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Chapter
Can We Entangle Entanglement?

Mrittunjoy Guha Majumdar

Abstract

In this chapter, nested multilevel entanglement is formulated and discussed in
terms of Matryoshka states. The generation of such states that contain nested patterns
of entanglement, based on an anisotropic XY model has been proposed. Two classes
of multilevel-entanglement- the Matryoshka Q-GHZ states and Matryoshka generalised
GHZ states, are studied. Potential applications of such resource states, such as for
quantum teleportation of arbitrary one, two and three qubits states, bidirectional
teleportation of arbitrary two qubit states and probabilistic circular controlled tele-
portation are proposed and discussed, in terms of a Matryoshka state over seven
qubits. We also discuss fractal network protocols, surface codes and graph states as
well as generation of arbitrary entangled states at remote locations in this chapter.

Keywords: Quantum Computation, Multipartite Entanglement, Quantum State
Sharing

1. Introduction

Quantum Entanglement is a fundamental non-classical aspect of entities in the
quantum realm, which disallows a reductionist description of a composite system -
in terms of the state and properties of its quantum constituents. Erwin Schrodinger
once famously said,

“Thus one disposes provisionally until the entanglement is resolved by actual obser-
vation of only a common description of the two in that space of higher dimension.
This is the reason that knowledge of the individual systems can decline to the
scantiest, even to zero, while that of the combined system remains continually
maximal. The best possible knowledge of a whole does not include the best possible
knowledge of its parts—and this is what keeps coming back to haunt us”

Albert Einstein, Boris Podolsky and Nathan Rosen, famously known as EPR, and
Schrédinger, who called it Verschrinkung, highlighted the intrinsic order of statisti-
cal relations between the constituents of a compound quantum system, first
recognised what they called a ‘spooky’ feature of the quantum world. John Bell
showed that it is entanglement which irrevocably rules out the possibility of ascrib-
ing values to physical quantities of entangled systems prior to measurement. He
accepted the EPR conclusion around the quantum description of nature not being
‘complete’, with the principles of ‘realism’ (measurement results are determined by
properties that the particles carry prior to, and are independent of, the measure-
ment), ‘locality’ (measurements obtained at one location are independent of any
actions performed at another point that is spacelike separated) and ‘free will’
(settings of a local apparatus are independent of what EPR called ‘hidden variables’
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that determine the local results) being primary in this discussion. Bell showed that if
one were to assume these principles, then one obtains constraints in the form of
certain inequalities, called Bell’s Inequalities, on the statistical correlations in the
measured values of properties of the systems, and that the probabilities of the out-
comes of a measurement performed on constituents of an entangled system violate
the Bell inequality. In this manner, it was shown that entanglement makes it
impossible to simulate quantum correlations within the classical manner of think-
ing. Greenberger, Horne, and Zeilinger (GHZ) went beyond two particles in
showing entanglement of quantum particles leads to contradictions with Local
Hidden Variables Models (LVHM) for non-statistical predictions of quantum sys-
tems. During his doctoral studies at Université d’Orsay, Alain Aspect performed the
first experimental realisation of the Bell’s Inequalities.

Today, entanglement is instrumental in the formulation of information
processing tasks in the quantum realm. It has been used in applications such as
superdense coding and teleportation. Bennett et al first proposed a scheme for
quantum teleportation, wherein a genuinely entangled Bell state was used to trans-
mit an arbitrary single qubit [1]. Many different kinds of entangled quantum states
have been used to teleport arbitrary quantum states since then, including Bell states
[2, 3], GHZ states [4, 5], W states [6, 7] and multiqubit states [8-10]. There have
been hop-by-hop and multi-hop quantum teleportation schemes proposed since
then as well as schemes to teleport GHZ-like states using two types of four-qubit
states [11, 12]. Teleportation has been proposed in two-copy quantum teleportation
scheme [13], using cluster states [14], in higher dimensions [15] and also shown to
be possible over atmospheric channels [16]. More recently, various derivatives of
the standard teleportation scheme have been proposed, including those used for
bidirectional teleportation [15, 17, 18], controlled teleportation [19, 20], quantum
operation sharing [21, 22], quantum secret sharing [23-25] and arbitrated quantum
teleportation [26, 27]. For multiple participants in a quantum information
processing task, entangled multiqubit states and multipartite entanglement play the
preeminent role, with multiqubit resource states varying from GHZ- and W-states
to clusters states [28]. Lately, W-GHZ composite states have been used for remote
state preparation, teleportation and superdense coding of arbitrary quantum states
[29, 30]. Shuai et al showed how GHZ-GHZ channels can be used for bidirectional
quantum communication [31]. The physical realisation of such composite systems
have been explored in a number of physical platforms such as using cavity QED
[32]. Properties of spin squeezing when multi-qubit GHZ state and W state are
superposed have also been studied [33]. These composite quantum states contain
varying degrees of multilevel and genuine multipartite entanglement, which can be
used for applications in quantum information processing [34, 35]. Yang et al inves-
tigated the feasibility of experimentally creating GHZ states comprising of three
logical qubits in a decoherence-free subspace, by using superconducting transmon
qutrits coupled to a co-planar waveguide resonator [36].

Since not all forms of entanglement are relevant for distinct information
processing applications, the determination of resource states for specific information
processing tasks is of paramount importance. This, along with any characteristic
protection or resilience against noise and decoherence provided by a resource state,
forms the underlying principle of quantum resource theories [37-40]. In the latter
pursuit, decoherence-free subspaces provide a natural solution and associated
resources to produce quantum resource-states that are not easily decohered [41-44].
Stabiliser codes are a resource that constitutes a crucial ingredient for effective quan-
tum error correction [45], while cluster states are resource states that are used for
measurement-based quantum computation and error corrections [46-51]. Certain
realisations of a standard resource-state have more resilience against decoherence,
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such as in the case of cluster states generated with Ising-type interactions, wherein
the entanglement in the state persisted upto a fairly large number of measurements
on the qubits to disentangle them [52]. These resource state display various distinct
forms of entanglement: some are maximally entangled, such as resource-states used
for teleportation, while others are partially entangled, such as in the case of cluster
states. In the case of cluster states, the partial entanglement is a resource in itself,
since the one requires a specific protection of the ‘quantumness’ and correlations in
the segments of the state against perturbations or measurements of other segments of
the state. If the resource-state were maximally entangled, such a measurement or
perturbation of one segment will collapse the state of the remaining segments to a
specific state, thereby not maintaining the system as a viable quantum resource for
further cluster operations. If we were to generalise and extend this idea to conceptu-
alise states that maintain near maximal entanglement in segments of the state while
maintaining weak correlations between the segments, we could have interesting
resource-states and associated applications of such states. This is the central idea and
motivation behind generalising the concept of Matryoshka states: Matryoshka Gener-
alised GHZ states, Matryoshka GHZ-Bell States and Matryoshka Q-GHZ States.

In multi-qubit quantum states, an important property is that entanglement is
monogamous - quantum entanglement cannot be shared freely among various
parties. Osborne and Verstraete showed that the entanglement for bipartitions over
an n-qubit system follows a monogamy relation [53]:

t(paa,) +7(Pasa,) + o +7(Pasa,)

(1
< T(ﬁAl(Az ...An)>

where 1(,0 Ar(As . A, )> denotes the bipartite quantum entanglement measured by

the tangle across the bipartition A; : A>As3 ... A,. In this chapter, we discuss the weak
coupling between near-maximally entangled (sub)states due to the constraint placed
by entanglement monogamy [54-57]. The concept of Matryoshka states was first
given by Di Franco et al [58], with the name ‘Matryoshka’ coming from the Russian
word for ‘nesting doll’. The underlying concept of a Matryoshka state is genuine
entanglement in multilevel systems, with the entanglement in higher level systems
being more than or equal to the entanglement in the lower level constituents:

Eq,284;,di>d; (2)
where E,, is the entanglement measure of the level ;. In this chapter, we will
discuss the characteristics and applications of two classes of Matryoshka states for

d = 2 multiqubit systems, which are as follows:

1.Matryoshka Generalised GHZ states
L + +
Wncr:) = Y &IGHZ,™ ™) . |GHZ"™) (3)
k=1

<GHZZf"i"’i

GHZy "™ ) = 3Vi 4)

A particular case of such states are the Matryoshka GHZ-Bell states

L
):t 5 ):t 5 ,:t
Wacrs) = Y MIGHZ, " )|B:™™) . |By) (5)
k=1
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where |B) signifies a Bell state.
<GHZZf’dl’i|GHZZ’j’d1’i> — 5,V (6)
<BZf’di,i|BZlf/’di’i> = Op Vi )

2.Matryoshka Q-GHZ states

L
,t , ,+
Wamec) = > AlAY)IGHZ ™) . |GHZ, ™) (8)
k=1
GHZ"*|GHZY ™ = s,¥i, (A%|AF ) = 5
d; 4 = O Vi, (A7|AT ) = S 9)

where |A) are orthogonal states that are eigenstates in the Z-basis for all qubits in
the state. Here the subscript ‘d;” in |GHZZf’d") denotes the number of qubits in the i

subsystem, while a is the decimal representation of the superposed term in the
GHZ-like state that has the lowest decimal representation and + denotes the rela-
tive phase between the terms in superposition. GHZ-like states are the states that
can be created from the GHZ state using local unitary operations. So, for instance,

in a three-qubit system |GHZ>") = % (|010)+|101)) can be created from |GHZ) =
% (]000)+|111)) using I>x2 ® 6x ® I242, or in other words - we apply a qubit flip oy
operation on the second qubit, leaving the other qubits untouched. In the summa-
tion above, L = 2" where 7, is the number of qubits in the largest subsystem.
Nomenclature and Acronyms Used. GHZ state is a multipartite maximally
entangled state, first defined for three qubits: |y, ) = % (/000)+£|111)). A Hadamard

Operator is a quantum logical gate that acts on a single qubit and maps the basis

0 0)—
state |0) to % and |1) to %

2. Localised correlation generation: how can we generate entangled
entanglement?

Matryoshka states can be generated in various physical platforms, such as in spin
systems and in trapped ions. Frowis and Diir [59] studied the stability of superpo-
sitions of macroscopically distinct quantum states under decoherence, wherein they
looked at realising concatenated-GHZ states: |¢.) = \/li (|GHZ},)®N+|GHZ,,) ®N)

(with |GHZy;) = % (J0) ®N+]1)®N)), which is a Matryoshka generalised state state,

in trapped ion systems. The underlying principle to realise entangled entanglement
is to have localised and intra-level correlation generation, which begins with
creation of entanglement in one level, thereafter entanglement of this entangled
structure over higher-level basis states and so on. For the purposes of this chapter,
we will be considering the GHZ and GHZ-like states as the primary unit of
entanglement.

