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ABSTRACT. We consider r-variation operators for the family of spherical
means, with special emphasis on LP — L? estimates.

1. INTRODUCTION

Given a subset £ C R and a family of complex valued functions ¢ +— ay

defined on E, the r-variation of a = {a;}ep is defined by
N-1 1/r
laly,(g) = sup  sup ( lat;,, — atj|r)
NeN t1<'~~-<tN =
t;€E

for all 1 < r < oo, and replacing the ¢"-sum by a sup in the case r = oo.
When E = R we simply use the notation V, for V;.(R). A norm on the
space V;.(E) is given by ||a|ly,(g) := |lalloc + |alv,(g). Variation norms have
received considerable attention in analysis as they are used to strengthen
pointwise convergence results for families of operators {4;}. Of particular
interest is Lépingle’s inequality on the r-variation of martingales for r > 2
[29] (see also [35], [8], [21], [33]) and its consequences on families of operators
in ergodic theory and harmonic analysis; see e.g. the papers [20], [21], [34],
[30], [16], [31], [32], which contain many other references.

In this paper we focus on local and global r-variation estimates for the
family of spherical averages A = {A;};~0, given by

Af@ = [ ra=um)asty)

where do denotes the normalized surface measure on the unit sphere S%=1.
By a classical result of Stein [45] (d > 3) and Bourgain [7] (d = 2) the
spherical maximal function Sf(x) := sup,~q |A¢f(z)| defines a bounded op-
erator on LP(R?) if and only if p > d%'ll. Thus, for p in this range, we have
lim;_,0 A f(2) = f(x) a.e. for all f € LP(R?). A strengthening of this result
can be obtained by considering the variation norm operator V, A given by

ViAf(z) = Vi [Af](x) == [Af(2)]v, ((0,00));
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note that V,.[Af](x) > sup, |Aif(z) — Ay f(2)| for all 2 € R, tg € R. In
this context, Jones, Wright and one of the authors [21] obtained an almost
optimal result, namely V;.A is bounded on LP(RY) for all r > 2 if % <p<
2d, and both the condition » > 2 and the p-range are sharp. In the range
p > 2d, it was shown in [21] that V;. A is LP bounded if r > p/d, and fails to
be bounded if r < p/d, but no information was known for the critical case
r = p/d, p > 2d. Here we show an endpoint result for V,, /¢4 in three and
higher dimensions.

Theorem 1.1. Let d > 3, p > 2d. Then the operator V,,/4A is of restricted
weak type (p,p), i.e. maps LP(R?) to LP>°(RY).

We conjecture that a similar endpoint result holds true in two dimensions,
but this remains open.

Our main focus will be on LP — L9 results when p < ¢ for local r-variation
operators, that is, when the variation is taken over a compact subinterval I of
(0, 00); without loss of generality we take I = [1,2]. Scaling reasons quickly
reveal that one needs to consider compact intervals for LP — L9 bounds
to hold if p < ¢. While this is an interesting problem in itself, it is also
motivated by a question posed by Lacey [23] concerning sparse domination
for the global V;. A operator (see also [I, Problem 3.1]). See Theorem 1.7
below.

Results for the local variation operators are meant to improve on ex-
isting LP — L9 results for the spherical local maximal function S’ f(x) :=
SUpj<;<g At f(x), which we will now review. Schlag [39] (see also [40]) showed
that if d > 2 there are LP(R?) — LI(R%) bounds if (1/p,1/q) lies in the in-
terior of 4, which denotes the quadrangle formed by the vertices

Q1:(030)> QQZ(%v%)v
_ d(d-1) g—
Qs = (%7 é)? Q4= (c(l27+1)’ dd2+11)'
Moreover, S7 fails to be bounded from LP(R?) to L9(R%) outside the closure
of Q4. Note that Q2 coincides with Q3 when d = 2, so the quadrangle
becomes a triangle in two dimensions.
The boundary segment p = ¢ amounts to the classical results of Stein

and Bourgain for S. LP-boundedness fails at the endpoint Q2 but Bour-
gain showed in dimensions d > 3 that S is of restricted weak type at o,

i.e. bounded from LT to La°T™ in dimensions d > 3 (and any better
Lorentz estimate fails). The restricted weak type estimate at @9 fails in two
dimensions [42] (even though it is true for radial functions [24]). For the
remaining boundary cases Lee [25] showed that S’ is of restricted weak type
at @4, and also at (J3 in dimensions d > 3. The two-dimensional restricted
weak type endpoint result at Q4 was also shown in [25], and relied on the
deep work by Tao [47] on endpoint bilinear Fourier extension bounds for the
cone. The restricted weak type inequalities imply LP — L? boundedness on
[Q1,Q4) and on (Q3,Q4), however on (Q2,Q3) the operator is of restricted

(1.1)
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strong type and no better (the necessity follows from the standard coun-
terexample; for the positive result one uses real interpolation on a vertical
line, with a constant target exponent). Incidentally, for the local operator
ST this also implies restricted strong type at @Q, which improves over the
restricted weak type of S at Q3.

Here we explore the existence of LP(R?) — L(R%) inequalities for

VIAf(x) = |Af(@)]v,12)-

In two dimensions the values of r are restricted to r > 2 (see §3)) but in higher
dimensions all r € [1, 00] may occur. For our sparse domination inequality
for the global V., the version for r > 2 is most relevant because Lépingle’s
result requires the restriction r > 2 (see [37]); indeed this necessary condition
can be shown to carry over to other results for the global V.

We start stating our results for d > 3. We first focus on the range r >
d‘(lilﬂ) which is the reciprocal of the 1/p coordinate of the point @4 in .
Note that this large range includes r > 2, so the following sharp LP — L4
results for V! A will yield, in particular, satisfactory results for the sparse
domination problem in dimension d > 3.

Theorem 1.2. Suppose d > 3 and r > d‘f;fl). Let Ba(r) be the pentagon
(Figure |1]) with vertices

P(T) = (?? Tld)’ Ql(r) = (%a %)a QQ = (d%dla d%.ll)

Qs = (%Y, Qu= (%P, &),

[y

Ul

Then
(i) VIA . LP — L9 is bounded for all (
unbounded for all (%, %) ¢ Ba(r).

(ii) VIA : LP — L9 is bounded for all (%, %) on the half open line segment
[Q1(r),Q2), on the closed line segment [P(r),Q1(r)], on the half open line
segment [P(r),Q4), and on the open line segment (Q4,Q3).

(iii) VIA : LP' — L9 is bounded (i.e. of restricted strong type (p,q))
if (%, %) belongs to the half open line segment [Q2,Q3). VLA fails to be of
strong type on [Q2, Q3].

(iv) VIA . LY — L9 is bounded (i.e. of restricted weak type (p,q)) if

(1.1) € {Qa Qa).

For an explicit description of the various conditions at the boundary see
43.1]

We leave open what exactly happens at the points Q3 and Q4; it is not
even known whether the local maximal function is of restricted strong type
at (3 and whether it is any better than restricted weak type at Q4. If we
take r = oo we recover the known theorem for the local spherical maximal
operator. Note that both P(r) and Q1(r) tend to Q1 = (0,0) as r — oo.

119’ é) in the interior of Pa(r) and
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FIGURE 1. The pentagon B,(r) for r > g;fl and d > 3
(Theorem[1.2)). The outer (dashed) quadrangle shows the re-
gion of boundedness as r — oo, i.e. for the maximal operator.

Shown with d =4 and r = 3.

Theorem [I.2] covers an interesting consequence for a sharp strong type
estimate at the lower edge ¢=! = p~!/d of the type set for the maximal
function.

Corollary 1.3. Let d > 3 and let d‘@ﬂ) <p<oo. Then VTIA . LP — LPd
is bounded if and only if r > p.

When the value of r is between the reciprocal of the 1/p coordinate of Q4

and @3, that is, % <r< %, we obtain the following.

Theorem 1.4. Suppose d > 3 and % <r< dc(lflﬂ). Let Bqy(r) be the
pentagon (F igure@ with vertices

Qi) = () Qa= (14, Qu= (43 ])
P(r) = (L, H5), Quir) = (1— 8y, 5).

Then

(i) VIA . LP — L9 is bounded for (%,é) in the interior of Pqa(r) and
unbounded for (%, %) ¢ Ba(r).

(ii) VIA : LP — L% is bounded for (%, %) on the half open line segment
(Qa(r), Q1(r)] and on the half open line segment [Q1(r), Q2).

(iii) V.I A is of restricted strong type (p, q) if (%, %) belongs to the half open
line segment [Q2,Q3). V.IA fails to be of strong type on [Q2, Q3].

(iv) VI A is of restricted weak type (p,q) if (%, %) = Q3.
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Note that for r = dc(ljzi) the pentagon PB4(r) in Figure [2[ degenerates to
a quadrangle, as P(r) = Q4(r) = Q4. We leave open what happens at the

closed boundary segment [Q4(r), P(r)] and the half-open boundary segment
[P(r), @s3)-

Q=

9
|
—

— N
.
+

el
Y

I~ e
N
+

<3
S8

Ly
FIGURE 2. The pentagon PBa(r) for dil <r < ng}i and

d > 3 (Theorem [1.4). The outer (dashed) quadrangle is the
region of boundedness for the maximal operator. Shown with
d=4and r = 18—1.
Finally, we address small values of 7.
Theorem 1.5. Suppose that either d > 4 and 1 <1 < 5 1 ord =3 and
3 <r <3 Let Qq(r) be the quadrangle (Figure @ with vertzces
r(d—1)—1 r(d—1)—1
Q1(r) = (rd’ rd) Q2(r) = ( (r(d—)l) ; (r(d—)l) )
d—1)—
Qs(r) = (%7 ﬁ)a Qua(r) = (1 - %, rld)

Then

(i) VIA : LP — L9 is bounded for (l,%) in the interior of Qq(r) and
unbounded for ( ) ¢ Qq(r).

(ii) VIA : LP — L9 is bounded if (l %) is in the half open line segment
(Qa(r), Qu(r)] and [Q1(r), Q2(r))-

(iii) For the case r = 1, d > 4, the operator VL A is of restricted weak
type (g 1,d —1) (that is, at Q3(1)) and of restricted strong type ( =1 9)
for =1 < ¢ < d—1 (that is, on [Q2(1),Q3(1))). In three dimensions,
VIA: L2(R3) — L%(R3) is bounded.

We leave open what happens at the closed boundary segments [Q2(r), Q3(7)]
for 1 <7 < 2% and [Q3(r), Qa(r)] for 1 <7 < 2.
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FIGURE 3. The quadrangle Q4(r) for 1 <r < % and d > 4
(Theorem [1.5)). The outer (dashed) quadrangle is the bound-

edness region for the maximal function. Shown with d = 4

5
andr—4.

111y

p’q?r’n

FIGURE 4. A diagram of the typeset of V/A in (
space for large values of d. The green region corresponds
to Theorem 1.2 (Figure , the red region corresponds to

Theorem (Figure, and the blue region corresponds to
1.5 3))

Theorem (Figure |3). The yellow region is conjectural.
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FIGURE 5. A diagram of the typeset of V/A in (%,%, %)—
space for d = 3. The green region corresponds to Theorem
m (Figure , the red region corresponds to Theorem
(Figure |2)), and the blue region corresponds to Theorem [1.5

(Figure |3). The yellow region is conjectural.

Note that there is a discrepancy in our results between d = 3, for which
we only obtain sharp results in the partial range % <r< d%‘ll and the case

d > 4, where results are obtained for all 1 < r < %. The reason is because
we restrict ourselves to the traditional range 1 < r < oo for the variation
norm. The definition of V,. can be extended, with modifications, to the
range 0 < r < 1 (see for example [4]). In that context, one can formulate
conjectural results for VI A for % < r <1 (see Figure {4)) for d > 4. We
remark that a positive solution to Sogge’s local smoothing conjecture [43]
in d + 1 dimensions would imply a complete result up to endpoints. Partial

results in the range r > ZEZJ:B can be proved using the techniques of this

paper. We shall address issues for r < 1 in a follow up paper.

