FATIGUE EFFECTS IN ELASTIC MATERIALS WITH VARIATIONAL DAMAGE

MODELS: A VANISHING VISCOSITY APPROACH

ROBERTO ALESSI, VITO CRISMALE, GIANLUCA ORLANDO

ABSTRACT. We study the existence of quasistatic evolutions for a family of gradient damage models
which take into account fatigue, that is the process of weakening in a material due to repeated applied
loads. The main feature of these models is the fact that damage is favoured in regions where the
cumulation of the elastic strain (or other relevant variables, depending on the model) is higher. To
prove the existence of a quasistatic evolution, we follow a vanishing viscosity approach based on two
steps: we first let the time-step 7 of the time-discretisation and later the viscosity parameter £ go
to zero. As 7 — 0, we find e-approximate viscous evolutions; then, as ¢ — 0, we find a rescaled

approximate evolution satisfying an energy-dissipation balance.
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In Material Science, fatigue refers to the process which leads to the weakening of a material due to repeated

applied loads, which individually would be too small to cause the direct failure of the material itself. Macroscopic

fatigue fractures appear as a consequence of the interaction of many and complicated material phenomena oc-

curring at the micro-scale, such as, for instance, plastic slip systems and coalescence of micro-voids, [39, [35] [37].

Fatigue failure is extremely dangerous, since it often occurs without forewarning resulting in devastating events,

and is responsible for up to the 90% of all mechanical failures [38]. The main reason is that it is very difficult, in

real situations, to identify the fatigue degradation state of a material. Therefore, its prediction still represents an

open challenge for modeling and simulation at the cutting edge of mechanics.
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Fatigue favours the occurrence of damage and fracture in different types of materials, both brittle and ductile.
When the stress level is high enough to induce plastic deformations, the material is usually subjected to a so-called
low-cycle fatigue regime; instead, high-cycle fatigue occurs if the stress is below the yield stress such that the
strains are primarily elastic. Models where fatigue effects are induced by the cumulation of plastic deformations
have been recently studied in [3 4 2] [1] and [9} 111 [12].

In this paper we study a phenomenological material model where damage is the only inelastic phenomenon
and the fatigue weakening of the material is a consequence of repeated cycles of elastic deformations. Our work
is inspired by the recent paper [5], where the authors propose a similar model in the one-dimensional setting and
to which the reader is invited to refer to for further mechanical details.

As usual, damage is expressed in terms of a scalar variable which affects the elastic response of the material and
may be interpreted as the local percentage of sound interatomical bonds. In contrast to many previous damage
models |20, 28] [7] [411, 40} 24} [25] [26], in this paper the dissipation depends not only on the damage variable itself,
but also on the history of the evolution. Indeed, damage is favoured in regions where a suitable history variable
has a higher value. This history variable is defined pointwise in the body as the cumulation in time of a given
function ¢ that may be the strain, or the stress, or the energy density, according to the model. As a consequence,
the material may undergo a damage process even if the variable ( remains small during the evolution.

We are here interested in proving the existence of quasistatic evolutions for this model in a two-dimensional
antiplane shear setting, following a vanishing viscosity approach. To present in detail our result, before expressing
the strong formulation of the model in terms of differential inclusions, we introduce the time-incremental min-
imisation problem corresponding to a time discretisation ¢, := i = 47 for the unknowns a: Q — [0,1] (the

i— 1

damage variable) and u: Q — R (the displacement) assuming that the previous states (a7, uk) are known:

<L1

; 1 i i
(ah, up) € argmln{ / |Vu|2dm+ 5 /|Vo¢|2dx + /f(VkZ Yoyt —a)dz + 2i lla — o HL2}
Q Q
The functional minimised above consists of three parts: the internal energy
1 2 1 2
E(a,u) = 5/u(a)|Vu| dz + §/|Va’ dz,
Q Q

given by the sum of the elastic energy and the damage regularisation term; the energy dissipated from the previous
state
- [rvipar it <o,
/f(Vk“l)(afl —a)dz=R(a—aj V"),  with R(BV)=( o (1.1)

400 otherwise;

and the viscosity term, depending on a small parameter . The elastic response is affected by the factor p(a) > 0,
where 4 in nondecreasing in «, according to the fact that o = 1 represents a sound material and a = 0
a completely damaged one. (Notice that the constraint o < a}jl enforces the irreversibility of the damage
process.) The L? norm of Ve is the usual regularising term in gradient damage models (see the aforementioned
works and [I7, [10} 3] for coupling with plasticity). The dissipation term characterises the present model in
comparison to other damage models, since the fatigue term f (Vkl _1) weights the damage increment. For every j,
the history variable ij is defined by

V=Y lal -,

h=1
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where ¢} represents the elastic strain, or the stress, or the density of the elastic energy at time t?. Notice that
Vi = foti | (s)| ds, where Ci(s) is the piecewise affine interpolation of ¢f. The function f is nonincreasing, so
that in the minimisation it is more convenient to take o lower where the cumulation Vki ~! is larger. The viscosity
term prevents «, to be too far (in L?) from the previous damage state o’ '

The approach that we follow consists of two main steps: as, e.g., in [28, [7, [4T], 40, 24} [25], we let first the time-step
of the discretisation 75, and later the viscosity parameter € tend to 0. More precisely, the starting point is to define
for every k the discrete-time evolution (a k(t),uc x(t)) as the piecewise affine interpolation of (o, u) and to
derive a priori estimates (cf. Proposition which guarantee that ||ce k|| g1zt @)y, [tekllzro,mwie@)) are
bounded uniformly with respect to & (not with respect to ¢) and ||ae kllw1.10,m5m1 (@) > e kllwiio,rwie@)
are bounded uniformly with respect to k and e, for some p > 2. We exploit the a priori estimates H' in
time to pass to the limit as k — +oo: for every € we obtain an ¢ -approzimate viscous evolution (o (t),us(t))
characterised by an equilibrium condition in u.(¢), a unilateral stability condition in a.(¢) (Karush-Kuhn-Tucker
inequality), and an energy-dissipation balance (cf. Definition [4.1)). This evolution may be expressed in terms of

the differential inclusions (cf. (evl).—(ev2). in Definition and (ev3’). in Lemma [4.12)

Ou€(ae(t),us(t)) =0 in Hy (),
BaR (e (t); V(1)) + € de(t) + da&(ae(t), us(t)) 30 in (H' (),

for a.e. t € (0,T), where V.(t) is the history variable associated to the evolution (ae,uc), HC;DlQ(Q) is the
dual of {v € H'(Q): v = 0 on 9pQ}, and 9.R(B;V) is the (convex analysis) subdifferential of R(-;V), i.e.
£ € 0aR(B;V) if and only if R(B;V) + (£, — B) < R(B;V) for every 8 € H'(2). (For the expression of 8,&
and 0,& we refer to Lemma )

The a priori estimates W' in time allow us to reparametrise the e-approximate viscous evolutions and to
obtain a family of equi-Lipschitz evolutions (ag(s),ug(s)) in a slower time scale s. At this stage we let ¢ — 0
and obtain an evolution (a°(s),u°(s)) together with a reparametrisation function ¢°(s) that permits the passage
from the slow to the original fast time scale ¢. In Theorem [5.1] we prove that (a°,u°) still satisfies an equilibrium
condition in u°(s), a unilateral stability condition in a°(s) (Karush-Kuhn-Tucker inequality), and an energy-
dissipation balance. However, the dissipation in the energy balance weights the rate of damage with a function

f°(s) < f(V°(s)), where V°(s) is the history variable associated to the evolution (a°,u°). In terms of differential
inclusions, this reads as (cf. (evl)—(ev2) in Theorem and (5.11)) in Remark

9uE(a(s),u(s)) =0 in Hy (),

BaR(A°(5); F°(5)) + 0a(a”(s),u’(s)) 20 in (H'(Q))',

for a.e. s € (0,5)\ U°, where R(-; f°(s)) is defined as in with f°(s) in place of f(V°(s)). The set U°
corresponds to jump instants (of the evolution in the fast time scale) reparametrised in the slow time scale: therein
the limit evolution is governed by a variational inequality of viscous type, representing a fast unstable propagation
in the original time scale. An interesting issue, that we were not able to solve, is to determine whether there
are explicit examples where this inequality is strict and f"(s) is actually the correct weight to consider in the
energy-dissipation balance.

In the mathematical treatment of the present model some technical difficulties arise. Here we discuss the main

issues in the a priori estimates and in the limits as £k — +o0 and € — 0.
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The proof of the a priori estimates rests upon the manipulation of the Discrete Karush-Kuhn-Tucker condi-
tions and evaluated at two subsequent times t};_l and ti , respectively, as e.g. in [33] 24} 30, 25, [T, 26].
The resulting estimate (3.17)) contains in the right-hand side also discrete-time derivatives at time t;';l, in con-
trast to the aforementioned works, where only discrete-time derivatives at time t; appear. These additional terms
are due to the presence of the fatigue weight f (Vki*l) in the dissipation for the i-th incremental minimisation
problem and prevent the immediate application of the discrete Gronwall estimate used in the previous works. We
refine the usual technique to overcome this issue in 7.

The main difficulty in deriving the properties of the e-approximate viscous evolutions (ae(t),us(t)) consists
in passing to the limit as k — +oo in the dissipation term containing the fatigue weight f(Vz x(¢)). The a priori
estimate on ||[uc k|l g1 (0, 7w (q) only guarantees that Vie, — Vie weakly in L*(0,7;LP(€;R?)), and this
convergence is not sufficient to deduce the convergence of V. i to V., even in the paradigmatic case where ¢ is
the elastic strain, namely when the history variable is V (t) = fot |Vi(s)|ds. To circumvent this problem we first
let f(Vzx(t)) converge to some f.(t) weakly* in L>(Q) for every ¢ by an Helly-type theorem (cf. Lemma, to
get an evolution (ae(t),us(t)) satisfying the Karush-Kuhn-Tucker inequality, and the energy-dissipation balance
with f-(¢) in place of f(Vz(t)) (cf. Propositions and. At this stage, we exploit the convergence of all the
terms of the discrete-time energy-dissipation balance to the corresponding ones in the continuous-time energy-
dissipation balance. This improves the convergence of ée  to &. (Proposition , allowing us to deduce that
Vite,r — Vi strongly in L*(0, T; LP(Q; R?)) and thus that f-(t) = f(V2(t)). Eventually, we obtain the existence
of an e-approximate evolution.

The scenario when £ — 0 is radically different. Indeed, here the energy-dissipation balance does not help to
improve the weak convergence Vi — V4° for the rescaled evolutions (g (s),ug(s)), due to the rate-independence
of the system as ¢ — 0. As a consequence, the limit evolution is formulated with fo(s)7 the weak*- L°° limit of
the fatigue weight reparametrisations f(V.S(s)), in place of f(V°(s)). This motivates why we pass to the limit in
two steps, rather than directly taking a simultaneous limit 7% /ex, — 0, k¥ — 400, as in the framework developed

in [31] 27] and followed in [26].

2. ASSUMPTIONS ON THE MODEL

Vector-valued functions. In this paragraph we let X be a Banach space. We will often consider the Bochner
integral of measurable functions v: [0, 7] — X . For the definition of this notion of integral and its main properties
we refer to [8 Appendix] or to the textbook [19]. The Lebesgue space LP(0,7T;X) is defined accordingly. We
recall that, if p € [1,00) and X is separable, the dual of L?(0,T;X) is L* (0,T; X'), where %—!— ﬁ =1 and X’
is the dual of X.

For the definition and the main properties of absolute continuous functions AC([0,T]; X) and Sobolev functions
WhP(0,T; X), the reader is referred to [8, Appendix]. We recall here the Aubin-Lions Lemma [6, [36] about the
compactness property enjoyed by W?(0,T;X). Let Y be a Banach space compactly embedded in X, and let
1 <p,q < oo. Then the space W = {v € LP(0,T;Y) : v € L9(0,T; X)} is: 1) compact in L?(0,T; X) if p < o0;
2) compact in C([0,T]; X) if p=o00 and ¢ > 1.

In this paper, the Banach space X will be either a Lebesgue space L?(U;R™) or a Sobolev space Wh4(U),
where U is an open set of R™. Given an element v € LP(0,T; LY(U;R™)), p,q € [1,00), we identify it with the
function v: [0, T]xQ — R™ defined by v(t;z) := (v(t))(x).
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The norms || - ||z» and || - ||yy1,» without any further notation will always denote the LP-norm and the

WP _norm with respect to the space variable x, respectively.