The algorithm for generating entangled entanglement in a system comprising of
GHZ and GHZ-like states as the units of entanglement is given by

Step 1: Creation of a ground state |[0000...0) with total number of qubits being
n = 3k for some finite, non-vanishing integer k.

Step 2: Application of a Hadamard gate on the (3n + 1)

...0) where |+) = %(|O)+|l>)

qubits to give | + 00 +
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Step 3: Application of CNOT operation with the (37 4 1)™ qubits as the control
for the corresponding (37 + 2)™ qubits and (37 + 3)™ qubits as target to give a state
of the form |GHZ"3))|GHZ*®)) ... |GHZ ">~

Step 4: Application of composite operation of the form of Z:’:/ (3)P3,'+1P3i+2P3,'+3 where
P represents Pauli operations or combination of Pauli operations such as 0,0, and

1.P3i+1 7é ng'+1 fori #]Vl,] e
2.P3i+2 75 P3j+2 fori #]Vl,] =V

3.P3i+3 7& ng‘+3 fori #]VZ,] eZ

2.1 Generation of Matryoshka states using spin systems in condensed matter
physics

In this chapter, the generation of Matryoshka states will be explored in spin
systems in condensed matter physics. Unlike in the case of the aforementioned
algorithm, instead of composite operators, in this case we have localised generation
and minimal interactions between different GHZ and GHZ-like states to create the
Matryoshka states. In this case, we consider N spin-j particles, with each spin
coupled to its nearest neighbours by the XY Hamiltonian

N-1
H = Z(fx,in‘XiH +fy,iYiYi+1) (10)

i=1

where ], ; is the pairwise coupling constant with ¢ = X, Y,Z being the Pauli
operators. For the purposes of this chapter, we take N to be odd. Franco et al [58]
showed that it is sufficient to state that the information flux between the X (Y)
operators of the first and last qubits in the spin-chain depends on an alternating set
of coupling strengths. For example, the information flux from X; to Xy depends
only on the set {Jy 1,/x2, ---»Jyn_1} and is independent of any other coupling rate
in the spin-chain. Christandl et al [60, 61] showed that after a time ¢* = z/4 with 1
being a scaling constant (as mentioned in the definition of the case of a perfect state
transfer in a linear spin-chain given by weighted coupling strengths: ], ; =
A\/i(N — 1)), the state of the first qubit in the spin-chain can be perfectly trans-
ferred to the last qubit. We see that by preparing the initial state of this spin-chain
in an completely separable eigenstate of the tensorial product of Z; operators, say
|[¥(0)) =1000...0)1, . i, we obtain an information flux towards symmetric two-site
spin operators, and a final state of the form [58].

lwo) = 10)e @M olw airin-2 @My lw_YoiN-2i1 (11)
lye) = 11 @M lw_)aivan-2 @Ml Yain—2is1 (12)

where ¢ labels the central site of the spin-chain, M =~ and |y ,) =
% (/00)+£/11)). An illustration of the setup has been shown in Figure 1.

The critical step in the creation of the Matryoshka GHZ-Bell state is the evolution
of the central and two neighbouring qubits to the GHZ state, without disturbing the
rest of the spin-chain. This is a key result around the generation of Matryoshka GHZ-
Bell states in this chapter, which can be extended to other classes of Matryoshka states.
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Figure 1.

Scheme for the generation of Matryoshka GHZ-Bell resource-states, where the effective spin—spin XY
Hamiltonianan is obtained as an effective adiabatic Hamiltonian for a linear chain of optical cavities with each
interacting with a three-level atomic system. The ground states of each atomic unit provide the computational
space of each spin, and the dipole-forbidden transition between these states is vealised as an (adiabatic) Raman
transition through the excited state: |e); with i = 1, 2, ..., N. The cavity field drives off-resonantly the dipole-
allowed channel |j); < le); with the Rabi frequency g ;, j = 0, 1. Two lasers are also coupled to these atomic

transitions with strength Q; and detuning A ;.

For this, we need to switch off all the interactions except for those connecting the
central qubit to the neighbouring ones. A point to note here is that had we started
with |¥(0)) = |111...1)1, N, we would have obtained a final state of the form

lwo) =100 @M olw_Vairin-2 @My lw )2iN-2i1 (13)
lye) = 11 @M olw aivan-2 @Milw_ )N 21 (14)

We use this principle and the idea that after evolution over time ¢ *, the states in
Egs. (2) and (3) transform back to |000...000)1, .y and states in Egs. (4) and (5)
transform back to [111...11)1, . ;. We can utilise this concept, by taking the state in
Eq. (2) and evolving it, for the truncated subsystem comprising of the central qubit
and the adjoining qubits. A point to note here is that due to only coupling that
connects to the central qubits, the coupling strength (J,; = 4'\/i(3 — 7)) and time of

evolution (¢” = n/4") vary accordingly. Before carrying out this evolution, we
perform a Hadamard operation on the central qubit to give

1
=—=(|0)+[1)c) @ 1N -2
lwo) 2(| Je 1)) ®iZolw . )2irin—2 (15)

M
®ic1lw_)2iN-2it1

We now perform the truncated subsystem time-evolution with the parameters
(J',t") to give us the state

1 _
lyo) = 7 (1000)+[111)), 1,1 ® Lo Iy )2is1n -2 16)

M
®it W _)2iN-2i+1

Therefore, we can obtain a Matryoshka GHZ-Bell state using nearest spin-spin
interactions in a spin-chain. A similar generation protocol can be defined for the
other two classes of Matryoshka states. The teleportation of an arbitrary n-qubit
state can be performed using Matryoshka GHZ-Bell States [62].
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Given the triangular three-qubit configuration, we can also consider the aniso-
tropic Heisenberg Hamiltonian, which describes the interaction between three spins
that are located at the corners of an equilateral triangle lying in the xy-plane, as
shown in Figure 2.

3
H = _]xy Z(stirl + S; Sz+1) _]z Z SfSiLl + Hz (17)

i=1 i=1

here the three spins S;, with S = 1/2, are located at the cornersi=1, 2, 3, and
S1 = S4.J,y and J; are the in-plane and out-of-plane exchange coupling constants

respectively, and H; = 5> _b,.S; denotes the Zeeman coupling of the spins S to the
externally applied magnetic fields b; at the sites i. If we consider isotropic exchange
couplings: J,, = J, =] >0 (ferromagnetic coupling) and b; = 0Vi, we have a
ground -state qudruplet that is spanned by the GHZ states: —= (|OOO)-|—|111)) and

ﬁ (/000)—|111)), along with the W- and spin-flipped W-states. A set of appropri-

ately chosen magnetics fields will allow us to split off an approximate GHZ state
from this degenerate eigenspace. If we find a set of magnetic fields that, in classical
spin systems, shall result in exactly two degenerate minima for the configurations
|000), representing the | | | spin configuration, and |111), representing the 1 1 1
spin configuration, with an energy barrier in between, quantum mechanical
tunnelling shall yield the desired states. The magnetic fields must be of the same
strength, in-plane and sum to zero, with a convenient additional choice being that
of the field pointing radially outward. Therefore, the successive directions of the
magnetic fields have to differ by an angle of 27/3 with respect to each other. Going
by the schematic in Figure 2, we can write the hamiltonian

3

3
H=-], Z(sxsf+1 S/S1) —J. > SiSi, +H.
=1 i=1

3
X QX zl Z Q%
Z S Sl+1 ;ZVS;1V+1 ZSZ Sz+1 )
i=1
3

(18)

NV . 3 .

3 [—f;z> S (S0 SISL) — S i + HE
1 =1

7 i i=1
N; N,—1
l 4 7 7, My
+ Z A(z’l,il—i—l)s? Sz+1 + Z A (iryir+1) S Sz+1
il=1 ir=0
o bt ¢

Figure 2.

Schematic for all (three) classes of Matryoshka states for d = 2 levels of the quantum system, exploved in this

chapter. The triangular formations encapsulate the logical units of two/three qubits mediated by CNOT gates.
Each of these triangular units ave weakly coupled to each other (shown with light blue patches). In the case of
the Matryoshka GHZ-Bell states, we only have the black links, while for the Matryoshka Generalised GHZ
states and Matryoshka Q-GHZ states, we also have the blue links.
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where the superscripts il and ir denote the left and right branches respectively of
the schematic arounnd a central triangular unit. For il = 1, we have the leftmost
triangular unit and for ir = N,, we have the rightmost triangular unit. N; and N,
denote the number of units on the left and right side of the central triangular unit.
In principle, we can have an asymmetric case where N; # N,. In the fourth line, the
term Sy,+1 and Sy refer to the spins in the central triangular unit connected to the

adjacent left and right triangular units respectively. Moreover, both ll(il’il +1) and

!
l(ir,irJrl)
cally negligible with respect to J but are non-zero, to account for inter-unit cou-

are coupling constants between adjacent triangular units that are numeri-

pling. S and S are right and left connecting nodes of the i triangular unit.
GHZ; ™) =

An important point here is the condition: <GH df’d’

S Vi, <A1f |A]f/> = Oy in Egs. (4), (6) and (9). This is ensured by the additional

application of single qubit gates on the nodes of the triangular units. For instance,

0_2
% (]000)+111)) — \/% (]010)+|101). Using combination of such single qubit opera-
tions, we can span the entire space of GHZ and GHZ-like states. The important
point here is the synchronised timing of these operations, with the inter-unit cou-
pling, so as to give us a superposition over orthogonal GHZ and GHZ-like states for
all triangular units, as shown in Figure 2.