Similarly, in three dimensions, the range 1 < r < 4/3 remains open as a
conjecture (see Figure |5)). Note that here we are in the traditional range for
the V,. spaces.

In dimension 2, due to the recent full resolution of Sogge’s problem in
2 + 1 dimensions by Guth, Wang and Zhang [17], that is,

0,/ A: L' — LA(LY),

it is possible to get an almost optimal result (up to endpoints) for the vari-
ation norm estimates.
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Theorem 1.6. Let d = 2.
(i) If r > 5/2 then VIA : LP — L9 is bounded if (%, %) is either in the
interior of the quadrangle Qs(r) (Figure[6) formed by the vertices
P(r) = (y.5:),  Qu(r) = (57 57),
Q2:Q3:(%7§)a Q4:(§7§)

or in the open line segment between Q2 = Q3 and Q1(r).
(i) If 2 < r < 5/2 then VA : LP — L9 is bounded zf( f) is either in

the interior of the quadmngle Qo (7) (Fzgure@ formed by the vertices
Ql (27” 2r) Q2 Q3 - (% %)
P(T) (7255 Qalr) = (15, 37)

or in the open line segment between Q2 = Q3 and Q1(r).
(iii) If r < 2 then VI A does not map any LP(R?) to any L(R?).

Q=

Q2= Q3

NO|—=

!

N
< "—‘ A ([T
1

!

1

1
P

N +
= +

FIGURE 6. The region Qy(r) if r > 5/2 (Theorem[1.6]i). The
outer (dashed) triangle is the region of boundedness for the
maximal operator. Shown with r = 5.

Note that, as for the circular maximal function theorem, the points ()2 and
Q@3 coincide if d = 2; therefore the pentagon (Figures [l and [2]) in Theorems
and |1.4] becomes a quadrangle for r > 2. Moreover, P(5/2) = Q4(5/2) =
@4, so the quadrangle becomes a triangle for r = 5/2. The bounds are
subsumed in Figure |8; note that in contrast with d > 3, the blue/yellow
region disappears, as d%‘ll = % coincide for d = 2.

It is also possible to show unboundedness for » = 2 via an argument in-
volving the Besicovitch set, which will be addressed in a forthcoming paper.

We note that an affirmative answer to endpoint versions of Sogge’s prob-
lem as formulated and conjectured in [I§] would also settle strong type

bounds on the half-open boundary segment (Q4(r), Q1(r)]. Unfortunately
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such endpoint bounds in Sogge’s problem are currently only available in
dimensions four and higher.

Nl Q=

T
!

= ‘

(ST

=

FIGURE 7. The region Qa(r) if d = 2 and 2 < r < 5/2
(Theorem ii). The outer (dashed) triangle is the region
of boundedness for the maximal operator. Shown with r =
2.2.

FIGURE 8. A diagram of the typeset of V,/A in (%,%, %)—
space for d = 2. The green region corresponds to Figure [0]
and the red region corresponds to Figure [7}
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Sparse domination. We now formulate a sparse domination result for the
global operator V, A, r > 2. Recall that a family of cubes & in R? is called
sparse if for every () € & there is a measurable subset Eg C @ such that
|Eg| > |@Q|/2 and such that the sets on the family {Eg : Q € &} are pairwise

disjoint. In what follows we abbreviate (f)g.s = (|Q|~* fQ |f]%)Y/.

Theorem 1.7. Assume one of the following holds:
(i) d>3,r>2, and (1, 1) in the interior of Py(r).

P’ q
(i) d=2,r > 2 and (%, %) in the interior of Qa(r).

Then there is a constant C = C(p,q) such that for each pair of compactly
supported bounded functions f1, fo there is a sparse family of cubes & such
that

/R VAR () dr < C Y QUM esl B, (1.2)

Qe6

where %—}—% = 1. Furthermore, the (1/p,1/q) range is sharp up to endpoints
in the sense that no such result can hold if (1/p,1/q) does not lie in the
closure of Pa(r), or Qa(r), respectively.

Theorem can be obtained as an immediate consequence of a (more
general) sparse domination result in [2], together with the L? results in [21]
and Theorems and [L.6} see §3.9] and §8 Sparse domination is known
to imply as a corollary a number of weighted inequalities in the context of
Muckenhoupt and reverse Holder classes. We refer the interested reader to
[5] for the weighted consequences for V. A of Theorem

Overview of the argument. Our positive results can be classified in the fol-
lowing 4 groups of estimates:

e The LP — L4 bounds for V;! in the interior of the regions in Theo-
rems and These can all be obtained from a single
scale frequency analysis. More precisely, for a triple (p,q,r), one
obtains bounds which decay geometrically with respect to the fre-
quency scale. By a Besov space embedding, these can be obtained
from suitable space-time LP — L2(L") bounds for the spherical aver-
ages Ay, which in turn follow from interpolation (and a localization
argument) among the basic estimates L' — L>®(L'), L? — L%(L?),
L>® — L*®(L*®) and L' — L'(L') together with key local smoothing
estimates, such as the Guth-Wang—Zhang [17] result for d = 2, or a
Stein—Tomas type estimate for d > 3.

e The Lebesgue space bounds for V,! at certain boundaries of the re-
gions in Theorems and Except for ¢ = rd and the
segment [P(r), Q4] in Theorem the remaining claimed estimates
along the boundary can be obtained by combining the single scale
frequency bounds from the previous item and Bourgain’s interpola-
tion argument.
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e The L? — L% bounds for V;! at the boundary segment with ¢ = rd in
Theorems These estimates are harder to obtain and re-
quire a more delicate analysis. In contrast to the previous cases, we
use a multi-scale frequency analysis and the Fefferman—Stein sharp
maximal function. Effective bounds follow from exploiting cancel-
lation, the local nature of the estimates, and a careful real interpo-
lation of certain localised pieces. This also subsumes the boundary
segment [P(r), Q4] in Theorem and Corollary

e The restricted weak type estimate for V,/; in Theorem Again,
this estimate is of a harder nature. In view of the better bounds
satisfied by the long variation operator, which were proven in [21],
it suffices to prove the endpoint bound for the so-called short vari-
ation operator, which corresponds to the ¢"(Z)-norm of the map
k — V.Ix A where I}, = [2F,2¥+1]. We perform a single scale in fre-
quency but a multi-scale in time analysis, for which we combine the
previous techniques. In particular, we use the Fefferman—Stein max-
imal function to deal with multi-scale time sums and prove estimates
for single frequency pieces of the short variation operator. These can
then be combined with Bourgain’s interpolation argument to obtain
the desired endpoint result.

Structure of the paper. We start gathering some well known facts about
spherical averages and function spaces in In §3| we provide the examples
showing the necessary conditions for our theorems. In §4 we exploit the
single frequency analysis to deduce the claimed bounds in the interior of
the regions, as well as some restricted weak and strong type endpoints, in
Theorems and The proof of the harder off-diagonal strong
type boundary results in those theorems, and therefore Corollary is
provided in §§5H6] In §7] we prove the restricted weak type inequality for
the global operator in Theorem Finally, the sparse domination result is
discussed in
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2. PRELIMINARIES

It will be convenient to consider the t-parameter as a variable. To this
end, let x € C°(R) so that x(¢) = 1 for ¢ in a neighborhood of [1,2] and
supported in [1/2,4], and define

Af (1) := x () Acf (). (2.1)

In view of future frequency decompositions, let 5y € C°(R) so that fy(s) =
1 for |s| < 1/2 and By(s) = 0 for |s| > 1. For every integer j > 1, set

Bi(s) = Bo(277s) = Bo(2' 7).
For functions ¢g on R, and [ € Ny, define the operators A; by

Aig(7) = Bi(P)g(r). (2.2)
For functions f on R? and j € Ny, define the operators L; by
L;F(€) = B; (€D F©), (2.3)

and let Ej be a modification of L; satisfying Eij =Lj;.
2.1. V, and related function spaces. It will be convenient to work with the

Besov space BT{/{. The Besov spaces B, ,(R) can be defined using the dyadic
frequency decompositions {A;}7°, on the real line and we have ||ul| By, =

(72012 | Ayul| 2#]9) /9. From the Plancherel-Pélya inequality we know the
embedding

B! <V, <5 BYI (2.4)
see [48, Ch.1]. One can also consult the paper by Bergh and Peetre [4] (who
however work with a different type of variation space when r = 1) or refer

to [16, Proposition 2.2]. Thus an inequality for the variation operator VTI A
follows if we can control the Bi’/lr norm of ¢ — Af(z,1t).

Note that, by our definition, V;(R) coincides with the space of bounded
functions of bounded variations. The fundamental theorem of calculus im-
plies

IV AllLr— o < N0All o Lapi (1)) (2.5)
SoEwe shall focus on obtaining bounds for the right-hand side when studying
V7 A.

2.2. Frequency decomposition in space. Given j > 0, write
AtLjf = Kjﬂg * f, (26)

where L; is as in (2.3)), so that I/{;g(f) = o (t§)B;(]¢]). Note that Kj; is a
Schwartz convolution kernel and therefore we restrict our attention to the
case 7 > 1.

An immediate computation yields the following pointwise estimates for
the convolution kernel.
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Lemma 2.1. For all N € Ny, there exists a constant Cn > 0 such that

, 2J
O Kii(2)] < On27° .
| t ],t( )’NC N (1+2]‘|:1,‘|—t|)N

2.7)

holds for all x € R?, allt > 0 and all ¢ € Ng. Consequently,
[Kjao(@) Sy @)™ if [l 210, te[1/2,4]. (2.8)
In analogy to the definition of A in , define
Ajf(2,t) = x(O) AL f(x) = x(£) Kjp * f ().

We gather some estimates for A; when the inequalities involve L' or L>
spaces.

First, from the trivial fact that |A:f||z~ S ||f]|ze uniformly in t € R,
one immediately has

| Aj fll oo (noey S N fllzos- (2.9)

Moreover, one has the following estimates for L' functions.
Lemma 2.2. For1 < g < oo,
1A fll ey + 272 10cAi fll Lacery S I Nz
Proof. By (2.7) one has
. 27
Aif(x,t 27OA f(x,t)| S .

for all N € Ny. Integrating in ¢ over the support of x one sees that, for fixed
‘/I"7

dy (2.10)

4 4
/ | A f(z,t)] dt + z—j/ |0y A f(z,t)] dt
1/2 1/2

4 2]
Sy / : dt dy < |||z
L0 ], T 7l

This gives the assertion for ¢ = co.
For ¢ = 1, the result follows from integrating in x instead, using the decay
in and taking into account that the integration in ¢ is over [1/2,4].
The remaining cases 1 < ¢ < oo follow from combining the above through
Young’s convolution inequality. ([

Corollary 2.3. For 1 <r < oo,

(1_1
1A £l oo (iry S 272 £l
Proof. Interpolate between
1A | oo 2oy S 2701 f 1l 1
which follows from ({2.7)), and Lemma with ¢ = oco. O
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2.3. Oscillatory integral representation. Given m € R, let S™(R?) denote
the class of all functions a € C*°(RY) satisfying

07a(€)] Sa (1+ €)™
for all multiindex o € Ng and all ¢ € R%. Given a € S™(R), define

T fie.t) = [ Bllehattiehe == 9fe ds.
It is well known that the Fourier transform of the spherical measure is

5(€) = 2m) 2 |El "D/ s (€]) = boll€]) + D ba (€D,
+

where by € C°(R) is supported in {|¢] < 1} and by € S~(@=D/2(R) are
supported in {|¢| > 1/2} (c.f. [46, Chapter VIII]). Thus one can write

Apfla,t) = 27990200 S THay, fla,Ox(t)  (212)
+

where at € S°(R). We note that the kernel estimate (2.7)) could also be ob-
tained through integration by parts in (2.11]) using the above representation.
It is clear from the expression of Tji that

04 (T a, £, X)) = TEla, £, OX'(6) + TE, £ DX ()
where a(§) = d’(¢[¢])|£] £ i|¢|a(§). This and Plancherel’s theorem yield

1A fllzzzzy S 277 D2 Fllze,  100A; fllzae) S 277992 £l e
(2.13)

2.4. A Stein—Tomas estimate. In [21], in order to obtain LP bounds for the
global V,. A, the estimate

H(/f‘eitm%ﬂ? dt)l/QHLp < 2j(d(%*%)f%+s)”f”m (2.14)

with € > 0 is used for 2(;1:”11) <p<ooifd?>3;it holds for 4 < p < o0

if d = 2. This statement is closely related to estimates for Stein’s square-
function generated by Bochner-Riesz multipliers in [I1], [13] and [41], and
the connection is given by the theorem of Kaneko and Sunouchi [22]. See
also [28] for endpoint bounds and historical remarks, and [27], [26] for recent
work on Stein’s square function. The Stein-Tomas L? Fourier restriction
theorem together with a localization result (cf. Lemmalfd.1] below) yields an

analogue of ([2.14) with e = 0 for p > %. The method is well known [14]

but we include the statement with a proof for completeness.