The reference configuration. Throughout the paper,  is a bounded, Lipschitz, open set in R? representing
the cross-section of a cylindrical body in the reference configuration. The deformation v: QxR — QxR takes
the form v(x1,x2,23) = (21,22, z3 +u(x1,22)), where u:  — R is the vertical displacement. In this antiplane
shear framework, the two dimensional setting is the physical relevant one. This assumption gives the compact
embedding H'(Q) in LP(Q) for every p € [1,00), which we employ in the a priori estimates.

We assume that 0Q = OpQUINQ, where OpQ and OnQ are relatively open sets in 9Q with dpQNINQ = O
and HI(E)DQ) > 0. A Dirichlet boundary datum will be prescribed on the set dpQ2.

In order to apply the integrability result [22] to our problem (see Remark [3.2 below), we assume that QU Oy
is regular in the sense of [22] Definition 2]. (Notice that in dimension 2 this regularity assumption on QU On<Q is
satisfied, e.g., when the relative boundary 9(OnT") in O consists of a finite number of points.)

It is convenient to introduce the notation W(;Dlé’(Q) for the dual of the space {u € whe' () : u=0o0ndpQ},

here £ + L =1.
Weep—l—p,

The total energy. Following [21], the damage state of the body is represented by an internal variable a: Q —
[0,1]. The value a = 1 corresponds to a sound state, whereas a = 0 corresponds to the maximum possible
damage. As usual in gradient damage models [34], the system in analysis comprises a regularizing term HVaHQLQ .
In particular, the damage variable a belongs to the Sobolev space H* ().
For every a € H'(Q) and u € H'(Q), the stored elastic energy is defined by
1 2
5/#(‘1)‘VU‘ dz .
Q

We make the following assumptions on the dependence of the shear modulus g on the damage variable «:
p: R = [0, 400) is a C"'(R), nondecreasing function with 1(0) > 0,
u(B) = p(0) for <0, p(B) = (1) for B> 1. (2.1)

The regularity assumption on g is needed in the proof of Proposition (see ) The condition on f
forces o to take values in [0,1] in the evolution (see Remark [3.1)).

The total energy corresponding to a damage state « and to a displacement u is

E(a,u) = %/,u(a)|Vu|2dx + %/|Va|2 dz. (2.2)
Q Q

Notice that the constant % in the gradient damage regularisation term does not play a role in the mathematical
treatment and may be replaced by any positive constant.

We compute here the derivatives of the total energy. Note that an integrability strictly higher than 2 is required

on Vu to guarantee the differentiability of the energy with respect to «.
Lemma 2.1. The following statements hold true:

i) Let u € W"P(Q), with p > 2. Then the functional o € H'(Q) — E(a,u) is differentiable and

2
Q

(0 (o, u), B) = 1/u’(a)|vu\2ﬂdx + /Va -VBdz, (2.3)

for every o, 8 € H*(Q).



6 ROBERTO ALESSI, VITO CRISMALE, GTANLUCA ORLANDO

ii) Let a € H(Q). Then the functional u € H*(Q) — E(o,u) is differentiable and

(0u€(a,u),v) = /u(a)Vu -Voudez,
Q

for every v € H*(Q).

Proof. We only prove i), the proof of ii) being trivial. The derivative of 1| Vea/||7. simply gives the second integral
in (2.3]). As for the differentiability of fu(a)\VuF dz, let us fix a, 8 € H'(Q), and § > 0. By Young’s inequality

we have

|1t 98) = @) g 2| < e 8] [l < )81+ 7]

where ¢ = p% < oo. Thanks to the embedding H'(Q) € LY(Q), we can apply the Dominated Convergence
Theorem to deduce that the functional o € H'(Q) — &(a, ) is Gateaux-differentiable and its Gateaux-differential
is expressed by (2.3). Moreover, since « € WHP(Q), with p > 2, and H'(Q) € L"(Q), for any r € [1,00), it is

immediate that the functionals in i) and ii) are Fréchet-differentiable. O

Fatigue and damage dissipation. The damage dissipation is affected by the cumulation of a suitable variable
of the system during the history of the evolution. This variable may be for instance the elastic strain, the
stress, or the density of the elastic energy, according to the material model. In the general case, we consider
a function depending on the damage variable o and on the elastic strain Vu: we take, for given evolutions

a € AC([0,T); LY [0,1])), u € AC([0, T); WHP(Q)), with p > 2, % + % < %, the function

(1) == g(a(t)) Vu(t) , (2.4)

where g € CV1([0,1]). (In the following we will guarantee that the damage variable takes values in [0,1], see
Remark [3.1} one could also assume g € C**(R) and constant in (—oo, 0] and [1,00) as done for u, the difference
is that the terms involving g are constant in the incremental minimisation, see (3.1]).) For instance, if g(a) =1,
then ¢ is simply the elastic strain; if g(a) = p(a), then ¢ is the stress.

By our assumption on the evolutions «, u, we have that ¢ € AC([0,T]; L*(;R?)), so we consider the

corresponding cumulation
t
Vi(t;x) = V() ::/ |C(s;@)|ds, =z €Q, (2.5)
0

defined as the Bochner integral in L*(Q).

In the notation = represents the fact that we do not write in the following the dependence of the
cumulated variable from (. We shall also use the notation Vi, V., etc. for the cumulated variable corresponding
to Ck, (-, etc. given by for ax, and uk, a- and wu., etc., respectively, specifying the correspondence in each
case.

We notice that one could consider other possible choices for the variable ¢, for which the results of this paper
still hold. For instance, one could take ((t) = g(a)|Vul®, with 6 € [1,p) , so ¢ € AC([0,T]; L*/%(Q)) (see also
the observations in Proposition and Lemmas and . This covers, e.g., the case where ( is the density
of the elastic energy, i.e., when g(a) = p(a) and 6 = 2.

We denote by H(Q) the functions 8 € H*(Q) with 8 < 0 a.e. in Q. For every measurable function

V:Q — [0,400), playing the role of the cumulation of ¢, and for every 8 € HL(Q), representing the damage
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rate, we define the corresponding dissipation potential by

R(B;V) = — / F(V)Bde, (2.6)

Q

where
f:[0,+00) — [0,400) is a Lipschitz, nonincreasing function with f(0) > 0.

The regularity assumptions on f, g are used in the proof of Proposition (see (3.14)), and in Lemmas
and [£4]

V

Figure 1. Graph of the function f appearing in the dissipation potential. The higher the value of V', the
smaller the weight f(V) in the damage dissipation. Recall that V plays the role of the cumulation of the

variable (.

According to the general theory of Rate-Independent systems [29], R naturally induces the following dissipation

between two damage states a1, s € Hl(Q) with 0 < a3 <as <1 a.e. in
D(ai,azV):=R(az —a; V). (2.7)

Remark 2.2. The dissipation potential R that we choose here slightly differs from the one proposed in the model
of [B]. In that paper, the dissipation potential features an additional term depending on the gradient of the
damage variable. More precisely, using the notation of our paper, a choice more coherent with [5] would be
R(&,Va,Vé; V) = [, f(V)(—a+ Va - Vi) dz. We explain here two reasons that lead us to the decision of not
including the term Va - V& in the dissipation potential.

The first reason is a mathematical one. Note that a generic evolution «(t) may not satisfy the inequality
—&+Va-Va > 0; the validity of this condition is however crucial for a physically consistent notion of dissipation
potential. Our approach to the problem does not guarantee the a priori fulfilment of this condition.

The second reason is a modelling one. The model proposed in [5] is an approach to fatigue fracture via a phase-
field model. In a classical phase-field model (without fatigue), the energy dissipated by a fracture is approximated
by an energy of the form [,(1—a)+ 3|Val?dz, and in that case the term [, 3|Va|® dz should be interpreted as
part of the dissipation. This explains why in [5] the rate of %|Vo¢|2 appears in the definition of R(&, Vo, Va; V)
and the fatigue weight f(V') also affects this term. In contrast, our aim is to study damage models, whereas the
approximation of fracture via damage is not in the scope of this paper. For this reason (as already done in other
papers about damage models [28] [7, 41}, 40} 24} 25, 26]) we interpret [, 3|Va|?da as part of the internal energy

of the system. In particular, the rate of %|Vo¢|2 does not appear in the definition of the dissipation potential.
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Boundary conditions and initial data. For every @ € H*(Q) with 0 < @ < 1 a.e. in Q and for every
w € H'(Q), the set of admissible pairs (o, u) with respect to the damage variable @ and the boundary datum w

is defined by:
o (@, w) = {(a,u) € H(QxH(Q) : 0<a<@ae inQ, u=won dpQ}.
The quasistatic evolution will be driven by a boundary datum satisfying
we H(0,T; WHP(Q)), (2.8)

where p > 2 is a suitable exponent that is chosen according to Lemma|3.3] The p integrability of Vw is needed to
control the increments of the displacement with those of the damage variable (cf. Lemma. The H* regularity
in time of the boundary datum is needed for the proof of the a priori bounds in Proposition (see (3.26))).

We prescribe initial conditions ag € H'(Q) and uy € W'P(Q) at time t = 0. We assume, consistently
with , that the initial cumulation Vo = 0 for notation simplicity. Taking a generic initial cumulation
Vo € L*(Q) with Vo > 0 a.e. in Q does not entail any mathematical difficulty. (Note that, in that case,
definition should be modified accordingly by adding the initial cumulation V5 .)

We require

(o, u0) € L*(Q). (2.9)

Notice that one could also assume that ag and wug are stable with V_; = 0, so that the Euler conditions in
Lemma hold for ¢ = 0 too. The assumption (2.9) is slightly more general, since, for instance, the initial

condition ag = 0,up = 0 is always admissible, no matter whether it is stable or not.

3. INCREMENTAL MINIMUM PROBLEMS

Construction of discrete-time evolutions. We fix a sequence of subdivisions (t3)¥_o of the interval [0,77,
where t§ := %T are equispaced nodes. We denote the step of the time discretisation by 7, = % For notational
simplicity, we omit the dependence of 7, on k and we use the symbol 7. Moreover, we fix € > 0.

We define the discretisation of the boundary datum w by w} := w(t}‘c), 1=0,...,k.

Let o) := ag, ud := ug, €2 := g(ao)Vuo, and V := Vy = 0. Assuming that we know oﬁ:l and Vki*l, we
define (o, u}) as a solution to the incremental minimisation problem (cf. , , for the definition of
& and D)

min {&(a, u) + D(a, a VY + o lla — MG () € (o) wi)} (3.1)
and we set (i := g(ak)Vul and
Vi=V G- g =00 ld - dT
j=1

The existence of a solution to (3.1) is obtained by employing the direct method of the Calculus of Variations.
Remark 3.1. Tt is immediate to see that ol is a solution to the problem
. i i—1, 1 i1 e i—12 1 i—1
mm{g(a,uk) +D(v, o 5V ) lla—ay 7z : a€c H(Q), 0<a<a, < 1}, (3.2)
where u = u!, is fixed. Notice that o} is also a solution to the problem

min {5(a7u2) +D(e,ap SV + oo — a Mie s a€e HY(Q), a< aﬁ:l} , (3.3)
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where also competitors a with negative values are taken into account. Indeed, let us fix a competitor for the
problem (3.3)), namely o € H*(Q;R) with a < ai ™' and let us set a™ := max{a,0}. We employ the fact that
o™ is a competitor for (3.2), the assumption (2:1)), and the fact that aj ' > 0 to obtain

E(al,ul) + D(ag, a) V) + %Haz —a 32
<&t up) + D o VT 4+ Sllat — a7 7.
< E(a,up) + Doy 5V ) + £ lla—ap 7e.

This proves the equivalence between (3.2)) and (3.3).

We define the upper and lower piecewise constant interpolations by

i (t) == t}, , ag(t) == o, , U (t) := uf, , Colt) ==CF s W (t) == w} ,
L) =t a,(t) =ay", w(t) =y ¢ =G, wy(t) = wy ',

and
Vi(t) ==V ' forte (£ ' th],
for i = 1,...,k and @p(0) := ao, @(0) := uo, Vi(0) := Vo = 0, while t,(T) :=T, a,(T) := af, u,(T) := uf.

Moreover, we consider the piecewise affine interpolations defined by

ar(t) :==ap '+ (-t Hag,

wup(t) =y "+ (-t g,

Ce(t) :

G (-t G, fort € [t t],

for i =1,...,k, where

7 3 i—1
- . i Uk o Sy
A 1= ’ Uy = ) Ck . T ’

and define wy as the affine interpolation in time of w. We set also

v = vit) + 5O 60— ). (34

It is not difficult to verify that Proposition yields
t .
Vi(t) = / 16 (s)] ds (3.5)
0

in the sense of Bochner integral in L*(Q).

Note that in the above definitions we dropped the dependence on e for notation simplicity.

