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ABsTrRACT. For each partition p of an integer N > 2, consisting of r parts, an integrable hierar-
chy of Lax type Hamiltonian PDE has been constructed recently by some of us. In the present
paper we show that any tau-function of the p-reduced r-component KP hierarchy produces a
solution of this integrable hierarchy. Along the way we provide an algorithm for the explicit
construction of the generators of the corresponding classical W-algebra W(gly,p), and write
down explicit formulas for evolution of these generators along the commuting Hamiltonian flows.

1. INTRODUCTION

Let N > 2 be an integer and let p be a partition of N in r parts. Let f be the nilpotent
element of gl in Jordan form corresponding to the partition p. As a special case of a general
construction for a reductive Lie algebra g and its nilpotent element f, we have the corresponding
Poisson vertex algebra W(gly,p), called the classical affine W-algebra, see e.g. [DSKV13]. In the
paper [DSKV16b] for all these classical affine W-algebras an integrable hierarchy of Hamiltonian
PDE was constructed. This construction was extended to all classical Lie algebras g and all their
nilpotent elements in [DSKV18].

In the case of an arbitrary reductive Lie algebra g and its principal nilpotent element f the
classical affine Wh-algebra, or rather the corresponding algebra of local Poisson brackets, was con-
structed long ago in the seminal paper of Drinfeld and Sokolov [DS85], where the associated
integrable hierarchy of Hamiltonian PDE was constructed as well. It was also shown there that in
the case g = gl one gets along these lines the Gelfand-Dickey N-KdV hierarchy of Lax equations,
constructed in [GD76], using the method of fractional powers of differential operators. The case
N = 2 is the classical KdV hierarchy.

The principal nilpotent element in gl corresponds to the partition of NV in r = 1 parts. It
was shown in [DJKMS82] that the N-KdV hierarchy of Gelfand-Dickey is obtained by a simple
reduction of the (r = 1 component) KP hierarchy introduced in [Sato81]. The key discovery of
the Kyoto school was the notion of the tau-function, which encodes a solution of the KP hierarchy
(and has a beautiful geometric meaning as a point in an infinite-dimensional Grassmann manifold).
A tau-function 7 of the KP hierarchy is a function in infinitely many variables t¢i,ts,..., and its
reduction to the N-KdV hierarchy is given by the simple constraint

or

e const. T . (1.1)

In [Sato81], [DJKMS82] and subsequent papers, polynomial, soliton type, and theta-function type
tau-functions were constructed, which led to the construction of solutions of the N-KdV hierarchy.

The r-component KP hierarchy was introduced in [Sato81] and [DJKMS81], and its theory was
further developed in subsequent works, including [KvdL03] and [Dic03]. A tau-function of this

hierarchy is a collection of functions 7 in the variables t;a), where j € Z>; anda=1,2,...,r. In
the paper [KvdLO03] the following reduction of the tau-functions of the r-component KP hierarchy

Key words and phrases. r-component KP hierarchy, tau-function, p-reduced r-component KP hierarchy, classical
affine Wh-algebra, integrable hierarchy of Hamiltonian PDE .
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was attached to any partition p = (py > --- > p, > 0), consisting of r parts:
r -

Z(%’

a=1 atl(;zlz)

= const. 7. (1.2)

These are tau-functions of a hierarchy of evolution PDE, called the p-reduced r-component KP
hierarchy (or the p-KdV hierarchy). Recently, in [KvdL19] all polynomial tau-functions of this
hierarchy were constructed, see Theorem 2.4 below. The goal of the present paper is to link
the p-reduced r-component KP hierarchy to the hierarchy of Hamiltonian PDE, attached to the
Wh-algebra W(gly,p). Namely, starting with a tau-function of the r-component KP hierarchy
satisfying the constraint (1.2), we construct a solution of the hierarchy of Hamiltonian equations
(6.22) attached to the W-algebra W(gly, p), see Theorem 7.1, which is the first main result of this
paper. a

The first step in the proof of Theorem 7.1 is the construction of the Lax operator corresponding
to the tau-function satisfying (1.2), which is given by formula (7.1). Proposition 8.1 states that
this Lax operator satisfies the hierarchy of Lax equations (6.23). On the other hand, the Lax
operator constructed in [DSKV16b] satisfies equation (6.23) as well, and it turns out that it is a
generic pseudodifferential operator of the same shape as the one given by (7.1). This implies that
any solution of the p-reduced r-component KP hierarchy is a solution of the Lax equations (6.23).

However, though the Lax equations (6.23) are implied by the Hamiltonian equations (6.22), a
priori the former do not imply the latter. The second step in the proof of Theorem 7.1 is Theorem
12.1, which states that indeed the Lax equations (6.23) do imply, for an operator of the correct
shape, the full hierarchy of Hamiltonian equations (6.22).

According to [DSKV16b], the generators of the W-algebra W(gl, p) are naturally encoded into
the r x r matrix differential operator a

_ (W11(9) Wi2(9)
W) = <W21(8) sz((‘))) ’

with blocks of sizes r1 x ry, 11 X (r —r1), (r —r1) x r; and (r —r1) x (r — 1), where 7 is the
multiplicity of the largest part p; of the partition p (see (6.16)-(6.17)). The coefficients of its entries
are all the (free) generators of W(gly,p). The key point in the proof of Theorem 12.1 is Corollary
11.5, which states that the differential operator Wa2(9) does not evolve along the Hamiltonian
flow (6.22). Moreover Theorem 12.1 provides explicit evolution equations (12.1)-(12.3) for all
generators of W(gl,p); in particular, we obtain that all these equations are Hamiltonian and the
corresponding Hamiltonian flows commute. This is the second main result of the paper.

Along the way we obtain, in Section 10, a new, algorithmic way, to construct the generators of
the W-algebra W(gly,p). In Section 14 we consider in more detail two simplest examples of the
p-reduced r-component KP hierarchies beyond the » = 1 Gelfand-Dickey case, corresponding to
the partiations in 7 parts: N =p+ 14 ...+ 1 withp > 1,7 > 1, and N = p + 2 with p > 2,
r = 2. We show that a reduction of the first hierarchy is the well-known p-constrained r — 1
vector KP hierarchy, see e.g. [Zhang99], while the second hierarchy seems to be new. We construct
polynomial tau-functions for these two examples, and soliton type tau-functions for general p-
reduced r-component KP hierarchies in Section 15. B

A variation of a special case of the reduction (1.2) of the r-component KP hierarchy was consid-
ered in [Zhang99] and applied to the construction of solutions of the p-constrained KP hierarchies.

Throughout the paper the base field is the field of complex numbers C.
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2. REVIEW OF THE p-KDV BILINEAR EQUATIONS

Let r be a positive integer. We will use the following notation. For m = (my,ma,...,m,) € Z"
we let

a
mlo =0, [mla =Y mi, 1<a<r, |
=1

Let e, = (4a)j—q, for 1 < a <, be the standard basis of Z".

Let p be a partition of a positive integer IV, consisting of r parts, i.e. p = (p1,p2,...,pr) € ZL,,
where p; > po >+ >p,>0,and N =5, p;.

Let t = (t™,...,¢t(")) be an r-tuple of infinite sequences t(*) = (t§'a))jez>o of independent

variables (times). We also denote % = (=%

at<“)>1<a<r iez.,- Consider the following operators
(@) 1<azr,

= g N,
ef) (t,z) = exp sztga) , e (a, z) =exp | — Z L @ | -
=1 ‘ =1 7 ot
A tau-function of charge k € Z is a collection of functions of the time variables ¢, parameterized
by the elements m € Z" such that |m| = k:

() = {™®)} = € F- (2.1)

Throughout the paper we shall assume, unless otherwise specified, that all functions that we shall
consider are smooth in all the time variables and lie in a certain differential field F. The p-KdV
bilinear equation on the tau-function 7(¢) of charge k is defined as the following system of bilinear
equations [KvdL03], [KvdL19, Eq.(41)]:

T

Res, ;(_1)\2 Fm a1 ymy—my +€pa—268ra)(t/ —¢ Z) e(f) (% _ %7 Z) Fm'—e, (t/)Tm +e, (f/) —0,
(2.2)

for £ € Z>o, and m',m"” € Z" such that |m'| = k+ 1 and |m”| = k — 1. Here and further Res,

denotes, as usual, the coefficient of z71.

Remark 2.1. Note that equation (2.2), as stated, is not well defined since the coefficient of each
power of z inside the residue is an infinite sum and it may leads to divergences (indeed, ef)

as an infinite series in 2 while ¢'”) expands as an infinite series in 271). Thus, equation (2.2), in

order to make sense, has to be correctly interpreted as follows. For each collection of integers

expands

{nga) €Z>0|j € Zso, a=1,...,7}, all but finitely many equal to zero, we get the corresponding
(meaningful) equation “coming from (2.2)” by formally applying the derivatives

(5" 29

(a)
ja O

inside the residue in the LHS and then setting t' = t” (= t). In doing so, only a finite number
of terms survive from the expansion of e and we thus get a meaningful collection of equations,

which are known as the Hirota bilinear equations [DJKMS81, KvdL03].

Remark 2.2. If 7(t) solves the p-KdV bilinear equation (2.2) with charge k, then, for arbitrary

q € 7, we obtain a solution T97(t) of charge k — |g| by shifting all upper indices by ¢:
(Ter)™(t) == 7™Fa(¢) . (2.4)

Remark 2.3. Equation (2.2) for £ = 0 is the equation on the tau-function of the r-component KP
hierarchy. Let
0
szzﬁ, (eZsy, D=D.
a=1""lp,
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One can show [KvdLO03] that equations (2.2) for all £ € Z> for the tau-function 7(t) are equivalent
to the equation for the tau-functions of the r-component KP-hierarchy (¢ = 0) with the constraints:

Dyr™(t) = o™ () , L€ Lo, ¢ €C, (2.5)

and that these constraints with ¢ > 0 are equivalent to that with ¢ = 1. Note that, if all the
tau-functions 77(t) are polynomial, equation (2.5) can hold only when all constants c; vanish, and
hence all functions 72(¢) are in the kernel of all operators Dy, ¢ € Z~.

One can describe all polynomial solutions of equation (2.2) as follows. Fix the following data:

an integer s € {1,...,N} and, forevery 1 <i<sand 1 <a <,
nl(.a) € Zso , bl(.a) eC, cga) = (cg;-l) € (C)jeZ>0 . (2.6)
Define the integers:
ki::max{fnga)l—lhgagr}, 1<1<s, (2.7)
and ’ .
ki=s+ Y ki, (2.8)
i=1

where [x] denotes the upper integer part of € Q. Consider the following functions associated to
the data (2.6):

hi(t) = Dbt +efV), 1<i<s, (2.9)
a=1
where S, (t) are the elementary Schur polynomials. Then, for each choice of the data (2.6), we have
a tau-function 7(t) of charge k, solution of the p-KdV bilinear equation (2.2), defined by letting
T™(t) = 0 unless m € Z%, and |m| = k, in which case we let

T(t) = det(M), (2.10)
where M is the k x k matrix written in block form as
M = (Mm-)lgag, (2.11)
1<i<s

with the m, x (k; + 1)-block M,; given by

ma+17aDﬁh_
Mai = (8 (@) ma,+1—;>1< <m " (212)
o(t:") o<k,

(Since the h; are linear combinations of shifted elementary Schur polynomials, one can replace D?

in (2.12) by Dg.)

Theorem 2.4. ([KvdL19, Thm.7]). For all choices of the data (2.6), the tau-function 7(t) defined
by (2.10)—(2.12) is a polynomial solution of the p-KdV bilinear equation (2.2), of charge k as in

(2.8). All other polynomial solutions of (2.2) ((5" arbitrary charge) are obtained by a shift as in
(2.4).

3. THE p-KDV AS A DYNAMICAL SYSTEM

Now we rewrite equation (2.2) on the tau-functions in the form of evolution equations [DSKV13],
[KvdL03], [Sato81]. First, we turn equations (2.2) to r X r-matrix equations. Given a tau-function

7(t), define the matrices P*(m,t, 2) = (P (m,t,2)). ,_,, where
Sap—1 8
+ _ e lo_17 (b) m=*e, Fe : m
Pab(m’t7 iZ) = (_1)Lc’"b 17_?@)67 (j: aft,Z)T* 7(1?7};(!)7 if T*(t) ;é 0, (31)
and P (m,t,2) = 0 otherwise. Note that, if 77(¢) # 0, we have
PE(m,t,2) = Loy, + O(27Y). (3.2)
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We also let

,
R(m,z) =Y (—1)mle-rzmepy, . (3.3)
a=1
Then, the p-KdV bilinear equation (2.2) on 7(t) turns into the following system of equations on
the collection of matrices { P*(m, ¢, z)}lml:k:

Res, PT(m/,t',2)R(m' —m”, z)(Z zEp“eSfL) t -t z)Eaa)P* (m" t", —2)" =0, (3.4)
a=1

for all ¢ € Z>o and m/,m” € Z" such that |m/| = |m”| = k. Indeed, if 722 (¢'), 72" (") # 0, then
the (4, j)-entry of the LHS of (3.4) coincides with the LHS of (2.2) with m/ + ¢, in place of m’ and
m" —e; in place of m”. Hereafter AT stands for the transpose of the matrix A and E,; denotes the
standard basis elements of the space of matrices. Note that equation (3.4) has the same divergence
issues as equation (2.2) and it has to be correctly interpreted, as explained in Remark 2.1.
Introduce a new variable 2 and replace in (3.4) all t{) by t\*) + z for all 1 < a < r. Hence, the
(a)
1

translated times are t + ze;, where e;/ = d;1. We denote by 7(z,t) := 7(t + ze;) the resulting

“translated” tau-function, and by

PE(m,z,t,2) = (Ph(m,2,t,2)) | =P*(m.t+ze,,z), (3.5)

b

the resulting translated matrices P*. Then, the system of equations (3.4), with ¢ translated by
z' and t” translated by 2, can be equivalently rewritten, using this new notation, as follows:

Res, PT(m/,2',t', 2) R(m' — m", 2) ( Sl ¢, z)Eaa)P*(m”, o b —z) e =) =0,
a=1

(3.6)
for all ¢ € Z>¢ and m/,m” € Z" such that |m/| = |m"| = k.

In order to rewrite equation (3.11) in a nicer form, we need some simple results on pseudodif-
ferential operators. For a scalar pseudodifferential operator a(d), we denote by a*(9) its formal
adjoint, and by a(2) its symbol. Also, for a matrix pseudodifferential operator A(9) = 3_; A;0;, we
denote by A*(9) = 3°,;(—0)’ - AT be its formal adjoint and by A(z) = 3, A;27 its symbol. Here o
is the product of matrix pseudodifferential operators. We shall also denote, as usual, by A(9); the
differential part of the matrix pseudodifferential operator A(9), and let A(0)— = A(9) — A(9)+.
We shall drop the sign o if no confusion may arise.

Lemma 3.1. For every matriz pseudodifferential operators P(9),Q(0), we have
Res, P(2)Q*(—z) = Res. (P o QT)(z).

Proof. In the scalar case it is stated and proved in [DSKV16a, Lem.2.1(a)], putting A = 0 there
and using [DSKV16a, Eq.(2.1)]. The matrix case is obtained from the scalar case looking at each
matrix entry. O

Lemma 3.2. For every matriz pseudodifferential operators A(z,d), B(x,d), where 0 = 0., we
have

Res, A(z,2)(e"*07 o e %) o Bz, —z)" = (A(z,0) o B(x,0)") _. (3.7)

Proof. Note that e**07! 0 e™%* = 15 ,(0 — z)~!, where 15, denotes the geometric expansion in
non-negative powers of z. We then apply Lemma 3.1 to the matrix operators with symbols P(z) =
A(z,z) and Q(z) = (B")T (x,2)19,.(0 — 2)71, so that Q*(—2) = 15,.(0 — 2) "' BT (z, —z). We thus
get

Res, A(,2)e"*0 o e ™ B(z, —2)" = Res. (Ao B*)(2)t,.(0 — 2) " = (A(z,0) o B(z,9)*)_ .
(|



Lemma 3.3. Let f;(z),g9:(x), i =1,...,n, be smooth functions in the variable x, and assume that
they lie in a domain. Then,

Zfz )gi(z") =0, (3.8)

as a function in two variables x',z", zf and only if
3 fil2)07 o gi(z) =0, (3.9)
i=1

as a pseudodifferential operator.

Proof. By replacing the domain containing all our functions with its field of fractions, we see that
it is enough to prove the claim over a function field 7. We can identify the function in two variables
S, fi(2")gi(z") with the corresponding element > | f;®g; € F®c F (the tensor product being
over the subfield of constants C). Hence, the lemma reduces to proving that the linear map

FRF = FO toFCFW(0Y), fog— fotog,
is injective. Suppose that (3.9) holds; we want to prove that

n

> fi®g=0in FOF. (3.10)

i=1
We prove the claim by induction on n > 1. Suppose, by contradiction, that (3.10) fails, and
assume, without loss of generality, that the functions g¢1,..., g, are linearly independent over C,
and all the functions fl, ..., fn are non-zero. For n = 1, equation (3.9) implies, looking at the
order —1 term in F((071)), fig1 = 0, so that either f; = 0 or g; = 0, a contradiction. For n > 2,
we have, by (3.9)

n—1
fn0 ogn ==Y fi0 g
=1

Dividing both sides by f,, # 0, and multiplying by O on the left of both sides, we get

Zfzgl and Z 8 lgi=0.

By assumption, the functions g; are linearly independent over the constants. Hence, by the induc-
tive assumption, the functions (fl ) are all zero, i.e. f; = ajfn,i=1,...,n— 1, for some non-zero
constants aq, . ..,a,_1 € C. Hence, (3.9) can be rewritten as

1o (i%‘gi) =0,
i=1

where we set o, = 1. Dividing by f, and multiplying on the left by 9, we get >, a;g; = 0,
contradicting the linear independence assumption. (I

By Lemma 3.3, equation (3.6) is equivalent to
Res., jt)-l-(m/7 x7t/’ Z)R (Z prn tl/ ) aa) ezata—l ° e—zmjj—(m//7 x,ﬂ',—z)T =0,
where 9 = 0,. Then, applying Lemma 3.2, we rewrite the above equation as

(p+(m .t 9)o R(m'—m", 8)o (Z 00l (t'—t" a)oEaa) oP~(m’,z,t, )" ) =0. (3.11)
This equation holds for every ¢ € Z>o and m’,m” € Z" such that |m/| = |m”| = k. Note that
also equation (3.11), as (2.2), has to be correctly interpreted as it may involve diverging sums. As
explained in Remark 2.1, the way to give a meaningful sense to it, is to apply arbitrary derivatives
(2.3) w.r.t. t' to the LHS and then set ¢’ = ¢”. In this way, all divergences disappear.
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Next, we set £ =0, m’ = m" (= m) and t' = t" (= t) in equation (3.11), to get
(Prmnedrmes ). o

This, combined with (3.2), implies
P~ (m,x.,£,0)" = (P*(m,2,8,0)) ", (3.12)
if 7%(t) # 0 (so that P (m,x,t,d) is invertible).

