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On the sigma value and sigma range of the join of a
finite number of even cycles of the same order

M C A Bulay-og!, A D Garciano?> and R M Marcelo?
Ateneo de Manila University, Katipunan Avenue, Quezon City, 1108 Metro Manila, Philippines

E-mail: marie.bulay-og@obf .ateneo.edu', (agarciano?, rmarcelo®)@ateneco.edu

Abstract. Let ¢ : V(G) — N be a vertex coloring of a simple, connected graph G. For a
vertex v of G, the color sum of v, denoted by o(v), is the sum of the colors of the neighbors of
v. If o(u) # o(v) for any two adjacent vertices u and v of G, then c is called a sigma coloring
of G. The sigma chromatic number of G, denoted by o(G), is the minimum number of colors
required in a sigma coloring of G. Let max(c) be the largest color assigned to a vertex of G by
a coloring c. The sigma value of G, denoted by v(G), is the minimum value of max(c) over all
sigma k—colorings ¢ of G for which o(G) = k. On the other hand, the sigma range of G, denoted
by p(G), is the minimum value of max(c) over all sigma colorings ¢ of G. In this paper, we
determine the sigma value and the sigma range of the join of a finite number of even cycles of the
same order. In particular, if n > 4 and n is even, then we will show that p(kCy) = v(kCp) = 2
if and only if (i) k < | 2] 4 1, whenever n = 0 (mod 4), and (ii) k < [ 252 | + 1, whenever n = 2
(mod 4).

1. Introduction

Let G = (V(G), E(G)) be a simple, connected graph with vertex set V(G) and edge set E(G).
A (vertex) coloring of G is a function ¢ : V(G) — N, where N is the set of natural numbers and
is often referred to as the set of colors. A coloring c is said to be a proper coloring if c(x) # c(y)
whenever z and y are adjacent vertices in G. The chromatic number of G, denoted by x(G), is
the minimum number of colors required in a proper coloring of G.

A new type of coloring, called sigma coloring was introduced by Chartrand, Okamoto, and
Zhang in [1]. Suppose c is a coloring of a graph G where adjacent vertices may possibly be
assigned the same color. The color sum of a vertex v is given by o¢(v) = }_,cn(y) c(2), where
N (z) is the neighborhood of x. For simplicity, the color sum of v will also be denoted by o(v)
when the graph G is clear. We say that c¢ is a sigma coloring of G if and only if o(u) # o(v)
whenever v and v are adjacent vertices in G. The sigma chromatic number of G is the minimum
number of colors required in a sigma coloring of G, and is denoted by o(G). Thus, from the
definition, a sigma coloring induces a proper coloring of a graph where each vertex v is assigned
the color sum o(v).

Figure 1(a) below shows a sigma coloring of G using three colors and the color sums are
indicated above or below each vertex. However, Figure 1(b) shows that it is possible to have a
sigma coloring of G using only 2 colors. Since there are adjacent vertices with the same degree,
it is not possible to use only one color. Thus, o(G) = 2.

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOIL.
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oc=c+b oc=a oc=a+b oc=a

(a) A sigma 3-coloring; a,b,c € N (b) A sigma 2-coloring; a,b € N

Figure 1. Sigma colorings of G

For a graph G, if x(G) = k, then there is always a proper coloring of G using elements of the
set {1,2,---,k}. Although another set of colors may be used, we know that k is the smallest
among all the largest colors in proper colorings of G. On the other hand, such need not be
the case in a sigma coloring of G. Suppose o(G) = k and let ¢ be a sigma coloring of G using
k colors. Let max(c) = max{c(v)|lv € V(G)} and min(c) = min{c(v)jv € V(G)}. In [1], the
following graph parameters associated to sigma colorings were defined. The sigma value of G is
the number v(G) = min{max(c)|c is a sigma k — coloring of G}. On the other hand, the sigma
range of G is the number p(G) = min{max(c)|c is a sigma coloring of G}. It was shown in [1]
and [8] that 0(G) < p(G) < v(G). Note that it is possible for a graph G to have o(G) # p(G)
and p(G) # v(G) as shown in [1] and [8].

