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Abstract. The zero-divisor graph of a commutative ring R with unity is the graph I'( R) whose
vertex set is the set of nonzero zero divisors of R, where two vertices are adjacent if and only
if their product in R is zero. A vertex coloring ¢ : V(G) — N of a non-trivial connected graph
G is called a sigma coloring if o(u) # o(v) for any pair of adjacent vertices u and v. Here,
o(x) denotes the sum of the colors assigned to vertices adjacent to xz. The sigma chromatic
number of G, denoted by o(G), is defined as the least number of colors needed to construct a
sigma coloring of G. In this paper, we analyze the structure of the zero-divisor graph of rings
Zn, where n = pItpy? ---ppm, where m,ni, no, ..., Ny are positive integers and p1, p2, ..., pm are
distinct primes. The analysis is carried out by partitioning the vertex set of such zero-divisor
graphs and analyzing the adjacencies, cardinality, and the degree of the vertices in each set
of the partition. Using these properties, we determine the sigma chromatic number of these
zero-divisor graphs.

1. Introduction
Graph coloring has been the subject of many researches in recent years and has been recognized
for its importance as a tool for solving various problems on networks. Given a graph G, a
coloring of G is a mapping ¢ : V(G) — N, where V(G) is the set of vertices of the graph and N
is the set of positive integers, also referred to as the set of colors. A proper coloring is one in
which c(u) # ¢(v) for any two adjacent vertices u and v in G. Other types of coloring have been
introduced and developed by several graph theorists. Among them is a neighbor-distinguishing
coloring, called sigma coloring, introduced by Chartrand, Okamoto and Zhang in [1]. Let G be
a nontrivial connected graph and let ¢ be a coloring (not necessarily a proper coloring) of G.
For a vertex v of G, the color sum of v is 0 (v) = 3_ ¢ n(y) ¢(@), where N(v) is the set of vertices
which are adjacent to v. The coloring c is called a sigma coloring of the graph G if o(u) # o(v)
for every pair of adjacent vertices u and v. The minimum number of colors that can be used in
a sigma coloring of G is called the sigma chromatic number of G and is denoted by o(G).
Chartand et al [1] proved that o(G) < x(G), where x(G) is the chromatic number of G. In the
same paper, the authors determined the sigma chromatic numbers of paths, cycles, bipartite and
complete multipartite graphs. On the other hand, Luzon, Ruiz and Tolentino [2] obtained the
sigma chromatic number of some family of circulant graphs. More recently, the sigma chromatic
number of the Sierpisnki gasket, the Hanoi graphs, join of a finite number of paths and cycles,
graph coronas involving complete graphs, power of graphs, and some families of snarks have been
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studied in [3-6]. The notion of sigma coloring is closely related to the vertex colorings/labellings
that are discussed in [7-9].

Adapting the notion introduced by Anderson and Livingston in [10], the zero divisor graph
of a commutative ring R is defined as follows: Given a commutative ring R, the zero-divisor
graph of R, denoted by I'(R), is the graph whose vertices are the nonzero zero divisors of R
and in which two vertices  and y are adjacent if and only if zy = 0 in R. Some studies, which
mainly focus on the structure and parameters of zero-divisor graphs of some ring families, may
be found in [11-14]. A review on zero-divisor graphs of finite commutative rings can be found
in [15].

In this paper, we analyze the structure of the zero-divisor graph of rings 7Z,, where
n = py'py? - ppm, where m,ni,ng, ..., n,, are positive integers and pi, pa, ..., py are distinct
primes. In Section 2, we carry out this analysis by partitioning the vertex set of such zero-
divisor graphs and analyzing the adjacencies, cardinality, and the degree of the vertices in each
element of a partition. In Section 3, we make use of these results to determine the sigma
chromatic number of these zero-divisor graphs.

2. The structure of I'(Z,)
We begin by recalling the following theorem.

Theorem 2.1 (Anderson and Livingston [10]). Let R be a commutative ring with unity.
Then T'(R) is finite if and only if either R is finite or an integral domain. In particular, if
1 <|I(R)| < oo, then R is finite and not a field.

It follows that the zero-divisor graph of a finite field is empty. Thus, we restrict our attention
to rings Z, that are not fields. In this case, the zero-divisor graph is finite and connected [10].
Moreover, if n has prime factorization p}*p5? - - - pjo», where m, ni, ng, ..., ny, are positive integers
and p1,p2, ..., pm are distinct primes, then the ring Z,, is isomorphic to Z;! X Zp2 x -+ X Zp™.

m
Proposition 2.2. Let m be a positive integer, and let R = H Zp:k , where m,ny,no, ..., Ny, are
k=1
positive integers and pi, p2, ..., pm are primes (not necessarily distinct). Then a nonzero element
r = (x1,T2,...,Tm) € R is a zero divisor of R if and only if pi|xy for some k =1,2,...,m.

