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We derive a general quantum master equation for the dynamics of a scalar bosonic particle interacting with
a weak, stochastic and classical external gravitational field. The dynamics predicts decoherence in position,
momentum and energy. We show how our master equation reproduces the results present in the literature by
taking appropriate limits, thus explaining the apparent contradiction in their dynamical description.

Our result is relevant in light of the increasing interest in the low energy quantum-gravity regime.

I. INTRODUCTION

One of the greatest predictions of general relativity is the
existence of gravitational waves, which can be thought
of as small perturbations of the metric propagating
through spacetime at the speed of light [1-4]. They are
of fundamental interest in many branches of physics, such
as cosmology, theoretical physics and astrophysics, and
their recent first detection [5-9] has opened thrilling new
horizons for research and a huge effort is being put into the
construction of ever more sophisticated detectors [10].

Most gravitational waves that arrive on the Earth
are produced by different unresolved mechanisms and
sources [11,12], and thus result in a stochastic perturbation
of the flat spacetime background. Within the framework of
quantum theory, this stochastic background affects the
dynamics of matter propagation [13,14] and, when the
quantum state is in a superposition, it leads to decoherence
effects, as typical of noisy environments. Since quantum
superpositions are very sensitive to small variations of
the surrounding environment, quantum interferometers
have the potential to detect a stochastic gravitational
background [15-17].

Different models for the description of this phenomenon
have been proposed [18-24]. However, they do not agree
on the decoherence mechanism (the preferred basis and
rates) at which it takes place. With this work we clarify this
issue. We derive a general nonrelativistic model of gravi-
tational decoherence starting from the dynamics of a scalar
bosonic field coupled to a weak gravitational perturbation.
We show how this model recovers the results present in the
literature as appropriate limiting cases.
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The paper is organized as follows. In Sec. I we derive
the equations of motion in Hamiltonian form for a scalar
bosonic field minimally coupled to a weakly perturbed flat
metric. We then specialize such equation to the non-
relativistic regime in Sec. III and proceed with the canoni-
cal quantization of the bosonic field in the single particle
sector, obtaining a Schrodinger-like equation for a test
particle interacting with a weakly perturbed gravitational
field. In Sec. IV we specialize to the case of a stochastic
gravitational perturbation and derive the corresponding
master equation. We discuss the decoherence effect in
Secs. V and VI with explicit reference to the preferred
eigenbasis and characteristic decoherence time. In the same
sections we show under which assumptions our master
equation is able to reproduce the apparently contradictory
results of [19-23], thus solving the preferred basis puzzle.

II. HAMILTONIAN EQUATIONS OF MOTION

We first derive the equations of motion (EOM) for a
scalar bosonic field minimally coupled to linearized grav-
ity. We start from the action for the charged Klein Gordon
field in curved spacetime [25]:

S= /d4x,/—g[, (1)
with the Lagrangian density:
m?c*
L= (czg“‘”Vﬂu/*pr - 71//*1#) : (2)

where V, is the covariant derivative with respect to the
Christoffel connection. We write the metric as the sum of a
flat background 7, = diag(+——-), and a perturbation /,,, :
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9w = NMw + hﬂIJ' (3)

We are interested in studying the dynamics of the Klein
Gordon field in the presence of a weak gravitational
perturbation. Therefore we perform a Taylor expansion of
the action around the flat background metric and truncate the
series at the first perturbative order. Thus, we obtain the
effective Lagrangian L. acting on flat spacetime:
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Note that in doing so we are implicitly restricting the analysis
to the class of reference frames in which the coordinates are
described by rigid rulers, which are negligibly affected by the
gravitational perturbation. This assumption though reason-
able, as measuring devices are held together by intramo-
lecular and intermolecular forces, is arbitrary (it may be
possible that a gravitational perturbation bends a measuring
device).

The equations of motion for the matter field are obtained
(at first order in the perturbation h,,) from the Euler-
Lagrange equations:

a‘Ceff 8£eff o

and in the harmonic gauge [26] they read

=07 4 (1 + h)V2 + 2¢h%0,0; + *h'0,0,+

m2c?

n2 (1 + A% 4+ O(h?) |y = 0. (6)

We are interested in the description of the dynamics of a
positive energy particle system in the nonrelativistic limit.
In such a limit, the particle and antiparticle sectors are
noninteracting with one another, that is to say, the EOM (6)
can be recast to a system of two uncoupled equations,
one for each species sector. While this is evident and
straightforward for the free case, for an interacting theory
the decoupling is very complicated and achievable only
perturbatively.

The first step is to explicitly express the field in a two
component form. This can be done following the Feshbach-
Villars formulation [27]. Accordingly we define a new
field:

such that

v=9¢+x

ih(9, — ch®9;)y = mc*(¢ — y). (8)

We note that such a formulation does not allow for a
probabilistic interpretation of the field ¥, as the conserved
charged Q associated to the internal U(1) symmetry
(w = ey; w* — e “y*) via Noether’s Theorem reads

Q:2emc2/d3x(¢ )()03<1+%—h00> <¢) (9)

X

instead of the required

p:Zemcz/d3x(¢ ;()03<¢>. (10)
X
We therefore apply the transformation:

T= 1+ )

¥Y>TY

(11)

so that, in the new representation, the squared modulus of
the field can be regarded as a probability density in the
nonrelativistic limit.

