0), we have by that d(m’, gv(s)) < 8J. By the triangle inequality we deduce

A =d(gy(s),gm') < 226.
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Therefore also in this case we get d(v(T"), gv(T")) < 304.

Conclusion. We have SN®) c S (y(T)), where T is the constant of step 2. So we
apply Theorem [2.6.6] and conclude that I' is virtually nilpotent. O

2.7 Ultralimits

An wltrafilter on N is a subset w of P(N) such that:
a) 0 ¢ w;

(a)
(b) if A,B € w then AN B € w;
)

)

(c) if A€ wand A C B then B € w;
(d) for any A C N then either A € w or A° € w.

We recall that there is a one-to-one correspondence between the ultrafilters w on
N and the finitely-additive measures defined on the whole P(N) with values on
{0,1} such that w(N) = 1. Indeed given an ultrafilter w we define the measure
w(A) =1 if and only if A € w; conversely given a measure w as before we define the
ultrafilter as the set w = {A C N s.t. w(A) =1} (it is easy to show it actually is an
ultrafilter). In the following w will denote both an ultrafilter and the measure that
it defines. Therefore we will write that a property P(n) holds w-a.s. when the set
{n € Ns.t. P(n)} € w.

There is an easy example of ultrafilter: fix n € N and consider the set w of subsets
of N containing n. An ultrafilter of this type is called principal. The interesting
ultrafilters are the non-principal ones; it turns out that an ultrafilter is non-principal
if and only if it does not contain any finite set. The existence of non-principal
ultrafilters follows from Zorn’s lemma. The interest on non-principal ultrafilters is
due to the fact that they can define a notion of limit of a bounded sequence of real
numbers:

Lemma 2.7.1. Let (ay) C [a,b] be a bounded sequence of real numbers. Let w be a
non-principal ultrafilter. Then there exists a unique point x in |a,b] such that for all
n > 0 the set {n € N s.t. |a, — x| < n} belongs to w. The real number x is said the
w-limit of the sequence (ay) and it is denoted by x = w-lim a,. Moreover if a, and
b, are two bounded sequence of real numbers, it holds:

(a) w-lim(ay, + by) = w-lima, + w-lim b, ;

(b) if X € R then w-lim(Aay) = A - w-limay,;

(c) if an < by then w-lima, < w-limb,;

(d) if a = w-lima, and f is continuous at a then w-lim f(ay,) = f(w-limay,).

(The proof of the main part can be found in [DK18], Lemma 7.23, while properties
(a)-(d) are trivial.)

The ultralimit of unbounded sequences of real numbers can be defined in the
following way. Given an unbounded sequence of real numbers a, the following
mutually exclusive situations can occur:
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o there exists L > 0 such that a,, € [-L, L] for w-a.e.(n).
In this case the ultralimit of (a,) can be defined using Lemma m

o for any L > 0 the set {n € N s.t. a, > L} belongs to w.
In this case we set w-lim a,, = +o0.

o for any L < 0 the set {n € N s.t. a, < —L} belongs to w.
In this case we set w-lima, = —ooc.

We remark that the limit depends strongly on the non-principal ultrafilter w. The
ultralimit of a sequence of metric spaces is defined as follows.

Definition 2.7.2. Let (X, z,) be a sequence of pointed metric spaces and w be a
non-principal ultrafilter. We set:

X ={(yn) : yn € X;, and 3L > 0 s.t. d(yn,zy) < L for every n}.
and, for (yy), (z,) € X, we define the distance as:

d((yn), (2n)) = w-lim d(yn, zn)-

The space X, = (X,d)/4=0 is a metric space and it is called the w-limit of the
sequence of spaces (X, xy). The fact that (X, d) is a metric space follows immediately
from the properties of the ultralimit of a sequence of real numbers and from the fact
that d,, is a distance for any n. In general the limit depends on the non-principal
ultrafilter w and on the basepoints.

A basic example is provided by the ultralimit of a constant sequence.

Proposition 2.7.3. Let (X, z) be a metric space and w a non-principal ultrafilter.
Consider the constant sequence (X,x) and the corresponding ultralimit (X, xy),
where x,, is the constant sequence of points (x). Then

(a) The map v: (X,z) — (X, x,) that sends y to the constant sequence (y, = y) is
an isometric embedding;

(b) if X is proper then v is surjective and (X, x,,) is isometric to (X, x).

Proof. The first part is obvious by the definitions. If X is proper and (y,) is an
admissible sequence defining a point of X, then it is contained in a closed ball of X,
that is compact. By Lemma 7.23 of [DKIS8| we find y € X such that for all £ > 0
the set

{n e Ns.t. d(y,yn) < ¢}

belongs to w. Therefore it is clear that the constant sequence (y, = y) defines the
same point as the sequence (y,,) in X,,, which proves (b). O

An interesting consequence of the definition is that the ultralimit of pointed
metric spaces is always complete (the proof is given in [DK18], Proposition 7.44):

Proposition 2.7.4. Let (X,,,x,) be a sequence of pointed metric spaces and let w
be a non-principal ultrafilter. Then X, is a complete metric space.
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Once defined the limit of pointed metric spaces it is useful to define limit of
maps. We take two sequences of pointed metric spaces (X,,,x,) and (Y, yn). A
sequence of maps f,: X,, = Y,, is said admissible if there exists M € R such that
d(fn(xn),yn) < M for any n € N. In general an admissible sequence of maps does
not define a limit map, but it is the case if the maps are equi-Lipschitz. A sequence of
maps fn: X, — Y, is equi-Lipschitz if there exists A > 0 such that f,, is A-Lipschitz
for any n.

Proposition 2.7.5. Let (X, ), (Y, yn) be two sequences of pointed metric spaces.
Let f,,: X;, — Y, be an admissible sequence of equi-Lipschitz maps. Let w be a
non-principal ultrafilter. Let X, and Y, be the w-limits of (Xp,zy) and (Yo, yn)
respectively. Define f = f,: X, — Y, as f((zn)) = (fn(zn)). Then:

(a) f is well defined;
(b) f is Lipschitz with the same constant of the sequence f,,.

In particular if for any n the map f, is an isometry then f is an isometry, while if
fn is an isometric embedding for any n then f is again an isometric embedding.

The map f = f, is called the w-limit of the sequence of maps f,, and we denote it
by f. = w-lim f,. The proof in case of isometric embeddings is given in [DK18§],
Lemma 7.47; the general case is analogous.

This result can be applied to the special case of geodesic segments since they are
isometric embeddings of an interval into a metric space X. However we first need to
explain what is the ultralimit of a sequence of intervals:

Lemma 2.7.6. Let I, = [an, by] C R be a sequence of intervals containing 0 (possibly
with a, = —oo or b, = +00). Let w be a non-principal ultrafilter. Then w-lim(I,,0)
is isometric to I, where I = |[w-lim a,,w-lim by,] = [a,b] (possibly with a = —oc0 or
b= +00) contains 0.

Proof. We define a map from 1, to I as follows. Given an admissible sequence (x,)
such that z,, € I, then z, is w-a.s. bounded, so it is defined w-lim x,, by Lemma
We define the map as (z,,) — w-limz,. It is easy to check it is surjective.
Moreover it is an isometry, indeed:

|w-lim x,, — w-limy,| = w-lim |z, — y,| = d((zn), (yn))-

In particular the limit of geodesic segments is a geodesic segment.

Lemma 2.7.7. Let (X,,x,) be a sequence of pointed metric spaces and let w
be a non-principal ultrafilter. Let X, be the ultralimit of (X, z,) and let z =
w-lim z,, w = w-limw, € X,. Suppose that for all n there exists a geodesic
Yo [0,d(zpn, wn)] = X, joining z, and wy,: then there exists a geodesic joining z
and w in Xy. In particular if X, is a geodesic space for all n then the ultralimit X,
s a geodesic space.
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Proof. We denote by I,, the interval [0, d(z,,w,)]. Since z and w belongs to X,
then the distance between them is uniformly bounded. Hence from the previous
lemma it follows that the ultralimit of the spaces (I,,,0) is I, = [0, w-lim d(zy,, wy,)] =
[0,d(z,w)]. The maps -, define an admissible sequence of isometric embedding,
so in particular they define a limit isometric embedding ~,: I, — X. So 7, is a
geodesic and clearly 7,,(0) = w-lim 7, (0) = w-lim z, = z and 7, (d(z,w)) =w. O

In order to prove stability results for classes of metric spaces we also need to
establish the convergence of balls under ultralimits:

Lemma 2.7.8. Let (X,,x,) be a sequence of geodesic metric spaces and w be a
non-principal ultrafilter. Let X, be the ultralimit of the sequence (X, x,). Let
y = w-limy, be a point of X,,. Then for any R > 0 it holds

B(y, R) = w-1lim B(yn, R).

Proof. First of all w-lim B(y,, R) € B(y,R). Indeed z = w-limz, belongs to
w-lim B(yn, R) if and only if d(z,,y,) < R for w-a.e.(n). Then d(z,y) < R, i.e.
z € B(y, R). The next step is to show that the set w-1lim B(y,, R) is closed. We
take a sequence z¥ = w-lim 2¥ of points of w-lim B(y,, R) that converges to some
point z = w-lim z, of X,,. This implies that d(y,z) < R. We consider a geodesic
segment of X,, between y,, and z, and we denote by w,, the point along this geodesic
at distance exactly R from y,, if it exists. Otherwise z, € B(y,, R) and in this
case we set wy, = 2z,. We observe that w = w-limw,, € w-lim B(y,, R) by definition.
We claim that w = z. In order to prove that we fix ¢ > 0. Then for w-a.e.(n) we
have d(yn, 2n) < R+ e. This implies that d(yn,wy) < € and so d(w, z) < . From
the arbitrariness of € the claim is proved. The last step is to show that the open
ball B(y, R) is contained in w-lim B(y,, R). Indeed given z = w-lim z,, € B(y, R)
then there exists € > 0 such that d(z,y) < R —e. The set of indices n such that
d(zn,yn) < d(z,y) + ¢ < R belongs to w, hence z € w-lim B(y,, R). Since X, is
geodesic and in any length space the closed ball is the closure of the open ball the
proof is concluded. O

In general, even if every space X, is uniquely geodesic, the ultralimit X, may be
not uniquely geodesic. This is because, in general, it is not true that all the geodesics
of X, are limit of sequences of geodesics of X,,. The fact that the geodesics of X,
are actually limit of geodesics of the spaces X, is true when all the X,, are CAT(k).
We recall the following fact which is well known (see [BHI13] or [DK18] for instance):

Proposition 2.7.9. Let (X, z,) be a sequence of CAT(k) pointed metric spaces
and w be a non-principal ultrafilter. Then any geodesic of length < D, in X, is limit
of a sequence of geodesics of X,,. As a consequence X, is a CAT(k) metric space.

The main result of this section is the following stability property for the CAT(k)-
radius:

Corollary 2.7.10. Let (X,,x,) be a sequence of complete, locally geodesically
complete, locally CAT(k), geodesic metric spaces with peat(Xyn) > po > 0. Let w
be a non-principal ultrafilter. Then X, is a complete, locally geodesically complete,
locally CAT(k), geodesic metric space with peat(X.) > po-
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Proof. Let y = w-limy, be a point of X,,. For any r < py and for any n the ball
B(yn,r) is a CAT (k) metric space. Moreover by Lemma we have that B(y,r)
is the ultralimit of a sequence of CAT(k) metric spaces, hence it is CAT (k) by
Proposition m This shows that X, is locally CAT(k) and peat(Xw) > po by
the arbitrariness of r. Moreover X,, is geodesic by Corollary 2.7.7 We fix now a
geodesic segment v of X, defined on [a,b]. We look at the ball B(vy(a), po), which
is CAT(k), and we take a sequence of points z, such that w-lim z, = vy(a). The
subsegment of +y inside this ball, defined on [a,a + pp) is the limit of a sequence of
geodesics 7, inside the corresponding balls B(z,, po), by Proposition Each ~,
can be extended to a geodesic segment 4, on the interval (a — pg,a + pg) since each
X, is locally geodesically complete and complete. The ultralimit of the maps 7, is
a geodesic segment defined on [a — pg, a + po] which extends 7. We can do the same
around 7(b). This proves that X, is locally geodesically complete. O

We conclude this section recalling, in the next two propositions, the relations
between ultralimits and pointed Gromov-Hausdorff convergence.

Proposition 2.7.11 (see [JanlT]). Let (X,,z,) be a sequence of proper, length
metric spaces and w be a non-principal ultrafilter. Then:

(a) if the ultralimit (X, zy) s proper then it is the limit of a convergent subsequence
in the pointed Gromov-Hausdorff sense;

(b) reciprocally, if (Xy,xn) converges to (X, x) in the pointed Gromov-Hausdorff
sense then for any non-principal ultrafilter w the ultralimit X, is isometric to
(X,z) (we recall that, in this case, (X,x) is proper by definition of Gromov-
Hausdorff convergence).

We now explicit the fact that continuity under ultralimits implies continuity
under pointed Gromov-Hausdorff convergence.

Proposition 2.7.12. Let C be a class of pointed, proper metric spaces and h: C — R
be a function. Suppose that C is closed under ultralimits and h is continuous under
ultralimits, i.e. for every non-principal ultrafilter w and every sequence (X, xy) € C
it holds h(X,) = w-lim h(X,,). Suppose that (X, x,) C C converges in the pointed
Gromov-Hausdorff sense to (Xoo, Too). Then Xoo € C and h(Xoo) = limy,— 400 h(X5).

We need the following lemma.

Lemma 2.7.13. Let a, be a bounded sequence of real numbers. Let ay; be a
subsequence converging to a. Then there exists a non-principal ultrafilter w such that
w-lim a,, = a.

Proof. The set {n;}; is infinite, then there exists a non-principal ultrafilter w
containing {n;}; (cp. [Janl7], Lemma 3.2). Moreover for every ¢ > 0 there exists j.
such that for all j > j. it holds |a,; —a| < e. The set of indices where the inequality
is true belongs to w since the complementary is finite. This implies exactly that
a = w-lim a,,. O



68 2. Preliminaries on metric spaces

Proof of Proposition[2.7.13 We fix every non-principal ultrafilter w. Since the class
C is made of proper metric spaces then X, is isometric to X, (Proposition .
Therefore h(Xo) = h(X,) = w-limh(X,). This implies that w-1lim h(X,) does
not depend on the ultrafilter w. By the previous lemma we conclude that every
converging subsequence of h(X,,) has h(X) as a limit, i.e. liminf,,, . h(X,) =
limsup,,_, o h(Xy) = h(Xoo). O
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Chapter 3

Packing and doubling on locally
CAT(k)-spaces

3.1 Uniform lower bounds on volume of balls

We fix a complete, geodesic, GCBA-space X. From & @ it follows that there
exists an upper bound for the measure of any tiny ball B(x,); moreover one can
find a uniform upper bound of the measure of all balls, independently of the center
x, provided that X satisfies a uniform packing condition at some scale (see Theorem
for a precise statement). It is less clear if there exists a lower bound on the
measure, and in particular if this lower bound depends only on some universal
constant. Indeed in general the px-volume of balls of a given radius is not uniformly
bounded below independently of the space X. For instance consider the balls of
radius % inside R™: when n grows the measure of these balls tends to 0. The next
theorem shows that if the dimension is bounded from above then there is a uniform
bound from below to the measure of balls of a given (sufficiently small) radius:

Theorem 3.1.1. Let X be a complete, geodesic, GCBA metric space. If dim(X) <
no then for any x € X and any r < min{1, pac(z)} it holds

px (B(z,r)) = cny - 1",
where ¢y, s a constant only depending on ng.

The proof of this fact is based on ideas most of which are already present in
[LN19]. First of all we have:

Proposition 3.1.2. Let X be a complete, geodesic, GCBA metric space and x € X
be a point of dimension n. Then there exists a 1-Lipschitz, surjective map P: T, X —
R"™ such that:

(a) P(O) =0;
(b) P(B(O,r)) = B(0,r) for any r > 0;

(c) dp(V,0) = dgn(P(V),0) for any V € T, X.
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Proof. As the point z has dimension n then the geometric dimension of T, X is n.
This implies that ¥, X is a space of dimension n — 1 satisfying the assumptions of
Proposition 11.3 of [LN19]. So there exists a 1-Lipschitz surjective map P': ¥, X —
S"~1. We extend the map P’ to a map P over the tangent cones by sending the
point V' = (v, t) to the point (P’'(v),t). It is immediate to check that P is surjective
and that P(0) = 0.

Moreover the tangent cone over S"~! is R", as said in Example therefore
the equality P(B(O,R)) = B(0, R) follows directly from (7). Always by (7)) we
have dr(V,0) = drn(P(V),0) for any V € C;X. Finally the 1-Lipschitz property
of P follows from the same property of P’ and from the properties of the cosine
function. O

Combining this result with the properties of the logarithmic map explained in
Section [2.2.2) we deduce the following:

Proposition 3.1.3. Let X be a complete, geodesic, GCBA metric space and x € X
be a point of dimension n. Then there exists a 2-Lipschitz map V,: B(x, pac(z)) —
R™ such that

(a) VU,(x)=0;
(b) V. (B(x,7)) = B(0,r) for any 0 < r < pac(z);
(c) d(z,y) = d(0,¥y(y)) for any y € B(x, pac(x))-

Proof. Define ¥, = P olog,, where P is the map of the previous proposition and
log, is the logarithmic map at x. Then W satisfies the thesis. O

Using the map W, we can transport metric and measure properties from R" to
X. We denote by w, the H™-volume of the ball of radius 1 of R".

Corollary 3.1.4. Let X be a complete, geodesic, GCBA metric space and x € X
be a point of dimension n. Then

1
H"(B(x,r)) > 2—nwnr"
for any 0 <1 < pac(x).

Proof. 1t follows directly from the properties of the map ¥, and the behaviour of
the Hausdorff measure under Lipschitz maps. O

Proof of Theorem[3.1.1, We fix z € X, 0 < r < min{l, pac(z)} and € = 5. We

call dy the dimension of x. We look for the biggest ball around x of Hausdorff
dimension exactly dy. In order to do that we define

r1 =sup{p > 0 s.t. HD(B(x, p)) = do}.

(where HD denotes the Hausdorff dimension). Notice that HD(B(x, p)) is monotone
increasing in p. If r1 > r we stop and we redefine r; = r. Otherwise there exists a
point x; such that d(z,z1) < r; +¢ and the dimension of x; is di > dy, by definition
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of r1. Now we look for the biggest ball around z; of Hausdorff dimension d;. We
define
ro = sup{p > 0 s.t. HD(B(x1,p)) = d1}.

Arguing as before, if r1 + & + ro > r we stop the algorithm and we redefine r9 as
r =1y + €+ ry. Otherwise we can find again a point zg such that d(xg,x1) <19 +¢
and whose dimension is do > d;. We continue the algorithm until vy +e+4...4rp = r.
It happens in at most ng steps. At the end we have points x = zg, z1, ...z with
k < ng such that d(x;,x;) < rj+e, r1+e+...+r; =r and such that the dimension
of x; is dj, with d; > d; if 1 > j. We observe that the d;-dimensional parts of the
balls B(zj,r;), denoted by B% (x;,r;), are disjoint and contained in B(z,r), by
construction. Moreover the open ball B(xj,r;) has no point of dimension greater
than dj;. So

no
px(Ble,r) = Y HNB (@,r) = YUY (BY (@j.1)).
k=0 J
The last step is to estimate the last term of the sum. Since k < ng and r1+e+...4+r, =
r then ri + ...+ 71, =r — (k—1)e > 5. Hence there exists an index j such that
rj > ﬁ By definition any point of the ball B(xj,;) is of dimension < d;. Hence
by the properties of the Hausdorff measure we get

d; no
wdj r]' > CnoT

HY (BY (z5,75)) = HY (B(xj,75) > o0

where the first inequality follows directly from the previous corollary and the last
one holds since r < 1. So we can choose

1 \"
Cng = min  wy
"o <4n0> k=0,...,n0

that is a constant depending only on ng. This concludes the proof. O

3.2 Characterization of the packing condition

We are ready to characterize the packing condition in terms of dimension and
measure of a GCBA metric space.

Theorem 3.2.1. Let X be a complete, geodesic, GCBA" metric space with pac(X) >
po > 0. The following facts are equivalent.

(a) There exist Py >0 and 0 < 7o < & such that Pack(3rg, §) < Po;

(b) There exist ng, Vo, Ro > 0 such that dim(X) < ng and px(B(z, Ry)) < Vo for
any T € X;

(¢) There exists a measure p on X and there exist two functions c(r),C(r) such
that for any x € X and for any 0 <r < pg:

0<c(r) <u(B(x,r)) <C(r) < +oo.
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Moreover the set of constants (ng, Vo, Ro, po, k) can be expressed only in terms of the
set of constants (Po, 10, po, k) and viceversa.

Finally if any of the above conditions holds then the natural measure pux satisfies
condition (¢) and X is proper and geodesically complete.

Proof. Assume first that X satisfies Pack(3ro, %) < Fy. First of all it follows that
the dimension of X is bounded. Indeed we fix any point z € X and we denote by n
its dimension. We consider the map ¥, : B(x,2rg) — R"™ given by Proposition
Let x1,...,x; be a 2rg-separated subset of Brn(0,27r9). Since ¥, is surjective on
this ball we can take preimages y; of z; under ¥,. Moreover d(y;, x) = d(¥,(y;),0),
hence y; € B(w,2rg). As VU, is 2-Lipschitz the set {y1,...,yx} is a ro-separated
subset of B(z,2rp). Then

k < Pack (27“0, 5 ) < Pack (37“0, 5 ) <P

by Theorem [2.4.7] But it is easy to show that k > 2n. Therefore 2n < P is the bound
on the d1mens1on we were looking for. We observe that this bound is expressed only
in terms of Py. We fix now z € X and any R > 0. Let = min{1, R, 10r0, 15 Dic}-
We take a covering of B(z, R) with balls of radius r. By Theorem it is possible
to do that with k balls, where k can be estimated in the following way:

k = Cov(B(z,R),r) < Pack(B(:L', R), g) < Py(1+ P@%—l

We call y1, ...,y the centers of these balls. By Theorem [2.4.7] the space X is proper,
then from the choice of r we get that B(y;,r) is a tiny ball for any i, as follows
from @ Moreover the maximal number of r-separated points inside B(y;, 10r) is
bounded by Pack(10r, 5) < Py(1 + Fy)'?, as follows again by Theorem m Hence
by (8) we have

H (B(yi,r)’) < C(Po)r?,

where C'(Pp) is a constant depending only on Py. Therefore, using the fact that the
dimension of X is bounded above by ng = % and 7 < 1, we get:

E yzv ZH] yu S

for any 4. Finally

wm_y B

x(B(x,R)) < Poy(1+ Py)™ 5

C(P()) V(P@,T’Q,R, H). (28)
This shows that for any x € X and any Ry we can find the desired uniform bound
on the volume of the ball B(x, Ry). This ends the proof of the implication (a) =
(b). Moreover this part of the proof, together with Theorem shows that if (a)
holds then the measure py is a measure that satisfies condition (c) of the theorem.
Assume now that X has dimension bounded above by ng and that the volume of the
PO

balls of radius Ry are uniformly bounded above by V. We set rg = min{ }20 LB

The claim is that X satisfies Pack(3rg,3") < Py for some Py depending only on
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Vo, Ro,no and pg. We consider the ball of radius % centered at a point x € X. We

take a rg-separated subset of B (3:, %) and we suppose its cardinality is bigger than

some k. It means that there are k points y1,...,yr € B (ac RO) such that d(y;, y;) >

o for any i # j. Hence the balls centered at y; of radius 73 are pairwise disjoint

and satisfy B (y;, %) C B( RO + %O) C B(z, Ry), since % + 5 < % + % < Ryp.

We can apply Theorem [3.1.1| to get px (E(yi, %’)) > Cpo (%2)" for any 4. Thus

k no
T
VOZNX I'R() Z ( <y172)>>k Cno(QO) )

2"V 2M 1 6\ 6 \"°
L N A A R
Cnor() C’no pO RO

It means that Pack(B(z ,%), ) < Py. Since Ry > 6rg we can conclude that
Pack(3ro, ) < Py that is what claimed.
Finally assume that there exists a measure p such that for any z € X and for any

0 <7 < pp it holds

then

0<c(r) <u(B(x,r)) <C(r) < +oo.

We take any 79 < £ and we fix any point z € X. Let k be the maximal cardinality
of a ro-separated subset of B(x,3rp). Then, arguing as before, we can find k disjoint
balls of radius % contained in B(z,4rq). Since C(4rg) > pu(B(x,4rp)) > k- ()

then k < ((47"0)) Py. This shows that X satisfies (a) with these choices of ry and
2

P. 0

3.3 Characterization of pure-dimensional spaces

In this section X will be a complete, geodesic GCBA-space. We say that X is purely
n-dimensional if dim(x) = n for any € X. Moreover we say that a measure p on
X is:

e D-doubling up to scale t at x € X if there exists a constant D > 0 such that for
any 0 < t’ <t it holds
B(x, 2t
p(B.2) _
n(B(z,1))

o D-doubling up to scale t if it is D-doubling up to scale ¢ at any point z € X (for
a uniform doubling constant D).

When uniformity of the constant and of the scale is not an issue we will simply
say that u is locally doubling on X: that is if for any = € X there exist ¢, > 0 and
D, > 0 such that p is D,-doubling up to scale t, at any point of B(z,t,).
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Remark 3.3.1. Notice that any metric measure space (X,d, ) satisfying a Dy-
doubling condition up to scale tg is Py-packed at scale rg = %0 for Py = Dé (provided
that the measure gives positive mass to the balls of positive radius). Actually let
r € X and take any rg-separated subset {yi,...,yx} of B(z,3rg). So the balls
B(y;, %) are pairwise disjoint. From the doubling property we get:

k
yl7TO/2 Z D4M yZ;STO))
=1

and since B(y;, 8rg) 2 B(x, 37“0) we deduce that k < D{.

wux (B(zx,3rg))

||M?r

The next result characterizes GCBA-spaces whose natural measure is locally
doubling:

Theorem 3.3.2. Let X be a proper, geodesic, GCBA metric space. Suppose px is
locally doubling: then X s purely n-dimensional for some n.

We begin the proof of Theorem with the following two preliminary results.

Lemma 3.3.3. Let X be a proper, geodesic, GCBA metric space and x € X. Let
v € ¥, X and assume that every point of B((v,1),¢) is a k-reqular point of T, X, for
some € > 0. Then there exists r > 0 such that all points of the set

Ape(r) ={y € X s.t. dr(log,(y), (v,d(x,y))) < ed(z,y)} N B(z,r)

have dimension k.

We recall that, since T, X is a GCBA-space and since the set of k-regular points
is open in T, X, if (v,1) is k-regular point in 7, X then it is always possible to find
¢ satisfying the assumptions of the lemma. The set A, ., or better its projection
on the tangent cone through the logarithm map at x, should be thought as a part
of angular sector around v. So the statement of the lemma says that any possible
geodesic segment starting at = with direction close to v stay in the k-dimensional
part of X for a uniform time r.

Proof. Suppose the thesis is false. Then there exists a sequence of points y,, of
dimension different from k at distance r,, — 0 from x such that

dT(Ing(yn), (Ua Tn)) < erp.

We consider rescaled tiny balls Y,, = %B (x,70) as in Lemma [2.2.5 together with
the approximating maps fy; so for all n we have:

dT(fn(yn), (U, 1)) <e

Moreover we are in the standard setting of convergence. Indeed the GCBA-space
X is geodesic and complete, so the contraction maps gof are well-defined for any
R < peat(x) and they are surjective and %—Lipschitz; therefore, by applying the
same proof as in Lemma we conclude that the rescaled balls are uniformly
packed (the other properties follow from the discussion in Section . Moreover
the sequence y,, € Y, converges to some point yoo € B((v,1),€). So Yoo is k-regular
by assumption. But, by Lemma the points ¥y, must be k-dimensional for n
large enough, which is a contradiction. O
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Lemma 3.3.4. Let v € ¥, X and let v be a geodesic starting at x defining v. For
any 0 < e < 1 we have for all r > 0 small enough:

B (’v (;) Z) C Aye(r)

Proof. As the logarithm map is 2-Lipschitz, for every y € B (v (5), %) we have

dr(log,(y), (v, d(z. ) < dr (1og, W) o, (1(5) ) ) + o (03 ) (0. dGa0))

<2d (y,'y <;)> + ‘; —d(x,y)‘
< 3d (y,’y (;)) < 3%: < ed(z,y)

since d(z,y) > 5§ — 5. On the other hand if y € B(y(5), %) we have d(z,y) <

L+ £ <, so the ball B(y(%), %) is included in A, (r). O
Proof of Theorem[3.3.4. Let us suppose X is not pure dimensional. We take a point
g € X of minimal dimension dg. Then we have by assumption

ro = sup{p > 0 s.t. HD(B(xo, p)) = dp} < +o0.

We can find a point € X with dimension d > dy such that d(zg,x) = ro. Indeed
for any n we can find a point z,, such that d(xg,z,) < ro+ % and dim(z,) > dp.
The sequence of points x,, converge, as the space is proper, to a point x at distance
exactly ¢ from xg. Assume that dim(z) = dp: then there would exist a small radius
p such that the Hausdorff dimensions of B(z, p) is exactly dy. But x,, belongs to
B(z, p) for n > 0, and any open ball around z,, has Hausdorff dimension strictly
greater than dy; therefore HD(B(x, p)) > do, a contradiction.

Now, the tangent cone T, X at x has dimension d. Hence there exists a point
v € ¥;X and € > 0 such that any point of the ball B((v,1),¢) is regular and
of dimension d. We take any geodesic v starting at z and defining v and we set
yr = v(5). Applying the two lemmas above we have that, for all 7 small enough, any
point of the ball B(y,, ) is d-dimensional. Since X satisfies a doubling condition
around x we know by Remark that a ball B(z, 1) is Py-packed, for some ¢, Py
depending on z. So, by Theorem and by the properties of the natural measure
recalled in Section [2.2.3] there exists a constant C, only depending on r¢ and Py,
such that for all sufficiently small r we have:

(o)) < ()"

Consider now the ball B(y,,r): notice that there exists a ball of radius at least
7 contained in B(y,,r) N B(xg,r0), so made only of do-dimensional points. In

particular by Corollary (3.1.4) we have pux(B(yr,7)) > cqgo(5)%, where cq, is a
constant depending only on dy. Thus

px (B(yr,7))

Z C/,r_d()—d’
px (Blyr, 5))
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where C’ is a constant that does not depend on r. Since this is true for any r small
enough and dy < d, this inequality contradicts the doubling assumption at y, when
r goes to 0. O

As a consequence we obtain the following:

Corollary 3.3.5. Let X be a complete, geodesic, GCBA® metric space with pac(X) >
po > 0. The following facts are equivalent:

(a) there exist Do > 0 and ty > 0 such that the natural measure px is Do-doubling
up to scale ty;

(b) X is purely dimensional and there exist Py > 0 and 0 < ro < po/3 such that
Pack(3rg, %) < Po;

(c) there exist ng, Vo, Ry > 0 such that X is purely ng-dimensional and pux (B(x, Ry)) <
Vo for any x € X.

Moreover each of the three sets of constants (Do, to, po, k), (Po, 70, po, k), (no, Vo, Ro, po, k)
can be expressed in terms of the others.
Finally if the conditions hold then X is proper and geodesically complete.