3. Creating tesselated networks of Matryoshka states

The Matryoshka Generalised GHZ states can also be oriented in a tesselated man-
ner, as shown in Figure 3(a) for the case of symmetric 3-qubit GHZ triangular units.
The Matryoshka GHZ-Bell states, a specific form of these states, can even be oriented
in an emanatory manner, as shown in Figure 3(b). These two orientations can be used
for tessellation in three-dimensions, as in the case of the spherical configuration shown
in Figure 3(c), which shows the method of lattice surgery (discussed later in the
chapter). More complex forms such as the hexagonal-pentagonal tiling with 6-qubit
and 5-qubit GHZ states can be used for forms such as truncated icosahedrons. Lastly,
we can also have higher GHZ-forms in a self-similar, fractal manner, as shown in
Figure 3(d). Each of these configurations will be studied in the Application section of
this chapter. An interesting future direction of pursuing this line of research would be
in squeezed baths, which Zippilli et al studied and showed that a squeezed bath, which
acts on the central element of a harmonic chain, could drive the entire system to a
steady state that features a series of nested entangled pairs of oscillators [63]. This
series ideally covers the entire chain regardless of its size. Extending this result to
higher number of nearest neighbour interactions is non-trivial.

4. Where can we use entangled entanglement?

Matryoshka states have a second level of entanglement (nesting) and have
additional protection against loss of coherence under local transformations.

4.1 Fractal network protocol
In this chapter, a new quantum communication architecture is being proposed,

whereby there are levels of entanglement which underly a distributed network. If
we have
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Figure 3.

The various tesselation patterns possible with the GHZ triangular units in (a) generalised GHZ states in a
planar tesselated format, (b) GHZ-Bell states with an emanatory geometry, (c) spherical pattern created by
planar codes, along with illustration of lattice surgery with projective measurements, and (d) hierarchical
GHZ-state levels, where we have a self-similar nature of the tesselation. A point to note heve is that each node in

the diagram has three physical qubits (one from each GHZ triangular unit) in the generalised GHZ states and
two physical qubits in the GHZ-Bell states.

10)F = —= (|0} tor o Y+ |17 1) (19)

[EEN
Nis

1)} = 7 (joptoptop =1y ) (20)

As you can see, these are special cases of Matryoshka Generalised GHZ states,
with the superscript # defining the layer of the network. A point to note here is that
n = 1 is the layer with physical qubits, and so |0)} = |0) and |1)} = |1). This effec-
tively creates layers of entangled entanglement. This is highly useful in providing
multiple levels of protection in quantum network encoding. The key point here is the
heralded nature in which we can access levels from the highest to the lowest, with a
projective measurement onto the basis logical qubits of the just-lower level of entan-
glement to pass through a level of entanglement-enabled security and robustness.
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4.2 Surface codes, graph states and cluster states

We can define effective surface codes with Matryoshka states, with triangular units.
The primary operation proposed to be utilised in this regard is that of lattice surgery and
merging. Topological encoding of quantum data facilitates information processing to be
protected from the effects of decoherence on physical qubits, by having a logical qubit
encoded in the entangled state of many physical qubits. Among the various codes used
for this purpose, the surface code has the highest tolerance of component error, when
implemented on a two-dimensional lattice of spin-qubits with nearest-neighbour inter-
actions [64-68]. Mhalla and Perdrix [69] proved that the application of measurements
in the (X, Z) plane, with one-qubit measurement as per the basis

{cos0]0) + sinf|1), sinH|0) — cos|1)} (21)

for some 0 over graph states that are represented by triangular grids, is a universal
model of quantum computation. A point to note here is that, for any 6, the observable
associated with the measurement in this basis is cos 260Z + sin 26X. For a given simple
undirected graph G = (V, E) of order n, where V represent vertices and E edges, the
graph state |G) is the unique quantum state such that for any vertexu € V,

The Pauli operators constitute a group acting on a set V of # qubits is generated
by X,,Z,,i.I,cv, where I is the identity, X, and Z, are operators that act as identity
on the neighbourhood of # and with the following action on vertex u

X :|x) — |x) (23)
Z: ) — (1) (24)

In our circuit, we will have to project three physical qubits from three adjacent
triangular units to a single subspace for implementing this model. If we consider the
state: ﬁi (/00,0)+]11,1))(]00.0)+11.1))(]00.0)+|11.1)), with the subscript ¢
denoting the physical qubits adjacent to each other and that are projected to a single
subspace. If we initialise an ancilla qubit in the state |+) = \/% (|0)+|1)) and use the

conditional rotation gate

1 0 0
0 1 0 0

U =10 0 cos g sin g (25)
0 0 —sin g coSs g

and apply this sequentially with the three adjacent physical qubits (with sub-
script ‘c’) and the ancilla as target, we project the ancilla to a unique state that can
be retained for the graph state that is thereby defined, by going over the entire
tessellated lattice of triangular GHZ-units.

4.3 Establishing multiparticle entanglement between nodes of a quantum
communication network

We can use the unique form of the asymmetric Matryoshka Generalised GHZ
states to establish multipartite entanglement between nodes of a quantum

10
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communication network. The important part about this protocol is the role of
projection measurements on a central terminal. Considering a Matryoshka GHZ-
Bell state with an m-particle GHZ state and n-terminals in a quantum network

L
):l: >
Waicrzs) = 9 AIGHZpm %) By . B (26)
k=1

where |B) signifies a Bell state, <GHij”"’i|GHank"’”’i> = &y,/Vi and
<BZ’:’di’i|BZf/’di’i> = Oy Vi. Each user has one particle of a Bell-state, while the other
particle of the Bell-state is with the central terminal. Measuring the particles of the
Bell-pairs at the central terminal in a basis defined by maximally entangled states
over n-qubits will project the distant qubits into maximally #-qubit entangled states
as well. In fact, it need not only be one 7-qubit maximally entangled state at the
spatially distant nodes but could be multiple (partially or maximally) entangled
states of varying number of qubits connecting different permutations of end-
terminals, depending on the projective measurement performed on the central
terminal. Some examples of such remote establishment of entanglement have been
shown in Figure 4.

4.4 Quantum networks, repeater protocols and quantum communication

Quantum networks can facilitate the realisation of quantum technologies such as
distributed quantum computing [70], secure communication schemes [71] and
quantum metrology [72-75]. In our formalism for GHZ-based network protocols,
the key element is that of being able to merge GHZ triangular units, which is done
by projecting states at adjacent nodes into a single subspace (as shown in Figure 5),
as has been tried on atomic systems previously [76]. A generalised GHZ-GHZ
Matryoshka state can also assist in the recovery of quantum network operability
upon node failure, based on the formalism given by Guha Majumdar and Srinivas
Garani [77].

4.5 Teleportation and superdense coding

Let us look at the applications of such nested entanglement with the example of
a state close to a Matryoshka Q-GHZ state: the Xin-Wei Zha (XZW) State. Xin-Wei
Zha et al [78] discovered a genuinely entangled seven-qubit state through a numer-
ical optimization process, following the path taken by Brown et al [79] and Borras
et al [80] to find genuinely entangled five-qubit and six-qubit states:

Figure 4.

Hlustration of networks for entanglement generation in remote nodes in (a) triangular format (b) rectangular
format (c) polyhedra (dodecagon) format, with distinct patterns of entanglement generated at the periphery
depending on the projective measurements at the central terminal (s).
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Figure 5.
Network repeater protocol with three-qubit projective measurements at nodes to create higher-distance
entangled networks.

1
ly7) = 22
+1010) 1351y _)24lp_) 67 + 1011) 135l )oalyr_ )67 (27)
+1100) 1351, )24l )67 + [101)135|y_ )24l e7
+1110)1351¢_ )24l _ )67 + 1111)135ly . )24l )e7)

(1000)135lw )24lw )67 + 1001)135|p_)24ldb . )67

This state is a specific form of the Q-GHZ State defined in Eq. (6), with 4,Vk = 7

and |A* € {|000), |001), |010), |011), |100), [101), |110), |111) }. Another point to note
here is that the GHZ states here are for d = 2, thereby effectively being the Bell states.
This resource state can be used for teleportation of arbitrary single, double and triple
qubit states. The 3 (Q State)-2 (Bell State)-2 (Bell State) structure of the resource-
state, given in Eq. (17), helps us in devising a quantum circuit to generate the state, as
shown in Figure 6 and realised on IBM Quantum Experience. To obtain the resource-
state, we apply a unitary operator on qubits 1, 3 and 5: U = I4,4 @ (0; @ 05).

This state has marginal density matrices for subsystems over one or two qubits
that are completely mixed, with 7;; = Tn]plj 1 Vi,je{1,2,3,4,56,7},i<j, 7 =
Tlei = 5 vie{1,2,3,4,5,6,7}. For three- qublt subsystems, some of the partitions
have mixed marginal density matrices: 73, = Trﬁkpgk = % Vije{1,2,3,4,56,7},
i<j <k/\(l]l€> 75 (127), (367), (457) and 127 = 367 = T457 — %

The seven-qubit genuinely entangled resource state |I';) can be used for a
number of applications, such as quantum secret sharing (Supplementary Material

A1, A2 and A.3), the perfect linear teleportation of an arbitrary one-qubit state
(Supplementary Material B.1.1), probabilistic circular teleportation of arbitrary one-
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1oy N [
o) . . -' cZ gate
o il l —1 o I
|0} ‘ ? I CX gate
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l0) . : ~ ' H gate
il P WY

Figure 6.

Quantum circuit for the generation of the seven-qubit genuinely entangled state, on IBM Quantum Experience.
Here CX gate is the CNOT gate, cZ gate is the CPHASE gate and H gate is the Hadamard gate.

qubit states (Supplementary Material B.1.2), perfect linear teleportation of an
arbitrary two-qubit state (Supplementary Material B.2.1), bidirectional teleportation
of arbitrary two-qubit states (Supplementary Material B.2.2) and perfect linear
teleportation of an arbitrary three-qubit state (Supplementary Material B.3).

