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Abstract. In this paper, we study the multi-point boundary value problems for a new kind of
piecewise differential equations with left and right fractional derivatives and delay. In this system,
the state variables satisty the different equations in different time intervals, and they interact with
each other through positive and negative delay. Some new results on the existence, no-existence
and multiplicity for the positive solutions of the boundary value problems are obtained by using
Guo—Krasnoselskii’s fixed point theorem and Leggett—Williams fixed point theorem. The results
for existence highlight the influence of perturbation parameters. Finally, an example is given out to
illustrate our main results.
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1 Introduction

In recent decades, fractional calculus has been widely used in various fields of science
and technology, and the theoretical research of fractional differential equations has also
received extensive attention, see [5-8, 10, 12-15,17, 18,22,23,25,27,30-34,36] and the
references therein. And the differential equation with left and right fractional derivatives
have been studied extensively due to the wide application [2—4, 16,24,29]. In [2], the
following nonlocal boundary value problems of integro-differential equations involving
mixed left and right fractional derivatives and left and right fractional integrals are studied

DS REDP y(t) + AP IS, h(ty(t) = f(ty(t), teJ:=[0,1],
y(0) =y(€) =0, y(1)=0dy(n), 0<&E<pu<l,

where 1l < « < 2,0< 8 <1landp,q >0, f,h:[0,1] x R — R are given continuous
functions, and §, A\, x € R are constants. At the same time, the differential equations
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with delay have many successful applications in the fields of communication engineering,
population control and so on; see [1,9, 20,21, 26,28, 35].

Motivated by above works, we discuss the multi-point boundary value problems for
piecewise differential equations with left and right fractional derivatives and delay

EDE u(t) + f(t,ut),ult+m)) =0, tel0,€],
& DJu(t) + g(tut),ult — 7)) =0, te(&1],
w'(67) = pou' (0) +a = —(p1u/(€1) +b),

u(0) = nu(§™), u(1) = yu(¢h),

where fD?, is the right Caputo fractional derivative, in is the left Caputo fractional
derivative, 1 <o, 8<2. £€(0,1), u(£) =limg_o- u(€+e¢), u(€T) =lim._ o+ u(é+¢).
Yi» Pis Ti €E Rand 0 < v, < 1,01 >0,0< p2 < 1,0, 20,0< 7y <1-£0< 7 <&
FeC([0,¢] x RT x RT,RT), g € C([¢,1] x RT x RT,RT).

In boundary value problem (1), the state variable v = u(t) satisfies the different equa-
tions in different time intervals, and they interact with each other through positive delay
71 and negative delay —7o. The parameters a and b in the boundary conditions represent
the error in certain measurement. Some new results on the existence, no-existence and
multiplicity for the positive solutions of the boundary value problems are obtained by us-
ing Guo—Krasnoselskii’s fixed point theorem and Leggett—Williams fixed point theorem.
The results for existence highlight the influence of perturbation parameters. Finally, an
example is given out to illustrate our main results.

(D

2 Preliminaries

For convenience of reading, in this section, we give out some definitions about the frac-
tional calculus and some lemmas.

Definition 1. (See [17].) Leta > 0, a < b € R, and the left and right Riemann-Liouville
fractional integral of u : [a,b] — R are defined as
t
) = m [ (6= 9" us)d
u(t) = =—— —8)" Tu(s)ds
atdt F(a) )
b
) = o [ (5= 07 u(e)d
Jiu =~ () s u(s) ds,
t
respectively, for t € [a, b].

Definition 2. (See [17]). Let o« > 0, a < b € R, and the left Caputo fractional derivative
and right Caputo fractional derivative of function u : [a, b] — R are defined as

¢ na 1 ul™(s)
at Dt U(t) - F(n 7 Oé) / (t . S)a7n+1 ds7

a
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b

() (s
c u
Db ( n—a / a n+1 dS
t

respectively, provided the right-sided integral converges, where ¢ € [a,b],n—1 < @ < n,
n € N.

Lemma 1. (See [17]). If a > 0, then
o I (S DEu(t)) = u(t) + co + 1t — a) + ea(t — a)®
T2 (EDEu(t)) = u(t) + do + di(b—t) + da(b—t)?
wherec;, d; € R, i =0,1,...,n—1,neN.