Proof of Corollary[3.3.5. The implication (a) = (b) follows from Theorem [3.3.2]
and from Remark [3.3.Tfogether with Theorem [2.4.7]
Assume now X purely n-dimensional and Pack(3rg,3) < Fy. We recall that
by Theorem [3.2.1] n can be bounded from above in terms of Fy. We fix tg <
min{1, R, %ro, ﬁDN} as in the proof of Theorem By Theorem we know
X is proper, so it is easy to check that peat(X) > to by (@ Therefore by Theorem
[B.11] we have
pux (B(x,t)) > ept™ = c(Py)t"
for any t < tg. Moreover, by the same estimate used in the proof of Theorem [3.2.1
and using the fact that px is just the n-dimensional Hausdorff measure, we get
3 PO n
px(B(z,2t)) < Po(l+ Bo)” - - C(Po)t

for any t < tg. Hence

px(B(,2t) _ Po(1+ Po)*- D C(R)

=D
px(Ba,1)) ~ (Po) ’
which shows the implication (b) = (a).
The equivalence between (b) and (c) is proved in Theorem O

Finally the doubling condition also implies the uniform continuity of the natural
measure of annuli:

Lemma 3.3.6. Let X be a complete, geodesic, GCBA" metric space which is Dy-
doubling up to scale to and satisfies pac(X) > po. There exists 5 > 0, only depending

on Dy, such that for every R > 0 and for every positive ¢ < min {;TORv %} it holds:

ux (Ao, B, (1~ ) < (mas 222 1) (o ).
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Proof. The proof is exactly the same as in Proposition 11.5.3 of [HKST15], with a
minor modification due to the fact that we assume that px is doubling only up to

scale tg. Actually, arguing as in the first part of the proof of Proposition 11.5.3 of
[HKST15], one deduces that

NX(A(‘T’R’R_t)) < Dé':uX(A(‘T)R_t’R_St)) (29)

for all x € X and all positive ¢ < min {%0, %} =:tp. From we deduce that for
all ¢t <tpg it holds

px (A, R, R~ 1)) < Di(ux(B(x, B)) — jux (A(x, R, R 1))

hence
4

wx(A(e, R.R — 1)) < <1 f‘;%) ux(B(x, R))

Setting ¢m = 54 one then shows by induction as in [HKSTI5] that

Dy
1+ D}

m—+1—mg
,U'X(A(quﬂ(l _tm)R)) < ( > 'UX(B(x7 R))

for all m > mg = [logﬂ%)-‘. Our claim then follows for £ < min {ZfTOR’ %} choosing

4
B = logs (IJ;?O). Indeed for every such € we choose the unique integer m > my
0

such that t;,11 < e < t,,. Therefore we have

MX(A(xv Rv (1 - E)R)) < MX(A($7 R’ (1 - tm)R))

D4 m—+1—mg
< 0 . ‘

Using the fact that m + 1 > —logs 2e we get
px(Alw, R, (1= £)R)) < (2-37)7 - % . jix (B(a, R).
Since mg < logs (%) + 1 the thesis follows. O]

As a consequence we deduce that for D-doubling GCBA-spaces the measure
of balls is continuous under the Gromov-Hausdorff convergence, which sharpens

Lemma 2.2.7

Corollary 3.3.7. Let X, be a sequence of complete, geodesic, GCBA"® metric spaces
which are Dy-doubling up to scale to and satisfying pac(Xn) > po. Assume that X,
converge in the pointed Gromov-Hausdorff sense to some GCBA-space X and let
xn € Xy, be a sequence of points converging to x € X. Then for any R > 0 it holds

px(Ba,R) = lim_px, (B(aa, R)).

n—-4o00
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Proof. By Remark and Theorem the spaces X,, are Py-packed at some
scale 19 < po/3 for Py, 9 only depending on Dy, tg, pp and k. By Theorem
precisely by , the balls of radius R in X,, have uniformly bounded volume, that
is

px, (B(zn, R)) < C(R)

for a universal function C'(R) only depending on Dy, tg, po and R. By the above
Corollary for all R > 0 and € > 0 there exists § > 0, depending only on Dy, typ and R
such that for any z,, € X, it holds ux, (A(x,, R+ 6, R)) < e. The proof then follows

directly from . O

3.4 Examples

The first examples of GCBA” spaces is given by complete Riemannian manifolds
with sectional curvature bounded above by k. Observe that if the sectional curvature
is also bounded below then the manifold is Py-packed at scale rg, for some Py, rg
depending only on the lower bounds and on the dimension of the manifold. In the
following we will introduce a class of non-manifold GCBA" metric spaces satisfying
a uniform packing condition.

3.4.1 M"-complexes

An important class of GCBAF" spaces is provided by M"-complexes with bounded
geometry, in a sense we are going to explain. First of all we recall briefly the
definitions and the properties of the class of simplicial complexes we are interested
in. A k-simplex S is the convex set generated by n + 1 points vy, ..., v, of M in
general position, where M} is the unique n-dimensional space-form with constant
sectional curvature . If Kk > 0 the points vy, ..., v, are required to belong to an
open emisphere. We say that S has dimension n. Each v; is called a verter. A
d-dimensional face T of S is the convex hull of a subset {vj,,...,v;,} of (d+ 1)
vertices. The interior of S, denoted S, is defined as S minus the union of its lower
dimensional faces; the boundary 0SS is the union of its codimension 1 faces.

Let A be any set and E = [ | cp Sy, where any Sy is a s-simplex. Let ~ be an
equivalence relation on E satisfying:

(i) for any A € A the projection map p: S\ — E/~. is injective;

(ii) for any A, X € A such that p(Sy) Np(Sy) # 0 there exists an isometry hy
from a face T'C S onto a face T" C Sy such that p(x) = p(2’), for x € Sy and
z' € Sy, if and only if 2/ = hy v (z).

The quotient space K = E/. is called a M"-simplicial complex or simply M"-
complex; the set E is the total space. A subset S C K is called a m-simplex of K
if it is the image under p of a m-dimensional face of some S); its interior and its
boundary are, respectively, the image under p of the interior and the boundary of Sj.
The support of a point x € K, denoted supp(x), is the unique simplex containing x
in its interior (notice that supp(v) = v when v is a vertex). The open star around a
vertex v is the union of the interior of all simplices having v as a vertex.
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Metrically K is equipped with the quotient pseudometric. By Lemma 1.7.5 of [BH13]
the pseudometric can be expressed using strings. A m-string in K from x to y

is a sequence ¥ = (xg, ..., &y ) of points of K such that = = x¢, y = x,, and for
each i =0,...,m — 1 there exists a simplex S; containing x; and x;11. Moreover a
m-string ¥ = (zg, ..., &) from x to y is taut if

o there is no simplex containing {z;_1, z;, Tit+1};

o if x;1,2; € 5; and x;, 2541 € S;+1 then the concatenation of the segments
[x;—1,x;] and [x;, z;+1] is geodesic in the subcomplex S; U S;11.

The length of ¥ is defined as:

m—1

() =Y dg, (@i, wiy1)

i=0
where dg denotes the standard M*®-metric on a geodesic simplex S of M*. Then
any string can be identified to a path in K and the natural quotient pseudometric
on K coincides with the following ([BH13|, Lemma 1.7.21):
dr(x,y) = inf{{(X) s.t. ¥ is a taut string from z to y}.

Moreover for any € K one can define the number

- inf inf  dg(z,T 30
E(:E) S sim}l)Illex of K T falgtle of § S(«T ) ( )
zes x¢T

which has the following fundamental property:

Lemma 3.4.1 (Lemma 1.7.9 and Corollary 1.7.10 of [BHI3]).

Ife(x) > 0 for any x and K is connected then dy is a metric and (K, dg) is a length
space. Moreover if y € K satisfies di(x,y) < e(x) then any simplex S containing y
contains also x and dg(z,y) = ds(x,y).

We remark that a M"~-complex can be non-locally compact, even when the quotient
pseudometric on it is a metric.

For any vertex v € K it is possible to define the link Lk(v, K) of K at v as follows.
We fix any A € A such that v = p(vy), where v is a vertex of Sy. The set of unit
vectors w of Ty, M)} such that the geodesic starting in direction w stays inside S for
a small time is a geodesic simplex of M} | = S"~! denoted Lk(vy, Sy). Consider
the equivalence relation on the disjoint union | |, g,)5, Sx given by wy ~ wy if and
only if p(Sx) Np(Sy) # 0 and (dhy x)v, (wy) = wh: the link Lk(v, K) is the quotient
space under this equivalence relation. It is clearly a M'-complex.

We introduce now the class of simplicial complexes we are interested in. We say
that K has valency at most IV if for all v € K the number of simplices having v as
a vertex is bounded above by N. Notice that if the valency is at most N then the
maximal dimension of a simplex of K is at most IV too. We say that a simplex S has
size bounded by R > 0 if it contains a ball of radius % and it is contained in a ball of
radius R; accordingly we say the simplicial complex K has size bounded by R if all
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the simplices .S defining K have size bounded by R. The bound on the size avoids
to have too thin simplices: it should be thought as a quantitative non-collapsing
condition, as follows from the next results. Indeed the first one affirms that a bound
on the size of a simplex gives uniform bounds on the size of any of its faces: for
example its 1-dimensional faces are not too short (and not too long).

Lemma 3.4.2. Let S be a M"-simplex of dimension n and size bounded by R. Then
any face of S of dimension d has size bounded by 2" “R.

Proof. We prove the lemma by induction on the dimension n. If n = 0,1 there is
nothing to prove. Assume now that the bounds hold for all faces of M*-simplices of
dimension < n — 1 and consider a n-dimensional M "-simplex S = Conv(vy, ..., vy)
of size bounded by R. Let S’ = Conv(vy,...,v,—1) be the face of S opposite to
vy, and identify M) | with the k-model space containing S’. It is clear that S’ is
contained in a ball Bysx_ (z,2R) of Mj_;. On the other hand let By (z, £) be the
ball of M/® which is contained in S. Call ¢ : S — S’ the map sending every point z
of S to the intersection of the extension of the geodesic [v,, 2] after z with S’ and
let y = 1 (x); moreover let ¢ be the contraction map centered at v, sending y to .
Notice that 1) o p(2) = z for all z € S’. The map ¢ is 2-Lipschitz, so any point of
B (y, 5%) is sent to Byys(x, ) under ¢. Therefore
Bus , (v:37) = B (v, 25) N M1 €9 (Bug(e, §)) € &

which proves the induction step. O

In the second result we prove the non-collapsing property: limit of n-dimensional
simplices with uniform bound on the size is again n-dimensional (and satisfies the
same bound on the size).

Proposition 3.4.3. The class of n-dimensional M"-simplices of size bounded by R
and having a fixed point o as a vertex is compact under the Hausdorff distance on
M. Moreover, under this convergence, any face of the limit space is limit of faces
of the simplices in the sequence. Finally the same class is closed under ultralimits.

Proof. We take a sequence of simplices S; as in the assumption. We denote by

vh = 0,0} ..., v, the vertices of Sj. All the sequences (v!) are contained in a compact

subset of M}, so up to subsequence they converge to v; for all i = 0,...,n, in

particular vy = 0. Then the e-neighbourhood Conv(vy,...,v,). of Conv(vg,...,v,)

is a convex subset of M/ which definitely contains v} = o,v} ..., v, hence
Conv(vg, . ..,v,): 2 Conv(vh = 0,0} ...,0}).

Analogously Conv(vg,...,v,) C Conv(v), = o,v}...,0}). definitely, hence

Conv(vg, . ..,v,) — Conv(vy = 0,0} ...,9}) for the Hausdorff distance. Similarly

any face of S is limit of corresponding faces of S;. We now claim that vg,..., v,

are in general position. If not then there are three vertices, say vg, v1, v2, belonging
to the same 1-dimensional space. This means the faces Conv (v}, v}, v}) tend to a
1-dimensional face, therefore thay cannot have size bounded below uniformly, which

contradicts Lemma Therefore S is a n-dimensional simplex. Moreover it is
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clear it is contained in a ball of radius R and it contains a ball of radius %. Fix now

any non-principal ultrafilter w and a sequence S; as above. Each .S; is proper and
the sequence converges in the Gromov-Hausdorff sense to the proper space S. Then
by Proposition [2.7.11] we get that the ultralimit S, is isometric to S. O

Clearly the same conclusion holds for the class of simplices of dimension at most
n and size bounded by R since it is the finite union of compact classes.
Our aim is to use the compactness of this class of simplices to show uniform packing
estimates for a M"-complex with bounded size and bounded valency.
In the following we will state the equivalent versions, in our setting, of a series of
well-known results for M"*-complexes with finite shapes proved in [BH13|, where a
MP"-complex is of finite shape if the isometries classes of its simplices are finite. The
original proofs are based on the finiteness of the class of simplices, while our proofs
will be based on the compactness of the class of simplices we are considering: in this
sense we can think our results as a generalization of the original ones.

Lemma 3.4.4. Let K be a M"-complex of size bounded by R and dim(K) < n.
Then there exists a constant eo(R,n) > 0 depending only on R and n such that for
all vertices v,w of K it holds e(v) > eo(R,n) and di(v,w) > eo(R,n).

Proof. The class of simplices with size bounded by 2" %R and dimension exactly
d is compact with respect to the Hausdorff distance of M by Moreover the
map Conv(vo, . .., va) = dars(vo, Conv(vy, ..., vy4)) is continuous with respect to the
Hausdorff distance and it is positive. Therefore it attains a global minimum &4 > 0.
Setting eo(R,n) = ming—o, ., €4, we have e(v) > eo(R,n) > 0 for every vertex v € K.
Therefore every two vertices v, w of K satisfy dx (v, w) > g9(R,n) (or, by Lemma
there would exist a simplex S of K such that dx (v, w) = dg(v,w) < eo(R, n),
a contradiction). O

Lemma 3.4.5. Let S be a M"-simplex of size bounded by R and dim(S) < n. Let
0T denote the T-neighbourhood of the boundary of any face T' of S. For any positive
T there exists e(R,n,7) > 0 such that for all faces T of S, for all x € T \ T, and
all faces T' of S which do not contain x it holds:

d(z,T") > e(R,n,T)

Moreover for any integer d > 0 there exist ng = ng(R,n), eq = €4(R,n) > 0, where

g0 = eo(R,n) is the function given by Lemma and ny = %, satisfying the
following conditions:

(a) for all d-dimensional faces T' of S, for every x € T'\ 0T,
of S not containing x it holds: d(x,T") > e4;

/
.., and every face T’

(0) M + M1 + - < 5, for all0 <k <m < n.

Proof. The proof follows same arguments of Lemma Indeed it is sufficient to
consider the positive, lower semicontinuous map
h(S) = min inf min  d(z,T")

T face of S x€T\OT- T’ face of S
z ¢ T
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on the compact set of M*~-simplices of size bounded by R and dimension at most n,
and take as (R, n, 7) its positive minimum.

To prove the second part of the Lemma we define €1 (R, n) as (R, n, 1), where
this is the number given by the first statement with 7 = 79. Then we choose
0<m = mm{8 ey ’S(ﬁrl)} and again we define 52 > 0 as e(R,n,m). We can

continue choosmg 0 < m2 = min{g* (D) '3 n+1 } and so on. This process

) 8(n+1)
produces the announced ¢;, n;, which clearly satlsfy (b) O

As a consequence we get the following useful estimates:

Lemma 3.4.6. Let K be a M"-complex of size bounded by R and dim(K) < n. For
all 7 > 0 there exists e(R,n,T) > 0 with the following property: for all x € K whose
support is S satisfying ds(x,0S) > T we have e(x) > e(R,n, 7). In particular if K
is connected then (K,dg) is a length metric space.

Proof. Let z € K. Any simplex containing = must contain supp(z) as a face. It is
then enough to apply the first claim of Lemma to get the estimate on e(x).
The second part follows immediately from Lemma O

Lemma 3.4.7. Let K be a M"-complex of size bounded by R and dim(K) < n.
Then there exists 6 = §(R,n) > 0 depending only on R and n such that:

(a) if two simplices S,S" of K are at distance < 0, they share a face;

(b) moreover for every x € K the ball B(z,d) is contained in the open star of some
vertex;

(c) finally for every x € K there exists y € K such that B(z,d) C B(y, #) (where
e(y) is the function defined in (30) ).

Proof. We start proving (c). Consider the numbers £4, 174 given by Lemma The
claim is that 6 = ming—g ., 7q satisfies the thesis of (c). Actually take any z € K
and consider the d-dimensional simplex S = supp(z). There are two possibilities:
either € S\ 05y, , or there exists a point y; € 05 such that d(z,y1) < 14-1.
In the first case we observe that any simplex S’ containing x must have S has
a face and by Lemma we can conclude that e(x) > ;4. Hence in this case
B(z,6) € B(z,%) € B(x, @) as follows by Lemma (b) Otherwise let
S; =supp(y1) and call 0 < d; < d—1 its dimension. Arguing as before we find that
either e(y1) > €4, or there exists again a point y2 whose support Sy has dimension
0 < d < d; such that d(y1,y2) < ng,—1. In the first case we have

5(2/1))7

B(x,8) € Bly1, na- 1+ndl>g3(y1, ‘ ) cg(

otherwise we continue the procedure inductively. Then either at some step we have
the thesis or we find a vertex v of K such that

d(z,v) <ng—1+ng—2+...+m0 < §

Therefore B(x,8) C B (v, W) CB ( E(U)) which proves (c).
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In order to prove (b) we fix x € K and we find the corresponding y given by (c).
Then for all point z € B(x,§) we can apply Lemma and find that any simplex
S containing z must contain also y. This means that any such S has the vertices of
supp(y) as vertices. This concludes the proof of (b).

Finally the proof of (a) is an easy consequence: suppose to have two points x and
belonging to two simplices S, S’ respectively such that d(x,z’) < J; then they belong
to the open star of a same vertex by (b). In particular S and S’ share a vertex. [J

Another straightforward application of compactness and continuity yields the
following, whose proof is omitted:

Lemma 3.4.8. Let K be a M"*-complex of size bounded by R and dim(K) < n.
Then there exists R© = R'(R,n) depending only on R and n such that for every
vertex v of K the M'-complex Lk(v, K) has size bounded by R'.

We start now considering M*-complexes with bounded size and valency:

Proposition 3.4.9. Let K be a connected M"-complex of size bounded by R and
valency at most N. Then K is locally finite (i.e. for all x € K there are a finite
number of simplices containing x) and (K, dg) is a proper, geodesic metric space.

Proof. Any simplex S containing a point z must have supp(x) as a face; in particular
if v is a vertex of supp(z) then it is also a vertex of S. So the number of simplices
containing x is bounded by the number of simplices containing v, which is bounded
by N by assumption. By Lemma we know that (K, dg) is a length metric
space. Finally, by Lemma for all y € K the ball B(y,d) belongs to the open
star of a vertex, which is the union of a finite number of simplices, hence K is locally
compact and complete. Then as K is a complete, locally compact, length metric
space, it is proper and geodesic by Hopf-Rinow’s Theorem. O

The following is the analogue of Theorem 1.7.28 of [BHI13]:

Proposition 3.4.10. Let K be a connected M"-complex of size bounded by R and
valency at most N. Then for any ¢ > 0 there exists mg = mo({, R, N) depending
only on £, R and N such that any m-taut string of length < ¢ satisfies m < my.

Proof. We use the same proof of Theorem 1.7.28 of [BH13] (which is for M"-complexes
of finite shape), proceeding by induction on the dimension of K. The first step is
to prove that if a m-string > is included in the open star of a vertex v then m
is bounded by a function mg(¢, R, N). This is clear with m{ = 3 if the geodesic
associated to ¥ passes through v, otherwise it follows by the inductive hypothesis by
projecting radially ¥ to Lk(v, K) (which has lower dimension) using Lemma [3.4.8
Now, if the bound stated in the proposition did not hold there would exist tout
m-strings »; in M"-complexes K; with length < ¢ and arbitrary large m. Then there
would exist also tout m’-substrings X! of the ¥;, with m’ > m{ (¢, R, N), included
in some ball B(z;,6) C K;, for 6 = 6(R, N) defined in Lemma [3.4.7, By the same
lemma ¥} would be included in the open star of some vertex which, by step one,
implies that m’ < m{(¢, R, N), a contradiction. O
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Corollary 3.4.11. Let K be a connected M"-complex of size bounded by R and
valency at most N. Let x,y € K such that di(x,y) < {. Then there exists a geodesic
joining x to y realized as the concatenation of at most my(¢, R, N) geodesic segments,
each contained in a simplex of K.

Proof. Immediate from the fact that K is a geodesic space (by [3.4.9)), the character-
ization of dg in terms of taut strings and Proposition [3.4.10 O

In order to establish if a M"-complex is a locally CAT (k) space we use the
following improvement of a well-known criteria. We recall that the injectivity radius
of a complex K, denoted pinj(K), is defined as the supremum of the r > 0 such that
any two points of K that are at distance at most r are joined by a unique geodesic.

Proposition 3.4.12. Let K be a connected M"-complex of size bounded by R and
valency at most N. The following facts are equivalent:

(a) (K,dk) is locally CAT(k);

(b) K satisfies the link condition, i.e. the link at any vertex is CAT(1);

(c) (K,dg) is locally uniquely geodesic;

(d) (K,dk) has positive injectivity radius;

() pinj(K) > 6(R,N), where §(R, N) is the function defined in Lemma[3.4.7

Moreover if K satisfies one of the equivalent conditions above then for any x € K
the ball B(xz,0(R,N)) is a CAT(k) space, i.e. the CAT(k)-radius of K is at least
0(R,N).

The equivalences between (a), (b) and (c) are quite standard. The equivalence of
these conditions with (d) is known for simplicial complexes with finite shapes, see
[BH13]. The main point of Proposition is that the last equivalence continues
to hold in our setting and moreover we can bound from below the injectivity radius
of K in terms of R and N only.

Proof of Proposition[3.4.13 The equivalence between (a) and (b) follows from The-
orem I1.5.2 and Remark I1.5.3 of [BH13|, while (a) = (c) is straightforward. The
implication (c) = (e) follows as in Proposition 1.7.55 of [BH13]. Actually by Proposi-
tion we have g(z) > 0 for every z € K, so the ball B(z, @) is isometric to the

open ball B(O, @) of the k-cone Cy(Lk(v, K)) centered at the cone point O (cp.
Theorem 1.7.39 in [BH13]). Moreover by assumption a neighbourhood of O of the
cone Cy(Lk(v, K)) is uniquely geodesic, which implies that the whole C(Lk(v, K))
is uniquely geodesic (cp. Corollary 1.5.11, [BH13|) and this in turns implies that
B(z, E(Q—x)) is. By Lemma (c) we conclude that the injectivity radius is bounded
below by 6(R, N) (recall that the dimension of K is bounded above by N). The
implication (e) = (d) is obvious, while (¢) = (b) follows exactly as in Theorem
I1.5.4 of [BH13]. Finally the last remark follows from Theorem I1.7.39 &Theorem
I1.3.14 of [BHI3| together with Lemma [3.4.7(c). O



3.4 Examples 85

We recall that a locally compact, locally CAT(k), M"-complex is locally geodesi-
cally complete if and only if it has no free faces (see 11.5.9 and I1.5.10 of [BH13] for
the definition of having free faces and the proof of this fact). We can finally show
that the class of metric spaces we are studying in this section is uniformly packed.

Proposition 3.4.13. Let K be a connected M"-complex without free faces, of size
bounded by R, valency at most N and positive injectivity radius. Then K is a proper,
geodesic, GCBA"® metric space with peat(K) > po and satisfying Pack(3rg, 3) < Fy,
for constants pgy, Py, ro depending only on R, N and k, and ro < py/3.

Proof. By the proof of Proposition [3.4.10] we know that K is proper and geodesic.
Moreover since the injectivity radius is positive then K is locally CAT(k) and by
Proposition the CAT(k)-radius is at least pg = §(NV, R). Since K has no free
faces then it is locally geodesically complete. This shows that K is also a GCBA”
metric space. We remark that clearly H¥(K) = 0 if k > N since the projection map
from a simplex to K is 1-Lipschitz; this shows that there are no points of dimension
greater than N, i.e. dim(K) < N. We now use Lemma to estimate the number
of simplices intersecting a ball around any point x € K. Any simplex S which
intersect B(z, (R, N)) intersects the open star around some vertex v, by Lemma
3.4.71(b). Therefore v must be a vertex of S. If follows that the number of simplices
intersecting B(z,6(R, N)) is bounded by N. Therefore, for any x € K we have

N
pr(B(z,6(R,N))) <> N - H(Buz(o,6(R, N))) < Vo,
d=0

where V) depends just on R, N and & (here is o is any point of M}). The conclusion
follows from Theorem [3.2.1] O

3.4.2 Gromov-hyperbolic CAT(0)-cube complexes

Related to M"-complexes there is a special class of examples: geodesically complete,
CAT(0)-cube complexes with bounded valency (i.e. such that the number of cubes
having a common vertex is uniformly bounded by some constant N). These spaces
can manifest a Gromov-hyperbolicity behaviour: for instance it is classical that any
proper cocompact CAT(0)-space without 2-flats is Gromov-hyperbolic (see [Gro87],
[BH13]).

For cube complexes with bounded valency we have the following hyperbolicity
criterion. Recall that one says that a cube complex X has L-thin rectangles if all
Euclidean rectangles [0, a] x [0, b] isometrically embedded in X satisfy min{a, b} < L.
Then:

Proposition 3.4.14. Let X be a simply connected cube complex with no free faces,
dimension < n and valency < N, endowed with its canonical £*>-metric (the length
metric which makes any d-cube of X isometric to [—1,1]%):

(a) if X has positive injectivity radius, then it is a complete, geodesically complete,
CAT(0) metric space which is Py-packed at scale ro = %, for a packing constant
Po = Po(N),
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(b) if moreover X has L-thin rectangles, then it is Gromouv-hyperbolic with hyperbol-
icty constant § =4 - Ram[L + 1] (where Ram(m) denotes the Ramsey number

of m).

Proof. The barycenter subdivision of the cube-complex gives a MY-complex structure
to X with valency bounded uniformly in terms of N and n and, clearly, with uniformly
bounded size. Moreover since X has positive injectivity radius and it has no free
fraces then the same is true for the metric induced by the complex structure (which
is isometric), therefore we can apply Proposition to conclude (a) (the fact
that X is globally CAT(0) follows from the simply connectedness assumption).

The proof of (b) is presented in Theorem 3.3 of [Genl6]. O

Theorem [J|and its consequences will apply to this case. Notice that the quantita-
tive Tits Alternative with specification is new for hyperbolic, CAT(0) cube complexes
(compare with [SWO05], [GIN20]).



87

Chapter 4

Entropies of convex,
Gromov-hyperbolic metric
spaces

From now on we will focus our attention on complete, convex, geodesically complete,
packed metric spaces. We start introducing several notions of entropies with the
idea to find invariants that give information on the complexity of the space. We do
not need any group action at the moment.

We recall that given two functions f,g: [0,400) — R we say that f and g have
the same asymptotic behaviour, and we write f =< g, if for all € > 0 there exists
T, > 0 such that if "> T, then |f(T) — g(T")| < e. The function T} is called the

threshold function. The notation f ” x6 g means that the threshold function can
0,70,9;---
be expressed only in terms of € and Py, 19,9, ...

4.1 Covering and volume entropy

In this section we will introduce the first two types of entropies: the covering entropy,
defined in terms of the covering functions, and the volume entropy of a measure.

4.1.1 Properties of the covering entropy

Let X be a complete, convex, geodesically complete metric space that is Py-packed
at scale rg. It is natural to define the upper covering entropy of X as the number

- 1 _
hcoov(X) = limsup — log Cov(B(z,T), 1),
T—4o00 T

where x is any point of X. The lower covering entropy is defined taking the limit
inferior instead of the limit superior and it is denoted by hcoy(X). By triangular
inequality it is easy to show that the definitions of upper and lower covering entropy
do not depend on the point x € X. In the next proposition we can see that they do
not depend on ry too and moreover we can replace the covering function with the
packing function.
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Proposition 4.1.1. Let X be a complete, convezx, geodesically complete metric space
that is Py-packed at scale rog and let x € X. Then

1 — 1 —

—log Cov(B(z,T),r) = = logPack(B(z,T),r")
T Po,ro,rr!

for all v, > 0. In particular any of these functions can be used in the definition of

the upper and lower covering entropy.

Proof. For all 0 < r <7’ and z € X clearly Cov(B(x,T),r) > Cov(B(z,T),r") and
Cov(B(x,T),r) < Cov(B(z,T),r’) - sup,ex Cov(B(y,r"),r). By Corollary [2.4.10| we
have sup,c x Cov(B(y,r’),r) = Cov(r',r) which is a finite number depending only

on Py, rg,r,v". Therefore we obtain

flogCov( (x,T),r )Po T?M/ flogCov( (x,T),r").

The thesis follows from . O

The upper and lower covering entropies can be computed also using the covering
function of the metric spheres.

Proposition 4.1.2. Let X be a complete, convezx, geodesically complete metric space
that is Py-packed at scale rg and x € X. Then for all r >0

1 1

T log Cov(B(z,T),r) P T log Cov(S(z,T),r)

Proof. Clearly it holds Cov(S(z,T),r) < Cov(B(z,T),r). The other estimate is more
involved. We divide the ball B(z, T) in annulii A(z, kr, (k+1)r) with k = 0,. .., %— 1.
We easily obtain

T
Cov(B(z,T),2r) < Z Cov(A(z, kr, (k+ 1)r),2r).

Now we claim that for any k it holds
Cov(A(z, kr, (k+ 1)r),2r) < Cov(S(z,T),r).

Indeed let {y1,...,yn} be a set of points realizing Cov(S(z,T),r). For all i =
1,..., N we consider the geodesic segment v; = [z,y;] and we call x; the point
along the geodesic v; at distance kr from x. Then x; € A(z, kr, (k 4+ 1)r) for every
i=1,...,N. We claim that {z1,...,zn} is a 2r-dense subset of A(x,kr, (k+ 1)r).
We take any y € A(x,kr,(k 4+ 1)r) and we consider the geodesic segment vy =
[z,y]. We extend this geodesic up to find a point v(7') at distance T from
2. Then there exists i such that d(v(T),y;) = d(v(T),v(T)) < r. By con-
vexity of the metric we have d(y(kr),v;(kr)) < r, therefore we conclude that
d(y,z;) < d(y,y(kr)) + d(~y(kr),z;) < 2r. This ends the proof of the claim, so
Cov(B(z,T),2r) < £Cov(S(x,T),r). The thesis follows from these estimates and

Proposition O
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Combining Proposition and Proposition we can find an uniform upper
bound to the covering entropy.

Lemma 4.1.3. Let X be a complete, convex, geodesically complete metric space
that is Py-packed at scale ro. Then

— log(1+ P
hicoy(X) < m.
7o
— R_
Proof. For every x € X it holds Pack(B(z, R),rg) < Py(1 + Pp)ro ' The thesis
follows immediately. d

4.1.2 Volume entropy of homogeneous measures

Let X be a complete, convex, geodesically complete metric space that is Py-packed
at scale rg. The upper volume entropy of a measure p on X is defined as

. 1 _

hu(X) = limsup — log u(B(z,T)),
T—o00 T

while the lower volume entropy h,(X) is defined taking the limit inferior. These

definitions do not depend on the choice of the point z € X.

A measure pu on X is called H-homogeneous at scale r if

1
= < u(Ba,r) < H
for all x € X. We remark that the condition must hold only at scale r.

Proposition 4.1.4. Let X be a complete, convezx, geodesically complete metric space
that is Py-packed at scale rog and let p be a measure on X which is H-homogeneous
at scale r. Then

1 — 1 _

—1 B(x, T = =1 B(x,T),r).

Floen(B@T) | = log Cov(Bla,T).1)
In particular the upper (resp. lower) volume entropy of p coincides with the upper
(resp. lower) covering entropy of X.

Proof. For all x € X it holds u(B(z,T)) < H - Cov(B(z,T),r) and pu(B(z,T)) >
+ - Pack(B(z, T —r),7).
By Proposition [4.1.1| and since T:F’” = 1 we have the thesis. O

Remark 4.1.5. The proof of the proposition shows another fact: if a measure is
H-homogeneous at scale r then it is H(r")-homogeneous at scale r' for all v’ > r
and H(r") depends just on H, Py,ro,r and r’.

We provide here two examples of homogeneous measures. If X is a complete,
geodesically complete, CAT(0) metric space that is Py-packed at scale ry then the
natural measure on X satisfies

c < px(B(z,m)) <C

for all x € X, where ¢ and C are constants depending only on Py and ¢ (Theorem
3.2.1)). It follows immediately the following result.



90 4. Entropies of convex, Gromov-hyperbolic metric spaces

Corollary 4.1.6. Let X be a complete, geodesically complete, CAT(0) metric space.
If it is Py-packed at scale o for some Py and ro then hooy(X) = hyy (X). The same
holds for the lower entropies.

The second example is the counting measure of a cocompact group of isometries
on a d-hyperbolic metric space.

Corollary 4.1.7. Let X be a complete, convex, geodesically complete, Gromov-
hyperbolic metric space X and I' be a discrete, non-elementary, cocompact group of
isometries of X. Then for all x € X it holds

E(X) = ,ug(X)7

where k. is the counting measure of the orbit T' - x. The same holds for the lower
entropies.