If instead we first apply ﬁ to both sides of (3.11) and then set £ = 0, m’ = m” (= m) and
J

¢ =" (= t), we get
oP* .
(7(m7x7taa)OP—(m7xataa)*) + (P+(max7taa>8]OP—(maxat7a)*) :O
ot - -
This, combined with (3.12) and (3.2), gives the Sato-Wilson equation for P*(m, z,t,d), [KvdL03,
Lem.4.2]:

ﬁ(m7l‘7§a 6) = - (P+(Max7ta 6) o Eaaaj OP+(mvxvtva)_l)7 o P+(m7xat78)7 (313)
t

forall 1 <a <rand j€ Zsg, and m such that 722(¢) # 0.
For m € Z" such that |m| =k, let

L, = La(m7 x,t, a) = P+(ma z,t, 8) 0 Egq0 o0 P+(m7 x, ¢, 8)71 ) (314)
if 7(x,t) # 0, and L, = 0 otherwise. Clearly, we have
LoLy=0if a#b. (3.15)

Moreover, setting £ = 1, m’ = m” (= m) and t' = t” (= t) in equation (3.11), we obtain the
following constraint for the operators L,:
(ZL@“) ~0. (3.16)
a=1 -
Finally, the Sato-Wilson equation (3.13) implies that the operators L, evolve according to the Lax
equations (see e.g. [KvdL03, Lem.4.3|):

(‘;L(lf) = (L)1, La), 1<a,b<r jcZs. (3.17)
j
Note that, even though (3.13) holds only (in fact makes sense) for m such that 72%(z,t) # 0, the
Lax equation (3.17) holds for every m.

4. THE p;-REDUCTION

Recall the partition p = (p1,p2,--- ,pr) from Section 2. We will assume from now on that

p1 > 1. Let r; be the multiplicity of the largest part p;.
The p;-reduction consists of putting in (3.4) all times t’g»a) and t”gfl)

and r; < a < r. Namely, we let

equal zero for all j € Z~g

Qi(m, t,z) = p* (m,t,2) £(0)=0 for a>ry (4.1)
By equation (3.2) we immediately have
Q(m,t,2) = Loy, +O(271) if 72(t) #0. (4.2)

Setting ¢ = (Y = 0 for @ > r1 in equation (3.4), we get
T1 T

Res. @ (', 2)R(m' ~m",2) (D () (¥~ 2) Baaz™ + > 27 Fo)Q~ (8", —2)" =0 ,
a=1 a=r1+1

for all ¢ € Z>¢ and m/,m"” € Z" such that |m/| = |m”| = k.
7



Next, in analogy with what we did in Section 3, we shift tga) by z for all 1 < a < r;. We denote
by
Qi(m7$>ta Z) = Qi(m7§+$§1>z)7 (44)

the resulting translated matrices Q*, where now eg‘? = 0;10a<r,- Note that Q*(m,x, ¢, z) is not
the restriction of P*(m,z,t,2) at t(*) = 0 for a > ry, since, first restricting and then shifting by
x is not the same as first shifting and then restricting.

The system of equations (4.3), with t’ translated by =’ and t” translated by x”, can be equiva-

lently rewritten, using this new notation, as follows:

Res. Q (m', o/, ¥/, 2) R(m’ (Ze(“l '\ 2)Baa) 27 Q (0", ¢, =) e )

1 Res, Q-}-(m/’ a:/,t',z)R(m’ . m//7 Z)( Z ZépaEaa)Q—(m//7x//7t//’ _z)T =0,
a=r1+1

(4.5)

for all £ € Z>o and m/,m” € Z" such that |m/| = |m”| = k.
Next, in the same way as we derived equation (3.11) starting from (3.6), we use Lemmas 3.2
and 3.3 to get from equation (4.5)

<Q+(m/,$,§/,8) ° R(m/ // 3 (Ze t// ) aa)alpl o Q_(m”,x,t", 8)*)

r (4.6)
+Res. @ (o, 2., )R/ —m",2) (N 2 Ee )0 0 Q (4, —2)" = 0.
a=r1+1
The above equation holds for every ¢ € Z>o and m/,m” € Z" such that |m/| = |m”| = k. We

observe once more that equation (4.6), as written, makes no sense as it may have diverging series.
As explained in Remark 2.1, it has to be correctly interpreted as the collection of equations obtained
by applying the derivatives (2.3) to the LHS and then setting ¥’ = t”. In doing so, all diverging
series disappear.

It is convenient to write the matrices QF in block form as

+ +
+ _ Q11(ma$7§72) Q12(m7xataz)
Q (m,xat, Z) = (Qg:l (m7x’§7 Z) Q%z(m,l’,t, Z) ) (4'7)
where
+ _ (Ht
Qu = (Qab)lga,bgm s Q (Qab) 71~1<§l;<<? ) Q21 (Qab)7£1<<ba<ir ) sz - (Qab)r1<a b<r*

Note that, by (4.2), we have

QL (m,7,t,2) = bapl + > Qiyi(m,w,t)z7 | if T7(t) #0. (4.8)

j=1

Equation (4.6) can be rewritten as the set of four equations, depending on a,b € {1, 2}:
r1

(le(m/’x’t/7a) o (Z( 1)\m —m |4 19 I —ml (a)(t _ t// (9) )ahn Ole(m”,x,t", 8)*)

a=1

T

+ Res, Q1 (m/, z, ¥ z)( Z (=1l =m oy = "LZH”“Eaa>3_1Ong(m//7£E,§/',—z)T:0.
a=ri+1

(4.9)

Following the same path as in Section 3 starting from (3.11), taking various special cases of
equations (4.9) we derive all the “reduced analogues” of the inversion formula (3.12), the Sato-
Wilson equation (3.13), the constraint condition (3.16) for the Lax operators L,, and the Lax
equations (3.17).



First, we set £ =0, m' = m" (=m), and t' =¢" (= t) in (4.9). As a result, we get,
(Qd1(m,2.t,0) 0 Qg (m, 3, £,0)" )+ Res. Qa(m, 2,£,2)0 " 0 Qpy(m 8, —2)" = 0.
Using (4.8), this leads to

Q:l (ma z, ta a) OQl:l (mv x, ta 8)* - 5a,15b,1 1 +5b,2Q;—2;1(m; z, t)ail - 5a,2871 oQ;z;l (m, x, t)T - 0 .

(4.10)
This is the “reduced analogue” of the inversion formula (3.12). It specializes, for the various choices
of the indices a, b to four equations, which hold whenever 72(¢) # 0. For a = b = 1, we get

Qi1 (m,z,t,0)" = Qf; (m, .1, a)_l- (4.11)
Fora =1, b= 2, we get
Qfl(m7 ,t,0) 0 Qa1 (m, z,¢,0)" + Qﬁ;l(m,x,t)a_l =0,
which, after applying * to both sides, leads to
Qa1 (m, 2,,0) = 07" 0 Qfy, (m, 2, )T QFy (m, 2, 8,0)" 7. (4.12)
Fora=2,b=1, we get
Q31 (m, z,t,0) 0 Q1 (m, ,8,0)" =071 o QI2;1(m»177§)T =0,
which, by (4.11), leads to
Q31(m,2,8,0) = 07" 0 Qryy (m, 2, 8) T Q3 (m, 2,1, 0). (4.13)
Finally, for a = b = 2, we get
Q31 (m, z,8,0) 0 Qgy (m, 2, 8,0)" + Qg (m, 2, 8)0™" — 97" 0 Qg y (m, 2,8)" =0,
which, by (4.11), (4.12) and (4.13), leads to
9 to Q1_2;1(m7$7§)T f2;1(m,x,§)8_1 = Q;z;l(m,x,t)a_l —d7o ng;l(mvxat)Tv
or, multiplying both sides on the left and on the right by 9 and comparing coefficients, we get
ng;l(maxat) = ng;l(mvxi)T )
Q1,4 (4.14)

Q1_2;1(maxat)TQ—1~_2;1(ma r,t) = T(m’x’t) .

Next, we apply (a), for 1 <a <ryand j € Zsg, to both sides of (4.9) and then set £ = 0,

m' =m" (=m) and t’ =t"(=1). As a result we get
oQt ;
(252 (m..£.0) 0 @y m.£.0))_+ (Qham..£.0) 0 Buud? o Qi (m..1.0)°)
J
Qa2 1, - T
+ Res, 7(@#&!%)8 OQbQ(ma‘T,L 7’2) =0.
ot
Using (4.8), this equation can be rewritten as
aQal( t,0) o0 t,0 ¥ t,0) 0 E,007 0 Qp, t,0)"
at@) m,x, ) le(m X, ) Qal(my%,, ) aa bl(Mvmva ) B
’ . (4.15)
+ 0b2 ‘(12"’1 (m,z,t)0"' =0
ol

This is the “reduced analogue” of the Sato-Wilson equation (3.13). Let us write down explicitly
the four equations that we get for the various choices of a,b € {1,2}. Setting a =b =1 in (4.15)
and using (4.11), we get

Q7
ot

J

m x t 6 Q+ m)‘r7t’a o Eaaaj o Q+ m’ $7t78 -t © Q+ m7 x’t7a * 4.16
11 11 _oln (4.16)
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Setting @ = 1, b = 2 in (4.15) we get

8Q+ — * j — *
at(;’)l (ma :L'7 t7 6) o Qzl(m7 .’L', ta 6) + (Qil (m7 [)37L, a) o Eaaa] o Q21 (M» x>ta (9) )_
J
0Q7s.
sz)d (mv xvt)ail =0.
ot
J
Using (4.12) and (4.16), this equation becomes
0Q7,. .
;2;:)’1 (m,l', t) = (Q—li_l (mv z,t, 8) 0 Eqqd’ o Q—li_l (mv z,t, a)ilQ—l‘E;l(ma x,t)f)il) 76
J

|
—

Qb1 (m,,£,0) 0 Faad’ 0 Qs (m,2,£,0) 1) 0 Qfyy(m,z,1)

Il
/N

Qi1(m,2.£,0) 0 Buud 0 Qfy(m.,£,0)") 0 Qp(m,.8)

/N

Qii_l (m7 2,8, a) © Eaaaj °© Q:—li_l (ma z,t, 8)71 o Qig;l(ma ‘T,t)ail)+aa

which is equivalent to

8Q1r2;1
(a)
ot

(m,2,) = (@1 (m,2,£,0) © Faad’ 0 Qfy (m,2,8,0) ") (Qza(m,w,8)).  (417)
n ;

Note that in the RHS of (4.17) the differential operator is applied to sz;l. Next, setting a = 2,

b=11in (4.15), we get

Q3
@
ot!

(mﬂ%t, a) o QIl(m7xat7 8)* + (Q;l(ma $7t7 8) o Eaaaj o Qfl(m7xata 8)*> = 07

which, by (4.11), becomes

+

a@%ym,x,tﬁ)=—(Q;(m,x,t,a)oEaaaﬂ‘ocz;(m,x,t,a)—l) 0o Qfy(m,2,8,9). (413
t _

J

By equations (4.13) and (4.16), this equation can be rewritten as

(8Q12;1

T .
at(a) (mv ‘T’t)) - Qf2gl(m7 xﬂt)T( irl (mv ¢, 8) 0 Eqad’ o Qirl (mv z,t, 6)_1)
J

~ 00 (07" 0 Qg (m. 2, )7 Qf (. 2,1, 0) © Eua © Qfy (m,2,£,0) ")

= Qg (m,2,8)" Qi (m, 2,£,0) © Foa 0 Qf (1, ,£,0) ")
* +

+90 (07 0 Quaa(m.2,8) Qy (m.,£,0) 0 Euad’ 0 @y (m,,£,0)7") .

or, taking adjoint of both sides,

0Q12.1
(a)
ot

(ma xat) = _<Q<1F1(m7xat7 a) o Eaaaj o Qfl(m7xat> 8)_1)* o QIzq(ﬂJ%i)
+ )

(( 11 (m;x,,taa) o Eaaaj © Q]l(max,ftaé) 1)* O qu(ﬂ,%ﬁ)é 1) 6 ’
5
which is equivalent to

6QI2;1 (mv .’L‘,t) = (Qirl (m7 JJ,L 8) o Eaaaj o Qirl (m7 x’ta 6)_1):(62;2;1(@7 x’@) ' (4'19)
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Finally, we set a = b = 2 in (4.15) to get

+
88?-2(3)1 (ma .’Ii, t7 a) o Q;l (ma LU, ta 8)* + (Q;l <m7 :177;7 a) o Eaaaj o Q;l (mv $7ta 8)*) _
J
0Q7.
Q?Z)J (Mv xat)a_l =0.
ot
Using equations (4.13), (4.12) and (4.18), we get
0Q7,.
%221 (1m0, 1
ot

= (07" 0 Qg (m. 2, )7 Qf (m.7,£,0) 0 Eaad 0 Qfy (m, 2,£,0) ") 0 Qs (m.z.1)

+ (871 o sz;l(m, :U,t)TQi_l (m,z,t,0) 0 Eod o Qi’l(m, z,1, 8)71 o Q—li_z;;(ma xat)ail> 0

- (8_1 © QIZ;l(m7xvt)TQirl(maxatv a) ° Eaaaj ° Q{l(mvxag a)_1)+ ° Qf%l(m?xat)

- (a_l o sz;l(mu x;t)T Tl (m7 {L'7§, (9) o Eaaaj o er(m7 x7tu 8)_1 © Qikz;l(my x,§)8_1>+6,

which is equivalent to
007,
RECTR
o (a)
t; (4.20)
= (8—1 © Q;2-1(m7 .’L', t)TQiFl (ma LL', ta a) o Eaaaj o Q{l (ma .Z', t7 a)—l) (Qilé-l (m7 .'I},t)) .
; " ;

Next, we introduce the reduced Lax operators (cf. (3.14)). For m € Z" such that |m| = k, and
1<a<ry,let

Lo(m,z,t,0) = QF(m, x,t,0) 0 Esqd 0 QFy(m,z,t,0)™" € Mat,, »r, F((O71)), (4.21)
if 7(x,t) # 0, and L, = 0 otherwise. Clearly,
Lo(m,x,t,0)0 Ly(m,2z,t,0)=0if 1<a#b<rp, (4.22)
and they satisfy the “reduced analogue” of the constraint (3.16), obtained by setting £ = 1, m' =
m’ (=m),t =t"(=t) anda=b=1in (4.9):

71 T Pa

(> crme,t,0) = > D (1P Qfy (.3, 8)Eaad ™ © Qg i1 (m2,8)", (4.23)

a=1 a=ri+1i=1

where we used the expansions (4.8). We can also rewrite all equations (4.16), (4.17), (4.19) and
(4.20) in terms of the operators L,, to get the “reduced analogue” of the Lax equation (3.17).

Equation (4.16) gives the Lax equation
8;&@ j .
(.. £.0) = (Lol o £ 0P ) Lalm t0)] . 1S abSri Ty (420)
5

Equations (4.17) and (4.19) become, respectively,

Q7. ,
ﬁ(m’x’t) - (‘Ci(m’x’g a))+(Qr2;1(m,$,§)) ’ (425)
J
and
N0 (m, 2,t) = — (L4 (m, 2,t,0)) (Qrzq (m, 2, 1)) . (4.26)
J
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These equations mean that sz;l is a matrix eigenfunction for £,, while Q7,5 is an adjoint
eigenfunction for £,. Equation (4.20) becomes

0Q7,. )
;i?az))l (mwxat) = (a—l © Q1_2;1(maxat)T‘Cz,<m,x7t7 8))+(Q-1i_2;1(m7xat)) . (427)
J
5. THE CONSTRAINED LAX OPERATOR AND SOLUTION TO THE LAX EQUATION
Let
L(m,z,t,0) ZE m, x,t,0)P* € Mat,, x,, F((071)), (5.1)
a=1

where, as usual, F denotes the differential field containing all functions (in the space and time
variables) that we consider. In the present section, we use the constraint equation (4.23) to show
that the operator (5.1) has the same form as the WW-algebra Lax operator for W(gly, p) defined
in [DSKV16b] (which we shall review in the next Section 6). Equation (4.23) can be rewritten, in
terms of the operator (5.1), as

L(m,x,t,0)_ = —Res, Qi,(m, z,t, 2) ( Z 2P E ) 0 Qpa(m,x,t,—2)". (5.2)

a=r1+1
In order to rewrite the RHS of (5.2), we shall use the following alternative version of Lemma 3.2:
Lemma 5.1. For every A(z,0) € Matyxi F[[0]]0”™, B(x,0) € Maty i F[[0]]0™, with symbols
Az, 2), B(z,z) € Mat F((9)), we have
Res, A(z,2)0"' o B(z, —2)T = mi_l <(_x)iA(a: 8)97 o B(z,d)* o ”ij) . (5.3)
’ ’ il ’ ’ g/ -

,J=0

Proof. Equation (3.7) holds for every matrix pseudodifferential operators A(z, d), B(z,d). In par-
ticular, for “Laurent” differential operators A(z, d), B(x,d) € Mat F[9,01]. Let then set

A(z,z) = Az, 2)e™ , B(x,z) = B(z, 2)e™ (5.4)

so that B
B(z,—2)" = e ®*B(z, —2)" . (5.5)
Note that, for pseudodifferential operators A and B, equations (5.4) and (5.5) do not make sense, as
they involve diverging series. For “Laurent” differential operators there are no divergence problems,

hence g(m,z),é(w,z) are well defined elements in Mat F((z)). By inverting formulas (5.4) and
taking the corresponding (infinite order) pseudodifferential operators, we get

A(z,0) = A(z,2)e™™|__, =" (_:f)zﬁ(x,a)ai € Maty, . F((9)), (5.6)
1=0 '
and - 4
B(z,0)" = |_,o0 ¢ B(z,~2)" = & o B(a, a)*% € Maty,xn F((9)). (5.7)
j=0 ’

By (5.4), (5.5), (5.6) and (5.7), equation (3.7) gives

Res, A(x,2)0 " o B(z, ~2)" = Y ((_,”f) A(x,9)0™ o B(z,0)* o xf) (5.8)

i,j=0 v J

So far, we only proved equation (5.8) for A(z,z), B(x, z) of the form (5.4), with A(z, z), B(z, 2)

Laurent polynomials in z. On the other hand, if the powers of z in A(z, z) and B(z, z) are bounded
from below by —m and —n respectively, only the coefficients of z<"~! in A(z, z), and of =™~ in

B(z, z), give possibly non zero contribution to either side of equation (5.8). It follows that equation

(5.8) actually holds for every Laurent polynomials A(z, z), B(x, z), and therefore for every Laurent

series A(z,z), B(z,z) € MatF((z)). Moreover, only the terms with i +j < m +n — 1 give a

non-zero contribution to the RHS of (5.8). The claim follows. O
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As a consequence of equation (5.2) and Lemma 5.1, we can write the operator Z(m,x,t, 9),
defined in (5.1), in a form similar to [DSKV16b, Eq.(5.16)]. For this, introduce the matrices

le(m x,t,0) = ( Weap(m, glc,if,a))1<a<r1 ) W21(m x,t,0) = (Wab(mvxata 5))r1<a§r, (5.9)

r1<b<r 1<b<ry
where
N pp—1 j i
Wap(m, z,t,0) = Z abJ H_l(mxt)aj if 1<a<r,rn<b<r, (5.10)
j=0 i=0
and
N pa—1 j (—l‘)’
Wap(m, 2,8,0) = = Y Y (=0) 0 Qpui_siq(m,z,t) 7 if m<a<r,1<b<r. (5.11)
j=0 i=0

Notice that these are differential operators of order bounded from above by min{p,,py} — 1, as in
[DSKV16b, Eq.(5.5)]. By the definition (5.1) of the operator L£(m, z,t, 0), equation (4.21) and the

expansion (4.8), we have
L(m,z,t,0) = QF, (m, x,t,0)0"* 0 Qf, (m, z,t,0) "
=1,,07 + terms of oder < p;.