This paper discusses the sigma value and sigma range of joins of even cycles of the same
order. If G; and G4 are disjoint graphs, the join of Gi and Ga, denoted by G1 + G, is a
graph whose vertex set is V(G1 + G2) = V(G1) UV (G2) and whose edge set is E(G1 + G2) =
E(Gy) U E(G2) U{uv|u € V(G1),v € V(G2)}. Studies on the sigma chromatic number of some
families of graphs can be found in [2-6]. In [7], a coloring similar to a sigma coloring was also
introduced. However, little is known about the two other graph parameters, v(G) and p(G).
While it can be easily shown that for a cycle C,,, with n > 3, p(C,) = v(Cy) = 2 if n is even
and p(Cp) = v(Cy) = 3 if n is odd, the values of p(C,,) and v(C,,), where kC,, is the join of k
cycles C), are yet to be determined. In this paper, we address this problem when C), is an even
cycle. The methodology involves using the least and largest possible sums of colors in a sigma
2-coloring of C), using only the colors 1 and 2.

2. Known Results
The following observations and theorems will be used in this paper.

Observation 2.1 ([1]). Let G be a nontrivial connected graph. Then o(G) = 1 if and only if
any two adjacent vertices of G have different degrees.

Theorem 2.1 ([1]). If Cy, is a cycle of order n, where n > 3, then

o(Cr) = 2, ifn is even
"8, ifnis odd.

Z

Theorem 2.2 ([2]). Suppose c is a sigma k—coloring of G + H, where G and H are disjoint
graphs. Then, the restricted colorings c1 = C|V(G) and cag = c]V(H) are sigma colorings of G and
H, respectively, that use at most k colors. Thus, 0(G) < o(G+ H) and o(H) < o(G + H).

Theorem 2.3 ([1], [8]). For a nontrivial connected graph G, o(G) < p(G) < v(G).
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3. Minimal and Maximal Sigma Colorings of C,

Let n € N and n be even. Also, let V(Cy,) = {v1,v2, -+ ,v,} and E(C,) = {vjviy1|]l <@ <
n— 1} U{vv,}. From Theorem 2.1, we have o(C),) = 2. We give a sigma 2-coloring ¢; of C,,
using the colors 1 and 2. Let ¢1(v;) =2 if 4 |4 or i = n, and c¢;(v;) = 1, otherwise. The coloring
c1 of C), is illustrated in the diagram below.

Figure 2. The coloring ¢; of C,

Note that when n =0 (mod 4), the color sums of the vertices in C), are as follows:

(v3) 2, if ¢ is even
Oc (V) =
T 3, ifiis odd.

When n = 2 (mod 4), the color sums of the vertices in C,, are as follows:

2, if i is even
0c (Vi) =<3, ifiisoddandi#mn—1
4, ifi=n—1.

Since adjacent vertices in C), have unequal color sums, ¢; is a sigma coloring of C,,. Since ¢
is a coloring that uses the colors 1 and 2, we then have the following result.

Proposition 3.1. Let n > 4 be even. Then, p(Cy) = v(C,) = 2.

From the definition, the coloring ¢; maximizes the number of times that the smallest color, 1,
is assigned to the vertices of C,, and minimizes the number of times that the largest color, 2, is
assigned. If S(n) = > ¢y (c,) ¢(z), where ¢ is a sigma coloring of Cl, then ¢ is a sigma coloring
giving the smallest possible sum S(n). We say that a sigma coloring of C), is a minimal sigma
coloring of C,, if the corresponding value of S(n) is minimal. On the other hand, a mazimal
sigma coloring of C), is one that yields the largest value of S(n) over all sigma colorings using
the colors 1 and 2. A maximal sigma coloring of C,, can be constructed by interchanging the
colors 1 and 2 in ¢;. A maximal coloring ¢y may also be given as follows: ca(v;) = 1 if i = 3
(mod 4) or i =n — 1, and c2(v;) = 2, otherwise.
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Figure 3. The coloring co of C,

When n =0 (mod 4), the color sums of the vertices in C,, are as follows:

(v3) 3, if¢is even
o i) =
@ 4, if i is odd.