5. Conclusion

In this chapter, the generation and application of nested entanglement in
Matryoshka resource-states for quantum information processing was studied. A
novel scheme for the generation of such quantum states has been proposed using an
anisotropic XY spin-spin interaction-based model. The application of the
Matryoshka GHZ-Bell states for n-qubit teleportation is reviewed and an extension of
this formalism to more general classes of Matryoshka states is posited. An example of
a state close to a perfect Matryoshka Q-GHZ state is given in the form of the
genuinely entangled seven-qubit Xin-Wei Zha state. Generation, characterisation
and application of this seven-qubit resource state is presented. This work should lay
the groundwork for other studies into the area of nested entanglement, including
forays into higher layers of nesting entanglement. Particularly, the problem of
composite quantum states containing nested entanglement can be explored further,
theoretically and experimentally, be it in surface codes, establishment of multipar-
tite entanglement in quantum networks, teleportation, superdense coding and more
broadly in quantum communication protocols. The main advantage of the model
and method presented in this chapter is the accessibility of the condensed matter
system presented, while the primary limitation of the model presented in this
chapter is the need for fine-tuning of various interaction terms that have to be time-
sequenced very carefully. The concept of entangled entanglement is the key result
of the chapter, which can be implemented with other non-trivial combination of
unitary transformations over multiple qubits.
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A. Quantum Secret Sharing

Quantum Secret Sharing (QSS) is a procedure for splitting a message into several
parts so that no single subset of parts is sufficient to read the message, but the entire
set is. This can also naturally be extended to Quantum Operation Sharing (QOS). In
this section, quantum secret sharing using the 7 qubit XZW resource-state is
proposed, with three proposals for the same.

A.1 Proposal 1

Let us consider the situation in which Alice possesses the 1st qubit, Bob possesses
qubits 2, 3, 4, 5, 6 and Charlie possesses the 7th qubit. Alice has an unknown qubit
a|0) + pB|1) which she wants to share with Bob and Charlie.

Now, Alice combines the unknown qubit with |¥;) and performs a Bell mea-
surement, and conveys her outcome to Charlie by two classical bits. For instance if
Alice measures in the |®_ ) basis, then the Bob-Charlie system evolves into the
entangled state.

|100001) — 2|000100) — 2|000111) — |001001)

+a|001010) + a|010101) — 2|010110) — |011000)

+a|011011) + 2|100010) + 2|101100) + a|101111)—

|110011) + «|111101) — |111110) + /000000)

+5|000011) 4 $|001101) + $|001110) + 5|010001) (4D
—$|010010) + £|011100) — £|011111) — ]100101)—

$1000000) — $100110) + |101000) + 4/101011)

+5[110100) — A|110111) — |111001) + $|111010)

Now, Bob can perform a five-qubit measurement and convey his outcome to
Charlie through a classical channel. Having known the outcome of both their mea-
surement, Charlie will obtain a certain single qubit quantum state. The outcome of
the measurement performed by Bob is correlated with the state obtained by Charlie.
If Bob measures |A.) then Charlie obtains the state «|0) + f|1), while if Bob
measures the state |[B.) then Charlie obtains the state |0) & a|1), where

|AL)
= —]00010) + [00101) — [01011) — |01100)
+]10001) + |10110) — [11111) + (]00001) (A2)
+]00110) + [01000) — |01111) — |10010)
+]10101) — [11011) — |11100))
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|B+)
— £(]10000) — [00011) — |00100) + [01010)
+]01101) + |10111) — [11001) + |11110))
4+/00000) + [00111) — [01001) + |01110)
—100000) — |10011) + [10100) + [11010)
+]11101)

(A3)

A.2 Proposal 2

Let us consider the situation in which Alice possesses the qubits 1 and 2, Bob
possesses qubits 3, 4, 5 and 6 and Charlie possesses the 7th qubit. Alice has an
unknown qubit a|0) + f|1) which she wants to share with Bob and Charlie. Now
Alice can measure in a particular basis. Suppose she measures in the GHZ Basis.
Now, Bob can perform a four-qubit measurement and convey his outcome to
Charlie through a classical channel. Having known the outcome of both their mea-
surement, Charlie will obtain a certain single qubit quantum state. The outcome of
the measurement performed by Bob and the state obtained by Charlie is given as
follows: if Bob measures states |x. ), Charlie obtains states a|0) & |1), while if
Bob measures states |V, ) then Charlie obtains the states |0) + a|1), where
x+) = 12/0000) + |0111) + |1001) + a|1110) + (1001) + /0000) + f|1110) — f|0111))
and |Y1) = £a/0001) + 2|0110) + «|1000) — a|1111) +
(p[1000) + |0001) — p|1111) — $|0110))

A.3 Proposal 3

Let us consider the situation in which Alice possesses the qubits 1, 2, 3 and 4, Bob
possesses qubits 5 and 6 and Charlie possesses the 7th qubit. Alice has an unknown
qubit a|0) + B|1) which she wants to share with Bob and Charlie. Based on the state
Alice measures (|A;)Vie{1,2,3,4,5,6,7,8}), Bob and Charlie obtain a
corresponding state |BC;), where

A) = %(|o1111>—|01011>+|10010>+|11001)+|11100>+|11101>—|11000>)
1A,) = %(|01111>+|01011)—|1001o>—|11001>—|11100>+|11101>—|11000>)
1A3) = %(\01111>+y01011>+|10010>+|11001>+|11100>—y11101>+|11000>)
Ay) = %(|01111)—|01o11>—|1001o>—|11001>—|11100>—|11101>+|11000>)
As) — %(|11111>—|11011>+|00010>+|01001)+|01100>+\01101)—|01000>)
Ag) = %(\11111>+\11011>—\00010)—\01001>—|01100>+]01101>—|o1000>)
A7) = %(;11111>+y11011>+\ooo1o>+101oo1>+|o11oo>—|o11o1>+|o1ooo>)
Ag) = %(111111)—]11011)—|00010>—]01001>—\o1100>—101101>+\o1000>)

and
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IBC1) = al1)|®@_) +al0)|¥_) + BI0)|D,) + SI1)[V)
IBC2) = al)|®_) — al0)|¥-) — pl0)|D.) + AI1)|V-)
IBC3) = al1)|®-) — al0)|¥_) + f|0)|D) — AI1)|V-)
IBC4) = al1)|®_) + al0)|¥_) — |0)|D.) — SI1)|¥,)
IBCs) = IDID-) + BI0)|¥_) + al0)|D-) + al1)[¥,)
IBCe) = pIN)ID-) — l0)|¥-) — al0)|D) + al1)|¥,)
IBC7) = pI1)|@-) — pI0)|¥_) + a|0)|D,) — all)|¥.)
IBCs) = BI1)|@-) + p|0)|¥_) — al0)|D.) — al1)|¥y)

Bob can now perform a Bell measurement on his particles, and Charlie can
obtain a particular resultant state by applying the appropriate unitary operation.

For example, if the joint-state obtained by Bob and Charlie is §|1)|®_) +
Pl0)|¥_) — a|0)|D, ) — a|1)|¥. ), one can see that Charlie will obtain the state
|Ci), i=1,2,3,4 corresponding to the state measured by Bob |B;), where |B;) =

\/—|01>’ |By) = \/—|10>’ |Bs3) = \/—|11>’ |B4) = \/—|00> and |Cy) = a]0) +
pI), 1G2) = al0) = pI1), |C3) = all) + BI0), |Cs) = all) — pI0)

B. Quantum teleportation
B.1 Quantum teleportation of arbitrary one-qubit state

B.1.1 Linear teleportation scheme

To begin with, an arbitrary single qubit state can be teleported using the
resource state |[';) will be considered. In this case Alice possesses qubits 1, 2, 3, 4, 5,
6 and the 7th particle belongs to Bob. Alice wants to transport an arbitrary state

ly'M) = |0) + B|1) to Bob. The combined state of the system is |F§1)> =y @|Iy).
Alice measures the seven qubits in her possession via the seven qubit orthonormal
states:

|E%) = [0000)[¥epz) —10001)[¥,,,) + [0010)[¥F,)
+l0011)[Wy,) — 0100)[¥eyyy,) — 10101) [ ¥E,,)

+|0110>|‘PéHz> +10111) [ Wey,) + (11000)|¥WEy,) (Ad)

—[1001)[¥8,;,) — [1010)[W3y,) — [1011)WE,,)

+1100)[Wy,,) + [1101) [¥,) + [1110) 90,

)

—|1111>|‘PGHZ>

™) = 11000)|¥e;,) — 11001)[¥E,,,) + 11010)[¥L,;,)
+[1011) W) — 11100)[Wep,) — 11101)[Wey,)
+[1110) [WEpz) + [1111)[Wey,) + (10000) [WEy,)
—|0001)|‘PGHZ> |0010>|‘PGHZ> |0011>|‘I’GHZ>
+|0100>|‘PGHZ> + |0101>|‘PGHZ> + |0110>|‘PGHZ>
—[0111) [¥2,5))

(AS5)
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where ¥gy,) = 5[1000)£[111)], [¥g7,) = 5[1001)£[110)], [¥g7,) =
751/010)£[101)] and W& ) = 751/100)£|011)].

Alice then conveys the outcome of the measurement results to Bob via two
classical bits. Bob then applies a suitable unitary operation from the set I, o, ic), o,

to recover the original state, sent by Alice. In this way, one can teleport an arbitrary
single-qubit state using the state |I';).

B.1.2 Probabilistic circular teleportation scheme for arbitrary one-qubit states

Not only is the seven-qubit resource state useful for linear and
bidirectional teleportation but can also facilitate the probabilistic teleportation
of an arbitrary single-qubit states in a circular manner between three network-
nodes (users). Let us say we have Alice, Bob and Charlie in the system, with the
first qubit used as a control qubit, qubits 1 and 4 given to Alice, qubits 2 and 6
given to Bob and qubits 3 and 7 given to Charlie. Let us say the arbitrary states
are lyy) = aal0a) + falla), lyp) = aglOp) + Bsllp) and lyc) = aclOc) + Bcllc)-
Then, the composite state is given by |y 1) ® [wg) ® lyc) ® II'7)T4,B,C14:B,C: 5
where |I';) 7 is the control qubit. We apply a CNOT gate using the qubits
A, B and C of the arbitrary states as the control-qubits and the first qubits of
each user as the target-qubit. Let us for simplicity only consider the case where
IT7)r = 0).