We will see in Section that in this case the upper and lower entropies coincide.

Proof. By the cocompactness assumption we know that X is Py-packed at scale rq
for some Py, rg. Then by we have sys®(T', X) > so(FPo, 0,9, D), where D is an
upper bound on the codiameter of the action and ¢ is the Gromov-hyperbolicity
constant. Then for all y € X it holds

1<y (B(y, D)) < Pack (D, ZO) :

This shows, by Proposition that ug is H(Py, 10,9, D)-homogeneous at scale D.
The thesis follows from Proposition [4.1.4] O

4.2 Lipschitz-topological entropy

Let X be a complete, convex, geodesically complete metric space that is Py-packed
at scale rg. The space Geod(X) is locally compact but not compact. The upper
topological entropy of the geodesic flow is defined (see [Bow73], [HKR95]) as

— : s 1
htop(Geod(X)) = lIclff Sl}l{p 711_I>I(1) lérgigg T log Cov g (K, 1),
where the infimum is taken among all metrics d’ inducing the topology of Geod(X),
the supremum is taken among all compact subsets of Geod(X) and Cov g (K,7) is
the covering function of the compact subset K at scale r with respect to the metric
d” defined by
dT(v,7") = max d(®y, ®y).
(v,7) €[0T (@ry, P1v')
By the variational principle this quantity equals the measure-theoretic entropy
defined as the supremum of the entropies of the flow-invariant probability measures
on Geod(X) (cp. [HKR95], Lemma 1.5). An easy computation shows that the upper
topological entropy is always zero.

Lemma 4.2.1. There are no flow-invariant probability measures on Geod(X). In
particular the upper topological entropy of the geodesic flow is 0.
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Proof. Suppose there is a flow-invariant probability measure p on Geod(X). For
r € X we define Agr = {y € Geod(X) s.t. 7(0) € B(z, R)}, for every R > 0. Clearly
there exists R > 0 such that u(Ag) > 1. By flow-invariance of y we have that the
set

<I>gé+1(AR) = {y € Geod(X) s.t. y(2R+1) € B(z, R)}

has measure > . This implies that j(Ag N <I>2_é+1(AR)) > 0, but this intersection
is empty. O

Looking at the proof of the variational principle given in [HKR95] we can observe
that the sequence of metrics on Geod(X) that approach the infimum in the definition
of the upper topological entropy are the restriction to Geod(X) of metrics defined on
its one-point compactification. These metrics are not the natural ones on Geod(X),
since they are not geometric. We propose a more appropriate definition of topological
entropy for proper, convex, geodesically complete metric spaces.

We define the upper Lipschitz-topological entropy of Geod(X) as

1
hLip-top(Geod (X)) = inf sup lim lim sup — log Cov (K, 1),
d g =07 5400 T

where the infimum is now taken only among all geometric metrics on Geod(X). The
lower Lipschitz-topological entropy is defined by taking the limit inferior instead of
the limit superior and it is denoted by Arip-top(Geod(X)). The main result of this
section is the following.

Theorem 4.2.2. Let X be a complete, convex, geodesically complete metric space
that is Py-packed at scale ro. Then

M(GeOd(X» = hCov<X)-
The same holds for the lower entropies.

One of the two inequalities is easy. In order to prove the other one we will show
that for the distances induced by the functions f € F the definition of topological
entropy can be heavily simplified.

4.2.1 Topological entropy for the distances induced by f € F

For a metric f € F we denote by h7f the upper metric entropy of the geodesic flow
with respect to f, that is

1
hy(Geod(X)) = sup lim lim sup T log Cov yr (K, ).

K ™0 715400

In the same way is defined the lower metric entropy with respect to f, hf(Geod(X)).
For a subset Y of X we denote by Geod(Y') the set of geodesic lines of X passing
through Y at time 0.

Proposition 4.2.3. Let X be a complete, convezx, geodesically complete metric space
that is Py-packed at scale g and let f € F. Then
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(a) for all z,y € X it holds h(Geod(z)) = h(Geod(y));

(b) for all z € X and R > 0 it holds hy(Geod(B(z, R))) = hy(Geod(z));

(c) for all x € X it holds hy(Geod(X)) = hy(Geod(z)) < hcoy(X);

(d) for all x € X the function r — limsupp_, | 7 log Cov yr (Geod(z),r) is con-
stant.

The same conclusions hold for the lower Lipschitz-topological entropy.
The proposition is a consequence of the following key lemma.

Lemma 4.2.4 (Key Lemma). Let f € F, v € Geod(X) and 0 <r <1'. Then

1 _
—log C B ! =
T log over (B yr(vy,7"),7) Porrt g
where EfT (v, ") is the closed ball of center v and radius r' with respect to the metric
fT. As a consequence the convergence is uniform in ~y.

Proof. Let P > 0 depending only on f and r such that

+oo
/ 2|u|f(u)du+/P 2lul () < .

We fixe >0and T > P . Let Ep = {x1,...,zN} be a maximal 1%—separated subset
of B(y(T),r" + £T), 50 it is also 1g-dense, and {y1,...,ym} be a {z-dense subset
of B(y(—=P),r" +2P). For every i =1,...,M and j =1,..., N we take a geodesic
line v;; extending the geodesic segment [y;, x;]. We parametrize v;; in such a way
that 7;(—P) = y;. The claim is that {v;;};; is a r-dense subset of B r(v,r’) with
respect to the metric f7. We fix v/ € Byr(v,r"). This means

max, F{( ) = max (@), Be(7)) <.

In particular for all ¢ € [0, T] we get d(v/(t),~(t)) </, since

d(y'(t),7(t) = d(2¢(7)(0), 2e(1)(0)) < F(R:(v), e(y)) < 7.
Therefore d(y'(—P),v(—P)) < r' + 2P. Moreover
A(/(T + £T),7(T)) < d(+/(T +<T), +/(T)) + d(+/(T),7(T)) < T + 1"

Thus there exists x; such that d(z;,7'(T+eT')) < {5 and y; such that d(y;, ¥ (—=P)) <
75- We have d(7v;;(—=P),7' (=P)) < {5, so if we denote with ¢; the time such that
Y (t;) = x; it holds |t; — (T'+eT)| < g. Then

d(7ij(T +€T),~' (T +€T)) < d(%g(TJrET) Yij(t5)) + d(vij(t;),~' (T + €T))
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From the convexity of the metric we have d(v'(u),v;;(u)) < § forallu € [P, (1+¢)T].
For ¢t € [0,T] we have

+oo
PG ) = [ A ), i)~ t)du

-P

</ <4+2|u+P|> (u—t)du+

+ / (u —t)du+

+/ ( +2u — (1+€)T|> f(u—t)du.
1+a

The first term can be estimated as follows

/P<Z+2|u+Pl>f(u—t>d £+/ - Ao+ t+PIfCo

—00

<

+/;O 2ol f(v)dv

e~ 3

The second term is less than or equal to 7. The third term can be controlled in this
way:

+oo
/ (T+2|u—(1+£)T|> Flu—t)du T+/ 20v — (1 +€)T + t|f(v)dv
(1+e)7 \ 4 1+4e)T—t
<= +/ 20v| f (v)do
4 1+e)T—t
r +o0o
<i+ [ 2l

The last inequality follows from T > g. Therefore

i, Vi) < 4+ + - —I—/ 2|v|f(v dv—i—/ 2v|f(v)dv < 7.
We conclude that

Covr(Byr(y,7'),r) < Cov<r + 2P, > #ET.

L Thus

' eT
From Proposition [2.4.4} if p = min {ro, {5 }, we get #E7 < Py(1+ Py) »

1 — 1 T
flogCova(BfT(%r’),r) < —K(Po,ro, 7", f) - 6*10g(1 + )
p

=&~ K,(P07r077ﬂ7r,7f)‘

N

Here K, K’ are constants depending only on Py, rg,r,7’, f and not on € or . So
from the arbitrariness of € we achieve the proof. O
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The computation of le requires to consider the supremum among all compact
subsets of Geod(X). We notice that given a compact subset KX C Geod(X) then
the set F(K) is compact since E is continuous. In particular it is bounded, hence
contained in a ball B(z, R) centered at a reference point x € X. We observe also
that the set Geod(B(x, R)) is compact since the evaluation map F is proper. We
conclude that any compact subset of Geod(X) is contained in a compact subset
of the form Geod(B(z,R)) and therefore in order to compute hy it is enough to
take the supremum among these sets. The main consequence of Lemma is the
following result, which is the key ingredient in the proof of Proposition [.2:3]

Corollary 4.2.5. Let fe F,z € X, R>0and 0 <r <1r'. Then

1 _ 1 ,
flog Cov yr(Geod(B(z, R)), )Po,ro/;"r,f T log Cov 7 (Geod(B(z, R)),r').

Proof. The quantity = logCova(Geod( (z,R)),r) is

< 1 log Cov yr(Geod(B(z, R)),r") - sup  Covpr(Br(y,r'),r)
T ~EGeod(X)

1 —
:T(logCova(Geod(B(a:,R)) )+log$g§Cova(BfT(’y, '), 7))

The conclusion follows by Lemma O

Proof of Proposition . (b). Let € > 0 and T > g Let v1,...,7n be a r-dense
subset of Geod(x) with respect to the metric f(279)7. The claim is that {7;} is a
K-dense subset of Geod(B(z, R)) with respect to f, where K depends only on
r, R and f. We consider a geodesic line v € Geod(B(z, R)). Then there exists a
geodesic line 7' € Geod(x) extending [z, v((1+¢)T)]. We call ./ the time such that
+(ty) = (1 +£)T). Then

ty = d(z,7((1 +&)T)) < d(z,7(0)) +d(v(0),7((1 +¢)T))
SR4+1+e)T < (1+2)T

since T > £. Moreover |t,, — (1 +¢)T| < R. We know there exists 7; such

€

that maxcjo,(1420)7] [(PrY', @1vi) < 7. In particular d(v'(ty),vi(t,)) < r. Then
d(v((14+¢)T),7i(ty)) < r and in conclusion:
d(y(1+e)T),7i((1+e)T)) < d(y((1+e)T),7ilty)) +d(ilty ), %i((1+€)T)) < r+R.

)
From the convexity of the metric we have d(y(t),~i(t)) < R+r forall ¢t € [0, (1+¢)T].
We have to estimate f'(vy,v;) = [ d(y(u),vi(u))f(u — t)du for every t € [0,T].
Since d(v(0),7i(0)) < R and d(y((1 +¢)T),v((1 +¢)T)) <r+ R then

+o00 0
| da@ s = ndu< [ (B2l fu = tdut

—0o0

+/1ﬁ (R+r)f(u— t)du+t

+/ (R4 1 +20u— (1 +&)T|) f(u— t)du
1+a
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+0o0
(

< R+/t 2lv+t|f(v)dv+ (R+ ) +/( R+r+2v—(14e)T +t)f(v)dv.

1+e)T—t
We conclude that the above quantity is less than or equal to

0

3R+2r+/ 2!v|f(v)d”+/0+oo2lvf(v)dv <3R+2r+C(f) = K(R,, f).

By the previous corollary h(Geod(B(z, R)))can be computed as

1 —
lim sup — log Cov yr (B(z, R), K)
T—+00 T
which is .
< limsup — log Cov p(1+2)r (Geod(z), )
T—+o00 T

1
= (1 4+ 2¢) limsup T log Cov pr (Geod(z), 7).
T—~4o00
Since this is true for all € > 0 then we obtain the thesis.
O

Proof of Proposition[4.2.3 (a). Wehavey € B(xz, R), where R = d(z,y), so Geod(y) C
Geod(B(z, R)). Therefore

hf(Geod(y)) < hy(Geod(B(z, R))) = h¢(Geod(z)).
The other inequality can be proved in the same way. O

Finally we achieve the proof of the remaining parts of Proposition [£.2:3]

Proof of Proposition[{.2.3 (c) & (d). The equality in (c) follows directly from (b),
SO
hf(X) = limsup % log Cov yr(Geod(z), 19),
T—+o00

where z is a point of X. We fix T > 0 and we consider a rg-separated subset
Er of S(x,T) of maximal cardinality, which is also rg-dense. For all y € Ep we
consider a geodesic line v, extending [z, y] such that ~,(0) = x and v, (T) = v.
We claim that {yy}yer, is a (ro + C(f))-dense subset of Geod(x) with respect
to fI'. We take a geodesic line v € Geod(z). Then there exists y € Er such
that d(v(T),y) = d(v(T'),v(T")) < ro. From the convexity of the metric it holds
d(y(u), vy(u)) <o for all u € [0,T]. Moreover d(7y(u),vy(u)) < ro + 2|u — T for all
u € [T, +00) and d(y(u),vy(u)) < 2|u| for all u € (—o0,0]. Then for all ¢ € [0,T] we

get
+oo

P = [ dw, () f - )du

—00

g/o 2]u\f(u—t)du+/0Trof(u—t)du+

+oo
+/ (ro + 2Ju — T|) f (u — t)du < ro + C(f).
T
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The last inequality follows from similar estimates given in the proofs of Lemma
Therefore applying Corollary [£.2.5] we have

1 1
lim sup — log Cov sz (Geod(z), ) < limsup — log Cov(S(z,T'), 7o)
T—+4o00 T T—4o00 T

This, together with Proposition proves (c). We observe that (d) is exactly
Corollary with R = 0. O

4.2.2 Proof of Theorem 4.2.2]

We are ready to give the

Proof of Theorem [{.2.2. Proposition (c) shows that hpip-top(Geod(X)) is less
than or equal to hcey(X).

In order to prove the other inequality we fix a geometric metric ' on Geod(X) and
we denote by M the Lipschitz constant with respect to d' of the evaluation map E.
Then we have

1 1
sup lim lim sup T log Covr (K, r) > limsup T log Cov r(Geod(x),70),

K r—0 T—+o00 T—~+o00

where € X. Indeed the function r — 7 log Covr(Geod(z),r) is increasing.
We fix T' > 0 and we consider a set 71, ...,yn realizing Cov g (Geod(z),rp). The
claim is that ~;(7T) is a Mro-dense subset of S(z,T). Indeed we take a point
y € S(z,T) and we extend the geodesic [z, y] to a geodesic line v € Geod(z). Then
there exists 7; such that d” (7,7) < ro. Since the evaluation map is M-Lipschitz we
have

d(y,vi(T)) = d(y(T),v(T)) = d(@rv(0), @77:(0)) < Ld(Pry, Prvi) < Mro.

Therefore

1 1
lim sup — log Cov r (Geod(x), 1) > limsup — log Cov(S(z,T'), Mry)
T—+oo I’ T—too I

and the conclusion follows by Proposition [£.1.2] O

Remark 4.2.6. By Proposition and Theorem the upper Lipschitz-

topological entropy of X can be computed as

—_ 1
hLip-top(X) = lim sup — log Cov jr (Geod(z), )
T—+00 T

independently of f € F, x € X and r > 0. Moreover

1 1 —
T log Cov pr(Geod(z),10) Pt T log Cov(B(x,T),ro)

by the proofs of Theorem and Proposition and by Proposition [{.1.3
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4.2.3 Lipschitz-topological entropy of the geodesic semi-flow

We consider now the space of geodesic rays Ray(X) and the corresponding geodesic
semi-flow. The definition of upper and lower Lipschitz-topological entropy of the
geodesic semi-flow can be given in an analogous way to the case of the geodesic
flow and they are denoted by Ariptop(Ray(X)) and hyip-top(Ray(X)) respectively.
We denote the space of geodesic rays with starting point belonging to Y C X as

Ray(Y).

Proposition 4.2.7. Let X be a complete, convezx, geodesically complete metric space
that is Py-packed at scale ry. Then:

(a) hiiptop(Ray(X)) equals limsupy_, . + log Covr(Ray(z),r) independently of
feF, the point t € X andr > 0.

(b) hLip-top(Ray(X)) = hiip-top(Geod(X)) = hcov(X).
The same conclusions hold for the lower topological entropy.

Proof. The proof of hyip-top(Ray(X)) > hcov(X) is the same given in the proof of
Theorem [£.2.2] On the other hand it is clear that

Covr(Ray(B(z, R)),r) < Covr(Geod(B(z, R)), ),
therefore, using Theorem and Proposition

_ - 1 —
hcov(X) = hiip-top(Geod(X)) = limsup T log Cov yr(Geod(B(z, R)), )
T—+o00

1 _
> limsup —; log Cov gr (Ray(B(z, R)), 7).
T—4o00 T

Since this is true for all R > 0 and for all 7 > 0 we obtain h¢(Ray(X)) = hcov(X),
which shows (b).

Moreover the number lim supy._, | o, 7 log Cov sr(Ray(B(z, R)),r) does not depend
on feF,ze X, r>0and R >0, proving (a). O

We remark that we have:

1 1
T log Cov g (Geod(x),7) Po,:/o\,r,f T log Cov ¢r (Ray(x), 7).

4.3 Dimension of the boundary

Let X be a complete, convex, geodesically complete metric space X that is Py-packed
at scale rg. In this section we will show how the covering entropy equals the shadow
dimension of the boundary, which is a sort of Minkowski dimension relative to
appropriate open sets of the boundary: the shadows. In the second part we will see
that if X is also Gromov-hyperbolic then there is a precise link between the shadow
dimension and the Minkowski dimension of the visual metrics.
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4.3.1 Shadow dimension

We fix a point z € X. For all y € X and r > 0 we define the shadow of radius r
casted by y with center x as

Shad,(y,r) = {z € 0X s.t. [z,2] N B(y,r) # 0}.

We define the r-shadow covering number of 0X at scale p > 0 as the minimum
number of shadows of radius r casted by points at distance at least log  from z
with center = needed to cover 0.X. It is denoted by Shad-Cov, (90X, p). The upper
shadow dimension of 0X is defined as

Shad-D(0X) = lim sup log Shad_COYT (90X, p)
p—0 log 0

Taking the limit inferior instead of the limit superior we define the lower shadow
dimension, denoted by Shad-D(0X). We can see that if we do the change of variable
p=e"T we can write

— 1
Shad-D(8X) = limsup — log Shad-Cov,.(0X, e~ 7).
T—4o00 T

A priori the upper and the lower shadow dimension may depend on r, but we will
see it is not the case.

Lemma 4.3.1. Let X be a complete, convex, geodesically complete metric space
that is Py-packed at scale ro. Then

Cov(S(z,T),4r) < Shad-Covy,. (0X,e 1) < Cov(S(z,T),7)
forallz € X, T >0 andr > 0.

Proof. Let y1,...,yn be a subset of S(z,T) realizing Cov(S(z,T),r). Then any
geodesic ray starting at x passes through a closed ball of radius r and center some
of the y; and in particular it passes through the open ball of radius 27 and center y;.
In other words the boundary 0X is covered by the shadows Shad(y;, 2r), showing
the right inequality.

Now let yi,...,yn be a set realizing Shad-Covs.(0X,e~T). This means that
d(x,y;) > T for all ¢ and that any geodesic ray [z, z| passes through some open ball
of radius 2r and center y;. First of all it is possible to suppose y; € S(z,T"). Indeed
we consider the geodesic [z, y;] and we take the point y} at distance T from z. By
convexity of the metric it follows that also the shadows casted by v of radius 2r
and center x cover the boundary of X. So we suppose y; € S(x,T) and we want
to show that {y;} covers S(z,T) at scale 4r. We take y € S(z,T) and we extend
the geodesic [z,y] to a geodesic ray [z, z]. This ray passes through B(y;,2r) for
some i. Let y € [z, y] be a point such that d(y,y;) < 2r. Then d(y,y’) < 2r and so
d(y,y;) < 4r. This concludes the proof. O

As a consequence the covering entropy of X equals the shadow dimension of the
boundary of X.
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Proposition 4.3.2. Let X be a complete, convex, geodesically complete metric space
that is Py-packed at scale ry. Then

1 1
—log Shad-Cov,(0X,e™ ) = —1 T),7).
T og Shad-Cov, (90X, e )Po,ro,r T og Cov(S(x,T),1)

In particular the upper (resp. lower) shadow dimension of 0X does not depend on r
and equals the upper (resp. lower) covering entropy of X.

Proof. 1t follows directly from the previous lemma and Proposition O

4.3.2 Minkowski dimension

In case X is also §-hyperbolic the shadow dimension is equivalent to a modified
version of the Minkowski dimension. We recall that upper and lower Minkowski

dimension of X with respect to a visual metric D, , are respectively classically
defined as

MD log C 0X,
MDDI a (aX) == ].lm Sup Og OVDI,G:,I-( p)
| p—0 log 5

)

9

log Co 0X,
MD,, (8X) = liminf —2 Vle( )
e p—0 log -
where the covering is considered with respect to the metric D, 4. If we cover 0.X with
generalized visual balls we define the upper and lower visual Minkowski dimension as
—_ log Cov(0X, p)

MD(0X) = lim sup T , MD(0X) = lim inf log Cov(9X, p)

0 log : p—0 log %

respectively, where Cov(0X, p) denotes the minimal number of generalized visual

balls of radius p needed to cover X. Also in this case if we put p = e~7 we have

— 1
MD(9X) = lim sup — log Cov(dX, e~ 1),
T—+o00 T

and the analogous formula for the lower Minkowski dimension. The following result
follows directly from Lemma [2.3.3

Lemma 4.3.3. Let D, , be a visual metric of center x and parameter a. Then
MD(0X) =a- WDM(@X), MD(9X) =a-MDp,  (0X).

The next well-known lemma highlights the relation between the Gromov product of
two points of the boundary and the time until the corresponding geodesic rays stay
close. We recall that given z € 05X and z € X then £, denotes any geodesic ray
such that £,(0) =z and & = 2.

Lemma 4.3.4. Let X be a proper, §-hyperbolic metric space, z,2' € dgX and
x € X. Then

(a) if (2,2")y > T then d(&,(T —6),&(T —6)) < 49;
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(b) for allb >0, if d(&.(T),&(T)) < 20 then (2,2'), > T —b.

Proof. Assume (z,2'), > T and suppose d(&,(T — 9),&(T — 9)) > 46. We fix
S > T — ¢ and we consider the triangle A(z,,(S),£./(S)). We know there exist
a € [2,8(9)],b € [2,£4(5)],c € [£:(5),£~(S)] such that d(a,b) < 4, d(b,c) <
J, d(a,c) < ¢ and Ty := d(z,a) = d(z,b), d(&,(5),a) = d(&:(5),c), d(&.(5),b) =
d(&,(S), c). Since this triangle is 46-thin we conclude that T'— § > T5.

Moreover d(£.(S),&./(S)) = d(£.(S),c) + d(c,&.(S)) = 2(S — Ts). Hence

(2 2)e < liminf 28 — d(€.(5),6(S)) + 6 =Ts +5 < T

—+oc0 2
where we have used . This contradiction concludes the first part.
Now we assume d(&,(T),&.(T)) < 2b. Using d(£.(S), & (S)) < 2(S —T) + 2b for all
S > T we obtain, again by ,

() > iminf £ (28 — d(&.(5),6(5))) > T+

The shadows in a proper, é-hyperbolic metric space are defined as
Shad,(y,r) = {z € 9¢X s.t.[z,z] N B(y,r) # 0 for some [z, z]}.
If X is also convex clearly the two definitions of shadows coincide.

Lemma 4.3.5 (Shadow’s Lemma, [Sul79]). Let X be a proper, -hyperbolic metric
space. Let z € 0a X, x € X and T > 0. Then

B(z,e~T) C Shad, (¢, (T),76) C B(z,e”T77).

Proof. Let 2/ € B(z,e” 1), i.e. (z,2')s, > T. By the previous lemma we get
d(& (T — 6),&(T — 6)) < 46. So d(&(T,&.(T)) < 66 < 75. This implies 2/ €
Shad, (£,(T),76), showing the first containment.

Now we fix 2z’ € Shad,(¢,(T'), 79), which means that there exists a geodesic ray &, =
[x, 2] that passes through B(&,(T),75). Let TV > 0 such that d(&,/(T"),&.(T)) < 74.
Then it holds |7 — T'| < 7§ and so d(&./(T'),£.(T)) < 144. By the previous lemma
we get (2,2'), > T — 76 implying the second containment. O

As a corollary we get another characterization of the covering entropy of X in
case it is also d-hyperbolic.

Proposition 4.3.6. Let X be a complete, convex, geodesically complete, §-hyperbolic
metric space that is Py-packed at scale ro. Then

1 1
T log Cov(0X,e™T) PO?M T log Cov(S(z,T),ro).
In particular the upper (resp. lower) visual Minkowski dimension of 0X equals the
upper (resp. lower) covering entropy of X .

Proof. 1t follows directly from the previous lemma and Proposition [4.3.2 O

Putting together Proposition Proposition Proposition Proposi-
tion [4:3.6] Theorem [4.2.2] and Proposition [£.2.3] we get the proof of Theorem [G] and
Theorem [Hl
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Chapter 5

Quantitative Tits alternative

In this chapter we will prove Theorem

First remark that it is possible to assume ¢(a) = ¢(b) =: {. Indeed we can take
b = bab~! and (a, ') is still a discrete and non-elementary group, which moreover is
torsion-free if (a, b) was torsion-free. Futhermore £(0’) = ¢(a) and the length of b as
a word of a,b is 3.

The proof will then be divided into two cases: £ < 5 and £ > 5, where g9 = o(Fo, 70)
is the Margulis constant given by Corollary The proof in the first case does
not need the torsionless assumption and produces a true free subgroup; it heavily
draws, in this case, from techniques introduced in [DKLI§| and [BCGS17]. On the
other hand in the case where £ > % the proofs of the statements (a) and (b) diverge.
In this last case producing a free sub-semigroup is quite standard, while producing
a free subgroup is much more complicated and for this we need to properly modify
the argument of [DKL18] to use it in our context.

5.1 Proof of Theorem [J], case ¢ < 7.

We assume here that a,b are non-elliptic isometries with £(a)=L(b) = < % of a
complete, convex, geodesically complete, §-hyperbolic metric space X that is Py-packed
at scale ro and that the group {(a,b) is non-elementary and discrete. In particular a
and b are both parabolic or both hyperbolic.

In order to find a free subgroup in this case we will use a criterion which is the
generalization of Proposition 4.21 of [BCGS17] to non-elliptic isometries. Recall
that, given two isometries a, b € Isom(X), the Margulis constant of the couple (a,b)
is the number

— . . p q
L(a,b) xlg?{ (p,q)le%f;xz* {max{d(m, alx),d(z,b w)}}

Proposition 5.1.1. Let a,b be two non-elliptic isometries of X of the same type
such that {a,b) is discrete and non-elementary. If a,b satisfy

L(a,b) > max{¢(a),(b)} + 560
then (a,b) is a free group.
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The proof closely follows (mutatis mutandis) the proof of Proposition 4.21 [BCGS17];
we report it here in the case of parabolic isometries for the sake of clarity and
completeness; the case where one isometry is hyperbolic and the other one is
parabolic can be proved in a similar way but we do not need it for our purposes.
As a first step notice that we can control the Margulis constant L(a,b) by the
distance of the corresponding generalized Margulis domains:

Lemma 5.1.2. Let a,b two isometries of X and let L > 0:

(a) if d(Mp(a), M(b)) >0 then L(a,b) > L;

(b) conversely if L(a,b) > L then My (a) N Mg (b) = 0.

Proof. If d(Mp(a), M (b)) > 0 then My (a) N Mg (b) = 0. In particular for every
x € X and for all p,q € Z* we have d(x,aPx) > L or d(x,b%x) > L. Taking the
infimum over x € X we get L(a,b) > L, proving (a).

Suppose now L(a,b) > L and Mp(a) N Mp(b) # 0. Take x in the intersection.
In particular Vn > 0 there exist z,, € Mp(a), y, € Mp(b) such that for some
(P> an) € 2" X Z°

d(z,zy) <mn, d(z,yn) <mn, d(zy,aPz,) < L, d(yn, b™yy) < L.

By the triangle inequality we get d(x,aPrx),d(z,b%x) < L + 2n. As this is true for
every n > 0 we get L(a,b) < L. This contradiction proves (b). O

Proof of Proposition[5.1.1. We will assume that a,b are parabolic isometries, the
hyperbolic case being covered in [BCGS17]. The aim is to show that there exists
x € X such that

d(aPz,blz) > max{d(x,alx),d(xz,bix)} + 20 V(p,q) € Z* x Z*; (31)

this will imply that a and b are in Schottky position by Proposition 4.6 of [BCGS17],
so the group (a,b) is free.

With this in mind, choose Ly and 0 < ¢ < § with L(a,b) > Ly > 560 + 2¢, and
set {op = 0 + . Since L(a,b) > Ly then My, (a) N My, (b) = by Lemma
Moreover the two Margulis domains are non-empty since Ly > 0.

Now fix points z9 € My, (a) and yo € My, (b) which §-almost realize the distance
between the two generalized Margulis domains, that is:

d(zo,y) > d(zo,y0) — = Wy € M, (D)

2
€
d(yo,z) > d(yo,xo) — 3 Vo e My, (a).
Then we can find a point x € [xg, yp] such that:
d(xz,aPz) > Lo and d(x,blz) > Ly V(p,q) € Z* X Z*. (32)

Indeed the sets My, (a) and My, (b) are non-empty, closed and disjoint; moreover
the former contains xg and the latter contains 3. Then their union cannot cover
the whole geodesic segment [zg, yo]. Any = on this segment which does not belong
to Mr,(a) UMy, (b) satisfies our requests. As zo and aPzy belong to M, (a) and
z € X\ Mp,(a) we deduce by Lemma that




5.1 Proof of Theorem case { < %" 103

d(z, x0) > d(z, My, (a)) — % > Lo = b _ % >275 VpeZ' (33)
(notice that x € [xo,y0] and x¢ is a §-almost projection of yy on M, (a)) and the
same is true for d(z,aPxg).

Now choose points u € [z, aPz], v’ € [z, aPxo] and u” € [z, 0] at distance 116 from
z (notice that this is possible as d(z,aPz) > Lo > 568 and by (33))). Consider
the approximating tripod fz : A(x, zo, a’zg) — A and the preimage ¢ € fgl(é) N
[0, aPxg] of its center ¢. By Lemma we deduce that d(c, M;,(a)) < 126 and

then, by and Lemma that
(aPxo,x0)y > d(x,c) — 48 > d(x, My, (a)) — 165 > 116 = d(x,u’) = d(z,u").

So fx(u')=fx(u") and, by the thinness of A(z,zo, aPzg), we get d(u’,u”)<44. Since
d(x,aPx) > Lo and d(z,aPzg) > d(aPz,aPxo) we immediately deduce

1
(aPxg,dPz), > §L0 > d(u,z) =d(u, ).

So, again by thinness of the triangle A(x, aPxg, aPx), we have d(u,u’) < 4. Therefore
d(u,u”) < 85. One analogously proves that choosing v € [z, b%z], v' € [z, blyg] and
v" € [z, y0] at distance 11§ from x we have d(v,v”) < 84.

Therefore (as = belongs to the geodesic segment [xg, yo]) we deduce that

d(u,v) > d(u”, z) + d(z,v") — d(u,u") — d(v,v") > 66.

Comparing with the tripod A’ which approximates the triangle A(a?z, z, b%z), we
deduce by the 46-thinness that fz,(u) # fa/(v). It follows that

(aPx, b))y < d(xz,u) = d(z,v) = 116.
One then computes:
d(aPz,blz) = d(aPz, x) + d(x,b%x) — 2(aPx,blx),
> max{d(a’z,x),d(z,b%r)} + min{d(a’z, z),d(x,b%z)} — 220
> max{d(aPx,z),d(x,b%z)} + Lo — 226

which implies , by definition of Ly. ]

We continue the proof of Theorem |J|in the case £(a) = £(b) = £ < .
Set b; = b’ab™". Then ¢(b;) = ¢ for all i and b; is of the same type of a, in particular
it is non-elliptic. Moreover for any i # j the group (b;, b;) is discrete (as a subgroup
of a discrete group) and non-elementary.
Indeed otherwise there would exist a subset F' C 90X fixed by both b;,b;, so
b'Fixp(a) = Fixg(blab™") = F = Fixp(bab™7) = b'Fixp(a). This implies that
b=I(F) = F, hence F C Fixy(b) and, as these sets have the same cardinality, they
coincide. Therefore we deduce that Fixg(a) = b~(F) = Fixy(b), which means that
the group (a, b) is elementary, a contradiction.
Since for any i # j the group (b;, b;) is discrete and non-elementary, then by definition
of the Margulis constant g we have

Mao (bz} N Mso (bj) = 0.
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(otherwise there would exist a point 2 € X and powers k, h such that d(z,bfz) < ¢g
and d(z, b?x) < g9, and (b}, b;l) would be virtually nilpotent, hence elementary; but
we have just seen that this implies that (a, b) is elementary, a contradiction). Moreover
each Margulis domain M., (b;) is non-empty, since we assumed ¢ = £(b;) < <.
We now need the following

Lemma 5.1.3. Let B the set of all the conjugates b; = blab™", for i € Z. For any
fized L > 0 the cardinality of every subset S of B such that

d(Me, (bih)7M€0 (blk)) <L Vi, by, € S

1s bounded from above by a constant My only depending on Py, rg,d and L.