When n = 2 (mod 4), the color sums of the vertices in C,, are as follows:

9. ifi=n—2
Ocy (Vi) =<3, ifiiseven and i #mn —2
4, if 7 is odd.

In either case, adjacent vertices in C), have unequal color sums. Thus, ¢ is a sigma coloring
of C,,. Note that c2(Cy) = {1,2} and ¢y maximizes the number of times that the largest color,
2, is assigned to the vertices of C,,. Thus, co will yield the highest possible value of S(n) using
the colors 1 and 2.

Now, let T'(n) and M (n) denote the sum of colors of all the vertices of C;, in a minimal and a
maximal sigma 2-coloring of C,,, respectively, using the colors 1 and 2. Then the values of T'(n)
and M (n) are given as follows:

T(n) = {5 (?, if n =0 (mod 4)
4

| +3, if n=2 (mod 4), (1)

and

(%), if n =0 (mod 4)
M(n) = { % + 3, if n =2 (mod 4). @

4. Main Results

We will use the definitions of S(n), M(n), and T(n) for a cycle C,, as given in Section 3.
The first result shows that for every integer k between the sum 7'(n) obtained from a minimal
coloring and the sum M (n) obtained from a maximal coloring, there exists a sigma 2-coloring
of C), using the colors 1 and 2 such that the corresponding sum of colors is equal to k.

Theorem 4.1. Let n > 4 be even. For every integer k such that T(n) < k < M (n), there exists
a sigma 2-coloring c of the vertices of C,, using the colors 1 and 2 such that S(n) = k.



ICCGANT 2020 IOP Publishing
Journal of Physics: Conference Series 1836 (2021) 012015  doi:10.1088/1742-6596/1836/1/012015

Proof. Let V(Cy) = {vi,v2, - ,0n}, E(Cp) = {viviz1|l < i < n — 1} U {viv,}, and let
s = S(n) —T(n). If s = 0, then we use the coloring ¢; presented in Section 3 to color the
vertices of Cj,. Suppose s > 1. We have the following cases:

Case 1: Suppose s is an even number and s # M (n) — T'(n). Define a coloring c3 of C), by

(v1) 2, ifi=1,2 (mod 4), where 2 <i<2s+2andi#2s+1
cs3(vi) =
S c1(v;), otherwise,

where ¢; is the minimal sigma coloring of C,, given in Section 3.

Subcase 1.1: If n =0 (mod 4), then the color sums of the vertices of C, are given by

2, ifi=2 oriisevenand 2s<i¢<n
Ocy(vi) =<3, ifiisevenfor4<i<2s—2oriisoddfor2s+5<i<n
4, ifiisodd for 1 <i<2s+4 3.

Subcase 1.2: If n = 2 (mod 4), then the color sums of the vertices of C,, are given as
follows:

[\]

, ifi=2 oriisevenand 2s<i<n
Ocg(vi) =<3, ifiisevenand 4 <i<2s—2, oriisodd and 2s+5<i<n—3
, ifiisoddand 1<i<2s+3, ori=n—1.

W

Case 2: Suppose s is an odd number and s # M (n) —T'(n). Define a coloring ¢4 of the vertices
of Cy, by

(v1) 2, if i =1,2 (mod 4), where 2 < i < 2s
cq(vy) =
T c1(vi), otherwise,

where c; is the minimal sigma coloring of C,, given in Section 3.