With the help of Eq. (8) and after some algebra (see
Appendix A) the EOM (6) read

ihd,¥ = [mce® + € + O], (12)
where
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(14)



are respectively the diagonal and antidiagonal parts of the
Hamiltonian K = mc?6° + G+ O, and 6;, i = 1, 2, 3 are
the Pauli matrices.

In the next section we will decouple the EOM to then
take the nonrelativistic limit.

III. NONRELATIVISTIC LIMIT
AND CANONICAL QUANTIZATION

We want to find a representation of the two component
field ¥ in which the EOM (12) are diagonal. This
representation can be found in the nonrelativistic limit
following the Foldy-Wouthuysen method [28], which
allows one to write perturbatively (at any order in £) two
decoupled equations, one for each component of the field.
The method is operatively characterized by the application
of an appropriate transformation U:

YW= Uy (15)

K = K' = U(K — ihd,)U™!
=mc’o3 + G + O + O(h?) (16)

such that, in the new representation, the antidiagonal
part O is of higher order in £ than the diagonal ¢’. By
neglecting @ one recovers two decoupled equations. By
performing iteratively the transformation, one can always
find a representation of the two component field for which
the EOM are diagonal at any desired order in .

In our case, we have that the task is easily achieved by
applying the subsequent transformations:

U = e—iv;@/(chz)
U = e—ia30’/(2mcz) (17)
U" = g—i30"/(2me?)

after which, with some algebra (see Appendix B), the EOM
read

ihd,¥ = HY
hOO h2 hOO
— |:I’}’],C‘2 (1 + 7) 0'3 —_ % (1 + 7) v263
n’ ih

—_ % hij8i8j03 + ihC”lOi&i + E(‘?,(hoo)
in n?
vy 0, (tr(h*)) + 3m Vv? (tr(h””))@} ¥
+0(c™) + O(hi,,). (18)
Note that as the transformations (17) are generalized

unitary [29], they preserve the conserved charge in (9),
i.e., the probability density in the nonrelativistic limit.

In the nonrelativistic limit the EOM (18) do not mix the
two components ¢ and y of the field (up to a very small
correction). As we are interested in the dynamics of
particles only, we restrict the analysis to the first field
component ¢.

Since the dynamics preserves the probability density, we
are allowed to apply the canonical quantization prescription
and impose the equal time commutation relations:

[@(1.%). (t.x')] = [§' (1.%). $"(1.x)] = 0
[b(1.%).¢' (1.x')] = & (x ~ ¥') (19)

to obtain the EOM for the quantum field. The equation thus
obtained does not allow for the creation or annihilation of
particles. We can thus safely project it onto a single particle
sector to obtain the single particle Schrodinger equation:

ind,p(0)) = (Ho + B,)|p(0) (20)
with
a2
ﬁozmcz—Fp—
2m
2 2
oM o P 0 oy o €0 a
=" (0, R) — (A1, R),82) + 5 (. i)
~ L 0,8, by} + 02l 1)
4m X) PiPis T, ’
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where X, P are respectively the single particle position and
the momentum operator. Note that the anticommutators
between the gravitational perturbation (which is a function
of the position operator) and the particle’s momentum
operator need to be included in the quantization prescription
in order to guarantee the Hermiticity of the Hamiltonian.
The term H, is the standard free Hamiltonian plus an
irrelevant global phase mc? that can be reabsorbed with
the transformation:

(1)) = ™M (1)). (22)

The term A » 1s a perturbation that encodes the interaction
between the scalar bosonic particle and a weak, otherwise
generic, gravitational perturbation. We note that Eq. (20)
correctly reduces to the usual Schrodinger equation for a
particle in an external static Newtonian potential:



a2
ihd,| (1)) = <§—m — m<1>> (1))
62h00
2

D =-

(23)

if we consider the external gravitational field to be of the
same form of that of the Earth.

The generalization of Eq. (20) to an extended body is not
an easy task, as one needs to take into account the degrees
of freedom of all the elementary particles that constitute the
body. However, it is rather simple to obtain the dynamics
for just the center of mass if we assume that the internal
degrees of freedom are frozen and cannot be excited by the
|
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2
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Equation (25) was derived following the work of [31]
where, however, the authors only consider the special case
with A% = hi/ = 0.

In the next section we will specialize to the case of a
(weak) stochastic gravitational background.

IV. STOCHASTIC GRAVITATIONAL
PERTURBATION: SINGLE PARTICLE
MASTER EQUATION

The motivation to consider a stochastic weak gra-
vitational perturbation is given by the interest towards
Stochastic semiclassical gravity (an attempt to self-
consistently describe the backreaction of the quantum
stress-energy fluctuations on the gravitational field, without
having to invoke the quantization of the latter; see for
example [32,33] for a review and further references), and
by the interest in a stochastic gravitational background
(see for instance [11,12]), which we have already briefly
introduced in Sec. L.

If the metric is random Eq. (20) becomes a stochastic
differential equation. As a consequence the predictions are
given by taking the stochastic average over the random
gravitational field. We then need to specify its stochastic
properties.