Lemma 2.4. Let % < q < o0. Then for all j > 0,

1A fllpaz2y S 27944|| £ 2.
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Proof. We use the oscillatory integral representation in (2.12)) and ([2.11)).
We only discuss the estimate for T;r [a, f](x,t)x(t) and abbreviate it with
Tjf(x,t) (the corresponding estimate for 7 is analogous). It then suffices
to show

o iy d
HEDNT fl| pacrzy S 27999 £l 2, 20H) < g < oo
Let

Tog(e 1) = / Bi(1€Daltle)e MEG(E, el ag

and observe that in view of the support of x we have Tjg(-, t) = 0 for
t ¢ [1/2,4]. By a duality argument, it suffices to show that for g € LP(L?)
the inequality

| [Botoa], s 26 Pyl 1<p<2D @as)

holds. By Plancherel’s theorem the square of the left-hand side is equal to

/ | / x(t)/ﬂj<\5|)a<t\5|>e*“'5'§<5,t)dt\2d5

I ke

We now apply the Stein—Tomas inequality for the Fourier restriction opera-
tor for the sphere (valid for 1 < p < 2(d+1)/(d+ 3)), and see that the last
expression is dominated by a constant times

/ H/ t)B;(r)a(tr)e T r=dg(r=1. t) dt” rd=tdr
<[ 1 oo

—7,t7“ d d 2
/ ‘ / t)Bj(r)altr)e t‘ T) ‘ Lp

where in the last inequality we have used Minkowski’s integral inequality.

Next, observe that

/ ’/ t)B;(r)a(tr)e " g(z,t) dt‘ dr
/// t)18;(r)Pa(tr)a(tr)e’™ 0" dr g(x, t)g(x, ') dt dt'.

We integrate by parts in r and then estimate the absolute value of the
displayed expression by a constant times

// 1+2J|t t’) |g(:v t)g (xt)]dtdt

/ B;(r)altr)etrg(ro, t) dt‘ g4t dr.

rs 4 lgy

(2.16)
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Using this in (2.16)) yields (2.15)) and hence the assertion. O

2.5. Frequency decompositions in time. In order to deduce Besov space es-
timates for ¢ — A, f(z,t), we also work with a frequency decomposition in
the t-variable. We extend the definition of A; in to functions of z and
t and apply that decomposition to the operators A; in the ¢-variable.

It is useful to observe that dyadic frequency decompositions in the vari-
able dual to t essentially correspond in our situation to dyadic frequency
decompositions in the variables dual to z. To see this, we show that the
terms A;A; are mostly negligible when |j — 1| > 10. We write

ik ) = 2100 o) DS [ )= dy
where, in view of (2.11] -, one has

it = [ [ 09 e [ o) s(se)e ) asdg ar
(2.17)
Lemma 2.5. (i) For every N € Ny, there exists a finite Cn > 0 such that
W5 (.0 < Ox (L [yl + 1H) Y min{2 ¥, 27N}, =] 210, (218)

(ii) Suppose 1 < p,r < q < co. Then, there exists a finite Cn(p,q,7) > 0
such that

1ALA; fllaqzry < On(p, g r) min{2 79N 27V fllzo, [ 1] > 10.
Proof. Part (i) follows from (2.17)) after multiple integration by parts in
s and subsequent integration by parts in &, 7. Part (ii) is an immediate

consequence of (i) using Minkowski’s and Young’s convolution inequality.
O

The above lemma allows one to only focus on the spatial frequency de-

composition when looking for estimates of the type LP — L9(B, BY |) for the
operator A in most cases of interest. In particular, we get the following.

Corollary 2.6. Let se R, 1 <p,q,r < oo. Then for all j € Ny,
Ao zagss ) S 2° 1A ll o paqry + Cn277Y

Proof. We write ”AijLQ(B;fl) < I+ II where

AA; f]

o]y
>0

L7 (R) ‘ La(Rd)’

li—{]<10

II:H D
>0

li—1[>10

ALA; f‘

Lr R)‘ La(Rd)

Clearly
IS 220 A fllpary S 271 Al o aen) |1 £l Lo
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and by (ii) in Lemma
115y min{2 ™, 27N o S 279 £l
1>0
Combining both estimates, the assertion follows. O
In certain endpoint estimates in we use an upgraded version of Corol-

lary in conjunction with Littlewood—Paley theory, as presented in the
next lemma.

Lemma 2.7. Let 1 <r <00, 2<g<o00,1<p< oo such that r,p < q.
Let s € R. Assume that for all {f;}j>0 with f; € LP,

. /
S hleml| < (2 g, ) (2.19)
La(RY) (R9)
7=>0 7=0
holds. Then

HAfHLq(B;I) Sl (2.20)

Proof. Write ||Af|za(ps ) < I+ II, where I and II are as in the proof of
Corollary but with an additional sum in the j-parameter. Recall that
Ajf = A;(L;jf). Applying the assumption (2.19)) in I, one obtains

15| ST m| S (S ITIL)"
J=0 §=0

L1(R4)
< H(;io ), < H(;io\ijf\?)é

since ¢ > 2 and 1 < p < ¢ < oo; note that the second line follows from
Minkowski’s inequality, the embedding ¢2 < ¢ and the Littlewood-Paley
inequality. For the error term I, one applies (ii) in Lemma to obtain

I15x Y Y 2P min{27™, 277N flle S I1f oo
1>0 j>0
for N > s. Combining both estimates, (2.20]) follows. O

<
SISl

Remark. The previous lemma also extends to ¢ = oo with the obvious no-
tational modifications.

2.6. Bourgain’s interpolation lemma. For the proof of restricted weak type
inequalities we will repeatedly apply a result of Bourgain [6] that leads to
restricted weak type inequalities in certain endpoint situations. We cite the
abstract version of this lemma given in [I2], §6.2] for the Lions—Peetre real
interpolation spaces (see [3]).

Let A = (Ag, A1), B = (Byg, B1) be compatible Banach spaces in the sense
of interpolation theory. Let T : A — B be sublinear operators satisfying
forall j € Z

ITjlla0—50 < Co2, | Tjllaysm, < C12797, 0,11 > 0. (2.21)
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This assumption and real interpolation immediately gives ||T}|z, —~Bo, =

O(1) for all 0 < p < co and all 8 = v9/(~0 + 1), but one also gets a weaker
conclusion for the sum of the operators.

Lemma 2.8. Suppose (2.21)) holds for all j € Z. Then

71 70
|27
J

< C(v0,m)

70+ (0t
o Covr oo,
Ap1—Bo, 0

3. NECESSARY CONDITIONS

In this section we modify known examples for the spherical maximal op-
erators to give some necessary conditions for LP — L? boundedness of the
local variation operator V,!A. For r > % these conditions show that
LP — L% boundedness does not hold in the complement of the region B4(r)
in Theorems [1.2| and [1.4] and the complement of Qo (r) in Theorem For
1< r< d%‘ll they show that LP — L7 boundedness does not hold in the
complement of Q4(r) defined in Theorem They also show that V! is
unbounded from any LP(R?) to any L4(R?) if r < 2, that is, part (iii) in The-
orem Finally, we also prove sharpness of the sparse bounds in Theorem
up to the endpoints.

3.1. Description of the edges. It will be helpful to make explicit the equa-
tions for the edges of the boundedness regions in the above theorems.

(i) Consider the case r > % and the region P4(r) in Theorem In
this case the point P(r) is on the line through (0,0) and @4, which is given
by {% = d—lp}. The boundary lines describing P4(r) are

= {1=4}, T:{lzl} @03 ={; ="},
Q={;=0;-1 QPO ={;=5}

If d = 2, the points Q2 and Q3 coincide, and the lines Q1(r)Q2, Q3Q4,

Q4P (r) and P(r)Q1(r) describe the quadrangle Qo(r) in Theorem (i)
(ii) For the case d%‘ll <r < d‘(ld 1

connecting Q3 and ()4 and only the part between P(r) and @3 will be part

of the boundary. Note that for r = d”(l H) the points P(r) and Q4 coincide

so that the pentagon degenerates to a quadrangle. As r — ffl the point
P(r) moves to Q3. The boundary lines of B4(r) in Theorem are given
in this case by

the point P(r) moves to the line

d
QPO ={;=F ;-1  POGO={;=1+m7 -1}
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. . L d oy ),
It is convenient to note, in view of that the equation il + 5 =) 1
is equivalent to l = %(% + 1%)

Again, if d = 2 the points Q2 and Q3 coincide, and the lines Q1 (r)Qq,

Qs3P(r), P(r)Q4(r) and Q4(r)(r)Q1(r) describe the quadrangle Qo(r) in
Theorem (ii).

(iii) In the case 1 <r < % we now have a quadrangle Q,4(r) in Theorem
whose boundary lines are

A ={}=1} QM) ={}=1-Gxn}
Qg {1_7+r(d2—1)_1}’ m:{%:% '

We next list our necessary conditions for bounds on V,!A. We remark
that the sharpness in the conditions §§3.2|—[3.5] corresponds to the necessary
conditions for the spherical maximal function S'.

3.2. The condition p < g. This is the standard necessary condition for trans-
lation operators mapping LP(R?) to L(R%), see [19].

3.3. The condition p > d%‘ll. This is (a variant of ) Stein’s example for spher-
ical maximal functions [45]. Let B be the ball of radius 1/10 centered at the

origin and let f(y) = Lp(y)|y/'~*(log |y|)~ (loglog [y)™*. Then f € L1
for all ¢ > 1, but for 1 < [z < 2 and t(z) = |x| we have Ay, f(z) = occ.

3.4. The condition d/q > 1/p. For the condition d/q > 1/p we just take the
standard example for the spherical averages [40], namely consider a fixed
shell S;o (as in below) and g; = 1g,, so that [|g;[zr < 277/P For
|z] < 27972 we have Ajgj(z) > ¢ > 0 and evaluating the L7 norm over
{z: |z| < 27772} we get ||V./Ag;||r« > 279%% and obtain the necessity of
d/q>1/p.