Subcase 2.1: If n =0 (mod 4), then the color sums of the vertices of C), is given by

2, ifi=2 oriisevenand 2s+4<i<n
oc,(v;i) =<3, ifiisevenand 4 <i<2s+2 oriisoddand 2s+5<i<mn
4, ifiisoddand 1 <i<2s+4 3.

Subcase 2.2: If n = 2 (mod 4), then the color sums of the vertices of C,, are given as
follows:

2, ifi=2 oriisevenand2s+2<i¢<mn
Ocs(Vi) =<3, ifiisevenand 4 <i<2s, oriisoddand2s+3<i<mn-—3
4, ifi=n—1 oriisodd and 1 <7 <2s+ 1.

Case 3: If s = M(n) — T'(n), then k = M(n). We color the vertices of C), using the maximal
sigma coloring co given in Section 2.

In each of the cases above, we have shown that no two adjacent vertices of C), have equal
color sums. Thus, the colorings are sigma 2-colorings of C), using the colors 1 and 2. In addition,
the coloring strategy ensures that the number of vertices of C,, whose colors change from color
1in ¢1 to color 2 in c3 (or ¢4) is exactly s and S(n) =T'(n) + s = k. [ |
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Lemma 4.2. Let n be an even integer, n > 4, and let ¢ be any sigma 2-coloring of C, using
the colors 1 and 2. If S(n) # T'(n), then there exists a vertex v € V(Cy,) such that o(v) = 4. If
S(n) # M(n), then there exists a vertex v € V(Cy,) such that o(v) = 2.

Proof. Suppose c is a sigma 2-coloring of C,, using the colors 1 and 2 such that S(n) # T'(n).
Then, at least one block, say B : u1, ue, us, ug, of four consecutive vertices has two vertices with
color 2. Since c¢ is a sigma 2-coloring of C),, the color pattern of the vertices in B is either
1,2,1,2 or 2,1,2,1, or B has exactly three vertices with color 2. In any case, at least one of the
vertices of B must have a color sum equal to 4. Hence, the result follows.

In the case that S(n) # M (n), a similar proof will show that there exists a vertex v € V(C},)
such that o(v) = 2. [ |

If the colors used in a 2-coloring of C), alternate among the vertices, then we say that the
coloring is alternating.

Lemma 4.3. Let ¢ be a sigma 2-coloring of C,, using the colors 1 and 2, and let CS(C),) =
{o(u) :ueV(Cy)}.
(i) If c is alternating, then CS(Cy) = {2,4}.
(ii) Suppose c is not alternating and n =0 (mod 4).
e If S(n) =T(n), then CS(Cy) ={2,3}.
e If S(n) = M(n), then CS(C,) = {3,4}.
o If T(n) < S(n) < M(n), then CS(Cy) ={2,3,4}.
(iii) Suppose c is not alternating and n =2 (mod 4). Then, CS(C,) = {2,3,4}.

Proof. Suppose c is a sigma 2-coloring of C), using the colors 1 and 2. Clearly, if ¢ is alternating,
then C'S(C,) = {2,4} regardless of the congruence class of n.

Suppose ¢ is not alternating. If n = 0 (mod 4) and S(n) = T'(n), then by definition
of minimal coloring and by recalling the values of o(ci(v)) given in Section 3, we have
CS(Cy) = {2,3}. Likewise, if S(n) = M(n), then by definition of maximal coloring and by
recalling the values of U(CQ( )) given in Section 3, we have CS(C,,) = {3,4}. On the other
hand, if T'(n) < S(n) < M(n), then by Lemma 4.2, the color sums 2 and 4 are in C'S(C)).
Furthermore, since c is not alternating, C,, contains a block of four consecutive vertices having
three vertices with color 1 or with color 2. Hence, one of these vertices must have a color sum
equal to 3. Thus, CS(C,) = {2,3,4} and this is true regardless of the congruence class of n. In
the case that n = 2 (mod 4) and S(n) = T'(n) or S(n) = M(n), we have CS(Cy,) = {2,3,4} as
shown in Section 3. [ |

The next result considers sigma colorings of the join of two even cycles C,.