We assume the noise to be Gaussian and with zero mean.
The first assumption is justified by the law of large
numbers, while the second by our choice of taking from

&PV ([ (r. 1))

mX +r)
easts

gravitational perturbation as in the case of a rigid body. In
such an approximation it is convenient to define the center

of mass (X) and relative coordinate (F;) operators:

. (24)

A

X

X = fd3rrm(r)
X; —

2

i

and their canonical conjugates, respectively P and k,,
where /m(r) is the mass density operator [30] and M =
[ &rin(r) is the total mass. Upon tracing out the relative
degrees of freedom, the Hamiltonian for the center of mass
of a rigid body reads

{m(r—i—f(),f’z} s oi {m(r—l—f(),ﬁi}
e +c/d rhV(r, 1) oI,

m(X +r)

(25)

|
the very beginning the Minkowski spacetime as the back-
ground spacetime around which the metric fluctuates. For
the sake of simplicity, we also assume the different
components of the metric fluctuation to be uncorrelated.
This means that the noise is fully characterized by

Elh,,(x,1)] =0
E[hy (X, t)hy, (y.5)] = @, (x.y:t.5),  (26)

where E[-| denotes the stochastic average and a represents
the strength of the gravitational fluctuations. The two point
correlation function f(x,y; f, s) is a real function of order 1,
ie, 0<|fu(xy:t,8) <L

We move to the density operator formalism [34]:

Q(1) = (1)) (¢(1)]- (27)
As the only characterization of the noise is given by the

stochastic average [Eq. (26)], we study the dynamics of the
averaged operator:

p(1) = E[Q(1)]. (28)

Let us consider the von Neumann equation for the
averaged density matrix:



0,0(1) = = Ho(1). (1) = 1 E[f1,(1). ()]

of the stochastic average, but it can be solved pertur-
batively by means of the cumulant expansion [35] (see

= E[g {92 ] (29) Appendix C). With the further help of the Gaussianity, zero
- ’ mean, uncorrelation of different components, we can
where &[] denotes the Liouville superoperator. rewrite Eq. (29) in Fourier space [36] as
Equation (29) is in general difficult to tackle, because
|
. Lop a
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——— | —/— L | a4, f%q,q;t, 1) —L—=12.
fl8 (2]1’)3 A lf (q q 1) 4M2
-[{el‘q-f‘/’l P} [fe "/ P p(0)]
dqd’q’ d3 : m(q)m(q')
dt fi(q,q'st, 1)) ——Lrtm s
o PP, e gy PP
[ g (4]
dqd’q g m@m(q) s (i X
i | ot [ nTetasn) G G S )
o [dqdq m(@)m(q') o x/n 1ia-%, /h
- 16fl4/(ZT)/ dtla ahfﬂ(q’q I8 II)T[elq X/h’ [eq Xll/hwa(t)]]
+ O(ta*c?) (30)
where X, = eiﬁotlfce‘iﬁotl Note that the above equation f(x,y;t,s) = A (x —y)o(t — s), (32)

becomes exactif [Hy, H,] = 0 (see Appendix D). The above
equation describes the dynamics of the rigid body’s center of
mass is in the presence of an external weak, stochastic
gravitational field (with the further assumptions made in this
section), and constitutes the main result of this paper.

In the following we will not consider the effect on the
dynamics due to the derivatives of the metric perturbation,
as in typical experimental situations [5-9] they are negli-
gible and in any case they would not add any further
informative content to the analysis. This means that we
neglect the last line of Eq. (30).

We now restrict our analysis to the Markovian case, i.e.,
we assume the noise to be delta correlated in time:

X,y t,8) = (X, y;1)6(t = 5). (31)

A further reasonable assumption, motivated by the homo-
geneity of spacetime itself, is that of translational invari-
ance of the two point correlation function:

where the factor 4 is in principle a generic coefficient with
the dimension of a time. Note that the white noise
assumption makes physical sense only if the correlation
time (z,) of the gravitational fluctuations is much smaller
than the free dynamics’ characteristic time (zp.), Or in
the case where the contribution to the dynamics due to
the gravitational perturbation is not affected by the free
evolution dynamics, i.e., the operators describing the
perturbation commute with the free dynamics operator
H, (see Appendix D). In such cases, as a first approxi-
mation, we can take A to be

A = min(z,, 1). (33)

Note that this choice does not affect the generality of the
analysis as we leave u**(x —y) unspecified.

In such a regime Eq. (30) is exact and it is easy to show
that it reduces to
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Equation (34) describes decoherence both in position
and in momentum, as it contains double commutators of
functions of the position, momentum and free kinetic
energy operators respectively with the averaged density
matrix. In particular, we immediately recognize the last
term in the first line of Eq. (34) to give decoherence in
position, that in the second line might give decoherence in
energy (in the regime in which th is small), and that in the
fifth line decoherence in momentum (in the same regime).

In the next section we will investigate under which
conditions Eq. (34) reduces the different models of gravi-
tational decoherence present in the literature.

V. DECOHERENCE IN THE
POSITION EIGENBASIS

In this section we specialize Eq. (34) to the regime in
which the dominant contribution to the decoherence effect
is in the position eigenbasis. This can be done under the
following assumptions:

hOO > hOi
hOO z hi i

AE < Mc*(1 — u™(Ax)),

(35)

where Ax and AE are the quantum coherences of the
system, respectively the position and energy (E = %,). Itis
then easy to show that the leading contribution to Eq. (34) is

i

07
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. p(0)]

a’r.c*

W/ d>qi® (q)m*(q)
x [l eI ()]

+ O(h") 4+ O(AE),

where we have safely replaced 4 = z... The above equation
describes decoherence in the position eigenbasis as the
Lindblad operator is a function of the position operator. It
is actually of the same form of the Gallis-Fleming master
equation [37], which describes the decoherence induced on a
particle by collisions with a surrounding thermal gas,
allowing for a collisional interpretation of the result.