Moreover, by (5.10) and (5.11), the matrix

Wia(m, =, t,0)( Z Eaqd07P) 0 Wai(m, =, t,0)
a=r1+1

is a pseudodifferential operator of order strictly less than p;. Set then

Wll(m7 xat7 8) = Z(m7 xata 8)+ - ]17‘18101 + (WIZ(m7 .'L',t, a)( Z Eaaa_pa) o W21(m7 xat7 a)) 9
+
a=r1+1
(5.12)
which is an r; x rj-matrix differential operator of order bounded from above by p; — 1, as in
[DSKV16b, Eq.(5.5)].

Theorem 5.2. The operator Z(m,x,t, 0) defined in (5.1) has the following form

Z(mﬂ‘rvtv a) = ]]-Tlapl + Wll(m7x7t7 8) W12 m x, t 8 Z Eaaa Pa)o Wzl(mvxvtﬂ 8)7
a=r1+1

(5.13)
where the matrices Wiz(m,x,t,0) € Mat, «(—p,) F[9], Wa1(m,x,t,0) € Mat(,_,,)xr, F|0], and
Wi1(m, z,t,0) € Mat,, «r, F[0], are as in (5.9)—(5.12).

Proof. In order to prove equation (5.13), we would like to apply Lemma 5.1 to rewrite equation

(5.2). Note, though, that equation (5.3) cannot be applied directly in the RHS of (5.2), since

sz (m, z,t,2) are formal power series in 2~ !, and not Laurent series in z, as required by Lemma

5.1. In order to apply Lemma 5.1 we therefore replace z by z~! by using the obvious identity
Res, f(2) = Res, 27 2f(271).

Hence, equation (5.2) becomes

E(m7x7t7 a)— = - RQSZ Q—1~_2(m7m7ta z_l)( Z Z_pa_QEaa>a_1 o QI2(m7 xata _Z_l)T -

a=ri1+1
We then apply Lemma 5.1 with (r1 +1 <a <)
Az, 2) = Qfa(m, 2, t, 271272 E,q € Mat,, x(r—py) V[[2]]z 777!
and

B(z,z) = Q1a(m, z,1, zil) € Mat,, x (r—r) V[[z]]z
13



(Here we are using expansions (4.8).) As a result, we get

L(m,z,t,0)_ i Z(

a=r1+11,5=0

o j
Lm,2,t,07") 0 B0 P2 0 Qr,(m, z,t,07 )" x') .
J:/ =

(5.14)
By expansions (4.8), equation (5.14) becomes
L(m,z,t,0)_
LI i o 2
Z Z Z ( ; 12h(m=’ft) aaaﬂHlHC Pa=?o o (- )lek(mxt)T l)
a=r1+114,57=0 h,k=1 .7
(5.15)

Recalling definition (5.9) of the matrices le(m, x,t,0) and Wzl(m, x,t,0), we can rewrite equa-
tion (5.15) as

E(m,x,;, 8)_ = 7(ng(m,I,§, 6)( Z Eaaﬁfp“) Ong(m,x,L 8)) . (516)

a=r1+1 -
Combining (5.16) and (5.12), we finally get equation (5.13), completing the proof. O
Next, we use the evolution equation (4.24) for the operators L,(m,x,t,0), a = 1,...,7r1, to

derive an evolution equation for the Lax operator (5.1). For this, we need to set
t;a) =t; forall a=1,...,r. (5.17)
In other words, we let t = (¢;);ez.,, and

Z(m,%t, 9) := Z(m, r,t,0)

(5.18)

t(a)=tVa=1,...,r,

Theorem 5.3. The operator L(m, z,t,0) defined by (5.18) and (5.1) evolves according to the Lax
equations

oL

o (m2,8,0) = [(L(m,a,t a)#)+,2(m,x,t,a)] , JEZLsy. (5.19)
J
Proof. By equations (5.1) and (4.22), we immediately have
Llm,z,t,0)7% =3 Lo(m,a,t,0Y . jeZLs. (5.20)
a=1

Moreover, since both ” (b) and the adjoint action of (Lb(m x,t,0) ) are derivations of the product
J

of pseudodifferential operators, we immediately get from (4.24) that
O(La)"™
(b)
ot;

(mﬂ%i, a) = [(Eb(ma $,t, 8)]>+a (£a>n(max7t7 a)] , nE Z207 ] € ZZI . (521)

Hence, setting (5.17), we can use equations (5.20) and (5.21) to get

oL oL T O(L,)P
E(mvxutva):ZW(mvxvt;a): Z ( ) (m,x,t,a)

b
b=1 atj a,b=1 6t§ )

T1

= Z [([’b(mvx’tv 8)j)+7 (‘Ca)pl(mazrtv a)}

a,b=1

— [(L(m, ,8,0)77 )+, L(m,2,t,0)] .
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6. THE WW-ALGEBRA LAX OPERATOR FOR W(gly,p) AND THE ASSOCIATED INTEGRABLE
HAMILTONIAN HIERARCHY

In the present section we briefly review the theory of classical W-algebras, the construction
of the Lax operator £(9) for the W-algebra W(gly,p), and the associated integrable hierarchy
of Hamiltonian equations in Lax form. The interested reader is referred to [BDSK09, DSKV13,
DSKV16a, DSKV16b, DSKV16c, DSKV1§].

6.1. Poisson vertex algebras and integrable Hamiltonian equations. Recall from [BDSK09]
that a Poisson wvertex algebra (PVA) is a differential algebra, i.e. a unital commutative as-
sociative algebra with a derivation 9, endowed with a A-bracket, i.e. a bilinear (over C) map
{"x}: VxV = V[, satisfying the following axioms (a,b,c € V):

(i) sesquilinearity: {Qaxb} = —X{axb}, {ar0b} = (A + 9){arb};

(ii) skewsymmetry: {bra} = —{a_x_sb}, where 0 in the RHS is moved to the left and acts on

the coefficients;

(iii) Jacobi identity: {ax{b.c}} — {by{arc}} = {{arb}r+pc)

(iv) left Leibniz rule: {axbc} = {axb}c+ {axrc}b.
Applying skewsymmetry to the left Leibniz rule we get

(v) right Leibniz rule: {abyc} = {axt9c}-b + {brtoc}—a, where — means that 0 is moved to
the right.

For example, given a Lie algebra g with a symmetric invariant bilinear form (- |-), we have the
corresponding classical affine PVA. It is defined as the algebra V(g) = S(C[0]g) of differential
polynomials over g, with the PVA A-bracket given by

{axb} = [a,b] + (alb)X for a,beg, (6.1)

and extended to V(g) by the sesquilinearity axiom and the Leibniz rules.

As usual, we denote by [ : V — V/9V the canonical quotient map of vector spaces. Recall
that, if V is a Poisson vertex algebra, then V/9V carries a well defined Lie algebra structure given
by {[f,[9} = [{frg}|r=0, and we have a representation of the Lie algebra V/dV on V given
by {[f,9} = {frg}x=0. A Hamiltonian equation on V associated to a Hamiltonian functional
Jh € V/OV is the evolution equation

d

di;‘:{fh,u}, uev. (6.2)
The minimal requirement for integrability is to have an infinite collection of linearly independent
integrals of motion in involution:

fh():f]L fhl, fhg, ... S.t. {fhl,fhj}:() for all i,j >0.
In this case, we have the integrable hierarchy of Hamiltonian equations

d—u—{fhj,u}, jEZZO- (63)

dt;
6.2. Classical W-algebras. Let g be a reductive Lie algebra, with a non-degenerate invariant
symmetric bilinear form (-|-), and consider the classical affine PVA V(g) with A-bracket defined
by (6.1). Given an sly-tirple (e, f,x) in g, such that [e, f] = x, [x,e] = e, [x, f] = —f, we have the
corresponding Dynkin grading of g, namely the ad x-eigenspace decomposition

9= P o or={acg|lx.a=ka}. (6.4)
kelz

It is well known that this grading depends, up to conjugation, only on the adjoint orbit of f.

For a subspace p C g, we will denote by V(p) the differential subalgebra S(C[d]p) of V(g).
Consider the differential subalgebra V(g<1) of V(g), and denote by p : V(g) - V(g<y1), the
differential algebra homomorphism defined on generators by

pla) =m<i(a) +(fla), acg, (6.5)



where T<1 g = Qgé( = @kgé gk) denotes the projection with kernel g>,. The classical
Wh-algebra W(g, f) is, by definition, the differential algebra

W(g, f) ={we V(g<1) | p{arxw} =0 for all a € g>1}, (6.6)
endowed with the following PVA A-bracket [DSKV13, Lemma 3.2]
{oaw}? = p{oaw}, v,weEW. (6.7)

We can describe explicitly the classical W-algebra as an algebra of differential polynomials.
For this, fix a subspace U C g>_1 complementary to [f, 92%] and compatible with the grading
(6.4). Obviously, the orthogonal complement of [f,g>1] in g>_1 w.r.t. the bilinear form (-|-) is

2
of C g<1, the centralizer of f in g. Hence, we have the “dual” direct sum decompositions [DSKV18,

Eq.(3.6)-(3.7)]

0> 1 =f,051]0U, g1 =U@gl. (6.8)

As a consequence, we have the decomposition in a direct sum of subspaces
V(g<y) =V(g) e (U, (6.9)
where (U~) is the differential algebra ideal of V(g<1) generated by Ut. Let mys V(g<y) - V(g¥)

be the canonical quotient map, with kernel (U=).

Theorem 6.1 ([DSKV16¢, Cor.4.1]). The map w4 restricts to a differential algebra isomorphism
™= mgrlwie. ) W, f) — V(g!),

hence we have the inverse differential algebra isomorphism
w: V(gh) = W(g. f),

which associates to every element q € g/ the (unique) element w(q) € W of the form w(q) = g+,
with r € (U+).

6.3. Generators for the classical W-algebra W(gly,p). Consider the Lie algebra g = gly,
with the trace form (a,b) = tr(ab). Associated to the partition p = (p1,-..,pr) of N, is the index
set of cardinality NV a

I = {(a,i) with 1<a<r, 1<i<p.}, (6.10)
which we order lexicographically. We then let V' be the vector space with basis {e,}acr, and we
identify gl = gl(V). Let f € gly be the nilpotent element in Jordan form associated to the
partition p, i.e.

f(e(a,i)) = €a,it1) for i <pg, and f(e,p,)) =0. (6.11)
Let also x € gly be the diagonal matrix with eigenvalues
pat1l . 1
N = — ~7. 12
X(a,i) 2 1€ 2Z (6 )

Note that the adjoint action of x defines a Dynkin grading (6.4) of g. We then consider the
corresponding classical WW-algebra (6.6), which we denote W(gly,p).
By [DSKV16b, Prop.5.2], the following elements form a basis for g/, the centralizer of f in g,

fab;i = ZE(a,paJrjfi),(b,j«kl) 5 1 S a, b S T, 0 S 1 S min{pa;pb} - 17 (613)
=0

where E, 3, a, § € I, denote the standard matrices: E, g(ey) = dg,~€q. Moreover, by [DSKV16b,
Prop.5.1] the following is a subspace of g complementary to [f, g|:

U = Span {E(b,l),(a,pa—i) | 1<a,b<7r 0<i<min{pg,pp} — 1} . (6.14)
Equivalently, it is a subspace of 9> 1
with the grading (6.4). In fact, the basis (6.13) of g/ and (6.14) of U are dual to each other:

1 complementary to [f, g>1 |, and it is obviously compatible

(Z Ea,pa+i=i),(b,5+1) ‘ E(b',l)ma’,pa/—i/)) = Oa,a’ 00, 0i it -
=0
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With this choice, Theorem 6.1, provides a differential algebra isomorphism w : V(g) = W(gly, p),
and we get a set of generators for the WW-algebra, viewed as an algebra of differential polynomials,
corresponding to the basis (6.13) of g/:

Wabik = W(farik) € W(gly,p)- (6.15)

6.4. The Lax operator for W(gly,p) and associated integrable Hamiltonian hierarchy.
Following [DSKV16b], we encode all the W-algebra generators (6.15) into the r x r-matrix differ-
ential operator

min{pg,pp }—1

W(a)z( S Wi (—0) ) € Mat,.., W(gly, p)[d]., (6.16)

b=1
i=0 @

which we write in block form, cf. (4.7),

W11(0) W12(3)) ’ (6.17)

W) = (wm(a) Waa ()

with blocks of sizes r1 X r1, r1 X (r —r1), (r —r1) x rp and (r —r1) X (r —r1). By [DSKV16b,
Eq.(5.16)], the Lax operator £(8) € Maty, xr, W(gly,p)((071)) is obtained as the quasideterminant
of the matrix —(—0)2 + W(9) w.r.t. the first r rows and columns, where

(—0)2:= " Eqa(—0)" . (6.18)
a=1
Explicitly,
L(9) = =1y, (=0)" + W1(9) = Wa2() o (= (~0)2+ W (9)) " @ Was(9), (6.19)
where g is obtained from the partition p by removing the 7 parts of maximal size p;, so that
(=0)2=Y_ Eau(-0)". (6.20)
a=r1+1

Theorem 6.2 ([DSKV16b, Sec.6.4]). Given a partition p of N, consider the ry x r1-matriz pseu-

dodifferential operator L(0) € Mat,, xr, W(gly,p)((071)) defined by (6.19), and let E(@)ﬁ be an
arbitrary pi-root of L(D). The local functionals

Jh; = % /Resa tr (E(@)PJT) eWl(gln,p), j € Z>1, (6.21)

are in involution w.r.t. the W-algebra \-bracket:

{[hi, 1} =0 forall i,j € Zs: .

Hence, we have the corresponding integrable hierarchy of Hamiltonian equations

ow .
o, = {[hj,w}"V for all j € Z>;. (6.22)
Furthermore, the hierarchy (6.22) implies the hierarchy of Lax equations for L£(0):
0L(0) El .
o, = [(£(9)7 )+,£(8)] , JEL>. (6.23)
Proof. By [DSKV16b, Thm.4.6], the matrix pseudodifferential operator £(9) is of Adler type w.r.t.
the Wh-algebra A-bracket. Then, the claim is a special case of [DSKV16a, Thm.5.1]. (]

The main goal of the present paper is to construct tau-functions of the Hamiltonian hierarchy
(6.22), which are exhibited in Theorem 7.1 below.
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7. TAU-FUNCTIONS FOR THE HAMILTONIAN HIERARCHY ASSOCIATED TO W(gly, p)

Theorem 5.3 provides tau-function solutions Z(m,x,t,a) to the hierarchy of Lax equations
(5.19). On the other hand, according to Theorem 6.2, a solution to the Hamiltonian hierarchy
(6.22) automatically provides a solution to the hierarchy of Lax equations (6.23) (which is the
same as (5.19)). It is therefore natural to ask whether the matrix W(mw,t,@) constructed in
Section 5 also solves the “full” Hamiltonian hierarchy (6.22). This is essentially true, and it is the
content of Theorem 7.1 below, which is the main result of the paper.

Unfortunately, the forms of the operator £(m, x,t,d) in (5.13) and of the operator £(9) in (6.19)
do not quite match, due to a different choice of signs (this is the reason for the tilde-notation).
To pass from (5.13) to (6.19) we need to change the sign of 9 and of £. On the other hand, if,
after these changes of signs, we want that the Lax equations (5.19) and (6.23) correspond to each
other, we need to change sign of the space variable x and multiply the time variables ¢; by a factor

(—1)1’]7 ((—l)ﬁ being an arbitrary p;-root of —1). So we let
L(m,,t,0) = —L(m, —x,i,—0) were &= ((—1)71t;);ez., - (7.1)
Equation (5.13) then can be rewritten as
L(m,z,t,0) =—1,,(=0)"* + Wi1(m,z,t,0) + Wiz(m,x,t,0) o (—0) Lo Way(m, x,t,0), (7.2)
where
Wab(m, 2,t,0) = —~Wap(m, —z,t,-0) for (a,b) # (2,2). (7.3)
Note that (7.2) has the same form as (6.19), if we set
Waa(m,z,t,0) =0. (7.4)

Recalling (5.10), (5.11) and (5.12), we can find explicit formulas for the matrix entries of
W (m,z,t,0) in terms of the wave operators Q% (m,z,t,0) constructed in Section 4. Let, as
n (6.16)-(6.17),

min{pq,pp}—1

W (m,@,¢,0) = (Wap(m,2,8,0)) . e (1.2, = ( > Whai(m,x,t) @ay‘) . (7.5)

X 1<a,b<r
=0

with coefficients wyq.;(m, z,t) € F. By (7.3) with a =1, b = 2, and by (5.10), we get

pp—1 pp—1 j
Zwbwmxt ZZZ' abij_ip1(m, —z,t)(=0)) , for 1<a<r,r<b<r,
7=0 =0
(7.6)
or, equivalently,
Whaj (M, z,t) = Z Qab,] 1+1 713),for1§a§7"1,r1§b§r,0§j§pb—l, (7.7)

where the RHS is evaluated at the times ¢ as in (5.17) and (7.1). Similarly, by (7.3) with @ = 2,
b =1, and by (5.11), we get

Pa—1 Pa—1 J i
Zwba]mxt( o) ZZ@OQM] i (M, :E,f)%,forr1<a§r,1§b§r1,(7.8)
7=0 =0 ’

from which the coefficients wyq;j(m, z,t) € F, with ry <a <7, 1<b<7,0<j<p,—1,can

be easily computed by expanding the RHS. Next, if we combine (7.3) with @ = b = 1 with (5.12)

and (7.1), we just end up with equation (7.2). In order to get formulas for the remaining functions

Whq;j(m, z,t) € F, with 1 < a,b <7y and 0 < j < p; — 1, we need to use equations (4.21) and
18



(5.1). As a result, we get

p1—1

( Z Whayj (M, x, t) (73)3‘)
i=0

" - Wll(m,$7t7a) = 7W11(m, 71’,{, 78)

a,b=1
= —E(m, —z,t,—0); + 1, (—0)P* — (ng(m, —z,t,—0) o (—0) 4o Wzl(m, —x,t, —3))
= _(Qi_l (mv -, Ev _8) © ]lTl (_a)m © Q-fl (ma —Z, iv _a)—1)+
+ IL7“1 (_a)m - <W12(m7 z,t, 8) o (_8)_g © W21(mv z,t, a)) )
+

. (1.9)

from which the coefficients wyq;;(m, z,t) € F, with 1 <a,b <ry, 0 < j <p; —1, can be explicitly
derived, by computing the matrix entries in the RHS and expanding them as differential operators.
Finally, recalling (7.4), we set

Whaj(m, x,t) =0, for ri <a,b<r, 0<j <min{p,,pp} —1. (7.10)
We can now state the first main result of the paper.