3.5. The condition % > 0 ddfll)p — 1. This is the standard Knapp example in
[40]. Given 0 < § < 1, one tests the maximal operator on f5 being the
characteristic function of {y : || < 6, |ya| < 6%} and evaluates A, fs(x) for

|z/| <0 and 1 < x4 < 2.

3.6. The condition % <1- ﬁ In view of E this example is only

relevant for r < d . For large j define
Cjm=-n2" n=1,..., N (3.1)

where N = 2772, Let Bj , be the ball of radius 277=4 centered at Cjned-
Let fj(x) = Ziv:l(_l)n]lBj’n(x), so that

I flle S NY/P27I4/P,
Consider

R={(2,zq): |2'| < (4d)7', 1 < zq<3/2}. (3.2)
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Note that for z € R we have |z — ¢jneq| € [1,2]; indeed, |z — ¢jneq| >
|Zg — ¢jnl > 1 and |z — cjneq| < (Jzg — cjnl? + (4d)2)Y2 < 2.

For x € R pick t,(x) = |z — ¢jneq| and observe that there is a constant
a > 0 such that Ay, () fj(z) > a2790d=1) and Agyy (@) fi() < —a279d=1)
and thus

Aty (0 f5(®) = Apyy 4y F(2)| > 20277070,

Hence, for any r we get VIAf(x) > N¥/72734=1) for € R and thus for
any g > 0

[V Afjllza > N1
1fill e

Since N = 2972 the assumption of LP? — L9 boundedness of V! A implies

i < dp L or equivalently l <1- ﬁ.

3.7. The condu‘wn > 1 +(d oy — L de. %(%—i—}%) > 1. This is a variant
of the example in 3 We let ¢;, be as in and Pj, = {y : || <
273/22 |y — e < 274}, Let N < 212, Let f = SN (-1 1p,, ().
Then [|f;l|r < NYP2779% . Let Q = {z : |¢| < 279/2°2, 1 < 24 < 3/2}
so that |Q ~ 277@=D/2 Let t,(z) = |24 — cjn| € [1,2]. Then for = €
Q, Ay, () fi(z) = a279(d=1)/2 and Ay 1@ fi(x) < —a279d=1/2 for some
constant a > 0. Hence VIAf;(z) > NY7273%%" and thus \VIAfilLe 2

Nl/TQ_J T+, Consequently with N = 2772

IV,EAF] La
| £l e

Hence the condition d%l(% + [%) > L is necessary for VIA : LP — L9
to be bounded. Moreover, as p < ¢ by this also implies that no

LP(R?) — L4(R?) bounds hold for r < 2.
3.8. The condition d/q > 1/r. Consider the shells

> NI T DR > of G )

Sin={y:|lyl —1—n2’| <2797} (3.3)

We set f; = 27]:/:1(_1)n15j,n7 with N = 2772, Then clearly | fillzr <1
uniformly in j.

For |z| < 27975 let ty(z) = 14+ n277 € [1,2]. Then Ay, (,)fj(z) > a and
Ay, () fi(x) < —a for some a independent of j. Hence V! f(z) 2 NYr

. .01 d
29/7 for |z| < 277 and thus ||V fj|lze 2 2/(+=%) . This implies the necessity
of the condition 1/r < d/q.

Remark. An alternative (more complicated) example for the condition d/q >
1/r is in [21] §8].
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3.9. Sharpness of the sparse bounds. The sparse domination result in The-
orem is sharp, and this is immediate from the examples just described
in this section. The argument, shown by Lacey in [23, Section 5] for the
spherical maximal function, can be extended in our context and even more
general ones [2, Proposition 7.2].

We exemplify this considering the example in with the choice N =
2972, With f; as in this example we have |f;| = 1y where U is the union of
the balls B;,, which is essentially a 2~J-neighborhood of the z4-axis segment
[—1/4,0]. V. Af; is evaluated at R as in (3.2). Then for large j we have

(V:Afj, 1r) = / Vo Af () Lp(z) da > 29G—d+D),
Rd
On the other hand, suppose that p < ¢ and the sparse bound

| VAR @1a)de < Co s AS,(f: 1)

G:sparse

holds for some positive Cy, with qu,(f, 9) = ges QU Qp(lr)Qq- By
the definition of supremum there is a sparse collection &y such that

| veAr@1aa)de <200 3 1QUL)asEr)o-

Qe6o

It is crucial in the example that
dist(supp(f;), R) > 1 (3.4)

which implies that all cubes contributing to the sum have side length at
least 1. Moreover, for each [ > 0 there are only O(1) cubes of sidelength 2!
contributing. For each such term we can estimate

1_1 _d-1
QU fap{lr)gqy SIQI 72777

and by summing over all terms (taking advantage of p < ¢) we obtain
PO S VAL L) = [ VoA (@) ir@)do S Co2 T
Ra

and letting j — oo we obtain the same necessary condition as in §3.6] i.e.
<1

The remaining examples in §§3.3H3.8] yield similar necessary conditions
for sparse bounds, and this is proved by essentially the same idea, always
taking advantage of a support-separation property analogous to . We

leave the details to the reader.

4. LP — L(L") ESTIMATES FOR A;

In this section we prove LP — LI(L") bounds for the dyadic frequency
localized operators A; in the closure of the regions PB,4(r) and Qq(r) fea-

turing in Theorems and This will lead to the proofs for
LP — L7 bounds for V,/A if (%, %) belongs to the interior of Py(r) and



22 D. BELTRAN, R. OBERLIN, L. RONCAL, A. SEEGER, B. STOVALL

Q4(r) respectively, as well as several restricted weak-type results through
Bourgain’s interpolation trick.

4.1. Localization. The following observation relies on the localization prop-
erty (2.6)) of the kernel Kj;.

Lemma 4.1. (i) For pg <p1 <q1 < qo, 1 <r < o0, and every N € N,
A1l o1 o (1) S MGl £ro - pao 1y + Cn 277,
(ii) Forrg <11, 1 <p<q< o0,
Al p—sra(rroy S 14l e pazr)-

Proof. Assume that ||Ajl|zro w0y < oo. Let f € LPL. For 3 € 7% let
Q; = H?:ﬂﬁz’;ﬁi +1). Let Q; be a cube centered at 3 with side-length 20d.

Write f =3, f; with f; = flg, and estimate

qu(Lr)—i_H;ﬂRd\Q;Ajfﬁ‘ - I+II

Lo (L)

145l 2y < | 32 1as 4
3

Since the Q] have bounded overlap, by Holder’s inequality for ¢1 < qo,

IS5 (ZHHQ‘;A fg Lo Lr) (ZHA f;, @ LT) /‘11'

Applying the bound for the operator A;,

(Z 145 £ 115 L0 Lr) o S IA; ”LP0—>L‘10 L) (ZHféHLPO) Va

and, since pg < p1 < ¢1, we also have

(anznm) (anzum) (Z|rf5|rm)”,s||f||m.

Moreover, by (2.8)) with N > d,

. _ a 1/a .
m< ([ @il an) " s 2V s,
ly—z|>1
Combining the two estimates we obtain

14 fll o 2y S (1A o pao £y + Cn 277N ) | fll o

which is the assertion in part (i).
Part (ii) is immediate and simply follows from Hoélder’s inequality in the
t-variable. (|
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1
q
, 4=Pp
1] a
90 A
1| S
q
‘ { J \\¢
1
1/pmaX(Q) L l/pmin(Q) 1 P
PO
FIGURE 9. Interpolation and localization lemmas. If

1Al 2o Lo (zr0) S 2774/ then [ Ajll Lo paey S 2-dd/4
in the blue triangle and ||Aj||LpHLq(meax(q>) < 9-7d/4 in the
red triangle.

4.2. Interpolation. Lemma can be extended to a larger range of expo-
nents by interpolation with (2.9) and Lemma and by the localization
property in Lemma, We state this in more generality; see Figure [0

Lemma 4.2. Let pg and qy such that 1 < py < qo < 0o. Assume that

sup 2jd/q0HAjHLPO—>LqO(LPO) <C <o (4.1)
j=0

Let qo < q < o0 and define pmin(q) and pmax(q) by

1 1 1 1
1 :@<1——>, _d2 (4.2)
Pmin(q) q Po Pmax(q) q Po

Assume that pmin(q) <p < q and 0 < r < min{p, pmax(q)}. Then

sup 29| A o (1) < 0.
Jj=>0

Proof. Note that pmin(q) < pmax(q) when ¢ > qo, with strict inequality when
q > qo, and ppmin(qo) = Pmax(qo) = po. Assume g > qp and let ¥ =1 — qo/q.
Note that (1 — 39)/po = 1/pmax(q) and (1 — 9)/po + ¥ = 1/pmin(q). We
interpolate (4.1)) with the inequality

S}ilg ||Aj||LP1—>L°°(LP1) <oo, 1<p <0
Jj=

for the choices py = 1 and p; = oo (by Lemma and (2.9)) and obtain
the LP — L9(LP) inequality for p = pmin(q) and p = pmax(q). A further
interpolation gives

sup 1A | ooy S (1+ sup A | o290 (£r0)) s Pmin(@) < P < Pmax(q)-
Jj= J=Z
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1
2

FIGURE 10. Regions for LP — L9(L") bounds for the single

scale A; for 0 < r < 1. As r increases the regions shrink due

g(d—1)

to the constraints » < p or r < T

We now combine this with Lemma and see that the LP — LI(L") es-
timates hold when pmin(¢) < p < pmax(q) and r < p and moreover when
pmin(Q) Srs Pmax(q) and r <p <gq. U

4.3. Bounds for A;. The previous lemma and the estimates in §2| yield the
following bounds; see Figure [10] for the regions.

Proposition 4.3. Let d > 2.
(A) Let 1<p<2,p<q<p and0<r <p. Then

14 £l paery S 277D £l 1

(B) Let 2 <p<q< 2(;1_+11)' Let 0 <r <2. Then

1

_sd=1¢1,1
1A fll oy S 27777 G2 £ o

(C) Let 1 <p <2, %ﬁgég% and 0 <1 < p. Then

p

1A fll ey S 277

(D) Let 28H < g < o0, 411 <

1
) £l o

and 0 < r < q(j_ifll). Then

1A fllzowry S 2799 £l oo

-d—1
T
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‘H
*c\»—‘
Q=

D) < g < o0

(E) < d < glf% and 0 < r < p.

1
a’

S

1
o0, q

Q|

+
Then

1A fllaqzry S 27991 f 2o

Proof. The bounds in (A) for r = p follow from interpolation of Lemma
and the L%-estimate (2.13), whilst the remaining values of 0 < r < p follow
from (ii) in Lemma

The bounds in (D) and (E) are an application of Lemma [4.2] with py = 2,
0= 2Sl_+11), which is the estimate in Lemma

The bounds in (C) follow from interpolation of those in (A) if ¢ = p’ and
those in (E) if % = ;%, 1<p<2.

Finally, the bounds in (B) follow from interpolation of the L? estimate
with the LP — LP(L?) estimate in (D) for p = (djll), and a further

interpolation of those with the estimates in (C) for p = 2. O

The above bounds on (A), (C) and (E) are sharp. However, the bounds
in (B) and the r-range in (D) can be improved; for example, if information
on the local smoothing phenomenon for the wave equation is known. Recall
that these estimates, first noted by Sogge in [43], are of the type

([ e Snmpa)], szeonn. as

for some o > 0 if 2 < p < oo, where 5, := (d —1)(3 — %) It is conjectured
that (4.3) holds for all o < o}, where

e it @ <p<oo,
P 5p if 2§p§d%dl.