Let us now measure the first qubits of Alice, Bob and Charlie in the Z-basis. Let us say
IT7) 4;8,c, = 1010), then we have the state Jy’") = —1((]001) |010))asapac|04050¢)
—I—(|100> |111>)aAaBﬂC|OAOBlc) + (|OOO> + |011>)aAﬂBaC|0A130c) + (|101>—|—
|110>)aAﬂBﬂC|0AlB]-C> + (|100> |111>)ﬁAaBaC|1AOBOC) +
(—|001)+]010))Baasfcl1a0s1c) + (~1101) [110))B4BzaclialsOc) +
(]000)+-|011) ) f4PsPcl1alp1c)). We can now measure the control qubits in the X-basis.
So, let us say, we have |Q 4,QzQ ) = |+a_B+c), then we obtain the state
C1) (|A1)(=|B1) + x|B3) — x| Ba) — |B2)) + |A2)(—|B1) + x|B3) +x'[Ba)+|Ba))) +
|C2 )(|A1)(=IB1) — x|B3) — 7 *|Ba)+IB2))+| A2)(—|B1) — xIB3) + x '[Ba)—|B2))) +
|C3)(|A1)(|Ba) — x1B2) — x| B) = |B3)) + |A2)(|Ba) — x|B2) + 2| IB1)—Bs))) +
C4)(|A1)(|Bs) + ¥|B2) — ¥ ~*B1)—|B3))+A2)(1B4) + x| [B2) + x| B1)+B3))), where
IC1) = Bcl0) + ac 1), 1C2) = fcl0) —acll), |C3) = Bcll) + acl0), |Cs) =
Pcll) —ac10), |B1) = ag|l) + f5l0), |B2) = asll)— fp|0), [Bs) = az|0) +
Pl1), |Ba) = al0)— fpll), y =2 withar =, +aa, a2 =aa — s, |A1) =a1
|0) + a3|1), |A1) = a1]0) — a3|1). Therefore I see that the users can obtain states
derived from the original state of the users next to them (Alice — Bob — Charlie —
Alice). However, as you can see, this can be done in a probabilistic manner with one of
the users not quite obtaining the original state but rather a derivative-state based on the
original.

B.2 Quantum teleportation of arbitrary two-qubit state

B.2.1 Linear teleportation scheme

Similarly, an arbitrary two qubit quantum state can be teleported using the
resource-state. In this case Alice possesses qubits 1, 2, 3, 4 and 5, and the 6th and 7th
particles belong to Bob. Alice wants to transport an arbitrary state |y?) =
@|00) + u|10) + y|01) + p|11) to Bob. The combined state of the system is |F§2)) =

|l//(2)> ® |r7>5
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IT%) = a(Ago|00) + Ag1|01) + Asg|10) + Ay [11))
+4(Boo|00) + Bo1|01) + Byo|10) + By1|11))
+7(Co0[00) + Co1|01) + C10[10) + C11|11))
+B(Do0|00) + Do1/01) + D10[10) + D11[11))

(A6)

where

Aoo = |0000Y[¥,,,) + [0001)[¥L,..) — [0010)[,,,) — |0011)|¥L,,,,),
Anr = [0000)[WL,,.) + [0001)[¥5.,,,)[0010)¥2,,,)[0011)[¥L,,,,),

Aot = |0000)¥S,..) — [0001)[¥2,.) + [0010)[¥,,,) + [0011)[¥0,,,),
Asg = —[0000)[¥5yy;) — 10001)[¥5y;,) +10010)[Wez) + 10011)[¥ey,),
Boo = [1000)[¥gy;;) + [1001)[WE,)[1010)[¥E,,,) + [1011)[¥ey,),
Bi1 = [1000)|¥gy,) + 11001)[¥ey,) — [1010)[¥3,,,) — [1011)1¥5,,,),
Boi = [1000)[¥¢y;;) — [1001)[¥5,,,) + [1010)[¥WE ;) + 11011)¥y,),
Big = —[1000)|¥zy,) — [1001)[WEy,) + [1010)[Wey,) + 11011)[¥ey,),
Coo = [0100)[¥gyz) + 10101)[¥yy,) — 10110)|¥eyz) + [0111)[¥Eyz),
Ci1 = |0100)¥yyz) + 10101)¥eyyz) — 10110)[¥3yz) — 10111)¥5yz),
Co1 = |0100

10101)| 10110) |¥;;,) + [0111)[W2,,.,),

WWepz) — Peuz)
C1o = [0100)|¥,) — 10101)[¥Ey,,) + [0110)[Wgy,) + [0111) [Wy,),
¥ erz) Wenz) —

Do = |1100 +[1101)] I1110)|[¥2,,,) + [1111)¥5,,,),
Dy = [1100) WL ) + [1101)[5,,,,) [1110) |2, ) 1111) ¥y, ),

Do = [1100)[¥¢y;;) — 11101)[¥5,,,) + [1110)[¥ey,) + 11111)¥y,),
Dio = [1100)|¥gpz) — 11101)[¥2pz) + [1110)[¥pz) + [1111)[¥gpz),

where [¥gy;) = J5[1000)£[111)], |¥gz;,) = J5[1001)£[110)], [¥gi,) =
\/li [1010)+|101)] and [¥&/,,) = \% [[100)+£]011)]. Now, Bob can carry out a combina-

tion of unitary operations, according to the given table, to obtain the original state
teleported by Alice.

State Obtained by Alice Unitary Operation by Bob
Aot + Bi1 + Coo + Dos I®oy

Aot + Bir — Coo — Dos 0z ® 0

Ao1 — Bi1 + Coo — Dos I®io,

Ao1 — Bi1 — Coo + Dox 0; Qio,

A1 + Bo1 + Cio + Doo 0x ® o

A11 — Bo1 + C10 — Doo ox Qioy

A1+ Bo1 — Ci0 — Doo i0y @ oy
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State Obtained by Alice Unitary Operation by Bob
Ay — Bor — C10 + Doo iy Qioy

Ago + Bio + Co1 +Dnt IQI

Aoo — B1o + Co1 — D11 I®oc,

Ago + B1o — Co1 — D11 0, QI

Ago — Bio — Co1 +Dut 0: ® 05

A1o + B11 + Coo + Do1 o ®I

A1o — Bi1 + Coo — Dot 0x Q0;

Ao + Bi1 — Coo — Do1 iay R

A10 — B11 — Coo + Do1 ioy @ o,

B.2.2 Bidirectional teleportation of arbitrary two-qubit states

The resource-state can also be used for bidirectional quantum teleportation.
Bidirectional Controlled Quantum Teleportation (BCQT) protocols have been pro-
posed for multi-qubit resource states, such as five-qubit [81], six-qubit [82, 83],
seven-qubit [84-86] and eight-qubit states [87]. Bidirectional Controlled Quantum
Teleportation can teleport arbitrary states between two users under the supervision
of a third party. Zha et al proposed the first scheme for BCQT of single qubit states
using a maximally entangled seve-qubit quantum state [85]. There have been
schemes proposed for BCQT that utilise states with the same number of qubits as
the quantum channel being used, and thereby realise bidirectional teleportation of
arbitrary single-and two-qubit states under the controller Charlie [84, 86].

Let us say Alice and Bob would like to teleport two-qubit states to each other by
utilizing the seven-qubit genuinely entangled resource state. We assume the form
of the two-qubit states to be

|#) 4,4, = @0|00) + 1]01) + |10) + a3]11) (A7)
)88, = Pol00) + $1101) + 5,[10) + f35]11) (A8)

For the resource-state, let Alice have the qubits 1,4 and 7, while Bob has the
qubits 2, 3 and 6 and Charlie has the qubit 5. The steps for the scheme are as follows:

* Alice measures qubit 7 of the resource state and A; in the bell basis.

Bob measures qubit 2 of the resource state and B; in the bell basis.

Charlie, Alice and Bob measure their qubits in the Z basis.

Alice and Bob measure their qubits A, and B, in the X-basis.

We apply unitary transformations to the composite state to now get Alice’s
initial arbitrary state in Bob’s terminal and Bob’s initial arbitrary state in Alice’s
terminal.

We will now be looking more closely at these steps with a specific one instance
to illustrate each step.

Step 1: Alice measures qubit 7 of the resource state and A; in the bell basis. If
Alice measures |y ), the remainder state is
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4%@ (1000) [y, ) (20196l 0)a; + a1‘0>6‘1>A2\;'§a2|1>6|0>A2 tasDell)a)
10015y {20 W6l0)4, + a1 V)64, %02\0)6\0),42 + a3[0)6|)as)
010}y =20Vl 0)a — a1|1>6|1>Az\é @060}, — a3|0)e[ 1))
1011)1,) (@0]0)6]0)4, + a1|0>6|1>A2\éa2|1)6\0)A2 ~alDelDa)
1100)1, ) (0! Del0)a; + arl)s[L)a, \20:2|0>6|0>A2 +a3{0)6[1)a,)
101y ) (%1el0)a; — a1!0>e!1>A2f2— a2[1)10)4, — aa[Vs[1as)
110) ) (5%0/96/00, ~ a1|o>6|1>Azﬁ+ @[1)6]0)a, + asl1)s[1)a) ,
111y, ) S0 Del0)a, = a1|1>6|1>,42\/+§ @2/0)¢l0)a; + a3|O)el D))y

Alice communicates her result to Bob using a classical channel.
Step 2: Bob measures qubit 2 of the resource state and B; in the bell basis. If Bob
Measures |y ), the remainder state is

1 (
m(|000>

a0[0)6]0) 4, + @1]0)6|1) 4, + a2[1)6]0) 4, + a3|1)6]1)4,)
V2

(£0l00) + $1|01) + 4,[10) + f5]11)) 4 , + 1001)

N
V2
o (@0[1)6[0)4, + a[1)6[1)4, + 02|0)6[0), + a3|0)6[1)4,)
V2

1
5 (£0l00) + $1|01) + 4,[10) + f5[11)) , , + 1010)

o (20]0)6|0)4; + 3[0)6[1)4, — 22[1)6]0)4, — a3|1)6[1)4,)
V2

($0l00) + p1(01) $,[10) p5[11)), 5, + [011)]

X

s

V2

" (0]0)6/0) 4, + @1]0)6|1) 4, — @2|1)6]0)4, — @3|1)6]1)4,)
V2

(Bol10) + p4]11) S,|00) fp5|01)), 5 +1100)

1

V2

. (@0]1)6]0)a, + a1[1)6[1)a, + 22[0)6]0)4, + @3|0)6[1)4,)
\/i

(Bol10) + f1[11) + $,[00) + $5]01)) , g, + 1101)

oL

V2

" (—a0]0)6|0) 4, — 21]0)6|1) 4, — a2|1)6]0) 4, — a3|1)6[1)4,)
V2
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1
X ﬁ(ﬂo|00> + $1(01) — p,[10) — f5|11)), 5, + 1110)

o (720[0)6[0)4, — 31|0)6|1)a, + 22|1)6[0)4, + a3[1)6[1)4,)
V2

1
“5 (Bol10) + f1[11) — $,[10) — 5[01)), , + [111)

o (F20[1)6|0)4, — ar[1)6|1)a, + 22|0)6]0)4, + a3[0)6[1)4,)
V2

1
X 7§(ﬂ0|00> + £1101) + $,[10) + $5[11)) 4 ,)

Bob communicates his result via a classical channel to Alice.
Step 3: Charlie, Alice and Bob measure their qubits in the Z-basis. Let us say they
all measure 0, we have the