Theorem 7.1. Let k € Z and m € Z" be such that |m| = k. Let 7(t) = {7™(t)}| =k be a
tau-function of the p-KdV hierarchy such that 7(t) # 0. Then the functions wy,;(m,x,t) € F,
1<a,b<r,0<j<min{p,,ps} — 1, defined by (7.7), (7.8), (7.9) and (7.10), form a solution of
the integrable hierarchy (6.22) associated to the classical W-algebra W(gly, p).

The remainder of the paper is devoted to the proof of Theorem 7.1. First, we observe, in
Section 8, that the operator £(m,x,t,d) € Mat,, x,, F((071)) associated by equation (7.2) to the
functions wpqj(m,z,t) € F, 1 < a,b < r, 0 < j < min{p,,pp} — 1, indeed solves the hierarchy
of Lax equations (6.23). This unfortunately does not suffice to prove Theorem 7.1, as the Lax
equations (6.23) are implied by the hierarchy of Hamiltonian equations (6.22), but a priori (6.23)
does not imply (6.22). Only in Section 12 we will prove that, in fact, the Lax equations (6.23)
do indeed imply the full hierarchy of Hamiltonian equations (6.22), see Theorem 12.1 below. In
order to prove this fact, a key point is the observation that, along the Hamiltonian flow (6.22), the
submatrix Waa(9) does not evolve. This fact will be proved in Corollary 11.5 in Section 11. Before
stating and proving the crucial point, that Wax(9) does not evolve, we shall review in Section 9
some notation and preliminary results on the classical WW-algebra W(gly, p), and we will provide in
Section 10 a new, algorithmic way, to construct the generator matrix W(9) € Mat, ., W(gly,p)[0]
defined in (6.16), see Corollary 10.10 below. The proof of Corollary 11.5, i.e. that Was(9) does
not evolve, will be then based on this algorithmic construction of the matrix W ().

8. TAU-FUNCTION SOLUTIONS FOR THE LAX EQUATIONS (6.23)

Proposition 8.1. Let k € Z, m € Z" and 7T(t) be as in Theorem 7.1. Consider the functions
Whayj(m,z,t) € F, 1 <a,b<r, 0<j<min{ps,ps} — 1, defined by (7.7), (7.8), (7.9) and (7.10).
Then the matriz pseudodifferential operator L(m, x,t,0) € Mat,, x,, F((071)) given by (7.2) (with
the notation (7.5)) solves the hierarchy of Laz equations (6.23).

Proof. By the constructions of Section 7, equation (7.1) holds. The claim is then an immediate
consequence of Theorem 5.3. (]

9. SOME PRELIMINARIES ON PVA’S AND W-ALGEBRAS

9.1. Notational conventions. Given a finite-dimensional vector space V', consider the associative
algebra End V, the Lie algebra g = gl(V'), and the classical affine PVA V(g) defined by (6.1). Even
though the two spaces gl(V) and End V' are canonically identified, we will keep them distinct.
For this, we shall usually denote the elements of the Lie algebra g by lowercase letters a,b, ...,
and the same elements, viewed as elements of the associative algebra End V', by the corresponding
uppercase letters A, B, .... Also, we shall usually drop the tensor product sign for the elements of
V(g) ® End V; hence, for example, aB will denote the monomial of V(g) ® End V', with a € gl(V)
and B € EndV.
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A X-bracket between an element in V(g) and element in V(g) ® End V' has to be interpreted as
{axbC} = {axb}C € V(g)[\] @ End V,
while a A-bracket between two elements of V(g) ® End V' has to be interpreted as
{aBxcD} ={axc}B®D € V(g)[\| @ EndV @ End V.
On V(g)((07!)) ® End V we also have a natural associative product, defined componentwise:
(a(9)B)(c(9)D) = (a(9) 0 ¢(9)) (BD) € V(g)((07")) ® End V.

Similarly, we have a natural associative product, defined componentwise, on V(g)((07!))®End V ®
EndV.

In Section 9.2, given an element A(9) = a(9)B € V(g)((07')) ® End V, we denote by A*1(9)
its adjoint with respect to the first factor of the tensor product, i.e. A*1(9) = a*(9)B.

9.2. Some PVA \-bracket computations. Let {u;};c; be a basis of g compatible with the
grading (6.4), and let {u'};c; be the dual basis w.r.t. the trace form. According to the notational
convention described in Section 9.1, we let {U;};c; and {U'};c; be the same dual bases, viewed
as bases of the associative algebra End V. Consider the matrix differential operator

A0) =1yd+ Y wlU' €V(g)0] @EndV . (9.1)
i€
Let also Qy € End V®End V be the operator of permutation of the two factors: Qy (u®v) = vQu,

u,v € V. In terms of basis elements: Qy =Y., U;@U®. The operator A(9) satisfies the following
Adler identity, see [DSKV18, Eq.(5.25)],

ieJ

{ANAW)Y = (1@ A(w+ A+ ) (z—w— A=) (A (N —2) @ 1)Qy

Qv (A2) @ (z —w - A= 39) " A(w)) € V(g)[\ ® EndV @ End V. ©-2)

Here the expression (z —w — A — )~ ! is assumed to be expanded in negative powers of z (or of w,
since the RHS will be the same). The verification of (9.2) is a straightforward computation. The
LHS is obviously independent of z and w, hence the RHS is independent of z and w as well.

We shall need in Section 10 a formula for {A(2)\A~!(w)}, where A=!(w) is the symbol of the
inverse of the operator (9.1) in V(g)((07!)) ® End V. Recall, from [DSKV18, Lem.2.3(g)] that, if
A(0) and B(0) are matrix pseudodifferential operators with coefficients in a PVA V and if B(9) is
invertible, then

{AGAB  (w)} = —(1© B (w+ A+ ) {A()\B(w +2)}(1® ]| _,B ' (w)). (9.3)

Here and further we use the following notation: given a pseudodifferential operator a(9) =
SN 4,0" € V((07Y)) and elements b, ¢ € V, we let:

N
a(z + x)(|I:3b)c = Z an((z+0)"b)c €V, (9.4)

n=—oo

where in the RHS we expand, for negative n, in the domain of large z. As a consequence of the
Adler identity (9.2) and equation (9.3), we have (cf. [DSKV16b, Eq.(A.1)])

[A()AA" (w)} = Oy (A’l(w FA+0)A(R) ® 1v) (z—w— )"
(9.5)
C(r—w—A—)? (A*’l(A A Y w) ® ]lv)QV :

9.3. Some formulas for the classical W-algebras. Consider the classical affine WW-algebra
W(g, f) defined by (6.6)-(6.7). Recall from [DSKV13, Lem.3.1(b),Cor.3.3(d)] that, for a € g>1

and g € V(g), we have

plaxp(9)} = pfarg}, (9.6)
while for g, h € V(g) such that p(g), p(h) € W, we have

{p(9)rp(h)}"Y = p{gah} . (9.7)



9.4. Notation for gly. Fix, as in the previous sections, a partition p = (p1,...,p,) of N, with
p1>-->p.>0,p1+---+p. = N. Let I be the corresponding index set (6.10) of cardinality
N, and let V be the vector space with basis {e, }acr. We depict the basis elements e,, a € I, as
the boxes of a symmetric, with respect to the y-axis, pyramid, with r rows of length, from bottom
to top, p1,...,p,. For example, for the partition p = (4,4,4,2,1,1) of N = 16, the corresponding
pyramid is a

FIGURE 1.

According to this pictorial description, the basis elements e(, ), (a,h) € I, are labeled by the row
index a, counting from bottom to top, and the column index h, counting from right to left. In
particular, the x coordinate of the center of the box e(q ) is X(q,n) as in (6.12). Let r; be the
number of rows of the pyramid of maximal length p;, o the number of rows of second maximal
length, and so on, up to rg, the number or rows of minimal length. We also let

Ry=0 and Rj=7ri+---+r; for 1<i<s. (98)

In particular, Rs = r. Note that the pyramid attached to p consists of s rectangles, of sizes pgr, x7;,
i=1,...,s. In the example of Figure 1, we have s =3, =3, 79 =1, 73 =2, Ry =3, Ry =4
and R3 =6 =r.

According to the notational convention described in Section 9.1, we denote by f € g = gl(V)
the nilpotent element (6.11) of shift to the left, and by F' € End V' the same endomorphism, when
viewed as an element of the associative algebra End V. We also let FT € End V be the shift to the
right, and X € End V' be the diagonalizable operator with eigenvalues (6.12); in formulas

€(a,h+1 ifh<pa T 0if h=1
F(e(a,n)) = { O( if+h): D , FT(eam) = { Cany i h>1 X(€(a,h)) = X(a,n)€(a,h) -
(9.9)

Recall the ad y-eigenspace decomposition (6.4) of g. Analogously, we have the X-eigenspace de-
composition of the vector space V:

V=@ VK, Vikl={veV|X()=kv}, (9.10)
keiz
and the corresponding ad X-eigenspace decomposition of End V:

EndV = @ (EndV)[k] , (EndV)[k]={A€cg ’ [X, Al =kA}. (9.11)
kel

With a slight abuse of terminology, we shall say that an element A € (End V)[> k] has ad X-
eigenvalue greater than or equal to k, similarly for the elements of (End V')[< k]. In the pictorial
description of Figure 1, the endomorphisms in End V' of positive ad X eigenvalue move the blocks
of the diagram to the right, while the endomorphisms of negative ad X eigenvalue move them to

the left.
Let V, = ker(FT) and V_ = ker(F), which are spanned, respectively, by the rightmost and
leftmost boxes of the pyramid. In particular dim(V_) = dim(V}) = r. They decompose as
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Vi = @le Vi, where V4 ; is the r;-dimensional vector space spanned by the right/leftmost
boxes in the i-th rectangle, counting from bottom to top (see Figure 1):

V4= Span {e(a’l)}Ri—1<aSRi , V_,=Span {e(a’Pa)}Ri,KagRi . (9.12)

9.5. The matrix differential operators W (0) and Z(9). Recall the matrix differential operator
W (0) defined in (6.16). Once we fix the bases (9.12) of Vi, we can identify V; ~ V_ ~ C", and
hence

Hom(V_, V) ~ Mat,x, C. (9.13)
Under this identification, (6.18) becomes
(78)2 = Z E(a,l)(a,pa)(fa)pa ) (914)
a=1
while (6.16) becomes the following differential operator
r  min{pa,pp}—1 ‘
W)=Y > wai(=0)Ea)bp) € Wlaly,p)[0] @ Hom(V_, V). (9.15)
a,b=1 1=0

It is a matrix differential operator encoding all W-algebra generators (6.15). We have W (9) =
w(Z(0)) and Z(9) = (W (9)), where w and 7 are the differential algebra isomorphisms between
W(gly,p) and V(g’) given by Theorem 6.1 (associated to the complementary subspace (6.14) of
[f,9]), and Z(0) is the following differential operator, encoding the g/-basis (6.13):

r  min{pa,pp}—1

Z0) =) > foai(=0) Ea1). b € V(7)) @ Hom(V_, V). (9.16)
a,b=1 i=0

9.6. The “identity” notation. Let U C V be a subspace of V', and assume that there is “natural”
splitting V- = U @ U’. (Usually, U is spanned by some basis elements {eq}ncr,, for some subset
Iy C I; in this case U’ is the span of the remaining basis elements {eq }acr\1,-) We shall denote,
with an abuse of notation, by 1y both the identity map U — U, the inclusion map U < V, and
the projection map (with kernel U’) V' — U; the correct meaning of 1y should be clear from the
context. Likewise, if we further have a subspace U; C U with a “natural” splitting U = Uy & Uy,
the same symbol 1y, can mean not only the three maps identity U; — Uy, inclusion U; — V,
and projection (with kernel U] @ U’) V' — Uy, but also the inclusion U; — U, and the projection
(with kernel Uj) U — Uy; again, the correct meaning of 1y, should be clear from the context. For
example, V1 C V come with the natural splittings

V=V, ®FV=V_aF'V, (9.17)
and, with the notation described above, we have the obvious identities

FFT =1y — 1y, =1py and FIF =1y -1y =1lpry. (9.18)

9.7. Generalized quasi-determinants and the Lax operator £(9). Let R be a unital as-
sociative algebra and let V' be a finite-dimensional vector space, with direct sum decompositions
V=UagU =WaW' Assume that A € R®End(V) is invertible. Then, according to [DSKV16a,
Prop.4.2], 1w A~'1y € R® Hom(U, W) is invertible (with inverse in R @ Hom(W,U)) if and only
if 1yrAlys € R®@ Hom(W’,U’) is invertible (with inverse in R ® Hom(U’, W’)), and, in this case,
we have

|A|U,W = (]].V[/Ailll.U)il =1yAly — ILUAILW/(]].U/A]].W/)ilﬂU/A]].W € R®H0m(VV, U), (919)

which is called the (generalized) gquasideterminant of A w.r.t. U and W, cf. [GGRW05, DSKV16a).
Recall also that, given direct sum decompositions U = Uy @ U] and W = W; @ W/, we have the
following hereditary property of quasideterminants:

Alow |y, w, = [Alvsw (9.20)

provided that all quasideterminants exist,.
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9.8. The Lax operator £(0) as a quasideterminant. If we apply the map p(= p® 1), defined
n (6.5), to the matrix differential operator A(9), defined in (9.1), we get

pAd) = 1yd + F + Z wU' € V(g<1)[0] ®End(V), (9.21)
1€J 1

where u;, i € J< 1, are the basis elements of ad y-eigenvalue less than or equal to 5-

Consider the spaces Vi1 C V defined in Section 9.4. They are both r;-dimensional and, once
we fix their bases (9.12), we can identify V; ; ~V_; ~ C™, and (cf. (9.13))

}10111(‘/_717 V_;,_,l) ~ Mat,.lx,«l C. (9.22)

According to [DSKV16b, Thm.5.8], the matrix pseudodifferential operator £(9), defined in (6.19),
can be obtained, under the identification (9.22), as the quasideterminant of pA(9) with respect to
V+71 and V_712

L£(9) = |pA©)lvy.,. v, € W(gly,p)((071)) ® Hom(V_ 1, Vi y). (9.23)

This result also follows from Proposition 10.8(b).

10. ALGORITHMIC CONSTRUCTION OF THE GENERATOR MATRIX W ()

10.1. The matrix T(9).

Proposition 10.1. The following quasideterminant exists and it is a differential operator:

T(9) = [pA@)lv,.v. € V(g<y)[0) © Hom(V_,V;). (10.1)

1
<3

Moreover if we expand it in the standard basis {E(a1),(b.py) =1 of Hom(V_, Vi) as T(0) =
2 ab=1 tap(0)E(a,1),(b,p,), then

tap(0) = —dgp(—0)P + (order < w) )

(10.2)
Proof. By (9.21), pA(9) is a monic differential operator of order 1, hence its inverse can be com-
puted by geometric series expansion in V(gS%)((a_l)) ® End V. In order to compute the quaside-
terminant (10.1), we use the RHS of equation (9.19):

T(9) = 1y, pA(0) 1y — Ly, pA(0) Lpry (LpvpA(d)Lpry) ' LrypA(9) 1y, (10.3)

and, for its existence, we need to prove that 1pypA(0)Lpry is invertible. Let {Eqg}a,ger, where
I is as in (6.10), be the standard basis of End V' w.r.t. the basis of V' described in Section 9.4,
and, according to the notational convention described in Section 9.1, let {eng}a,ger be the same
collection of elements, viewed in V(g). In terms of these bases, (9.21) becomes, recalling (6.12),

r r pa—1
Z ZEw i),(a,i)d + Z Z Ela,iv1),(ai) + Z Z €(b,g).(ai) Ea.i), (b.5) -
a=11=1 a=1 i=1 a,b=1 1<i<pq,1<j<psp

(j—i>re=pa=t)
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Hence,

Ly, pAD) Ly = Y Ean@nd+ D €)@ Ba).tm)

a|pe=1 a,b=1
r pp—1
Ly, pA@)Lpry = Y Ean@nd+ Y Z €(b.5).(a.1) Ea1),(b.4) -
a|pa>1 a,b=1 j=1

(]Z pb pa+1)

T Pa
LevpAD) v = D Blapar)d+ D, D Cbm).(ai) Blai.bm)
alpa>1 ab=1 =2 (10.4)
(z<pb+pa+1)

r pa—1
LpypA(9)lpry = 1py (F + 1y0 + Z UL pry = Z Z E(a,i+1),(a,)
ingl a=1 i=1
r pa—1
Y Blaind + Z > €(b.g)(a) Eai),(b.) -
a=1 =2 a,b=12<i<p,,1<j<pp—1

(j—izmp=pa=t)

Clearly, 1y Flpry € Hom(FTV, FV) is invertible, with inverse
r pa—1
(LpyFlpry) ™ = 1pry FTlpy =Y > Elai) (ai+1) € Hom(FV,FTV). (10.5)
a=1 i=1
Also, note that the differential operator

N(0) := (1pyFlpry) " 1py(lyd+ Zuz Jpry
iceJ

= Y (0000410 + €b ), (0i+1) Elai),5) € V(0<3)[0] ® End(FTV)
a,b=11<i<p,—1,1<j<pp—1
(j—iz>ro=patl)
has strictly positive ad X-eigenvalue, hence it is nilpotent. As aresult, 1zy pA(9)1 pry, is invertible,
and its inverse can be computed via a (finite) geometric series expansion,
o0

(LevpA@)pry) ™ =) (=1)'N@) (1py Flpry)~"
£=0

= Z(_l)z Z Z (6al7a06i17i0+1a + e(al,i1)7(a07i0+1)) s (106)
£=0

ag,...,ap=1 io<Pa07 % <Pay,
Pa.J  +1

(z —ij_ 1> Vj)

- (5abae—15ime—1+18 + e(amz%(azfl,izfﬁ-l))E(ao,io)»(amiﬁl) :

Note that the above sum is finite since the conditions on iy, ..., i, imply
— 14
ZZ - ZO Z pa’f ]2)(10 + )

which becomes an empty condition for ¢ large enough. This proves, in particular, the existence
of the quasideterminant (10.1), which is the first claim of the proposition. Combining equations
(10.3), (10.4) and (10.6), we get

tab(9) = 0a,b0p,.10 + €(b,py),(a,1)

Z Z Z a,ao zo,la + 6 (ao0,%0),(a,1 ) (6al,ao(sil,io-ﬁ—la + e(al,il),(ag,i0+1)) ce (107)

ag,...,ar=1 I,

.- (6az7ae—16iz,iz—1+16 + e(ag,ig),(a(,l,i@,1+1)) (6az,b6ie+1’pba + e(b,pb),(az,ie+1)) )
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where Z, is the set of {-tuples of positive integers (ig, ..., i) such that i; < p,, for all j =0,...,/,
and

Pag —Pa+1 . . Pa; — Paj_1 +1

Db — Pa, +1
B y b — -1 2 e

2
The contribution to the coefficient of 9™ in (10.7) comes from the summands with ¢ + 2 > n and
with at least n of the indices (a;,%;) such that a; =a;_1 and i; =4,_1+1,j=0,...,¢+1, where
we let (a—1,i-1) = (a,0) and (ags1,%e+1) = (b, pp)- In this case, summing the remaining £ +2 — n
inequalities in (10.8) we get

ig > vj:17"'7€7pb_ilz (108)

Po—pat+tl+2—n
5 .