Lemma 4.4. Let G = 2C, = C, + C,, where n is even and n > 8. Suppose c is a coloring
of G using the colors 1 and 2 such that the restriction of ¢ to each copy of Cy, in G is a sigma
2-coloring of C,,. Suppose Si(n) denotes the sum of colors of the vertices restricted to the ith
copy of Cy,, where i € {1,2}, and assume without loss of generality that Sa(n) > Si(n). Then,
¢ is a sigma 2-coloring of G if and only if Sa(n) > Si(n) + 3.

Proof. For notation purposes, denote the ith copy of C,, in G = (), + C,, by C,, and let C|Cn7;

be the restriction of ¢ to Cy,. From the assumption, S;(n) = 3_,cy(c, ) ¢(v) and Si(n) < Sz(n).

In the following, we list all possible conditions between Sy(n) and Si(n) and show that only the
condition So(n) > Si(n) + 3 will give a sigma 2-coloring of G using the colors 1 and 2.

Case 1: Suppose Sa2(n) = Si(n).
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Subcase 1.1: If Si(n) # M(ni1), then since n = n; = ng, we have Sa(n) # M(n2).
By Lemma 4.2, there exist two adjacent vertices, u € V(Cy,) and v € V(Cy,), such that
o(u) =2+ S2(n) =2+ Si(n) = o(v).

Subcase 1.2: If Si(n) = M(ny), then Sa(n) = M(ng). By Lemma 4.2, there exist two
adjacent vertices, u € V(Cy,) and v € V(C,,), such that o(u) =4+ S2(n) =4+ Si1(n) = o(v).

Case 2: Suppose Sa2(n) = Si(n) + 1.

Subcase 2.1: If c|c,, is alternating, then c|c,, is not. By Lemma 4.3, there exist two
adjacent vertices, u € V(Cy,) and v € V(C,,,), such that o(u) =3+ S2(n) =4+ Si(n) = o(v).

Subcase 2.2: 1If c|c,,, is not alternating, then c|c, is alternating. By Lemma 4.3, there exist
two adjacent vertices, u € V(C,,,) and v € V(C,,), such that o(u) = 2 + Sz(n) = 3+ Si(n) =

o(v).

Case 3: Suppose Sa(n) = Si(n) + 2. Then, Si(n) # M(n1) and Sa(n) # T(n2). By
Lemma 4.2, there exist two adjacent vertices, u € V(C,,) and v € V(C,,), such that
o(u) =2+ S3(n) =4+ S1(n) = o(v).

Case 4: Suppose Sa(n) > Si(n) + 3. Then, for any two adjacent vertices, v € V(Cy,) and
v € V(Chy,), we have o(u) > 2+ Sa(n) > 5+ Si(n) >4+ Si(n) > o(v).

We note that in each of Cases 1 to 3, there are two vertices v and v which are adjacent in the
join G = 2C), such that o(u) = o(v). This means that ¢ is not a sigma coloring in each of these
cases. Finally, we should note that only Case 4 yields a sigma 2-coloring of C,,. This proves the
lemma. |

The result below deals with the main problem of this study which is to determine the sigma
value and sigma range of the join of a finite number of even cycles of the same order.

Theorem 4.5. Let G = kC,,, where n > 8 is even and k > 1. Then,
v(G) =2

if and only if

) < 2] +1, ifn=0 (mod 4)
122 +1, ifn=2 (mod4).

Proof. Since n is even, we have either n =0 (mod 4) or n = 2 (mod 4). Considering the values
of T(n) and M (n) as given in equations (1) and(2) in Section 3, it follows that

M(n) — T(n) J|2l+1,  ifn=0 (mod4)
{ 3 J—i_l_{t’?gzj—i—l, ifn=2 (mod 4).