Proof. Let S = {b;,,---,bi,,} C B satisfying d(Mq,(bi,), M, (b)) < L for all
bi,, b, € S. Fix n > 0 and consider the closed (% + n)-neighbourhoods of the
generalized Margulis domains By = B(M,, (bik),% +n), for b, € S. Since the
domains are starlike then By is 20-quasiconvex for all £ by Lemma Moreover
By, N By, # 0 for every h, k. Indeed chosen points x;, € M., (b;,) and x;, € M., (bi,)
which 2n-almost realize the distance between these domains then the midpoint of the
geodesic segment [z;, ,x;, | is in By, N By. Therefore we can apply Helly’s Theorem
(Proposition to find a point x( at distance at most 4199 from each By. So

L
d(xo,/\/lso(bik))§R0=4195+§+7I, fork=1,..., M.

Notice that xy belongs at most to one of the domains M. (b;, ), since they are
pairwise disjoint. So for each of the remaining M — 1 domains we can find points
z, € Mgy (bi,) N B(zo, Ry + 1) and py, € Z* such that d(mk,bf:xk) = ¢g. For this
consider any z}, € Mg, (b, ) N B(xzg, Ry + n): by definition there exists p, € Z* such
that d(x%,bf:xz) < gp. On the other hand d(x, f;’“:no) > gq since zg ¢ Mg, (bi,)-
Then, by continuity of the displacement function of the isometry b” :, we can find a
point zj, along the geodesic segment [z, }] such that d(xy, bl ") = €o precisely.
Remark that z € B(zo, Ro + n) as it belongs to the geodesic [zg, x}].

Now, since £(b;,) < % for all k, we can apply Proposition and get

d (w1, Meg (b)) < K

for some K depending only on Py, rg,d and &g, so (by Corollary [2.6.2)) ultimately
only on Py, rg and 4.
So for each k£ we have some point y; € X such that

for some q;, € Z*. Set Ry = Ry +n+ K +n, so that y, € B(xzg, R1). We remark now
that the ball B(yy, %) is contained in M., (b;,): indeed for every z € B(yg, ) it
holds

d(z,bif2) < d(2,yx) + d(yg, bFyr) + d(bFyr, bif 2) < eo.

k

Finally we set Ry = R1 + %: then we have B(yy, %) C B(xo, R2) for all k. All the
balls B(y, %) are pairwise disjoint, so the points y;, are $-separated. Hence the



5.2 Proof of Theorem case { > %" 105

cardinality M of the set S satisfies M < 1+ Pack (Ro, %0) =: My, which is a number
depending only on Py, rg, 6, L and n by Proposition [2.4.4] Taking for instance the
constant My obtained for n = 1, we get the announced bound. O

To conclude the proof of the theorem in this case we will apply the previous
lemma for an appropriate value of L. By Proposition [2.5.6] we get

sup d(ZL', M€0 (bl)) < KO(P()? To, 57 60) = K(,)(P()a To, 5)7
TEMe(y565(bi)

where again Corollary bounds the value of ¢y in terms of Py and ryg.
We set L = 2K(, and apply Lemma so there exist i, j < My(Py, ro,d) such that

d(MEO (bl)7 Me, (bj)) > 2I((/)'

In particular
d(Mcy1566(bi), Mey1565(bj)) > 0.

(otherwise we would find z; € M, 1565(b;) and z; € Mg y565(bj) at arbitrarily
small distance; but there exists also points y; € M, (b;) and y; € M, (b;) with
d(z,y;) < K{ and d(x;,y;) < K, which would yield d(M.,(b;), Mc,(b;)) < 2K}, a
contradiction).

Applying b~ we deduce that d(Me,s565(a), Mey1565("*ab™7)) > 0. This implies,
by Lemma, that

L(a, b/ "ab"™) > go + 560 > max{l(a), L(H"""ab"7)} + 560.

By Proposition we then deduce that the subgroup generated by a and w =
b ~tab’~J is free. Remark that the length of w is bounded above by 3Mj that is a
function depending only on Py, o and 6.

5.2 Proof of Theorem [J|, case ¢ > <.

We assume here that a,b are two isometries satisfying {(a) = £(b) = £ > = of
a complete, convex, geodesically complete, d-hyperbolic metric space X that is Py-
packed at scale ro and the group {(a,b) is non-elementary and discrete. In this case
a and b are necessarily hyperbolic.

The proof of assertion (a) in Theoremin this case stems directly from Proposition 4.9
of [BCGS17] (free sub-semigroup theorem for isometries with minimal displacement
bounded below), since Corollary bounds ¢g in terms of Py and ry. So we
will focus here on the proof of assertion (b), therefore assuming moreover (a,b)
torsionless.

Consider the closed, minimal displacement subsets Min(a), Min(b) of a,b. Then the
proof of assertion (b) of Theorem [J| will break down into three subcases according
to the value of the distance dy = d(Min(a), Min(b)) between the minimal sets: the
case where dy < 1%00, the case %00 < dp < 300 and the case dg > 300. In all cases we
will use a ping-pong argument which we will explain in the next subsection.
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5.2.1 Ping-pong
The aim of this subsection is to prove the following:

Proposition 5.2.1. Let X be a proper, convex, §-hyperbolic space and let a,b be
two hyperbolic isometries of X with minimal displacement €(a) = £(b) = {. Let o, 3
be two axis for a and b respectively satisfying da N OB = 0. Finally let x_, x4 be
respectively projections of 37, BT on a and suppose that x follows x_ along the
(oriented) geodesic ov. Assume d(z_,x1) < Mg: then the group (a™,bN) is free for
any N > (Mo + 776)/¢.

For any = € o and any T > 0 we will denote for short by T the points along
« at distance T' from x according to the orientation of «; we will use the analogous
notation y £ 7" for the points on 3 such that d(y,y £ 7) = T. By assumption we
have x4 = x_ + Ty for some Ty > 0.
Finally for T > 0 we define T-neighbourhoods of at and o~ as:

AL(T)={ze X st. d(z,z4 +T) < d(z,x4)}

A(T)={z€ X st. d(z,o— —T) < d(z,2_)} (34)

and their analogues By (T) = {z € X s.t. d(z,y+ £ T) < d(z,y+)} for 3.
The proof will stem from a series of technical lemmas.

Lemma 5.2.2. For any T > 2t > 0 one has:

Ap(T) c{z e X | (aF,2)a, >t}

T4
A_(T)C{ze X |(a,2),_ >t}

Analogously, BL(T) C {z € X | (B*,2)y, >t} for T >2t > 0.

Proof. Let z € A (T), ie. d(z,24+ +T) < d(z,z4). For any S > T we have

dz,z4 +8) <d(z,24 +T)+ (S —T) < d(z,z4)+ (S —T).
Hence

(@, 2)z, > liminf % [d(z,24)+ S — (d(z,24)+ S —T)] == >t.

S——+o0

2| N

The proof for By (T) is analogous. O
Lemma 5.2.3. For any T > 2t + 85 one has:
Bi(T) C{z€ X | (8%, 2)0s >t}
Proof. Let z € By (T), i.e. d(z,y+) > d(z,y+ + T). We have, again, VS > T,
d(z,y4 +5) <d(z,y1 +T)+ (S =T) <d(z,y1) + (S =T).

Since y4 is also a projection of x4 on the geodesic segment [y, y+ + S|, by Lemma
it holds (y4,y+ + S)z, = d(x4,y+) — 40. Expanding the Gromov product we
get

d(@y,y+ +8) = d(zy,y4) +.5 - 86.
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Therefore
2(2, 8 )ay 2 lim inf [d(z4, 2) + d(z4,y4 +5) — d(2,y4 + 5)]
> lyminf [d(rs, ) + d(a+,p4) + S — 85— d(z,y3) — (5~ 7))
> T — 85 > 2t.
The proof for B_(T) is the same. O

Lemma 5.2.4. For any z € X it holds:
+)Z)x_ Z (aivz)x+ - 67 (Oé+,ﬂ_)x_ 2 (a+aﬁ_)x+
(@ ,2)z, 2 (@%,2)s. =0, (a7, 8M)a, 2 (a7, 87)s -0

Proof. We have (a,2), > liminfg (24 + S,2);_. On the other hand for any
S >0 we get (as x4 follows z_ along «):

2y +S,2). =d(xy + S,z_)+d(x_,z) —d(xL + S, 2)
=dxy, x4 +5)+d(ry,2-)+dx_,z) —d(zy + 5, 2)
>d(xy, x4+ 85)+d(z,zy) —d(zy + 5, 2)
=2(x4 +5,2)a,

So, by (17), we get (a*,2),_ > liminfs i oo(zs + S, 2)e, > (aF,2)z, — . Taking
any sequence z, converging to S~ then proves the second formula. The proof for
(a™,2)g, and (o, BT),, is analogous. O

Lemma 5.2.5. For any u € X it holds:
(6+,U)$7 2 (B+7u>1‘+ - 1357 </8_7u)$+ Z (/8_7u)$7 - 135

Proof. Take a sequence (y;) defining S and let z; be a projection of y; on a. By
Remark [2.3.7] we know that, up to a subsequence, the sequence z; converges to oo
which is a projection on a of 8*. So d(7s,xy) < 10§ by Lemma For any
e > 0 and for every i large enough, by Lemma [2.3.5] we have

d(yi,z—) > d(yi, x;) + d(zi, x—) — 85 > d(yi, v4) + d(v4,x—) — 240 — €.

Therefore we get

2087, u)p_ > hm+1nf [d(z—,u)+d(z_,yi) — d(u,y;)]
1—+00
> hminf ld(z—,u) +d(xy,yi) + d(x—, z4) — 245 — d(u, y;)]
1—r+00

> hmlnf [d(z4,y:) + d(z+,u) — d(u,y;) — 246]
> 2(8, u),, — 266.
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Lemma 5.2.6. We have:
(@, M), <136, (a™,B7)s, <136,
(@, B ). <136, (a™,B87 ), <135

Proof. Take a sequence (y;) defining 8 and call x; a projection of y; on a. As
before, x; converges, up to a subsequence, to a projection zo, of 3 on a and
d(Zoo,r4) < 100. For any € > 0, for any S > 0 and for every ¢ large enough, by
Lemma [2:3.5] we have

d(yi, x4 £5) > d(yi, x;) + d(z, x4 £ 5) — 86

>d
> d(yi,x4) +d(x4,xqy £5) — 246 — e
Therefore we get

2(at, f)a, < lgmlff [d(2z4, x448) + d(xy,yi) — (@145, y:)] + 20 < 260.
Ty —>
The same computation with —S instead of S proves the second inequality. The
inequalities involving S~ are proved in the same way. O

Lemma 5.2.7. The subsets Ay (T), A_(T'), BL(T') and B_(T') are pairwise disjoint
for T > 644.

Proof. Fix some t > 285. We claim that the subsets A (T),A_(T), B4+(T) and
B_(T) are pairwise disjoint provided that T" > 2t + 85 > 646. We first prove
that AL(T)NA_(T) =0. If z € A (T)N A_(T) then (o, 2),, >t > 285 and
(™, 2)z_ >t > 285 by Lemma Then by Lemma we have (o™, 2),, > 276.
Thus we obtain a contradiction since

§> (a0 )y, >min{(at,2),,, (a7,2)s, } — 6 > 276.

Let us prove now that A, (T)N B (T)=0. If z € A+( )N BL(T) then we have
(a™,2)z, > 280 and (BT, 2),, > 285 by Lemma and Lemma We then
obtain again a contradiction by Lemma as

136 > (at, 81z, > min{(a™,2)s,, (B, 2)s, } — 6 > 276.

We now prove that A (T) N B_(T) = 0. Actually if z € A(T ) ﬂ B (T) then
(a®,2)z, > 280 and (87,2),_ > 286 by Lemma and Lemma Moreover
by Lemma [5.2.5 we have (87, 2), > 150 and combmmg Lemma Wlth Lemma
5.2.4) we deduce that (7,a"),, < (7,a7),; +3d < 144, So we again get a
contradiction since

146 > (at, 87 )z, > min{(a™,2)s,, (B, 2)s, } — 6 > 144.

The proof of B4(T) N B_(T) = () can be done as for Ay(T) N A_(T) = 0, using
Lemma The remaining cases can be proved similarly. O

We are now in position to prove Proposition [5.2.1
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Proof of Proposition|5.2.1. We define the sets:

Ay ={ze X st. d(z,a¥z_) < d(z,z,)},
A-={ze X st d(z,aNoy) <d(z,z_)}

and their analogues By = {2 € X s.t. d(z,bNyz) < d(z,y+)} for b.

By assumption we have d(z_,aVz_) = Nl(a) > d(x_,x,) + 656.

In particular Ay C A4 (650) as defined in , as follows directly from the convexity
of the distance function from the geodesic line « using the fact that z + 456 is
between z4 and a™¥x_ (according to the chosen orientation of o), and A_ C A_(656).
Moreover we have d(y_,y+) < d(x_,z4+) + 120 by Lemma and we can prove
in the same way that By C B4 (65J) and B_ C B_(656).

Then by Proposition the sets Ay, A_, B, B_ are pairwise disjoint. We will
prove now the following relations:

aV(X\A-) C Ay, o M(X\Ap) C A,
W(X\B.)C By, bY(X\B;)CB_

Indeed if z € X \ A_ then d(z,a Nx,) > d(z,2_); applying a”V to both sides we
get d(aVNz,zy) > d(aNz,aVz_), i.e. a¥u € Ay. The other relations are proved in
the same way. As a consequence we have, for all £ € N*,

aFN(X\NA)C AL, a"N(X\A)CA,

VWN(X\B.)CB,, b *N(X\By)CB_.

It is then standard to deduce by a ping-pong argument that the group generated by
a™ and b is free. Actually no nontrivial reduced word w in {aV, bV} can represent
the identity, since it sends any point of X \ (A+ UA_UB;UB_) into the complement
Ay UA_UB, UB_ (notice that the former set is non-empty, as X is connected). [

5.2.2 Proof of Theorem [J}(b) when d(Min(a), Min(b)) < £

74°

Recall that we are assuming a,b isometries with {(a) = £(b) = £ > 5.

Let zp € Min(a),yo € Min(b) be points with d(x,y0) = d(Min(a), Min(b)). More-
over we choose oriented geodesics a C Min(a), 5 € Min(b) with boundary points
ot =a*, BT = b*, and with (0) = z¢, B(0) = yo respectively (all these properties
of the minimal set of an hyperbolic isometry in a convex metric space are well known
and proved, for instance, in [Pap05]). In particular d(«, 5) = d(xo,y0). Finally
denote by m, and mg the projection maps on « and 8 respectively, and call z+ the
projections of % on a. As in subsection up to replacing b with b~ we can
assume that z follows z_ along «.

Let now [z_, z¢] be the set of points of « at distance d = §% < %E from 5. It is a
nonempty, finite geodesic segment since the metric space is convex and da N 9B = ()
(the group (a,b) being non-elementary). Clearly it holds:

d(z,,ﬂ) = d(ZJra ﬁ) =d.
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Call 2L the length of [z_,z;]. The following estimate of this length is due to
Dey-Kapovich-Liu: since the proof is scattered in different papers (it appears in the
discussion after Lemma 4.5 in [DKL18], using an argument of [Kap01] for trees), we
consider worth to recall it for completeness:

Proposition 5.2.8. With the notations above it holds: 2L < 5¢.

For 0 < T < L let of denote the central segment of [z_,2,] of length 2T (so
ot =[z_,zy]). Then:

Lemma 5.2.9. For any z € o"~* we have that either

d(rg(az), ma(ba)) < 2d and d(mg(a ' x),mg(b " z)) < 2d (35)

d(mg(ax),ms(b"'2)) <2d and d(msla 'z),ms(bz)) < 2d. (36)

Moreover the conditions and @ cannot hold together, and one of the two hold

on the whole interval o=,

Proof. By assumption, as £(a) = ¢, the points a*!'z belong to o, Then, by definition
of al', we have d(mg(x),z) < d and d(rg(a*'x),a*'z) < d. Therefore:

d(ms(a), ms(a*'2)) — €(a)] < 2d.

As (), ms(atx) belong to B and b translates mg(z) along B precisely by ¢ =
0(b) = £(a), it follows that there exists 7,7" € {1,—1} such that

d(mg(ax), mg(b"x)) = d(mg(ax),b"mg(x)) < 2d,

d(ms(a™ z), m5(b7 ) < 2d.

Moreover, since d(mg(ax),mz(a"'x)) > 2¢ — 2d, the above relations cannot hold

together with 7 = 7/ when 2¢ — 2d > 4d. Therefore for our choice of d < %E we have
7/ = —7 and the first part of the statement is proved.

Since d(mg(bx), mg(b~1x)) = 2¢ > 4d, the relations and cannot hold at the
same time. Finally the last assertion follows from the connectedness of the interval
al=t, O

Lemma 5.2.10. Let n > 0 and x € B(a*~%n). Then either
d(bz, 7o (azx)) <3n+6d and db 'z, me(a"'2)) < 3n+6d (37)

or
d(b ™'z, mo(ax)) < 3n+6d and d(br,m.(a"'z)) < 3n+6d (38)

Moreover the first (resp. second) condition occurs if and only if the first (resp.
second) condition in Lemma holds.

Proof. We fix x € X such that d(z,a” %) < n. Since every point of a’~* is at
distance at most d from  then d(z,m5(x)) < n+ d. We assume that holds and
we prove the first one in , the other cases being similar. We have:

d(bx, mo(ax)) < d(bx, m5(bx)) + d(mg(bx), m5(ma(ax))) + d(mg(mal(ax)), ma(ax)).
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The first term equals d(x,mg(x)) < 1+ d. We observe that from the choice of L — ¢
we have 7, (az) € o, so the third term is smaller than or equal to d. For the second
term we have

d(mp(bx), ms(ma(ax))) < d(mp(ber), mp(bma(2))) + d(ms(bma (@), m5(ama(2)))

<d
< d(mp (), @) + d(x, mp(7a(2))) + 2d < 21 + 4d.

where we used to estimate the term d(mg(bmq(x)), mg(amq(x))).

In conclusion d(bz, m(ax)) < 3n + 6d. O

Lemma 5.2.11. If 2L > 5( then for any commutator g of {a™',b*'} and any
z € o> we have d(z, gz) < 36d.

Proof. We give the proof for [a,b] = aba=1b~!, the other cases are similar. Assume
that (37) holds. We have d(b~'z,a~'x) < 6d by Lemma|5.2.10, Calling 2’ = a~'b~ !z,
we have

d([a, bz, z)=d(bx,a  z) < d(bx', 7o (b 2))+d(ma (b x),a 1 x). (39)

By the second inequality in we have d(2/,a) = d(b~'z,a) < 6d; hence applying
the first one in to 2’ yields d(ba’, mo(b~1x)) < 24d. The second term in is
less than or equal to

d(ma (b7 z), b7 z) + d(b~ e, a7 x) < 2d(b7 1z, a7 lz) < 12d.

So d([a,b]z,x) < 36d. The proof in case holds is analogous. O

Proof of Proposition[5.2.8 1f 2L > 5¢ then by Lemma there exists a point
z € /5 which is displaced by all the commutators of a*!, b*! by less than 36d < «.
In particular [a*!,b™!] and [a*!, bT!] belong to the same elementary group. This
in turns implies that (a,b) is elementary. Indeed if one commutator is the identity
then (a,b) is abelian, hence elementary. If the commutators are all different from
the identity then they do not have finite order (since (a,b) is assumed to be torsion-
free); so, as they belong to the same elementary group, there exists a subset
F C 0X made of one or two points that is fixed by all the commutators. But
since a~![a,bla = [b,a"!] and b~1[a,b]b = [b~!, a] we deduce that a~!(F) = F and
b=!'(F) = F. Therefore F is invariant for both @ and b, hence {(a,b) should be
elementary. This contradiction concludes the proof. O

Let now = € [z_,24] be any point whose distance from 3 is at most 2§. It
exists by assumption on the distance between the geodesics a and 5. Now the
distance function dg(-) = d(-, B) is convex with dg(z) < 2§ and dg(2+) = d = 5.
Furthermore by Proposition [2.3.10| the value of dg at x4 and at x_ does not exceed
M = max{496, £§ 4+ 190}. Therefore by convexity we deduce

dg(z4) — dg(x) d(z. TAM
do(zy) —ds(z) W)=

and the same estimate holds for d(z,z_). Thus:

d(l’,l’+) < 'd(xaer)
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0 4]
d(x_,z4) < T4max {497 19— + 1} - 2L =: My
€0 €0

As 2L < 5¢ we conclude the proof in this case using Proposition Recall that
l(a) =€ > %2, so it is enough to choose

N = {364915 + 1-‘
€0

which is bounded from above by a function depending only on Py, rg and 6.

5.2.3 Proof of Theorem (b) when =% < d(Min(a), Min(b)) < 304.

Recall that we are assuming a,b isometries with {(a) = £(b) = £ > 5.

We use the same notations as in a C Min(a) and g C Min(b) are oriented
geodesics invariant under the action of a, b respectively, with a* = a*, g+ = b*,
a(0) = zo, B(0) = yo and d(a, f) = d(x0,y0) = d(Min(a), Min(b)). Finally the
points x4, z_ are respectively projections of 37, 3~ on «, and z follows z_ along
Q.

The strategy here is to use the packing assumption to reduce the proof to the
previous subcase. For this we set

€0
P := Pack| 60§, — 1.
ac ( ’148>+

By assumption d(zo,yo) = d(zo, 3) < 306. We define [z_, z4] as the (non-empty)
subsegment of a of points whose distance from [ is at most 605. Moreover let
w_ and wy be some projections of z_ and zy on 3, respectively. There are two
possibilities: d(w_,w4) > 2P{ or the opposite.

Assume that we are in the first case. Let w be the midpoint of the segment [w_, w].
For every i = 1,..., P we consider the isometry b’. Then:

d(b'z_, ) = d(z_, 8) = 605, d(b'zy,B) = d(z1,B) = 605.

Notice that the points w? = b'w_ and wi = b'w, are respectively projections of
b'z_ and b'z4 on B. So d(w_,w") =1-¢ < P-{ < d(w_,w). In particular w®
belongs to the segment [w_,w] for all 1 < ¢ < P. Hence w belongs to the segment
[wi_,wi]. Since the distance from b‘a of w® and wi is < 600 then, by convexity,
we get d(w, b’a) < 609. Hence there exists a point z; € b'a such that d(z;, w) < 600.
If the distance between any two of these points z; was greater than =% then the
subset S = {21, -+, zp} would be a ={-separated subset of B(w,600), but this is in
contrast with the definition of P. So there must be two different indices 1 <i,j < P
such that d(z;, z;) < 5. Therefore

d(Min(a), Min(b "iab™7)) = d(Min(b'ab~"), Min(bab™7)) < %.
Now the group (a, b ~*ab’~7) is clearly again discrete, non-elementary and torsion-
free. Thus, from the proof of Theorem [J]in the case where the minimal sets have
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distance < =§ given in Subsection we deduce that there exists an integer
N(Py,70,0) such that the group (a¥, (W ""ab’~7)V) is free. Remark that the length
of (B"~tabi=7)N as a word in {a,b}, is at most 3PN, and this number is bounded
above in terms of Py, rg and §.

Assume now that we are in the case where d(w_,wy) < 2P{. Then:
d(z_,zy) < 2PC+ 1200.

Starting from this inequality we want to bound the distance between the projections
x_,z, of 7 and BT on «, in order to apply Proposition We look again
at the distance dg from : we know that dg(xo) < 300 and dg(z—) = dg(z4) =
608. Moreover d(zg,z4+) < d(z—, 24) < 2P{+ 1206. By Proposition [2.3.10](c) we
know that dg(zy) < max{496,199 + d(a, )} = 495. Then we can conclude that
d(zo,z4) < d(zo,24) < 2PC+ 1204, by convexity of the function dg. The same
estimate holds for z_, so

d(x_,xy) < 4PL+ 2400 =: M.

We can therefore conclude, by Proposition that the group (a'v,b") is free for
any N > 4P + 3176 /¢. Again we remark that N can be bounded from above by a
function depending only on Py, rg and 6.

5.2.4 Proof of Theorem [J.(b) when d(Min(a), Min(b)) > 304.

Recall that we are always assuming a,b isometries with {(a) = £(b) = £ > .

We use the same notations as in a C Min(a) and 8 C Min(b) are oriented
geodesics invariant under the action of a, b respectively, with a* = a*, g+ = b*,
a(0) = zg, B(0) = yo and d(a, f) = d(x0,y0) = d(Min(a), Min(b)). Finally the
points x,z_ are respectively projections of 37, 3~ on «, and z follows z_ along
a. By Remark the points x_,z, can be chosen in this way: for any time
t > 0 we denote by x; a projection on « of 3(t). The limit point of a convergent
subsequence of (), for t — 400, defines a projection x4 of 3% on a. The point z_
can be similarly chosen as the limit point of a convergent subsequence of (z;) for
t — —oo. By Proposition [2.3.10}(b) we have d(z, z) < 96 for any ¢, € R and this
implies that d(x_,zy) < 95. We can then apply again Proposition to conclude
that the group (a”,b") is free for N > 86%, and the least NV with this property can
be bounded as before by a function depending only on Py, g and 6.
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Chapter 6

Applications of the Tits
Alternative

In this chapter we will always assume that X is a complete, convex, geodesically
complete, d-hyperbolic metric space that is Py-packed at scale rg. We will see several
applications of the Quantitive Tits Alternative, as Theorem [K] Theorem [[ Theorem
and the description of the thin components. Other consequences will be studied

in Chapter

6.1 Lower bound for the entropy

We prove here the universal lower bounds for the entropy of any complete, convex,
geodesically complete, d-hyperbolic metric space X that is Py-packed at scale rg and
for the algebraic entropy of any finitely generated, non-elementary discrete group
acting on X.

Recall that we defined in Section the nilpotence radius of I" at = as

nilrad(I", z) = sup{r > 0 s.t. I';(z) is virtually nilpotent}
and the nilradius of the action as nilrad(I', X') = inf, ¢ x nilrad(T", x).

Theorem 6.1.1. Let X be a complete, convezx, geodesically complete, d-hyperbolic
metric space that is Py-packed at scale ro. Assume that X admits a non-elementary,
discrete group of isometries I'. Then:

(a) EntAlg(T") > C,
(b) hcoy(X) > Cp - nilrad(T, X) 71,
where Cy = Cy(Py, 10,0) is a constant depending only on Py,ro and 6.

Proof. We fix any symmetric, finite generating set .S of I'. Clearly there exist a,b € S
such that (a,b) is non-elementary, or I' would be elementary. So, by Theorem [J}(a),
there exists a free semigroup (v, w)* where v, w € SV, with N depending on Py, r, d.
In particular card(S*V) > 2* for all k, so Ent(T, S) > 101%2 = (. Since this holds
for any S, this proves (a). In order to show (b) notice that, if 1y = nilrad(I", X),
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there exist a point x € X and g¢1,92 € I' generating a non-virtually nilpotent
subgroup such that max{¢(g1),¢(g2)} < vp. Since X is packed the subgroup (g1, g2)
is non-elementary by Corollary so we can apply Theorem (a) and deduce the
existence of a free semigroup (v, w)™ where v,w € SV, for N = N(Py,79,0). Let
s > 0 such that sys®(I',x) > s. Observe that the points of (g1, g2)x are all distinct
and s-separated. So we can apply Proposition to conclude that

1

hooy(X) > lim inf 7 log #((g91,92) N B(x,T)).

As card((g1, g2)x N B(z,kNvp)) > 2%, we have hooy(X) > 1]%3 =Co-1y O

6.2 Systolic estimates

Recall that we defined in Section the minimal free displacement sys®(I',z) at
z as the infimum of d(z, gx) when ¢ runs over the subset I' \ I'* of the torsionless
elements of I', and the free systole of the action as

sys®(I, X) = xlg)f( sys®(T, ).

Corollary 6.2.1. Let X be a complete, convex, geodesically complete, §-hyperbolic
metric space that is Py-packed at scale rq. Then for any non-elementary discrete
group of isometries I' of X it holds:

1 .
syso(l“, l’) > min {60, He—Honllrad(F,z)} (40)
0

where Hy = Hy(Po,10,9) is a constant depending only on Py, ¢ and §.

The proof is a modification of the proof of Theorem 6.20 of [BCGS17]. We will

use also I(Jemn)la and in particular the fact that the I'-entropy of X is at most

log 14+ Py

By = og(+F)
0

Proof of Corollary[6.2.1] Suppose that sys®(T,z) < eo: then we can choose a non-
elliptic element a € T' such that d(z,ax) = sys®(I",z) < nilrad(T",z). Indeed the
infimum in the definition of sys®(T', ) is attained since the action is discrete and
nilrad(T", z) > ¢ by definition of gy. If nilrad(I",z) = +oo there is nothing to
prove. Otherwise we fix any arbitrary ¢ > 0 and set R = (1 + ¢) - nilrad(T", z). By
definition I'g(x) is not virtually nilpotent and contains a. This implies that there
exists b € I'r(z) such that d(x,bz) < R and (a, b) is not elementary. Indeed I'p(z)
is finitely generated by some by, ..., b with d(x,b;x) < R for alli =1,...,k (since
I is discrete); if (a,b;) was elementary for all ¢ then each b; would belong to the
maximal, elementary subgroup containing g (Lemma [2.6.3]), hence I'g(x) would be
elementary and virtually nilpotent (by Corollary , a contradiction. We can
therefore apply Theorem [J| and infer that the semigroup (a™,w)™" is free, where w
is a word on a and b of length at most N = N (P, 19,0) and 7 € {£1}. We now use
Lemma 6.22.(ii) of [BCGS17] to deduce that

hr(X) - min {d(x, aTNac), d(z, wﬂz)} > ¢~hr(X)max{d(z,a™2),d(@wx)}



6.2 Systolic estimates 117

As d(z,wz) < NR and d(x,a™z) < N -sys®(T',z) < N - nilrad(T', z), this implies,
by the estimate on hr(X) and by the arbitrariness of €, that

EON . SySQ(F, x) > e—E()N-nih”ad(F,x)'
The conclusion follows by setting Hy = Ey - V. O

We define the upper nilradius of I' acting on X as the supremum over the eg-thin
subset of X
nilrad™ (', X) = sup nilrad(T, z)
J?EXSO
where g = g¢(Py, ro) always denotes the generalized Margulis constant. By conven-
tion we set nilrad™(T', X) = —oco if X, = 0. The upper nilradius can be infinite.
For instance we have:

Example 6.2.2. Let X be a complete, convex, geodesically complete, d-hyperbolic
metric space that is Py-packed at scale ro. Let I' be a discrete group of isometries of
X containing a parabolic element: then sup,c y, nilrad(I', ) = 400 for all 7 > 0.
Actually let g be a parabolic element of I', in particular £(g) = 0. We take a sequence
of points z,, € X such that d(zn, gz,) < 1. Thus sys®(I',z,) < 1. So for any fixed
r > 0 we have points z;, such that sys®(I', x,,) < r and the nilpotence radius at x is
larger and larger by Corollary [6.2.1]

By taking in the supremum over all z € X, we deduce the formula

1 .
SySO(X, F) Z mln {60, He—H0~nllrad+(F,X)} (41)
0

which proves in particular Theorem [[] when I is torsionless.