Dy — 1N >

This implies, in particular, that n < PalPb “+p . Moreover, the contribution to the coefficient of 9™ for
n = p“;pb can only come from the summand with £ +2=nand a;j =a =0, i; =7+ 1, for all
j=0,....,£ =p, — 2, which gives —J,(—0)P+. This proves (10.2). O

Lemma 10.2. For every ¢ € g, we have
{0rA(2)} = A(z+ N — A(2) , (10.9)

where, according to the convention introduced in Section 9.1, ® is the element ¢ € g, viewed as an
element of End V.

Proof. By the definition (6.1) of the A-bracket on the classical affine PVA V(g) and the definition
(9.1) of the matrix differential operator A(9), we have

{0aAR)} =Y {oau U =3 ([6,uwi] + (Slu) U =Y wi[U7, 8] + BA = A(z + \)® — DA(2).
i€J ieJ ieJ
O
Lemma 10.3. We have
X(9) = 1pry(pA) 1)1y, T(9) € V(g<1)[0] @ (Hom(V_, FTV))[ > %] (10.10)
and
Y(9) = T@) v (pA) " (O)Lrv € V(0230 @ (Hom(FV,V,)[ > 1], (10.11)

i.e., they are both differential operators of strictly positive ad X -eigenvalues.

Proof. We start from the obvious identity 1y = pA(9)(pA)~1(9). Recalling the splittings (9.17),
we get

0= 1pypAd)(pA) " () 1y, = 1rvpAD)(Ly_ + Lpry)(pA) ' (9)1v,
= 1pypA(d)Ly_(pA)~*(0)1ly, + LpypA(0)lpry (pA)~1(9)1y,
= ]IFVpA((?)]lva(B)_l + ]lpva(a>]lFTV(pA)_1(a)]lV+ .
Hence,
X(9) = Lpry (pA) "1 (0)1v, T(9) = —(LrvpA()Lpry) ™ Lrv pA(9) Ly
By (10.6), we have (1pypA(0)1pry)~t € V(g <1)[0] ® Hom(FV, FTV)[> 1]. On the other hand,
we obviously have 1y pA(9)1y_pA(9) € V(g S%)[ |@Hom(V_, FV)[> —1]. Claim (10.10) follows.
Similarly, by the obvious identity 1y = (pA)~1(9)pA(0) we have
0=1y (pA) " (0)pA(d)Lpry = T(0) 'Lv, pA(d)Lpry + Ly (pA) " (0)LryvpA(d)Lpry ,
from which we get
Y(9) = T(9)1v_(pA) 1) lpv = —1v, pA@)Lpry (LrvpA@)Lpry)
Claim (10.11) follows again by (10.6). d
Proposition 10.4. For every ¢ € g>1, the following identity holds:

p{orT(2)} =T(z+ A+ 0)1y_®(1y. + X(2)) — (Ly, +Y(z+A+9))@Ly, T(2),  (10.12)

where X (z) and Y (z) are the symbols of the differential operators (10.10) and (10.11).
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Proof. Applying formula (9.3) twice, we get, by the definition (10.1) of T'(z),
{03T(2)} = =Tz + A+ AT (2 + )} (la=0T(2))
=-T(z+ A+ 0)1y_{oxr(pA) ' (z + 2)} 1y, (Jo=oT(2))
=T(z4+ A+ 0)1v_(pA) " (z + A+ O){drpA(z + ) }|a=opA~ (2 + 0) 1y, T(2)) .
We then apply equation (9.6) and Lemma 10.2 to get
PAAT(2)} = T(z + A+ 9)Ly_(pA) " (z + A + 0)p{drA(z + @)} |a=apA™ (2 + O) 1y, T(2))
—T(z+ A+ )1y (pA) ' (z+A+0) (pA(z FA+0)D — BpA(z + 8))pA71(z +0)1y, T(2)
=T(z+ A+ 01y ®pA~ (2 +0)1y, T(2) = T(2 + A+ 9)Ly_(pA) 'z + A+ 0)@1Ly, T(2).

Equation (10.12) follows by the definitions (10.10) and (10.11) of X (9) and Y (9) and the definition
(10.1) of T'(0). O

Proposition 10.5. We have: my;T(0) = —(—0)2 + Z(0), where (—0)? is as in (9.14), and Z(0)
is the differential operator (9.16).

Proof. Since mys : V(g) — V(g7) is a differential algebra homomorphism, we have, by the definition
(10.1) of T'(9) and equation (9.21):

7o T(9) = |prAD)|vy,vo € V(9<1)[0] ® Hom(V_, V, ), (10.13)
where
r  min{pa,ps}—1
prA©) =7y (pA(0) = 1y0+F + Y Foasi Ea1).(bpy—i) - (10.14)
a,b=1 i=0

Here we used the dual bases (6.13) of g/ and (6.14) of U. By (10.14) we immediately get (cf.
(10.4))

Ly, prA(0)1y. = Z E1),(a1)0 + Z Joa:0 Ea,1),(6,p0) 5

alpa=1 a,b=1

r min{pa,pp}—1

Ly, pA(O)1pry = Z E(a,1),(a,)0 + Z Z Joazi E(a,1),(b,py—i) »

a|pa>1 a,b=1 i=1 (10.15)
]]-FfoA(a)]]-V— = Z E(a,pa),(a,pa)a,
alpa>1
r pa—1 r pa—1
Levps A@)Lpry = D > Blaiti i + 9 O Blai)(aid-
a=1 i=1 a=1 =2

Recalling (10.5), we can easily invert the last operator in (10.15) by geometric series expansion:

(]lpvpfA(a)]lFTv)_l = Z Z E(a7i))(a7j)(—a)j_i_1 . (10.16)

a=11<i<j<pa
We then use equations (10.15) and (10.16), and the formula (9.19) for the quasideterminant (with
U=V,, W =1V_, and the complementary subspaces U’ = FV and W' = FTV), to get
g T(0) = Ly, pyA(O)Lv. — Ly, ps A(0)Lpry (Lpvpr A()Lpry)  Lpypr A9) Ly

r  min{pa,pp}—1

==Y Eanap) 0"+ D Y foasi Bla1),opn) (—0)' = —(=0)2 + Z(0) .
a=1

a,b=1 i=1
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10.2. Motivational interlude. The present section gives just a motivation for the recursive con-
struction described in Section 10.3; the Bourbakist reader can decide to skip it without any harm.

Our main goal it to find an explicit construction for the matrix differential operator W (9) €
W(gly,p)[0) @Hom(V_, V, ) defined in (6.16) (or, equivalently, (9.15)), encoding all the W-algebra
generators. Note that equation (6.19) can be rewritten, in terms of a quasideterminant (9.19),
using the new form (9.15) of W(0), as

‘C(a) = | - (_6)2—’_ W(a)|V+,17V7,1 . (10'17)
Recall also, from Section 9.5 that
s W(0) = Z(0) . (10.18)
In fact, this equation defines W (9) uniquely, due to the Structure Theorem 6.1.

On the other hand, in Section 10.1 we introduced the matrix differential operator T(9) €
V(ggé)[ﬁ] ® Hom(V_, V). By its definition (10.1) and the hereditary property (9.20) of quaside-
terminants, we have

‘C(a) = |T(8>‘V+,1,V7,1 ’ (10'19)
while by Proposition 10.5 we have

7y T(0) = —(—0)2 + Z(0) . (10.20)

Comparing equations (10.17) and (10.19), and equations (10.18) and (10.20), the naive reader
could guess that T(0) coincides with —(—0)2+ W (9). Of course this is not true, and there are two
obstructions to it. The first, theoretical, obstruction is that 7'(0) does NOT have coefficients in
the W-algebra W(gly,p), but just in the differential algebra V(ggé). The second, more practical,
obstruction is that the entries of the matrix T'(9), as differential operators, do not have the same
orders as the corresponding entries of the matrix —(—90)2+ W (9). Indeed, if we expand both T'(9)
and —(—0)2 + W (9) it in the standard basis {E,1),(b,p,) }op=1 of Hom(V_, V}), the coefficient of
E(a,1),(b,p,) in T(0) is as in (10.2), while, recalling (6.16), the same coefficient in —(—09)2 + W (9)
is of the form

—bap(—0)P* + (order < min{pa,ps} —1). (10.21)

Of course the second obstruction can be easily solved by Gauss elimination, via a recursive con-
struction described in Section 10.3. The good news is that, in solving the second obstruction, the
first obstruction is resolved too, and, as a result, we end up with the matrix —(—9)24 W (9). This
will be proved in Section 10.4.

To see how to remove the second obstruction, let us consider a “toy example”. Consider a
2 x 2-matrix differential operator

Mu(a) M12(6)

M(a) = < M21(8) M22(8) > € Mataxo V[é)],

with monic diagonal entries M;1(0) and M2(0). We want to perform a Gauss elimination to end

up with a new matrix M (0) with the off-diagonal entries of order strictly less than Ma2(0). We
perform divisions with reminders in the ring V[J]:

Mia(9) = Q12(8) Mas(8) + My(3) , My (9) = Mo (8)Q21(d) + My (),

with 1\712(8) and 1\721(8) of order strictly less than Ms2(0). Since, by assumption, Moz (0) is monic,
it is invertible in V((07!)), and the above equations give

Mi9(0)Ma22(9) ™" = Q12(0) + Mm(a)MzQ(a)_l , Ma2(0) ™ Ma1(9) = Q21(0) + M22(5)_1M21(3) .
Note that Mis(0)Maa(0) ™ and Moy (8) My (9) lie in V[[~]J0~ . Hence, we get
Q12(0) = (M12(0)M22(9) ™) Q21(0) = (M22(9) ™" M21(0))

+7 +7

and therefore

]T/fm(ﬁ) = M12(8)—(M12(8)M22(8)_1)+M22(8), Mgl (8) = Mgl(a)—M22(8) (Mgg(a)_le(a))
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In conclusion, we can get the desired matrix M (9) by the following elementary row and column
operations:

~ 1 7(M12(3)M22(8)71)+ 1 0
M0 _ . 10.22
(0 1 () —(M22(0) "' M21(9)) . 1 ( )
10.3. Inductive construction of 7 (9) and W) (9). Starting with the operator T(9) in
(10.1), we define recursively, by downward induction, two sequences of operators 7% (9) and
WD), k = 1,...,s, where s is defined in Section 9.4, as follows. We let T)(9) = T(9),
WE(9) =1y, T(0)1y__, and, for 1 <k < s — 1, we let, inspired by (10.22),

7®)(9) = EW (0)T*+) (0)F*M(9) € V(a-
W (9) = ]1V+12kT(k) (v ., €V(g<

1
=3

1)[0] ® Hom(V_, V), (10.23)
)10] @ Hom(V_ >k, Vi >k) ,

)[0] ® End(V7),
)[0] © End(V_).

Nl=

EP(9) = 1y, £1v,, (T<k+1)(3)W(k+1)(a)—l)+ € V(o< (10.24)
1

FP0) = 1y £ (WED(@) 71T (9)), 1y, € V(oo

1
<3
In order to prove that the above operators are well defined, we need to show that W(k)(a) is
invertible as a pseudodifferential operator. This is stated in the following proposition.

Proposition 10.6. (a) If we expand T¥)(9) and W ¥)(9) in the standard basis {E@1),(b.00) Y.p=1
of Hom(V_,V}) as

. k . k
T™(0) = > £ (0) E(an). v,y and W™ (9) = > t% (D) Ea1) (o) »
a,b=1 a,b=Ri_1+1

then (cf. (10.2))

t*(9) = —8p(—0)Pe + (order < Pa ;—pb) , (10.25)
and
tfjg)(a) = —0ap(—0)P* + (order < min{p,,pp} —1) if a,b> Rp_1+1. (10.26)

(b) WH)(9) is invertible, with inverse in V(ggé)((a_l)) ® Hom(Vy >k, V_ >k). If we expand its
inverse in the standard basis of Hom(V, >k, V_ >1) as

s

_ k
w®e)t = > W (0)E(apo). (1) »
a,b=Rp_1+1
then
WD) = —6,5(=0) P + (order < —max{p,,pp} —1). (10.27)

Proof. We prove the proposition by downward induction on k. For k = s, we have T()(9) = T(9),
hence condition (10.25) is the same as (10.2), and condition (10.26) is the same as (10.25) since, for
a,b> R,_1 + 1, we have p, = py (= pr). As a consequence, W) (9), in matrix form (cf. (9.13)),
has leading term —1, (—9)P+, hence its inverse has leading term —1,_ (—0) P=, proving condition
(10.27) for k = s. Next, assume that conditions (a) and (b) hold for T(**1)(9) and W +1)(9), and
we will prove them for 7)(9) and W*)(9). In some sense, if we recall the motivation behind the
recursive formulas (10.23), explained in Section 10.2, these conditions hold by construction. We
give here a formal proof. If a,b & {Rx_1 + 1,..., R}, we have ti’?(@) = tEIIZH)(a), hence (10.25)
and (10.26) hold by inductive assumption. If a € {Rx—1 4+ 1,..., Ry} and b & {Rx—1 +1,..., R},
we have, by (10.23),

@) =M@ - S (1E @i @) 15 0). (10.28)

c,d=Rp+1
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By inductive assumption, tELIZH) (9) has order strictly bounded from above by %, and each other

summand in the RHS of (10.28) has order strictly bounded from above by 2e¥2= — max{p,., ps} +

2
“T""pb < pazﬂ, proving condition (10.25). Moreover, if b > Ry + 1, we have

k k
POEARICARICET
d=Ri+1
hence equation (10.28) can be rewritten as

k . k+1 k+1
@)= Y (W @) G0, (10.29)
c,d=Ry+1
which, by the inductive assumption, has order strictly bounded from above by min{pg4, p»} < pp =
min{p,, pp}, proving condition (10.26). If a ¢ {Rx—1+1,...,Rp} and b € {Rx—1 +1,..., R}, we
have, by (10.23),
k k+1 - k+1 k+1
@)=t @) - Y O W1 M), (10.30)
c,d=Rp+1
and conditions (10.25) and (10.26) are proved in the same way. Finally, if a,b € {Rr_1+1,..., R}
equation (10.23) gives

o) =@+ Y EOWET0) 15 0) (Wl @1 0)
c,d,c’,d'=Rp+1

r . (10.31)
— > (tEOW @) e - D E ) (W T @),
c,d=Ryr+1 c,d=Ryi+1

In this case, p, = pp, hence, by inductive assumption, tg’;“)(a) = —0a,p(—0)P*+ order < p, — 1,
and all other summands in the RHS of (10.31) have order strictly bounded by p,, proving (10.26).
Next, let us prove claim (b). The matrix

T

= Y (0" E@),(ap € ClO]® Hom(V_ >k, Vi 1)
a=Rp_1+1

is clearly invertible, with inverse

s

— Y (=) ™ Epan € C((07Y) @ Hom(Vy 5, Vo 55) -
a=Rp_1+1

The inverse of W*)(9) in V(ggé)((afl)) ® Hom(Vy >, V- >i) can thus be computed by the
geometric series expansion, and the conditions (10.27) on the order of the matrix elements are
immediate consequence of this geometric expansion and of condition (10.26). d

Remark 10.7. In the context of finite W-algebras, the matrix 7'(9) defined in (10.1) appeared in
[BKO6] (see also [DSFV19] for further details). The inductive construction described in Section
10.3 is analogue to the construction of generators of finite W-algebras in type A using Gauss
factorization of the matrix 7'(9) performed in [BKO0G6].

10.4. Properties of T)(9) and W*)(9).

Proposition 10.8. (a) If k < {, we have 1y, ., T®(0)1y__, = W (9).
(b) For every k =1,...,s, we have |T®(9)|y, , v, = L(D).
(¢) For every k =1,...,s, we have mg; T™ (9) = —(—9)2 + Z(9).

Proof. Claim (a) for k = £ holds by construction. For k < ¢, note that 1y, _, = 1y, ., v, ..,
hence it suffices to prove the claim for ¢ = k + 1. For this, we have, by (10.23)

]1V+,2k+1T(k) (8)1‘/7,21944 = ]1V+,Zk+1E£k)(a)T(k+l)(a)FEk)(a)]lvf‘szrl
T<k+1)(a)]lV7,2k+1 _ W(kJrl)(a) ’
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since, obviously, ]lV%zkHE(_k) (0) = lv, 5., and ka)(('9)]lv72k4rl =1v opir-
Next, we prove claim (b) by downward induction on k. For k£ = s it holds by (10.19). For
k=1,...,s—1, we have, by the definition (9.19) of quasideterminant and by (10.23),

-1

_ -1 _
TP @)y, 1wy = (v, TP @) My, ) = (v, P @7 (0) 7 EY 0)1y, )
_ -1
= Ly, T**V@) My, ) = [T @) v, v, = L£9),
by the inductive assumption. For the third equality we used the obvious identities

Ly WED @) =0=wrD@) 1y, , .

—,1
Finally, we prove claim (c). For k = s it holds by Proposition (10.5). Let k =1,...,s — 1. By
the inductive assumption, myr(T*+D(9)) = —(—9)2 + Z(9). Recalling the matrix form (9.14)-
(9.16) of —(—9)2 + Z(9) and the matrix form (10.27) of W*+1 ()=, we immediately have that
(—(=0)2+ Z(9))W*+D(9)=1 and WEFTD(9) = (—(—9)2 + Z(0)) have negative order in 9. Hence

gt (TED@WED(2)71) | =0 and g (W (0) 176D (), =0,

+

so that, by (10.24), wngik)(é‘) =1y, and wngjE’”(a) = 1y_. As a consequence, by (10.23)
Tt T (0) = 1y THT(9) = —(-0)2 + Z(9) ,

proving claim (c). O

For every ¢ € g>1, we introduce two auxiliary sequences of operators. Recalling (10.10), (10.11)
and (10.12), we let
X$ (A 0) = Ly (1v. + X(9)) € V(o<

1
=2

)X, 0] @ End(V_),

5) (10.32)
Y, (AN0)=—(1y, +Y(A+0))Ply, € V(gS%)P\,@] ® End(V4),
and, for 1 < k < s — 1, we let, by downward induction on k,
X7 0,0) = FP O+ 9) X\ 0) 1y < € V(aey)1 9] @ End(V2), 1033)

Y N0) =1y, YV 0)EP (9) € Vig<1)N, 0] @ End(V4).

1
=2

Proposition 10.9. (a) For every ¢ € g>1 and k = 1,...,s, the operators X®)(9) and Y ()

W=

have positive ad X -eigenvalues.
(b) The following identity holds

P T® ()} = TH A+ 2+ )X (A, 2) + Y (A 2+ ) TP (2) . (10.34)
(c) We have W*)(9) € W(gly,p)[0] ® Hom(V_ >, Vi >i).

Proof. First, we prove all three claims for £ = s. By assumption, ® has positive ad X-eigenvalue,
and, by Lemma 10.3, X (0) and Y (0) have positive ad X-eigenvalues. As a consequence, Xés) (0)
and Yﬁ(a) have positive ad X-eigenvalues as well, proving (a). By the definition (10.32) of
Xés)()\, 0) and Y(ZSS)()\, 0), equation (10.34) for k = s is the same as (10.12), i.e. claim (b) holds. For
(¢), note that Xés)()\, J0)ly_, =0 and ]lv+,SY¢SS)()\, 0) =0, since Xés) and ngs) have positive ad X-
eigenvalues. Hence, by (10.34) with k = s, we get p{gpx W) (2)} = Ly, p{ T (2)}1v_, =0,
proving claim (c) for k = s.