This conjecture is strongest at p = d2d1 After contributions by many, it

has recently been solved by Guth, Wang and Zhang [17] for d = 2, and is
known to hold for all p > 2(d+1) if d > 3 by the sharp decoupling inequalities
of Bourgain and Demeter [9} It is also expected that endpoint regularity
results with ¢ = 1/p should hold if p > 2d/(d — 1); see [18] for results
in this direction if d > 4. The validity of the local smoothing conjecture
would imply the following bounds on spherical averages on the region (B).
We remark that these improved bounds are only relevant for our variational
bounds if d = 2, 3; for d > 4 the bounds in Proposition will suffice (see
the discussion after Theorem in the Introduction).

Proposition 4.4. Let d > 2. Assume that the local smoothing conjecture

holds, that is, holds atp:%for all o < 1/p.
(Bl)lfg+%;§%§fand2<q<2 2<p<2j1and0<r<p,
then

d

P VSRS
1A, £l pagrry S 277 7 f
for alle > 0.



26 D. BELTRAN, R. OBERLIN, L. RONCAL, A. SEEGER, B. STOVALL

. 2(d+1
(B2) If%gmln{%ﬁ,ﬁ} and 2d 1 <q< (d—+1) and 0 <r < p, then

1A fllLacery S 2_jd/qﬂ'allme
for alle > 0.

In particular, the above estimates hold for d = 2.

Proof. By the oscillatory integral representation in and - the
estimate (4.3]) implies

A Fllzoqeey S 2792 5| fllz (4.4)
for p = =%, Interpolation of (4.4]) and Lemma n ylelds

”AijLq(LP) < 279 | £l o (4.5)
for % = %i and 2 < p < 2 < g < (dH). Moreover, interpolation of
and the L?-estimate ylelds

1Al Loy S 277 % Lo (4.6)

for2 <p< 2d . The region (B1) then follows from interpolating (4.5)) and
[9).
For the region (B2), interpolate (4.4)) and (2.9) to obtain
1A £l Loy S 2777721 £l o (4.7)

for all 2d < g < 00. A further interpolation of (4.7]) with (4.5 for d%dl <

qg< 2(d+1) yields the estimates in (Bs).
The assertlon for d = 2 follows since the local smoothing assumption was
established in [I7]. O

The range of r in the estimates in (D) can also be improved to 0 < r <p

using the known local smoothing estimates at p = (d+1) forall o < 1/p. For
our variational problem, this only becomes relevant 1f d = 2, as otherwise
the results in Proposition will suffice. We note that the use of such local
smoothing estimates induces an e-loss with respect to (D) in Proposition
although this will have no consequences on our proof in d = 2. The
e-loss in the forthcoming proposition can be removed if p > 2((;1__31) when
d > 4 by the currently known sharp regularity estimates in [I§].

Proposition 4.5 (Improved bounds in (D)). Let d > 2. Let 2Sl_+11) <g<
00, &1l <1 <1 andrﬁp. Then

P d¥lp = q =
A4 fllpacrry S 2792 £l Lo

for all e > 0.
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Proof. By ([2.12)), the estimates (4.3)) for p > Zgljll) imply that, given any
e >0,

1A fll oo zey S 27797 £l o
( ) < g < oco. It then suffices to interpolate this with the
estimates in Proposmon (D), when ¢ = % and r = p. O

4.4. Bounds for VIA;. Let 1 <r < co. By the embedding (2.4) and Corol-
lary V;.A maps LP(RY) to LY(R?) if there exists an € > 0 such that

—i(L
1A flla(zry S 27959 £l o, (4.8)
for all f € LP. This will suffice to show all the bounds in the interiors of

PBa(r), Qq(r) claimed in Theorems and

We start with the case d > 3. We will only have to identify in each region
A—E of Proposition [4.3| the conditions under which (4.8 holds and to relate
this to the corresponding statements in the theorems in the introduction.

Proposition 4.6. Let d > 3. The inequality (4.8) holds for some ¢ > 0
under the following conditions on 1 < p,q < oo, 0 <r < 00:

(A7) 1<p<2,p<q<yp,and
o dd1<r<p;0r

o—<r< - cmd <1-— (djl)r,
(B)2<p<q<2(d+1) and
2E3+B<r<2 or
2(d+1) 1 2 1
o< o> -
(C)].<p<27 d+1p§a§]7,and
4?41 d+11 1 _ d-1
(+)<r<pand >ﬁ5*,5<7;0r
d d+11 11 2 .
o gty <r < min{7Hyp} and { > P11 0> St
or
O%<r§d%and%>%+ (d 51
(d) d-11 1 1 1 2(d+1) q(d—1)
(D) == ngoo;ﬁgﬁggicmda>afordd1)<r§ﬁ,
(d+) 1 d—11 1 1 d+11
(E’) == Sq=00, 0 S gy g Sp S 1=y lqanda>ﬂfor
2(d+1)

a(d-1) <r<p.

Proof. 1t suffices to check that the exponents appearing in the inequalities
A — E in Proposition are strictly greater than 1/r under the claimed
conditions.

(A’) The exponent in (A), Proposition is dz;l. Note tha

Satisﬁed if ﬁ < r < p. Moreover, it also holds if l % and
r < 725- The additional constraint r > d 7 follows since p > 2 in (A).

Note thls requires d > 3.
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(B’) The exponent in (B), Proposition is %(%4—%). Note that %(%—l—

%) > % is satisfied if ZE?:B <r<2asq< 2(dd_+11). Moreover, it also

holds if % > ﬁ - % and r < ZEZJ:B The additional constraint

r > -2 follows since ¢ > 2 in (B). Note this requires d > 3.

(C’) The exponent in (C), Proposition is %(% l) Note that %(%—i—

) > = is satisﬁed if ‘g H) <r<wp,as - 2 gﬁpl The additional

constralnt : gﬂ; 1 follows from r < p. Note that this and g > p/,

also yield the additional constraint % < d%dl.

For the remaining values r < %, it simply holds by the assump-

1
thIl a > "‘ (d 1)

if r < % The lower bound r > % follows from the assumption
7> —|— (d ) —1 with ¢ > p’ and p < 2. This yields d 1 <r<p<2
Wthh requires d > 3.

(D’) The exponent in (D), Proposmon 1s . Note that d 1 is trivially

satisfied if l > di The lower bound r > ZE?B

Q(j_ﬂ) Note that when combined with r < Q(d +1) requires d > 3.
(E’) The exponent in (E) Propos1t10n is 5 Note that g > 1 is trivially

satisfied if % . The constraint r > dE d+ ) 2((;1_+11).

Note the above constraints combined yield the additional condition

1
i< g +1’ which requires d > 3. O

— 1. Note that r < p is automatically satisfied

follows from g <

follows from ¢ >

We next turn to the case d = 2. As observed in the proof of the previous
proposition, the bounds in Proposition [£.3] do not yield any bound of the
type for d = 2. We use instead the upgraded bounds from Propositions
[4.4] and [4.5]

Proposition 4.7. Let d = 2. The inequality (4.8) holds for some € > 0
under the following conditions on 1 < p,q < o0, 0 <71 < 00:

(B1’) %p,g%g%and2<q§4,2<p§4, and
05/2<r<p;or
o 2 <r <min{5/2,p} (mdé>%+%f
(By’) % gmin{i,%p,,%}, 4<q<6 and 1 > 5 for2<r<p.
(D’) 6 < q< o0, ggégg and t >2T for3<r<p.
Proof. As in Proposition it suffices to check that the exponents appear-
ing in the inequalities By, By in Proposition [£.4] and in Proposition [£.5 are
strictly greater than 1/r under the claimed conditions.
(B1”) The exponent in (B;’), Proposition 4.4 is %(é + I%) — . Choosing

e > 0 small enough, %(% + I%) — e > L is satisfied using ¢ < 3p/

and 5/2 < r < p. If r <min{5/2, p}, the required condition follows
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simply by assumption choosing € > 0 to be small enough. Note that
r > 2 follows from the assumptions l( + i,) > Land p<yq.

2 D r
(B2’) The exponent in (By’), Proposition is 2/q — e. Choosing ¢ > 0

small enough, 2/q — ¢ > % is trivially satisfied by the assumption

% > % The lower bound r > 2 follows from the assumptions % > %
and g > 4.
(D’) The exponent in (D’), Proposition is 2/q — e. Choosing € > 0

small enough, 2/q — ¢ > % is trivially satisfied by the assumption

% > % Note that the lower bound r > 3 follows combining the
1

assumptions 7> % and ¢ > 6. (]

Combining Propositions [£.6] and [£.7] with the observations in §3.1] we get
the following estimates for VTI A for all » > 1. We use the trivial fact that
LY(V,,) is embedded in L4(V;,) for ro < ri, which allows to overcome the

r<porr< q%ﬁ:ll) constraints in the above Propositions.

Corollary 4.8. Letd > 3. VIA: LP — L9 is bounded if one of the following
conditions is satisfied:
(i) ( ) belongs to the open line segment (Q1(r), Q2) or the interior of

the domam Ba(r) in Theorem. (7" > dddﬂ))

(i) ( ) belongs to the open line segment (Q1(r),Q2) or the interior of
the domam &Bd( ) in Theorem J (3 <r < dd )
(m) ) belongs to the open line segment (Ql( ) Q2(r)) or the interior

of the domam Qq4(r) in Theorem. (1<r< 3% ford>4 or 3 <r<3
ford=23).

Corollary 4.9. Letd = 2. VA : LP — L9 is bounded if one of the following
conditions is satisfied:
(i) (%, %) belongs to the open line segment (Q1(r),Q2) or the interior of

the domain Qa(r) in Theoreml (i) (r>32).
(ii) ( ) belongs to the open line segment (Q1(r),Q2) or the interior of

the domam Qo(r) in Theorem. (i) 2 <r<3).

4.5. Various endpoint bounds. We shall discuss various endpoint bounds
that can be obtained by interpolation (in particular Bourgain’s interpolation
lemma as formulated in . This will settle all endpoint results claimed
in our theorems except for a more sophisticated strong type bound at the
lower edges which will be discussed in the two subsequent sections.

We start by looking at the point Q3.

Lemma 4.10. Letd > 3, r > ddl Let p3 = dip g3 =d.

Then A : LP3l — [0 (Bl/T) is bounded. Consequently, V,'A is of
restricted weak type at Q3 in Theorems [T.2 [1-3 and[1.]}
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Proof. By standard embedding theorems, we can assume r < 2. For r > d%
1 2.3/ and Proposition 4.3 (A),

A Fll ooy S 2j<1*1/r>||f||L1
1Al iy S 2797 1,

and by Corollary
HAjf”LOO(Bi/{ S 2j”fHL17

Al 1) O£l
The lemma then follows by applylng to the last two inequalities. The
bound for V. A is a simple corollary in view of ([2.4)). O

A similar argument yields a restricted weak type bound at Q4.

Lemma 4.11. Let d > 3, r>d(d 1) andmz% Q4:d;j11-

Then A : LP&! — [94°°(B 1/r) is bounded. Consequently, VIA is of
restricted weak type at Q4 in Theorem

Proof. By standard embedding theorems, we can assume r < 2. By assump-

tion on r we have (dd(iz)lg, — % > 0. It then suffices to interpolate using §

the inequalities
MGl e iy S 20
_i(d _1 .
1A o iy S 27577 SIS llare withpo =7, g0 = 57"

the last inequality follows from Proposition (E). O

Corollary 4.12. Let d > 3. Then the following hold:
(i) VIA : LP — L9 is bounded if (1/p,1/q) belongs to the open segment

(@3, Q) in Theorem 4 (r> dddﬂ
(ii) VIA © IPY — L9 is bounded if (1/p,1/q) belongs to the half-open

segment [Q2,Q3) in Theorems and|1.4] (r > % ).

Proof. Part (i) just follows from mterpolatlon between Lemmaand-
For part (ii), let p = f and fix ¢o = ﬂ and ¢3 = d. For 3 € Z¢, let
Q; = Hf 113i,3i+1) and let Q] be a cube centered at 3 with sidelength 20d.