Clearly if T is a cocompact group one has nilrad™(I", X') < 2 - Diam(T'\ X). However
there are many non-cocompact examples where the upper nilradius is finite and the
estimate is non-trivial:

Example 6.2.3 (Quasiconvex-cocompact groups).

This example will be really important for the results of Chapter [7} We recall that
a discrete group I' of isometries of a §-hyperbolic space X is called quasiconvex-
cocompact if it acts cocompactly on the quasiconvex-hull of its limit set A(I") and
the codiameter of I' is the infimum of the real numbers D > 0 such that for all
z,y €QC-Hull(A(T")) there exists g € I' such that d(y, gz) < D.

Consider now a non-elementary, quasiconvex-cocompact group I' of a complete,
convex, geodesically complete, d-hyperbolic metric space that is Py-packed at scale
ro. It is classical that, for all x €QC-Hull(A(T")), the subset ¥op(x) of elements g of
I' such that d(z, gz) < 2D generates I'.

We affirm that there exists so = so(FPo, ro,9, D) such that sys®(T', X') > sg. Indeed
since the action is quasiconvex-cocompact then any element of I" is either elliptic
or hyperbolic. Therefore the infimum defining the free systole equals the infimum
over points belonging to the axes of all hyperbolic elements of I'. Any such axis is
contained in QC-Hull(A(T")) by definition, so

(T, X) = inf (T, x).
sys* (I, X) erC-gllﬂl(A(r))sys( @)
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By (40) we conclude that
1
sys®(T, X') > min {50, He_QHoD} =:5p. (42)
0

Now, for any point € X, by definition there exists g € I' such that d(z, gx) < eq
and we denote one of its axis by Ax(g). By Proposition we have

d(x,Ax(g)) < Ko(P(),To,(S,f(g),EQ) = K(Po,To,(S, D) =: K.

Moreover the axis of g belongs to QC-Hull(A(I")), therefore it is easy to conclude
that nilrad(T",z) < 2K + 2D. This shows that nilrad™ (T", X) is finite, bounded by
2(K + D).

Example 6.2.4 (Abelian covers).

Let T" be a torsionless group of isometries of a complete, convex, geodesically
complete, d-hyperbolic metric space that is Py-packed at scale rg. Let T'g = [[',T'] be
the commutator subgroup. We affirm that

nilrad ™ (Ty, X) < 6 - nilrad ™ (T, X)

(in particular nilrad* (g, X) is finite for any quasiconvex-cocompact T').

Actually assume that nilrad™(T', X) < D and let a,b € T elements which generate a
non-virtually nilpotent (hence non-elementary) subgroup and satisfy d(z,azx) < D,
d(x,bz) < D. Then also the elements a’ = a~![a, bla and b’ = b~![a, b]b generate a
non-elementary (hence non-virtually nilpotent) subgroup of I', by the same argument
used in the last lines of the proof of Proposition However a’ and b’ belong to
I'p and both move x less than 6D, which proves the claim.

Notice that X /Iy is not compact provided that the abelianization I'/T'y of I is
infinite.

6.3 Lower bound for the diastole

The estimate of the diastole given in Theorem [M] stems from the application of
the classical Tits Alternative combined with Breuillard-Green-Tao’s generalized
Margulis Lemma. We state here the version allowing torsion, from which Theorem
easily follows. Recall that the free diastole of T' acting on X is dias®(T", X) =
sup,cyx sys®(I', #), and that the free r-thin subset of X is defined as

Xy ={reX|3gel\I°st. d(z,gz) <r}.
We then have:

Corollary 6.3.1. Let X be a complete, convex, geodesically complete, §-hyperbolic
metric space that is Py-packed at scale ro. Then for any non-elementary, discrete
group of isometries I' of X we have:

dias®(T, X) > ¢

where g9 = €o(Py, o) always denotes the generalized Margulis constant.
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Proof. Consider the free r-thin subset X;. We first show that if » < gy then X7 is not
connected. By definition Vo € X7 the group I',(x) is virtually nilpotent and contains
a torsionless element a. For any such x we denote by N,(z) the unique maximal
elementary subgroup of I" containing I',(z) given by Lemma Moreover, since
there are only finitely many g € I" such that d(z, gx) < r, there exists n > 0 such
that for all g € T',.(z) it holds d(z, gx) < r — 2n. In particular if d(z,2’) < n then
d(z';ax’) < r,so a2’ € X2 too and I',(z) C I'y(2'). This implies that the map
x + Ny (z) is locally constant. So if Xy was connected we would have that N, (x) is a
fixed elementary subgroup N, which does not depend on x € X¢. We show now that
N, is a normal subgroup of I': indeed Vg € I' and Vz € X? we have that gz € X?
and T',(gz) = gI'v(z)g™!, therefore gN,g~! = N,. As T is non-elementary there
exists a non-elliptic isometry b € I' such that the group (N,,b) is non-elementary.
The group N, is normal in I" and amenable (since by Corollary it is virtually
nilpotent), therefore its cyclic extension (IV,,b) is amenable. However we know that
N, contains at least the non-elliptic element a, so by Theorem |J| the group (N;,b)
contains a free group and this is impossible for an amenable group. This shows that
X7 is not connected and in particular X # X. Therefore there exists a point z € X
such that d(z, gz) > e for every g € I'°. O

Notice that, in the proof, we do exploit the existence of a true free subgroup, not
just of a semi-group; actually there exist amenable groups with free semigroups, so
the weak Tits Alternative would not suffice.

6.4 Geometry and topology of the thin subsets

In this part X is a complete, CAT(0), geodesically complete, -hyperbolic metric
space that is Py-packed at scale rg. We will need the CAT(0) assumptions instead
of the convexity since we will use Lemma Moreover in this section we will
assume that the group I' acting on X is torsionless. The e-thin subset of X is defined
as the subset

X.={rx € X |3dg el st. dz,gx) <e}.

We will denote in the following by p : X — X = F\g( the natural covering projection,
and we will call X; = p(X;) the e-thin subset of X.

The following theorems describe the geometric and topological structure of the thin
subsets of X and of the quotient space X = I'\X. They follow closely Theorems
6.25-6.26-6.29 of [BCGS17| for actions on CAT(0), Gromov-hyperbolic, packed
metric spaces; however we precisely determine the group structure of the connected
components of the thin subsets and extend those results to actions by groups which
are not in the classes Hypeonvex and Hypnick considered there (for instance for groups
with parabolics).

Proposition 6.4.1 (Group structure of components of the thin subset).
Let X! be any non-empty, connected component of the e-thin subset X, and let
I') = Stabr(X¢?). Then:

(a) the subsets X! are precisely invariant under the action of T, that is gXiNXI = ()
unless gX! = X! and Tl = gT'ig~!;
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(b) if e < eo then T'L is an elementary subgroup and coincides with the mazimal
elementary subgroup of T' containing the e-almost stabilizers T'c(x) for any
z € XL
Proof. The first assertion is classical: the X’ are the connected components of
p~1(X.). As every g € T acts as an automorhism of the covering p : X — X, it
permutes the connected components. The second assertion then follows from the
fact that Stabp(X?) =Stabr(gX:) = gStabp(Xi)g~!.
Let us now prove (b). Since € is smaller than the Margulis constant &g and X'
is assumed to be non-empty and connected, we infer as in the proof of Corollary
the existence of a maximal elementary subgroup N! containing T'c(z) for any
x € X.. Moreover for every g € I'L and every x € X! we have gl'.(z)g~! = I'-(gx),
with gz € X! again, so we deduce analogously that N is normal in I'. Following
the same proof of we deduce that, if 'Y was not elementary, there would
exists g € I'Y \ N{ such that the group (!, g) is amenable but not elementary, a
contradiction by the free subgroup theorem. O

The above proposition allows us to talk of hyperbolic and parabolic components of
the e-thin subset when ¢ is smaller than the Margulis constant €, according to the
type of the elementary subgroup I':. The following results give a geometric picture
of these subsets:

Proposition 6.4.2 (Hyperbolic components).

Let X! be a hyperbolic component of the e-thin subset X, for e < min{eg, 7o},
and let go be a hyperbolic isometry generating the elementary, cyclic group Tt.
Letp: X — X = I'\X andp : X — X = I'\X denote the natural covering
projections, let v be an axis of gy and let &, ¥ be the closed geodesics obtained by
projecting v to X and X respectively. If r = {(go) = £(7), we have:

(a) the neighbourhood B(v, L:(r)) is entirely included in X!, where L.(r) is the
function defined by
log % -1 1
2log(1+ F) 2

(notice that the function L.(r) tends to +oo when r tends to 0, the geometric
parameters Py, ro,0 and € being fized);

Le(r)

(b) the neighbourhood B(7y, R.(r)) of ¥ in X is isometric to the neighbourhood
B4, R:(1)) of 4 in X, where R, is given by

1 1 T
R.(r) :47H0'10g <€'Ho> 1 (44)

(notice that the function R.(r) tends to +00 when € tends to 0, and that R.(r) <
L.(r) when r — 0 for fixed €);

(¢) the geodesic 7 is a deformation retract of B(7, Re).

For the proof we need a preliminary fact. We saw in Corollary [6.2.1] that, given g € I’
and x € X, an upper bound of the displacement of this point by any other element
of I which does not generate with g an elementary subgroup yields a corresponding
lower bound of the displacement d(zx, gz). Reversing the inequality we obtain:
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Lemma 6.4.3. Let € be smaller than the generalized Margulis constant €.
For any given x € X, the group T'r_(x) is elementary for

1 1
R.=—"1
T H * (6 : Ho)
where Hy = Hy(Py,ro,9) is the constant given in Corollary|6.2. 1|

Proof of Proposition[6.4.3 As X; is a (non-empty) hyperbolic component, the ele-
mentary subgroup I'X is cyclic (because I' is assumed to be torsionless).
To show (a) notice that « is included in the generalized Margulis domain M, (go).
Then, by Proposition (b), for any = € v we know that M.(go) contains the
whole ball B(z, L.(r)), hence B(z, L(r)) C X_.

To show (b) notice first that the map p is clearly I'i-invariant and surjective,
therefore it induces a well defined map 7 : T8\X — T\ X satisfying 7o p = p.
Let now Z,y € B(¥,R) and call &',y two projections of &,y on 4; let moreover
x,y, 7',y € X projecting respectively to z,y,Z’,7’, with 2’,y € v and such that
d(z,2') = d(z,2"), d(y,y') = d(y,y') and d(',y) = d(2',y') < 5. Finally let g € T
an element minimizing d(z, ¢'y), that is

_ . r
d(z,y) = ;,%fp d(z,g'y) = d(z, g9y) < 2R + 5.

We therefore have d(y,gy) < d(y,z) + d(z,gy) < 4R + r and, similarly,
d(y',gy') < d(y',x)+d(z, gy)+d(gy, gy') < 4R+r. So we deduce that for 4R+r < R,
that is R smaller than the function given in , the element g belongs to the group
T'r.(y'), which is elementary by Lemma As go € Tr.(v') too, it follows that
I'r.(y') = T'Y by maximality. Then

d(z,y) = inf d(z,gy) = inf d(z,g'y) = d(p(z), p(y)).
gel g'elt

As mo p = p we conclude that 7 is an isometry between B(%, R.) and B(7, R.).
Notice that 7 restricts to an isometry between 4 and 7, since 7(p(7y)) = p(y) = 7.
Consider now the map Q: B(v, R:) x [0,1] — B(~, R.) defined sending (x,t) to the
point along [z, ¢(x)] at distance ¢ from x, where ¢(z) is the projection of x on .
The map @ yields a deformation retract of v in B(~, R;). Observe that B(y, R.) is
['’-invariant and that q(gkr) = glq(z); therefore Q is I'-equivariant and defines a
quotient map Q: B(%, R:) x [0,1] — B(#9, R.) which is a deformation retract of 4 in
B(#4, R:). Composing Q) with 7 we obtain the desired deformation of 7 in B (7, Re),
which shows (c). O

The structure of parabolic components is similar, up to replace the tubular

neighbourhood of the geodesic v C Min(gp) with a neighbourhood of any ray with
endpoint the parabolic fixed point z of the subgroup T'L.
In general there might be no horoball H, entirely included in X¢ (for instance when
'l is generated by a screw motion of a horosphere in H?3). Nevertheless it remains
true that there exists an open cone C, (with uniform width, with respect to our
geometric parameters Py, 19, 0), containing the end of any geodesic ray going to z,
which is entirely included in one connected component X:. Moreover any x € C,
has a large neighbourhood (compared to the depth of 2 in X¢) whose quotient by T
is isometric to its quotient by the smaller group I'::
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Proposition 6.4.4 (Parabolic components).

Let X! be a parabolic component of the e-thin subset X, for e < min{eg, 70},
with elementary, virtually nilpotent stabilizer T and parabolic fived point z. Let
again p: X — X = IM\X, p: X = X = TI'\X be the projection maps and let

_ 565+1

r<r(e)=((14+Fy) = . Then:

(a) the set X! := X! N X, is connected. In other words there exists a unique
connected component of X, inside X!, so the notation X! is coherent.

Let H, be any horosphere centered at z intersecting X: and H;T = H, N X..
Let C, = C,(H,) be the set of points x € X satisfying

B.(H.,x) > d(H.,,z) — Le(r) + 404. (45)
Then:
(b) the subset C,. is contained in X¢;

(c) the subset C, is a connected, T-invariant geodesic cone of vertex =z
(i.e. for all x € C, the whole geodesic ray [z, z] belongs to C. );

(d) any geodesic ray with endpoint z definitively belongs to C,;

(e) calling C, = p(C,) and C, = p(C,) the projections of Cy on X and X,
their Re(g)-neighbourhoods B(Cy, Re(g)), B(Cy, R:(€)) are isometric;

(f) for any x € C, the projections of [z, z] in X and X are geodesic rays.
(Here Lo(r) and R.(g) are the same functions as in and (44).)

Proof. The choice of r < r(e) gives —L.(r) + 405 < —166 < 0. So if y € H. . then
any point 3’ of the geodesic ray [y, 2] satisfies

B.(H.,y'") > d(H.,.y') — Le(r) + 566. (46)
Indeed for any such point we have B, (H.,y') = d(H.,,y/).

We are now going to show (b). Let z € X satisfying . Let 29 € H, be the
intersection of a bi-infinite geodesic through = with endpoint z. Choose some yq
and y in H ;,r minimizing the distance to zg and x respectively, and call dy =
d(zo,yo) = d(xo, H;r) for short. Since yy € X, by Proposition there exists a
parabolic isometry g € I'. with fixed point z such that yo € M,(g). Consider now
the points x1,y; on the geodesic rays [xg, z] and [yo, 2] at distance %0 + 44 from
Yo, To respectively: by Lemma we know that d(y;,x1) < 169. Indeed the two
geodesic rays &£ = [xo, 2] and & = [zo, 2] satisfy d(&1(t + 1), &(t + t2)) < 80 for all
t >0, where t1 + t2 = do and |t; — ta| < 8. This implies max{t,ta} < d2—0 + 44, so
d(z1,y1) < 164 by triangular inequality. Clearly also y; € M, (g) by convexity.
Assume now first that x does not belong to the horoball H}. Since zq is the
projection of x on the convex set H, containing y, by the Projection Lemma
we have d(z,y) > d(z,xo) + d(xo,y) — 8, therefore

d(y1,x) < d(y1,x0) + d(zo,x) < <d2° + 205) + (d(y, z) — d(zo,y) + 86).
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Moreover d(zg,y) > doy by minimality, so we deduce from :
do
d(y1,z) < 5 + d(H;r, x) —do+ 280 < B,(H,,x)+ L(r).

Since z € H the term B,(H,,x) is negative, hence = belongs to B(y1, Ls(r)) and
is in M.(g) by Proposition (b). So x € X..
Assume now that x € HJ . If x is between x1 and z along [zg, 2] we can find a point
y2 along [yo, z] such that d(z,y2) < 8 and of course yo € M, (g); so, by the choice
of L.(r), we conclude by Proposition M(b) that z € M.(g) and so x € X.. On
the other hand, if x € [z, z1], we want to show that d(y;,z) < L.(r). Suppose the
opposite: d(y1,z) > L.(r). Then by and the disposition of the points g, z, x1
we get

do < d(xg,x) + d(z, H; ) =d(xg,x1) — d(x,21) + d(z, H;T)
< d(zo,y1) + 168 — Le(r) + d(x, HY )
d(xo,y1) + 166 — Lo(r) + B.(H,, x) + Le(r) — 400
d(zo,y1) + 160 + d(x, x1) — 400

IN A

< (d20+205>+166+<d20+46—406> < dg

a contradiction. So x € B(y1, L-(r)), hence again we deduce that x € X! concluding
the proof of (b).

Let us now show (c) and (d). First of all C;. is I':-invariant since X!, H, and B,(H,, -)
are, by Lemma (observe that here we do not use (a)). Moreover if we consider
any point 2’ belonging to a geodesic ray [z, z] with z € C, we notice that:

B.(H.,2') = B.(H,,z) + d(z,z'), d(H!

ZT"

o) < d(H.,, ) +d(z,2),

so x’ satisfies again , which proves that C. is a geodesic cone of vertex z. Finally
Cy is connected. Indeed choose any y € H_ ., pick a point x € C; and consider the
geodesic ray [z, z], which is contained in C,. The geodesic rays [z, z] and [y, z| are
definitely 84-close, so by Lemma [2.3.2] we find two points 2’ along [z, 2] and y' € [y, 2]
satisfying d(z',y’) < 85. This implies B,(H,y') < B.(H,,z') + 8, therefore by
(16):

d(z',H.,) <d(',y) +d(y', H.,) < 85 + B.(H.,y') + Le(r) — 565
< B.(H.,2') + Le(r) — 406.

A similar estimate is true for every point of the geodesic segment [2,1/].
So every point of the path [z, 2/|U[2/, y'|U[y/, y] satisfies (45)), which shows that every
point of C). can be connected to the chosen point y and thus that C). is connected. In
fact, the same proof shows that any geodesic ray with endpoint z definitely belongs
to Cy, that is (d).

The proof of (a) uses the same ideas: let 7 > 0 small enough to have L,(r") > 84,
where L,(r') is given by Proposition (b). We fix a point y that is displaced by
some g € I'? less than 7/; by convexity the same is true for every point along [y, 2].
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We take now a point z € X? N X, so there exists g’ € T'L such that d(xz, g'z) < r.
Here the important fact is that the fixed point at infinity of ¢’ is again 2. As
usual we can find two points 2’ € [z, z] and ¢/ € [y, 2] at distance < 89 by Lemma
Since L,.(r') > 8 we apply Proposition M(b) to conclude that every
point of the geodesic segment [2/,y'] is contained in X! N X,. So the whole path
[z, 2 |U[2",y'|U[y, y] is contained in this set. Notice that the isometry that displaces
the points less than r along this path may change from point to point. However this
shows that X’ N X, is connected since y is fixed, proving (a).

Let us now show (e). The map p being I':-invariant, it induces a map 7: XX
satisfying m o p = p. This map is clearly surjective since p is. Let us now show
that = is injective. Let y,y’ € B(C,, R), for R < %(R6 —¢) and R. as in (44), and
assume that p(y) = p(y’). Then there exists h € T such that y = hy’. We take
projections z, 2’ € C, respectively of y and 3. From (b) we know that d(x,gz) < e
and d(z', g'z") < e for some g, g’ € I'.. This implies:

d(x',h~ gha') < 2R+ d(hy',ghy') = 2R+ d(y,gy) < 4R +¢.

Since 4R + ¢ < R. we conclude by Lemma that ¢’ and h™'gh belong to the

same maximal, elementary group, namely I':. Now
h~'Fixy(g) = Fixg(h~'gh) = Fixy(g') = Fixa(g),

which implies » € T:. This means that p(y) = p(y/), so 7 is injective.
In conclusion, as 7 is the restriction of a local isometry and is bijective, it is
an isometry.

Finally let us show (f). We first prove that the maps p and p are injective
when restricted to [z,z], with z € C,. Assume that there exists 2’ € [z,2]
and h € I such that ha' € [r,z]. Up to replacing h with h~! we may sup-
pose ha' € [2',2]. Then let g € T'% such that d(x,gz) < e, which exists by (b).
By convexity we have d(2/,gz') < ¢ and d(2',h 'gha’) = d(ha',gha’) < e.
So h~lgh is an isometry that moves 2’ less than . Therefore h~1gh is in the
same maximal elementary group containing g, namely I't. This implies that h=1gh
is of parabolic type and, as h~'Fixy(g) = Fixg(h~1gh) = Fixs(g), we deduce once
again that z € Fixg(h), so h is parabolic with fixed point z. Moreover the isometry
h sends the geodesic ray [2/,z] to the geodesic ray [ha/, 2], but by Lemma [2.5.2]
we necessarily have hz’ = 2/, which implies that A = id, since I" has no elliptic
elements. This shows that the maps p and p, when restricted to [z, z], are injective
local isometries with images p([y, z]) and p([y, z]) respectively. By Proposition 1.3.28
of [BH13|, the restriction of p and p to [z, z] are locally isometric coverings, and
since they are bijective then they are isometries, concluding the proof of (f). 0
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Chapter 7

Critical exponent of discrete
groups of isometries

In this chapter we introduce the notion of critical exponent of a group of isometries
I', showing how it can be seen as another notion of entropy. In order to highlight
the relations between the critical exponent and the other definitions of entropies
we gave in Chapter [4] we will first define the versions of those invariants relative to
subsets of the boundary at infinity. In the second part of the chapter we will prove
Theorem [P] which is one of the main results of this thesis.

7.1 Entropies of subsets of the boundary

Let X be a complete, convex, geodesically complete, 6-hyperbolic metric space that
is Py-packed at scale rg. In this section we will consider a subset C' of X and
we define the relative version, with respect to C, of all the different definitions of
entropies introduced in Chapter [4l We observe that when C' = 9X then we are in
the case yet studied. We will be interested especially to the subsets C related to the
limit set of a discrete group of isometries acting on X.

We start with a couple of basic, although fundamental, lemmas relating geodesic
rays and lines with endpoints in C.

Lemma 7.1.1. Let X be a proper, §-hyperbolic metric space. Let v be a geodesic
line and x € X with S := d(v(0),z). Let 2’ be a projection of x on . Then

(a) there exists an orientation of vy such that [z, z'|U[x’, v 7] is a (1,46)-quasigeodesic.

(b) with respect to the orientation of (a) there exists a geodesic ray § starting at x
such that d(&(S +t),v(t)) < 768 for allt > 0. In particular €T = ~T;

(c) for all orientations of v there exists a geodesic ray & starting at x such that
d(&(S+1),v(t)) <25+ 768 for allt > 0. Also in this case yv* =¢T.

Proof. We choose the orientation of y such that z’ belongs to the negative ray +| (—00,0]
and we take the geodesic ray & = [z,7"]. By Lemma the path o = [z, 2] U
[#/,~77T] is a (1, 46)-quasigeodesic and moreover it satisfies d(£(S +t), (S +1t)) < 728
for every ¢ > 0. Furthermore the time ¢y such that a(tg) = v(0) is between S and
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S + 44 implying d(£(S +t),~v(t)) < T60.

For the second part of the proof we suppose to be in the situation above and we
consider the geodesic ray £ = [z,77]. By Lemma the path o = [z, 2] U [2/, 7]
satisfies d(&(S +t), a(S +t)) < 726 for every t > 0. Furthermore for every ¢ > 0 the
point (S + t) belongs to v and d(a(S +t),7(0)) < d(a(S +1t),x) + d(x,~(0)) <
25+t +46. So d(£(S +t),v(t)) < 765 + 28S. O

We remark that if «(0) is a projection of x on «y then the first part of the lemma
holds for both the positive and negative rays of ~.

Lemma 7.1.2. Let X be a proper, d-hyperbolic metric space. Let x € X and
C C 90X be a subset with at least two points. Then there exists L > 0 such that for
every geodesic ray & with £(0) = z and £ € C there exists a geodesic line v with
7t € C such that d(&(t),y(t)) < L for all t € [0,4+00). Moreover if x € QC-Hull(C)
then L depends only on 0.

Proof. Let z,z' be two distinct points of C'. Let D, q be a standard visual metric of
parameter a centered at  and let m = %’”l) We have that either Dy ,(¢1,2) > m
or Dy o(£,2") > m. We suppose it holds the first case and we choose a geodesic line
7 joining z and £*. We parametrize v in such a way that v(0) is a projection of x on
v. Then m < Dyqo(z,ET) < e =€ If S denotes d(z,(0)) = d(£(0),7(0))
and ¢, = [z,z] then by the previous lemma and the remark below we have
dE(S +1),&(S+1)) <d(v(t),y(—t)) + 1526 = 2t + 152). Therefore

(5,67), > %1&%%[2(5‘ 1) = d(EH(S +1),E(S + )] > S — 766

implying e~*5=769) > This means d(y(0),£(0)) < 1log L 4+ 766 =: L'. The
thesis follows with L := L’ 4+ 764 by the previous lemma.

We observe that L depends on §,a and m, and the choice of a depends only on §.
Moreover when z € QC-Hull(C') we can take z,z’ € C such that z € [z, 2/]. With
this choice m equals % showing that L depends only on J. O

Remark 7.1.3. If C' C C C 90X and x € X is fized then the constant L given by
the previous lemma relative to C works also for C', provided C' has at least two
points, as follows by the proof.

7.1.1 Covering and volume entropy

Let X be a complete, convex, geodesically complete, 6-hyperbolic metric space that
is Py-packed at scale rg and let C' be a subset of 0.X. The upper covering entropy of
C' is defined as

lim sup 1 log Cov(B(z,T) N B(QC-Hull(C),0), 1),
T—+o00 T

where 7 > 0, 0 > 0 and x € X and it is denoted by hcoy(C). The lower covering
entropy of C, denoted by hcoy(C), is defined taking the limit inferior instead of the
limit superior. These quantities do not depend on € X as usual. The analogous of

Proposition holds.
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Proposition 7.1.4. Let X be a complete, convez, geodesically complete, §-hyperbolic
metric space that is Py-packed at scale rog, C be a subset of 0X and x € X. Then

L 1og Cov(B(a, T) N BIQC-HUI(C), o), 1) =

=
T Py,ro,r,r’ 0,0’

% log Pack(B(z, T) N B(QC-Hull(C), '), 1)

for all r,r’ >0 and 0,0’ > 0. In particular any of these functions can be used in the
definition of the upper and lower covering entropies of C'.

Proof. Once o is fixed the asymptotic estimate can be proved exactly as in Proposi-
tion Moreover for all ¢ > 0 it is easy to prove that

Cov(B(z,T) N B(QC-Hull(C),0),r) <
Cov(B(x,T) N QC-Hull(C),rq) - Cov(rg + a,7q).

and Cov(rg + o,rg) is uniformly bounded in terms of Py, 9 and o by Proposition
This concludes the proof. O

Clearly when C' = 90X we have hcoy(0X) = hooy(X). Moreover if C' is a closed
subset of X then hcoy(C) < hooy(0X), 50 hooy (C) < W by Lemma [4.1.3]
The analogous of Proposition [£.1.2) holds. We remark that in this case a dependence
on J appears.

Proposition 7.1.5. Let X be a complete, convex, geodesically complete, §-hyperbolic
metric space that is Py-packed at scale rog, C be a subset of 0X and x € X. Then

1 — 1
T log Cov(B(x,T) N QC-Hull(C),r) =< —logCov(S(x,T)N QC-Hull(C),r)

P(],T/‘E,T‘,(S T
In particular any of these functions can be used in the definition of the upper and
lower covering entropies of C.

Proof. As in the proof of Proposition one inequality is obvious, so we are
going to prove the other. We divide the ball B(x,T) in the annulii A(z, kr,(k+1)r)

with £ = 0,... ,% — 1. Therefore we can estimate the quantity Cov(B(z,T) N
QC-Hull(C), 72§ + 2r) from above by

T
Z Cov(A(x, kr,(k+ 1)r) N QC-Hull(C), 726 + 2r).
k=0

We claim that every element of the sum is < Cov(S(z,7") N QC-Hull(C), ). Indeed
let y1,...,yn be a set of points realizing Cov(S(z,T) N QC-Hull(C),r). For all
i = 1,...,N we consider the geodesic segment v; = [z,y;] and we call x; the
point along this geodesic at distance kr from z. We want to show that zq,...,zn
is a (729 + 2r)-dense subset of A(x,kr, (k + 1)r) N QC-Hull(C). Given a point
y € A(x,kr,(k+ 1)r) N QC-Hull(C) there exists a geodesic line v with endpoints
in C containing y. We parametrize v so that v(0) is a projection of z on 7 and
Y € Yljo,400)- We take a point yr € v[jg 4o0) at distance T' from z, so that yr €
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S(z, T)NQC-Hull(C') and therefore there exists ¢ such that d(yr,y;) < r. By Lemma
the path a = [z,7(0)] U [v(0),yr] is a (1,4d)-quasigeodesic and, if ¢, denotes
the real number such that a(t,) =y, it holds ¢, € [kr, (k+ 1)r]|. By Lemma we
get d(y,7.(ty)) < 720, where v, = [z, yr]. We conclude the proof of the claim since
d(y, i) < d(y,i(ty)) +d(vi(ty), vi(ty)) + d(vi(ty), z;) < 726+ 2r, from the convexity
of the metric. We remark that using the ideas of Lemma it is possible to obtain
a similar estimate without using the convexity. The thesis follows by Proposition

C14 O

The upper volume entropy of C' with respect to a measure y is

. 1 _ _
hu(C) = suplimsup — log u(B(z,T) N B(QC-Hull(C), 0)),
0>0 T—+4oo 1’
where z € X. Taking the limit inferior instead of the limit superior is defined the
lower volume entropy of C, @(C’)

Proposition 7.1.6. Let X be a complete, convex, geodesically complete, §-hyperbolic
metric space that is Py-packed at scale o, let C' be a subset of 0X and let i be a
measure on X which is H-homogeneous at scale r. Then for all o > r it holds

% log ji(B(z, T) N B(QC-Hull(C), 0)) =

H,Py,ro,m,0
1 _
T log Cov(B(x,T) N QC-Hull(C), o).

In particular the upper (resp. lower) volume entropy of C with respect to p coincides
with the upper (resp. lower) covering entropy of C' and it can be computed using
o =1 in place of the supremum.

Proof. By Remark we know that p is H(o)-homogeneous at scale o for all
o > r, where H(o) depends on Py,rg,o,r, H. Therefore the proof of Proposition
[4.1.4] works in this case. O

7.1.2 Lipschitz topological entropy

Let X be a complete, convex, geodesically complete, é-hyperbolic metric space that
is Py-packed at scale rg. For a subset C of 90X and Y C X we set

Geod(Y,C) = {y € Geod(X) s.t. v£ C C and 7(0) € Y}.

If Y = X we simply write Geod(C). Clearly Geod(C') is a ®-invariant subset of
Geod(X), so the geodesic flow is well defined on it. The upper Lipschitz-topological
entropy of Geod(C) is defined as

hLip-top(Geod(C)) = i%f 5111(p ;% 1:1Fn:>i1£ % log Cov o (K, 1),
where the infimum is taken among all geometric metrics on Geod(C). The lower
Lipschitz-topological entropy is defined taking the limit inferior instead of the limit
superior and it is denoted by hyp-top(Geod(C)). In the following crucial result we
observe the difference between closed and non-closed subsets of X that is the basis
of the difference between the Hausdorff and the Minkowski dimension of the limit
set of a discrete group of isometries.
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Theorem 7.1.7. Let X be a complete, convezx, geodesically complete, d-hyperbolic
metric space that is Py-packed at scale ro and C be a subset of 0X. Then

hLip—top(GeOd(O)) = Sup hCov(Cl)a
c'ce

where the supremum is among closed subsets C' of C. The same holds for the lower
entropies.

We remark that the supremum of the covering entropies among the closed subsets
of C can be strictly smaller than the covering entropy of C', marking the distance
between the equivalences of the different notions of entropies in case of non-closed
subsets of the boundary. We start with an easy lemma.

Lemma 7.1.8. Let X and C be as in Theorem [7.1.7 and let x € X. Then every
compact subset of Geod(C) is contained in Geod(B(x, R),C") for some R >0 and
some C' C C closed. Moreover Geod(B(zq, R),C") is compact for all R > 0 and all
closed C' C C.