Next, we fix k = 1,...,s — 1. We prove claims (a), (b) and (¢) by downward induction. By
the inductive assumption, Xékﬂ)(a) and Yékﬂ)(a) have positive ad X-eigenvalues. On the other
hand, recalling (10.24), Ef ) (0) and Ff)(a) have non-negative ad X-eigenvalues, since, obviously,
Hom(Vy > 1, Vi), Hom(V_ i, Vo 541) € (End V)[> 0]. As a result, X{”'(9) and Y, ") (9) have
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strictly positive ad X-eigenvalues as well, proving claim (a). Next, we prove claim (b). By (10.23)
and the PVA axioms, we have

P{ATD (2)} = p{ S E® (z + 2) TV (2 4 9) FP (2)}
= p{AEW (2 + )} (|,_, T D (2 + ) FP(2))

+ BN+ 2+ 0)p{en T (2 + 2)}(|,_, F V) (2))
+EPN+ 24+ 0)TED N+ 2+ 0)p{oaF P (2)} .

(10.35)

Note that the operators Ef) (0) are inverse to each other, and the operators ij)(a) are inverse

to each other. We then use the inductive assumption (10.34) on p{# T 1 (2)} and equations
(10.23) to rewrite the RHS of (10.35) as

p{OAT® (2)} = p{oaBX (2 + )} (|,_, EP (2 + 9)TW(2))
+ TN+ 2+ )PP A+ 2+ XTI 2+ ) FP(2)

N Egk)(A a4 8)Y¢Sk+1)()\7 o B)ng)(z + 6)T(k)(2) (10.36)
+T® N+ 2+ ) FP A+ 2+ 0)p{oa F Y (2)}
Note that equation (10.36) has the form (10.34) with
XH(0,8) = FP 0+ ) X8 (0, 0)FP (0) + FP (A + 0)p{or FP(9)} (10.57)

VPN, 0) = p{oa BP0} EP (0) + EP (A + 9) vV (0, 0) B (9).

In order to complete the proof, we are left to show that (10.33) and (10.37) coincide. Equivalently,

we need to prove the following two identities
X3V, )P () + p{oaF P (@)} = XV 01y <., 03
A ED @)} + EP A+ o)y (o) = 1y, vV 0).

By the inductive assumption (10.33), we have X(;Hl)(/\, INly_ ..., =0and ]lv_‘ZkHqukH)(/\, 9) =
0. On the other hand, we obviously have W*+D(9)~t =1y, _  WE+D(9)=11y, _ . Hence
XPVN WD (@) 7t =0 and WED @)Ly (A, 0) = 0. (10.39)
Hence, by the definition (10.24) of E@(@) and Fﬁk)(8), we have
k k k k k k
XFFP(0) = X (A,0) and EP A+ a)y TV 0) =y V(N 8).  (10.40)
Furthermore, by the definition (10.24) of g® (9), and the left Leibniz rule, we have
k -
POAEL (0)) = ~1v,  (p{oxT* D @)W D(@0) ) (1041
_ 7(]lv+7ky¢(k+1)()\,a)T(k+1)(a)W(k+1)(a)fl)+ _ *]lv+,kY¢§k+1)()\a3)~

For the first equality in (10.41) we used the fact that, by the inductive assumption (c), W*+1)(9)
has coefficients in the WW-algebra W(gly,p). For the second equality in (10.41) we used the induc-
tive assumption (10.34) and the first equation (10.39). For the last equality in (10.41) we used the
facts that, by (a), Yékﬂ)()\, 0) has positive ad X-eigenvalues, so that
]]-V+,kY(zEk+l)(/\v 8) = ]]-V+,kY(1ﬁ(k+l)(/\v 8)]]-V+,§k 5
and that, by the definition (10.23) of W*+1)(9),
]lV+’SkT(k+1)(6)W(k+1)(8)*1 _ W(k+1)(a)W(k+1)(a)fl _ ]1V+,§k )

Similarly,

A FP (0)) = = (WD (A +0) ' p{aaTH (9} ,)

_ _(W(k+1)(/\ +9) TR (A a)Xék“)()\, Nly_,)
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+ (10.42)

4+ = _X;k+1)()\7a>]l‘/7’k :



Combining (10.40) and (10.42), we get the first equation in (10.38), while combining (10.40) and
(10.41), we get the second equation in (10.38). This proves claim (b). Finally, we prove claim (c).

By (10.33), we have X{"'(\,0)Ly_ _, = 0and 1y__,Y,"(\,8) = 0. Hence, by (10.34),

PP (2)} = Ty, p{nTH ()31,
=1y, TP+ 2+ )X )1y, +1v, L YN 2+ TP ()1, = 0.
(I
Corollary 10.10. W (9) = —(=9)2 + W(9).

Proof. By construction W) (9) = T (9). By Proposition 10.9(c), W) (9) has coefficients in the
Wh-algebra W(gly,p). By Proposition 10.8(c), we have ﬂng(l)(ﬁ) = —(—0)2+ Z(9). Hence, by
the Structure Theorem 6.1,

W) = w(x(WH(9))) = w(mes (T (9))) = ~(~0)2 + w(Z(9)) = —~(~9)2+ W ().

11. THE MATRIX W52(9) DOES NOT EVOLVE

Recalling the basis {eq acr of V defined in Section 9.4, we have the direct sum decompositions
V=Vi1®Vi,, (11.1)
where V| | = Span{e@n |(a,h) € I st. h # 1ifa < r1}, and V' | = Span{e( )| (a,h) €
I st. h#pqif a<r}. Consider the subspace Hom(V/ ;,V/ ;) C EndV, and let g’ C g = gl(V)
be the same subspace, viewed as a subspace of the Lie algebra g, and hence of the differential
algebra V(g):
g’ :=Hom(V{ ;,V’ ;) C V(g). (11.2)
We also denote
9o =0 Ng<y CV(9<y)- (11.3)
Recalling the definition (9.1) of the differential operator A(9), it is immediate to see that a basis
of g’ is provided by the matrix entries of the constant term of the operator
Ly, A(O)1Ly: | € V(¢')[0] ® Hom(V” ;, VY ;). (11.4)
Lemma 11.1. For every v € V(g'), we have {v\1y_, A~ (w)ly, ,} = 0.
Proof. By equation (9.5), we have
{(My; AL, (v, A7 (w)ly, )} = (Lyy |, © Ty ){A(KA (w) (1, @ 1y, ,)
—Qy (]lV_YIAfl(w A+ AR, | © 1y, 11V+,1) (z—w—\)"1
C(r—w—A—d) (]1% AT A=) A (W), , ® ]1V7,1]1'Vﬁ1)gv —o,

since, obviously, 1y; 1y, , = 0. The claim follows since, as observed in (11.4), the coefficients of
the entries of 1y, A(z)1}_ | span g’ O

Proposition 11.2. An element v € V(g_, ) N W(gly, p) does not evolve w.r.t. the time evolution
>3 =

given by the Hamiltonian flows (6.22): %; =0, forall j € Z>.

Proof. By the definition (6.7) of the W-algebra A-bracket and equation (9.23), we have

(L7 )P = {onlv_, (pA) () Ly, PV = p{oaly A7 (2) 1y, } = 0.
For the first equality we used the definition (9.19) of quasideterminant, for the second equality we
used equation (9.7), and the last equality is due to Lemma 11.1. It follows, by the PVA axioms,
that {vyL(2)}"Y =0, and therefore
v

ar {fh],’[)}w = IA Resz tr {E%(z))\’l}}wb\zo =0.
ot j
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Lemma 11.3. We have 1y, ., T(9)1v_ ., € V(g_1)[0] ® Hom(V_ >3,V >).

/
<

[N

Proof. Note that Vi >0, FV C V_f_,l and V_ >q, FTV c VLJ. As a consequence, all the operators
]]'V+,22PA(8)I[V7,22 ’ 1V+,22PA(8)I]-FTV ’ ]]-FVPA(a)]]-Vf,zz ) II-FVPA(a)]]-FTVa

have coefficients of the entries in V(g’,). The claim follows since, by the definition (9.19) of
>3
quasideterminant, and the definition (10.1) of T'(9),

—1
]lVJr‘ZQT(@)]lVﬁZQ = ]1V+’22p14(8)]lv722 —]lv+22pA(0)]1FTV (ﬂpva(a)]lFTV) ]lpva(a)]lvizz .
(]

Proposition 11.4. We have 1y, ,T™(9)1y__, € V(e 1)10] ® Hom(V_ >3, V4 >2), for every

> 3
k=1,...,s.

Proof. We prove the proposition by downward induction on k. For k = s the claim holds by
Lemma 11.3. For k = 2,...,k — 1 we have, by (10.23) and (10.24),

Ly, .., TP Oy ., = (Lv, o, — Ly, (TEV@WED (@) 71) )T (9)
X (Ly_ o, — (W@ 'TED (@) 1y ).

Since, obviously, W®*+1(9)~1 = ]lv_ezW(kH)(@)_l]lV#ZQ, and 1y, , = 1y, 1y, ,, we can

use the inductive assumption to conclude that RHS has coefficients in V(g’, ), as claimed. Fi-
=3

nally, the claim for £ = 1 holds since, by Proposition 10.8(a), we have ]lV+22T(1)((’))]1V7722 =

Iy, ., T® @)1y ,. O

Corollary 11.5. The coefficients of the entries of the operator 1y, _,W(9)1ly_ ., do not evolve
w.r.t. the time evolution given by the Hamiltonian flows (6.22):

0 .
%1V+722W(z)]lv7,22 =0 forall jeZs>.
J
Proof. By Corollary 10.10 and equation (10.23), W (9) = (—=9)2 + T()(9). Hence, the claim is an
immediate consequence of Propositions 11.2 and 11.4. (I

Remark 11.6. Note that, under the identification (9.13), the submatrix Waz(9) of W(9) defined
in (6.17) coincides with 1y, _,W(9)1y_ .,. Hence, Corollary 11.5 can be restated by saying that
the coefficients of the entries of Wa2(9) do not evolve.

12. LAX EQUATIONS VS HAMILTONIAN EQUATIONS ASSOCIATED TO THE W-ALGEBRA W(gly,p)
The present section is devoted to the proof of the following second main result of the paper.

Theorem 12.1. Consider the classical W-algebra W(gly, p) associated to the partition p of N. Let
W(0) € Mat,x, W(gly,p)[0] be the matriz differential operator (6.16) encoding all the W-algebra
generators, which we write in block form as in (6.17). Let £(0) € Mat,, s, W(gln,p)((071)) be the
Laz operator defined in (6.19). Then the Hamiltonian evolution equations (6.22) on the W-algebra
are equivalent to the Laz equations (6.23) for the operator L(0) together with the condition that

the generators in the submatriz Wa2(9) do not evolve:

£W22(8) =0 f07‘ all j S Z21 . (121)
J
In fact, we can write explicitly the evolution of all other generators as follows (j € Z>1):
0 ; 0 ;
;. W12(0) = Ri3(0) . 5 -Wai(9) = ~R3(9).
J J
5 A (12.2)

o Wua0) = [(£(0)77)4, W11(9)] + QY5 (9) W21 () — Wi2(8)Q3, (D),
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where the matriz differential operators R%) (9), R(zjl) (9), (132) (9), Q(;l) (9), are uniquely deter-
mined by

(L)) W1a(9) = QD (9)(—(=0)% + Was(9)) + R (D),

, (12.3)
War (9)(L(D)7) 4 = (—(—0)? + W22(9))QY) (9) + RS (9),

and the conditions that the matriz entries of RY)(9) = (job)(a))lgagn@y and of RY)(9) =

(R((ljb)((?))lgbngaér have the following bounds on their differential orders:

ord (RY)(9)) < min{pa, pp} — 1. (12.4)
12.1. A preliminary result on pseudodifferential operators.

Lemma 12.2. Let W be a differential algebra with no zero divisors, and assume that its subalgebra
of constants coincides with the base field C. Let V be a subspace of W such that V N OW = 0.
Consider the following vector subspaces of W((071))

V1 = Span {aaflb f a,be W} , Vo = Span {aaflbaflc } a,ceW, be V} .

(a) We have a vector space isomorphism W @ W = Vi, given by a ® b+ ad~'b.
(b) We have a vector space isomorphism W @V @ W — Vy, given by a @ b ® ¢ — ad~ b0~ Lc.
(C) V1 N ‘/2 =0.

Proof. Claim (a) is the same as [Carl7, Lem.4.4]. The proof of [Carl7, Lem.4.8] implies (b) and
(c), which are stronger versions of that lemma. Note also that claim (a) is an alternative version
of Lemma 3.3 of the present paper. O

12.2. Notation for differential order and polynomial degree. We introduce some notation
that we shall use throughout the remainder of Section 12. Consider a matrix differential operator
A(9) € Mat W(gly, p)[0], which we can expand as A(0) = 3,5 A;0", with A; € Mat W(gly, p).
We say that ord A(9) = n if A, # 0 and A; = 0 for all i > n; we also denote

ord; A(a) = A; , 1€ ZZO' (12.5)
Next, recall, by Theorem 6.1, that WW(gly,p) is an algebra of differential polynomials, and let

Wa aer be a set of differential generators (with # (1) = dim(g’)). Denote by w(”) O™ w,, for all
{wa} g g

a €l and n € Z>o, and let deg(w (")) = 1, which we call the polynomial degree on the WW-algebra.
We can expand each coefficient A; in homogeneous components with respect to the polynomial
degree: A; = > J Al where A! is a matrix whose entries are homogeneous polynomials of

degree j. Then, we denote
n

deg’ A(0) =Y Al0", je€Zxo, (12.6)
i=0
the homogeneous component of A(d) of degree j w.r.t. the polynomial degree of W(gly,p). For
example, deg” A(9) € C[d)] is the constant term of A(9), while deg' (A(9)) has the form
deg' A(0) = Z Z Z YiranWMO | Yian € MatC.
1€ZL>0 €l N€Z>o
Finally, using the above notation, we set

deg A0 Z Z %(,Ow(,a € Mat @Cwa

acl i€Z>g acl

In other words, diegl(A(ﬁ)) is the projection of A(9) on the vector space spanned by the gen-
erators {wq }acr of W(gly,p). As an example, by the definition (6.16) of the matrix W (9) €
Mat,.... W(gly, p)[0], we have that

deg! W(9) =0 for j #1, and deg' W(d) = deg W (3) = W(d). (12.7)
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12.3. Existence and uniqueness of the Euclidean division (12.3)-(12.4).

Lemma 12.3. (a) For every matriz differential operator B12(0) € Mat,, x(r—p) W(gly,p)[0]
there exist unique Q12(0), R12(0) € Mat, (r—r) W(aly,p)[0] such that

Bi12(9) = Q12(0)(—(=0)2 + W22(9)) + R12(9) , (12.8)

and the matriz entries of R12(0) = (Rab(a))1<a<n<b<r are such that ord (Ra,(0)) < py — 1.

(b) For every matriz differential operator Ba1(0) € Mat(,_r,)xr, W(aly,p)[0] there exist unique
Q21(9), R21(9) € Mat(,_p,)xr, Wlaly,p)[0] such that

B21(0) = (—(-0)2 + W22(9))Q21(0) + R21(9) , (12.9)
and the matriz entries of Re1(0) = (Rab(a)) are such that ord (Rab(a)) < p, — 1.

1<b<r;<a<r

Proof. We prove claim (a); the proof of (b) is similar. First, we prove uniqueness. Suppose that
(9)

Q12(9)(—(=0)% + W22(9)) + R12(9) = Q12(9)(—(=0)% + W22(9)) + Ra2(9). (12.10)
with both Ry2(d) and Ry2(0) satisfying the stated bounds on the orders of their matrix entries:
ord(Rap()), ord(Rep(0)) < pp— 1. (12.11)

Suppose, by contradiction, that (Q12(8), R12(d)) # (Q12(8), R12(9)), and let n be the smallest
degree at which they do not match:
(deg” Q12(9), deg" R12(9)) # (deg” Q12(9), deg” R12(9)), (12.12)
(deg? Q12(0), deg’ R12(0)) = (deg’ Q12(0),deg’ R12(9)) if j <n. (12.13)
Taking the n-degree components of both sides of equation (12.10) we get, recalling (12.7),

deg™(Q12(9))(—(—0)%) + deg" ™' (Q12(9)) Waz2 () + deg™ R12(0)
= deg™(Q12(9))(—(—0)2) + deg" " (Q12(9)) W22 (9) + deg™ R12(9) .
Hence, using (12.13), we get

deg”(Q12(9))(—(—0)9) + deg" R12(0) = deg"(Q12(9))(—(—0)?) + deg" R12(9) .
Taking the (a,b)-entry of both sides of the above equation, we get

(=1)"*" deg" (Qup(9))0 + deg” Rap(9) = (=1)"*" deg™ (Qap(9))0* + deg" (Run(9)) ,

which clearly implies

deg™ Qup(9) = deg™ Qup(d) and  deg” Rap(d) = deg™ Ray(9),
by the assumption (12.11). This contradicts (12.12).

Next, we prove the existence of Q12(9) and R12(0) by induction on m = ord By2(0). First note
that, if ord Bap(9) < pp—1foralll <a <1y < b <7, wecan set Q12(9) = 0 and R12(9) = B12(9).
Otherwise, for each a, b, we can uniquely decompose

Bup(9) = (1)1 Qgy(9)0™" + Ry (9) . (12.14)
where
ord R%,(0) < pp, —1 and ord Q% (9) < ord B,y(9) — pp < m — py . (12.15)

Let Q95(0) and R$,(9) be the r; x (r — r1)-matrices with entries Q°,(9) and R, (9) respectively,
so that equation (12.14) can be written in matrix form as

Bi2(9) = Q12(9)(—(=9)%) + R1»(9) . (12.16)
Next, consider the matrix differential operator
C12(9) = Q12(8)W22(9) - (12.17)

By (6.16) and the second inequality in (12.15), its (a, b)-entry has differential order

ord Cp(9) < max { ord Q0 (9) + ord ch(a)}c _—

< max {m — p + min{pe,pp} =1} <m—1.
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Hence, ord C12(9) < m — 1, and we can apply the inductive assumption to get matrices Q1,(9)
and Ri,(0) such that

C12(0) = Q12(9)(—(—0)L + W22 (9)) + Ri,(9), (12.18)

with ord R.,(8) < p, — 1. Combining equations (12.16), (12.17) and (12.18), we get that equation
(12.8) holds with

Q12(9) = Q12(9) — Q12(9) and Ri2(9) = R15(9) — R12(9).
O
Remark 12.4. As a special case of Lemma 12.3, applied to Bi12(0) = (E(@)%)JFWB(@) and

B21(0) = Wa1 (8)(£(8)P]T )+, we get that the matrix differential operators R(ljz) (0), R(zjl) (0), (ljz) (0),
and Q(zjl) (0), in Theorem 12.1 exist and are unique.