-+ Cn—l(t -

Jr
ot dp iy (b—t)"

Lemma 2. (See [11].) Let E be a Banach space cﬂd P C FE is a cone. Assuﬂe that (24,
025 are bounded open subsets of E with0 € {1y C 21 C (29, andletT : PN(22\ 1) —
P be a completely continuous operator such that either

Q) [|[Tz| < ||z||, x € PN Oy, and ||Tx|| >
,x € PNof,

,x € PNOS2y, or
,zePﬂ&QQ.

Then the operator T has at least one fixed point on P N ({25 \ £21).

Lemma 3. (See [19].) Assume P is a cone in Banach space, w is a nonnegative continu-
ous concave functional on P, the constants 0 < d < q < ¢ < r. Denote P, = {u € P:
|lull| < r}and P(w,q,c¢) = {u € P: ¢ < w(u) and ||u|| < c¢}. Let T : P, — P, be
a completely continuous operator such that w(u) < ||u|| for x € P, such that

() {u € P(w,q,c)P: w(u) > q} # 0 and w(Tu) > qforu € P(w,q,c);
(i) ||Tu|| < dforu € Pg;
(ili)) w(Tu) > qforanyu € P(w,q,r) and |[Tu| > c.

Then T has at least three fixed points uy,uz,uz € P, such that |u1|| < d, w(ug) > ¢
and |lus|| > d with w(us) < q.

Lemmad. Let h € C([0,¢], RY), y € C([¢,1],RT), then the boundary value problem
§D-u(t) + h(t) =0, te[0,¢],
B —
£ DL+ U0 =0, () o
u'(§7) = p2u'(0) +a = —(prv/(€7) +b),

u(0) = nu(§"), (1) = 72u(¢")

has a unique solution given by

Jy Gt 8)h(s) ds + = (£ + 1) (2255 fy 5 2h(s)ds + a),

I=7
te[o.¢],
u(t) = 1 1 y26—1 £ ga—2 ©)
f§ Ga(t,5)y(s) ds — S ( + ) (5= 1)f h(s)ds+a

1—72
+(1_p2>b>7 te (5?1]7
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where
1 sl 0<s<t<E,
Gi(t,s) = — mooo R 4)
I'a) (s—8)" 4+ 1557 0<t<s<§
1 [ -9 " —@-9"" e<s<t<],
Ga(t,s) = == e B—1 )
@) |0 -9)"", E§<t<s<1

Proof. From Lemma 1 the general solution of the linear differential equation § D¢ u(t)+
h(t) = 01is given by

u(t) = —¢Ig_h(t) —co — 1 (€ — 1)

13
77%/5775& 1 )d8700*61(57t)a tG[O,f], (©)
t

and o/ (t) = (1/T(a — 1)) [* (s — £)*h(s) ds + e1.
The general solution of the linear differential equation ¢, Df u(t) +y(t) = 0is given
by

u(t) = —5+It5y(t) —cg —cst
t

- / (t— ) Yy(s)ds — cs — eat, L€ (& 1], )

andv/(t) = —(1/T(8 — 1)) fgt (t — ) ?y(s)ds — .
By the boundary value conditions u/({7) = pou/(0) + a = —(p1v/(§1) + b) we can
easily get that

13
1 2
= ““2h(s)d
Cc1 1—p2< a—l 0/5 S—|—a>,

£

1 2
c3 = s h(s)ds+a+ (1 —pa)b |.
3= =) < a_l / ( P2)>

0

By (6)—(8) and the boundary conditions u(0) = y1u(£7), u(1) = Yu(€T) we can

also get that
1 9
)saflh(s) ds—l— (/ Tla—1) s 2h(s)ds + a)),
0

9
: /
Co —
71— 1 )
https://www.journals.vu.lt/nonlinear-analysis
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= (P(lm Ja-97 s as
£

3
1
+ 728 /s“ 2h(s)ds +a+ (1 — p2)b
p1(1 — p2) 06—1
0
€,

Thus, by substituting ¢y and ¢; into (6) we can get that for ¢ € [0,

1 n
/Glts d3+1—p2<1—71+t)<f‘a—1

and by substituting c2 and c¢3 into (7) we can get that for ¢ € (&, 1],

3
5272 h( )ds+a>
0

u(t) = /Gg(t,s)y(s) ds
3

€
1 2l P2 “2p(s)ds +a —
m(lpz)(lw H) (F(al)/s h(s)ds +a+ (1 Pz)b>-

0

Hence, u(t) satisfies equation (3) if it is the solution of the boundary value problem (2)
and vice versa. O