A priori bounds on discrete-time evolutions. We start the analysis of the discrete evolutions by deducing
higher integrability properties of the strain. Following the idea of previous papers (see, e.g., [24]), we apply a
result proved in [22] Theorem 1] (see also [23] Theorem 1.1] for an extension to the case of elliptic systems with
the symmetric gradient in place of Vu) regarding the integrability of solutions to elliptic systems with measurable

coefficients and with mixed boundary conditions.
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Remark 3.2. By [22, Theorem 1], there exist a constant C' > 0 and p > 2 depending on |u||ze such that the
following property is satisfied: for every a € H'(Q), for every p € [2,p], and for every £ € W{;Dls’zp (2), the weak
solution v € W P(Q) to the problem

satisfies

vllwre < CWHWa—;g .

In the following lemma we apply the regularity given by Remark to deduce higher integrability of Vu(t)

and to control the increments of the displacement u with the increments of the damage variable «.

Lemma 3.3 (Higher integrability of the strain). There exist p > 2 (depending only on ||p||ze ) and a constant

C >0 (depending only on ||p|lre, |[1]le, and Wl g o o, 7w1.5(0) ) such that

[k ) llws + g, Ollwrs + lus@ w1z < C, - fort €[0,T] (3.62)

i (@)l < C[law(®)llen + lin@llwrs], fort € O.T)\{ths..., 657"}, (3.6)

~ — PP
for every p € [2,p), where ¢ = 5.

Proof. Let p > 2 be the exponent given in Remark To prove (3.6a]), let us fix t € (t};l, ti] for i € {1,...,k}
(notice that the inequality is trivial for ¢ = 0). By (3.1)), the function ), minimises £(af,u) among all u € H(Q)

with v = w}, on dpQ. Therefore u} is a weak solution to the problem
div(u(ai)Vui) =0 in Q,
. . (3.7)
up, = wy, on OpQ.
By Remark we have that

Juk — whllwss < Clldiv(u(@k) k) |y 15 < Cllullzoe [kl
D

which implies (3.6a)) (recall the definition of W, u, , ux in terms of the family of w} ).
To prove (3.6b)), let us fix p € [2,p) and t € (¢} ',¢t},) for t € {1,...,k}. By (3.7) for i and i — 1 we get that
the function v := u} — u?jl —wi + wifl is a weak solution to the problem
div(u(aﬁ;l)Vu) =/ in Q,

(3.8)
v=20 on Ip€l,

where ¢ := div((u(a) ") — ple)) Vug) — div(p(eg ") (Vwy, — Vw, ")) . Notice that £ € WD_Dlsf(Q) by (3.6a). By
Remark and by Holder’s inequality we deduce that
lollwre < Clllly—1p < ClI (01" = (@i Vui o + (i) (Vek = Tuwy™)1s]
D
< Ol e ok — o sl k5 + il ok — wf~ ]

since 1 =
q

% - %. By (3.6a)) and dividing by 7 we conclude that
likllwr.o < C[lékliza + ok llws]

hence the thesis. O
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We are now in a position to derive the Euler conditions satisfied by the damage variable in the discrete
evolutions. These conditions are also called Discrete Karush-Kuhn-Tucker conditions, since we have a constraint
of unidirectionality on the damage variable. They are a fundamental ingredient to deduce the a priori bounds in

Proposition
Lemma 3.4 (Euler conditions). For every t € (0,T)\ {t},...,ti '} we have
(0a€(@n(t),ur(t), B) + R(B; V(1)) + e{dw(t), B)r2 = 0 (3.9)
for every B € H*(Q) such that B <0 a.e. in Q. Moreover
(0 (@r(t), UK (1)), ar(t)) + R(cwk(t); Vi(t)) + €llcuw(t)]|72 = 0. (3.10)
Proof. Let us fix ¢t € (i ',t}) for some i € {1,...,k}. Let 8 € H'(Q) with 3 <0 ae. in Q and let § > 0.
Since af solves (3.3) and ol + 68 < 04}';1, we get
0 < E(ak + 08, ui) + Dok + 88,05 Vi) + o lla, + 08 — o[+
— E(ak, up) — Dlag, a5 Vi) = o llak — a2
Dividing by ¢ and letting § — 07, by (2.3) we get
1 ) . ) o g
§/M'(a2)‘vui|2ﬁdx + /Vafg -VpBdr — /f(Vk’ l)ﬁdx—l—a/akﬂdx >0.
Q Q Q Q
This concludes the proof of (3.9)).
To prove (3.10)), notice that o — dat < a;‘c_l for 0 < § < 7. Since o, solves ([3.3) we get that
0 < E(a — 86, ui) + D, — g, a3 Vi) + 5 flak — 0dk — aj |72+
- (b ub) - Dlak,af Vi) - £lk - af s
Dividing by ¢ and letting § — 0", by (2.3) this implies (3.10)). d
The following proposition ensures that the evolution of « and u is H' in time uniformly in k for fixed e, and

AC in time uniformly in k and e, with values in the target spaces H'(Q) and W?(Q).

Proposition 3.5 (A4 priori bounds). Let p be as in Lemma There exists a positive constant C independent
of €, k, and t such that for every ¢ >0, k€N, t € (0,T)\ {t},... ,tzfl}, p < p, it holds that

ellén ()2 < Cexp (C?k;”) , (3.11)
TR(®) 9 Te(t) 9 (1)
5 | ()72 ds+ € |2k (s)||y1.p ds < Cexp (CTEZ) (3.12)
0 0
T T
[ sl ds+ [ i)l as <. (313)
0 0

Proof. We only need to show the estimates on ax(t), since the estimates on u(t) simply follow from (3.6b).
We start with computations which are common in the proofs of all the three inequalities in the statement.

The starting point is to obtain an estimate on the time increments of &y (t) by testing the Euler equations at

two subsequent times of the time discretisation. To do so, we fix i € {2,...,k}. The case i = 1 requires slightly

different arguments. By (3.10) evaluated at a time ¢ € (ti ', ¢}) we get that

(Da&(af, ub), a) + R(ag; Vi) +elldkl32 = 0.
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On the other hand, by testing with 8 = dj, at a time ¢ € (£, %, ¢, '), we get
(Oa (or " uy "), k) + R(6k; Vi) 4 e(@y ! G e 2 0.
Subtracting the second inequality from the first one, we infer that
(D€ (@ uk) = 0a€(ag " ui 1), dk) + Rldi; Vi) = Rk Vi %) +e(dh — &', )2 <0,
namely,

elag — &gt ag) e +/ Vozfc - Va;:l) -V, dz
o
<1 / @i VP = e[V P ke [ [0 - £ da
b o
i1 i—1)2 i12] «i 1 reoie1 i Q12 i
/M (o )[|Vuk ‘ - ‘Vuk‘ ]akd$+ 5/[# (o ) = (ak)]|vuk| ay dz
Q

Q

IN

1 e / Vi = V2o da
Q (3.14)

1 i i— 7 . q
§||ﬂ ||L°°/|V“k + Vup| Vg — Vi [[dg| de + *HM”HLOO/IO% — o | Vui| k] dz
1 |\Lw/|< b ¢i2|6k de

< cT[ [V + Vi || o[V || Ikl + || Vul ]| 2o
+ Vi | ol e kNl + (Vi |, lakllen |-

In the last inequality we have chosen p € (2,p) and ¢1 € (2,00) such that % + i = %, and we have employed
the identity

G =G =gl ) = 9(ai )] VT + gla ) [V = V]
that gives

167 - 62kl ae < T(ug'nm|\Vu;;—lr|Lp||az—1||m 6k Lo + ||g\|Lm|\vuz—1r|Lp|\a7;||m) . @15)
Q

We remark that, taking ¢ := g(a})|Vui|®, with 8 € [1,p) we could also get the conclusion in (B.14)) with ¢} > ¢
such that % + qi, = %, in place of ¢1. Indeed
1

G =Gt =gl ) = gl NIV + gl DIV — [V ?,
and since, by the Mean Value Theorem,
IV " = V1] < 00V + (V)" (Vi = [V ),
we have that
/ Gt = Gl da < r(ug’nm [V || o i g ekl o
Q

(3.16)
+ gl 0 (I Vg Iz + IIVU?;’QHLPII)HViti’lllLPIIO'cZIILq;) :



FATIGUE EFFECTS IN ELASTIC MATERIALS 13

Using the fact that (&), — &k ', ah) 2 > ||| L2 (||oak||L2 — [|ov; IHLz) and by Lemma [3.3| we infer that
ellaklza (llakl o — g 1z2) + 7 Vaill7a
< Crlaklin lakle + 6k lin + laklon 6 e + laklzn (loblwas + lif lwes)]  317)
< err(llaklE + lakler e o + Nkl + ik 7us)

where ¢o := % € (2,00) and r = max{q}, g2} € (2,00). We labelled the constant in the last inequality with c;
in order to keep track of it in the sequel. By the compact embedding H' () € L"(Q) (notice that Q C R?), we
have that for every § > 0 there exists a constant Cs > 0 such that for every 8 € H'(Q)

1BIZ- < 8IVBIIZ2 + CslIBllzr < 8IIVBIL2 + CsllBll |18l .2 - (3.18)

Adding c1 7||&} |12 — 1 7l|édk ]| Lr[lég M lor + Zlldkl|72 to both sides of (3:17), choosing § suitably small in the

previous inequality applied to 8 = &%, and multiplying by 2{ we have that
2laklza (llaklee = i lee ) +2e1 Z N6kl (lakller = i ler ) + Zlléill
_ (3.19)
< eoZ (Iklrs + i Ir.5) + 2022 [kl 16k 2
Let us set
22 T ad 2 3 T i
As = [llakllz2 + e ZlaklE- ] By =/ léklm
1 .
Cii= o [liklfas + ok 5] Di = caZ|léhllp -

The quantities above are actually defined for every ¢ = 1,...,k. When i = 1, we define Cy := , /@%Hw};HWl,g.

Denoting by a; := (|64 |12, \/c1Z||6%||Lr) , we get that

.q .i ) .q Li—1
léillze (ke = 16k Mz ) + enTlakler (lakller = 16 o) = ai - (@ = ai1)
(3.20)
> agl(Jai| = lai-1]) = Ai(Ai = Ai-1).
Since 7 < £ we have that
a2 T2 T2
Zléklin = Zlleilin + Zlleilin > Zlakll?s + Sl > Zllailie + S lloil -
- . . (3.21)
> Cr [||az||L2 +clg|\a;|\“] = 2c5T A2
Collecting (3.19)—(3.21)) and setting 7 := c3Z, we obtain that
24;(Ai — Ai_1) + 2vA7? + B} < C? +24:D; , (3.22)

for every i =2,...,k.

Proof of estimate (3.11). Here we prove a slightly stronger inequality with an additional term on the left-hand

side. Specifically, we show that
e[lar @Iz + e Zllar®)llr] < Cexp (S7u(t)) - (3.23)
By the inequalities 24;(A; — A;_1) > A? — A7, and D; < CZA;, from we get in particular that
A} — A} |+ B} <C7+CTA7,

for i=2,...,k. We fix h € {2,...,k} and we sum the inequality above for ¢ = 2,..., h, deducing that

P Al +ZB2<6202+C’ZTA2 (3.24)
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We claim that

eA? < 0[5012 T A2y ;] . (3.25)

Once (3.25)) is proven, summing (3.24)) and (3.25)), by the initial assumption on w (2.8)) we conclude that

h h h
A% < O[L+ D r(liklys + ik 3s) + Y rA?] <C[1+ 14 ra? (3.26)
i=1 i=1 i=1
for every h=1,...,k. By a discrete Gronwall inequality on €A? we deduce that
2 1 th
eAh <C(1+ ) exp (C4) (3.27)

for every h =1,..., k. Multiplying by ¢ and taking the square root, we get
h
eAp < Cexp (ci) (3.28)

and thus (3.23)).
It remains to prove (3.25). Adding and subtracting 9,&(ao,u0) to (3.10) evaluated at time t € (0,t3), we

deduce that
(0 (o, uk) — 0a& (o, uo), ak) + R(ck, Vo) + (0a€ (o, uo), ai) + l|crl|72 = 0.
With computations similar to those previously done in f and using the assumption 9o& (o, uo) €
L?(Q), we infer that
ellakllze +7IVaklze < Cr [[|Vuk + Vuol 2| Vik oo ko + Vb |, k17
1 fllzee a1 + 110a€ (o, wo)l 2 |l L2

< Crflliklns + NakI3-] + 5hakize + <.