12.4. Unique decomposition of certain operators.

Lemma 12.5. Let b € W(gly,p)\(C @ OW(gly,p)), and let a(0),a(0), c(9),c(d) € W(gly,p)[d]
be such that

a(9)0~ b0 "c(d) = a(0)0”™bd""¢(9) in W(gly,p)((071)), (12.19)
for some integers
m > orda(9),orda(d) and n > ordc(d),ord ¢(0). (12.20)
Then
a(0) ® ¢(0) = a(0) ® ¢(9) in W(gly,p)[0] ® W(aly,p)[0]. (12.21)
Proof. Expand the differential operators a(9), ¢(9),a(d),¢(9) as
m—1 m—1 n—1 n—1
a(0) =Y a;0", a(0) = > wd", c(d) =Y e, dd)=> &g
i=0 i=0 7=0 §=0
Then, equation (12.19) reads
m—1n—1
DS (om0~ ey — a0~ T Ibo~IE) =0 in W(gly,p)((071).  (12.22)
i=0 j=0

For any integer n > 1 we have the following identity of pseudodifferential operators, which can be
easily proved by induction on n:
n—1
—n _ (_1)k n—1—ka—1 k _ 0
8 = kZ:O mfﬂ 8 oxr, where 6 = % (1223)
Using (12.23), equation (12.22) becomes
Z Z (_1)n+h+k+j+1
k! —h—17—1) —k—9=1)!
v MEm—h—i—1Dln—k—j—1)!
(i+h<m—1) (j+k<n-—1)
X (aixmfhfiflaflbthrkaf1cjl,n7kfj71 _ aixmfhfiflaflbthrkaf1'ijn7kfj71) _ 0 .

We then apply Lemma 12.2 for the differential algebra W = W(gly,p)[z] to deduce that

Z Z (_1)n+h+k+j+1
1! —h—7—1)! —k—3_=1)!

hDso G hCno RE(m—h—i—Dl(n—Fk—j5—1)!

(i+h<m—1) (j+k<n—1)

% (aixm—h—i—l ® fb$h+k ® Cjil?n_k_j_l _ Eixm—h—i—l ® fbxh-‘rk: ®'gjxn—k—j—1) _ O7

in the space W ® (W/OW) @ W. Next, we observe that, under the assumption that b ¢ C @

OW(gly, p), the elements { [bx}rez., C W(aly,p)[z]/d(W(gly,p)lz]) are linearly independent

over C. Indeed, it is not hard to check that a relation of linear dependence agfb + ay fbx 4+
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o [ba™ = 0, with ap, ..., € C and o, # 0, is possible only if b € C® 9" (W(gly,p)). Hence,
the term with h = k£ = 0 in the above equation must vanish:

m—1 m—i—1 m—i—1

(X agm——)® (jzocjn—;jl) (X am——m)® (JZOJn—jn—jl)

in the space W(gly, p)[z] @ W(gly, p)[x]. This is of course equivalent to saying that a(9) ® c(9)
a(0) ® ¢(9) in the space W(gly, p)[9] @ W(gly, p)[9].

Given two (matrix) pseudodifferential operators A(9) and B(0), we shall write A(9) = B(0) if
they differ by a (matrix) differential operator.

oo

Lemma 12.6. Let le(a) = (’anb(a))1<a<n<b<r € Mat, (r—r) W(gly,p)[0] and Wﬂ(a) =
(Wab(a)>1§b§r1<a§r € Mat(,—r ) xr, W(aly,p)[0] be such that

ord Wap(9) < min{pa, pp} — 1 for all a,b. (12.24)
Then
W1a(9)( = (—0)2 + W23(9)) " W21(9) = Waz(9)(— (—0)% + Waa(9)) ' War(9)  (12.25)
if and only if there exists a € C such that
W12(9) = aW12(9) , Wa1(9) = aW21(9). (12.26)

Proof. Clearly, (12.26) implies (12.25), so we only have to prove the “only if” part. We then fix
a,be{1,...,r} and we equate the (a,b)-entry of both sides of (12.25). As a result, we get

Waz(9)( — (—0)2 + sz(a))_lw%(a) = Wa2(9)(— (-0)2 + sz(a))_1W2b(5) : (12.27)
Next, we take the homogeneous component of degree 1 (w.r.t. the polynomial degree of W(gly,p))
in both sides of (12.27). Recalling (12.7), we get

Waa(0)(~ )~ deg”(Way(9)) = deg”(Waa (9))(~0) 1 W2y (0)

which can be expanded in terms of matrix coefficients as

r
Z Z (wca;i<_8) ettt dego (wbc;j) - dego(ﬁjca;i)(_a) _pc+i+jwbc;j) =0.
c=ri+1 i,j€Z>o
i+j<pc.—1

Using formula (12.23), and applying Lemma 12.2(a) for the differential algebra W = W(gly, p)[z],
we get

O S e
| i —g—k—=1)
c=ri+1 i,j,k€L>0 Kpe —i—j—k—1)
i+j+k<po—1
X (wca;ixpc_i_j_k_l ® dego(@bc;j)xk — dego(@ca;i)xpc_i_j_k_l ® wbc;jxk) =0,
in the space W ® W. Since, obviously, wca;ixe, forc=r1+1,...,7 and ¢ € Z>¢, and zt, for
¢ € Zxo, are all linearly independent in W(gly, p)[z], the above equation immediately implies

deg”(Wye;;) = deg” (Weasi) = 0, for all ¢, i, j. Hence,
deg’ (Waz(9)) =0, deg”(Wan(9)) = 0.
Next, we take the homogeneous component of degree 3 in both sides of (12.27):
Waz(9)(~0) 4 deg? (W2 (9)) + Waz(9) (—0) " Wa2(9)(~0) ¢ deg’ (W ()
= deg®(Wa2())(—0) W25 (9) + deg (Wo2(9))(=0) " Wa3(9)(—0) W2y (9) .

Consider as above the differential domain W = W(gly, p)[z]. Let V be the subspace of W(gly, p)

spanned by the coefficients of the entries of Wa2(9). It is clear that V[z] N OW = 0 since the

elements that span ) are some of the generators of the differential algebra WW(gly,p). Recall the
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spaces Vi and V, defined in Lemma 12.2. Using formula (12.23), we see that the first terms in
both the LHS and the RHS of (12.28) are in Vi @ W(gly, p)[0]. Therefore

Waz(9)(—0) "1 Waz(9)(—0) % deg! (Way(9))

e (12.29)
=deg' (Wa2(0))(—0) Waa(9)(—0) " 1Wa(9)  mod Vi & W(gly,p)[d).

Let us pick 11 +1 < ¢,d < r. Let V be the subspace of V spanned by the elements wey,, for
(e, f, k) # (d,c,0). By construction ¥V =V & Cwyge;o. Let V3 and Vy be the following subspaces of
VQZ

Vs = {ud™ 00w u,w € W(gly,p)[z], v € Via]},

Vi = {ud™ 00 w|u,w € W(gly,p)[z], v € wae;0Clz]}.
It follows from part (b) of Lemma 12.2 that Vo = V3 & V. The equation (12.29) is an equation
in Vo ® Vi @ W(gly, p)[0] modulo Vi © W(gly,p)[d]. We can project it on V4 © Vi & W(gly,p)[9]

modulo V3 @ W(gly, p)[0] using the decomposition Vo = V3 ® Vj. It is clear by definition of V3 and
Vi and formula (12.23) that we thus obtain

p)
p)

Wae(9)(—0) Pewqeo(—0) 7P deg! (Wap (D))

. (12.30)
=deg' (Wae(0))(—0) Pewae0(—0) P Wyp(9)  mod Vi & W(gly,p)[0)] .

The differential order of W,.(9) and degl(WaC)(a) (resp. Wap(0) and degl(de)(a) is strictly less
than p. (resp. pq) hence both sides of (12.30) are in Vj, which means we can remove mod V; &

W(gly,p)[0]:

Wae(9)(—0) Pewaeo(—0) P deg! (Wap(9))

- (12.31)
= deg' (Wac(9))(—0) P waeo(—0) P4 Wap(9).

It follows from Lemma 12.5 that there exists a constant agp.q € C such that
deg" (Wae(9)) = qabeaWac(9), deg!(Wap(9)) = aneaWan(9).

We deduce from these identities, valid for all 1 < a,b < ry and all r; + 1 <,¢,d < r, that the
constants agpeq are equal to the same constant «. Indeed, one can see from the first identity that
Qabeqd does not depend on tha pair (b,d) and from the second one that it does not depend on the
pair (a,c). Therefore we have proved that

deg!' (W12(0)) = aW12(9), deg'(Wa1(8)) = aWay(9).
Finally, to remove the deg' above, we let
Wi2(9) = W12(9)) — aW12(9), Wa1(d) = Wa1()) — aWaq (9).

By construction we have deg®(Wi2(9)) = deg!(Wiz2(9)) = deg®(Wa1(9)) = deg! (W21 (8)) = 0.
Moreover, the pair (W\lz(@),ﬁ/\m(@)) also satisfies (12.27). Let n > 2 be the smallest integer
such that the pair (deg"(le(a)),deg"(ﬁ/\n(@))) is non-zero. Taking the (n + 1)-th homoge-
neous component of (12.27) with (le(c?), Wzl((‘))), we obtain a contradiction: deg”(wlg(a))

deg" (Wa1(8)) = 0 by exactly the same argument used above to prove that deg®(Wi2(9))

deg” (W21 (9)) = 0. 0

12.5. Evolution of W(9).

Proposition 12.7. In the same setting and notation as of Theorem 12.1, suppose that we have
time evolution in the W-algebra, with time denoted t;, for which Wa2(0) does not evolve, i.e. (12.1)
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holds. Then, L(0) evolves according to the Lazx equation (6.23) if and only if there exists o € C
such that

0 j 0 j
57 W12(0) = R (0) + aWia(0) , 5-War(9) = ~RF(9) — aWn (9),
J J

0

S Waa(0) = [(£0)7)4, Waa (9)] + Q5 (9)Wa1 (9) — Waa (9)Q51 (0)

where R(1j2) (0), R(zjl) (0), (1]2) (0), (;1) (0), are defined by (12.3)-(12.4) (c¢f. Lemma 12.3).

(12.32)

Proof. By (6.19) and the assumption (12.1), we have
0 6W11 8W12 —1
—L(0) = d) — 0 — (—0)1+ Waa(0 Wa1(0
0Wa1
0t;
It is immediate to check that equations (12.32) and (12.33) imply the Lax equation (6.23), proving
the “if” part. Conversely, by the Lax equation (6.23), we have

9 £y = [(c@)7),, DL 0)] - (£0)7 ), Waz(0) o (— (~0) + Waa(9) ™ o War ()

(12.33)

— Wi2(9) o (= (=0)2+ Waz(9)) " o ).

ot; ot;
+ Wiz(8) o (= (=0)%+ W22(9)) " 0 Waa (9)(L(9)77) , -
(12.34)
Combining equations (12.33) and (12.34), and using (12.3), we get
—1/OW- ;
Was(d) o (— ()2 + Waa(9) " (5 2(0) + REL(0))
J
oW ; _
= —(5720) = RH @) (— (-0)+ Waz(9)) "' Wan (9),
J
modulo Mat,., x,, W(gly,p)[0]. The claim follows by Lemma 12.6. O

12.6. Proof that o =0 in (12.32).

Lemma 12.8. In any W-algebra W(g, f), we have:

(a) if u,v € W(g, f) are homogeneous of polynomial degree 1, then dego{u,\v}W’A:O =0;

(b) if uw € W(g, f) is homogeneous of polynomial degree 1 and v € W(g, f) is homogeneous of
— —1 1, . =1 ’AZO -

(c) deg {u,\v}w|)\=0 = deg {deg (u)xdeg (v)}W|)\=0, for every u,v € W;

(d) deg {w(p)xw(@)}"|,_, = w(lp,a), for every p,q € g/, where w : g/ — W(g, f) is the
A=0
isomorphism defined in Theorem 6.1.

polynomial degree 2, then degl{u)\v}w|>\:0 =0 and dT)gl {vyu}W

Proof. Recall the conformal weight A on W(g, f), defined by A(a™) =1 —j+nifa € w(gjc
(4 >0), A(ab) = A(a)A(b); then A(awmyb) = Aa) + A(b) — k — 1 [DSKV14]. We have A(uv) =
A(u) + A(v) — 1 > 1, proving (a).

For claim (b), let, without loss of generality, v = vvq, with vy, ve € W(g, f) of degree 1. Hence,
by the Leibniz rule,

degl{uAU}W = dego({u)\vl}w)vg + dego({uAvg}W)vl .
Setting A = 0 the RHS vanishes, by claim (a). On the other hand, by the right Leibniz rule,
degl{w\u}w = dego({vu+3u}3})vg + dego({vg,\Jrau}Lv)vl )

Setting A = 0 and applying deg , which amounts to setting & = 0, we get 0, again by claim (a).
Next, we prove claim (c). Every element v € W can be expanded as v = deg® v + deg' v +
deg® v+. ... Since C is central w.r.t. the A-bracket, deg’ v and deg® v do not contribute to {urv™W.
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Moreover, by the Leibniz rules, for i, > 1, {degi uy deg’ v} contributes only to degrees greater
than or equal to i + 7 — 2. Hence,

deg' {urv}? = deg'{deg" uy deg" v}"Y + deg'{deg? uy deg' v}"V + deg' {deg u deg® v}V
As a consequence, using claim (b), we get
—1 —1 —1 —1 —
deg {uAv}W|)\:0 = deg {deg" uy deg' U}W|>\:0 = deg {deg uydeg v}W|/\:0,

by sesquilinearity.

Finally, we prove claim (d). We need to distinguish the polynomial degree (12.6) in the W-
algebra W(g, f), which, just for this proof, we denote deg,,, from the polynomial degree in the
algebra V(g), which we denote degy,. Recall from [DSKV14] that

deg% w(p) =0 and dieg;w(p) =p forall peg’. (12.35)
As a consequence,
dieg;v = dieg‘l;diegll/vv for all v € W(g, f).
for every v € W(g, f). Moreover, it follows by Theorem 6.1 and equation (12.35) that
degyyv = w(degy degyyv) = w(degy,v) for all v € W(g, ). (12.36)
Then,
—1 —1
degyy{w(p)rw(q }W!A _o = w(degy {wp)hrw(@)}V],_,)

- w(degvﬂ{w }|,\ 0)

For the first equality we used equation (12.36), and for the second equality we used the definition
(6.7) of the W-algebra A-bracket. To conclude the proof of claim (d), we need to show that

degvp{w }|/\ 0= 1Ip:dl. (12.37)
This can be easily checked using (12.35) and the axioms of Poisson vertex algebras. O

Lemma 12.9. If {fabﬂ [1<a,b<r, 0<4i<min{p,,pp}— 1} is the basis of g/ defined in (6.13),
then

[fabsis fed,0] = 0b,c0ipy—1fad;0 — Oa,d0ipo—1.febio - (12.38)
Proof. Straightforward. O
Lemma 12.10. If £(0) is the Laz operator (6.19), we have
deg’ (L(D)7T) = (~1)71,,(-0), (12.39)
and _ .
deg' (L(0)7) = (-1) 7" ;Wn(a)(—a)j_pl . (12.40)

Proof. Applying deg” to both sides of (6.19) and using (12.7), we get
—1,, (—0)"" = deg® £(0) = (deg” £(9)77)",

so that ) )
deg” (£(9)71) = (1)1 1,,(-0). (12.41)

Equation (12.39) is an immediate consequence of (12.41). Next, applying deg' to both sides of
(6.19), we get, by (12.41),

W11(9) = deg" £(9) = deg" ((£(9)71)™) = deg ((~1)71 1,,, (~0) + deg" (£(8)71))""

p1—1

-2

Hence, further applying dTag , we get

1

)P~ deg! (L£(9)71)(-0)".

W11(9) = (~1)F pydeg’ (£()7)(—0)" ",
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so that

1-py

dngl (ﬁ(a)ﬁ) = (Blmwn(a)(—@)lpl , (12.42)

which is the same as (12.40) for 5 = 1. Then, using (12.41) and (12.42), we get

deg’ (£(0)7) = deg' (£(9)77)’ = deg' ((—1)7F

—1

i

1,,(—0) + deg' £(2)71)’

1

= ez (3(-1) 7 (~0)~ deg’ £(0) 7 (-0)')
i=0
= J(-1) 7 deg (£@)77) (-0)" = (—1)%]%%1(6)(—6)3'—% .
U
Proposition 12.11. In equation (12.32) it must be a = 0.
Proof. We start from the first equation in (12.32), which defines the constant « € C:
a({jjwu(a) = RY)(9) + aW12(9) . (12.43)

We take the order 0 and linear (in the polynomial degree of W(gly,p)) constribution in both sides
of (12.43). For this, denote

Wiz = ord’ W12(0) = (wba;o) and R:(ljz);o = ord’ R:(ljz)(a) .

1<a<r;<b<r
Then, we get, recalling (12.7),
—1,0 —1 ()
deg (5-Wizo) = deg Ry3,o + aWizg. (12.44)

0t
—1 —1
We compute separately the two terms deg (%Wm;o) and deg R(1]2);0. For the first one we have,
fori1<a<ri<b<r,

——1 , 0Wpq; — — El
deg;1 (157;’0) = deg1 ({fhj, wba;o}w) = %degl{Resa tr (E(B) 1 ))\wba;o}WL\:O

- %T%l {Resa tr diegl (5(8)1’% ) A Wha;0 }W|,\:o

— (=1) 7 deg { Res tr (W11(9)(—0)" ), whao} " |,y -

For the first equality we used the definition of the Hamiltonian equations (6.22), for the second
equality we used the definition (6.21) of the Hamiltonian densities h;, for the third equality we used
Lemma 12.8(c), and for the fourth equality we used equation (12.40). The RHS above obviously
vanishes for j > py, while, for 1 < j <p; — 1, it is, by equation (6.15) and Lemma 12.8(d),

T1

. T1 .
i=py —1 W i=p1
7(71) P1 Zdeg {wcc;pl—j—l)\wba;o} })\:0 = 7(71) P Zw[fcc;pl—j—lv fba;O] y
c=1 c=1
which vanishes by Lemma 12.9, since j # 0. Hence,
—1,0
degl (7W12;0) =0. (12.45)

ot
Next, we compute T%l joz);o If we take the degree 0 contribution of both sides of the first equation
in (12.3), we get, recalling (12.7),

0 = deg” Q% (9)(—(~9)2) + deg’ R{5(9),
from which we immediately conclude, by (12.4), that

deg’ Q(1jz) () =0 and deg’ R(ljz) (0)=0.
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We then use this and equation (12.39) to compute the degree 1 contribution of both sides of the
first equation in (12.3):

(—1) 71 (~0) W12 (9) = deg" Q1 ()(—(—0)2) + deg" R (D).

Taking the order 0 contribution of both sides, we get

deg" B3 = (~1)7(~1)77 (Wazo)',
where in the RHS we are taking j derivatives. As an immediate consequence, we get
deg R, = 0. (12.46)
Combining (12.44), (12.45) and (12.46), we conclude that o = 0, proving the claim. O

12.7. Proof of Theorem 12.1. By the last assertion in Theorem 6.2, the Hamiltonian equation
(6.22) implies the Lax equation (6.23). Moreover, by Corollary 11.5 (see also Remark 11.6),
equation (6.22) also implies (12.1). Conversely, by Propositions 12.7 and 12.11, the Lax equation
(6.23) and equation (12.1) uniquely determine the evolution of all generators of the W-algebra,
given by equations (12.2). Hence, by uniqueness, this evolution must coincide with the Hamiltonian
equation (6.22). The claim follows.