Lemma 5. Suppose G;(t,s) (i = 1,2) are defined by (4), (5), then G;(t,s) has the
following properties, respectively:
(i) G1(t, s) is continuous and 0<v1G1 (&, 8) < G1(t, 8) <G1(&, 8), 0G4 (t,8) /0t =0
on (t,s) €[0,¢] x [0,&];
(i) Galt,s) is continuous and 0 < v2G2 (&, 8) <Ga(t, s) <Gz (€, 8), 0Ga(t, s)/0t <0
on (t,s) € [, 1] x [¢,1].
Proof. (i) Obviously, G1(t, s) is continuous on (¢, s) € [0,£] x [0,&].
For0 < s <t <§,
1 a—1 8G1(t, S)

R ST A

and for 0 < t < s <&,
1 1
Gi(tys) = — ——s" 1= (s —t)*"
) = s (s = -0,

aGl(t,S) o 1

a—2
o Ta-peH =20

Hence, G1(t, s) is monotone increasing for any ¢ € [0, £], and

0 < G1(0,5) < Gi(t, s) < Gi(s,s) = G1(&, 5).

Nonlinear Anal. Model. Control, 26(6):1087-1105, 2021
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Because G1(0,5) = (71/((1 — 71)T()))s* ! = 4G4 (&, s), then

0C(t,s) _

0 < leGl(fas) < Gl(tvs) < G1(§75)7 It =

0, (ts)€[0,& %[0,

(ii) Similar to the proof of (i), we can prove that (ii) holds. O]

Let J = [0,1], Jo = J\ {¢{} E = PC(J,R) = {u : J — R : w is continuous in
Jo. w(€T) and u(€™) exist, and u(£7) = u(€)}. Obviously, F is a Banach space with the
norm [|ul| = sup;(o,1) [u(t)|-

Denote [[uf o) = supiciog [u(®)l. [ulley = supt € (€ Uu(b)l, then ul] =
maX{HuH[QQ, UH(&J]}. Set

P= {u € E:u(t) >0, te0,1], inf u(t) = mllullpg, tei&fl u(t) > 'y2||u|\(571]}7

" t€[0,¢]

]

then P C E is a cone. Define a operator 7' : P — E by

f0§ Gi(t,s)f(s,u(s),u(s+7))ds + 1_1p2 ( 15_"’;1 +1)
X (2 Jy 5272 (s,u(s),uls + 1)) ds+a), e [0,€),
Tu(t) = f; Ga(t,s)g(s,u(s),u(s — 1)) ds — M('yf_g;; +1) 9
X(% f(f 272 f(s,u(s),u(s + 71))ds +a + (1 — p2)b),
te(§1].

Obviously, u = u(t) is a positive solution of (1) if and only if u is a fixed point of the
operator 7" in P.

Lemma 6. The operatorT : P — P is completely continuous.

Proof. By Lemma 5 we can easily obtain that T : P — P.

Let {u,} C P,u € P, and ||u, —u|| — 0asn — oo. There exists a constant My > 0
such that ||u, || < My and |ju]| < M.

By the continuity of f(¢,u,v), g(t, u,v) we have

Tim (f (8 un (), un(t 1)) = f(tu(t) ult +7))) =0,
Jim (g(t,un(8), un(t =) = g(t,u(t),ult — 7)) =0,

and there is a constant M; > 0, which makes SUP(4 uwyea | f(Eu,v)| < M, and
sup(t7u7v)65;}g(iu,v)| iMiwhereA =[0,{] x [-M,,M,] x [-M,,M,], B =
[57 1] X [_MO’MO] X [_MovMo]'

It follows from Lemma 5 and the Lebesgue dominated convergence theorem that
limy, o0 || TUn — Tu||[0,5] = 0 and lim,,—, 0 ||Tup — Tu||(5,1] =0.

Thus, lim, 0 ||Tun — Tu|| = 0, which implies that the operator 7" is a continuous
operator.

https://www.journals.vu.lt/nonlinear-analysis
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Let {2 C P be bounded. By the continuity of f, g, we can get that there is a constant
My > 0 such that | f(¢,u,v)| < My for any t € [0,£], u,v € £2, and |g(t,u,v)| < M3
forallt € (&, 1], u,v € £2.

By Lemma 5 we can show that (T'u)’(t) > 0 for ¢t € [0,&] and (Tw)’(t) < O for
t € (§,1]. Hence,

1 Tullj0,e = Tu(§)

1 Mg~ 3 P26 My
<1—71<F(0f+1)+1—P2< I'(a) +>>
ITull ey = Tu(e")

1 (Ma(1—¢)° 1 Mops€®~!
< ( 2(1-9) 4 £ ( 2p2§ +a+(1p2)b>).
L=\ TB+1)  pl-p)\ T(e)
Consequently, T'(£2) is uniformly bounded.