Proof.
Without loss of generality, suppose pj|zi. Then x; = pjry where p; 1 r1.

e If s =0, then 1 = 0. Moreover, x # 0 implies m > 1 and so z; # 0 for some ¢ > 2. Then
for any r # 0, (1,0, ...,0) - (x1,z2, ..., zm) = (0,0,...,0).
o If 1 <s<mny—1,then pi** # 0 and (z1,22,...,2m) - (p1* °,0,0,...,0) = (0,0, ...,0).

Hence, in either case, = is a zero divisor of R.

Now, suppose z is a zero divisor of R and that py { zj for all k = 1,2,...,m. Then z-r =0
only if r = 0, contrary to the assumption that z is a zero divisor. O

The Sets Rihiz,.v.,im

As mentioned in Section 1, we will analyze the structure of I'(Z,,) by partitioning its vertex
set. We define the following sets: For each k € {1,2,...,m}, let i, € {0,1,...,nt}. We denote by
Ri, is,...in, the set of all (x1,22,...,2p) € R such that for each k = 1,2,...,m, we have

e 1. = 0if i, = ny, and

° p}f’“\x;@ and pi’““ fag ifixy =0,1,...,n, — 1.
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Note that Ry, n,....n, = {(0,0,...,0)} while, by Proposition 2.2, the set Rpp.. o is the set of
elements that are not zero divisors of R. Hence,

V(I'(R)) = U Riyigoosim-
(i1,i2,.,0m ) #£(0,0,...,0),
(91,82, stm ) Z(N1,02,...;Nm )

For convenience, throughout this paper, we will refer to the sets R;, i, ., where (i1,42, ...,1m) &
{(0,0,...,0), (n1,n2, ..., nm) }, as blocks of V(I'(R)). The usefulness of these blocks in analyzing
the structure of T'(R) is captured by the following proposition.
m
Proposition 2.3. Let m be a positive integer, and let R = H Zp:k, where m,ni,Na, ..., Ny
k=1
are positive integers and pi, P2, ..., pm are primes (not necessarily distinct). Then the following
statements hold.

(i) If u,v € Riy iy, i s then N(u) \ {v} = N(v) \ {u}.
(ii) The vertices in Ry, j,.... i, are adjacent to all the vertices in Rj\ jo.ojm
if and only if i + j > ny for allk =1,2,...,m.
(iii) The vertices in R, ... i, form a clique in I'(R) if and only if 21, > ny, for allk =1,2,...,m.

tm

Proof. (i) It is sufficient to show that N(u) \ {v} € N(v) \ {u}. Suppose w # v is adjacent to
u. Let u = (uy,ug, ..., uUp),v = (v1,02, ..., Uy ), and w = (w1, wa, ..., wy,). Let k € {1,...,m}:
e If i, = ny, then up = v = 0 and v - wi, = 0.
e If 0 < 4 < ny — 1, then since u; - w, = O, pzk\uk, and pZ’“H 1 ug, it follows that
pZ’“_i’“\wk. Now, pi’“ also divides vy and so p*|vy - wy, which implies that vy - wy, = 0.
Hence, v -w = 0 and w is also adjacent to v.
(ii) Let z = (z1,22,....%n) € Riyis,...im a0d ¥y = (Y1,Y2, ..., Yn) € Rj, jo,...jn- Then x and y are
adjacent if and only if zxy; =0 (mod p;*) for k =1,2,...,n.
o If, for some k € {1,2,...,n}, either zj or yi is 0, then, by definition, either i or j is
equal to ng and it follows that i + jp > ng. ' '
e If neither xj nor y; is 0, then by definition, z, = p}* - s and y;, = pﬁ' - t, where neither
s nor t is divisible by py. Hence, 2y, = 0 (mod pp*) if and only if i + jp > ny.
(iii) This follows directly from (ii).
O

In light of Proposition 2.3 (ii), we say that a block R;, ;.. is adjacent to another block
R, .. j. if all the vertices in R;, . ;, are adjacent to all the vertices in Rj, . ;.. Figure 1
shows the zero-divisor graph of the ring Zys x Z32 depicted using the sets R;, ;,. Yellow vertices
represent cliques.