13. PROOF OF THEOREM 7.1

By Proposition 8.1 the matrix pseudodifferential operator £(m,z,t,0) € Mat,, x,, F((071))
given by (7.2) solves the Lax equations (6.23). Note that equation (7.2) is the same as equation
(6.19), since, by (7.4), we set Waa(m,z,t,d) = 0; in particular, equation (12.1) obviously holds.
We can thus apply Theorem 12.1 to conclude that W(m, z,t,0) € Mat,, F[0] evolves according
to the Hamiltonian equations (6.22), as claimed.

14. EXAMPLES

As a direct application of Theorem 6.2 and Theorem 12.1 we give the integrable hierarchies
associated to the partitions (p,1,...,1) where p > 1 and (p,2) where p > 2. In the second case, we
only consider the first equation of the hierarchy, so that the explicit evolution of the generators of
the Wh-algebra can be given.

Ezample 14.1. Consider the partition p = (p, 1, ..., 1) with r > 1 parts, where p > 1. The generators
of the W-algebra W(gly, p) are given by the coefficients of the (square) matrix differential operator
W (9) of size r, composed of four blocks W71 (9), W12(9), Wa1(0) and Was(9) of size 1x1, 1x(r—1),
(r—1) x 1 and (r — 1) x (r — 1), such that all W;;’s are order 0 differential operators except for
W11(9), which is of order p — 1. Since W12(9), W21(0) and W2(d) do not depend on 0 in this
example, we will simply denote them by W5, Wa1 and Was. Let n > 1. Consider the evolutionary
derivations d/dt,, of W(gly,p) (i.e. commuting with J) given by the Hamiltonians

/hn = /7"683 %L‘(@)"/’), where E(a) = —(—8)1) + Wn((’)) — le(]lr,la + sz)_1W21.

We know by Theorem 6.2 that £(9) evolves according to the Lax equation

dL

where B,(9) = (£(0)"?);. Let C,(9), Dn(d), R, and S, be the unique matrix differential
operators such that
By, (0)Wi2 = C,,(9)(0 + Waz) + Ry,

W21B,(0) = (0 4+ Wa2)Dy,(0) + Sy,
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where R,, and S,, are zero order row and column differential operators (no dependence of 9). Then,
by Theorem 12.1, we can describe explicitly the evolution of the generators of W(gly,p) as follows:

DL 0) = [Ba(0), 1(~0) + Waa(9)] — Cold) Wi + WraDa(0),
dt,,
dt,,

dWa2
dt,
The zero order differential operators C1, D1, Ry and S; are given by
Cy = Wiz, Ry = Wiy +bWig — Wi2Waa,
Dy = Way, Sy = —Wgy + Warb — WaaWoas.
Note that the set of equations (14.3) can be reduced by letting Waa = 0, in which case we have
dWi1

= an
(14.3)

G (0) = [Ba(0), (<0)" + Wia(9)] = Ca(0)War + WazDn(0), (14.4)
dWia
G = Bala), (14.5)
dWar .
= B W), (14.6)

Equations (14.1), (14.5) and (14.6) are precisely the equations of the well-known p-constrained
(r — 1)-vector KP hierarchy (see e.g. [Zhang99]).

Ezample 14.2. Consider the partition p = (p,2) where p > 2. The corresponding WW-algebra is
generated, as a differential algebra, by the coefficients of the entries of a 2 x 2 matrix W (9) such
that the orders of the differential operators Wy1(0), W12(0), W21(0) and Wa2(0) are respectively
p—1,1, 1 and 1. Explicitly

W12(0) = —w21,10 + wa1y,

Let d/dt be the evolutionary derivation of W(gly, p) associated to the Hamiltonian [h = p [ resy L£(0)'7,
where

L(9) = —(=0) + W11(9) — W12(0)(—0* + Wa2(9)) ' W21(9).
We know by Theorem 6.2 that the pseudodifferential operator £(9) evolves according to the Lax

equation
dr

9 0) = [B0), (), (14.7
where B(9) = —a(d+ %wn;p,l) is the differential part of c(a)l/P. Note that « is a p-th root of —1.

Let c,d be the unique elements of W(gly,p) and R(9), S(9) be the unique differential operators
of order 1 such that

B(0)W12(0) = ¢(—9% + Wa2(d)) + R(d),

; (14.8)
W21(0)B(0) = (—0° + Wa2(0))d + S(9).
By Theorem 12.1, we can describe the evolution of the generators of W(gly,p) as follows:
dw:
() = [B0), ~(=0)" + W11(0)] — cWar () + Wiz (9)d.
(14.9)
dle - dW21 o dW22 o
2(0) = RE), “2H0)=-S0), " 2(0)=0.
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Explicitly, R(9) = d0 + e and S(9) = 0 o f + g are given by

1
/
d= O‘(Ewll;pfluél;l + W21;1 — W21;0 — w21;1w22;1);

1
e = —a(=wi1p-1war;0 + War0’ + warwaz0),
L (14.10)
[ =a(zwi;p-1wiz1 — 2w12;1' + w120 — Wi21W22;1),
p
1
g= a(—gwu;pq(wmo + wi2,1") + wizn” + w120 + wi2,1 (W22,0 + Wa2,1")).
Moreover, ¢ = —qwa1;1 and d = —awi2.1, hence cWa1(9) — W12(9)d = a(wi2,1w21,0 — Wa1,1W12,0)-

Note that the equations (14.10) can be reduced by letting Wa2(9) = 0, in which case they can be
rewritten as

1
d= a(;w11;p71w21;1 + wa1,1" — war,0),
1 /
e = —a(-wi1,p—1Wa1,0 + Wa1,0'),
7 (14.11)
f= a(gwll;pflwlil — 2wi21” + wizyp),
1
g= O‘(_Ewll;pfl(wlzo +wi2,1") + wiza” + wi20"),
which imply the four evolution equations
dway. 1
;t}j:; = —a(§w11;p—1w21;1 + wa1;1" — wary0),
dwo1. 1
% = —a(=wi1p—1wa1,0 + wa1,0'),
tred p
(14.12)
%:a(lw w1 — 2wi2.1" + Wwi2:0)
dtred D 11;p—1W12;1 1251 12;0)/»
d(wi2:0 + wia:1’ 1
M = —a(——wirp—1(wizo + w12;1/) + w12;1” + w12;0')~
dtred p
In particular,
(—wa1;1 + war,07) = B(—wa1,1 + war0x),
dtred
d (14.13)
o (wiz + (Wig, + wi,0)x) = =B (w12, + (Wie,y + w12,0)7).
red
15. SOLUTIONS
15.1. Polynomial tau-functions.
Ezample 15.1. To construct a tau-function for Example 14.1, we let, cf. (2.9),
h == hl == S(T+l)p+1(t(1)) + Z Sr_t,_l(t(l) + C(l))
i=2
To construct the corresponding Lax equation we let m = (2,1,1,...,1), and calculate the following
2r — 1 tau-functions
Srp—l(t(l)) S(rq)pq(t(l)) ... Sp_l(t(l)) 0
Srp(t(l)) S(r_1)p(t(1)) ... Sp(t(l)) 1
T(2’1""’1) (t) _ Sr(t(Q) + 6(2)) S,,,,l(t(Q) —+ c(2)) e Sl (t(2) + 6(2)) 1
2 Sr(t(?’) + c(3)) S (B3 +e®) o 5B 4 c®) 1)’
S,,(t(r) + C(T)) Sr71(t(r) + c(r)) 5 (t(r) + c(r)) 1
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rp Q(t(l)) S(rfl)p72(t(1)) e Sp—?(t(l)) 0
rp 1(t(1)) S(r—l)p—l(t(l)) e Sp—l(t(l)) 0
Tp(t(l ) S(T—l)p(t(l)) T Sp(t(l)) 1
S (2 + C(2)) Sp_1(t? + C(Z)) e S1(t? + ) 1
7(3 1,...,1,0,1,.. 1)@) _ : : : : ’
S, (01 4 ct=Dy 5 (#0040 o g (0D 4 ety
Sr(t("“) + c(z‘+1)) Sr_l(t““) + c(i+1)) e 8 (t(i+1) + c(i+1)) 1
Sr(t(r) + c(r)) 57,_1(t(r) + c(”)) . Sl(t(r) + c(r)) 1
S,.p(t(l)) 5(r71)p(t(1)) e Sp(t(”) 1
Sr(t@) + C(2)) Sr71(t(2) + 0(2)) . Sl(t(2) 4 0(2)) 1
Sr(t(ifl) + c(z‘fl)) Sr_l(t(ifl) + c(ifl)) . Sl(t(ifl) + c(ifl)) 1
ph bt 2L () = | g 40) 4 o)) Sy a(t® + ey ... 1 ol-
Sr(t(i) + C(i)) ST_l(t(” + c(z‘)) . S1( ) 4+ C(z)) 1
S (0D 4 ety g (#0HD 4clHD) L gy (0D D)
Sr(t(r) + C(r)) Sr71(t(r) 4 c(r)) . Sl(t(r) 4 c(r)) 1

In the latter two cases we have 0, respectively 2, in the i-th place in the upper index of the tau-
function. Following the procedure of Section 4, let Sg(c)) = a; ), € C, T(t) = 7311 (t,0,...,0),

. () . (
gD (t) = TT(g), r(t) = fTT(t)< ) where T (t) = 7311011 (g 0, . 0) and T (t) =
P12 (¢ 0, .. 0). Then

Srp—1(t)  Ser—1yp-1(t) -+ Sp-1(t) 0
Srp(t) S(r—l)p(t) o Sp(t) 1
| agr Qg r_1 e Q21 1
T() = Qs a3 r_1 e Q3,1 1)’
Ay A r—1 s (e7N] 1
Srp—Q(t) S(r—l)p—2(t) e Sp—2(t) 0
Srp—1(t)  Ser—1)p—1(t) -+ Sp_1(t) 0
Srp(t) S(r—l)p(t) T Sp(t) 1
. g, Qg1 N Qg1 1
T () ;
Qi—1,r Qi—1,r—1 a1
Q41,7 Qjp1,r—1 ce Q41,1
Qe O r—1 o Qo 1 1
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Spp(t)  Ser-1)p(t) Sp(t) 1
Qs Qa2r-1 azy 1
s a7 a7 _ .« .. a7 1
T( %) (t) _ i—1,r i—1,r—1 i—1,1 )
Q1 Q2 e 1 0
QG r QG r—1 oy 1
Aip1r  Qgp1r—1 AR RN |
Ay Ay r—1 e Qo 1 1

Next (cf. (4.1)), Qf;(m,t,2) = ﬁx

;z;—ol Srp—k—l(t)zik (7“ 1)111 1 S(r 1)p—k—1(t)zik . Z p . 1(t)27k 0
;pzo Srp—k(t)z_k Z(r » Sr— l)pfk(t)z_k T Ek:o Sp—k(t )=k 0
S1p(t0) St (E1) o TTsamy
Qg,r Qo1 e Qg1 1

Qaz,r 3.1 e s 1

Ay Qpr—1 B Qr 1 1

s

and Q1 (m,t, —z) = 755 %

S,.p_l(t) — ST.p_Q(t)Z_l S(Tfl)pfl(t) — S(,,,l)p,g(t)z_l tee Sp_l(t) - Sp_g(t)z_l 0
Sip)) = Sep 182 o)) = S (B2 o Syt) = Spa(®)e 1
sz, Qg1 . Qg1 1

Qs Qs r-1 e Q31 1P
Ay Ay r—1 v Q1 1

Let QF (m, z,t, 2), ¢V (x,t) and () (z,t) be defined as in (4.4) by replacing t; by t; + z. Then
E(M» ﬁIJ, ta 8)% = Qfl (mv 1'7 t7 a) o 8] o Q;] (ma xv tu 8)*
and

L(m,z,t,0)_ Zq(l z, )07 o r® (x, t)

= (q< Nz, t), ... ¢ (2, 8)0 o (rP(a,t), ..., r(x,t)T

Ezample 15.2. To construct a tau-function for Example 14.2, we let, cf. (2.9), where a € C is
non-zero,

h1 =Sp3(tD) + Su(t? + e1),
hQ :Sp+2(t(1)) + aS4(t(2) + 02).

We will give three tau-functions which are non-zero, viz.

Sl S S0 |
| Ser2@) S W) S (W) Sy (¢)
7(%2) = |
Sz(t(Q) +c1) 1 asz(t(z) +e) a
S3t@ 1) S1(tPer) aS3(tP + ) aSi(t? + )
Sp(t ) 1 Spfl(t(l)) 0
(3.1) _ P+1(t(1)) S1(¢M) Sp(tM) 1
TUUT Spe() S(t) Sy (tM) Sty |
SS(t(2) + Cl) Sl (t(2)C1) aSS(t(2) + CQ) aSl (t(z) + 62)
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Spa2(tD)  Sy(tM) Spr1(tD)

Sy (W)
7—(173) — Sl(t(z) + 01) 0 aSl(t(2) + CQ) 0
Sg(t(2) + Cl) 1 aSg(t(2) + 02) a

Sg(t(2) + 61) S (t(Q)Cl) a53(t(2) + CQ) aSy (t(z) + 62)
Now let m = (2,2), and define «;, 8, € C (1 <i<3),b

a; = Si(er),  Bi=Si(e),
and let T(t) = 732 (V) = ¢, ¢(2) = 0), then

Spr1(t)  Si(t)  Sp(t) 1
T(t) = Spi2(t)  Sa(t)  Spia(t) Si(t)
[eD) 1 aBs a
Qs aq afs af
and (cf. (4.1)):
S Spa1—k(t)zF Si(t) + £ D ko Sp—k(t)z 7" 1
@262 = L TR S S+ S0+ T Spn® 7 S0+ L
() Q9 1 afs a
a3 Q afs af
Spa®) =S S -1 S@ =S 1
_ 1 Spra(®) = Spra(®)zT Sa(t) = Si(#)zT Spia(t) = Sp(t)z Si(E) — 2
Qll((272)at7 _Z) - m s 1 0452 a )
a3 Qq afs apy
Sp(t) 1 Sp—1(t) 0
21 Sp+1(t) S1 (t) Sp(t) 1
TZ((272)at72) = 7T(t> Sp+2(t) S2(t) Sp+1(t) Sl(t) )
ag+ 24+ %+ % o+ a(ﬁ +24+ 5 +z%) a(fi+3)
Spi2(t)  Sa(t) Sp+1(t) Si(t)
_ Alle—2 0 a(h-1)
Q12((27 2)at7 _Z) T(t) Qg — % 1 a 5 — %
=2 ar—1 a(fs-2) a(B-12)

Let Sp(z,t) and be((Q7 2),x,t,z) be defined as in (4.4) by replacing ¢; by ¢; + 2. Then

E((2’ 2)7x7t76)% = Qi‘rl((2a2)7x7taa) © aj © Ql_l((272)axatva)*

and

L£((2,2),2,t,0)_ = qi(z, )0 ory(x,t) + go(x,£)0 o ra(a, 1),
where
(h(.l‘,t) = QTQ;l((27 2),$,t),
Tl(mvt) = _Q;Q;Q((zﬂ 2)’ mvt)’
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Explicitly:

qi(z,t) =— ﬁ((alsl(%t) — ap1Sa(x,t))Sp(, )% + azSpi1 (2, t) + aB351(x, 1) Spi1 (2, t)

- a,315,,+1(x, t)2 — aﬂ3$p+2(:€, t) + Sp(l‘, t)(*Othl (I, t) — aﬁgSl (I’, t)2 + aﬁgSg(x, t)
+ (=1 + af1S1(2,8))Spi1 (2, 1) + afiSpia(w, ) + Spo1 (2, t) (az(Si(z,1)* — Sa(x, 1))
+ (—(1131 (.13, t) + aﬁng(x, t))Sp+1($, t) + (041 - aﬁlSl ($, t))5p+2(.1‘, t))),
1
D= T
— CLIBQSp_A,_Q(I, t) + Sp(fﬂ, t)(*OégSl(QT7 t) — aﬂgSl (I, t)2 + a:ﬂQSQ(fE, t)
+ (_1 + aSl(mvt))Sp+1(x’t> + aSp+2(x’t)) + Sp,1($7t)(042(51(.7;,t>2 - Sg(l‘,t))—l—
(—S1(.13,t) + a52($,t))5p+1($,t) + (1 - aSl('r7t))Sp+2($7t))7
ﬁ((alaz —ag —aifa + B3)S1(2,t) + alas — azBi + B1B2 — B3)S2 (. t)
+ (a1 = B1)Spia(z, ) + a(Br — 1) Spy2(2, 1)),
%((0&351 + aifs — a1fs — araeB)S1 (2, t) — alasfy + 28 — 1B P2 + 01 83)Sa(x, t)

+a1(B1 — a1)Spy1(z,t) + alar — B1)B1Spra(w,t)).

Si(x,t) — aSa(x,t))Sp(x, t)2 + asSpt1(z,t) + aB2S1(x, t)Spt1(x, t) — aSpia(z, t)2

ri(z,t) =
ro(x,t) =

15.2. Soliton type tau-functions. In [KvdLO03], Section VI, soliton type tau-functions were con-
structed for the multicomponent KP hierarchy. They are not tau-functions of the p-reduced mul-
ticomponent KP hierarchy since the modes of the following expression

Gig(z ’LU) (Z— )—(5@jQiQ;12agﬂw—agj)e( )( ) (J)(t w) ()(%’z Y

where Q! (72(t)) = 7% (¢), do not lie in the affine Lie algebra of type A . One can

P1+p2+-+Pr—
fix this by replacing z and w by wfz, respectively w z, where w, = e £y , 1<k <p;, 1 <l < py,
and k # ¢ when i = j. The modes of G;;(wFz wzz) are elements of thls affine Lie algebra (see
[KvdL03], Section VII), hence exponentials of such elements lie in the corresponding completed loop
group. This produces N-solitary type solutions of the p-reduced multicomponent KP hierarchy. See
[KvdL03], Section VI and VII, for some more details. Introduce triples (h,i,j), where 1 < h < N,
1<4,5 <r. Let s = (h,14,j) be such a triple and as = ap;; € C. Let o be the number of inversions
of a tuple of positive integers (i1, 2, ...,%2m), i.6. o(i1,i2,... 42, ) is the number of pairs (iy, i,)
such that p < ¢ but i, > i,. Introduce the following constants:

m m
0(817 cc Sm) :(_1)U(i1aj17i27""im’-7m H a’Sp lp )Zh ) 5ipyjp H (wf:zkp - wquth)&ipiq X
p= g=p+1

&4 &5

(wfppzkp — wf;’zh )~ ivia (wk 2h, — wf Zh ) ipia (Wfppzhp _ quth)féjpiq

Then the N-soliton type tau-functions 7(¢) of charge 0 are:

N
{1}94‘2 Z Z Z {c(sl,...,sm)x

m=11<h; <--<hpm<N 1<ip,jp<r  1<im jm<r

exp (i i ((w?ptyp) - w?ptgjp))zgp)> }
p=1qg=1

Here the notation { }™* means that this expression is the 722 part of the tau-function. (A correction
to [KvdLO03], formula (219): r should run from 1 to N, and the triples s,(pa,ia, jo) should satisfy
the condition a < o’ implies p, < py.)

€iy TE T, T T,
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