Using inequality as above, it is not difficult to see that

ellaklfe + rlétlin < Okl s + lakli + 2], (3.29)

which in turn implies (3.25)).
Proof of estimate (3.12). Inequalities (3.24) and (3.25)) imply in particular that

h h h
ZBEgaZc?Jrcerhc[aCerrAhg}. (3.30)
1=2 =2 1=2
From (3.29) we deduce that
eB? < C[e(}f FrA2 4 g] (3.31)

Let us fix h € {1,...,k}. Summing (3.30) and (3.31)), by (2.8) we obtain that
h

h h h
ey B < c[g + 5 (il s + ik ls) + ZTAE] < 0[1 +14 me}

i=1 i=1 i=1 i=1
and thus, multiplying by ¢ and using (3.27),
h h
. th
EZTHoﬁcH?p < Cexp (C?") .
i=1
In the equality above we have integrated the exponential function in time and we have used the fact that 7 << ¢.

This concludes the proof of (3.12)).
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Proof of estimate (3.13). By the discrete Gronwall estimate proved in [24] Lemma 4.1] we deduce that for

every h=2,...,k

" 1 h _ N N |
(2(14_7)2(14071312)2 < ((1—1—7)7%14%+Z(1+’Y)2(17h)710i2)2 +\/§Z(1+7)17k71Di
i=2 —~ 2
- - 2 . 27
< {2(1-&-7)—2}1,4% +2Z(1+7)2(1_h)_1@2 +4<Z(1+7)z—k—1Di) } (3.32)
=2 i=2
h ' n '
< \/5(14-7)—’1141+ZZ(1+,Y)2(z—h)—1ci2_|_1+2Z(1+7)z—k—1Di
i=2 par
Using the estimate
“ 4 2h+42
T —2n-1(147)" — (1 47) T+y —2h+42
1 2(i—h)—1 _ 1 2h1( _ 11 N <l
7;( +7) ¥(1+7) AT U R

by the Cauchy-Schwarz inequality we estimate the left-hand side of (3.32)) by

h h h
YA k= 3 ()P TYE (1) k< © (D)2 T B )

=2 =2 =2

=

for h =2,...,k. Hence (3.32) reads

h
S ) S AP

=2
< CL1+ 1+ A+ Do+ (i + ik s) +9 D0+ il ]

i=2 i=2

(3.33)
for h = 2,...,k. We multiply both sides of (3.33) by 7 and we sum over h = 2,...,k. Using the expression of
the partial sums of the geometric series, it is possible to show that

k k k
S rlékla < Cl1+edr+ >0 r(liklRyns + ik ) + D0 rlléklo] (3.34)

i=2 i=2 i=2
We refer to [24] Proposition 4.3] or [9] Proposition 3.8] for more details about the computations mentioned above.

Multiplying (3.29) by 7, taking the square root and using the fact that 7 << ¢, we infer that
rllédll < Cr [kl + okl +1] -

Adding this last inequality to (3.34]) we obtain that

k k

k
S rléilm < C1+edr+ >0 r(liklyns + ik ) + D Tllakle]

i=1 i=1 i=1
To conclude the proof of (3.13]), we observe that: €A; < C by (3.28]) evaluated for h = 1; the second sum is
bounded by a constant by the initial assumption on w (2.8]); the third sum is actually a telescopic sum, namely

k

> rllilln = [ (ao—ak) do < 0.

=1 Q
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In order to obtain the energy dissipation balance for the evolution (a,ur), in Proposition we integrate
in time the energy evaluated on these affine interpolations. We are allowed to do so because they are absolutely
continuous (actually H') in time. Since we also employ the Euler equation of Lemma that contains
also the piecewise constant interpolations, we have to estimate the difference of the piecewise affine and constant

interpolations. This is done in the following remark.
Remark 3.6. For every t € [0, T
_ () Tt 1
low®) =@l = | [ anoas] < [T Il ds < ol o o
t t

and therefore, by (3.12)),

1
Hak 7ak||Loc(0,T;H1(Q)) S CYE’T2 . (3353)
Similarly, we have
1
flov — QkHLw(o,T;Hl(Q)) <Cer?, (3.35b)
1
luk — x| oo (0, 7;w 10 () < CeT2,  for p € [2,D), (3.35¢)
1
lur — wpll Loo 0, 7wrp () < Cet2,  for p e [2,p). (3.354d)

Discrete energy-dissipation balance. Here we obtain the energy-dissipation balance, by employing the Euler

condition (3.10)), correcting with the piecewise affine interpolations in place of the piecewise constant ones.

Proposition 3.7 (Discrete energy-dissipation balance).

(D) + [ R va@) it e [ lanolie
0 0 (3.36)

= 5(0(0,11,0) + /0 <u(ak(t))Vﬂk(t), Vwk(t»LQ dt + Ry,

where R — 0 as k — +00.

Proof. By (3.12)—(3.13)), the piecewise affine interpolations ax(t) and wug(t) are absolutely continuous in t. As a
consequence, t +— E(ay(t),ur(t)) is absolutely continuous and

d

& [S(ak(t), uk(t))} = (0a&(ar(t), ur(t)), dr(t)) + (Ou€(ar(t), ur(t)), i (t))

(3.37)
= (Oal (@ (t), Tk (1)), & (t)) + (Ou€ (@r(t), Uk (t)), tr(t)) + me(t)

for a.e. t, where
Me(t) 1= (D (0 (1), k(1)) = D @ (0), 7 (1) k(1)) + (Ou (0 (1), ui (1) — Ou (@i (1), T (1), ik (8)) . (3.38)
Using i (t) — we(t) as test function in (3.7), we deduce that
(0uE (@ (1), T (1), 10 (8)) = (OuE (@ (), T (1), (8)) = (@ () VT (8), Vi ()1
Together with the Euler equation for @ (t) and (3.37), this gives
S [E@r®,u )] = —ellar 3 — R(w(0: Val0) + (u@n@)Va o), Vi) a +met)  (3:39)

Integrating in time the previous equality, we obtain (3.36) with Ry := fOTnk (t)de.
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Let us show that R, — 0. By Holder’s Inequality, by (3.35a)), by (3.6a), and by (3.13) we deduce that

[ [ o) - w @) vuo Pt dr af < [ [lo) - m0vuoPiasol e a
Q Q

T
1
< C/ llovk () = @k ()| 21 Nl (8) [3yrn.p v ()| 1 dt < Cer
0
Furthermore by Holder’s Inequality, by (3.6a)), by (3.35¢), and by (3.13]) we infer that

‘/0 /Mz(ak(t))ﬂVuk(t)F — |V (t)[*) é (t) dz dt‘ < C/O /|Vuk(t) + Vg (t)| |[Vur (t) — Vg (t)| |aw (t)| dz dt

T
< C/ luk (£) + T (8) w10 [ (8) — T () [ 6 () 2 dE < Cor?
0
Finally, by (3.35a]) and (3.13) we get that

‘/()T!(Vock(t) — Vai(t)) - Vou(t) do dt‘ < /OTHozk(t) — @ (8) || g || ()] 2 At < C.r3 .

This shows that
T

kkrf (Oa&(ak(t),ur(t)) — € (@r(t), ur(t)), ax(t)) dt =0.
> Jo
With completely analogous computations it is not difficult to show that

T

lim [ (0uE(an(t), ur(t)) — 8uE(@x(t), T (t)), wr(t)) dt = 0.

k—+oco 0

This concludes the proof. O

We observe that the energy balance (3.36) holds for any couple of times ¢t < ¢tz € [0,7], as one can see arguing
as in Proposition and integrating (3.39)) in the time interval (¢1,%2).
4. EXISTENCE OF VISCOUS EVOLUTIONS

In this section we pass to the limit as k — +oo (i.e., as the time-step goes to zero). Notice that € > 0
is fixed in this section. The main result is the existence of viscous evolutions, defined as follows. Given a. €

AC([0,T]; H'(Q)), ue € AC([0,T]; H'(Q)) we define, as in (2.4), (- := g(a:)Vue and, as in ([2.5),

t
Velt) = [ [éts)] s, (4.1)
0
as a Bochner integral in L?(Q2). During the section we are in the constitutive assumptions of Section
Definition 4.1. We say that a function (ae,uc): [0,T] = H*(Q)xW'P(Q) is an € -approzimate viscous evolution
if a. € H'(0,T; H(Q)), u- € H*(0,T;W"?(Q)) and the following conditions are satisfied:
(ev0). irreversibility:
[0,7] 5t — ac(t) is nonincreasing as a family of measurable functions on €2,
that is ae(t) < ac(s) a.e. in Q for all s <¢;
(evl)e equilibrium: for every t € [0,T], uc(t) € H'(Q) is a weak solution to the problem
div(p(ae(t))Vue(t)) =0 in Q,

4.2
us(t) = w(t) on dp. 2
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(ev2). Karush-Kuhn-Tucker inequality: for a.e. t € (0,T) and for every 8 € H'(Q) with 8 < 0 a.e. in Q we

have
(Oal(ac(t), uc(t)), B) + R(B; Ve(t)) + e(ce(t), B)r2 > 0. (4.3)

(ev3): energy balance:
T T T
Elae()ue() + [ R(G:Ve) e+ [ etz dt = Eao,u0) + [ (ulac(®) Vue(t), V()2 .
0 0 0
All the section is devoted to the proof of the result below.

Theorem 4.2. Let p > 2 be given by Lemma[3.3 For every ¢ > 0 and p < p there ewists an e-approximate
viscous evolution (ae,us) with (a:(0),us(0)) = (a0, u0) and there is a constant C > 0, independent of €, such

that
T T
[ @l ds+ [ ie(s) s ds < 0 (1.4)
0 0

The strategy of the proof consists in showing first the existence of a weak form of e-approximate viscous
evolution. This satisfies the conditions (ev0)., (evl)., and the (ev2)., (ev3). with a different expression of
dissipation (Propositions and . Such a weak existence result allows us to improve, for fixed e, the a
priori convergences of the discrete-time evolutions (Proposition and to express the dissipation in terms of

Vz(t), the cumulation of (. (cf. (4.1))), so recovering its form in Definition by Lemma [4.4]

Compactness. We start by exploiting the a priori bounds found in Proposition [3.5] to deduce compactness of

the discrete-time evolutions. By (3.12)) we find a subsequence (which we do not relabel) such that
ar — a.  weakly in H'(0,T; H'(Q)), (4.5)
ur — ue  weakly in H'(0,T; W"?(Q)), for p € [2,D), (4.6)

as k — +oo. (Actually, we also extract a subsequence independent of ¢ such that the convergence in (4.20)
below holds. We do not state this here for the sake of clarity in the presentation.) By the compact embeddings
H'(Q) € LY(Q) and WHP(Q) € LP(), by the Aubin-Lions lemma [6], and by (3.35) we deduce that

lax — acllcqo,mLa))s 1@k — acllpooo,rLa())s lap — @ellnoeo,ri0a¢0)) = 0, for g € [1,00), (4.7a)

luk — uellcqo,rier@)s Uk — uellLoeo,r5er(0))s luy — tellLeo,1;Lr(0)) — 0, for p € [2,p). (4.7b)

Moreover, from the inequality [lok| o 0,711 (0)) < C (14 [|okllwr10, 7,11 (0)) and by (3.6a) and (3.35a)—(3.35d)

we deduce that for every ¢ € [0,7] we also have
ar(t), an(t), au(t) = a-(t) weakly in H' (), (4.8)
uk(t), ur(t), wu,(t) = uc(t) weakly in WHP(Q). (4.9)
In particular, for every s < ¢ we have a.(t) < ae(s) a.e. in Q. Moreover, for every t € [0,7] we have
[lue ()]l w1.p < lminf |ug(t)|y15 < C. (4.10)
k—+oo
In view of the convergences (4.5)), (4.6, by (3.13) we get
T T
[ actols ds+ [ i) ds <€, (a.11)
0 0

where C' is independent of e, and then V. is well defined as in (4.1)).
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Energy-dissipation balance and stability. In this subsection we pass to the limit as kK — 400 in the discrete
energy-dissipation balance (3.36)). We start by discussing the easiest terms in the energy-dissipation balance,
namely the terms involving the energy, the viscous dissipation, and the work done by the boundary forces. The

dissipation involving the fatigue term requires finer techniques and will be discussed below.