Write f = Z [; with f; = flg,. As V.IAis local and the Q7 have bounded
overlap, by Holder s inequality

1/
IV Af | o < (Znﬂ@v’AmW) (ZHJLQ@VIAfaHquoo)

By Lemma [4.10] the right-hand side is further bounded by

(2 512" < 1l
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as p = qg = p3 = %. This implies that VTI A is of restricted weak type

at Qg if r > %. By interpolation between Q2 and Q3, one has that V! A
is of restricted strong type on the open line segment (Q2,@3). Finally, the
restricted strong type at ()2 follows from the above localization argument,
but using any of the just obtained LP! — L4 inequalities for ¢» < q < ¢3
instead of the LP'l — L3> O

Remark. One can obtain that V! A is of restricted weak type at Qo in Theo-
rems(1.2]and[L.4](r > d/(d—1)) by an application of §2.6|with the inequalities

451 iy S 20

A5l 2y S 2702

Interpolation with the restricted weak type bound at Q3 yields the restricted
strong type bounds on the open line segment (Q2,Q3). However, in order
to deduce the restricted strong type at Q2 we need to argue with the local-
ization argument presented in the proof of Corollary above.

We next address the claimed bounds for V' A in Theorem

d—
Lemma 4.13. Let d > 4. The operator 0y A maps L2t boundedly to
LA=1eo(LY). Consequently, VI A is of restricted weak type at Q3(1) in The-
orem .3

. d—3 .
Proof. We have ||8tAjf||L2(L1) < HBtAijLz(Lz) < 27772 || fl 2. We in-
terpolate the estimates (obtained from Corollary and Proposition
together with Corollary

1084 | oo L1y S 21 o
_jd3
10cA; fll 2ty S 27772 || fll 2
and obtain the conclusion by application of O

Corollary 4.14. Let d > 4. The operator VIA : LP' — L9 is bounded if
(1/p,1/q) belongs to the half-open line segment [Q2(1),RQ3(1)) in Theorem
L1l

Proof. The restricted strong type bounds on [Q2(1),@3(1)) can be obtained
as in Corollary O

Lemma 4.15. Let d = 3. The operator V! A is bounded on L*(R?).
Proof. By (2.5)) we have

Wil < | [oarcora], < ([[10ua? aar) ™ <1515

by (2.13) and orthogonality. O



32 D. BELTRAN, R. OBERLIN, L. RONCAL, A. SEEGER, B. STOVALL

5. A MAXIMAL OPERATOR

We first introduce an auxiliary maximal function which will be crucial in
the proof of the endpoint bounds in §f]

For L € Z let Qr, be the family of all cubes in R? with side length in
(2L=1 28], Given Q we write

LQ) =L ifQeQ. (5.1)

We use the slashed integral to denote an average, i.e.

1
){2 o) dy = 1o /Q o(y) dy.

For 2 € R? we let Qr () be the collection of all Q € Qf, containing x. Given
n=0,1,2,... and a sequence of functions F' = {f;};>0, define the maximal
function

1/r
M, F(xr) =sup sup )[ (/|Ajfj(y,t)|r dt) dy. (5.2)
j=n QEQn—j (33) Q

The following result should be compared with Lemma Away from
the right boundary of the region in that lemma, we gain a crucial factor of
27", Related statements can be found in [38], [36] (see also [18] for dual
versions).

Proposition 5.1. Let pg and gy such that 1 < pg < qo < 0o. Assume that

sup 2jd/qo”AJ'HLPO—)L‘IO (LPo) < 0. (5.3)
j=0
Let qp < q¢ < o0 and pmalx(q) = %Opio and m =1-2(1— pio) Assume
that
< ) min < < max )
pmin(q) < p<q and 4" =P ifp (9) <P < pmax(q) (5.4)
7 < pmax(q)  if pmax(q) <p < g
Then there exists e(p,q,r) > 0 such that
. 1/q
190 Fllza < Cpqp2 @00 (S 23 19, ) . (5.5)

jzn
For the proof we first observe a uniform estimate in n.

Lemma 5.2. Let pg < qo and assume (5.3)) holds. Let ¢ > 1 and qp <
q < o0o. Let Pmin(Q); pmax(Q) be as in ‘) and let pmin(Q) <p<qand
0 < r < min{p, pmax(q)}. Then

i 1/q
19 Flle S (D275, ) (5.6)

jzn
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Proof. Let Mgy, denote the Hardy—Littlewood maximal function. Then

1/r
[, F(2)] S sup ){2 o ([ 1455000 ) ay

zeQ jzn
< MHL[S};P 14 fill Lr®y] ()
J=Z

and therefore, since r < g and ¢ > 1

1/
19, Flle S 300 A sl o S || (32 Ml w)) |

i>n

/ . /
- (% \|Ajfj||qm(m)1 "< (de\lfjll%p)l "
i>n

jzn

La

here in the last step we have used Lemma |4.2 O

We now show how to gain over this inequality in the special case r = py.

Lemma 5.3. Let pg < qo and assume ((5.3|) holds. Then for qo < q < oo,
Po<p=gq

_nd(L -1 s 1/q
1M Fllze S 27" (327 018, ) (5.7)
jzn

Proof. We use real interpolation for the sublinear operator 9, ,. Then

(5.7) follows from

i 1/q0
1Mo F'll oo S (Z2 ”Hfjl!%%) , po <p<q, (5.8a)
izn
and
190 1 F || oo S 27/%0 sup | fillLe, po <p < oo. (5.8b)
Jj=n

Note that (5.8a]) immediately follows by Lemma
We now show (5.8b). Fix z € R%, j > n and Q € Q,—;(z). Let R, be a
cube of diameter 20d centered at x. Then split

I (1 or )™ a < 16+ 110)

where
1= Y ([ 1At sim o a) ™ a
I1(z) = ){2 ([1ai sl om a) ™ a.
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Q=

S

1/pmin(q) 1

1/ pmax(q)

1
Po

FIGURE 11. Bounds for M, ,,. At r =p = po, o < ¢ < 00,
we have a gain in n given by Lemma Interpolation with
the uniform estimates from Lemma for r = p = pmin(q)
and r = p = pmax(q) yields the estimates in the interior of
the blue triangle. The bounds in the red triangle follow by
the localization argument.

Using Hélder’s inequality, then the assumption (/5.3]) and then again Holder’s
inequality we get

1/q0
’Q| /HA ﬂRIfJ](yv‘)’Lpo( )dy> !

S1QITH w2730 g, £l e S 27 || LR, fillLro S 27"V fi]l 10,

I()

since ) € Qp,—; and p > po.
Next we use estimate (2.8]) (with M > d)

s XQ/Iy—wlzl Crr (2 ]y — w])™ ™| f;(w)| dw dy

S 27 flle S 27 M il

We combine the estimates for I(z), II(x) and then, after taking suprema in

z,in Q € Q,—j(x) and in j, (5.8b)) follows. O

The proof of Proposition 5.1 follows from (carefully) interpolating the two
previous lemmas and a localization argument, as indicated in Figure

Conclusion of the proof of Pmposztwn . We fix ¢ > qo Observe that

1 1 L . 1 o )
pmin(@ PO =(1-7)- po) > 0and = 20 @ = ( ) > 0 so that

Pmin(7) < Po < pmax(q). We first focus on the case pmin(q ) < p < Pmax(q),
for which it suffices to consider » = p; the corresponding inequality for
smaller r follows by Hélder’s inequality on [1/2,4]. The remaining case
Pmax(q) < p < g will follow as a consequence of the previous range via a
localization argument.
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Let p be as in (5.4). In what follows set w(j) = 277¢ and let £ (LP) be
the space of LP-valued sequences with

1Flan = (X2 505) "

J

By linearization it suffices to consider, for any measurable choices of pos-
itive integers  — j(x) € N, with j(z) > n, cubes Q(z) € Q,—j(z), and
measurable L (R) valued functions (z,y) — v(z,y,-) in L®(R2%), the bi-
linear operator

Ma[F0)(z) = ){2 . / o(. . 5) Asiay fi(o (1 5) ds dy

and show that
IMa[F,0)[za S 279D Bl gy oy 0] oo (1 (5.9)

~

The conclusion for » < p = pg is immediate from Lemma [5.3, and in
the study of the range pmin(q) < P < pPmax(q) we shall distinguish in what
follows between the pmin(q) < p < po and pp < p < Pmax(q)-

The case pmin(q) < p < po. It suffices to prove (5.9) for r = p. We have
from (5.6)

[Mn[E,v]llze S IFlleg oy lvll oo oy for p = pmin(q) (5.10)
and from ([5.7))

—nd(L -1
[MalB, oo S 27" 50 P g oo ol gy (51D
One ca? interpolate (5.10]) and ([5.11)), noting that for 0 < 6 < 1 and m =
1— %1
q Py’

Pmin(q) < p < po 1 1\ __ dp} 1 1
o, o _a1 ( — 0G0 =G0 6

pT Pmin (Q) p
and deduce

IMa[F,0]lpa S 27" ®9D | Fll g, 1oy 0] oo (17

~

d /
for pmin(@) <p<po, €, 0,0) = LGy — ) >0 (5.12)

with the implicit constants independent of the choices j(x), Q(z). Thus we
also get for 7 < p, pmin < p < po and e(p,q,7) = (p,q,p) as in (5.12)).

In order to carry out the interpolation argument one uses Stein’s inter-
polation theorem on analytic families of operators, with an obvious analytic
family suggested by the proof of the Riesz—Thorin theorem; we omit the
details. Alternatively one can use Calderén’s second method [, -]?, combin-
ing a result on multilinear maps with a result on Banach lattices such as
L>(X), see [10, §11.1], [10, §13.6].
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The case py < p < pmax(q). Again, it suffices to consider the case r = p.

1 — 9 1
Note that for 0 < 8 < 1 and o = 50

po<p< pmaX(Q)

—  (1-0)d(z-hH =l 1) (5.13)

1-9 9 1 q 9 \P  pmax(q)
Po + Pmax(q) T p
We claim
IMa[F 0]l S 27" 9 Fll g o) [0]] oo 1)
fOI‘ Po S b § pmax(Q)v 5(]7, Q) = %(% - pmi{(q)) > 07 (514)

Given ([5.13)), the inequalities (5.14) can then be deduced by the above in-
dicated interpolation arguments from

Ml olllze S IF g, moyl[0ll oo oy for p = pmax(q) (5.15)
and L
pd(L -1
|MalF,ellze S 27" %7 Fllg o0l e gy (5:16)
Note that (5.15)), (5.16) are immediate consequences of ([5.6) and ([5.7)), re-
spectively.

The case pmax(q) < p < q, 0 < 7 < pmax(q). This case just follows by
the localization argument used in the proof of Lemma [£.1] via the kernel
estimates ([2.8]), which allows to show that if

B . 1/q
199 Fllie 277 (30 2771501 )

j>n
holds for all 0 < r < r, and some 1 < p, < g, then

. 1/q
19 Fllze S 277 (- 2775514,
Jjzn
also holds for all p, < p < g and all 0 < r < r,. For fixed ¢ € (go, 0],
the desired estimates for pmax(q) < p < ¢ then follow from the above with
input inequalities ry, = px = pmax(q) — € for € arbitrarily small. Note that

this argument has already been used in the context of 9, , in the proof of
(5.8b) in Lemma [5.3] We omit the details. O

6. THE SHARP LP — LPY(LP) BOUND

In this section we will give bounds for the sums of the operators .A; which,
in particular, will cover the crucial endpoint bound at P(r) = (%, %) in
Theorem as well as the remaining endpoints bounds stated in Theorems

3 [ and L5

Proposition 6.1. Let 1 < pg < go < 0o. Assume that

sup 2jd/q0||./4jHLPo—>qu(Lpo) < Cp < o0. (6.1)
Jj=0
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I _ q@l L P
Let 9 < q < and deﬁne pmax(q) ¢ Ppo and pmin(q) 1 q (1 po)'

Assume that p, r are as in (5.4), i.e.

r<p 'Lf pmin(Q) <p< pmax(Q)’

pmin(Q) <p S q and .
T < pmax(q) i pmax(q) <p < gq.