Since G (¢, s) is continuous, it is uniformly continuous on (¢,s) € [0,£] x [0,£].
Hence, for any € > 0, there exists a constant

e(1 = p2)l'(a)
2(Mapote—1 +al'(a) +1)

such that |Gy (t1, s) — G1(t2,s)| < e/(2M2) forall t, ta, s € [0,&] and [t; — t2| < dy.
Thus, for u € £2, t1, t2 € [0,£], |t1 — t2] < d1, we have

0<d <

&
|Tu(t2 T’U, tl / tl, Gl(t27 S)| ds
0
1 Mgpgfail
t1 — 1 .
1—p2< I'(a) o)l =l <

Similarly, due to that G2(¢, s) is continuous on [¢,1] x [&, 1], for above mentioned
g > 0, there exists a constant 3 > 0 such that for t3, t4, s € (£, 1], |[t5 — ta] < d2, we
have [Tu(ts) — Tu(ts)| < €.

Hence, T'({2) is equicontinuous on [0, ], (£, 1], respectively.

By Arzela—Ascoli theorem we know that operator 7" is a relative compactness op-
erator, and because operator 7' is a continuous operator, it is a completely continuous
operator. O

3 Existence of the positive solutions

Denote
t t
fo =liminf inf 7f( ,u,v)’ gp =liminf  inf 79( Y U),
utv—=pte[é—T0,8] U+ V utv=pte(€,é+m] U+ U
ta u,v . t, u,v
f? =limsup sup M, g¥ = limsup sup M
utv—rp tefo,e] UtV utv—p te(e,l] UtV

Nonlinear Anal. Model. Control, 26(6):1087-1105, 2021
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(1 =) = p2)l'(a+1)

M= e 20— Dm T+ 1)

_PB+DA =), A1-9HA-m)
M = 2(1—¢)° <1 p1€(1 —2) )
My Mipi§(1— ) B+ —92)
Ms = mm{ 2 2(1—5)(1—71)} M= ep

_ (A=) (a+1) L — (1-7)TB+1)
e = (E—10)%) (1= €)° — (1 — € —1)°)

N = maX{’Yva’YNﬁ»

)

where ¢ = 07 or +00 and v = min{v;,72}, 0 < 79 < min{ry, 72 }.

Theorem 1. Assume that My > 0 and the following conditions hold:
(H1) f° < M and ¢° < Mo;
(H2) foo > N1 0OF goo > No.

Then there exist constants ag, by = 0 such that boundary value problem (1) has at least
one positive solution for the parameters a and b with 0 < a < ag, 0 < b < by.

Proof. Because f < Mj, there exists a constant 71 > 0 such that f(t,u,v) < M;(u+v)
forany t € [0,€], u +v € (0,71). Similarly, by g° < M, there is a constant 72 > 0 such
that g(¢, u,v) < Ma(u + v) forany t € (§,1], u+v € (0,72).

Let
7'111111{7?21 7'22}’ 2 ={ueP: |u <r},

and ag = £47 L Myr, by = 26" M7 /T (o + 1). Forany u € PNOS2;, we have ||u| = r.
When 0 < a < ag, 0 < b < by, forany u € PNO2, wehave 0 < u(s)+u(s+71) <
2r < rq for s € [0,¢], and

1 Tull[0,e) = Tu(&)

3
< M, Gl(f,s)(u s+ )ds
0/ 3
§ M po
+(1_p2)(1—71 ( 04—1)0/8 +u(5+71))ds+ao>
E*242(a—1)p2) + T(a+1)

1= i Mr=r=lul.

Similarly,

B 20-9°My  (1-8(1—m)
ITulle 1) = Tu(€) < <F(5 D07 | pEd ) )T.

https://www.journals.vu.lt/nonlinear-analysis
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In view of
20-0°M  (1-9(1-m) _
LB+ 1)(1 —72) p1€(1 —2) ’

we have ||[T'ul|(¢,1) < 7 = ||ull.

Then for any u € P N 92, we get | Tul| < ||ull.

If foo > N7y, there exists a constant Ry > 0 such that f(¢,u,v) > Ni(u + v) for any
te&—1, ¢, u+ve[R,+0).

Let

R
R=71, 25 = {u € P: ||ul| < R}.