From the pointwise convergences (4.8)—(4.9) and the lower semicontinuity of the energy £ with respect to the

weak convergence of a in H'(Q2) and the weak convergence of u in W'P(Q) we deduce that

E(ae(T),ue(T)) < liminf E(ar(T), ur(T)) . (4.12)

k—+oo
Moreover, since dy — de weakly in L?(0,T; L?(2)), we have that
T T
g/ [z (£)]|22 dt < lim inf (5/ [l (£)) 22 dt) . (4.13)
0 k—+oo 0

We claim that

lim [ (u(@n(®)Vas(t), Vi (t)) 2 dt = /O (e (£)) Vue (t), Vio(t)) 2 dt . (4.14)

k—+o0 0
To show the convergence above, first of all we notice that p (@ (t)) Vg (t) — (e (t)) Vue(t) weakly in L*(Q;R?)
for every ¢ € [0,T] thanks to (4.8)—(4.9)). In addition, (3.6a) and assumption (2.8)) imply
T
[ (1@ (1)) (t), Viow(t)) 2| < C/ [k (Ol g s (@) | e dt < C.
0

Since Vi (t) — Va(t) strongly in L?(Q;R?) for a.e. t € (0,T), by the Dominated Convergence Theorem the
convergence in (4.14) holds true.
We consider now the limit of the dissipation involving the fatigue term. We start with the following lemma,

which shows that the affine interpolation of the cumulation is close to the piecewise constant interpolation.
Lemma 4.3. For every k € N, € > 0 we have that
||f(Vk) - f(yk)HLQ(O,T;LQ(Q)) < CT(HOUCHHl(O,T;L?(Q)) + HukHHl(O,T;Hl(Q))) <Cer. (4.15)

Proof. By (3.4) and (3.6a) we have

T

Vie(t) = Vi(t) = o) ([g(ak(t)) — 9(2, ()] Vur (t) + g(ay (1)) [Vur (t) — Vauy, (t)]) :
so that
[Ve(t) = Vi(t)] < T(Ilg'lle | (0)[[Vur(8)] + Ig(gk(t))l\wk(t)l)
< O7(low(t)| + |Var(t)]) -

Thus for any 8 € L?(0,T; L*(Q)) (recall that f is Lipschitz)

/0 / F(Vi(®) — F(VR(@)]18(0)] dz dt < Cr / / ([6w(0)] + [V (0)]) |8(1)] dz dlt

<o [ (o ®lls + lin®lln 18]

< CT(Hakl|H1(O,T;L2(Q)) + HukHHl(o,T;Hl(n)))||5||L2(0,T;L2(Q)) .
Recalling (3.12), the estimate above gives (4.15). We notice that we arrive at the same conclusion also with ¢

defined by g(a)|Vul’, for 8 € [1,7), arguing similarly to what done to pass from (3.15) to (3.16)) in Proposition
(]
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In the following lemma we show that a strong convergence of the discrete-time evolutions would guarantee the
convergence of the dissipation term. We stress that the a priori bounds on uk(t) found in Proposition only
guarantee the weak convergence (4.6). Therefore we are not allowed to apply Lemma at the moment.

Lemma 4.4. Assume that the following convergences for ay and uy hold true:

ar — o strongly in W5 (0,T; L*(2)), (4.16a)
uk — ue  strongly in W50, T; WHP(Q)),  forp€[2,D). (4.16b)

Then
F(Vi) = f(V2)  strongly in L*(0,T; L*(2)), (4.17)

and
T T
lim R(au(t); Vi(t)) dt = / R(&e(t); Vo(t)) dt, (4.18)
k—+oo Jq 0

where the cumulations Vi, and V: are defined in (3.4) and (4.1]), respectively.

Proof. For the proof it is convenient to introduce the function

dg(B,h) :=
g (B), if h=0,

for every 8,h € R. Observe that g(8 + h) = g(8) + hdg(53,h) and since g € C**(R)
|dg(B,h) —g'(B)| < llg"llLo= |l -
Using the function dg, we can write for every s € [0,T]
Ci(s) = dglay(s), T (s))dn(s) Var(s) + g(ay(s)) Vin(s)
We now estimate Vi — V. by employing and . For every t € [0,7] we have

|Vie(t;2) — Ve(t;z)|da < t |Ck(s,x) - ég(s;x)| dz ds

[ L

< /o /’dg(gk(5)7 Téu(8)) d(8) Var(s) + glay () Vi (s) — g’ (e (s)) de(s) Vue(s) — g(a:(s)) Vi (s)| dz ds
Q

< / / [Tng”umrak(s>|2\vak<s>r+Hg”nm\gk(s>fas<s>Hak<s>Hm(s)|

+ 119 |oe | (s) — = (s) ||V (s)| + [l [l o |ée ()] [ Vaar(s) — Vue(s)|
+ 119 | |y (5) — = (s) || Van(s)| + llgllLee | Vin(s) — Viie(s)| | dzds
< C(llay — azllso,rsza@) llarllwiao,r o) + llow — acllwrao,rr200) 1Tkl Lo 0.7, w 10 )
+ O (7 + [Juk — el Loo 0, mswre ) loe w0, La )
+ Cllay, — aellzoeo,1ne @ llwkllwio,mwie ) + Cllur — vellwrao,mwie @) »

for ¢ € (2,00) such that %+%< 1.
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Notice that we obtain the above inequality also if (. = g(ac)|Vu.|?, with 6 € [1,5), up to consider ¢’ > ¢

Wlth —|— < s in the estimates of «, since
L1594’ = 0/vul"?vu - va.
dt

Let us now integrate in time the inequality obtained above for Vi — V.: using (3.6), (3.13), (3.35)), ,

and (4.16) we deduce that
Ve = Velloio, i)y — 0,

and then we get (4.17)), since f is bounded.

Moreover, by weak convergence dy — de in L*(0,T; L*(Q))

/ R (A (t); Vi(t / /f (Vie(t)) o (t) de dt — — / /f (Ve(t))ae(t)dz dt = / R(ée(t); Ve(t)) dt
and, by ,
T
| [ (RGO: Vl6) = R Va0) ] < 1706 = 0o,z z200p laal o rasan < Cer =0,
0

as k — 4o0. This concludes the proof. ]

Remark 4.5. Combining (4.15) and (4.17]) we obtain that if (4.16b) holds, then
f(Vi) = f(V2) strongly in L*(0,T;L*(Q)). (4.19)

At the moment we do not have convergence (4.16b)) at our disposal, and we cannot deduce that the convergence
of the functions f(V(¢)) to f(Vz(t)). For this reason, in the following lemma we consider an additional variable

f-(t) in the limit evolution, which later in the proof will turn out to be f(Vz(t)).

Lemma 4.6 (Compactness for the cumulated variable). For every € > 0 there exist a nonincreasing function

t s fo(t) € L=(Q) and a subsequence independent of t (which we do not relabel) such that
FVa(t) = Jo(t) weakly™ in L(2), (4.20)
for every t € [0,T].

Proof. To prove the lemma we apply the generalized version of the classical Helly Theorem given in [I8, Helly
Theorem] in the space M (2). For every t € [0,T], the sequence (f(Vi (t)))k is equibounded in L*°(£2), and
thus is relatively compact in M;(€2) with respect to the weak™ convergence. Moreover, the functions f(Vi)
have uniformly bounded variation in My(Q2). Indeed, for s <t we have f(Vi(t)) < f(Vi(s)) and thus, given a
partition 0 = so < -+ < s, =T, we get

> [0 = SVatss-a)] dn = /f (Vi(0)) ~ F(VA(T)) da < |l zos.

i=1lgq

On the one hand, by [18, Helly Theorem] we deduce that there exists a subsequence independent of ¢ (which

we do not relabel) and a function t — A\ € M;(Q) such that

FWVe)LPLQ 2 N weakly* in M, (). (4.21)

On the other hand, for every t € [0, 7] there exists a function f-(£) € L>(2) and a subsequence k;(t) depending
on t such that
Wiy (t) = f=(t)  weakly* in L(Q). (4.22)
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By (42I) and ([:22) we conclude that A\, = f-()£% L Q and the convergence in ([@.22) holds on the whole

subsequence k where (4.21)) is satisfied. Notice that ﬁ(t) is nonincreasing in t. |

The first step is to deduce the existence of an evolution where the fatigue term f(Vz(t)) is in fact replaced by the
term ﬁ (t). We first prove one inequality in the energy-dissipation balance for the continuous-time evolutions. The
opposite inequality will follow automatically from the differential conditions satisfied by ., see Proposition

below.
Proposition 4.7 (Energy-dissipation balance in weak form: first inequality). For every € > 0 we have
o)) - [ [ROa0ar e [ o ols at < ean) + [ o)V 0, Vi) d
? (4.23)

Proof. In order to prove (4.23)), we write the dissipation with the fatigue term as a supremum of finite sums which

are continuous with respect to the convergence (4.20)). Specifically

/0 R(auw(t); Vi(t)) dt = sup Z/f (Vi(s5))(ar(sj-1) —ak(sj))dx} (4.24)

O=s0<-<sm=T

Jj=1¢
where the supremum is taken among all possible partitions 0 = sp < +++ < s, =T, m € N, of the interval [0,77].
The supremum is in fact attained on the partition 0 =t < --- < t§ = T. To check this, let us fix a partition

0=s0<: - < 8m =T and let us prove that
k . .
Z/f Vi(si)(ar(sj-1) — ar(s;)) Z/ FV ) (ar(ti) — ar(th)) dz

i=lg
_ ,/0 /f(yk(t))c'yk(t) dzdt.

Note that if we refine the partition 0 = so < -+ < sm = T by including the nodes t3,... 775’12, the dissipation

(4.25)

increases, since the monotonicity of f(V) and of ax yields the following triangular inequality:

/ FWVi(rs)) (an(r) — an(rs)) de < / F(Vi(r2)) (1) — an(ra)) dz + / F(Vi(rs)) (an(rs) — an(rs)) dz
Q Q Q

for 0 < r; <ry <rg <T. Therefore we can assume without loss of generality that {t%, RN t',z} C {s0,--,8m}-
Let us now fix i € {1,...,k} and 1 < h; < £; < m such that ti ' = s, < --- < s¢; = ti,. Then the sum in in
the left-hand side of (4.25|) can be rearranged as

k £; k 4 ) . g . .
>3 [rWals et - ansde =30 3 [HH T I @)~ alyde
i=1j=h; i=1j=h;
k i gi—1 ) ) k ) ] )
=3 [ e = ey de = Y [V () - anlth) da
=1 Q i=1 Q

Now we pass to the limit in (4.24) as & — +o0o. Let us fix a partition 0 = sp < -+ < $p = T and let us
fix j € {0,...,m}. By (4.8) we have in particular that ax(s;) — ac(s;) and or(sj—1) — ac(sj—1) strongly
in L'(Q) and therefore, by (4.20]), we obtain that

/f(L/k(Sj))(Oék(Sj—l) — ai(s;)) dz — /fs(é‘j)(as(sj—l) — ae(s;)) dz (4.26)
Q Q

as k — 4oco.
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On the other hand we have that

sup { i/ﬁ(sﬂ(aa(sj'—l) — ac(s5)) dm} _ /OT/ﬁ(t)da(t) dz dt. (4.27)

O0=s0<--<8Sm

The equality above follows from a general lemma proved in [9, Lemma A.1] regarding the integral representation
of weighted variations. To check the fulfillment of the assumptions required by [9, Lemma A.1] we remark that:
o a. € AC([0,T]; L*(R));
e &. <0 ae. in §;
o f(t) < fo(s) ae. in Q for s < t;
e there exists a countable set E C [0,T] such that ¢t — f-(t) is continuous for every ¢ € [0,7]\ E with

respect to strong L? topology (this follows from the monotonicity by [0, Lemma A.2]).
Applying [9 Lemma A.1] with X := L*(Q) and F = L*(Q), we get ([.27).
By (4.24)—(4.27) we conclude that

T T
- / / F(t)a(t) dz dt < limin / R (£); V(1)) dt. (4.28)
0 k—+oo 0
Q
We conclude the proof using the inequality above together with (4.12))—(4.14)) and (3.36)). d

Proposition 4.8 (Stability in weak form). Let € > 0. For every t € [0,T], uc(t) is a weak solution to the

problem
div(p(ae(t))Vue(t)) =0 in Q,
(4.29)
uc(t) =w(t) on dpQ.
For a.e. t € (0,T) and for every 8 € H'(Q) with B <0 a.e. in Q we have
@nE (V) u(0). ) ~ [ FOB s+ elic(t). 5)12 > 0. (430)
Q
Proof. To prove (4.29) it is sufficient to observe that from (3.7) we have that ux(t) is a weak solution to the
problem
div(p(@x(t))Vur(t)) =0 in Q,
(4.31)
Uk (t) = wk(t) on QDQ,
and pass (4.31) to the limit as & — +oo using (4.9) and (4.8).
Let us fix 8 € HL(Q). Integrating (3.9) in time, we get
T T T
—/ (0a€ (ar(t), ur(t)), ) dt+/ /f(yk(t))ﬂdx dtfs/ (6 (t), B)r2z dt <0. (4.32)
0 o J 0
First of all, we claim that for every t € [0,T]
— (0a€(ac(t), us(t)), B) < liminf —(9a&(@x(t), uk(t)), ) - (4.33)

k—+oco

Indeed, since p'(ax(t))B — i’ (ae(t))B strongly in L?(Q2) and by (&.9), Toffe Theorem [14, Theorem 3.23] yields

_ /M’(ag(t))|Vua(t)‘2ﬁdx < lim inf [— /;/(ak(t))]Vﬂk(t)Fﬂdw] . (4.34)
Q Q
Furthermore, by
/Vak(t) -VBdx — /Vae(t) -VBdx, (4.35)
Q Q
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for every t € [0,7]. Summing (4.34)—(4.35]) we obtain (4.33]). Moreover, by convergence (4.20]), we have

[1weansas - [Fopas (436)
Q Q
for every t € [0,T].
Finally, implies
e [0, — ¢ [ a8 (437)

for every 0 <1 <to <T.