Hence, we will prove that v(G) = 2 if and only if k£ < LWJ + 1. As in the proof of

Lemma 4.4, we denote the ith copy of C), in G by C,,, C’Cni the restriction of ¢ to Cy,, and
Si(n) = ZvEV(Cni) c(v).

First, suppose v(G) = 2. Then, by definition, there exists a sigma 2-coloring ¢ of kC), using
colors 1 and 2. Now, C’Cni as well as c\cniJrcnj are also sigma colorings for 1 < 4,7, < k, by
Theorem 2.2. By permuting the position of the cycles, if necessary, we can assume without loss
of generality that the values of S;(n), for 1 < i < k, are nondecreasing. By Lemma 4.4, we must
have S;11(n) > Si(n) + 3 for each 1 <i < k — 1. As a consequence, Si(n) — S1(n) > 3(k — 1).
Since Sk(n) < M(n) and Si(n) > T'(n), it follows that Si(n)—S1(n) < M(n)—T(n). Combining
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the inequalities, we obtain 3(k — 1) < M(n) — T'(n), and so, k < w +1. Since k is an
integer, we have k < LWJ +1.

Conversely, suppose k < LWJ + 1. Consider the sequence a; = T'(n),as = T'(n) + 3,

-,ar = T(n) + 3(k —1). Note that the last equation yields k = VI‘_TT(H)J + 1, and since

M(n)—T(n)
3

k < + 1, then we must have a < M(n). Clearly, a; is an increasing sequence and

T(n) <a; < M(n) for 1 <i<k. By Theorem 4.1, there exists a sigma 2-coloring of C,,, using
colors 1 and 2 such that S;(n) = a;. Since a;4+; = a;+ 3 for each 1 <1i < k—1, then by applying
Lemma 4.4 repeatedly, it follows that c is a sigma 2-coloring of kC), using the colors 1 and 2.
Consequently, v(G) = 2. [ |

By Observation 2.1, the sigma chromatic number of a connected graph is 1 if and only
if every two adjacent vertices of G have different degrees. Since this is not the case for the
join kC, of k cycles with n > 4, then we must have o(kCy,) > 2. Since by Theorem 2.3,
o(kCy) < p(kCy) < v(kCy), we have the following corollary.

Corollary 4.6. Let G = kC,,, where n > 8 is even and k > 1. Then,
p(G) =2

if and only if

Lo JLEl L ifn=0 (mod4)
122 +1, ifn=2 (mod4).

Example 1. Suppose n = 18. By Theorem 4.5, we have v(kCig) = 2 if and only if k < 3.
Using Theorem 4.1 and the strategy of coloring kC,, in the proof of Theorem 4.5, we give a
sigma 2-coloring of 3C1s using the colors 1 and 2. For simplicity, we omit the edges joining
vertices between different copies of Cig in Figure 4.

(c) 3rd copy of Cis, S3(n) =29

Figure 4. Sigma 2-coloring of 3C1g
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Observe that when k = 4, then in order to still have a sigma 2-coloring of 4Cig, Sy(n) >
S3(n) + 3 = 32 by Lemma 4.4. Since M(n) = 31 and M(n) is the sum of colors in a mazimal
coloring of C1g, it follows that no sigma coloring of 4C1g using only the colors 1 and 2 will exist.
As a consequence, v(4C1g) # 2.

5. Conclusion
In this paper, we considered the sigma value and sigma range in relation to the join of even
cycles of the same order. While p(C,) = v(C),) = 2 when n is even, we determined necessary
and sufficient conditions so that p(kC),) and v(kC,,) are still equal to 2.

A problem that can be investigated further is that of determining p(kC,,) and v(kC),) when
n is odd. One might be interested also to consider other families of graphs whose sigma value
and sigma range are yet unknown.
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