To compare with the previous literature on gravitational
decoherence, we must further characterize the spatial
correlation function of the noise and the mass density
distribution. We start by considering the model proposed by
Blencowe [22]. In order to recover an analogous master
equation we must assume the noise to be delta correlated in
space:

u®(x —x') = P& (x = x'), (37)
where [ is a generic coefficient with the dimension of a
length. Under this assumption Eq. (34), represented in the
position eigenbasis, in fact becomes

ih
Ap(x,x'51) = I (V2=V2)p(x,x';1)

(@%)27,c4 13
4n?
x p(x,x';t) + O(h*)

/d3r(m(r— x) —m(r—x'))?
(38)

which has the same form of the master equation obtained in
[22], and describes decoherence in position. The different
rate is due to the different treatment of the gravitational
noise: Blencowe considers a quantum bosonic thermic bath
whose correlation functions cannot be reproduced by our
classical description of the noise. If we further take the
mass density function to be a Gaussian,

-r’/(2R%)

~ (V2mR)?

m(r) (39)



as it is done in the same work, Eq. (38) then reads

in
(. X51) = 1 (V2 = V3. 1)
Lol (1 ‘%) (x,x'51)
T M\320 13 —e 4R ) 5
A(JA) R r
+ O(h*). (40)

To recover the results obtained by Sanchez Gomez [20], we
instead first need to take the mass density function to be
pointlike:

m(r) = M&(r) (41)

as in [20], and then to assume the spatial correlation
function to be Gaussian:

i®(q-q') = L’n*5(q - q)e I (42)

where L is the correlation length of the noise. With this
choice for the spatial correlation functions it is natural to
assume

(43)

L

T, =—
c
as it is the only timescale of the system left, and Eq. (36)
represented in the position basis reduces to

0p(x.X11) = 2 (V2 = V2)p(x. %)

22MEAL s
ames nf;c (e 212 —l)p(x,x’;t) (44)

and exactly recovers Sanchez Gomez’s result.

A very similar equation was also obtained by Power and
Percival [21]. Our model is able to qualitatively recover the
shape of the master equation, but not the specific rate which
depends on the fourth power of the noise’s strength, being
the analysis in [21] at higher order in the gravitational
perturbation expansion.

In the next section we will describe under which
assumptions our model is able to describe decoherence
in the momentum and energy eigenbasis thus encompass-
ing the results of Breuer et al. [19] that predict gravitational
decoherence to occur in the energy eigenbasis.

VI. DECOHERENCE IN THE
MOMENTUM EIGENBASIS

In this section we specialize Eq. (34) to the regime in
which the dominant contribution to the decoherence effect
is in the momentum or energy eigenbasis. This is the case
when we can approximate

elaX/m g (45)

i.e., in the case of small q. In this case Eq. (34) reduces to
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In order to recover the results of Breuer er al. [19], the
following hierarchy of the gravitational fluctuation must be
verified:

hil > poi
hii > p%0 (47)

and the spatial correlation functions are chosen to be
i'i(q - q) = UL NS(q — q')e L2 (48)

Also in this case it is natural to choose 7, = L/c. We also
assume the mass density distribution to describe a pointlike
particle as in Eq. (41).

Under these assumptions Eq. (46) in fact reduces to

a2
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Equation [19] is indeed the same as the one obtained by
Breuer et al. with the identification:

s ="Le, (50)
2
where T, is the spatially averaged correlation time of the
noise present in the same paper [38].

With the same assumptions we are also able to reproduce
the shape of the master equation derived by Anastopoulos
and Hu [23], but not the exact rate. As in the case of the
Blencowe model, this is due to their quantum treatment of
the gravitational noise.

VII. CONCLUSIONS

In this paper we have derived a general model of
decoherence for a nonrelativistic quantum particle interact-
ing with a weak stochastic gravitational perturbation.



We have specialized such an equation to the Markovian
limit under some further reasonable assumptions on the
stochastic properties of the gravitational noise motivated
by simplicity arguments and cosmological models and
observations.

We have extended our model to the description of the
center of mass of a rigid extended body, which is a more
realistic and experimentally interesting scenario.

Our Markovian master equation predicts decoherence in
position, momentum and energy as it contains, among other
terms, double commutators of functions of the position,
momentum and free Kinetic energy operators with the
averaged density matrix.

We were able to successfully recover other results
present in the literature as appropriate limiting cases of
our general master equation.
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APPENDIX A: FESHBACH
VILLARS FORMALISM

Here we provide explicit calculation for the derivation
of Eq. (12).
Let us first rewrite Eq. (6) as
(i, — ihch®0,) >y = [h*c0,(h°)0; — > c*(1 4 h*0)V?
—h22h9;0; + m*c*(1 + h%) |y

+ O(h?) (A1)
and the system of Eq. (8) as
ih(0, — ch0,)w + mcty = 2mc¢ (A2)

ih(0, — ch0, )y — mc*y = —2mcy.
Casting Eq. (A1) in the above system we get
2.4

2
(0, = ch" D) = "2 (¢ =2) + T (1 + W) + 1)

hZ
2m
/2
— —hUup.mo.
L 0;0(¢ +x)

n 0i
+ %ar(h )0i(d +x)

(1+nr2)V2(p +x)

(A3)

mc? m?c*
2

(¢ _)() + _2mc2

in(0,—ch%d,)y = (14+h")(p+x)
h2
501 +h)\V2(p+y)

n? o
—_hiupn.o.
+ah 0,0;(¢+x)

n? .
—%az(hm)ai((ﬁ +2) (A4)

Recalling now that ¥ = (;/—(’) and exploiting the Pauli

matrices, the system reduces to

2
ihd¥ = |mc’c; + %hoo (63 + io,) + ihch® 0,

hZ
~ 5 (14 h%)[o3 + icy]|V?

n? )
_%at(h()l)[g3 + i0,]0;
n
- Eh”[@ + iaz]ﬁ,ﬁj ‘P

SV, (AS5)

Upon applying the transformation (11), the EOM trans-
form as

9 — K:=THT' +inTo,(T™) (A6)
and read exactly as Eq. (12) of the main text.