Collecting (4.33)), (4.36), [.37), and by ([4.32)), we infer that
ta ta t2
—/ (0a&(ae(t),us(t)), B) dt+/ /fs(t)ﬁda: dt—a/ (ae(t),B)r2 dt <0
ty
Q

ty ty

for every 8 € HL(Q) and 0 < t; < t2 < T. By the arbitrariness of ¢1, t2, a localisation argument gives (£.30). O
Remark 4.9. Using (4.29) we can improve the convergence in (4.7b)), namely for every € > 0

llue — uelleqo,rpwre )y, e — tellpoo o rwie)s 1y — UellLooo,mwire)y — 0, forp € [2,p). (4.38)

Indeed by (4.31) and (4.29) we deduce that the function v := uc(t) — ux(t) — w(t) + wk(t) is a weak solution to
the problem
div(p(ae(t))Vo) =£¢ in Q,

v=0 on dpQ,
where £ € W, '#(Q) is defined by ¢ := div((u(@x(t)) — plae(t)Var(t)) + div(u(ae () (VEk(t) — Vu(t))). By
Remark [3.2] (B.6a)), (4.7a)), and (2.8) we deduce that
J1(t) = weOllwrs < C[llan®) = @@l O)llwrs + e (Ol l[@r(E) = w(B) 5]
< O[@(t) = as(®)llo + [@e(t) = w(®) lwr.s] =0

uniformly with respect to ¢, for a suitable ¢ € (2,00). The convergence of uj and u, follows from (3.35¢)—(3.35d).
Proposition 4.10 (Energy-dissipation balance in weak form). For every € > 0 we have

£(ae(T), u(T)) —/O /fg(t)dg(t) dz dt+5/0 e ()22 dt = (e, uo) +/0 (a0 (8) Ve (1), V() 2 .
Q

Proof. One inequality has been proven in Proposition @ To prove the opposite inequality, we observe that
t — E(ae(t), us(t)) is absolutely continuous and

d

P [S(ozg(t), ug(t))] = (0a&(ac(t), uc(t)), de(t)) + (Ou€(ae(t), ues(t)), ue(t))

> /fa(t)ds(t) da — ef|ée (t) 122 + (u(ae () Vue (1), Vid(t)) 12
Q

for a.e. t € (0,T), where in the last inequality we have used (4.30]) and (4.29). Integrating the previous inequality

in time, we complete the proof. O

The energy-dissipation balance obtained in Proposition [£.10] above allows us to get the desired strong conver-

gence (|4.16b)).
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Proposition 4.11 (Strong convergence of discrete-time evolutions). For every € > 0 we have
ar — a.  strongly in W“(O, T;L%Q)), forge]ll,o0), (4.39a)

uk — ue  strongly in W50, T; WP(Q)),  forp € [2,D). (4.39b)

Proof. From Proposition and Proposition and using the convergence of the work term (4.14), we deduce
that

k—+oo

lim [E(ak(T),uk(T))—i—/o R (); V(1)) dt—i—a/o e (0) 32 ]

zs(ae(mus(cp))—/o /ﬁ(t)o'cs(t)dm dt—i—s/o = (8)]|2 dt.
Q

Notice that if (ax)r and (bx)r are two sequences such that ar +bx — a+b and a < liminfy ar, b < liminfy by,

then ax — a and by — b. Therefore, by (4.12)), (4.13)), and (4.28) we obtain that
k—+o0

T T
mn/Hmw@&=/H%mmdt
0 0

As a consequence

g, — G strongly in L?(0,T; L*()). (4.40)

We want to deduce the strong convergence (4.39a)) from (4.40). In order to do so, we shall control |u.(t) —
Uk (t)||wi.p with ||&e(t) — &g (t)||za for some g € (2,00), as we did in the proof of (3.6b). For this reason it is

necessary to slightly improve the integrability in the target space in (4.40). More precisely, we claim that for
every ¢ € [1,00)

Qg — G strongly in L'(0,T; LY(R)). (4.41)

Indeed, let us fix 6 € (0,1) and ¢ > 2 (the case g < 2 being already covered by (4.40])) and let us define r > ¢ in
such a way that % = g + % . Using the interpolation inequality between the spaces L?(Q) and L?(€2), Holder’s

Inequality, (3.13]), (4.11]), and (4.40) we obtain that
T T ) 1-6
[ lan) = @l de < [ (o) - acolfalans) - a5 ar
0 0
T . . 6 T . . 1_9
< ([ New) - acolle ae) ([ an® - aco)lm a)
0 0
T 0
<0 [ lln) - ez at) 0
0

as k — 4oo. This proves (4.41).
We are now ready to prove (4.39a)). Differentiating (4.29) in time and by (3.8]) we obtain that for a.e. ¢ € (0,T)

the function v := 4. (t) — ur(t) — w(t) + we(t) is a weak solution to the problem
div(p(ae(t))Vv) =€ inQ,
v=0 ondpQl,
where £ € Wngg(Q) is defined by
= —div (,/(ag (1)) (1) (Ve (t) — Vi (t))) — div (u(ag(t)) (Vr(t) — vwk(t)))

+ div((,u(gk(t)) - ,Lb(ag(t)))Vﬂk(t)) + div((M(ﬂk(t)+rdk‘r(t))—ﬂ(gk(t)) . Hl(as(t))ds(t))vﬂk(t)) ]
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Observe that for a.e. t €

plag () +7ag(t)—plag(t) M/(as(t))dg(t)’

T

< [entres et _ ) (a, (1)an(t)] + 1 () = 1 (e (@) |ar(®)] + | ()] |ar(t) - ae ()]

< c[r\ak(t)\ + | (1) — ae (8)| @ (0)] + | an(t) - o'zg(t)|]

a.e. in Q. Therefore, by Remark [3.2] (3.6a), (3.6b)), and (4.10) we get that

[ (t) = de @) llwrr < C[Ilds(t)l\ml\us(t) =k (O)llwrrr + [[n(t) = @ ()|
+ [l () = e ()l Lallir ) lwron + 7l ek (@) | Lol ()]l w15
+ llay(t) = ac ()l zallcx Ol @ (@)lwror + [ldr(t) — de(t)] La Hﬂk(t)l\wl,ﬁ]
< C[Ilde(t)l\m l[ue (@) = (@) llwrea + l[on(t) = w()llwa.p
+ llay(t) — ac(®llzallcr (@) mr + 7l @)z + lldn(t) - ds(t)l\m] ;

where ¢,7 € (2,00), and p1 € (2,p) are suitable exponents. Integrating in time the previous inequality and by

Hoélder’s Inequality we obtain
e — tell1o,mwie () < C[||a5||W1>1(O,T;H1(Q))HUE = k|| oo (0,7w1p1 () T 1wk — wllw10,mwi5 @)
+llay, — @ellee (o,7nep llowllwrao,ra o)) + Tllakllwro,mmt @)
+ Hdk - dE”Ll(O,T;Lq(Q))]
< C[”us _Ek”LOO(o,T;WLPl(Q)) + [lwk — wlevl(O,T;leﬁ(Q))

+ lla, = atell o o7y + 7 + llék = Gellur o z:aga) -

By (4.38), (2.8), (4.7a)), and (4.41)) we conclude that the right-hand side in the inequality above converges to zero
as k — 4o00. ]

Proof of Theorem[{.2 For fixed ¢ > 0, Propositions [4.§ and show that (ae,uc), obtained by (4.5)), (4.6) as

weak limit of a sequence of discrete-time evolutions (o, ur), satisfy the conditions of Definition in a weak

sense. In fact, (ev0)., (evl). hold, while (ev2)., (ev3). are satisfied with f-(t) in place of f(V:(t)), where f-(t)

is such that (cf. (4:20))
FVi(t) > ﬁ-(t) weakly* in L>(Q),

for every ¢ € [0,77.
Actually we find, in Proposition [{:I1] that a posteriori we have an enhanced convergence for the displacement

evolutions that guarantees the strong convergence
f(Vi) = f(V2) strongly in L?(0,T; L*(Q)),
by Lemma and Remark We conclude that for a.e. t € (0,7
fe(t) = F(Ve(0)) .

so that (ev2)., (ev3). are satisfied with f(V-(¢)) and (ae,u.) is an e-approximate viscous evolution. The

estimate (4.4]) follows immediately from (4.11)). O

We conclude this section by a characterisation of the energy balance for e-approximate viscous evolutions, that

will be employed in the next section to pass to the limit as ¢ tends to 0. We first deduce the following lemma.
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Lemma 4.12. Let (ae,uc) € H*(0,T; HY(Q)) x H(0,T; W P(Q)) satisfies (ev0)c, (evl)e of Definition .
Then (ev3)c for (ae,uc) is equivalent to:

(ev3)e: for ae. t € (0,T)
(Oa& (ae(t), ue(t)), e (t)) + R(G:(1); Ve(t)) +ellde(8)]| 72 = 0. (4.42)

Proof. Being a., u. absolutely continuous (in time) we get that ¢ — £(ac(t), us(t)) is absolutely continuous and

% [E(ac(0), 12 (1))] = (0 0e(t), s (1), e (1) + (OuE (0e(t), ue (1), ke (1))

= (0a&(ac(t), uc(t)), d=(t)) + (= (t)) Vue (t), Vi (t)) 2 ,

using (evl).. Differentiating in time (ev3). gives then the equivalence between (ev3). and (ev3’).. O

(4.43)

Remark 4.13. Arguing in a similar way (cf. also Proposition and [II, Proposition 4.2]) it is not difficult to
see that if (ae,u.) € H'(0,T; H(Q) x WP(Q)) satisfies (ev0)., (evl)e, (ev2). of Deﬁnitionand
(evd).:

E(T / R(e(); V(1)) dt + / e (8) 122 dt < (a0, uo) + /OTw(aE(t))we(t),vwa)m ar,

then (ae,us) is an e-approximate viscous evolution.

Let us introduce some notation in view of the characterisation of the energy balance for e-approximate viscous
evolutions.

For (a,u) € WY Y0, T; HY(Q)xH'(Q)) and f € L*(Q) (that we regard as an element of (H'(2))" with
(f,B) = Jo f Bdz) we define

®(g) := ;1611;<—g,,6> for every g € (H1 ), U (o, u, f) = (8 E(a,u) — J?) (4.44)

where
Fi={peH.(Q): |BllL> <1}
Employing Lemma .12 we obtain the following characterisation of the energy balance, which is invariant under

time reparametrisation.

Proposition 4.14. Let (a.,u.) be an e-approzimate viscous evolution. Then with the notation above we have

that
ellae ()2 = Wlae(t), ue(t), f(Ve(t))) , (4.45)
and one may recast the energy balance (ev8)s as

E(a=(T R(ae(t ) dt+ [ flae(®)][p2W(ae(t), ue(t), f(Ve(t))) dt
el L s

= £(ao,un) + [ (n(ac(t) Vue (), V(o)) o de.
0
Proof. By (ev2). we get that for every 8 € H(Q)

5<d5(t)7ﬂ> > <_8ag(as(t)7u5(t))v B) + R(,B, ‘/E(t)) .

On the other hand Lemma implies that the equality above is attained for § = —%eM__ and this gives (4.45)),

[EHOIFP

since B is in F and R(B;V: =— fQ )) Bdz. Then ) follows immediately from the energy balance
(ev3)e. O
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Remark 4.15. Arguing in the same way of |11, Lemma 4.4] (see also [32, Lemma A.2]) we deduce that
®(g) = da(9,G)  for every g € (H'())’,
where

G:={he (H'(Q)): (h,8) >0 for every 3 € H.(Q)}, d2(g,G) := min{||h| ;2: h € L*(Q), h+g € G}.