Proposition 2.3 (iii) implies that the vertices in a block are either all adjacent to each other
(i.e. the block is a clique) or no two are adjacent to each other within the block. Thus, by
Proposition 2.3 (i), it follows that if a block is a clique, then N(u)U{u} = N(v)U{v}; while on
the other hand, if a block is not a clique, then N(u) = N(v). This implies that the vertices in
the same block have equal degrees. The following proposition gives a formula for the degree of
a vertex in any block as well as a formula for the cardinality of each block.

m
Proposition 2.4. Let m be a positive integer, and let R = H Zp:k, where m,N1,N9, ..., M
k=1

are positive integers and pi,pa, ..., Pm are primes (not necessariiy distinct). Then the following
statements hold.
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Rl.l. .Rl_u
R“_ 1. Rl 2
Ry,
O,
Ry® \OR
R:Ll .RIS_II

Figure 1. I'(Zys X Zs32)

m

m
(1) |Riyig,sim| = H P(ppr~"*) = H(p;;k—% gl
k=1

k=1
(11) Let w € Ry, iy .. i,.- Then

degu =

Proof. (i) First, if 0 < iy < nq, then

- 1 p
#{r e Zp;q : pit|r and pz11+ fr}= %1 — T

Moreover, if i1 = n1, note that

m
-1+ sze, if Riyig,...im 1S not a clique,
=1

m .
-2 + H pZZ’
/=1

if Rij io,....im 05 @ clique.

!
by 1
=pp —pp it
=" o - 1)
= [pp T =Pt

[pp—a —p—a1] = [1 - ﬂ = 1.

The result follows immediately.

b1
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(i) If Ri, iy, i, is not a clique,

m

Tm ni

deg(u) = E § ‘le,jQ,-n,jm‘ - ’Rm,m,.--,nm
Jm=Nm—%m Ji1=ni—11
Nm ni
= _1 + : : e : : ’Rj17j27“'7jm‘
Im=Nm—1im Jji=ni—i1
Nm ni m
_ ny—jo ng—je—1
= -1+ E T E H [py — Py ]
Jm=nNm—im Jji=ni—i1 LU=1

m Ty
_ np—je ne—je—1
=1+ > W -w |

=1 jo=ng—1i¢

m
=1+ ][ —1+1)
=1

m .
/=1

is a clique, we subtract one from the expression above since u is not adjacent

If RZI 20250000
to itself.

m

O

Note that Proposition 2.4 (ii) also appears in [15,16] but in a different form. The following
corollary, which holds when p1, p2, ..., p, are distinct, will be important in determining the sigma
chromatic number of I'(Z,,).

m
Corollary 2.5. Let R = H Zp:k, where m, ny,ng, ..., Ny, are positive integers and pi1, P2, ..., Pm
k=1

are distinct primes. If u € R; ... V€ Ry jorgmr and Ry iy i F Rj o jms then

im?
degu # degv.
Proof.
(i) Suppose Rj, i,....i,, is a clique while Rj, j, . . is not.

(a) Suppose there is an ¢ for which iy > 0 and j; > 0. Then degu = —1 (mod p;) while
degv = —2 (mod py).

(b) Suppose izjy = 0 for all £. Since Ry, 4,,...4,, is a clique, by Proposition 2.3 (iii), we must
have iy > 0 for all £. Then j, = 0 for all ¢, which cannot happen.

(ii) Suppose R;, j,....i, and Rj, j, . . are both cliques or are both not cliques. Without loss of
generality, assume i1 > ji. Since pi, pa, ..., pp, are distinct primes, then [];", pél is divisible
by pi* while I, pzz is not.

O

3. The sigma chromatic number of I'(Z,,)

The closed neighborhood of a vertex u, denoted by N[u], in a graph G is given by Nu] =
N(u) U {u}. The following is an important observation.

Observation 3.1 (Chartand et al. [1]). If H is a complete subgraph of order k in a graph G
such that N[u| = N[v] for every two vertices uw and v of H, then o(G) > k.
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Identifying the largest possible order of a subgraph H as in Observation 3.1 is important in
establishing a lower bound for the sigma chromatic number. Hence, we denote by w(G) the
order of a subgraph H of G of maximal cardinality for which

(i) H is a clique; and

(ii) for all u,v € H, we have N[u] = N|v].