Proof. We fix a compact subset K of Geod(C). The continuity of the evalua-
tion map gives that E(K) is contained in some ball B(x, R). Moreover the maps
+,—: Geod(X) — 0X, defined by « + v, respectively, are continuous ([BL12],
Lemma 1.6). This means that C' = +(K) U —(K) is a closed subset of 9X and
clearly K C Geod(B(z, R),C’). By a similar argument, and since the evaluation
map is proper, it follows that the set Geod(B(z, R),C’) is compact for all R > 0
and all C’" C C closed. O

For a metric f € F and C C 90X we denote by h7f the upper metric entropy of
Geod(C') with respect to f, that is

_ 1
h(Geod(C)) = lim li —logC K,r).
#(Geod(C)) s%pTg% }riigT og Covr (K, 1)

Taking the limit inferior instead of the limit superior we define the lower metric
entropy of Geod(C) with respect to f, denoted by h;(Geod(C')). The analogous of
Proposition is the following. o

Proposition 7.1.9. Let X be as in Theorem C’ be a closed subset of X,
fe€F, ze X and L be the constant given by Lemma[7.1.9. Then

(a) hf(Geod(B(z,R),C")) = hf(Geod(B(x, L),C")) for all R > L;

(b) hy(Geod(C")) = hy(Geod(B(z, L),C")) < hcov(C");
(¢) The function r s limsupp_, , o = log Cov r(Geod(B(z, L), C"),r) is constant.
The same conclusions hold for the lower entropies.

We observe that applying the Key Lemma [£.2:4] we have directly the relative
version of Corollary
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Corollary 7.1.10. Let fe F,z € X, R>0and 0 <r <71r'. Then

%log Covr(Geod(B(z, R),C"),r") =

=
PO7TO’T7T/7f

% log Cov sr (Geod(B(z, R),C"),r).

Proof of of Proposition[7.1.9. We fix R > L and T > 0. We take a set y1,...,7n
of geodesic lines realizing Cov r(Geod(B(x, L),C”),ro). Our aim is to show that
Y1y -5 N is a (4R + 2L + C(f) + 766 + rg)-dense subset of Geod(B(z, R),C").
This, together with Corollary will prove (a). We consider a geodesic line
v € Geod(B(z,R),C"), so d(y(0),z) =: S < R. By Lemma there exists a
geodesic ray ¢ starting at z such that d(§(S + ¢),v(t)) < 25 + 765 for all ¢ > 0
and in particular £ belongs to C. Now we apply Lemma, to find a geodesic
line 4/ € Geod(C”) such that d(§(t),~'(t)) < L for all t > 0. Clearly we have
v € Geod(B(x,L),C") and d(v'(S +1),7(t)) < 25+ L+ 765 for all t > 0. Therefore
d(y'(t),~v(t)) <3S+ L+ 766 for all ¢ > 0. This implies that for all ¢ € [0,T] we have

—t “+o00

o) S [ 00,7 )+ 2sl)f(6ds + [ (35 + L+766)f(s)ds,
Since d(v(0),7'(0)) < L + S we get f'(v,7) < 4S + 2L + C(f) + 766 using the
properties of f, and so f7(y,v') < 4R + 2L + C(f) + 764. Moreover, since /' €
Geod(B(z, L),C"), there exists y; such that f7(y',~;) < ro. This implies f7(y, ;) <
AR+ 2L+ C(f) + 765 + 9.

We observe that (c) follows directly from the previous corollary.

The first equality in (b) follows by (a). In order to prove the inequality we fix
Y1, ...,yn realizing Cov(S(z,T) N QC-Hull(C")). So there are v; € Geod(C’) such
that y; € v;. By Lemma there exists an orientation of v; such that, called
S; = d(x,7;(0)) and T; > 0 such that ~;(T;) = y;, we have T' < S; + T; < T+ 46 and
the geodesic ray &; = [z, v; | satisfies d(&(S;+1),7:(t)) < 766 for all t > 0. By Lemma
there exists v/ € Geod(B(z, L), C") such that d(v.(t),&(t)) < L for all t > 0.
We claim that the set {7/} is (6L + 1608 + 2r¢ + 2C(f))-dense in Geod(B(z, L), C").
By (a) and (c) this would imply the thesis. We fix v € Geod(B(z, L), ("), so there
exists y € S(x,T) and T,, € [T — L,T + L] such that v(T) = y and therefore
d(y,yi) < ro for some i. We observe that we have d(+}(S; + T;),v:) < L + 760 and
so d(v/(T),yi) < L+ 800. Moreover d(v(T),y;) < L + ro implying d(y(T),~/(T)) <
2L + 806 + ro. Furthermore by definition d(y(0),77(0)) < 2L, so by convexity
d(y(t),vi(t)) < 2L + 808 + r for all t € [0,T]. The thesis follows by the classical
subdivision of the integral defining f into three parts, each estimated by the constants
above. O

Proof of Theorem[7.1.7, We fix a geometric metric d on Geod(C') and we denote
by M the Lipschitz constant with respect to d of the evaluation map F. By Remark
the constant L given by Lemma can be chosen independently of C' C C,
once z is fixed. Clearly we have

1 _
sup  lim limsup — log Covr(Geod(B(z, R),C"),r) >
R>0,0'CC 70 Tspoo T
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1 _
sup limsup — log Cov g (Geod(B(z, L),C"), o).
C'CC T—+4oo I’

We fix geodesic lines 71,...,vn realizing Covr(Geod(B(z,L),C"),rp). Since
d(vi(0),z) < L for all ¢ = 1,..., N then there exists t; € [I' — L,T + L] such
that d(v;(t;),z) = T. We claim that the points y; = v;(t;) € S(x, T) N QC-Hull(C")
are (2L + 800 + Mrg)-dense. By Proposition this would imply

hiip-top(Geod(C)) > sup hLip_top(Geod(C’)) > sup hCOV(C").
c'cc c'ce

We fix y € S(z,T) N QC-Hull(C’) and we select a geodesic line v € Geod(C")
containing y. By Lemma [7.1.1] with an appropriate choice of the orientation of
7, the geodesic ray ¢ = [z,7"] satisfies d(£(S + t),v(t)) < 766 for all ¢ > 0, where
S = d(z,v(0)). By Lemma there exists 7/ € Geod(B(z, L), (") such that
d(&(t),7'(t)) < L for all ¢ > 0, implying d(7'(S + ¢),~v(t)) < L + 760 for all ¢ > 0.
Denoting by T, the real number such that (7)) = y we have by Lemma that
T < S+T, <T+46. Therefore we apply the previous estimate with ¢ = T}, obtaining
dY(T),y) <d(»'(T),y(S+Ty)) +d(¥'(S+T,),y) < L+805. Moreover there exists
i € {1,...,N} such that d”(y/,~;) < ro and in particular d(v/(T),~;(T)) < Mry.
Therefore we get d(y;,y) < d(vi(t:),vi(T)) + d(vi(T),y) < 2L + 805 + Mry. The
other inequality follows by Proposition Indeed we have

hiip-top(Geod(C)) < sup hﬁ:(Geod(C”)) < sup hcoy(C).
c'cc c'ce

O]

Remark 7.1.11. Let X be as in Theorem|[7.1.7, C' C 0X closed and x € QC-Hull(C).
By the proof of Theorem Lemma and Remark [7.1.5 we obtain

1 1
TlogCov(S(m,T)ﬂQC—Hull(C'),TO) = =

st T log Cov 7 (Geod(B(z, L), C),0)

for all f € F, where L depends only on 6.

For all Y C X and C C 90X we denote by Ray(Y,C) the set of geodesic rays
¢ with £(0) € Y and ¢t € C. When Y = X we use the notation Ray(C) and
in this case this set is invariant by the geodesic semi-flow. So it is defined in the
usual way its upper and lower Lipschitz-topological entropy, denoted respectively by

hiip-top(Ray(C)) and hyip-top(Ray(C)).
Proposition 7.1.12. Let X and C be as in Theorem[7.1.7. Then

(a) hiiptop(Ray(C)) equals supgc limsupy_, o, 7 log Cov s (Ray(z,C"), r) indepen-
dently of f € F, the point x € X and r > 0, where the supremum is taken
among the closed subsets of C.

(b) hiip-top(Ray(C)) = ALip-top(Geod(C));

(c) the equivalent asymptotic estimate of Remark |7.1.11] holds for the geodesic
semi-flow.
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The same conclusions hold for the lower entropies.

Proof. The inequality hiip-top(Ray(C’)) > hcov(C”) for all closed C" C C follows by
the same proof of Theorem The remaining part of the thesis can be proved in
a similar way of Proposition and we omit the details. O

7.1.3 Shadow and Minkowski dimension

The notions of shadow covering, shadow dimension and visual Minkowski dimension
can be directly generalized to the case of subsets C' of 9X. The upper (resp. lower)
shadow dimension of C' will be denoted by Shad-D(C) (resp. Shad-D(C')), while the
upper (resp. lower) visual Minkowski dimension of C' will be denoted by MD(C)
(resp. MD(C)).

Proposition 7.1.13. Let X be a complete, convex, geodesically complete, §-hyperbolic
metric space that is Py-packed at scale rq. Let C be a subset of 0X, x € X and L be
the constant of Lemma[7.1.2. Then

1 1 7

T log Cov(S(z,T) N QC-Hull(C), ) oo, T log Shad-Cov,.(C,e™ ).

In particular the upper (resp. lower) shadow dimension of C equals the upper (resp.
lower) covering entropy of C.

Proof. Let yi,...,yn be a set realizing Cov(S(z,T) N QC-Hull(C),r). We fix z € C
and we consider the geodesic ray £ = [z,z]. By Lemma there exists v €
Geod(B(z, L), C) such that d(&(t),y(t)) < L for all t > 0. Let t, € [T — L,t + L]
such that d(y(ty),z) =T and call y = (). Then there exists i € {i,..., N} such
that d(y,y;) < r and moreover d(£(T'),y) < 2L, implying [z, 2] N B(y;, 2L + 2r) # (.
This shows that

Shad-Covar o, (C,e™T) < Cov(S(z,T) N QC-Hull(C), 7).

Now let ;,...,yn be points realizing Shad-Cov,(C,e~T). By the same argument
used in the proof of Lemma we can suppose d(y;,z) =T. Let y € S(x,T) N
QC-Hull(C) and let v € Geod(C') such that y € v oriented in such a way that,
by Lemma the geodesic ray & = [z,77"] satisfies d(&(S + t),v(t)) < 766
for all ¢ > 0, where S = d(z,7v(0)). By the same lemma we know, indicated by
t, > 0 the real number such that vy(t,) = y, that T < S +t, < T + 46 implying
d(&(T),y) < 805. Moreover there exists i € {1,..., N} such that d({(T),y;) < 2r,
therefore d(y, y;) < 800 + 2r. This shows that

Cov(S(x, T) N QC-Hull(C), 808 + 2r) < Shad-Cov,.(C,e™ 7).
The thesis follows by Proposition [7.1.5] together with Proposition [7.1.4] O

By Lemma [£.3.7] we get immediately the following.

Proposition 7.1.14. Let X be a complete, convex, geodesically complete, §-hyperbolic
metric space that is Py-packed at scale ro, let C be a subset of 0X, v € X and L be
the constant given by Lemma[7.1.3. Then

1 1
T logCov(C,e T) = =

po =gy 7 108 Cov(S(z, T) N QC-Hull(C), o).
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In particular the upper (resp. lower) Minkowski dimension of C' equals the upper
(resp. lower) covering entropy of C.

We remark that the upper visual Minkowski dimension of C' equals the upper vi-
sual Minkowski dimension of its closure C while it can happen that supcrco MD(C') <
MD(C'), where the supremum is taken among the closed subsets of C.

The proofs of Theorems [N] and [0] follow by Proposition [7.1.4] Proposition [7.1.5]

Proposition Theorem Proposition Remark [7.1.11], Proposition
7.1.13| and Proposition [7.1.14]

7.2 Critical exponent of discrete groups of isometries

In this section we will specialize the study of the entropies to special subsets of
the boundary at infinity of a complete, convex, geodesically complete, §-hyperbolic
metric space that is Py-packed at scale rg. In the first subsection we will introduce the
entropy of X relative to a discrete group I' of isometries of X and the critical exponent
of I'. In the second one we will study the special case of quasiconvex-cocompact
groups.

7.2.1 General properties

Let X be a proper metric space and let I' be a discrete group of isometries of X.
The critical exponend!]of T is

hr := inf {8 >0 s.t. Z e sdz97) < -1—00}.
gel

It does not depend on =z € X. We remark that for every s > 0 the series
>ger e—54(*:97) which is called the Poincaré series of T, is I-invariant. In other
words 3 e e~ sdz.97) — > ger e=54="97") for all 2/ € I'z.

The upper I'-entropy of X is defined as

hr(X) = lim sup 1 log #I'x N B(z,T) = lim sup 1 log #%7(x),
T—+o00 T T—400 T

where the last equality follows from the finiteness of the stabilizers of a discrete

group. The lower I'-entropy of X is defined taking the limit inferior instead of the

limit superior and it is denoted by hp(X). They do not depend on x € X. The

following proposition is proved in the J-hyperbolic case in [Co093], but it remains

true for proper metric spaces.

Lemma 7.2.1 (Proposition 5.3 of [Co093]). Let X be a proper metric space and let
I be a discrete group of isometries of X. Then hp(X) = hr.

We remark that for CAT(—1) metric spaces X it holds hp(X) = hp(X) for every
discrete group of isometries of X, see [Rob02]. The I'-entropy of X is also related to
the covering entropy of the limit set A(T").

!Usually it is denoted by §(I") but we prefer the notation hr in order to avoid the possibility of
confusion with the hyperbolicity constant §.
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Lemma 7.2.2. Let X be a complete, convex, geodesically complete, §-hyperbolic
metric space that is Py-packed at scale ro and let I' be a discrete group of isometries
of X. Then:

(a) hr(X) < hoo(A(D));

(b) if T is non-elementary and quasiconvex-cocompact with codiameter < D and if

z € QC-Hull(A(T")) then

1 — 1 —
T log#I'z N B(z,T) Poron T log Cov(B(z,T") N QC-Hull(A(I"))).

In particular hr(X) = hooy (A(T)).
The same conclusions hold for the lower entropies.

Proof. We fix x € QC-Hull(A(T")) and ¢ = sys®(I',z) > 0. By the I'-invariance of
QC-Hull(A(T")) and the definition of the systole we get

#T2N B(z,T) < Pack (B(x, T) N QC-Hull(A(T)), ;) ,

showing (a) by Proposition In order to prove (b) we fix x € QC-Hull(A(T"))
and we call D the codiameter of the action. By the free-systole of the action is
bounded from below by a constant depending only on Py, rg,d and D, so the proof
of (a) shows the first half of the asymptotic estimate. Furthermore we claim that

Pack(B(z,T) N QC-Hull(A(T)), D) < #I'z N B(z, T + D).

Indeed let y1,...,yn be points realizing Pack(B(z,T) N QC-Hull(A(T")), D), so
d(yi,yj) > 2D for every i # j. For every i let z; be a point of the orbit of x at
distance at most D from y;. It follows that the points x; are all distinct, concluding
the proof of the claim. The conclusion follows applying Proposition O

Remark 7.2.3. Under the assumptions of Lemma then by Lemma and
the discussion after Proposition|7.1.4| we always have hp < log(iﬂ =: h™. Moreover
if I' is non-elementary and quasiconvezr-cocompact with codiameter < D then there
exists h~ > 0 depending only on Py, ro, 0, D such that hpr > h™. This follows from

Lemma Example [6.2.3 and the proof of Theorem [6.1.1]

Let X be a proper, §-hyperbolic metric space, let z € X and B be a Borelian
subset of ;X . Following [Pau96], for all & > 0 and all n > 0 we set

Hy(B) = inf {szo‘ s.t. B C U B(zi, pi) and p; < 17} .
1€EN i€EN

As in the classical case the visual a-dimensional Hausdorff measure of B is defined
as lim,,,o Hy(B) =: H*(B), while the wvisual Hausdorff dimension of B is defined
as the unique a > 0 such that H* (B) = 0 for all o/ > o and H* (B) = +oo for
all o/ < a. The visual Hausdorff dimension of the borelian subset B is denoted by
HD(B). By Lemma [2.3.3} see also [Pau96|, we have HD(B) = a - HDp, ,(B) for
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all visual metrics Dy, of center  and parameter a, where HDp, ,(B) denotes the
classical Hausdorff dimension with respect to the metric D, ,. Therefore we directly
obtain the usual inequalities

HD(B) < MD(B) < MD(B)

for all Borelian subsets B of g X. In Section we have seen how these inequalities
can be strict.

There is a canonical way to construct a measure on dg X starting from the Poincaré
series. For every s > hp the measure

1 —sd(z,g9z)
Hs = fze PRI Age,
ZgEF e—sd(z,g7) e
where Ay, is the Dirac measure at gz, is a probability measure on the compact
space X U JgX. Then there exists a sequence s; converging to hr such that p,
converges #-weakly to a probability measure on X U dgX. Any of these limits is
called a Patterson-Sullivan measure and it is denoted by pps.

Proposition 7.2.4 (Theorem 5.4 of [Co093].). Let X be a proper, §-hyperbolic
metric space and let I' be a discrete group of isometries of X with hp < +o0o. Then
every Patterson-Sullivan measure is supported on A(I'). Moreover it is a I'-quasi
conformal density of dimension hr, i.e. it satisfies

L e (Btoa)-Be(og~'a) < UIHPS) (0 hr(B.(@a)-B(2.g70)
Q ~ dpps B

for every g € I and every z € A(I"), where Q is a constant depending only on § and
an upper bound on hr.

The quantification of ) is not explicitated in the original paper, but it follows from
the proof therein.

7.2.2 The quasiconvex cocompact case

Let I' be a discrete, quasiconvex-cocompact group of isometries of a proper, ¢-
hyperbolic metric space X. Then it is proved in [Co093| that the Patterson-Sullivan
measure on A(T") is (A, hr)-Ahlfors regular for some A > 0. We will precise this
result quantifying the constant A in terms of universal constants in case X is also
convex, geodesically complete and packed.

Theorem 7.2.5. Let X be a complete, convex, geodesically complete, §-hyperbolic
metric space that is Py-packed at scale roy. Let I' be a discrete, quasiconvez-cocompact
group of isometries of X with codiameter < D and x be a point of QC-Hull(A(T")).
Then:

(a) A(T) is visually (A, hr)-Ahlfors reqular with respect to any Patterson-Sullivan
measure, where A depends only on Py, 1o, and D.

(b) it holds
1

T log Cov(A(I),e 1) = hp;

PO,T‘E&,D
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(¢) MD(A(T)) = MD(A(T)) = hr.

We observe that (c) follows immediately from (b), while (b) is essentially straightfor-
ward once proved (a). Indeed we have

Lemma 7.2.6. Suppose C C 0X is visually (A, s)-Ahlfors reqular. Then

1 log Cov(C, e~ T)

T S.

(5,/14\78
We define the packing® number at scale p of a subset C' of 0X as the maximal

number of disjoint generalized visual balls of radius p with center in C' and we denote
it by Pack*(C, p).

Lemma 7.2.7. For all T > 0 it holds Pack*(C,e"T1%) < Cov(C,e™T) and
Cov(C, e T+9) < Pack*(C,e~ 7).

Proof. Let z1,...,zy be points of C realizing Cov(C,e~7). Suppose there exist
points wy, . .., wy of C such that B(w;, e~ 19) are disjoint, in particular (w;, Wj)y <
T — 6 for every i # j. If M > N then two different points w;, w; belong to the same
ball B(zg, p), i.e. (2k,w;)s > T and (zx, w;), > T. By we have (w;, w;), > T —0
which is a contradiction. This shows the first inequality.

Now let z1,...,2zny be a maximal collection of points of C' such that B(z;,p) are
disjoint. Then for every z € C there exists i such that B(z,p) N B(z;,p) # 0.
Therefore there exists w € 90X such that (z;,w), > T and (z,w), > T. As before
we get (z;,2), > T — 0, proving the second inequality. O

Proof of Lemma[7.2.6. Since the measure y in the definition of Ahlfors regularity is
assumed to be of total measure one, we have

1=pu(C) < Ae™*T . Cov(C,e 1) and 1 = p(C) > le*ST -Pack(C, e 1)

A
implying Cov(C,e~T) > %eST and Pack(C, p) < Ae*T. Therefore
1 1 1
T log Cov(C,e 1) > s+ T log 1
and 1 1 1 5
T log Cov(C,e™T) < T log Pack*(C, e T7%) < s+ T log A + %

O

Proof of Theorem[7.2.5. As observed (c) follows from (b) and (b) follows from (a)
applying Lemma |7.2.6| and the fact that hp < W. In order to prove (a) we
consider two cases: if I' is elementary then #A(I') € {0,2} and hr = 0. If this
cardinality is O there is nothing to prove. If A(T') = {z7, 2"} then it is straightfoward
to see that ppg(z7) = pps(2) = 1.

If T is non-elementary we denote by 0 < h~ < h™ < 400 the numbers introduced in
Remark They depend only on Py, 79, and D. We will prove

(a’) A(T") is visually (A, hp)-Ahlfors regular with respect to the Patterson-Sullivan
measure, where A depends only on §,h=,h* and D.

We denote by L the constant given by Lemma relative to x and A(T"), remarking
that it depends only on 4.
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Step 1: Vz € X and Vp > 0 it holds ups(B(z, p)) < ehr(210+3D+3L) phr
We suppose first z € A(T") and we take the set

1
B(z,p) = {y € XUOIX s.t. (y,2)z > logp}.

It is open (cp. Observation 4.5.2 of [DSULT7]) and B(z,p) N 0X = B(z,p), so
pps(B(z,p)) = ups(B(z, p)) since upg is supported on A(T') C 9X. Let T = log %,
€. = [z, 2] and zp be the point on &, at distance T from x. For every y € Tz B(z, p)

we have
dz,y) >T -9 and d(z,y) > d(x,zr) + d(zr,y) — 206. (47)

Indeed from d(y,&.(S)) > S —d(z,y) for all S >0 we get T' < (y,2), < d(x,y) + 0.
In order to prove the second inequality we extend [z,y] to a geodesic ray &, with
&5 = w. By the analogue of we have (w, 2), > min{(y, 2)z, (y, w)z} =3 > T —20,
where the last inequality follows from d(x,y) > T — §. By Lemma we have
d(&(T — 30),&u(T — 30)) < 40 and applying the triangular inequality we get
d(y, zr) < 106 and the second estimate in ([47).

Moreover by Lemma [7.1.2] since z € QC-Hull(A(T")), there exists v € Geod(A(T"))
such that d(zp,v(T)) < L. By the cocompactness of the action on QC-Hull(A(T"))
we can find a point z; € I'z such that d(x1,v(T)) < D, so d(zr,z1) < L+ D. This
actually implies d(z,y) > d(z,z1) + d(z1,y) — 206 — 2D — 2L for all y € Tz N B(z, p).
Therefore

Z e—sd(m,y) < Z e—s(d(m,zl)+d(r1,y)—206—2D—2L)

yeTzNB(z,p) yeTzNB(z,p)

_ es(206+2D+2L)€—sd(ac,:51) . Z e—sd(achy)
yelzNB(z,p)

< es(205+3D+3L)€—sd(a:,zT) . Z e—sd(xl,g:m)
gerl’

_ es(205+3D+3L) . ps . Z efsd(:r,g:v)'

gel

In other words we have pi5(B(z, p)) < e5(200+3D+3L) ps - and by s-weak convergence
we conclude that

pps(B(z, p)) = pps(B(z, p)) < liminf pg, (B(z, p)) < 'r(F00H3DH3L) phr

i——+00

In the general case of z € X we observe that if B(z,p) N A(T") = () then the thesis
is obviously true since ppg is supported on A(I"). Otherwise there exists w € A(T")
such that (z,w), > log %. It is straightforward to check that B(w, p) C B(z, pe®) by

(T6). Then pps(B(z, p)) < ehr(F1IH8DHSL) phr

Step 2: for every R > Ry := h;gf + 216 + 3D + 3L + 55 and for every g € T' it
holds pps(Shady;(gz, R)) > %e*hfd(‘”’gx), where Q) is the constant of Proposition
that depends only on § and h'.

From the first step we know that for every p < pq : and for every
z € 80X it holds ups(B(z, p)) < &. A direct computation shows that Ry = log p% +54.

1
— 97 Fr e—(216+3D+3L)
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We claim that for every R > Ry and every g € I' the set X \ g(Shad, (¢ 'z, R))
is contained in a generalized visual ball of radius at most pg. Indeed if z,w €
0X \ g(Shad, (g~ 'z, R)) then the geodesic rays [gz, z], [g7, w] do not intersect the ball
B(z, R). Therefore, setting £ = [gz, 2|, we get (£(T), gx), > d(z,[gz,E(T)]) — 46 >
R — 46 by Lemma This implies (2, gx), > liminfr_, o (§(T), gx)z > R — 46
and the same holds for w. Thus by we get (z,w); > R — 5d, proving the claim.
By Proposition [7.2.4] we get

pes(Shads(9z, R)) 1 _p(8.(0.0)-B. (@.90))
pps(g~ ! (Shady (92, R))) — @

Since R > Ry the measure of g~!(Shad,(gz, R)) is at least 3 and the Busemann
function is 1-Lipschitz (Lemma [2.3.1)), so

wps(Shad, (gx, R)) > igehrd(x,g:v)‘

Step 3. For every z € QC-Hull(A(T')) and every p > 0 the following is true:
pps(B(z, p)) > %e—hF(Ro-&-cHZD—i-ZL)phF'

For every p > 0 we set T' = log %. We first want to show that if z € 90X and R > 0

then Shad,(£.(T + R), R) C B(z,e”T). Indeed if w € X is a point such that the
geodesic ray &, = [z, w] passes through B(¢,(T + R), R) then d(&,(T + R), & (T +
R)) < 2R and by Lemma we get (z,w), > T. We take R = Ry + L+ D, where
Ry is the constant of the second step and we conclude that Shad,(&,(T + R), R)
is contained in B(z,p). By Lemma it is possible to find a geodesic line
v € Geod(A(I")) such that d(v(T' + R),&.(T + R)) < L. Moreover there exists g € I'
such that d(gz,y(T + R)) < D, implying Shad, (gx, Ro) C Shad,(£{.(T + R),R) C
B(z,p). From the second step we obtain ups(B(z,p)) > %e‘hfd(%gw). Furthermore
d(x,g9z) <T+ Ro+ 2L + 2D, so finally

1
B > _— e~ hr(Ro+6+2L+2D) Jhr
pups(B(z,p)) 2 20° p
The explicit description of the constants shows as they depend only on §, A~, h™ and
D, proving (a’) and so the theorem. O

As a consequence we have a uniform asymptotic behaviour for the I'-entropy of
a discrete, non-elementary, quasiconvex-cocompact group. Indeed by Lemma
and Proposition [7.1.14) we get

1 _

—1 Fen B(z, T = h

T Og# x (:Ev ) Poro.6.D r,
where x € QC-Hull(A(T")). We remark that similar results can be obtained for the
covering entropy, the Lipschitz-topological entropy, and the shadow dimension. This
uniform convergence to the limit will be the key of the continuity results proved in
the last chapter.

Actually for the I'-entropy we can improve the rate of convergence following again
the ideas of [C0o093].
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Theorem 7.2.8. Let X be a complete, convezx, geodesically complete, d-hyperbolic
metric space that is Py-packed at scale rq. Let I' be a discrete, quasiconvex-cocompact
group of isometries of X with codiameter < D and z be a point of QC-Hull(A(T")).
Then there exists K > 0 depending only on Py, rg,0 and D such that for all T > 0 it
holds

1 el < g NB(z,T) <K - elhr,

Proof. We denote by sy = so(FPy, 70,0, D) the number given by [{2), by Ry =
Ry(Po, 70,9, D) the number of Step 2 of Theorem by @ the constant of
Proposition and by L the constant of Lemma that depends only on
. Moreover we set Ny = Pack (4Ro + 1, %), which depends only on Py, 79,8, D
by Proposition It is easy to check that if [z,z] N B(y, Ry) # 0 and [z,z] N
B(y', Ry) # 0, where z € 90X and y, 3’ are points of X with |d(x,y) — d(z,y')| < 1,
then d(y,y’) < 4Ro + 1. Therefore for every k € N we have

#{y e Tz st. ye A(x,k,k+ 1) and 2z € Shad,(y, Rg)} < Np.

Step 1.For all k € N it holds #T'x N B(x, k) < 4QNgelv*.
Let Aj =Tz N A(x,j,j +1). By the observation made before we conclude that

among the set of shadows {Shad.(y, Ro)}yeca; there are at least #T’?)j disjoint sets.
Thus

A 1 .
1> s | | Shadu(y, Ro) | > T4 L oomeGin),
yEAj NO 2Q

where we used Step 2 of Theorem This implies #A; < 2Q Nyehr(i+1) for every
j € N. Finally we have

k—1
#TzNB(w, k) <Y #Ap < 4QNge ™.
j=0

Step 2.For all k € N it holds #T'z N B(z, k) > e~ (216+6D+6L) phrk,

For every z € A(I") we consider the geodesic ray £, = [z, z]. Then by Lemma
there exists v € Geod(A(T")) such that d(&,(t),v(t)) < L for every ¢ > 0. Moreover
for every t > 0 we can find y; € 'z such that d(y:,v(t)) < D, so d(£.(t),y:) < D+ L.
This implies that z € Shad,(y;, D+ L) and |d(z,y:) —t| < D+ L. Therefore for every
t > 0 we can cover A(I") with shadows casted by points of I'z at distance between
t—D—Land t+ D+ L from x and with radius D + L. Choosingt =k — D — L we
get A(T') € Uyerana(a,k—20—21,k) Shadz(y, D+ L). By the same argument of Lemma
we have Shad,(y, D + L) C B(zy, e~ ¥@W+D+L) C B(z,, e F3P+3L) for every
yeTenA(xz,k—2D — 2L, k), where z, is the point at infinity of an extension of
[z,y]. So by Step 1 of Theorem we conclude

1 = pupg(A(T)) < #0'z N B(a, k) - ' (210+6D+6L) o=hrk

The thesis follows by the bounded quantification of all the constants involved in
terms of Py, rg,0 and D. O
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Chapter 8

Compactness and continuity

The aim of this chapter is to study properties that are stable under Gromov-Hausdorff
convergence and ultralimits and to find a criteria for the continuity of the entropy
under this kind of convergence.

8.1 Compactness of GCBA spaces

In the first part we focus on general GCBA spaces, while in the next sections we
will specialize to the case of CAT(0) metric spaces.

8.1.1 Compactness of packed and doubling GCBA-spaces

Throughout the section we fix Py, rg, po > 0 with 79 < po/3 and x € R. We denote
by GCBAgaCk(PO, r0; po) the class of complete, geodesic, GCBA* metric spaces X
with pac(X) > po and Pack(3rg, ) < Fy. Then we have the following result which
is strictly related to Gromov’s Precompactness Theorem, see [Gro81]:

Theorem 8.1.1. The class GCBAG, 4 (Po, 705 po) is closed under ultralimits and

compact under pointed Gromov-Hausdorff convergence.