(20[0)6/0)a, + a1|0)6|1)4, + 22|1)6|0) 4, + a3]1)6[1)4,)
V2 (A9)

1
“ 7 (Bo|00) + $1|01) + 5,[10) + f55[11)) 4 5, )

(1000)

1
2

Step 4: Let Alice apply a CNOT with A, as control and qubit 1 as target, and let
Bob apply a CNOT with and B, as control and qubit 3 as target, to get
1 (@0|000) 4 a1]101) 4, + a2|010) + 0{3|111>)1’6,A2
A NG
(A10)

1
X 7 (801000) + $,]101) + j3,|010) + p5[111)); , .

Step 4: Alice and Bob measure their qubits A, and B; in the X-basis. Let us say
they obtain the state |[+) = % (|0)+1)), then the composite state is given by

(a0]00) + a1[10) 4, + 2|01) + a3[11)), ¢
V2 (A11)

(Bol00) + $1]10) + f,|01) + p5[11))5 4

1

=(l0
(10)

1
X J—
V2

Step 5: We apply unitary transformations to the composite state to now get
Alice’s initial arbitrary state in Bob’s terminal and Bob’s initial arbitrary state in

Alice’s terminal. In this instance, the unitary transformation is simply /@ I @ I ® I
with I being the identity matrix.

B.3 Quantum teleportation of arbitrary three-qubit state

The seven-qubit resource state can be used for the perfect linear teleportation of
an arbitrary three qubit state. In this case, Alice possesses qubits 1, 2, 3, 4 and 5, and
the 6th and 7th particles belong to Bob. Alice wants to transport an arbitrary state
ly®)) = a|000) + b|001) + c|010) + d|011) + €[100) + £]101) +g|110) + k[111) to
Bob. Using the decomposition given in Supplementary Material, the states possessed
by, and the unitary transforms to be performed by, Bob have been recorded, to
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accomplish the teleportation of an arbitrary three-qubit state. A point to note here is
that we get the GHZ state fora =& :\/%, b=c=d=e=f=g=0and the W

stateforb:c:e:%, a=d=f=g=h=0.

The teleportation of an arbitrary three-qubit state using our resource-state has as

the initial composite state,

22

Iy =

with

w3 @)

= aA000/000) + aA1/001) 4 aAg10]010) + aAe11|011)

+aA100]100) + aA101|101) + aA110]110) + aA1|111)

+bBg00|000) + bBo1|001) + bBg1|010) + bBo11|011)

+bB100|100) + bB101|/101) + bB110|110) + bB111|111)

+¢Co00]000) + ¢Cp01|001) + ¢Co10]010) + cCo11|011)

+¢C100]100) + ¢C101/101) + ¢C110]110) + cC119]111)

+dD00|000) + dDo01|001) + dD10|010) + dD11|011)

+dD100]100) + dD101]101) + dD110|110) + dD111]111) (A12)
+eE000|000) + eEgo1]001) + eE19/010) + eEg11|011)

—|—€E100|100> + €E101|101> + €E110|110> + €E111|111>

fF 1001000) £ fF 1, ]001) + fFy;01010) + fF oy |011)
1/F100/100) + fF111101) + fF;,0[110) +fB,,[111)
+2G00l000) +2G11001) 4 gG14/010) +£G4|011)
+8G100/100) 4 2G1411101) + ¢G4 [110) + ¢G4 [111)
+hHo00]000) + hHo01[001) + hHo10]010) + 7Ho11011)

+hH100|100) + hH101]101) + hH110|110) + hH111]111)

|Ao0o) = |0000000) + [0000101) — |0001011) + |0001110)
|Ago1) = 10000010) + [0001001) -+ [0001100) — |0000111)

|Ao10) = [0000111) — |0000010) + [0001001) + [0001100)
|Ao11) = ]0000000) + [0000101) + ]0001011) — [0001110)
|A100) = 0000011) + [0000110) — [0001000) + |0001101)
|A101 -

) )
10000001) — [0000100) + [0001010) + [0001111)
) — ) —

|0000001) —]0000100) — |0001010) — |0001111)

)
|A 110>
)=

|A111) = [0001101) — [0000011) — |0000110) — |0001000)
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IBooo) = [0010000) + [0010101) — |0011011) -+ [0011110)

IBoo1) = |0010010) + |0011001) + [0011100) — [0010111)
IBo1o) = 10010111) — [0010010) + [0011001) + [0011100)
IBow) = ]0010000) + [0010101) -+ |0011011) — |0011110)
IB1oo) = |0010011) 4 |0010110) — [0011000) + [0011101)
IB1o1) = ]0010001) — [0010100) -+ |0011010) + |0011111)

) —10011111)

)
IB110) = ]0010001) — [0010100) — [0011010
IBi1) = [0011101) — [0010011) — [0010110) — |0011000)

ICo00) = [0100000) -+ |0100101) — |0101011) + |0101110)
1Co01) = 0100010> +10101001) + |0101100) — [0100111)
|Co10) = [0100111) — [0100010) -+ [0101001) + |0101100)
|Co11) = [0100000) + |0100101) + [0101011) — |0101110)
IC100) = [0100011) + [0100110) — |0101000) + [0101101)
IC101) = ]0100001) — [0100100) + [0101010) + [0101111)
|C110) = ]0100001) — |0100100) — [0101010) — [0101111)
|C111) = ]0101101) — |0100011) — [0100110) — [0101000)
IDooo) = [0110000) + |0110101) — [0111011) + |0111110)
IDoo1) = |0110010) + [0111001) -+ |0111100) — |0110111)
IDo1o) = [0110111) — [0110010) + [0111001) + [0111100)
IDo11) = [0110000) + |0110101) -+ |0111011) — |0111110)
ID100) = |0110011) + [0110110) — [0111000) + [0111101)
ID101) = [0110001) — [0110100) -+ |0111010) + |0111111)
ID110) = ]0110001) — [0110100) — |0111010) — |0111111)
IDy1) = [0111101) — [0110011) — |0110110) — |0111000)
IEooo) = |1000000> +11000101) — |1001011) + |1001110)
|Ego1) = [1000010) + [1001001) + [1001100) — [1000111)
|Eo10) = [1000111) — |1000010) + |0001001) + [0001100)
|Eon) = [1000000) + [1000101) + |1001011) — [1001110)
|E100) = [1000011) 4 [1000110) — [1001000) + [1001101)
|E101) = |1000001) — [1000100) + [1001010) + |1001111)
|E110) = |[1000001) — [1000100) — [1001010) — |[1001111)
|E111) = [1001101) — [1000011) — [1000110) — [1001000)
IFooo) = |1010000> +1]1010101) — ]1011011) + |1011110)
IFoo1) = [1010010) + |1011001) + [1011100) — [1010111)
IFo10) = [1010111) — [1010010) + [1011001) + |1011100)
IFor) = |1010000) + [1010101) + [1011011) — [1011110)
IF100) = |1o10011> +]1010110) — |1011000) + [1011101)
|F101) = |1010001) — [1010100) + [1011010) + [1011111)
IF110) = |1010001) — [1010100) — [1011010) — |1011111)
|F111) = |1011101) — |[1010011) — |1010110) — |1011000)
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1Gooo) = |1100000> +11100101) — |1101011) + [1101110)
|Goo1) = [1100010) + |1101001) + [1101100) — |1100111)
IGo10) = |1100111) — ]1100010) + [1101001) + [1101100)
|Gon) = [1100000) + [1100101) + |1101011) — |1101110)
|G100) = |1100011) + |1100110) — |1101000) + [1101101)

)

|G101) = [1100001) — [1100100) + |1101010) + [1101111)
|G110) = [1100001) — [1100100) — [1101010) — [1101111)
|Gi11) = [1101101) — [1100011) — [0000110) — |0001000)

IHooo) = |1110000) + [1110101) — [1111011) + [1111110)
|Hoo1) = |1110010) + [1111001) -+ [1111100) — |1110111)
|Ho10) = |1110111) — [1110010) + |1111001) + [1111100)
\Ho1) = [1110000) + [1110101) -+ |1111011) — |1111110)
|H100) = |1110011) +]1110110) — |1111000) + |1111101)
|H101) = |1110001) — |1110100) + [1111010) + [1111111)
|H10) = [1110001) — [1110100) — |1111010) — |1111111)
|Hy1) = |1111101) — [1110011) — [1110110) — |1111000)

An arbitrary three qubit state can be decomposed in terms of these basis-vectors,

(41000) + b|001) + ¢|010) + d]011) + €[100)
+f|101> +g|110> + h|111))|¥57)
- Z ((_l)llAﬂlﬂZ% + (_1)12Bb1b2b3

permutations
+(=1)"Cryeres + (—1)“Dityapay
(1) Eereres + (=1)°F f,,y, (A13)
+(_1)I7Gg1g2gs + (_1) Hh1h2h3)
((—1)"alarazas) + (—=1)2b|b1bbs)
+(=1)5¢lereaes) + (—=1)d|d1dads)
+(=1)%elesees) + (=1)f|f1fof3)
+(-1)"glegsgs) + (=1) hlhahohs))
where I;(i=1,2,3,4,5,6,7,8) can take values 0 or 1 independently, and
Li(L=a,b,c,d,ef,g, h;j=1,2,3) can take values 0 or 1 independently. The

summation is over all possible permutation states obtained.
The relevant transformations for the three-qubit teleportation are given in terms

of the following basic operations:
Projection of ith component P;:

P = 10 P, = 00 (A14)
1_(00> o <01)

Flip and Projection of i component F;:

Fi=( o) F
1= 00 2

00
() -

24



Can We Entangle Entanglement?