Finally, through the following theorem, we obtain the sigma chromatic number of I'(Z,).
Recall that I'(Z,,) is empty when Zn is a field and that Z,, is isomorphic to Zj! x Zy2 x - - - x Zy™
if n has prime factorization pl p --phm where m,ni, na, ..., Ny, are posmve 1ntegers and
D1, P2, ---, Pm are distinct primes.

m
Theorem 3.2. Let m > 1 and let R = HZka, where p1,p2, ..., Pm are distinct primes and

k=1
ni, N, ...,y are positive integers. If R is not a field, then

o(T(R)) = &(T(R)) = [[ [pZ’“‘W“@k - 1>] |

k=1
LA N U
Proof. First, we prove that w(I'(R)) = H {pkk [#] 1(pk — 1)—‘ Let H be a subgraph of I'(R)

1
of maximal cardinality satisfying (i) and (ii) above.

By Corollary 2.5, it follows that N[u] # N[v] whenever u and v belong to different blocks.
Moreover, by Proposition 2.3(i), N[u] = N|[v] whenever u and v belong to the same block that
is a clique. Hence, H = Ry, i, 4, for some iy,is,...,im; moreover, by Proposition 2.3(iii),
we must have 2i; > ny for all k. Since the order of H must be the largest possible, by
Proposition 2.4 (i), we must have iy = [ng/2] for all k. Therefore, H = Ry, /21, [ns/2],....[nm/2]

u“ [
and 0(R) = IT o417 )]
k=1
Now, we prove that o(I'(R)) = w(I'(R)). By Observation 3.1, we have o(I'(R)) > wW(I'(R)).
We now construct a vertex coloring ¢ of F(R) that uses W(I'(R)) colors. Let d = A(T'(R)) + 1
and define c as follows: Let S = R;, i, ..., for some i1,i2,...,%m.

(i) If S is a clique, set ¢(S) = {1,d, d?, ...,d‘s‘ .
(ii) If S is not a clique, set ¢(S) = {1}.
Hence, c uses |H| = w(I'(R)) colors.
We show that c is a sigma coloring. By the choice of colors, it is enough to consider only
adjacent vertices with equal degrees. By Corollary 2.5, two vertices have equal degrees only if
they belong to the same block. For two vertices in the same block to be adjacent, the block has

to be a clique. So suppose u,v € S = R;, ;,.... 4, for some iq,is, ..., %y, where S is a clique. Then
N(u)\ {v} = N(v) \ {u} while ¢(u) # ¢(v). This implies that

o) =c)+ Y @) # cw+ > cly)=ov).
zeN(u)\{v} yEN (v)\{u}

Therefore, ¢ is a sigma coloring and the conclusion follows. O

By taking advantage of the properties of the zero-divisor graph of a ring of the form
m

R = H Zp:k, where p1,pa,...,pm are distinct primes and ni,ne,...,n,, are positive integers,
k=1

we were able to determine in Theorem 3.2 the exact sigma chromatic number of such a zero-

divisor graph. Consequently, we have also determined the Sigma chromatic number of any ring

Znp, which is isomorphic to some ring of the form Zj! x Zj2 x --- X Zy™.
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4. Conclusion
In this paper, we determined the sigma chromatic number of the zero-divisor graph of the ring
Zy, of integers modulo n, where n is restricted so that Z,, is not a field. First, we analyzed the
structure of I'(R), where R = Loy X Lz X -+ X Lupnan , T, N1, N, o0y o A€ POSitive integers,
and p1,pa, ..., pn are primes. The analysis is carried out by partitioning the vertex set of I'(R)
and determining the adjacencies, cardinality, and the degree of vertices of each element of the
partition. The sigma chromatic number of I'(Z,,) is determined using these properties and by
noting that Z,, is isomorphic Zp;q X Zp;lz X+ X Zynm if n has prime factorization PUph2 -l
m n
Our result is that o(I'(Z,)) = H ’Vka[qu(pk B 1)-‘ .
k=1
Our paper focuses on the determination of the sigma chromatic number using the properties
pertaining to the structure of the zero-divisor graphs of the rings Z,,. It might also be worthwhile
to consider how these properties can be used to determine other graph parameters, including
chromatic numbers associated with other colorings, for these zero-divisor graphs. Moreover, as
the aim of the paper only involves zero-divisor graphs of rings of the form Z,,, we have restricted
our attention to rings of the form Zp;q X Zpgz X+ + o X Lpynm , My N1, N2, ..o, Ny, are positive integers,
and p1,p2, ..., pn are distinct primes. However, it is also interesting to consider the zero-divisor
graphs of such rings without the assumption that the primes p1, ps, ..., p, are distinct.
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