Then for all {f;};>o0,

| > 14

j>0

< Co.)(1+ Co) (D2 L) - (62

J20

La(R4)

Proof. We ﬁrst observe that by the monotone convergence theorem it suffices
to show ) for any finite collection of functions {f;}} i 0, with uniform
bounds in n E N; moreover, all f; can be assumed to be in the Schwartz
class. From Lemma [4.2] we get

anjl||Ajfj||Lr<R>HLq(R < 11/,1(22 1 me) @< g <0
j=0

(6.3)
and it is our task to remove the n-dependence in this estimate for p, q,r as
in the statement of the Proposition.

For a function G € L% (R%) we recall the definition of the Fefferman-Stein

sharp maximal function
= sup X ‘G f G(w) dw’dy
e Q

which satisfies the bound ||G||rs < ¢(q)||G¥ || La for every q with gy < ¢ < oo,
and the implicit constant in this inequality is independent of the L%°-norm
of G. This was proved in [I5]. We may apply this inequality to

Glz) = /\A it ol ar)’ "
7>0

as its L%-norm is finite by (6.3]); recall the sum is assumed to be finite. Let
Q(x) =UrezQr(x), i.e. the family of cubes containing x. We estimate

G(z) £ G1(x) + Grr(x) + Grrr ()
where, with L(Q) as in ,

Gilw) = sw | Y |A 300 Mo 14550, ey o)

QeQ(x)
L(Q)<0 0<j<—-L(Q
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Gri(z) == sup }[ Z H-A Jiw )l @) dy,

QEQ(z
L(Q)<o =
Grrr(z) == sup )[ Z 1A £5 ()l
QeQ(2) JQ ;>
(Q)>0

The estimate for Gy follows from the estimate for Gy;. To see this let

:Z”Ajfj(yv')HLT(R)a Ui(w) = sup )[U

j>0 QEQ(w

Given a cube Q € Q(z) with L(Q) > 0 we may tile Q into cubes of side
length 1 and get

f Uy) dy < f U(w) dw < My [U:](2)
Q Q

where My, denotes the Hardy-Littlewood maximal operator. By a very
crude estimate we can replace U, by Grr and get

Grir(x) < Myr[Grr)(x). (6.4)

The term Gy is the most interesting but it has been already taken care
of in §5. We can write, with U;(y) = ||A; f; (v, ) rm)

Grr(xz) = sup )[ U_rQ)+n(y) dy
Qe () cznz:% (@
L(Q)<0

(e}

<> sup ) XQU—L(Q)—HL(?/) dy=> sup sup )éUj(y) dy.

—0 @eQ( —0J2nQeQn_j(x)
"0 L@)<0 =0 o
Hence, with 91, ,, defined in 1) and F = {fj}j>o, we get
g][ Z mtr nF
n>0

From Proposition (6.4) and the L?-boundedness of the Hardy-Littlewood
maximal operator we obtain

. 1/q
Grtllos +Gratllen (D 277155115,) (6.5)

J=0

for the range of (p, q,r) assumed in the proposition.
It remains to consider the term G;, where we can use the cancellative
properties of the #-function. We will show that

. 1/q
1Gree S (279 A0%,) " for pmin(a) <p <0 (66)

J=0
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For n > 0 define
Grn) =sup s [Auf: Mooy ) 1435500l ey
70 QEQ__;(x)

and, arguing as for Gy, we observe that Gr(z) < 3 5o Grn(z). Our claim
will follow from the estimate

n s 1/q
1Gralls €27 (D 2771608) " for puml@) <p<a (67)
320

uniformly in n. In order to show this, note that by the triangle inequality

Grn(z) <sup  sup )()[HA Fiu ) — A (w, )],

Jj=0 QEQ n—j LL‘)

)dw dy.

Write A; f; = LjAj fj and let 6; be the convolution kernel of Lj. Then for
j S n,r,y,w € Q) Q € Q—n—j

(/’Ajfj(y’t)_Ajfj(w,t)‘rdt>1/T

< (/‘/((%(?J—Z) _aj(w_Z)>Ajfj(z,t)dz‘rdt>l/r
S//()l'(y_w’vej(erT(y_w)_Z)>|d7(/|Ajfj(2,t)\rdt)1/rdz'

Since 1+ 27 |w+7(y —w) — 2| & 1+ 27|z — 2| for z,y,w € Q, Q € Q_,,—;(x),
T € [0,1], we can estimate the last expression by

—n—j 2‘(d+1 r /r
Cn2 T |A; fi(z,t)] dt) dz

and hence we get for n > 0 and N > d
Grn(7)] S 2_TL]\/A"HL[SEIO) A fill or my ] ().
J>

This implies, using the LY boundedness of the Hardy—Littlewood maximal
operator My, and Lemma

(1Al )|

S 27" sup (|4 fill rmy || o S 277
j=>0

La
>0
/ . /
=2 (C Mifillay) S22 A)
= >0

which is and thus is proved. The proof is complete after combining

and (6.5)). O
: _ _2(d+1) o
As (6.1) holds with pg = 2, go = =;=7> by Lemma Proposition

yields the following.
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Corollary 6.2. Assume that

(d+1) d+11 1 d+11
or
2(d+1) 1 o1 d+ll q(d—1)
“a—1 < q < o0, aSES g < d+1 - (69)

Then for all {f;};>o0,

|2 145551 m|

Jj=0

e = (2 “Mlen)

Combining this with Lemma [2.7] one obtains the strong type bound at
P(r) in Theorem (that is, Corollary [L.3).

Proposition 6.3. Let d > 3 i +1) <p<oo. Then

» dld—1
[AF gy < 115 (6.10)
Moreover,
IV Afllea < [1F1|z- (6.11)
Proof. The bound - ) follows from (/6.10)) via

To prove we apply Corollary [6.2| and Lemma with s = d/q =
1/p. We Verify the assumption for q = pd, r = p. The condition

%% < 1% is satisfied (for ¢ = pd) when d? — 2d — 1 > 0, which holds when

d > 3. The condltlon =< 1= @% is satisfied (for ¢ = pd) if p> d’+1

dd-1)°
(d+1) is also satisfied if ¢ = pd, p > d( d 1) In particular,

The condition g >

the latter implies that q = pd > 2 in this range, so the hypothesis of Lemma
are also satisfied and thus (6.10)) follows. O

Arguing in a similar way, we obtain the remaining claimed endpoint

bounds in Theorems 1.4 and

Proposition 6.4. Let d > 3 and r > dc(ldﬂ)

(i) Let r < p < rd. Then the operators A : LP — L”d(Bi/lT) and VIA
L» — L' are bounded. That is, VI : LP — L9 is bounded if (1/p,1/q)
belongs to the closed segment [Q1(r), P(r)] in Theorem[1.

(ii) Let ddﬂ) < p < r. Then the operators A : LP — Lpd(Bi/lT) and

VIA:LP — LP are bounded. That is, VI : LP — L9 is bounded if (1/p,1/q)
belongs to the half-open segment [P(r),Q4) in Theorem[1.4

Proof. For part (i) we use again Corollary[6.2]and Lemma[2.7 with s = d/q =
1/r. The condition yields the ranges % <p< rd(d—1)

r < p. Note that r > % if and only if r > d%jlﬂ)' moreover,

the condition ¢ > 2Slj11) (for ¢ = rd) is satisfied in the range r > d%dﬂ)

whenever d? — 2d — 1 > 0, which holds for d > 3. This settles the range

and
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r<p< C(l‘ill) rd{gi_ll) < p < rd corresponds to (6.9). Note

that the condition r < Q(dH) requires (for ¢ = rd) d*> —2d — 1 > 0, which

holds when d > 3. The condition g > (djl) was already verified for .
This concludes the bounds in (i).

Part (ii) follows from standard embedding theorems from Proposition
6.3] (]

. The range

Proposition 6.5. Letd > 4 and 1 < r < C(l )ord—3and4/3<r<

5/3. Let # < p < rd. Then the operators A : LP — L"(B 1/T) and
VIA:LP — L™ are bounded. That is, V.I : LP — L9 is bounded if (1/p,1/q)

belongs to the half-open segment [Q1(r), Q4(r)) in Theorems and [1.5,

Proof. This follows arguing as in the proof of Proposition The only
difference is that in (6.8)) the relevant range for p (for ¢ = rd) if r < C(l A= is

rd(d— 1) Td(d 1) (d+1)
rd(d—1)—d d+1

q=rd) that r > dEd—H; Asr > 1, this condition is sa‘msﬁed if d2—3d—2 >0,
which holds for d > 4. If d = 3, we require the restriction r > 4/3. ([

- <p<

Moreover, the condition ¢ >

requires (for

7. AN ENDPOINT BOUND FOR THE GLOBAL VARIATION

The purpose of this section is to prove Theorem
It will be useful to work with the standard homogeneous Littlewood—Paley
decomposition. We define P;f, j € Z by

Pif(§) = (Bo(2771¢]) — Bo(2"71€) £(&)
so that P; localizes to frequencies of size ~ 2J. We have P;=1Ljforj>1
and Lof = ngo P;f for f € LP, p € (1,00) with convergence in L”. It
will also be convenient to use reproducing operators ]3] localizing to slightly
larger frequency annuli, with P;P; = P; for j € Z.
Let j > 0. We recall the definition
Ajf(z,t) = x(t) AL f () = x(t) K¢ * f(z) where K;+(£) = 7(t€)B;(I€]).-
We combine this with dyadic dilations, and define for k € Z, t € [1/2, 4],
AT f (@, t) = x(t) Agr P f () = X (DK * f(2) (7.1)
where KJ’ft = 27M K, (27F.). Below we shall often use a scaled version of
[2:3), namely
K7y (2)] Sy 275427 F|z]) N, lz] >10-2%, te[1/2,4. (7.2
We start recording the following special case of Proposition [4.3] which
will be relevant for the proof of Theorem |1.1] - (when p = q).

Corollary 7.1. For 2 <r < oo, T(d+1)

1A fllzaery S 2799 £l oo

<qg<oo,r<p<q we have
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By Corollary [7.1] and rescaling we have
—3 r(d
A s 1oiry S 27997, TR < p < oo, (73)

One can improve over this result and extend it to sums in k whenever
(d+1)

<p < 0o0.

Proposition 7.2. For 2 <r < oo, (d+1) < p < oo we have, for all j > 1,

(148 ey) ]
keZ

Proof. As in the proof of Proposition by the monotone convergence
theorem, it suffices to show for any finite collection {.A;?}ke;(, with
uniform bounds on the cardinality of the finite set K C Z.

We use again the sharp maximal function of Fefferman—Stein. Let

= (3 I8 f @ )

keK

—jd/
ey S 27N oo (7.49)

which has finite LP° norm whenever py = T(jjll) ; note that ((7.3]) and Minkowski’s
inequality imply that

1Gllzro < 1KY 27 9P £ o

By the bound ||G||z» <p [|G#|| e, it suffices to show ||G# || z» < 279%P| f|| s,
uniformly on the finite set K for pg < p < oco. By the triangle inequality,
we dominate

1/r
GH(x) < sup )[ )( ST IAEF, ) — A (w0, ey ) dwrdy
QeQ keZ
<2Gf(x -+§:me
where

/r
osw)=smp s o (310 )

LEZ QeQy, ()

k<L
and
Uy f(a) = sup sup )/ A0 = A 0 g
LeZ QeQr(x
We claim that for % <p<oo, 2<r<oowe have
IG fllr S 277°)| £ e, for some a(r) > d/p (7.5)
and
(=)A= 3) 9—jd/p ; i
Wflle <42 0 P2, LSS g g
21=12=3/P| f| 1, if n> j.
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The desired bound ||G#||z» <
r(d+1)

d—1 -
Proof of (7.5). We prove inequalities for G on L" and L which will yield
. 7.5)) by interpolation.