DOI: http://dx.doi.org/10.5772/intechopen.98535

State Obtained by Alice

Short-Hand Form of Transformation

Aooo + Boo1 + Coto + Do11 + E100 + Fio1 + G110 + Hin

LRLDL

Aooo — Boo1 + Coto + Do11 + E100 + Fio1 + Gi1o + Hin

LRL®P, +0:.®P1®P1 + L, ®P, ® Py

Aooo + Boo1 + Coto — Do11 + E100 + Fio1 + Guio + Hinn

LRLE®P, +HLAP1RP1 +0.RP, @ Py

Aooo + Boo1 + Coro + Do11 + Er00 — Fio1 + Guo + Hinn

LRL®P1+0:P1QP, +LRP, ® P,

Aooo + Boo1 + Co1o + Do11 + Er00 + F1o1 + G0 — Hinn

LRLE®P1+0: P, P, + L P, P,

Aooo — Boo1 + Co1o — Don1 + Er00 + Fio1 + Guio + Hinn

LRL®P) +0:®P1®P1+ 0, P, QP

Aooo — Boo1 + Co1o + Don1 + E100 — F101 + Guio + Hinn

0, ®@P1®P1 + L ®P,®P1+0,@P1®P, + L P, ® P,

Aooo — Boo1 + Co10 — Do11 + E100 — F101 + G0 + Hinn

6, @P1®P1 +06, 3P, ®P1 + 0. ®P1 P, + LRP, ®P;

Aooo + Boo1 + Coto — Don1 + E100 — F1o1 + Guio + Hinn

L®P1®P1+06,P,®P1 +0,P1 P, + LRP, ®P,

Aooo — Boo1 + Co1o + Don1 + Er00 + Fio1 + Guo — Hinn

6, QP1®P1 +L®P,®P1 +P,®P1®P, +06, P, ® P,

Aooo + Boo1 + Coto — Dour + E100 + Fio1 + Guo — Hinn

L®P1®P1+06, P, @P1 + L ®P1®P, +0, 3P, P,

Aooo + Boo1 + Co1o + Do + E100 — Fio1 + Guo — Hinn

LRP1®P1+LQP, @P1 +0;P1 QP +0, P, QP

Aooo — Boo1 + Co1o + Do11 + E100 — F101 + G110 — Hin

6;QP1®P1 +L®P,®P1+06,QP1®P, +0: P, QP

Aogoo + Boo1 + Co1o + Do + E100 — F101 + G110 — Hin

LRP1®P1+L®P,®P1 +06:.@P1®P2 + 0. P, ®P;

Aooo — Boo1 + Co10 — Do11 + E100 + F101 + Guo — Hinn

6;@P1®P1+06, P, P1 +LQP1®P, + 0, P, QP

Aooo — Boo1 + Co10 — Do11 + E100 — F101 + Guo — Hinn

6;QP1®P1+06,QP,®P1 +0,QP1®P, +0:®P, QP

Aooo + Boo1 — Coto + Do11 + E100 + F1o1 + G110 + Hin

L®P1®P1 -6, P, QP1 + L OP1 P, + LP, ®P,

Aooo + Boo1 — Coto + Do11 + E100 + F101 — G110 + Hin

L®P1®P1 -6, P, P1 + L ®P1®P, — 0, QP, QP

Aooo + Boo1 — Coto — Do11 + E100 + F1o1 + G110 + Hin

LP1®P1 —L P, R®P1 +LRP1®P, + LRIP, ®P;

Aooo + Boo1 — Coto + Do11 + E100 + F101 — G110 + Hin

L®P1®P1 -6, P, P1 + L ®P1®P, — 0, P, QP

Aooo + Boo1 — Coto + Do11 + E100 + F101 + G110 — Hin

L®P1®P1 -6, P, P1 + L P1®P, +0, 9P, QP

Aooo + Boo1 + Coto — Do11 + E100 + F101 — G110 + Hin

L®P1®P1+06, P, P1 + L P1®P, +0, 9P, QP

Aooo + Boot + Coto + Do + E100 + F101 — Giio — Hin

LRPIRP1+LOP,®P1 +LRP1®P, + 0, P, QP>

Aooo + Boor — Cot0 — Do + E100 + F101 — Gi1o + Hin

LRPI®PL —LOP,®P1 +LRP1R®P, — 0, P, QP>

Aooo + Boor — Coto — Do + E100 + F101 + Giio — Hin

LRPI®PL —LOP,®P1 +LRP1®P, + 0, P, QP>

Aooo + Boot + Coto — Dot + E100 + F101 — Giio — Hin

LQP1®P1+0:®P,QP1 +LQP1 ®P, —L,®P, @P,

Aooo + Boor — Coto + Do + E100 + F101 — Giio — Hin

L®P1®P1 -6, P, @P1 +L®P1®P, — L, P, ®P,

Aooo + Boor — Cot0 — Do11 + E100 + F101 — G0 — Hinn

L®P1®P1 —LP,®P1 +,®P1QP, ~LR®P, QP

Aooo + Boo1 + Coro + Do11r — E100 + Fio1 + G0 + Hinn

LRPI®P1 +L®P,R®P1 —06: QP1 P, + L AP, QP

Aooo + Boor — Co1o + Dot — Er00 — F101 + G0 + Hinn

6, @P1®P1 — 6, P, P1 —[LQP1®P, +LP, ®P,

Aooo + Boo1 + Co1o + Do1r — E100 — F101 + Guio + Hinn

L®P1®P1 +L®P,®P1 —LR®P1QP, + LRP, QP

Aooo + Boo1 + Co1o + Do11 — Er00 + Fio1 + Guo — Hinn

L®P1®P1+L,®P,®P1 — 6, QP1®P, +0, 3P, P,

Aogoo + Boo1 + Co1o + Do + E100 — F101 — G110 + Hin

LRP1®P1+LQP, QP11 +0: P1®P; —0: P, QP

Aogoo + Boo1 + Co1o + Do11 + E100 + F101 — G110 — Hin

LEPI®P1+LAP,®P1 +LAP1Q®P, —,®P, ® P2

Aogoo + Boo1 + Co1o + Do11 + E100 — F101 — G110 + Hin

LRP1®P1+L®P,®P1 +06:. @P1®P; —0. P, ®P;

Aooo + Boo1 + Co1o0 + Donr — E100 + Fi01 — Guo — Hinn

LP1®P1+L®P,®P1 — 6, QP1RP, —L P, QP

Aooo + Boo1 + Coto + Do11 + E100 — F101 — G110 — Hin

LRP1®P1+L®P,®P1 +06.@P1 ®P, —L P, QP

Aooo + Boo1 + Coto + Do11 — E100 — F101 — G110 — Hin

LP1®P1+L®P,R®P1 —LRP1QP, ~LRP, QP

Ago1 + Booo + Co11 + Doio + E101 + F1o0 + Gi11 + Hiro

6 ®L I

—Aoo1 + Booo + Co11 + Do1o + E101 + Fi00 + G111 + Hiio

0y ®@P1®P; +0,®P, ®P; +10, @P1 @Dy

Ago1 +Booo — Co11 + Doio + E101 + F1o0 + Gi11 + Hiro

0x®P1®L + 10y ®P, ®P1 + 06, L QP>

Aoo1 + Booo + Co11 + Do1o — E101 + F1o0 + Gi1 + Hiio

0x®L QP +16,®P1QP; + 0, ®P2QP,

Ago1 + Booo + Co11 + Do1o + E101 + F100 — G111 + H1o

6x®L®P1+0,®P1®P, +10y, P, QP>

—Aoo1 + Booo — Co11 + Do1o + E101 + F100 + G111 + Hiro

Ioy®@L, ®P1 +0x QL QP
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State Obtained by Alice