APPENDIX B: FOLDY WOUTHUYSEN METHOD

Here we illustrate the Fouldy Wouthuysen method
applied to Eq. (12). Let us consider the transformations:

K — K' = U(K — ihd,)U™! (B1)
and specialize U to Eq. (17), i.e.,
U= e—i030/(2me?) _, oS, (B2)
With the help of the BCH identity,
K' = eS(K —ihd,)e™"
i2 i3
=K+ i[S,K] +2—![S[S, K] +§[S[S[S, K]+
+h(—S——[S, 8+ 11,185 + ) (B3)
Recalling that
K =mc*03+C+ O (B4)



and noticing that

03, €] =0 (B5)
{03.0} =0 (B6)
[630,05] = 20 (B7)
(030, €] = 03[0, €] (B3)
(650, 0] = 206507 (B9)
it is not difficult to check that
K' =mc*o3; + 6 + O, (B10)
where
¢ =C+o; (2mi2 a 853466> B 8m12c4 0.0
5 010.6] + - (B11)
O/:2ric203[0’(g]_?W5192364+2ni62630+”.' (B12)

We note that @ is of order ¢!, meaning that we need to
perform a further transformation if we want nontrivial
diagonal EOM. The transformation that we perform is

U = ¢—io:0'/(2me?) (B13)
after which the Hamiltonian reads
K" =mc*o3+ 6 + 0"+ --- (B14)
with
0'3 l .
O =—30,¢ O+, B15
2mc? [ I+ 2me2 %3 + (BI5)

As 0" ~ O(g—:) we need to perform a final transformation:
U" = ¢=io30"/(2me*) (B16)

Finally the Hamiltonian reads
H:=K" =mc’c; + G + O0(c™). (B17)

It is easy to note that the only (other than €) contribution to
G’ at the desired order is

2 52
03 o3 [imc in
0? = h,, ——V?
2mc? 2mc? { 2T,

+O(h?) + O(c™)

2
- f—m (KOV2 + V2 (h%))oy + O(h2,)

+0(c™) (B18)
so that the Hamiltonian becomes
/’lOO h2 /’lOO
_ 2 o _ - 2
Hmc<1—|—2>0'3 2m(1+2>V03
n o o oin iR
—%h/(?iaj@ + thl’lO 81‘ +?8t(l’100)
ih n?
=20 ((W) + V()
+0(c™) + 0(h) (B19)

as in Eq. (18) of the main text.

APPENDIX C: CUMULANT EXPANSION

In this section we derive Eqgs. (30) and (34) with the help
of the cumulant expansion method [35]. We start by giving
a brief presentation of the method, which is generally
speaking a very useful tool for the solution of stochastic
differential equations (SDEs), to eventually apply it to our
specific cases of interest.

Let us consider the generic multiplicative SDE:

Q(1) = [A+ aB(1))Q(1), (C1)
where Q is a density operator, A a constant super-
operator, B(t) a random superoperator with finite correla-
tion time 7., and a the parameter measuring the magnitude
of the fluctuations. Of this form is Eq. (29) of the main
text. Our goal in this section will be to solve such an
equation.

In the interaction picture, Eq. (C1) reads

Q1) = (1) (C2)
&(1) = ae 4B b = aB(H)B().  (C3)

Its formal solution is
(1) = T i B9800, (C4)

Note that Eq. (C4) represents the solution only for a given
realization of the random process, while in experiments one
is typically interested in averaged effects. We therefore
consider the averaged differential equation:



9p(1) = ElaB()Q(1)], (Cs)
where we recall p = E[Q]. Its formal solution reads
(o) = E[T[eJ56(0) (co)

which is in most cases though of any practical use. In
order to alternatively solve the averaged dynamics we
note that, as 3(¢) is indeed a random variable, by definition

it follows that [E[eafo’ B)4s] i a moment generating
function. We can then apply the standard cumulant expan-
sion method (for all practical purposes a series expansion
of the exponential, for more details see chapter III. 4
of [35]). With such a method, we intend to find the
generator of the averaged dynamics governing the statis-
tical operator p(¢), i.e., the nonstochastic superoperator G
such that

A

2,p(1) = G (1).