5. VANISHING VISCOSITY LIMIT

This section concerns the asymptotics of the viscous evolution, whose existence has been proven in Section [
under the constitutive assumptions in Section as the viscosity parameter ¢ vanishes. We use a rescaling
technique, common to many other works (see e.g. [15],24] 25, [11]). Let {(ae,uc)}e>0 be a family of e-approximate
viscous evolutions satisfying the uniform W' bound in time , for a given p < p, where p is given by

Lemma [3.3] The existence of these evolutions has been shown in Theorem [4.2] For € > 0 and ¢ € [0,7T] we set
t t
(0= t+ [ el ds+ [ (o) lwss ds. (51)
0 0
Then s? is absolutely continuous and
se(ta) —s2(t1) >ta—t1 forevery 0 <t <t < S, :=s2(T),

in particular s? is strictly increasing and bijective on its domain. We denote by ¢2: [0,S:] — [0,7] the inverse
of sg. In view of (4.4), we have that T < S. < C, for C > 0 independent of ¢, and then, up to a subsequence,
S. — S as € —» 0, with S > T. We define the rescaled evolution on [0, S:] by setting

ag(s) == ac(te(s)),  ul(s) =u=(t(s)), C2(s)=Ce(t(s)), V()= Va(t(s)). (5.2)

Up to extending 2 with t2(S:) in (S, ], for S :=sup,.oS. (¢ small), we assume the rescaled functions above

defined on the fixed time interval [0, S]. By a change of variable we have from (4.1 that
Vo(s) = /s |E2(0)|do a.e. in Q, for every s € [0, 5].
0
Since ([5.1)) gives that 2 is nondecreasing and that
te(s2) —t2(s1) + llac(s2) — a2 (su)llan + lluc(s2) — uc(s1)llwrn < 52— 51 (5.3)

for every 0 < s1 < s2 < S, we deduce (cf. also e.g. [I5] 11 [25]) that, up to a (not relabeled) subsequence

(t2, a2, ul) = (t°,a°,u°) weakly™ in WH™(0,8;[0, T]x H" (Q)xW"P(Q)), (5.4)
for a suitable (t°,a®,u°) with

() + |&°(s) || g + |e°(8)||wie <1 for ae. s € (0,5).

In view of the equicontinuity (with respect to €) of (ag,ug), it follows that for every s € [0,5] and s. — s

al(sc) — a°(s) weakly in H'(Q), ul(se) = u’(s) weakly in W"P(). (5.5)

Moreover, we define

w’(s) ;== w(t°(s)), for every s € |0,S5]. (5.6)
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Similarly to the analogous situation in Section |4} the weak convergences above are not enough to guarantee

pointwise convergence for the cumulations of the strains, even if the cumulation of ¢°
Ve(s) = / ’éo(a)| do a.e. in §, for every s € [0, 5]
0

is well defined as a Bochner integral in L?(2). We may only say, passing through an Helly type selection principle
as in Lemma [4.6| that there exists f°: [0, 5] — L°(Q), increasing in time for a.e. fixed = € 2, such that

F(V2(s)) = f°(s) weakly™ in L™®(), for every s € [0,5] . (5.7)

However, differently from Section[d] in view of the loss of the viscous term in the limit evolution we are not able
to improve the convergences a posteriori, so to express J?O in terms of V°, but we prove only an inequality,
see Proposition [5.4]

We obtain then the following existence result for limit of rescaled e-approximate viscous evolutions, that we

call rescaled quasistatic viscosity evolutions, which is the main result of the paper.

Theorem 5.1. With the notation above the function (t°,a°,u°) € Wh*°(0,S;[0, T|x H (Q)xW?(Q)), defined

as limit of rescaled e -approxzimate viscous evolutions in (5.4)), satisfies the following properties:

(ev0) irreversibility:
[0,5] 3 s+ a°(s) is nonincreasing as a family of measurable functions on 2,

that is a°(t) < a°(s) a.e. in Q for all s <t;
(evl) equilibrium: for every s € [0,5], u®(s) € H'(Q) is a weak solution to the problem
div(p(a’®(s))Vu(s)) =0 n Q,
(5.8)
u®(s) =w’(s) on dpQ.
(ev2) Karush-Kuhn-Tucker inequality : for a.e. s € (0,8)\ U°® and for every B € H'(Q) with 8 <0 a.e. in

Q) we have

(0al(a®(s),u’(s)) — f°(s),8) 2 0, (5.9)

where U° := {s € [0,5]: t° is constant in a neighbourhood of s} .
(ev3) energy balance:

S

£(0°(S),u°(S)) / (F°(s),6°(s)) ds + / 16°() |2 W(a® (5), u®(s), F°(s)) ds

s
= &(ao, uo) +/ (u(a®(s))Vu’(s), Vi (s)) ds.
0
Moreover, for every s € [0,5] we have that

E(a®(s),u’(s)) = lim E(ag(s),us(s)), (5.10)

e—0

s _ s s
—/0 (£(s),6°(s)) ds = —lim [ (f(VZ(s)),é2(s)) ds = lim [ R(a(s);VZ(s)) ds,

e—0 0 e—0 0

and

s ~ s
/O 16°(s)l[ 2 ¥(a®(s),u’(s), f°(s)) ds = giggj/o l[62(s)ll L2 W (el (s), ul(s), f(VE(s))) ds.
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Remark 5.2. The Karush-Kuhn-Tucker inequality (ev2) is equivalent to ¥(a°(s),u°(s), f°(s)) = 0, by the def-
inition of W , so that the term in ¥ in the energy balance gives a contribution only in the zones where
the evolution is not stable. Notice also that W(a®(s), u®(s), f°(s)) = d2(0a&(a®(s),u’(s)) — f°(s), G), (cf. Re-
mark [4.15) a sort of L?-distance from the (first order) stability set G'.

Remark 5.3. If (t°,a°,u®) € W(0,8; [0, T]|x H (Q)x WP (Q)) satisfies (ev0), (evl), (ev2), then (ev3) is equiv-
alent to say that for a.e. s € (0,5)

(0a€(a°(s),u”(s)) = [°(5),a°(9)) + [[4°(s)l| 2 ¥(a®(5),u(5), [*(5)) = 0, (5.11)

arguing as done for Lemma [4.12] by differentiation. Notice that, by definition of ¥ (4.44]), we always have

(0a€(a°(s),u’ () = [°(5), B) + 1Bl 2 ¥(a®(s),u’(5), [°(5)) 2 0, (5.12)

for every 8 € H*(Q) with 8 <0 a.e. in Q.
By the convergence of the energies (5.10)) we deduce the following relation between fo and f(V°).

Proposition 5.4. For every s € [0, 5]

FP(s) < f(V°) ae inQ. (5.13)

Proof. In this proof we use the notion of essential variation of a time-dependent family of functions, whose

definition is given in Definition [A-1]in the Appendix. Here we recall that, by Proposition [A-4]

VE(s) = ess Var(¢50,5) = esssup D718 (5,) — ¢S5 0)l )
j=0

O0=s0<-"<8m=s

Hence, since f is nonincreasing, we have that for every partition 0 < so < -++ < 8§ < s
FOEE) < F(D16s) = Elsimn)l) e in Q. (5.14)
j=1
Indeed

D12 (s5) = € (s5-1)| S VE(s),
j=1
as functions on Q. By (5.5) and (5.10) we have that Vu2(s) — Vu°(s) in L*(Q) for every s € [0, 5], so that
¢(s) = °(s) In L*(9),

and then
Z G2 (s5) = G s5-)] = D _1¢°(s5) = ¢ (s5-1)]  in L2(Q) (5.15)

=1

as € — 0 for every fixed partition. Testing (5.7) with characteristic functions of any Borel set B C Q and
employing (5.14)), (5.15)), we can pass to € — 0 and obtain

[F@ars [ (3160 - o)) ar,
B B J=1

that gives, since B C 2 Borel is arbitrary,

Fls) < f(i 1€ (5) = ¢ s5-1)1) -
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By the arbitrariness of the partition, and since f is nonincreasing, this implies

f°(s) < f(essVar(¢®;0,s)),

and (5.13) follows because V°(s) = essVar(¢°;0,s) by Proposition [A-4] O

Remark 5.5. By Proposition we have that the Karush-Kuhn-Tucker inequality (ev2) holds also for f(V°(s))
in place of f°(s), that is for a.e. s € (0,5)\U° and 8 € H'(Q), 8 <0, we have
(0a€(a”(s),u’(s)) = f(V°(5)), ) 2 0.

However we can guarantee only the inequality
S s
E(0°(S),u(S)) - / (V2 (5)),6°(s)) ds + / 16°(5) 2 T(a® (s), u® (), F°(s)) ds
0 0

s
> E(av,u) + [ (ula® () Vu(s), V7 (5) ds.
0
in place of (ev3), if we consider f(V°(s)) instead of f°.

Proof of Theorem[5.1] Since in general ¢° is not invertible, we consider its left and right inverse, defined by
82 (t) :=sup{s € [0,S5]: t°(s) <t} forte (0,T],s>(0):=0,
s (t) :==inf{s € [0,5]: t°(s) >t} forte[0,T),s (T):=S.

For every t € [0,T] we have that ¢°(s2 (t)) =t =1t°(s>(¢)) and

s2(t) < lim i(IJlf se(t) < limsupsg(t) < s3(t), (5.16)
E—>

e—0

while s (t°(s)) < s < s3(t°(s)) for every s € [0,S]. The set

S°:={te[0,T]: s> (t) <si(t)} (5.17)
is at most countable, and
U° = |J (s2(8),s3(1)) .- (5.18)
tese

Arguing as done in Proposition by (5.5), we pass (evl). to the limit and obtain (evl), while (ev0) is
immediate from the pointwise convergence of ag(s) to a°(s) for every s € [0, S].

Proof of (ev2). It is enough to show that A° C U°, where
A° = {s€0,8]: U(a®(s),u’(s), f°(s)) > 0}. (5.19)
Arguing as in the proof Proposition to obtain and , we deduce that for every 8 € H(Q) and
every s € [0, 5]
(—0a(a°(s),u"(s)) + f°(s), B) < liminf(~0a&(al (s),us(s)) + F(V(s)), ).
so that, passing to the supremum for 8 € H.(Q),
T(a®(s),u’(s), [°(s)) < liminf U(al(s), u(s), F(V(s))). (5.20)

By (2.3) and the convergences (5.5) we have that the map s — (—9.E(a°(s),u°(s)), ) is continuous for every
B e HL(Q). Also s — (f°(s), 8) is continuous: indeed

VD=V < 17 [ 18] [ 1@l dods < 17w ([ 1@l do) 18112 < Clsa-s0l18]s2.
Q 1

S1
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since
1€ (0)ll2 = llg'(a2(0)) 62(0) Vul(o) + g(af(0)) Vil (a)ll 2 < C([42(o)llr + IVl (a)ll2) < C
and we pass to the limit as € — 0 to get
[(F*(s2) = F*(51), B)] < C(s2 = 51)|Bl]2
Therefore s — (—0a.E(a’(s),u’(s)) + f°(s), B) is continuous, and
s U(a’(s),u’(s), f°(s)) is lower semicontinuous. (5.21)

In particular, A° is an open set. We now follow closely the argument in [II] Theorem 5.4, proof of (ev3) therein],
to say that
limsup #2(s) >0 for a.e. s € (0,5)\ D°, (5.22)

e—0
where D° :={s € (0,95): io(s) = 0}.

Arguing by contradiction, there exists a measurable set B C (0,5) \ D° with positive measure such that
lim£2(s) =0 for every s € B,
e—0

t2 being nondecreasing. Since the functions ¢ are 1-Lipschitz, the Dominated Convergence Theorem implies
that

lim [ #2(s)ds=0.

e—=0 Jp

On the other hand, from 2 — t° weakly* in W (see (5.5))

e—0

lim ig(s)ds:/ t°(s)ds,
B B

and this contradicts

/ i°(s)ds >0,
B
that follows from the definition of D°.
By (5.20) and (4.45) evaluated in t = t2(s) (cf. (5.2))) we deduce

l[&2(s)ll 2
t2(s)
for a.e. s € (0,5)\ D°. This implies that °(s) = 0 for a.e. s € A°. Being A° open by (5.21)), every s € A° has

0 < W(a(s),u(5), F°(s)) < liminf W(aZ(s), uS(s), F(VE(5)) = liminf el ae (12(5)) | .2 = liminf e

e—0

=0

an open neighborhood where £° = 0; then A° C U°, because t° is Lipschitz.
Proof of (ev3). Looking at the version of the energy balance (4.46]) proven in Proposition [4.14] this is invariant

under time reparametrisation. Then, by the change of variables t = t2(s) (in the left hand side) we get

S S
5(ag(5),ug(5))+/ R(&2(s); VE(s)) ds+/ 162 ()] 2 W (0 (5), ud(s), F(V(s))) ds
0 0 (5.23)

— &(ao, uo) +/0 (a0 () Ve (£), Ve (£)) 1 dt

Arguing as done in Proposition to deduce (4.28)), we obtain

- /Os<f°<s>,a°<s>>ds: sup {2 (F(s),0°(55m0) — a”(s) }

O0=s0<---<sm=S =

and then, since (5.5) and (5.7) give

(Fo(s5),a%(sj-1) — a°(s;)) = Um (f(V°(s5)), al(sj—1) — al(s;))

e—=0
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for any s;j—1, sj, we deduce

e—0

s _ s
- / (F°(s),6°(s)) ds < liminf / R(68(s); V2(s)) ds.

recalling (4.27)). Moreover, we claim that

[ 1662 W0 (), (51, () ds < timint [ 4292 W(a2(5), 2 (), SV (5)) .
A° A©

Indeed, for every compact set C C A° and every continuous function ¢: C' — [0, 4+00) such that
W(a®(s),u’(s), f(s)) > (s) for every s e C,
by the compactness of C' and (5.20)), for & sufficiently small we get

U(ag(s),us(s), f(VS(s))) > (s) forevery s € C .