Proof. Any space X € GCBAgaCk(PO, 70; po) is proper by Proposition m geodesic
and geodesically complete. We consider any sequence (X,,z,) of elements of
GCBAp, (P, 705 p0) and any non-principal ultrafilter w. For any n we have
Peat(Xn) > min{%,po} = pyp > 0 from @ Then by Corollary we have
that X, is a complete, locally geodesically complete, locally CAT(k), geodesic metric
space with again peat(Xw) > ph-

We want to prove now that Pack(3rg, %) < Py holds on X,,. We fix a point y, = w-
limy, € X,: by Lemma we have E(yw, 3rg) = w-lim E(yn, 3rp). Let zjj = w-
limz?, i =1,..., N be a rg-separated subset of B(y,,3rg), that is d(z’,,2]) > 7o

no X K wr Tw
for all ¢ # j. For any couple i # j we have d(z},, z},) > 1o for w-a.e.(n). Since there
are a finite number of couples, then for w-a.e.(n) it holds d(z%, z)) > rq for any

i # j. Moreover the points z, belong to B(yy, 3r) for any i. So, for w-a.e.(n), there
is a rg-separated subset of B(y,,3rg) of cardinality N. Therefore N < Py and in
particular Pack(3rq, 3) < Py on X,,. We can now apply again Proposition to
conclude that X, is proper, hence a GCBA” metric space.
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To finish the first part of the proof we need to show that p,.(X,) > po. This is the
object of the following:

Proposition 8.1.2. Let (X, z,) be GCBA"-spaces converging to (X, x) with respect
to the pointed Gromov-Hausdorff topology. Then:

Pac(X) > lim sup pac(Xy)
n—oo
We postpone the proof of this proposition to end the proof of Theorem [8:1.1] In order
to prove the compactness under pointed Gromov-Hausdorff convergence we take a
sequence of spaces (X, z,) € GCBAJ, 4 (Fo,70; po) and we fix any non-principal
ultrafilter w. Let (X, 7,) € GCBAL,(Fo,70;po) be the ultralimit. Since the
limit is proper we can apply Proposition [2.7.11| to find a subsequence (X, ,zy,)
that converges in the pointed Gromov-Hausdorff sense to (X, z,), showing the
compactness part of the statement. ]

Proof of Proposition Assume that pac(X,) > po > 0 for infinitely many
n. Take any non-principal ultrafilter w: since by deﬁnition X is proper then by
Proposition we have X = w-1lim X,,. If pp < 2= we have Peat(Xn) > po for all
n, so by Corollary [2.7.10) m we conclude immediately that Pac(Xw) > peat(Xw) = po-

Assume now that pg > Ds ; in particular as before we deduce peat(Xy,) = %.
The strategy is the followmg. we claim that for any y, = w-limy, € X, and for
any point z, = w-lim z,, at distance < pg from y,, there exists a unique geodesic
joining ., to z,. In particular this geodesic must coincide with the ultralimit of the
geodesics [yn, zn] of length < pg. If this is true then for any two points 2z, = w-lim z,,

w, = w-limw, of X, at distance < pg from y,, and any t € [0, 1] we get
d((zw)ts (Wy)t) = w-lUmd((zn)t, (wn)t) < w-lim 2t - d(zp,, wy,) = 2t - d(2w, wy,)

which implies that pac(yw) > po for any y, € X,,.

So suppose our claim is not true: that is assume that there exists a point y,, = w-

limy, € X, a radius p; € ( 5%, po) such that any point at distance < p; from y,,

is joined to y,, by a unique geodesic, while for arbitrarily small values € > 0 there

exist two different geodesics ~.,7. joining y,, to the same point z., = w-lim z.,

with d(yuw, 2ew) = p1 + €.

We consider the points we. = v:(p1 — €), w. = YL(p1 — €) and set £ = d(we,w.).

We observe we have ¢ < 4e and ¢ > 0 since the ball of radius % around 2., is

CAT( ) by assumption so uniquely geodesic Similarly we consider the points
=(p1+¢e— —) u. = (p1+e— —) and we set L = d(ug,ul). Our first step

is to prove that
D, €
L=d > — . — =T 48
So suppose by contradiction that (| . ) does not hold. First of all we remark that
7 < Bx since ¢ < 4e. Then, as the ball B(z., £¢) is CAT(k), we can consider the

K- comparlson trlangle A" (Zew, Uz, u ul). As usual we denote by Wz, w. the comparison
points Of wE and w., respectively. By definition the edges of A" (%2, Uz, ul) have
length L=, D= L. We consider another triangle A(Z,V,V') on M¥§ with edges
(Z,V],[Z,V'],[V,V'] of length respectively D“ D"”" ,7. We denote by W, W’ the
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points along [Z, V] and [Z, V'] at distance 2¢ from Z. Since the contraction map [
towards Z is 25-Lipschitz and d(W, Z) = d(W’, Z) = 2¢ we deduce

2e
(Dx/2)

Since we are assuming by contradiction that L < 7, we have by comparison that
d(wz,wl) < d(W,W’). So, applying the CAT(x) condition, we obtain

¢
av, vy =528

dW,W') <2
(W, W) < D, 2

0 = d(we, wl) < d(ws,wl) < d(W, W) < g

a contradiction. Therefore holds.
Now, by assumption there exists a unique geodesic from y to any point in B(y, p1).
Since d(y,ws) < p1 by construction, if w. = w-limw , then the ultralimit of the
geodesics Ve = [Yn,We | is the unique geodesic joining y to we, that is 7. =
w-lim . ,. Analogously, if w. = w-limw, ,, we have 7. = w-lim ., where 7., =

[Yn,w’,]. Applying the contraction property on X, from R = p; —¢ to r =
p1+¢€— Dy /2 we get

L =d(us,ul) = w-lim d (%,n(m +e—=Dy/2), Voplpr +e— Dn/2))
2(p1 +e—D./2)
P1L—¢€
2(p1 + € — Dy /2) 0

pL—€

< w-1lim

d(we n, we ) (49)

As p1 > %, combining and gives a contradiction for ¢ — 0. We have
therefore proved that p,c.(X) > po. This implies the upper semi-continuity of the
almost-convexity radius since we can apply the same argument to any subsequence.

O]

Remark 8.1.3. In particular for any sequence of pointed metric spaces (X,,, z,) in
GCBAgaCk(PO, r0; po) and for any non-principal ultrafilter w the ultralimit X, is a
proper space. Notice that, in general, the ultralimit of a sequence of proper spaces
is not proper, even if the spaces are really mild. For instance let (X, z,) = (R™,0)
and w be any non-principal ultrafilter. Then X, is isometric to £2(R), the spaces of
sequences {a,} of real numbers such that 3" a2 < +oco. This is a non-proper space

of infinite dimension.

The compactness of a class of proper metric spaces C is hard to achieve since
properness and dimension are in general not stable under limits.
In the next theorem we precisely characterize the classes of proper, GCBA", geodesic
metric spaces with almost-convexity radius uniformly bounded from below that are
precompact and compact under pointed Gromov-Hausdorff convergence. For this we
need the following slight refinement of the packing condition at scale rg. Given a
function P: [0,4+00) — N, we say that a pointed metric space (X, x) belongs to the
class

GCBA}, e (P(-), 705 po)
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if X isa complete geodesic, GCBA" metric space with pac(X) > pp and it satisfies
Pack(B(z,R),%) < P(R) for all R > 0. This is equivalent to asking that the
packing costant P of Definition possibly depends also on the distance of the
center of the balls from x. The same argument used in Theorem shows that
the class GCBAF, o (P(:),70; po) is closed under ultralimits and therefore compact
under pointed Gromov-Hausdorff convergence. Moreover we have:

Theorem 8.1.4. Let C be a class of proper, GCBA", geodesic metric spaces X
with pac(X) > po > 0. Then C is precompact under the pointed Gromov-Hausdorff
convergence if and only if there exist P(-) and ro > 0 such that

e GCBApack( ( )77"05,00)-
Moreover C is compact if and only if it is precompact and closed under ultralimits.

We stress the “only if” part in the above statement: for GCBA" spaces, a uniform
packing assumption (depending only on the distance from the basepoint =) at some
fized scale is a necessary and sufficient condition in order to have precompactness
(we recall that, in the general Gromov’s Precompactness Theorem, one needs to
have a uniform control of the packing function at every scale in order to achieve
precompactness).

Proof of Theorem[8.1.4]. Let C be a class of proper, GCBA”, geodesic spaces X
with pac(X) > po > 0. Let us prove the first equivalence stated in So
assume that it is precompact in the pointed Gromov-Hausdorff sense, i.e. the
closure C is compact under pointed Gromov-Hausdorff convergence. Suppose C is not
contained in GCBAG, . (P(), 0; po) for any choice of P(-) and r9. Hence there exists
ro < %—0 and R > 0 such that for any n there is a space (X, x,) € C with a set of -
separated points inside B(x,, R) of cardinality at least n. By assumption there exists
a subsequence, denoted again (X,,, z,), converging in the pointed Gromov-Hausdorff
sense to (X, x). The space X is proper, see the discussion at the beginning of Chapter
Fix now any non-principal ultrafilter w. Then (X, z,,) is isometric to (X, z) by
Proposition and in particular it is proper. We are going to prove that inside
B(z,, R) there are infinitely many points that are at distance at least ry one from
the other: therefore X,, cannot be proper and this is a contradiction. For any n we
denote the set of ro-separated points of cardinality n inside B(z,, R) by {z},...,2"}.
Then, for any fixed k € N, we consider the admissible point 2% = w-lim z,’j € Xy,
(notice that z¥ is deﬁned only for n > k, but this suffices to define a point 2F in the
ultralimit). Clearly z¥ € B(z, R) for all k. Moreover if k # [ then d(2%,2!) > rq for
all n, hence d(z", z!,) > ro. This shows that C is a subclass of GCBAL,(P(+), 705 po)
for some P(-) and rg. Viceversa if C € GCBAF, . (P(:),70; po) then its closure C is
contained in the compact space GCBA, . (P(),70; po) by the analogue of Theorem
8.1.1} so C is compact.

Let us show now the second equivalence. Suppose that C is precompact and closed
under ultralimits. Applying the same proof of the second part of Theorem [8.1.1
we get that C is compact under pointed Gromov-Hausdorff convergence. Vicev-
ersa if C is compact under Gromov-Hausdorff convergence then it is contained in
GCBAL,«(P(:),70; po) for some P(-), 7. In particular for any non-principal ultrafil-
ter w and any sequence of spaces (X,,x,) € C we have that X, is a proper metric
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space. By Proposition there exists a subsequence that converges in the pointed
Gromov-Hausdorff sense to X,,, hence X, € C since C is compact. O

As a consequence of Theorem and of the estimates on volumes and packing
proved in Sections & we deduce that the dimension is almost stable under
pointed Gromov-Hausdorff convergence, in the following sense:

Proposition 8.1.5. Let (X,,z,) be a sequence of GCBA"® metric spaces with
almost convezity radius pac(Xn) > po > 0 converging to (X,x) in the pointed
Gromov-Hausdorff sense. Let X' be the mazimal dimensional subspace of X.
Then
. < Vi inf di
dim(X) < Egli{.lcfdlm(Xn)

and the equality dim(X) = lim, . dim(X,) holds if and only if the distance
d(xn, X% stays uniformly bounded when n — oco.

Proof. As the spaces (X, z,) converge to (X, ), they form a precompact family
and so they belong to GCBAD, 4 (P(+), 70, po), for some P(-) and rg, by Theorem

Let us first show that we always have
dim(X) < liminf dim(X5,) (50)
n—+oo

Actually consider a subsequence, we we still denote (X,,), whose dimensions equal
the limit inferior, denoted dy. Now suppose that there exists a point y € X with
dim(y) = d > dy. We may assume that y is d-regular, since Reg?(X) is dense in
X9 The point y is the limit of a sequence of points ¥, € X,, and for any r > 0 the
volume of the ball B(y,r) is bigger than or equal to the limit of the volumes of the

balls B(yn, 5), by . By Theorem we have for all n:

e (B (m5)) 2 (7)

where ¢4, is a constant depending only on dy. Moreover, since y is d-regular, then for
any r small enough the ball B(y,r) contains only d-dimensional points. We conclude

by (8) & (@) that
px(B(y,r) < C -1,

where C is a constant depending only on y and not on r. Therefore, as dy < d, we
have a contradiction if r is small enough, and is proved.

Assume now that d(z,, X;"**) < D for all n. Since the almost convexity radius is
bounded below by pg both for X,, and for X, also the CAT(k)-radius is bounded
below by @ So we can consider tiny balls B(yy, ro) centered at regular points y,, of
maximal dimension, all with the same radius 7, such that the closed ball B(yy,, 10r)
converge to some ball B(y,10r) of X and satisfy the condition Pack(Py, ) for
some constant Py for all n, by Proposition We are then in the standard setting
of convergence, which implies by Lemma [2.2.8] that

dim(X) > dim(y) > limsup dim(y,,) = lim sup dim(X,,).

n—oo n—oo

Conversely, assuming dim(X) = lim,,_, o dim(X},), then in particular dim(X,) is
constant for n > 0 and equal to dy = dim(X). Consider a regular point y = (y,) € X
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of dimension dy: then the points y, are admissible by definition (that is, d(xy,, yn)
stays uniformly bounded); moreover we can choose as before uniformly packed tiny
balls with B(yy, 10rg) converging to B(y, 10ry), so the points y, belong to XX
again by Lemma [2.2.8] (b). O
Example 8.1.6. Let (X,z) € GCBA, . (Fo,70,p0) be any space. We consider
the space Y obtained by gluing the half-line [0, 4+00) to X at the point z. Clearly
Y belongs to GCBA}, (P, 79, 05). The pointed Gromov-Hausdorff limit of the
sequence (Y, n), where n € [0, +00), is the real line. This is an example where the

maximal dimension part escapes to infinity and the dimension is not preserved.

We are going now to explore some variations of Theorem [8.1.4]
We fix constants x € R and Py, o, Vo, Ro, Do, to, po,no > 0, with 79 < po/3, and
consider the following classes of complete, geodesic GCBA" spaces X:

— the class GCBAgaCk(PO, 705 Po, no) of spaces which are Py-packed at scale 7, with

almost-convexity radius pac(X) > po and dimension < ng;
— the class GCBAZL, (P, 70; pos ng ) of spaces Py-packed at scale 79, with almost-
convexity radius pa.(X)>po and of pure dimension ng;

— the classes GCBAY ,(Vo, Ro; po, no), GCBA%(Vo, Ro; po, g ) of those satisfying

px(B(z, Ry)) < Vo, pac(X) > po and which have, respectively, dimension < ng and
pure dimension ng;

— the class GCBAJ, ., (Do, to; po) of spaces Dy-doubled up to scale tg, with pac(X)>po.
Then:

Corollary 8.1.7. All the above classes are compact with respect to the pointed
Gromov-Hausdorff convergence.

Proof. By Theorem and Corollary the above are all subclasses of
GCBAgaCk(PQ, 03 po), for suitable Py and r9. By the compactness Theorem the
proof then reduces to show that the additional conditions on the dimension, on the
measure of balls of given radius or on the doubling constant are stable under Gromov-
Hausdorff limits. By Lemma if a sequence X,, in GCBAZ,;(Vh, Ro; po,no)
converges to X, then ux(B(y, Ro)) < Vp for any y € X. On the other hand from
Corollary it follows that the doubling condition is preserved to the limit. The
stability of the dimension is proved in Proposition B:1.5] To conclude we need to
show that pure-dimensionality is stable under Gromov-Hausdorff limits: this is the
object of the proposition which follows. O

Proposition 8.1.8. Let (X, z,) be a sequence of GCBA® metric spaces with
almost convezity radius pac.(X,) > po > 0 converging to (X, z) in the pointed
Gromov-Hausdorff sense. Assume that X, is pure-dimensional for all n: then X is
pure-dimensional of dimension dim(X) = lim,_, . dim(X,).

Proof. The spaces (X, z,) form a precompact family and so, by Theorem they
belong to GCBAG, . (P(+), 70, po), for suitable P(-) and ry. Then, using the maps
¥, of Proposition as in the first part of Theorem the numbers dim(X,,)
belong to the finite set [0, ng]. Suppose to have two integers d; # ds and two infinite

subsequences X, , Xp, such that dim(Xnil) = d; for any i1 and dim(XmQ) =ds
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for any i5. We consider the sequences z,, and zp, : for any r > 0 we have by
and Lemma [2.2.7]

timsup i, (B (0,3 ) ) < ux(Bla,r) < lmsup px, (B, 1))

n——+o00 n——+o00

By and Theorem we have

1 /r r

dy
6 <2> S HX"'LI (B (xnil’ 2>) S 'anil (B(xml 9 T)) S Crdlu

1 /r\% T d
c <2> < HXn,, (B (xni2a 2>) < HXn,, (B(xniQar)) < Cr®,

where C' is a constant depending only on P(-) and ry. Since this is true for any
arbitrarily small » we deduce that dy = ds. Therefore lim,,_, 1 o, dim(X,,) exists and
we denote it by dyp. We again apply the same estimate as before to conclude that for
any y € X and for any small » > 0 we have

1
5rd° < ux(B(y,r)) < Cr¥,

where C' is a constant depending on P(-) and rp. Therefore the dimension of y is dp,
which concludes the proof. O

Finally we can specialize these theorems to subclasses of compact spaces. Clearly
the subclasses of the above classes made of spaces with diameter less than or equal
to some constant A will be compact with respect to the usual Gromov-Hausdorff
distance. We state here just two particularly interesting cases, which are reminiscent
of the classical finiteness theorems of Riemannian geometry. Consider the classes:

)

of complete, geodesic GCBA" with total measure p(X) < Vj, almost convexity
radius pac(X) > po and which are, respectively, precisely ng-dimensional and purely
ng-dimensional.

pure

GCBAC@I(‘/(% P0, TLE), GCBAC@I(‘/(L P05 Ny

Corollary 8.1.9. The classes GCBA” | (Vy; po,ng) and GCBA® (Vo; po,ng ) are
compact under Gromov-Hausdorff convergence and contain only finitely many homo-

topy types.

Proof. First we show that the diameter is uniformly bounded in both classes. Actually
consider X € GCBAY,,(Vo; po,ng ) and take any two points y,3’ € X such that
d(y,y") = A > p:=min{pg,2}. Let v be a geodesic joining y to y'. Along v we take
points at distance p one from the other: they are at least % — 1 and the balls of
radius § around these points are disjoint. Then by Theorem we get
c A
Vo2 px(X) > g (2 1)
so the diameter of X is bounded from above in terms of ng, pg and Vp only.

K

Let Ry such un upper bound. Then these classes are included in GCBAZL;(Vo, Ro; po, no),
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whose compactness we have just proved. The conclusion follows from Propositions
and B8

Finally notice that any element of both classes has local geometric contractibility
function LGC(r) = r for r < pg (see [Pet90] for the definition). Moreover the covering
dimension of any space in both classes coincides with the Hausdorff dimension, so
it is uniformly bounded from above. We can then apply Corollary B of [Pet90] to
conclude that there are only finitely many homotopy types inside any of the two
classes. O

8.1.2 Compactness of M"-complexes

The aim of this section is to provide compactness and finiteness results for simplicial
complexes. We denote by M*(R, N) the class of M"-complexes without free faces,
of size bounded by R, valency at most IV and positive injectivity radius.

Theorem 8.1.10. The class M*(R, N) is compact under pointed Gromov-Hausdorff
convergence.

By Proposition there exist Py, ro, pp such that any K € M"(R, N) belongs to
GCBAG,«(Po, 705 po)- So, by Theorem the class M"(R, N) is precompact and
it is compact if and only if it is closed under ultralimits. We are going now to show
that M"*(R, N) is closed under ultralimits.

We fix a non-principal ultrafilter w and we take any sequence (K, 0,) in M*(R, N).
We denote by K, the ultralimit of this sequence. Our aim is to prove that K, is
isometric to a M*-complex K, satisfying the same conditions as the K,,’s.

Step 1: construction of the simplicial complex K,.

Let us start definining who are the simplices of K,,. Let (z5,) be any admissible
sequence of points, with z,, € K,,, and consider the unique simplex supp(z,) of K,
containing z,, in its interior: we define S(,,) = w-limsupp(z,). The metric space
S(z,) is a M"-simplex with size bounded by R by Notice that, a priori, if ¥, is
another sequence defining the same point as z;, in Ky, then S, ) might be different
from Sz, ).
Now we define K,, as follows. Let p, : S — K,, denote the projection of any simplex
of the total space of K, to K,,. The total space of Kw will be

Ll St

(zn) admissible

where (z,,) is any admissible sequence of points in K, and the equivalence relation
is: if 2, = w-lim 2, € S,y and z[, = w-lim 2}, € Sy (i.e. (2n), (27,) are admissible
sequences of points respectively in supp(xy,) and supp(z))), we say that z, ~ z/,
if and only if w-limdg, (pn(2n),Pn(z,)) = 0. That is, we compare the points z,
and z], in the common space K, where they live. For simplicity we will abbreviate
dg, (pn(zn), pn(2))) with dg, (zn, 2,,). First of all we need to check that the relation
is well defined: given other admissible sequences (wy,), (w),) with w, € supp(x,) and
w!, € supp(z),) such that z, = w-limw, and z/, = w-lim w/,, we have

dk,, (wn, w;) < dsupp(mn)(wnv zn) + dk,, (Zn, quz) + dsupp(r’n)('z;w w:z)
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hence w-lim dg, (wy, w)],) = 0. Once proved it is well defined it is easy to show it is
an equivalence relation. We call K, the quotient space and denote py, : S(;,) = Koy
the projections.

Step 2: K., satisfies aziom (i) of M"-complezes.

We fix an admissible sequence (x,) and the corresponding simplex S(,)- We need
to prove that the map py: S(,) — K, is injective. For this consider points
2, = w-limz, and 2z, = w-limz, in S, with 2z,,2, € supp(z,) for all n;
then there exists g9 > 0 such that w-lim dgypp(s,)(2n, 2,) > €0 > 0. In particu-
lar dgupp(a,) (21, 2n) > €0 w-a.e.(n). Now, for any point 2 of a M"-complex define
dim(z) as the dimension of supp(z). The strategy to prove the injectivity is by
induction on

d = max{w- lim dim(z, ), w- lim dim(z},)}.

Observe that if w-limdim(z,) = k then we have dim(z,) = k w-a.e.(n) because
the possible dimensions belong to a finite set. For d = 0 we have that z,, 2/,
are both vertices of supp(z,), w-a.e.(n). If p, is not injective then for every
e > 0 we have dg, (zn,2,) < € for w-a.e.(n). By Lemma we know that if
dxk, (zn, 2},) < eo(R,N) then z, = 2], as points of supp(zy,).

We consider now the inductive step. We denote by T,,, T}, the faces of S,, containing
zn, and zJ, in their interior, respectively. We suppose there exists 7 > 0 such that for
w-a.e.(n) it holds z, € T, \ (071,),. By Lemma we have £(z,) > (R, N, 7) for
w-a.e.(n), and similarly for z/,. Once again this fact implies the injectivity. Consider
now the case where for all 7 > 0 the set

{n € N s.t. d(z,,0T,) < 7 and d(z),,0T},) < 7}

belongs to w. Therefore w-lim d(z,, dT,) = w-lim d(z],, 0T),) = 0. This means that
2, belongs to 9T, and z/, belongs to 9T}, by Propositionm Hence z, = w-lim w,
and z/, = w-limw],, where w,, and w/, belong to a lower dimensional face of T;, and
T/ respectively. We then apply the inductive assumption to get the thesis.

Step 3: K., satisfies aziom (ii) of M"-complezes.

Consider two simplices Sy, ), S(z) and suppose p,(S(,)) N Pw(S@:)) # 0. This
means that for any ¢ > 0 there exist y, = w-limy, and y/, = w-limy), with
yn € supp(zy,) and y), € supp(x}) such that dg, (yn,v,,) < € for w-a.e.(n). If
€ < 6(R,N) then by Lemma (a) we know that supp(z,) and supp(z},) share a
face in K,. Let then T}, C supp(x,) and T, C supp(z},) such faces and h,: T,, — T},
an isometry such that p,(z) = p,(2') for z € T,,, 2’ € T, if and only if 2’ = hy(z).
By assumption this holds for w-a.e.(n). By Proposition it is easy to see that
the metric spaces T,, = w-lim T, and T/, = w-lim T}, are, respectively, faces of S(an)
and S,/ ). Moreover the sequence of maps (hy) defines a limit map h,: T, — T,
which is an isometry, by Proposition It remains to show that p,(z,) = pw(z,),
for z, € T, and 2/, € T/, if and only if hy(z,) = z,,. But given z, = w-limz,
and z/, = w-lim 2}, with z, € supp(z,), 2}, € supp(x,) we have p,(z,) = pw(2),) by
definition if and only if w-lim dg,, (pn(zn), pPn(z,)) = 0. This happens if and only if
for any € > 0 the inequality

dic,, (Pn(2n), Pn(2)) <
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holds for w-a.e.(n). This means that dk,, (pn(hn(2zn)), pPn(z,)) < € holds w-a.e.(n), in
particular py,(hy(2,)) = pu(2),). By the injectivity of the projection map p,, we then
obtain hy,(2,) = z/,, which is the thesis.

Step 4: K., belongs to M"(R,N).

It is clear that K, has size bounded by R by construction.

We want to show it has valency at most V. Fix a vertex v of K, and parameterize by
a € A the set of simplices S(;, (o)) Of K, having v as a vertex. For any fixed a € A
there is a vertex v, («) of supp(z,(«a)) such that the sequence (vy,(a)) converges
for w-a.e.(n) to v, by Proposition In particular for all a,o’ € A we get

dg, (vn(@),v,(a))) < e(R,N) for w-a.e.(n), and then v,(«) = v,(a’) by Lemma
Let now Sz, (a)) # S(an(ar)) be distinct elements of K, for a,o/ € A. Then
there exists a vertex of the first simplex u = w-lim u,, with u,, € supp(z,(«)), which
does not belong to the second one. So dg,, (un,supp(z,(a/))) > 0 for w-a.e.(n), hence
supp(z, () # supp(z,(a)) for w-a.e.(n). Therefore if K, has m different simplices
S(2n(a)) sharing the vertex v, there also exist m different simplices supp(xn(«)) of
K, sharing the same vertex v, («) for w-a.e.(n). This contradicts our assumptions if
m > N.

Finally the fact that K, has positive injectivity radius and has not free faces will
follow from the last step, where we prove that K, and K,, are isometric. In fact K,
is geodesically complete and locally CAT(k), as ultralimit of complete, geodesically
complete, locally CAT (k) spaces with CAT(k)-radius uniform bounded below; hence
K, (and in turns Kw) has positive injectivity radius and no free faces, by Proposition

3.4.19 and 11.5.9&11.5.10 of [BHI3).

Step 5: IA(w s wsometric to K,,.
We define a map ¢ : K,, — Kw as follows. Let g, = w-limy, be the w-limit of be
an admissible sequence (y,) of K,. Any y, belongs to supp(y,): we will denote by
(Yn)supp(yn) the point, in the ultralimit of the sequence of simplices supp(y,), which
is defined by the admissible sequence of points (y;) H
We then define ¢ as

(I)(yw) = pw((yn)supp(yn))'
It is easy to see it is well defined and surjective.
It remains to prove it is an isometry. Let y,, 2z, € K, define admissible sequences.
So the distances dg,, (Yn, z,) are uniformly bounded by some constant L. Therefore
by Proposition [3.4.10] for any n there exists a geodesic between y,, and z, which is
the concatenation of at most mg(L, R, N) segments, each of them contained in a
simplex. Since the number of segments is uniformly bounded we can define a path
in K, which is the concatenation of geodesic segments, each contained in a simplex
of K, and whose length is the limit of the lengths of the segments in K,,. This
shows that

df(w (pw((yn)supp(yn))’ pw((zn)supp(zn)) < w-lim dKn (yna Zn)'

In order to prove the other inequality we fix two points y = pu((yn) and

supp(yn))
2 = Puw((2n)supp(zn)) Of Ky Notice that from the inequality above we deduce that

' The notation stresses the fact that we see (yn)supp(y,) as limit of points in the abstract simplices
supp(yn») (not in K). Namely, (Yn)supp(y,) Pelongs to the total space of R’w, while y,, € K.
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K, is path-connected. Hence, by Proposition we know that there exists a
geodesic between y and z which is the concatenation of at most mo(¢, R, N) geodesic
segments, each of them contained in a simplex, where ¢ = d %, (z,y). These segments
cross finitely many simplices, each of which can be seen as the w-limit of a sequence
of simplices in K. Since the number is finite we can see the union of these simplices
of K, as the ultralimit of the union of the corresponding simplices in K,,. We can
therefore approximate the geodesic in K, with paths in K, between ¥, and z,,
whose total length tend to £. So

df(w (pw((yn)supp(yn))a pw((zn)supp(zn)) > w-lim dKn (yna Zn)-

which ends the proof of Theorem [8.1.10 O

We can specialize this compactness theorem to other families of M"-complexes,
as done for GCBAJ, . (FPo, 705 po). Namely consider:

— the subclass M®(R, N;A) C M*(R, N) of complexes with diameter < A;
— the class M"(R;V,n) of M"-complexes without free faces, with size bounded by R,
total volume < V', dimension bounded above by n and positive injectivity radius.

Remark 8.1.11. We should specify the measure on the complexes K of the class
MP"(R;V,n) under consideration. Any such space is stratified in subspaces of different
dimension, so it is naural to consider the measure which is the sum over £k =0,...,n
of the k-dimensional Hausdorff measure on each k-dimensional part. This clearly
coincides with the natural measure ux of K seen as GCBA-space.

Corollary 8.1.12. For any choice of R, n, V., N and A, the above classes are com-
pact under Gromov-Hausdorff convergence and contain only finitely many simplicial
complexes up to simplicial homeomorphisms.

Proof. The compactness of M*(R, N;A) is clear from the one of M"(R, N). More-
over, by Proposition we know that any K € M"(R,N;A) satisfies the
condition Pack(3rg,3) < Fy for constants Pp,ro only depending on R and N.
Furthermore, by Lemma any two vertices of K are (R, N)-separated: in

particular the number of vertices of K is bounded above by Pack(%, a(RQ’N)) which
is a number depending only on R, N, x and A. Since the valency is bounded and the
total number of vertices is bounded, we have only finitely many possible simplicial
complexes up to simplicial homeomorphisms.

On the other hand it is straightforward to show that any K € M*(R;V,n) has
valency bounded from above by a function depending only on R, V,n and x, because
any simplex of locally maximal dimension contributes to the total volume with a
quantity greater than a universal function v(R,n, k) > 0.

This also shows also that the total number of simplices of K is uniformly bounded in
terms of R,V and n, hence the combinatorial finiteness of M"(R;V,n). Moreover,
since any simplex has uniformly bounded size, also the diameters of complexes in this
class are uniformly bounded. Therefore M*(R;V,n) C M"(R, N) for a suitable N
and, as the class is made of compact metric spaces, it is actually precompact under
(unpointed) Gromov-Hausdorff convergence. It remains to show that M*(R;V,n)
is closed. By the proof of Theorem [8.1.10]it is clear that the upper bound on the
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dimension of the simplices is preserved under limits. The stability of the upper
bound on the total volume is proved as for the class GCBAY ,(Vo, Ro; po, o) in

vol

Corollary O

Finally we want to point out that the assumptions on size and diameter in the
above compactness results are essential:

Examples 8.1.13. Non-compact families of M"-complexes.

(1) Let X,, be a wedge of n circles of radius 1. The family of M%-complexes {X,,}
has uniformly bounded size and uniformly bounded diameter, but the valency is
not bounded. Notice that this family is neither finite nor uniformly packed. In
particular, it is not precompact.

(2) Let X,, be obtained from a circle of radius 1, then choosing n equidistant points
on the circle and gluing n circles of radius 1 to them. The X,,’s admit M°-
complex structures with uniformly bounded valency and uniformly bounded
diameter, but the size of the simplices is not bounded. Again, this family is
neither finite nor uniformly packed, hence not precompact.

8.2 Ultralimit of groups

In this section we investigate the convergence under ultralimits of group actions on
CAT(0), d-hyperbolic metric spaces that are Py-packed at scale rg.

Let us consider a sequence (X, z,) of complete, geodesically complete, CAT(0),
d-hyperbolic metric spaces that are Py-packed at scale ry. For any non-principal
ultrafilter w the ultralimit (X, z,) of the sequence (X, z,) is again a complete,
geodesically complete, CAT(0), d-hyperbolic metric space that is Py-packed at scale
ro: this follows from Theorem and from the fact that the d-hyperbolicity
condition, as expressed in , is clearly stable under ultralimits.

Let moreover I';, be any group of isometries of the space X,,. We will now define
a limit group of isometries 'y, of X,,. We recall that a sequence of isometries (gy,),
with each g, € Ty, is admissible if there exists M < +oo such that d(zy, gnzy) < M
Vn € N. Every admissible sequence (g,,) defines a limit isometry g, = w-lim g,, of
X, by the formula

9o (Yo) = w-1im(gn(yn))

where y,, = w-lim y,, is a generic point of X,,, see Proposition 2.7.5] We then define:
I, :={w-limg, | (gn) admissible sequence, g, € T',, Vn}.
The following lemma is straightforward:

Lemma 8.2.1. The composition of admissible sequences of isometries is an admis-
sible sequence of isometries and the limit of the composition is the composition of
the limits.