Upon applying the cumulant expansion to Eq. (C6), we
obtain

(€7)

p(t) = T{exp{altdl‘l«g(tl)»
2y - -
4 %A dtdt,(B(t))B(t)) + - -

+:1_”;/0’dtl...dtm<(B(t1)...B(tm)>)+...HQ(O)’
(C8)

where (B(t,)...B(t,,)) denotes the mth cumulant. Note
that each term in the cumulant expansion is of order
O(a™t"~'t). In the case of a Gaussian and white noise
however, all terms with m greater than 2 vanish [39].
Furthermore, In most physically interesting cases [like for
Eq. (29), where the stochastic noise has zero mean], the
dominant contribution to Eq. (C8) is given by the second
order term. Equation (C8) therefore reads:

f}(t) _ T[eaZﬁ)'j;” dl]dtzlE[B(tl)B(IZ)]}é(o) (C9)

Eq. (C9) is simpler than Eq. (C8), but we are still not able to
straightforwardly extract the generator of the dynamics G
from it. In order to do so, we make use of the disentangling
theorem [40] as it is presented in [41]. We therefore define a
generic nonstochastic time dependent superoperator £(¢)
and the relative evolution superoperator:

Vit 1) = T[edn ™). (C10)

With the help of V(z, #;) we can define a new representation
for Q(¢) and B(z) as

k

Q1) = V(1.0)Q

0 (1)

10

B*(r) = V(1,0)"'B(1)V(t,0) (C12)

so that Eq. (C8) reads

A1) = Tled )
. T[e(lzﬁ;‘ﬁ;l dlldlz[E[Bk(fl)Bk(fz)]—j;llck(ll)dll}fz(())_ <C13)

We then conveniently choose K(7) such that

KA (1) = / "ALEB (B (L)) (Cl4)

and we are able to cancel the terms of order a’z, in the
second factor of Eq. (C13) [41]. Note that the superoperator
K(1) is to be intended as a time local superoperator,
ie., even if defined through the integral expression in
Eq. (C14), the time ordering in eq. (C13) will order
the whole operator K(#) only according to the time r.
Furthermore, note that the expression for K is implicit:

K(t) = / " dnE[B(0)V(n0)B)V(1.60)] (C15)

as on the rhs V(7;,1,) depends on K itself. Noticing
that K is of O(a?t,), we perform a perturbative expansion
inar, (K=K, +K,+K5+--) in order to obtain its
explicit expression. The first term (K;) is obtained by
neglecting the action of V(1,,1,) on B(z,) in Eq. (C14)
so that

Ki(1) = @ A "dLEB(mBL).  (Cl6)

The next term (K,) is of order O(a*z2), and is obtained
upon plugging the above expression in Eq. (C10):

Kalty) = / " ALE(B() Tl B

Tleda 4RO (c17)

Higher order terms can be obtained in a similar fashion.
This procedure can be repeated for the other terms of the
cumulant expansion, so to obtain a disentangled expression
at the desired order in a and 7., see [41] for the explicit
construction in a more general case. It follows that at
O(a’t,) Eq. (C8) reads

p(1)

(1 [eorimasote]
- T |:ea2 j;]t j;)tl dl]dtzE[Bk(tl)Bk(tZ)]_jg K:k(tl)dtli| )é(o)

(C18)



Equation (C18) is the formal solution of the differential
equation:

2p(t) = a? Atdt’[E[B(t)B(t’)}fJ(t) + 0(a*72r)  (C19)

which in the original representation reads

0p(t) = (A + a? / ' dt’E[B(t)eA("">B(0)é‘A("">]> p(1)

0

+ O(a*7lr). (C20)

In order to apply this result to Eq. (29), the mapping from
Eq. (C20) is given by

{

where the subscripts L and R denote the fact that the
operator is acting respectively on the left and on the right of
the density operator Q (i.e., A; AxQ = AQA). The final
result (at order a’z,) is

A= _%(I:IO.L - HO,R)

A R (CZl)
aBB = _é(Hp,L _Hp.R),

AT
0:ip == [Ho.p(1)]

N e L
~ | anEl o) [ e 00 (o))

(C22)
precisely as in Eq. (30) of the main text.

APPENDIX D: RECOVERING MARKOVIAN
MASTER EQUATION

In this section we specialize Eq. (C20) to interesting
limiting cases. We also recover the Markovian master
equation (34) of the main text.

We start by considering the special case in which the
stochastic superoperator B can be factorized as

B(1) = ;(1) 7' (1),

where §,(7) is a (collection of) stochastic process(es) and
F(t) a nonstochastic superoperator. Of this form is in fact
the stochastic superoperator 3 defined in Eq. (C21) through
the explicit expressions of Eq. (25) of the main text.

We then notice that Eq. (C20) becomes exact if [.A,B]=0.
In this case in fact [B(z), B(1;)] =0 = [B*(1)B*(1,)], so that
K = Ky, and the factor inside the second time ordering in
Eq. (C20) vanishes. It follows that Eq. (C20) can be further
simplified as

(D1)

a.p(1) = <A+a2 A tdt’Dl-j(t,t’)fi(O)]:-f(O))ﬁ(t), (D2)

where D;;(t,1') = E[b,(1)h; (¢ — )] is the time correlation
function of the noise. As a very rough approximation we
take the time correlation function to be a Heaviside theta
function [42]:

Djj(t) = 0;;0(t — 7.), (D3)
where 7, is the correlation time of the noise, and o;;
depends on the explicit form of B. In this case Eq. (D2)
reads

o,p(t) = <A+ azﬂaij]-"i(O)]:f(O)>f)(t), (D4)

where 1 = min(z, 7,.).