For u € P N 022, we have ||u| = R, and

WV

inf  w(t) > inf wu(t) > u , inf  w(t inf w(t) > n .
it u®) > it ) > mluleg, o u(®)> ot u(®)> el

Because |lul = max{||ull,¢. |ullq} fort € (§ — 70, &] C [0,§], thent + 711 €
€+ —70,{+ 7] C (& 1], and

u(t) +u(t+m) > inf  w(t)+ inf u(t)
te(§—70,¢] te(€+m1—70,E+1]

> inf wu(t inf wu(t) >
it u(®)+ inf u(t) > mllullog + el

> (|lul

0.6 + lullce,y) = vllull-

So that
u(t) +u(t+m71) = yllull =yR = Ri, te (-1, (10)

By Lemma 5 and (9) we can easily get that
9
Tu(0) = nTu©) > [ Grl€,9)f (s, u(s)uls + 7)) ds
0

3 £
> Nim / G1(&,5) (u(s) +u(s + 1)) ds = NimR / G1(€,5)ds
£-7o §—To
_ (€ = (€= 70)7)

= NiR =R = ||ull.
Q-+ e

Then for u € P N 9§22, we have || Tu|| > ||ull.

According to Lemma 2, T has at least one fixed pointin P N (22 \ ;).

Similarly, if goc > N2, there is a constant R > 0, which makes g(t, u, v) > Na(u + v)
forany t € (&, €+ 7o), u+ v € [Ra, +00).

Let R
Ro==%  @={ucP: ul < Ro}.

Nonlinear Anal. Model. Control, 26(6):1087-1105, 2021
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We have |ju|| = Rp for any u € P N 9§23 and for t € (£, £ + 70] C (&, 1], then
t—m € (§—T2, §— (12— 70)] C [0,¢]

t) +u(t — > inf w(t)+ inf wu(t) > +
u(t) +u(t =) > inf u(t) + inf ut) > luliog +relulicy

2 y(llullo.g + llwllea)) = Il
Thus

u(t) +u(t — o) = v[lull =vRo = Rz, t € (& &+ 70l (11
and because

Tu(1) = 72 Tu(&")

1 E+70
= V2 / GQ(ga S)g(S, U(S),U(S - 72)) ds > NZFYQF)/RO / G2(€7 5) ds
3 13

_ (-9 - (1 -¢-7)")
(1 =)l +1)
then for any v € P N 0823, we have || Tu|| > |lul|.

According to Lemma 2, T has at least one fixed point in PN (23 \ £21), which implies
that boundary value problem (1) has at least one positive solution. O

N2R0 = RO = ||u||,

In particular, the following result holds by Theorem 1.

Corollary 1. Assume that the following conditions hold:
(Hll) fO — g() — 0’.
(H2") foo = +00 0F goo = +00.

Then there exist constants ag, by > 0 such that boundary value problem (1) has at least
one positive solution for 0 < a < ag, 0 < b < by.

Theorem 2. Assume that the following conditions (H3) and (H4) hold:
(H3) f°° < M3 and g™ < My;
(H4) f(] > N1 or go > N2.

Then there exist constants ag, by > 0 such that boundary value problem (1) has at least
one positive solution for 0 < a < ag, 0 < b < bg.

Proof. Due to f> < Ms, then there exists a constant A\; > 0 such that f(¢, u,v) <
M3(u+wv) forany t € [0,£], u+ v € [A1,+00).
Let
D= {(t,u,v): tef0,¢], u>=>0,v= 0} := D1 U Do,

where D1 = {(t,u,v) € D: u+v < A1}, D2 = {(t,u,v) € D: u+v > A }.

https://www.journals.vu.lt/nonlinear-analysis
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Since f is bounded on Dy, then there is Ly > 0, which makes |f(¢,u,v)| < L; for

any (t,u,v) € Dy. Hence, for all (¢,u,v) € D, we have
| f(t,u,v)| < L1+ Mz(u+v).

Similarly, because g°° < My, then there is a constant Ao > 0 such that g(¢,u, v) <
My(u+v)forany t € (§, 1], u+v € [Ag, +00).