8.2 Ultralimit of groups 153

(Indeed if g, = w-lim gy, h, = w-lim h,, belong to 'y, then their composition belong
to Ty, as d(gnhn - Tnyn) < d(gnhn - Tn, gn - Tn) + d(gn - Tny xn) < +00).
Analogously one proves that (id,) belongs to I'y, and defines the identity map of
X, and that if g, = w-lim g,, belongs to T, then also the sequence (g, !) defines an
element of I',,, which is the inverse of g,.
So we have a well defined composition law on I'y,, that is for g, = w-lim g, and
h, = w-1lim h,, we set

9w © hy, = w-lim(gy o hy)

With this operation I', is a group of isometries of X, and is called the ultralimit
group of the sequence of groups I',.

In the following proposition we describe the possible ultralimits of an admissible
sequence of isometries:

Proposition 8.2.2. Assume that (X, z,) is a sequence of complete, geodesically
complete, CAT(0), d-hyperbolic metric spaces that are Py-packed at scale ro. Let (gy)
be an admissible sequence of isometries.

(a) If gn is of hyperbolic type with azis -y, for w-a.e.(n) then

(a.1) if w-limd(zy,v,) < +oo then g, is elliptic when w-lim{(g,) = 0, and
hyperbolic with axis 7, = w-lim~y, and £(g,) = w-lim ¢(g,) otherwise;

(a.2) if w-limd(xy,,v,) = +00 then g, is either elliptic or parabolic.
(b) If gn is parabolic for w-a.e.(n) then g, is either elliptic or parabolic.

Notice that any two axes of a hyperbolic isometry are at uniformly bounded distance
from each other, by the §-hyperbolicity assumption, cp. Lemma so (a) does
not depend on the particular choice of 7. Moreover the ultralimit of a sequence
of geodesics v, at uniformily bounded distance from the base points x,, is again a
geodesic of X,, (Proposition [2.7.5).

Example 8.2.3. Case (a.2) can actually occur for the limit g, of a sequence of
hyperbolic isometries g,. Let for instance I',, be a Schottky group of X = H?
generated by two hyperbolic isometries a,,b, with non-intersecting axes. The
convex core of the quotient space X, = I',\H? is a hyperbolic pair of pants,
with boundary given by three periodic geodesics «y,, 8, and 7,. These geodesics
correspond, respectively, to the projections of the axes of the elements a,,, b, and
Cn = Gy, - by, (up to replacing b, with its inverse). Letting the length ¢(y,) tend to
zero (which means pulling two of the isometry circles of a,, and b,, closer and closer),
the sequence of hyperbolic isometries ¢, tends to a parabolic isometry and X,, tends
to a surface with one cusp.

Proof of Proposition[8.2.3. We start from g, of hyperbolic type with axis ~, for
w-a.e.(n). Assume first that w-limd(z,,v,) = C < +oo. If w-lim#(g,) = 0
then any point of the limit geodesic ~, is a fixed point of g, so g, is elliptic.
Otherwise w-lim ¢(g,) = ¢ > 0 and it is immediate that g, translates 7, by ¢, hence
it is of hyperbolic type with axis ~,,.

Suppose now that g, is of hyperbolic type with axis 7, for w-a.e.(n) and that
w-lim d(xy,v,) = +00. Let My > 0 be an upper bound for d(z, g,z,) for every
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n. A direct application of Proposition m gives w-lim¢(g,) = 0, otherwise the
distance between x, and the axis 7, of g, would be uniformly bounded. Suppose
that g, is hyperbolic: in this case ¢(g,,) = o would be strictly positive. Applying
again Proposition we would find, for w-a.e.(n), a point p,, € X,, satisfying

Lo
d(pnvl‘n) S K1(€07M076)a d(pnagnpn) S E
The first condition implies that the sequence (p,,) defines a point p,, of X,,, while
the second condition implies that d(py, gupw) < %0 which is impossible, so g, is no
of hyperbolic type.
Finally suppose that g, is of parabolic type for w-a.e.(n). If g, was hyperbolic of
translation length ¢y > 0 then arguing as before there would exist a point p, € X,
satisfying

~

-0
5"
This is again a contradiction. O

d(pn,l'n) S Kl(g()? M()?(S)a d(pnvgnpn) S

The next theorem explains how the ultralimit of a sequence of torsion-free,
discrete groups of isometries in our setting can degenerate, that is, when the limit is
non-discrete or admits elliptic elements:

Theorem 8.2.4. Let (X, xz,) be a sequence of complete, geodesically complete,
CAT(0), o-hyperbolic metric spaces that are Py-packed at scale ro. Let T, be a
sequence of torsion-free, discrete groups of isometries of X,. Let w be a non-
principal ultrafilter and T, be the limit group of isometries of X,,. Then one of the
following mutually exclusive possibilities holds:

(a) VL >0 3r > 0 such that w-limd(x,,, (Xy)r) > L. In this case the group I'y, acts
discretely on X, and it has no torsion;

(b) 3L > 0 such that ¥Yr > 0 it holds w-lim d(zy, (Xy)r) < L. In this case the group
T, is elementary (possibly non-discrete).

Proof. We start from case (a). We recall that X, is proper. Let g, = w-lim g,, be an
element of I',, and y,, = w-lim y,, be a point of X,. By definition of y,, there exists
L > 0 such that d(x,,y,) < L for all n. By assumption there exists r such that
d(Yn, gnyn) > r for w-a.e.(n), if g, # id for w-a.e.(n). This implies d(yw, gulw) > T,
so sys(T'w, yw) > r for all y,, € B(xy,L). Since X,, is proper we conclude that I,
is discrete. Moreover it is torsion-free: indeed any elliptic element g, = (g,,) of T,
must have a fixed point ¥, hence, as just proved, g, is the identity for w-a.e.(n); so
9w = id necessarily, since sys(I'y,, yw) is strictly positive.

We now study case (b). In this case for all » > 0 there exists a point y, € X,, with
d(xn,yn) < L and sys(I'y,yn) < r for w-a.e.(n). Observe that for all r < gy the
group ', (y,) is elementary, with R, — +o00 when » — 0 by Lemma Now, by
definition, for every g, = w-lim g,, of I'y, there exists M such that d(x,, gnx,) < M
for w-a.e.(n), so d(Yn, gnyn) < 2L + M < R, provided that r is small enough. This
implies that g, belongs, for w-a.e.(n), to a fixed elementary subgroup I'}, < I';,
that does not depend on the element g, under consideration. Then there are two
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possibilities: for w-a.e.(n) either I'), is of hyperbolic type or it is of parabolic type.
Assume that the isometries in I'), are all hyperbolic for w-a.e.(n), so there exists
a common axis 7, for all of them. If w-limd(xy,,7,) < 400, then we are in case
(a.1) of Proposition the limit g, is either hyperbolic with axis 7, = w-lim vy,
or elliptic, for all g, € Iy, hence this group is elementary. In all the other cases
Proposition [8.2.2] implies that I',, does not contain any hyperbolic isometry, so the
group is elementary by Gromov’ classification of groups acting on hyperbolic spaces
(cp. [Gro87],[DSULT)).

O

We examine now the case when the limit group is discrete:

Coro}lary 8.2.5. Same assumptions as in Theorem |8.2.4 B
Let X, = T,\X, be the quotient metric spaces, let p,: X, — X, the
projection maps and let T, = pp(zy). Then:

(a) if the groups I, are non-elementary, then one can always suitably choose the base
points T, € X, so that case (a) of Theorem occurs, hence the ultralimit
group 'y, is discrete and torsion-free;

(b) if case (a) of Theorem occurs, then the ultralimit space X, of the sequence
(X, xy) is isometric to T',\ X, .

Proof. By Corollary if the groups I';; are non-elementary it is always possible
to choose z,, € X,, in order that the pointwise systole of the I';, at x,, are uniformly
bounded away from zero, i.e. sys(['y,,z,,) > & > 0 for every n. The fact that case (a)
occurs for this choice of the base points is then a direct consequence of Proposition
2.5.5(b).

To show (b) notice that the projections p,: X,, — X, form an admissible sequence of
1-Lipschitz maps and then, by Proposmlonu 5 they yield a limit map p,,: Xo — X
defined as p,, (y,) = w-lim py, (yy), for w-lim y,, = y,,. The map p,, is clearly surjective.
We want to show that it is I',-equivariant. We fix g, = w-limg, € I', and y, = w-
limy, € X,. Then:

Pw (’waw) = w-limp, ('Ynyn) = w-limp, (yn) = Pw (yw)

Therefore we have a well defined, surjective quotient map py,: I\ X — X.,. We will
now show that it is a local isometry. We fix an arbitrary point ¥y, = w-limy, € X,
consider its class [y,] € T',\ X, and set L = d(z,,y,). By assumption there exists
r, depending only on L, such that sys(I'y,,y,) > 7 for w-a.e.(n). In particular the
systole of T, at y,, is at least r, so the quotient map X, — I',,\ X,, is an isometry
between B(yw, 5) and B([y.], §).

Moreover for w-a.e.(n) we have that B(pn(yn), ) is isometric to B(yy, 7). By Lemma
we know that w-lim B(p,(yn), §) is 1sometr1(: t0 B(pu(Yw), 5) = B(Dw(Yw), 5)
and that w-lim B(ypy, §) is isometric to B(yy, §). Therefore B (pw(yw) 5) is isometric
to B([y.), 5). By Proposition 3.28, Sec.I, of [BHI3] we conclude that the map p,
is a locally isometric covering map. To conclude, it is enough to show that p,, is
injective. Let [z,], [yw] € Tw\Xw,. Then we have p,([2w]) = Puw([yw]) if and only
if py(2w) = Puw(Yw). This is equivalent to w-limd(pp(2n), Pn(yn)) = 0 and, as the
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systole of y,, is uniformly bounded away from zero, this means w-lim d(z,, gnyn) = 0
for some g,, € T';, and for w-a.e.(n). We observe that the sequence (g,) is admissible,
therefore it defines an element g, = w-lim g,, € I',, satisfying d(z,, gw¥,) = 0. This
implies that [z,] = [y»] and therefore p,, is an isometry. O

Non-elementary ultralimit groups are characterized in the next result:
Theorem 8.2.6. Same assumptions as in Theorem|8.2./].

(a) If there exist two sequences of admissible isometries (gn), (hy) in Ty, of the same
type such that (gn, hn) is non-elementary for w-a.e.(n) then the group {(gu, hy)
is non-elementary;

(b) the group T, is non-elementary if and only if there exist two sequences of
admissible isometries (gn), (hy) such that (gn,hn) is non-elementary for w-
a.e.(n).

Notice that I', non-elementary implies that it is also discrete and torsion-free, by

Theorem [R.2.4]

Proof. Let (gn), (hn) be as in (a) and let M > 0 such that for all n it holds
d(XTn, gnn), d(Tp, hnxy) < M. We first assume that f, = w-lim f,, for some
admissible sequence of isometries f,, € (gu, hy), is elliptic. Then there would exist a
point y,, = w-limy,, with f,yw = Y. So for all » > 0 and for w-a.e.(n) the following
conditions would hold, for some L > 0:

d(xnv yn) <L, d(ym fnyn) <

The first condition implies that

d(ynv gnyn) < d(?/n, xn) + d(.’En, gnl‘n) + d(gnxna gnyn) <2L+ M

and similarly for h,,. If r is small enough we then deduce that (g, h,) is elementary
by Lemma a contradiction.

So we assume now that the elements g, h, are both parabolic. If (g, h,) was
elementary then they would have the same fixed point at infinity z. We then choose
€ > 0 small enough so that R, > 166 4+ ¢, where R, is the quantity defined in Lemma
As l(gw) = l(hy) = 0 and X, is convex, there exist points y, = w-limy,,
w, = w-limw,, of X, such that d(yw, gwyw) < € and d(w,, h,w,) < . By Lemma
we can also find points y/, € [y, 2] and w!, € [w,, 2] such that d(y,,w,) < 8.
By convexity and by the triangular inequality we deduce:

d(y.,, gwy.,) < &, d(y,, hoyl) <165 + ¢ < R..

Similar estimates hold for g,, and h,, for w-a.e.(n), implying that (g, h,) is elementary
for w-a.e.(n), a contradiction.

A similar argument works when one element is parabolic, say g, and the other, h,,
is hyperbolic. In this case, if (g,, ho) was elementary, the fixed point of g, would
coincide with one point at infinity z of an axis = of hy,. In this case we choose € > 0
so that R. > £y + 160, where R. is again the number given by Lemma and £
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is the minimal displacement of h,. We then take a point z, = w-lim z, of X, such
that d(2w, gwzw) < €, a point y,, = w-limy, on v, and a point z/, = w-lim 2, € [z,, 2]
such that d(y,, 2,) < 8J. By convexity and the triangular inequality we get

d(z,, gu2,) < e, d(z),, hwzl) < 168 + £y < R..

and again similar estimates hold for g,, h, for w-a.e.(n), showing that (g,, h,) is
elementary for w-a.e.(n), a contradiction.

It remains to consider the case where both g,, and h,, are of hyperbolic type. Suppose
they have the same axis. By Lemma we know that the axis is the ultralimit of
some axis 7, of g,, and of some axis n,, of h,, as well; therefore w-lim ~,, = w-lim~/,.
This means that for all C' > 0 and for w-a.e.(n) the set of points of ~, that are at
distance at most £% from +,, is a subsegment of length at least C, where g is the
generalized Margulis constant. By Proposition we conclude that ¢(g,) > %C .
Therefore the sequence (gy,,) is not admissible, a contradiction. This implies that g,
and h,, do not have the same axis, therefore (g, hy,) is not elementary. This proves
(a).

In order to prove (b) assume first that (g, ), (h,) are two admissible sequences such
that {gn, hn) is not elementary for w-a.e.(n). Up to replacing h,, with h,g,h, ' we
may suppose that g,, h, are of the same type, and still admissible. So Iy, is not
elementary by (a).

Conversely assume that I',, is not elementary. Then it contains at least a hyperbolic
element g, and by Theorem we know it is discrete. Therefore, by discreteness
and non-elementarity, there exists another element h,, € T',, such that (g, h,,) is
not elementary. Up to replacing h,, with h,g.h ' we may again suppose that A,
is of hyperbolic type (and the group genarated by g, and this element remains
non-elementary). Hence the axes 7, ., respectively of g, = w-lim g,, and h,, = w-
lim h,, are not the same. By Lemma the elements g,, h,, are hyperbolic for
w-a.e.(n), and have axes 7,,~,, such that v, = w-lim~,, and v/, = w-lim~/,. Now,
if (gn, hn) was elementary for w-a.e.(n) then we could choose v, = 7,, for w-a.e.(n)
and therefore 7, = 7/,, a contradiction. This shows that (g,, hy,) is not elementary
for w-a.e.(n). O

For all Py,ro,d, A > 0 we denote by

CATI(’)lil(P()? To, 5) A)
the class of triples (X, z,T") where X is a complete, geodesically complete, CAT(0),
d-hyperbolic metric space that is Py-packed at scale rg, x is a point of X and I is
a discrete and torsion-free group of isometries of X satisfying nilrad™ (T, X') < A.
Then we have:

Corollary 8.2.7. The class CAT(d,d,0, Ro; A) is closed under ultralimits, hence

nil
compact under pointed Gromov-Hausdorff convergence.
Proof. Consider any sequence ((X,,zy),[',) in this class. As recalled at the be-
ginning of this section the ultralimit (X, z,) of the sequence (X,,z,) is again a

complete, geodesically complete, CAT(0), d-hyperbolic metric space that is Py-packed
at scale 9. Then to prove that our class is closed under ultralimits we need only to
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show that the bound of the upper nilradius is satisfied also by the limit group I'y,
acting on X, indeed by the estimate we know that sys(X,,,I'n) > so(Py, ro, 0, A)
for all n. Therefore we are in case (a) of Theorem and I'y, is a discrete and
torsion-free group of isometries of X,,,.

Assume first that sys(I',,, X,,) is greater than or equal to the the generalized Margulis
constant &g for w-a.e.(n). Then sys(T,,, X,,) > €o, so nilrad™ (T, X,,) = —co0 < A,
and the conclusion holds.

Otherwise sys(I'y,, X)) < g for w-a.e.(n). In this case we take any y, = w-limy,
such that s = sys(I'y,yw) < €o. By the discreteness of I',, there exists g, = w-
limg, € T, such that d(y,,guy,) = s. We fix ¢ < g9 — s and we deduce that
d(Yn, gnyn) < s + € < go for w-a.e.(n), so nilrad™ (T, y,) < A. This means that
for all € > 0 there is h,, € T',, such that d(y,, hnyn) < A+ ¢ and (h,,g,) is not
elementary. To conclude we need to show that (g, hy) is not elementary. Assume
the contrary: then h, has the same type and the same fixed points at infinity as
go- If they were hyperbolic then by Lemma also gn, h, would be hyperbolic
for w-a.e.(n), and by Theorem we would obtain that (g, h,) is elementary for
w-a.e.(n), a contradiction. On the other hand if both are parabolic then we have
two possibilities: either gy, h, are of the same type for w-a.e.(n), and arguing as
before would give again a contradiction; or g, is hyperbolic and h,, is parabolic for
w-a.e.(n). In this last case we consider the elementary group (g, h,g.h,') and
apply Theorem as before to deduce that the group (gn, hngnh, ') is elementary
for w-a.e.(n). Therefore h,Fixs(g,) = Fixg(hngh, ') = Fixs(gn), so the fixed point
of h, coincides with one of the fixed points of g,, which contradicts the fact that I',,
is discrete. This shows that (g, hy) is not elementary. By the arbitrariness of & we
then obtain nilrad™* (T, y) < A. O

8.3 Convergence of the boundaries

We recall that CATY(Py, ) is the class of couples (X, z) where X is a complete,
geodesically complete, CAT(0) metric space that is Py-packed at scale ry and z
is a point of X. Moreover CAT?(Py,rg,d) is the subclass of CAT?(Py, o) made
of d-hyperbolic spaces. The boundary of the spaces in this class is stable under
ultralimits.

Proposition 8.3.1. Let (X,,z,) € CAT(Py,r0,6) and let Dy, o be a standard
visual metric of parameter a and center x, on 0X,. Let w be a non-principal
ultrafilter and let (X, ) be the ultralimit of the sequence (X, xy). Then there
exists a visual metric D, o of parameter a and center x, on 0X, such that w-
im(0Xy,, Dy, .0) s isometric to (0Xw, Dz, .a)-

We observe that since the spaces 0.X,, are compact with diameter at most 1 then
the ultralimit w-lim 0X,, does not depend on the basepoints.

Proof. A point of w-lim 90X, is a class of a sequence of points (z,) € 90X, and each
point z,, is identified to the geodesic ray &, = [z, 2z»]. The sequence of geodesic rays
(&) defines a geodesic ray &, of X, with &,(0) = z,, which provides a point of 0.X|,.
It is then defined the map ¥: w-lim dX,, — 90X, that sends the sequence (z,) to
the boundary point identified by the geodesic ray &,,.
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Good definition. We need to show that U is well defined. Let (z/,) be another
sequence of points equivalent to (zy,), i.e. w-lim Dy, 4(2p,2,) = 0. Since D, , is a
standard visual metric for every n this implies that for all € > 0 and for w-a.e.(n) it
holds (2, 2}), > log L =: T.. By Lemma we have d(&, (T — 6), & (T — 8)) <
46 and, by convexity of the metric, we have that d(&,(Sy),&,(Sy)) < n, where
Sp=mn- % for all 7 > 0. This means that for every T' > 0 and every n > 0 we have
d(&n(T),&,(T)) < n for w-a.e.(n). Since n is arbitrary we obtain that &, and &,
coincide up to time T for every T > 0 and therefore &, = &/,.

Bijectivity. The next step is to show that W is bijective. It is clearly surjective
since every geodesic ray of X, is ultralimit of geodesic rays of X, by the CAT(0)
condition. Let us show it is injective: if two sequence of points (z,), (z,) have the
same image under ¥ then for all 7" > 0 and for every n > 0 we have that for w-a.e.(n)
the geodesic rays &., and &,/ stay at distance less than 21 up to time 7'. By Lemma
we conclude that (2,2}, > T —n and therefore D, o(zn, 2,) < e”T=),
Since this is true for w-a.e.(n) we get w-lim Dy 4(2n, 2,) < e~ 7= implying w-
lim Dy, o(2n,2,,) =0, i.e. (zn) = (2,) as elements of w-lim .X,,, by the arbitrariness
of T and 7.

Homeomorphism Let us show W is continuous. Both w-limdX,, and X, are
metrizable, then it is enough to check the continuity on sequences of points. We
take a sequence (z¥)pen converging to (22°) in w-lim 9X,,. This means that for every
€ > 0 there exists k. > 0 such that if £ > k. then w-lim Dmn’a(z,]i, 20°) < e. Arguing
as before we obtain that for every € > 0 there exists k. > 0 such that for every
fixed k > ke it holds (z£, 22°),, > logl =: T, for w-a.e.(n). Therefore by the same
argument used before we conclude that for every T" > 0 there exists k7 > 0 such
that for every fixed k > kr then fzﬁ and &, stay at distance at most 2 up to time
T for w-a.e.(n). So the same conclusion holds for €.x and &0 and by Lemma m
we have (U(zF), ¥(2°)),, > T — 1. This implies exactly that the sequence W(zy)
converges to W(22°). To prove the continuity of the inverse map we suppose ¥(z*)
converges to ¥(25°). By similar arguments used before we get that the geodesic rays
€8 and £ stay at bounded distance up to time T, provided k > kp. So the same
happens for £¥ and £€2° for w-a.e.(n) implying once again the convergence of (z¥) to
(222).

The metric on 0X,. Since V¥ is an homeomorphism we can endow 90X, with
the metric induced by ¥, i.e. D(zy,2),) = w-lim Dy, 4(2p,2,,), where z, and z],
are sequences such that ¥(z,) = z, and ¥(z]) = z/,. It remains to show it is
a visual metric. We show one of the two conditions since the other is similar.
We take z, = U(zy), 2, = ¥(z],) and we set D, := Dy, 4(2n,2,). By definition
D, = w-limD,, = D(z,,2,,). Since each D, , is a standard visual metric we
get (zn, 20z, < %bgD%L =: T, for every n and by Lemma we conclude
that d(&,, (Tn + 39),&., (T, + 30)) > 60 for every n. There are two possibilities:
T, := w-limT, is either 400 or a positive real number. In the first case we
have D, = 0 and so there is nothing to prove. In the second case we know
that d(&., (T + 36), &, (T, + 35)) > 66 and so by Lemma we conclude that

(2wy2l)z, <Tw+0 = %log 1% + 8, implying D,, < ede~(zw2u)z O

We denote by CATY (Po, 7o, 0; D) the class of triples (X, z,T) such that (X,z) €
CAT(Py,70,0), T is a discrete, non-elementary, quasiconvex-cocompact group of
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isometries of X with codiameter < D and finally € QC-Hull(A(T")). This class is
closed under ultralimits.

Theorem 8.3.2. Let (X,,z,,I)) C CATgC(PO,r0,5;D), w be a non-principal ul-
trafilter and let (X, xy,Ty) be the ultralimit space.

Then ¥(w-lim A(Ty,)) = A(T'w), where U is the isometry of Proposition [8.5.1, More-
over 'y, is a discrete, non-elementary, quasiconvex-cocompact group of isometries of
X with codiameter < D and z,, € QC-Hull(A(Ty,)).

Proof. Let L be the constant of Lemma depending only on §. We fix a sequence
zn € A(T',) and we observe that by Lemma and the cocompactness of the
action of ', on QC-Hull(A(T',)) we can find a sequence (g% )ren such that

(a) g¥w, converges to z, when k tends to +oo;
(b) gy = id;

(¢) dlgnn, g5 wn) < 2L +2D;

(d) d(grwn, &, (k) < L+ D.

For every k € N the sequence g¥ is admissible by (b) and (c), so it defines a limit
isometry g* € T,. Moreover we have d(g*z,,, §w(zn) (k) < L+ D for every k € N, as
follows by the definition of W. This clearly implies that the sequence gfjmw converges
to ¥(zy,) and so ¥(z,) € A(Ty). In other words ¥(w-lim A(T',)) € A(T,). It is
easy to show that Iy, acts on w-lim A(T',) by (gn)(2n) = (gnzn) and that the action
commutes with W. Moreover the set w-lim A(T,) is I'y-invariant and closed, so
it is W(w-1lim A(T,)). The I',-invariance is trivial, while if (2*)reny € w-1lim A(T,)
is a sequence converging to (25°) and z3° ¢ w-lim A(T',,) then there exists g > 0
such that for w-a.e.(n) we have Dy, o(25°, A(I';))) > o and this is a contradiction.
Therefore the set ¥(w-1lim A(T',,)) is a closed I',,-invariant subset of 0.X,, that implies
it contains A(T',,) and so the equality between these two sets. This also implies that
w-lim QC-Hull(A(T',,)) = QC-Hull(A(T)) and so z,, € QC-Hull(A(T,,)).

By Example [6.2.3] and Corollary [8:2.7] we know that I, is a non-elementary and
discrete group. Moreover for every two points y,,, 3/, € QC-Hull(A(T,)) there exist
sequences of points y,,y,, € QC-Hull(A(T',,)) such that y, = w-limy, and y, = w-
limy,, and so there are g, € T, such that d(g,yn,y,) < D. The sequence g, is
clearly admissible so it defines an element g, = w-lim g,, of Ty, and d(g,Yw, y.,) < D,
implying that the action of I', on QC-Hull(A(I")) is cocompact with codiameter
<D. O

8.4 Continuity of the entropies

In this last section we will find sufficient conditions to ensure the continuity of the
entropy under convergence of metric spaces. In general it is false that the upper
(resp.lower) entropies of the ultralimit is the ultralimit of the upper (resp.lower)
entropies of the spaces.
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Example 8.4.1. Let X be any complete, geodesically complete, CAT(0) metric
space X that is Py-packed at scale rg and let X’ be the metric space obtained by
gluing a ray [0, 400) to a point of X. The space X' is again complete, geodesically
complete, CAT(0) and packed. We take the sequence (X,,,z,) = (X', n), where
n € [0,4+00). Clearly X, is isometric to R with respect to every non-principal
ultrafilter w, s0 hcoy(Xw) = hooy(Xw) = 0. On the other hand hcoy(Xn) = hoov(X)
and hoov(Xpn) = hcov(X) for every n. The same holds for all the other definition of
entropies.

If we require an uniformity condition on the entropy function, as explained in
the following theorem, then we have continuity. Later we will se a relative version of
this result.

Theorem 8.4.2. Let (X,,x,) C CAT(Py,r9) and w be a non-principal ultrafilter.
Suppose that for every n it holds

1 _
T log Pack(B(xy, T),r0) < hy,

and that the threshold functions do not depend on n. Then the upper and lower
covering entropies of X, coincide and equals hy, = w-lim h,,.

Remark 8.4.3. We remark that:

(a) under the assumptions of the theorem then for every n the upper and lower
covering entropies coincide and h, is their common value. Moreover, and that
is the important hypothesis, the rate of convergence to the limit is uniform in n.

(b) Furthermore by Proposition Proposition Theorem [4.2.9 and Remark
Proposition and Theorem the assumption of the theorem is

equivalent to a control of the rate of convergence to the limit of the functions
definining the volume entropies, the Lipschitz topological entropies, the shadow
dimensions or the Minkowski dimensions. So if one has a uniform control on
the rate of convergence of one of these functions then it has the continuity of all
the entropies;

(c) by Proposition under the assumptions of the theorem we have continuity
under pointed Gromov-Hausdorff convergence.

Proof of Theorem|8.4.9. The first step is the following: we claim that for every
T > 0 it holds

w-lim Pack(B(zy, T), 2r9) < Pack(B(xy,T),r0) < w-lim Pack(B(x,,T),70).

Let y!,...,yY be a maximal 2r¢-separated subset of B(z,,T). By Lemma
each y!, can be written as y!, = w-lim g% with y, € B(x,,T). Since d(y.,, ) > 2ro
for every i # j and since they are a finite number then for w-a.e. n it holds
d(yi,yl) > 2rg for all i # j, so for w-a.e.(n) there is a 2ro-separated subset of

B(x,,T) with at least N elements. This implies

Pack(B(zy,T),r0) < w-lim Pack(B(xy,T), 7).
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Now let y.},...,yN" be a maximal 4rg-separated subset of B(z,,T). We consider
the set A, = {w-limy’r s.t. 1 <i, < N,}.

Clearly every element of A, belongs to B(x,,T). Moreover for every two distinct
points 4y, z, € A, it holds d(y,, z,) > 479. Indeed w-lim yi» = w-lim y/» if and only
if w({n € Ns.t. i, = j,}) = 1, otherwise for w-a.e. n it holds d(yi,yir) > 4ry.
This implies that if y,, 2, € A, are distinct points then d(y,,z,) > 4r9 > 270,
so A, is a 2rg-separated subset of B(z,,T). Since X, is proper the set A, is of
finite cardinality N,,. We claim that the set I = {n € Ns.t. N, = N,} satisfies
w(I) = 1. In order to prove it we rename the elements of A, as y), ...,y where

&
yfj = w-1lim y:l” for some 1 < zfl < N,. From what said before we know that for k # [
we have w({n € N s.t. ¥ #£4l})=1. So

1:w< N {neNst dg;&d&)

1<k<I<N,
—w({n eNs.t. i #£4 forall1 <k <1< N,})
<w({neNst. N, > N,}) =w(lUJ)

where J = {n € N s.t. N, > N,}. Then the claim is true if w(J) =0. If w(J) =1
then for all 1 < j < N, + 1 we can define ¢/, = w-limy) if n € J. They are
N, + 1 distinct points of A,, which is impossible. In this way we conclude that

for w-a.e. n it holds Pack(B(zy,T),r0) > N, = N,, = Pack(B(zy,T),2ry) and so

w-lim Pack(B(xy,T),2r9) < Pack(B(zy,T),r0).

Now let b = w-limh,, € [O, W} by Lemma [4.1.3] By assumption for every

€ > 0 there exists T. depending on ¢ and not on n such that

1 —
‘ T log Pack(B(xn,T),70) — hn

<egforall T >1T;.

The sets

1 _
Ay = {n € N s.t. 'Tlog Pack(B(xy,T),r0) — hp,

< ¢ for allTZTE}

and )
Ay ={n € Ns.t. |h, — h| < &}

belong to w. Moreover by Proposition and the first estimate we have that the

set
< 6}

belongs to w for every T' > T/, where T. depends only on €, Py and 9. Taking
T > max{T., T/} and n € A1 N A2 N A3 € w we conclude that

1 — 1 —
Az = {n € N s.t. ‘Tlog Pack(B(zy,T),10) — Tlog Pack(B(xy,T),10)

1 _ -
’T log Pack(B(xy, T),r0) — h| < 3¢,

finishing the proof, again using Proposition O
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We now state the relative version of theorem For every sequence (X, x,) €
CATO(PO7 ro,0), for every sequence of subsets C;,, C 9X,, and every non-principal
ultrafilter w we denote by C,, the set ¥(w-1lim C},), where ¥ is the map of Proposition

B3Il

Theorem 8.4.4. Let (X,,,z,) C CAT(Py,rg,0), Cp C 0X,, for every n and w be
a non-principal ultrafilter. Suppose that for every n it holds

1 _
T log Pack(B(zy,,T) N QC-Hull(Cy,),9) < hy,

and that the threshold functions do not depend on n. Then the upper and lower
covering entropies of C,, coincide and equals h, = w-1im h,.

Proof. The proof is the same of Theorem [8.4.2 The only delicate point is the
first estimate on the packing number. But by definition of C|, we observe that
QC-Hull(Cy,) = w-lim QC-Hull(C},), so that estimate can be proved in the same
way. O

The analogue of Remark holds for Theorem As a consequence we get
the continuity of the critical exponent of quasiconvex-cocompact groups.

Corollary 8.4.5. Let (X,,xn, ') C CATgC(PO,r0,5; D) and let w be a non-
principal ultrafilter. Then hy, = w-lim hp,, .

Proof. For every n we take C,, = A(I';)). By Theorem we have C, = A(T,).
By Theorem and the analogue of Remark the assumptions of Theorem
are satisfied. Since (X, zy, ) € CATgC(Po, r0,0; D) then h,, = hp_ for every
n and hy, = hp, by Theorem This concludes the proof. O
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