A different interesting scenario to consider is when the
Markovian limit of Eq. (C20) can be taken, i.e., when the
correlation time (z.) of the noise is much smaller than
the characteristic time (zg,.) of the free dynamics, and the
limit 7,/7ge.. — O can be taken. In this limit the action of
eA=1) on B [and more generally of any of the evolution
superoperators employed in the derivation of Eq. (C20)]
will vanish to zero and Eq. (C20) reads [43]

a.p(1)= <A+a2 [) °°dﬂD,._,.(t,ﬂ)fi(O)ff(O)),a(t). (D)

This equation can be further simplified noticing that in the
limit 7. /7., — O the time correlation function is naturally
replaced by a Dirac delta function:

D;;(t) = 0;;6(t — 7.) (D6)

and Eq. (D5) consequently reads

ap(t) = <A + a*t,0; fi(O)Fj(O))ﬁ(t). (D7)

As a final remark, note that the factor 7. in the above
equation can be safely replaced with 4, as the error made
lies within the boundaries of the validity of the Markovian
approximation.

Upon substituting the explicit expression for §;(z) and
Fi(t) according to Egs. (D1), (C21), and (25) and given the
stochastic properties of the noise [Eqgs. (26) and (32)], we
recover Eq. (34) of the main text.

11



[1] M. Maggiore, Gravitational Waves: Theory and Experi-
ments (Oxford University Press, New York, 2007).

[2] J. Wheeler, C. Misner, and K. Thorne, Gravitation (Freeman,
New York, 1973).

[3] S. Weinberg, Gravitation and Cosmology: Principles and
Applications of the General Theory of Relativity (John
Wiley and Sons, New York, 1972).

[4] S. Carrol, Spacetime and Geometry An Introduction to
General Relativity (Addison-Wesley, Reading, MA, 2004).

[5] The LIGO and the Virgo Collaborations, Observation of
Gravitational Waves from a Binary Black Hole Merger,
Phys. Rev. Lett. 116, 061102 (2016).

[6] J. Luo et al., TianQin: A space-borne gravitational wave
detector, Classical Quant. Grav. 33, 035010 (2016).

[71 S. Kawamura et al., The Japanese space gravitational
wave antenna—DECIGO, J. Phys. Conf. Ser. 122, 012006
(2008).

[8] M. Punturo et al., The Einstein telescope: A third-generation
gravitational wave observatory, Classical Quant. Grav. 27,
194002 (2010).

[9] The KAGRA Collaboration, Construction of KAGRA: An
underground gravitational-wave observatory, Prog. Theor.
Exp. Phys. 2018, 01 (2018).

[10] K. Danzmann and the LISA Study Team, LISA: Laser
interferometer space antenna for gravitational wave mea-
surements, Classical Quant. Grav. 13, A247 (1996).

[11] B. Allen, The stochastic gravity-wave background: Sources
and detection, relativistic gravitation and gravitational
radiation, in Proceedings of the Les Houches School of
Physics, edited by J. A. March and J. P. Lasota (Cambridge
University Press, Cambridge, England, 1997), p. 373.

[12] N. Christensen, Stochastic gravitational wave backgrounds,
Rep. Prog. Phys. 82, 016903 (2019).

[13] A. Stern, Y. Imry, and Y. Aharonov, Phase uncertainty and
loss of interference: A general picture, Phys. Rev. A 41,
3436 (1990).

[14] B. Linet and P. Tourrenc, Changement de phase dans un
champ de gravitation-possibilité de détection interféren-
tielle, Can. J. Phys. 54, 1129 (1976).

[15] R. Colella, A. W. Overhauser, and S. A. Werner, Observa-
tion of Gravitationally Induced Quantum Interference, Phys.
Rev. Lett. 34, 1472 (1975).

[16] C. Sabin, D. E. Bruschi, M. Ahmadi, and I. Fuentes, Phonon
creation by gravitational waves, New J. Phys. 16, 085003
(2014).

[17] J.R.Kellogg,N. Yu,J. M. Kohel, and L. Maleki, Development
of an atom-interferometer gravity gradiometer for gravity
measurement from space, Appl. Phys. B 84, 647 (2006).

[18] E. Goklii and C. Lammerzahl, Metric fluctuations and the

weak equivalence principle, Classical Quant. Grav. 25,

105012 (2008).

H.P. Breuer, C. Lammerzahl, and E. Goklii, Metric

fluctuations and decoherence, Classical Quant. Grav. 26,

105012 (2009).

[20] J. L. Sanchez Gomez, in Decoherence Through Stochastic
Fluctuations of the Gravitational Field, edited by L. Diosi
and B. Lukacs (World Scientific, Singapore, 1992), Vol. 456,
pp. 88-93.

[19]

12

[21] W.L. Power and I. C. Percival, Decoherence of quantum
wave packets due to interaction with conformal space-time
fluctuations, Proc. R. Soc. 456, 955 (2000).

[22] M.P. Blencowe, Effective Field Theory Approach to
Gravitationally Induced Decoherence, Phys. Rev. Lett. 111,
021302 (2013).

[23] B.L. Hu and C. Anastopoulos, A master equation for
gravitational decoherence: Probing the textures of space-
time, Classical Quant. Grav. 30, 165007 (2013).

[24] B. Lamine, S. Reynaud, and M. T. Jaekel, Gravitational
decoherence of atomic interferometers, Eur. Phys. J. D 20,
165 (2002).

[25] N.D. Birrell and P.C.W. Davies, Quantum Fields in
Curved Space, Cambridge Monographs on Mathematical
Physics (Cambridge University Press, Cambridge, England,
1982).