Let pg = T(d+1) . We first observe the inequalities

2774/?|| f||p» follows summing in n if p >

d— 2
1A Fll 2y S 2790540 £ (7.7)
1A 1l oo (Lry S 279970 £ oo (7.8)
uniformly in k. The estimate (7.7)) holds from the bounds HA’“H L2_> 2(12) S
2-7(d=1)/2 and ||3tA lr2r2ey S 27 3(d=3)/2 (Whlch follow from (2.13))) and

the Sobolev embeddmg theorem and . is with p = pg. Since
2 <r < py and d 241 ;> p—o one has by 1nterpolat10n that

HA;?fHLr(LT) < 2_ja(r)HfHLr, for some a(r) > d/pp. (7.9)
This implies

19 sr S || Mare [ AP i) ]

kEZ v
/r
< (S IRl
kEZ
g
kEZ

by Littlewood—Paley theory, since r > 2.

We now prove an L> bound. Fix z, L, Q € Qr(x) and let BL be the
ball centered at x with radius d2/110. Using Hélder’s inequality and the
embedding /L C 0 for r > 1 we estimate

f (X 1450

k<L

W) v < 1(2) + 11(@)

where

10 = () Y I45s 0,

1/r
L7 (R) dy)
Q<L

7= 145l )

k<L

L7 ( R)
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We have, in view of .A;‘-; = .Afﬁj_k and using ((7.9),

/r
10 S 2 40 (8 AP sl )
k<L
5 27ja(T)2de/T<Z H-Zsy—k[ﬂB%fH 7[4/T>1/7‘

k<L
< 27900 Ly f e € 2790 ] oo,

using r > 2 and Littlewood—Paley theory in the third inequality. For the
term I1(z) we use (7.2) and estimate

2kd
1) S S Y, [y Ty =01 0

k<L
S 27N 2R £ oo S 27N ]| poe

k<L
where N > d. We combine the estimates for I(z) and II(x) to obtain
16 llzs S 277 o (7.11)

Interpolating ([7.10]) and ([7.11]) and noting that that «(r) > d/py > d/p for
p > po we obtain (7.5)).

Proof of (7.6) for 1 < n < j. This case is similar to that of G. Let

po = T(jfll . We get the asserted estimate by interpolating between the

inequalities

W f Lo S 27997 £]| oo (7.12)

~

|2 f 1| oo S 2P0 ]| e (7.13)
To see ([7.12)), we use .Af = Aflgj_k and (|7.8)) to estimate
6 lmo S |[Me [ IASs - FIES ) 7]

LPo
keZ
< (2 AP 1 )7
keZ
S 2PN NPk 0) 7 S 275 £ o,
keZ

using that pg > 2 and Littlewood—Paley theory in the last inequality.

To see (7.13)) we fix , L, Q € Qr(x), let BL*™ be the ball centered at
with radius d2%t"10 and estimate

I 1t = A ),

: ){2 [AF" Py f(y, )]

)dwdy

Lr(R) dy < I1I(x)+ IV(x)
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where

"(R) dy) 1/p07

dy.

IT1(x )[ AT gren 1y, )|
1V (z) = ){Q [AF " Mgy grin 1y, )|

We get by (7-3)
II1(z) < 27 HPog=30/m0 |1 pp fl| o S 20794/70) £ oo

Moreover, by (7.2)),

< 9= (L4n)d < oiN
V((L‘) ~ 0 Jra\gLn (2j_L_”\y — w|)N ’f(w)’ dwdy $ 2 HfHLOO

L7 (R)

for any N > d. The estimates for ITI(z) and IV (z) yield (7.13) for 1 < n <

j-

Proof of (7.6]) for n > j. Here we use cancellation and note that for z € @
L"(R)

}[ )[ 1P L(@)-n9(¥: ) = Pi-r(@)-n9(w,")]
S 27" Mup(|lgll )] (2)-

Using this with g = .AJL+" f= f’j_ L_nAjL " and the Fefferman-Stein in-
equality for sequences of Hardy—Littlewood maximal functions, we may then
estimate

dw dy

AL-H% ’ AL-i—n i wd
Jsm e 157 0 = Ay o]
SJ 23'*" 22123 MHL[”Agf,fHL'"(R)] H 2] n<z HAk o kf”Lp L )

kEZ

. , _ 1/ . .
<2 (ST B l,) S eI

keZ

for % < p < oo, using ([7.3) in the third inequality and p > 2 and
Littlewood—Paley theory in the last inequality. Thus (7.6 is established for
n > j.

This finishes the proof of the proposition. ([

Remark. The difficulty for putting the pieces together comes because it is
assumed ~ (dﬂ) < p. If one had r > p, one can simply put pieces together

by standard thtlewood Paley theory as, for instance, in ([7.10]).

A consequence of Proposition is the following restricted weak type
bound.
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Proposition 7.3. Ford >3, r > 2,
1/r
IS4 e) |

Proof. Write

N o) = 20022 0 [t 0@ - gy

LTd,OO(Rd) S ||f||er,l(Rd). (714)

where H;-tl is as in (2.17)).

We first show that for all 7 > 1, 2 <r < o0, T(jjll) < p < o0,

1/r
(4 ) |
keZ B'r,l (R)
Indeed, by Proposition for |7 —1] <10

[( 27 i)

kEZ
Moreover for |j —I| > 10, we get from (2.18))

|(2 18t i )|

kEZ

—j(d/p—1/r
LP(RY) 'S 2 st/ )HfHLP(]Rd)- (7.15)

—i(d/p=1/r)
Lp(RY) S22 ||f||LP(]Rd)- (7.16)

Lr(R4)

S iz 20 (5 )

kEZ

Lr(R4)

Sn min{2 9N, 27 N =D £]| gy, (7.17)

using that the Fefferman—Stein and Littlewood—Paley inequalities together
imply

| 10ePioaf )|, ey o Iy 1<p <o, r22
kEZ

Then follows summing over £ > 0 in and (| -

We ﬁmsh the proof using Bourgain’s 1nterpolat10n trick (see §2.6)). Con-

sider .
= (SIS )

keZ
Note that T(d+11) < rd when d?> —2d — 1 > 0, that is, d > 3. Let po, p1

be such that = (dH) < po < rd < p1. By (7.15) we have that [|2;f||zr: <

9—d(d/pi=1/r) HfHLp“ 1 =0,1 and then a restrlcted weak type (rd, rd) inequal-
ity for > >0 follows from Lemma This implies the assertion. ([

Conclusion of the proof of Theorem[1.1 Following [21], we write
Ve Af(x) < VNMAf(2) + VA (2)
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where

N-1
/r
VrdyadAf(x) = sup sup ( Z | Agripr ) — AQkif(x)V)l

NeNky<-<ky N T

is the dyadic or long variation operator and

VERAf(2) = (3 IVAf(a) )

keZ

is the short variation operator, using only variation within the dyadic in-
tervals I, = [2F,2FF1]; recall that V/kAf(x) denotes the r-variation of
t — Aif(x) over the interval I. It then suffices to establish the claimed

bound in Theorem for the operators V;* and Vsh,
Regarding V4 4, the inequality

IV Af e Spor Ifllze, 7>2,1<p<ca

was proved in [21]. This of course implies a L? bound for V,, 4 if p > 2d
and, in particular, the claimed restricted weak type bound follows by the
embedding LP! « LP s [P

We next proceed with V' A. Since x(t) =1 on I = [1,2] we get

Vi Af() < | 3 A )
=0

V(1)

by the definition of .Af in ([7.1). The term corresponding to j = 0 is easily
estimated by a square function

(S M oln) " s (2 / g Al ar) "

k€EZ keZ

We claim for 1 < p < oo

I(X / #AbrC o ar) | < ol (7.18)

keZ
Since /() =0 for 1 <t < 2 we have

4 ABF(E,1) = x(1)(2¢€, V& (24€)) o2V 1)) Fl€)

Using Plancherel’s theorem and interchanging sums and integrals one gets
for p = 2. We then invoke standard Calderén—Zygmund theory in the
Hilbert-space setting (see [44] ch. IL.5]) to see that holds in the full
range 1 < p < oco. It follows that for r > 2

[(Z s ) |

kEZ

<
e

which is stronger than the required LP"' — LP** bound.
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It remains to consider the cases j > 1. By the embedding (2.4) we have
r 1/r r 1/r
kE(p.- < H k(.. ) _
OIPIFHED wn) S (é > AT @) ey

keZ j>1 j>1
We apply the restricted weak type inequality of Proposition to the ex-
pression on the right-hand side to conclude the desired bound for V*". This
finishes the proof. O

Remark. If in two dimensions one has the conjectured local smoothing end-
point results for p > 4 then one can also show the restricted weak type
(2r,2r) estimate for r > 2. The conjectured endpoint estimate in the
assumptions seems currently out of reach.

8. A SPARSE DOMINATION RESULT

We conclude the paper with a discussion of the sparse domination result
for the global VA in Theorem Roos and two of the authors proved
in [2] a general sparse domination result for multi-scale operators, which
has a version for variation-norm operators associated to convolutions with
compactly supported distributions. Such a result is a mechanism to upgrade
Lebesgue space bounds to sparse bounds; in particular, and up to endpoints,
the range of sparse bounds is uniquely determined by the LP — L¢ map-
ping properties of the local variation operator. Thus, the sparse bounds in
Theorem are an immediate consequence of the results in this paper, the
bounds for the global variation operator in [21, Theorem 1.4] and the sparse
domination result in [2, Proposition 7.2].

For completeness, we state the result in [2]. We let u be a compactly
supported distribution, define the dilate in the sense of distributions by
(ug, f) = (u, f(t-)) and let T'f(x,t) = fxus. For fixed = let V. T f denote the
r-variation norm of ¢ — T'f(z,t). As before let I = [1,2] and V! f(z) the
corresponding variation norm over I.

Theorem 8.1 (|2, Prop. 7.2]). Let 1 < p < q < 00, and u € S'(RY) with
compact support in R\ {0}.
(i) Suppose that

VTl zoszree + Vel o < 00, (8.1)

VT Losra < o0, (8.2)

and that there is an € > 0 so that for all A > 2, and all Schwartz function f
with supp f C {€: A\/2 < |€] < 2\},

VAT flla < CA8| f] Lo (8.3)

Then there is a constant C = C(p,q) such that for each pair of compactly
supported bounded functions f1, fa there is a sparse family of cubes S( f1, f2)
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such that

/ VTh() hade<C S |Qlaeptfor.  (84)
QeS(f1,f2)

(ii) Suppose that in addition p < q, and suppose that (8.4)) holds with a
constant independently of f1, fo. Then conditions (8.1)), (8.2 hold.

Proof of Theorem[1.]. We let u be surface measure on the unit sphere. As
discussed in the introduction the inequalities in were already proved
in the relevant ranges of Theorem in [2I, Theorem 1.4]. The inequalities
and in the asserted ranges follow from the single-scale frequency
bounds in Propositions and Thus the sparse bounds in Theorem

are a consequence of part (i) of Theorem The sharpness of the sparse
bounds follows from part (ii); see also §3.9| for a direct argument. O

Note. On behalf of all authors, the corresponding author states that there
is no conflict of interest.
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