Let D = {(t,u,v): u+v < Ag, t € [€,1], u > 0, v > 0}, then there is Ly > 0 such
tat |g(t,u,v)| < Lo for any (¢, u,v) € D. Then for any ¢ € [, 1] and u, v € [0, +00], we
have |g(t,u,v)| < Lz + My(u + v). Denote

26%(1 + (o — 1)p2) s
Fla+ 1)1 =)L —p2)’

(1—&)paga? (1-9)° )}
%mu—mm—wwmf”WW+na—wf2’
a—lM A a—lM by
Q4Z{U€P||U||<)\}, aozf%, O:ﬁ.
For any u € P N 924, which implies ||u|| = A. Since
. [My Mipi&(1—y2)
Mé‘mm{z %1—00—70}
Then for 0 < a < ag and 0 < b < by, we have
| Tulljo,e) = Tu(§)
£*(2+2(a—1)ps + T(a+ 1))) £ (1+ (= Dpa) Ly
<< T -+ )M Tar D=0 - )
< <£“(2+2(04—1)P2+F(Oé+1)))Ml)\ *(1+ (a—1)p2) Ly
A
2

A= max{/\l, )\2,

— 7)1 = p2)T(a+1) 2 (a4 1)(1 = y1)(1 = p2)

and

[ Tullg,1) = Tu(€™)

2(1-¢)” (1-& 2420 —1)p+T(a+1)
rB+1)01- 2)M4)\+ p1(1—y2)(1 —p2)T(ar+1) M;A
(1—&)pagat 1-¢°
- T TE D -
54_ (1-90 =) Mipi§(1—2) /\+é
T30 pé(l—ye)My 2(1-€)(1—m) 6
<SHSH5=A=ul.
=3 2 6

Then for any u € P N 0424, we have || Tul| < [Jul.

Nonlinear Anal. Model. Control, 26(6):1087-1105, 2021


https://doi.org/10.15388/namc.2021.26.24622

1098 Y. Zhang et al.

If fo > Ny, then there exists a constant Ay > pq > 0 such that f(¢,u,v) > Ny(u+wv)
forany t € [£ — 70, &], u+ v € (0, pq].
Let y
25 = {u € P: |jul| < u}, o<u<71.
Hence, for any u € 0425, we have ||u|| = p. It is similar to (10), for t € (£ — 79, &,
i =l < u(t) +ut +71) < 2full < p

Then for any u € P N 9(25,

S
Tu(0) = nTu(§) = Nimyp / Gi1(&,5)ds
§—7o
— 71,}/(504 B (g B 7-0)(1)1\]1,u =pu= HUH

(1 —7)T(a+1)

Thus, for any u € P N 0425, there is || T'u|| > ||u||. According to Lemma 2, T has at least
one fixed pointin P N (£24\ £25).

Similarly, if go > Na, there is a constant Ay > po > 0 that makes g(t,u,v) >
NQ(U + 'U) for any le (51 5 + 7—(]]’ u+ve (07 /1’2]

Let

0 = {ueP: |lul <7}, 0<ﬁ<%.

Then for any u € P N 92, we have ||u|| = z. Similar to (11), for ¢ € (£, £+ 79, we
have

v = ylull < ult) +u(t —72) < 2/l < po,
and for any u € P N 042%,
£+
Tu(l) = Tul€) > uNevm [ Galéos)ds
¢
Y((A=8°P —(1-¢=70)")
= 1 5 LZ)F(( e ) N = 7 =

Thus, for any u € P N 042, we have || Tul| > |Ju]. B
According to Lemma 2, T has at least one fixed point in PN (§24\ £2), which implies
that boundary value problem (1) has at least one positive solution. O

In particular, the following result holds by Theorem 2.

Corollary 2. Assume that the following conditions hold:
(H3) f> = g™ = 0;
(H4) fo = +o0 or gg = +oc.

Then there exist constants ag, by = 0 such that boundary value problem (1) has at least
one positive solution for 0 < a < ag, 0 < b < bg.
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Theorem 3. Assume fo, > Ni holds. Then there exists a large enough positive constant
a1 > 0 such that boundary value problem (1) has no positive solution for a > a;.

Proof. If fo, > Nj, there exists a constant R > 0 such that for any ¢ € [§ — 79, ],
u+v € [yR,+00), we have f(t,u,v) > Ni(u+ v). Assume that for any large enough
a > 0, boundary value problem (1) has a positive solution u = u(t).

Let ) ) R
ayp > ( _p2)( _71) s a > aj.
&
In fact, since T'u = u, we have
u(0) > ¢na > R.

(L—=p2)(1—m)
Hence, ||u|| > R.
From (10) of Theorem 1 we have for any ¢t € (£ — 79, ],

u(t) + u(t + 1) = 7lluf = yR.