33

(5.24)

(5.25)

Then, by approximating the semicontinuous function s — ¥(a°(s), u°(s), f°(s)) from below by continuous func-

tions, in order to prove (5.25)) it is sufficient to show

[ 16 @)z (s ds < tmint [ 162(5) 2 vs) ds
c e c

for every compact C C A° and every continuous function #: C — [0, 400). This is done as in [II, Theorem 5.4]

or [I5l Lemma 6.4], using a localisation argument and the fact that for every ¢ € C.(Q) with ||¢|p2 = 1 the

functions s — (p, &2(s)) are equi-Lipschitz on [0,.S] and converge to s+ (p,&°(s)) for every s.

By (5.24), (5.25)), and the semicontinuity of the internal energy (cf. (4.12))) we obtain the lower semicontinuity

of the left hand side of the energy balance (5.23).

Let us now study the limit with respect to € of the right hand side of (5.23). Since for every t € [0,T]\ S° it

holds that s (t) = lime—0 s2(¢) (see (5.16])), then
a-(t) = a®(s>(t)) in H'(Q), ue(t) = u®(s>(t)) in W'P(Q),

and
T

/0 (u(a® (s> (£)))Vu® (s° (£)), Vi (£)) g2 dt = lim [ (pu(ae (£)) Ve (t), Vi (£)) 2 dt

e—0 0

by the Dominated Convergence Theorem. On the other hand, recalling (5.6)),

T S
/0 (u(a® (s2(8))Vu® (s2(1)), Vib (1)) 2 dt:/O (1@ (s2(£°(5)))) Vu® (s2 ((£°(5))), Vb (t°(5)) £°(s)) L2 ds

S
- / ((0° (5))Vu® (s), Vir© (5)) 12 ds

since £°(s) = 0 for a.e. s € U° and s° ((t°(s)) = s for a.e. s € (0,5)\U°. Therefore the right hand side of (5.23)

passes to the limit and we conclude the energy inequality
S ~

S
E(°(S), u%(8)) - / (F°(),6°(s)) ds + / 16°() |2 T(a® (s), u°(s), F°(5)) ds

0

s
< E(ap,uo) +/0 (u(a®(s))Vu’(s), Vir®(s)) ds.
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To prove the converse inequality, we differentiate with respect to the time variable the energy (which is absolutely
continuous, since a°, u° are Lipschitz). We obtain that for a.e. s € (0,5)

d

T [5(a°(5),uc’(8))] = (0a&(a’(s),u’(s)), " (s)) + (Bul(a®(s),u"(s)), u"(s))

= (0a&(a”(s),u’(s)), " (s)) + (u(a”(5))Vu'(s), Vib® (s)) 2 , (5.26)
> (f°(5),a°(9)) = 16°(s)l| 2 W (a (5), u°(5), F*(5)) + (u(a®(5)) Vu® (), Vi (s)) 12 »

employing (ev1l), evaluated in 8 = &°(s) (which is in HL(Q) for a.e. s), in the second equality and (5.12)) in the
inequality above. We deduce the energy balance (ev3) by integrating (5.26) in (0,.5) As a byproduct, we also
obtain that (5.24) and (5.25)) hold true as limits as e — 0. O

We conclude by showing some properties of an evolution (t°, a°,u°), obtained as limit of rescaled e¢-approximate
viscous evolution, in the spirit of e.g. [I5] [24] [II]. We are in particular interested in its description in the time
subset U° C [0, S], where it is not rate independent: if a° remains constant in (s1,s2) C U°, then all the evolu-
tion is trivial in (s1,s2) (Remark ; on the other hand, if &° > 0 in space in a time interval, up to a further
time reparametrisation we have that the system is governed by an equation satisfied in the transition between
the initial and final configurations: this equation (see and in Proposition corresponds formally
to consider 1 as viscosity parameter in in Lemma governing the e-approximate viscous evolutions.

Remark 5.6. If &°(s) = 0 for every s € (s1,s2) C U, then u°(s) = 0 for every s € (s1,s2) C U°. Indeed, by
definition of U®, it follows that ¢°(s) = ¢t°(s1) and w°(s) = w°(s1) for every s € (s1,s2), and then u°(s) = u°(s1),

the unique solution of

[ e )il a,

min
u=w°(s1) on OpQ
by (evl) in Theorem

Proposition 5.7. Let (s1,s2) C A° (with A° defined in (5.19)) containing no subintervals where &°(s) =0 in
Q for a.e. s, and let for every s € (s1,52)

o [ & (@M 4
o(s) /u U(ao(o),ue(0), fo(0))

2

Then o is locally Lipschitz and stricly increasing, the function
af(r):=a(o7'(r)) forr € o((s1,52))
has bounded variation and is continuous into H*(Q), and
16° (o™ ()72 [(Ba e (1), uf (1) = FH(r), 6*(r)) + ll6* () 72| = 0, (5.27)

for every r € o~ ((s1,52)), where uf(r) :==u(o ' (r)), fi(r) := f(o'(r)).
If, moreover, &°(s) is not 0 for every s € (s1,s2) and ||&°(s)||p2 > 0k for every K € (si1,s2), then o is

locally bi-Lipschitz, of is locally Lipschitz, and
(0aE( (1), ub(r)) = f(r), & (r)) + [l6F ()] 72 = 0. (5.28)

Proof. By (5.19) and (5.21)), for any K € A° we get that ¥(a°(0),u’(0), f°(c)) > 6k > 0 for o € K. Then o

is locally Lipschitz on (s1,s2), and it is strictly increasing by the assumptions that in no subintervals of (s1, s2)
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we have &°(s) = 0 in Q. This gives also ¢~ ' continuous and strictly increasing, so that o is continuous and
with bounded variation, since a° is Lipschitz.

The change of variables s = o~ *(r) in (5.11)) gives

(BaE(@(r), u* (r)) — FH(r), &% (0 (1)) + W (e (), u* (r), FF (1) [|6° (e ()|l 2 = 0,

that is

6° (0™ (1)l 2 (a€ (a* (r), w(r)) = fF(r), &" (o™ () + (af (r), u* (r), F(r)) &° (e ()72 =0, (5.29)

for every r € o '((s1,52)) and every 8 € HL(Q). Now o' is weakly differentiable in H'(Q) at a.e. r €

07 ((s1,s2)), and we have the chain rule

d

au r uﬁ T Ft r
§0) = a°(07 () 5o () = 6 (e o) KLU

llee (e (r)lz2

for a.e. r such that ||&°(¢™(r))||r2 > 0. Then (5.29) and (5.30) imply

a.e. in Q (5.30)

16° (o™ ()2 [ (Ba (0 (1), uf (1) = FA(r),&° (o7 (1)) + (6*(r), 6° (0" (M))u2] =0,

Recalling that W(a#(r), u?(r), f*(r)) > 0 for every r € o~ (s1,s2), the two previous inequalities imply (5:27). At
this stage, (5.28) follows easily since [|&°(o™'())||22 > 0 for every r € 07" ((s1,52))- O

As usual in an analysis based on time rescaling, one could see that in the original, faster, time variable ¢ € [0, T],
the evolution is rate-independent outside an at most countable number of jump times, which is a subset of S°
introduced in . In order to describe the evolution of the system during these jump, one has to employ the
description given by Remark and Proposition Here we do not perform directly this analysis, based on
inverse rescaling in time, since it would be very similar to that in e.g. [16, Section 5] and [I1} Proposition 6.7], to

which we refer the interested reader.

A. AUXILIARY RESULTS

The essential variation. In this appendix X denotes a measure space. We do not label the measure on X and
the notions of L? space and of a.e.-equivalence refer to the measure on X . Moreover we fix n > 1.
We define here the notion of essential variation, namely the variation for a time-dependent family of measurable

functions, in the sense of a.e. inequality.
Definition A.1. Let us consider a function ¢ — ((t), with {(¢): X — R"™. Let 0 < s <t < T. The essential
variation of ¢ in the interval [s,t] is the function ess Var((;s,t): X — [0, +oc] defined by
essVar(Gis,t) i=  esssup {3 71¢(s5) = C(s-1)1
s=s0<<sm=T * {27
where the essential supremum is taken over all partitions 0 = so < --- < 8, =t, m € N.
Remark A.2. For every t1 < t2 < t3 we have

ess Var(C;t1,t3) = ess Var((;t1,t2) + ess Var((;te,t3) ae. in X .

For completeness, we recall here the definition of the essential supremum of a family of measurable functions.
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Definition A.3. Let (v;)ier be a family of measurable functions from X to [—oo0,00]. Let 7: X — [—00, 0]
be a measurable function such that

(i) ©>wv; ae. in X, for every i € [;

(ii) if v: X — [—o00, 0] is a measurable function such that v > v; a.e. in X, for every 7 € I, then v > T

a.e.in X.

The functions v is called an essential supremum of the family (v;)ier. In fact, there exists a unique (up to a.e.

equivalence) essential supremum T of the family (v;)icr. We denote it by esssupv; := 7.
iel

In the next proposition we provide an explicit formula for the essential variation of a function ¢ that is
absolutely continuous in time. A quick survey about the notion and the main properties of the Bochner integral

can be found in the appendix of [8]; for a more detailed treatment of the subject we refer to [19].
Proposition A.4. Let p € [1,00), and let ¢ € AC([0,T7]; LP(X;R"™)). Then
ess Var(¢; 0,t)(z /|Crx|dr for a.e. x € X,

where the integral in the right-hand side is a Bochner integral in LP(X).

Proof. We start by claiming that
ess Var(¢;0,-) € AC([0,T); LP(X)) and % ess Var(¢;0,t) = |¢(t)] in LP(X). (A1)

To prove the claim, let us fix s <t and a partition s = sg < --- < sy, = t. By the absolute continuity of { we

obtain that .
;\C(sj) sjlle\/ c dr]<z/ |dr—/|§ )| dr (A.2)

a.e. in X, where the last integral is a Bochner integral in LP(X). Note that the second inequality in (A.2) can
be proven, e.g., with an approximation argument via step functions. Taking the essential supremum in (A.2), by

Remark [A22] we deduce that
t
ess Var(¢;0,t) — ess Var(¢; 0, s) < / [C(r)] dr a.e.in X . (A.3)

Inequality (A.3) computed for s = 0 yields, in particular, that essVar({;0,t) € LP(X) for every t € [0,T].
Moreover, it shows that ess Var(¢;0,-) € AC([0,T]; L*(X)). By (A.3) and by Lebesgue’s Differentiation Theorem
for vector-valued functions [19] p. 217] we get that

d ess Var(¢;0,¢) = lim ess Var(¢;0,t) — ess Var(; 0, s)
dt s—t— t— s

< 1)l

if ¢ is a differentiability point for ess Var(¢;0,-) and it is a Lebesgue point for ||, the limit being taken with
respect to the LP-norm.
On the other hand, s < t is a particular partition of the interval [s,t], therefore

[C(t) — ¢(s)] < ess Var((;0,t) — ess Var((; 0, s)

a.e. in X .

t—s t—s

Taking the limit as s — ¢t~ with respect to the L”-norm of both sides, we obtain

1E(t)] < %ess\/ar(c;o,t) a.e.in X,

if ¢ is a differentiability point for ess Var(¢;0,-) and ¢. This proves that —; ess Var(¢;0,t) = |C(t)|
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Finally, since ess Var({;0,-) € AC([0,T7]; L?(X)), we conclude that

t t
ess Var((; 0, t) :/ %essVar({;O,r) dr :/ |C(t)| dr  ae. in X .
0 0
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