[26] The harmonic gauge implies translational invariance of the
infinitesimal volume in the chosen coordinate system as
e.g., in Cartesian coordinates.

[27] H. Feshbach and F. Villars, Elementary relativistic wave
mechanics of spin 0 and spin 1/2 particles, Rev. Mod. Phys.
30, 24 (1958).

[28] L. L. Foldy and S. A. Wouthuysen, On the Dirac theory of
spin 1/2 particles and its nonrelativistic limit, Phys. Rev. 78,
29 (1950).

[29] A. Watcher, Relativistic Quantum Mechanics, Theoretical
and Mathematical Physics (Springer, New York, 2011).

[30] Under the assumption that the rigid body consists in an
ensemble of a large number N of particles, the density
operator can be defined as m(x) = >, (2:—;1)‘ [ dqe=ix—%i)4,
where m; and X; are the mass and the position operator of the
ith particle.

[31] G. Gasbarri, M. Toros, S. Donadi, and A. Bassi, Gravity
induced wave function collapse, Phys. Rev. D 96, 104013
(2017).

[32] E. Verdaguer and B. L. Hu, Stochastic gravity: Theory and
applications, Living Rev. Relativity 11, 3 (2008).

[33] R. Martin and E. Verdaguer, On the semiclassical Einstein-
Langevin equation, Phys. Lett. B 465, 113 (1999).

[34] We note that that of state vectors (and Schrédinger equation)
is not the most appropriate formalism to adopt for the
description of a quantum stochastic process in most ex-
perimental situation, as it does not allow one to describe
statistical mixtures of quantum states.

[35] N.G. Van Kampen, Stochastic Processes in Physics
and Chemistry, North Holland Personal Library (Elsevier,
New York, 1981).

[36] Our choice for the Fourier transform is

- / dqf (q)e'r™/".

109 =

[37] G.N. Fleming and M. R. Gallis, Environmental and sponta-
neous localization, Phys. Rev. A 42, 38 (1990).

[38] In the work of Breuer et al. the symbol used for the spatially
averaged correlation time is z... It was here changed to 7', in
order to avoid any confusion with our own notation.


https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1088/0264-9381/33/3/035010
https://doi.org/10.1088/1742-6596/122/1/012006
https://doi.org/10.1088/1742-6596/122/1/012006
https://doi.org/10.1088/0264-9381/27/19/194002
https://doi.org/10.1088/0264-9381/27/19/194002
https://doi.org/10.1093/ptep/ptx180
https://doi.org/10.1093/ptep/ptx180
https://doi.org/10.1088/0264-9381/13/11A/033
https://doi.org/10.1088/1361-6633/aae6b5
https://doi.org/10.1103/PhysRevA.41.3436
https://doi.org/10.1103/PhysRevA.41.3436
https://doi.org/10.1139/p76-136
https://doi.org/10.1103/PhysRevLett.34.1472
https://doi.org/10.1103/PhysRevLett.34.1472
https://doi.org/10.1088/1367-2630/16/8/085003
https://doi.org/10.1088/1367-2630/16/8/085003
https://doi.org/10.1007/s00340-006-2376-x
https://doi.org/10.1088/0264-9381/25/10/105012
https://doi.org/10.1088/0264-9381/25/10/105012
https://doi.org/10.1088/0264-9381/26/10/105012
https://doi.org/10.1088/0264-9381/26/10/105012
https://doi.org/10.1098/rspa.2000.0544
https://doi.org/10.1103/PhysRevLett.111.021302
https://doi.org/10.1103/PhysRevLett.111.021302
https://doi.org/10.1088/0264-9381/30/16/165007
https://doi.org/10.1140/epjd/e2002-00126-y
https://doi.org/10.1140/epjd/e2002-00126-y
https://doi.org/10.1103/RevModPhys.30.24
https://doi.org/10.1103/RevModPhys.30.24
https://doi.org/10.1103/PhysRev.78.29
https://doi.org/10.1103/PhysRev.78.29
https://doi.org/10.1103/PhysRevD.96.104013
https://doi.org/10.1103/PhysRevD.96.104013
https://doi.org/10.12942/lrr-2008-3
https://doi.org/10.1016/S0370-2693(99)01068-0
https://doi.org/10.1103/PhysRevA.42.38

[39] L. Koopmans, The Spectral Analysis of Time Series
(Academic Press, New York, 1995).

[40] R.P. Feynman, An operator calculus having applica-
tions in quantum electrodynamics, Phys. Rev. 84, 108
(1951).

[41] N.G. Van Kampen, A cumulant expansion for stochastic
linear differential equations. I, Physica (Amsterdam) 74,
215 (1974).

13

[42] A more physically meaningful result can be obtained by
taking the correlation function as an exponential decay.

[43] Note that we have safely replaced the upper limit of
integration ¢ with oo, as the integrand vanishes anyway [35].

[44] L. Asprea, A. Bassi, H. Ulbricht, and G. Gasbarri, companion
Letter, Gravitational Decoherence and the Possibility of Its
Interferometric Detection, Phys. Rev. Lett. 126, 200403
(2021).


https://doi.org/10.1103/PhysRev.84.108
https://doi.org/10.1103/PhysRev.84.108
https://doi.org/10.1016/0031-8914(74)90121-9
https://doi.org/10.1016/0031-8914(74)90121-9
https://doi.org/10.1103/PhysRevLett.126.200403
https://doi.org/10.1103/PhysRevLett.126.200403