Hence,
u(0) = mu(®)
S
> / G1(¢, s)f(s,u(s),u(s + 7'1)) ds + @*Pf)ﬁa
§—To

o (€ — (€= 70)%) n
(1-y)l(a+1) (L=p2)(1 =)
So ||u|| = |lu|]| + R, which is a contradiction. Thus, there exists a constant a; > 0
such that the boundary value problem (1) has no positive solution for a > a;. O

Nillull + ar > [lu]| + R.

Theorem 4. Assume go, > Ns holds. Then there exist large enough positive constants
as, by > 0 such that boundary value problem (1) has no positive solution for a > as,
b > by.

Proof. Similarly, if g, > Ns, there exists a constant Ry > 0 such that for any ¢ €
(&, &+ 10], u + v € [yRp, +00), we have g(t,u,v) > Na(u + v). Assume that for
any large enough @ > 0, b > 0, the boundary value problem (1) has a positive solution
u = u(t).
Let
(L= p2)(1 —y2)p1Ro
(1= ’

a2+(1—p2)b1 > a > as, b> b;.

SinCe TU = u, we haVe
u(l) > (1= &)va((az + (1 — p2)b1)
pr(1—p2)(1—2)
ul|| > Ry. Since for any ¢ € (&, £ + 79],
u(t) +u(t = 72) > Allull > yRo.

> Ry.

Hence,
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Then
u(1) = yu(Eh)
T (1—5)72
o 5/ G2(&,8)g(s,uls), uls =) ds + p1(1=p2)(1—"2) (az + (1—p2)b1)
2((1-8° — (1= ¢~ n)’) (1-8) .
g (1 - 72)F(/3 + 1) N2Hu|| M ,01(1—,02)(1—72> (a2 * (1 pQ)bl)

2 [ull + Ro.

So ||u|| = ||u|| + Ro, which is a contradiction. Thus, there exist constants as, by > 0
such that the boundary value problem (1) has no positive solution fora > as, b > b;. [

4 Multiplicity of the positive solutions

In this section, we consider the multiplicity of solutions for boundary value problem (1)
by using Lemma 3.

Let P, = {u € P: |lu| < c}. Define a nonnegative continuous concave functional
w: P — [0,400) by w(u) = infiefe_ry ¢4ro) u(t). Obviously, w(u) < [lul| for any
u € P.Set P(w,q,c) ={u € P: ¢ <w(u), ||Jul] <c}.

Theorem 5. Suppose there are three constants d, q, ¢ with 0 < d < q < ¢, where
min{Mic, Mac} = Nq > 0, and the following hypotheses hold:

H5) f(t,u,v) < Mid for (t,u,v) € [0,£] x [0,d] x [0,d]; g(t,u,v) < Mad for
(t,u,v) € [§,1] x [0,d] x [0, d];

(H6) f(t,u,v) > Nqfor (t,u,v) € [§ — 70,&] X [q,¢] x [0, ¢]: g(£,u,v) > Ng for
(t,u,v) € (§,€ + 0] x [q,¢] x [0, c];

HT7) f(t,u,v) < Mic, g(t,u,v) < Mac for (t,u,v) € [0,€] x [0,¢] x [0,c];
g(t,u,v) < Mac for (t,u,v) € [£,1] x [0,¢] x [0, c].

Then there exist constants ag, by = 0 such that boundary value problem (1) has at least
three positive solutions uy, us, uz on P for 0 < a < ag, 0 < b < by, where |luy|| < d,
w(ug) > q |lusg|| > d, w(ug) < q.

Proof. First of all, for any u € P, we have 0 < u(t) < ||u|]| < ¢. Letag = €2 Mic
and by = 250‘_1M10/F(ai— 1).
Define a operator T} : P, — P by

(1&;1 + 1)

fOGlts) (s,u(s),u(s+ 1)) ds +

1Pz

(F(a l)f5 =2 f(s,u(s),u(s+7))ds+a), te]0,g,

(
S Galt, 8)g(s.u(s), uls — 7)) ds — s (2L 4 )
X (2 fy 522 (s, u(s), (s+n))ds+a+(1—pz)b), te (&1,

Tlu(t) =
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Then u = u(t) is a solution of (1) if and only if « is a fixed point of the operator T}
on P.. By (HS),

| Tvullj0,e) = Tru(§)

£ £
3 p2Mic / a2
<0/G1(§7s)ds+(1_p2)(1_% ( Tla—1) s “ds+ag

0
. € (2+2(a—1)p2 + T(a+1)) _.
<ane( S )
Since min{Mj ¢, Mac} > Ng > 0, then My > 0,
20-9"M;, | (1-9(l—m) _
LB+ —72) ;& —12)

and

[ Tvull 1) = Tiw(€h)
1

1-¢
<C< / 26 ) ds )

3

¢
M
( LP2 /,90“2 ds+ap+ (1 — pg)bo))
MNa-1)
0

21-9°M,  (1-9(1-7)\
<C<N5+Dﬂ—vﬁ prE(1—2) )‘Q

Hence, we have || T u|| < ¢, which implies Ty : P. — P...

Similarly, by (H5), we can get that || T u|| < d for u € P,4. Therefore, the condition
(i1) in Lemma 3 is satisfied.

Select u(t) = (¢ + ¢)/2, 0 < t < 1. Obviously, u(t) = (¢ + ¢)/2 € P(w,q,c) and
w(u) = infyepe_ry eqr) u(t) = (¢ +¢)/2 > g, then {u € P(w, q,c): w(u) > q} # 0.

For any u € P(w,q,c), we can get that u(t) > ¢ fort € [ — 19, £ + 0] and 0 <
u(t) < cfort € [0,1]. By Lemma 5, we can easily get that T« is monotone increasing
on [0, ¢] and T1u is monotone decreasing on (&, 1]. From (H6), we get f(¢,u,v) > Ng,
t €& —mo, & and g(t,u,v) = Ngq,t € (& &+ 70

Hence,
te[&iI—lf " Thu(t) = Thu(§ — 7o) = Thu(0) = 1 Thu(§)
7 ¢
> / G1(€,5)Nqds
&—To

2%%@—@—mf)

Niq =g,
- at1 471
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and

inf  Tyu(t) = Tyu(é 4+ 10) = Tiu(l) = yTiu(E)
t€(£7£+7—0]
&+7o
> 72 / Go(€,8)Ngds
3

_ (-9 — (1 - ¢ —m)”)
SRR CERY

Therefore, for v € P(w,q,c), we have w(Tyu(t)) > ¢. Hence, condition (i) in
Lemma 3 holds.

Due to Lemma 3 involves paramaters d, ¢, ¢, r with0 < d < g < c < r. Letc=r,
then by condition (i) in Lemma 3 it is clearly that for v € P(w, g, c) and HTu|| > ¢, we
have w(Tu) > q.

Therefore, condition (iii) in Lemma 3 also satisfied. Then Lemma 3 implies that the
boundary value problem (1) has at least three solutions u1, us, uz on P, and ||ui|| < d,
w(uz) > g, ||lugl| > d, w(ug) < q. O

Nag=q.

5 Illustration

In order to illustrate the applicability of our main results, the following boundary value
problem is considered in this section.

Example 1. For the following boundary value problem

FDYE _u(t) + u(t)
e ) (o 0520) Ly 1)
RS O
(u(t)+ ( %>)<7cost+( ()-l—u(t—;))zsjnt) 0, te (%71}, (12)

A(5) - (()) )
w-b((E)) o -5())

we can establish the following results:

(i) Ifa € [0,0.019191], b € [0, 0.028873], then boundary value problem (12) has at
least one positive solution.

(i) If @ € (2.46995 x 10°% +00), b € (2.22295 x 107, +00), then boundary value
problem (12) has no positive solutions.

https://www.journals.vu.lt/nonlinear-analysis
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Proof. Boundary value problem (12) can be regarded as boundary value problem (1),
where « = 3/2, 8 =7/4,& = 7/8, p1 = 2,p2 =0,71 = v = 1/2, 1 = 3/5,
T2 = 1/3, f(t,u,v) = (u+ v)(1/100)sint + (u + v)cost and g(t,u,v) = (u +
v)((1/4) cost + (u + v)? sint).

Let 0 = 1/4 < min{7, 72}, we can easily obtain that M; ~ 0.811256, M>
0.218239 > 0, N; ~ 13.8342 and Ny ~ 12.7312, fO ~ 0.00382783 < M, ¢°
0.23097 < M5 and goo = 00 > Na.

Then there exist constants r; = 0.151, ro = 0.234, » = min{r;/2,7r2/2} =
0.0755, Rg = 7.5 x 10%, It is easy to get that ap = (£¥"1Myr)/2 = 0.019191,
bo = (€27 My7) /T (e + 1) = 0.028873, az = 2.46995 x 106 and b; = 2.22295 x 10”.

(i) According to Theorem 1, if a € [0,a0] and b € [0, by], then boundary value
problem (12) has at least one positive solution.

(ii) According to Theorem 4, if a € (a2, +00) and b € (b1, +o0), then boundary
value problem (12) has no positive solutions. O

Q&
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