Short-Hand Form of Transformation

—Aoo1 + Booo + Co11 + Do1o — E101 + F100 + G111 + Hito

Io,®P1®P1+ 0y ®P, ®P1 + 10y ®P1®P, + 0, P, ® P>

—Aoo01 + Booo + Con1 + Doto + Er01 + Fio0 — Gin + Hiio

Ioy ®P1®P1 + 06y ®P,®P1+0x @P1 QP + 10, P2 QP

Aoo1 + Booo — Co11 + Do1o — E101 + F100 + Ginn + Huio

6x®P1®P1 +16y, P, ®P1 + 10, @P1 ®P, + 06 ®P, ® P,

Aoo1 + Booo — Co11 + Do1o + E101 + F1o0 — G111 + Hiro

0y ®P1®P1+10y@P, ®P1 + 0. @P1®P, +16, P, QP

Ago1 + Booo + Co11 + Doto — E101 + F1o0 — G111 + Hiro

6, ®P1®P1 + 06, ®P,®P; +10,@P1 ®P, + 16, ®P, ® P

—Aoo1 + Booo — Co11 + Do1o — E101 + F100 + G111 + Hiro

06x®P1®P1 +16,®P,®P1 + 10, ®P1 ®P, + 06, ®P, ® P,

—Aoo1 + Booo + Con1 + Do1o — Er01 + Fr00 — Gin + Hiio

Ioy,®P1®P1+ 06, ®P,®P1 +16,®P1 ®P; + 16, ®P, @ P,

—Aoo1 + Booo — Co11 + Do1o + Er01 + Fi00 — Gia + Hiio

Ioy@P1®P1+10y@P, ®P1+ 06 @P1 QP + 16, P, P,

Aoo1 +Booo — Co11 + Doio — E101 + F1o0 — G111 + Hiro

6x®P1®P1 +16y, P, ®P1+ 10, ®P1 ®P, + 16, P, ® P>

—Aoo1 + Booo — Co11 + Do1o — E101 + F100 — G111 + Hiro

I6,®P1 ®P1 + 16, ®P, ® P + 6, ®P1 ® P, + 16, @, @ P,

Aoo1 + Booo + Co11 — Do1o + E101 + Fio0 + Gin + Hiio

0x®P1®P1 —Ioy @P, ®P1+ 0. @P1®P, + 06, P, QP

Aoo1 + Booo + Co11 + Do1o + E101 + F100 + G111 — Huio

0x®P1®P1 +06,®P,®P1 + 0, ®P1®P, —Io, P, ® P,

Aoo1 + Booo — Co11 + Do1o + E101 + F1o0 + G111 — Hiro

0x®P1®P1+10y@P, ®P1+ 0. @P1®P, +16, P, QP

Aoo1 +Booo — Co11 — Do1o + E101 + F1o0 + Gi11 + Hiro

6x®@P1®P1 — 6, @P, ®P1+0x@P1®P2 + 0, QP2 QP>

Aoo1 + Booo + Co11 — Doio + E101 + F1o0 — Gi11 + Hiro

06x®P1®P1 — oy ®P, ®P1 + 065y ®P1®P, + 10y ®P, ® P

Aoo1 + Booo + Co11 — Do1o + E101 + F1o0 + G — Hiio

0x®P1®P1 —Ioy P, ®P1+ 0. @P1®P, — 1o, @P, @ P,

Aoo1 + Booo + Co11 + Do1o + E101 + F100 — Gin — Huio

6x®P1®P1 +0x®P,®P1 + 10, @P1 ®P, — 6, P, ®P,

Ago1 +Booo — Co11 — Do1o + E101 + F1o0 — G111 + Hiro

0x®@P1®P1 —0x®P,®P1+ 0, @P1 QP + 16, P, P,

Aoo1 +Booo — Co11 — Do1o + E101 + F1o0 + G111 — Hiro

06x®P1®P1 — 06, ®P, ®P1 +0x ®P1®P; — 6, P, @ P,

Aoo1 + Booo — Con1 + Do1o + E101 + Fi00 — Gi1 — Hiio

6x®P1®P1 —0x®P, ®P1 + 06, QP1 QP — o, P, P,

Aoo1 + Booo + Co11 — Do1o + E101 + F100 — Gin — Huio

0x®P1®P1 —Ioy P, ®P1+ 0. @P1®P, — 0, @P, ®P,

Ago1 +Booo — Co11 — Do1o + E101 + F1o0 — G111 — Hiro

6x®P1®P1 — 06, P, ®P1 + 0, QP1 QP — 0, P, P,

Ago1 + Booo + Co11 + Doio + E101 — F1o0 + G111 + Hiro

0x®P1®P1+0x®@P,®P1 — Iy, ®P1®P, + 0, @P, ®P,

Ago1 + Booo + Co11 + Doto — E101 — F1o0 + G111 + Hiro

6, ®P1®P1 +06,®P, P +16,®@P1 ®P) +0x P, ®P,

Aoo1 + Booo + Co11 + Doto — E101 + Fi00 — Gin + Hiio

6y ®P1®P1+ 0, P, P +16y QP11 QP +10'y QRP, ® P,

Aoo1 + Booo + Co11 + Do1o — E101 + Fi00 + G111 — Huo

6x®P1®P1 +0x®P,®P1 416, ®P1 ®P, — 6, P, ® P,

Ago1 + Booo + Co11 + Doio + E101 — F1o0 — G111 + Hiro

0y ®P1®P1+0x®P,®P1 —Io, ®P1®P, +16,@P, QP

Aoo1 + Booo + Co11 + Doio + E101 — F1o0 + G111 — Hiro

0x®P1®P1 + 0, ®P,®P1 — Iy ®P1 ®P, — Iy ®P, ® P

Aoo1 + Booo + Co11 + Doto — E101 — F1o0 — Gia1 + Hiro

0x®P1®P1+0:QP,®P1 —0x ®P1QP, + 10, QP, ® P>

Aoo1 + Booo + Con1 + Do1o — E101 + Fi00 — Gin — Huio

6x®P1®P1 +0x®P,®P1 416, @P1 ®P, — 6 P, ®P,

Aoo1 + Booo + Co11 + Do1o + E101 — F100 — Gin — Hito

0x®@P1®P1+0x®P,®P1 —Ioy @P1®P, —0x @P, @ P,

+Ao01 + Booo + Co11 + Doto — E101 — Fio0 — Gi1 — Hiro

6x®@P1®P1 +06,QP,®P1 — 0, @P1 QP2 — 0, P, QP>

Ao10 — Bo11 + Cooo + Doo1 + E110 + Fiu1 + Gioo + Hio

0 @F1@P1 +LF,®P1 +LRF1@P, + L P, ®P,

Ao10 + Bo1r + Cooo — Doo1 + E110 + Fiu1 + Gioo + Hio

LRF1®P1+0.FQP1 +LOF1QP, +LRP, ®P;

Ao10 + Bo1 + Cooo + Doo1 + E110 — Fiu1 + Gioo + Hio

LRF1®P1+LOF,®P1 +0,QF1QP, + LRP, ®P;

Ao10 + Bou + Cooo + Doo1 + E10 + Fiu1 + Gioo — Hio

0:QF1QP1 + L QP1 + L F1 QP +0. P, QP

Ao10 — Bo1r + Cooo — Doo1 + E110 + Fiu1 + Gioo + Hio

0:Q@F1®P1+0:F, ®P1 + L®F1 P, + L, P, ® P,

Ao10 — Bour + Cooo + Doo1 + E110 — Fi1 + Gioo + Hio1

0, ®F1®P1 +L®F, ®P1 +0, QF1®P, + LRP, ®P,

Ao10 — Bor + Cooo + Doo1 + E110 + Fi1 + Gioo — Hio1

6 QF1®P1 +LOF, @P1 +LF1®P, +0,. P, P,

Ao10 + Bor + Cooo + Doo1 + E110 + F111 + Gioo + Hio1

LF1®P1+L®F,QP1 +LQQF1®@P, + L ®P,®P,

Ao10 + Bour + Cooo — Doo1 + E110 — F111 + Gioo + Hio

LF1®P1+0:F,®P1+ 0, ®F1QP, + [, ®P, ® P>

Ao10 + Bour + Cooo — Doo1 + E110 + Fi1 4+ Gioo — Hio1

LRF1®P1+0,F,®P1 +LQF1®P, +0, P, QP,

Ao10 + Bor + Cooo + Doo1 + E110 — Fi1 + Gioo — Hio1

LFI®P1+L®F,®P1 +0,QF1 QP +0:. P, QP
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Ao10 — Bo11r + Cooo — Doo1 + E110 — Fiu1 + Gioo + Hio

6;Q@F1®P1+ 0. F,@P1 +L®F1®P, + LRP, ®P,

Ao10 — Bo11 + Cooo — Doo1 + E110 + Fiu1 + Gioo — Hio

0;Q@F1®P1+0. QF,@P1 + L ®F1®P, + 0, P, ®P,

Ao10 + Bor + Cooo — Doo1 + E110 — Fi1 + Gioo — Hio1

LQF1®P1+0:F, ®P1+0:F1QP, + 0, P, QP

Ao10 — Bour + Cooo + Doo1 + E110 — Fi1 + Gioo — Hio1

0:Q@F1@P1 + L ®F,®P1 + 0. @F1®P, + 0. P, ® P,

Ao10 — Bour + Cooo — Doo1 + E110 — Fi1 + Gioo — Hio1

0:Q@F1®P1+0:F,®P1+ 0. PP, + 0. P, QP>

—Ao10 + Bo11 + Cooo + Doo1 + Eno + F111 + Gioo + Hio

0:@F1@P1 +hHh®F,®P1 +LF1®@P, + L P, QP

Ao1o + Bo1r + Cooo + Doo1 — E110 + Fi1 + Gioo + Hio1

LFI®P1+L®F,®P1 — 6, QF1QP, + LAP, P,

—Ao10 — Bo11 + Cooo + Doo1 + En1o + F111 + Gioo + Hio

“LF1®P1 +LAF, P +LF1®P, +LAP, ®P;

—Ao10 + Bour + Cooo + Doo1 — E110 + F111 + Gioo + Hio1

-0, @F1Q®P1+L®F,®P1 -6, QF1QP, +LAP, ®P,

—Ao10 + Bo11 + Cooo + Doo1 + En1o — F111 + Gioo + Hio

-0, ®F1QP1 + L, ®F,®P1+0,F1®P, +L®P, ®P,

Ao10 — Bour + Cooo + Doo1 — E110 + Fi1 + Gioo + Hio1

0 QF1®P1+L®F,®P1 -6, QF1QP, +LAP, P,

Ao10 + Bour + Cooo + Doo1 — E110 — Fi1 + Gioo + Hio1

LFIQP1+LOFH,QP1 —LOF1QP, +LP,®P,

—Ao10 — Bour + Cooo + Door — E110 + F111 + Gioo + Hio1

~-LRF1®P1 +LF,®P1 —06: QF1QP, + LP, ®P,

—Ao10 + Bour + Cooo + Door — E110 — F111 + Gioo + Hio1

—0:QF1®@P1+L®FHQ®P1 —LF1Q®P, +LOP,®P,

Ao10 — Bo11 + Cooo + Doo1 — E110 — Fiu1 + Gioo + Hio

0 QF1®@P1 +L®FH, QP11 —LF1Q®P, +LP, QP

—Ao10 — Bonr + Cooo + Doo1 + E110 — F111 + Gioo + Hio1

~LF1®P1 +LAF,®P1 + 0, @F1QP, +L®P, ® P2

—Ao10 — Bo11 + Cooo + Doo1 — E110 — F111 + Gioo + Hio

“L®F1®P1 +LRF,®P1 —LF1®P, + L AP, ®P;

Ao10 + Bo11 + Cooo + Doo1 + E10 + Fi11 — Gioo + Hion

LFIQP1 +LAFH QP11 +LOF1®P, —6, P, P,

Ao10 + Bo11 + Cooo + Doo1 — E110 + F111 — Gioo + Hion

LRF1®P1+LOF,®P1 — 6, @F1®P, — 6. P, @ P>

Ao10 + Bo11 + Cooo + Doo1 — E110 + Fi1 + Gioo — Hio

LAFIRPI+LRF ®P1— 0. QF1 QP +0. P, QP

Ao10 + Bo11 + Cooo + Doo1 + E110 — Fi1 — Gioo + Hio

LRF1®P1+L®F,®P1 +06,@F1®P, — 6. P, @ P>

Ao10 + Bo11 + Cooo + Doo1 + E110 — Fi11 + Gioo — Hio

LRF1®P1+L®F,®P1 +06,@F1®P, +06. P, @ P>

Ao10 + Bou + Cooo + Doo1 — E110 — F111 — Gioo + Hio1

LRF1®P1+LOF,®P1 —L®F1®P, —0: P, ®P;

Ao10 + Bou + Cooo + Dootr — E110 + F111 — Gioo — Hio1

LRF1®P1+L@F,®P1 — 6, QF1®P, —LQP,®P;

Ao10 + Bou + Cooo + Doot + E110 — F111 — Gioo — Hio1

LRF1®P1+L®F,®P1 +06,QF1®P, —~LQP,®P;

Ao10 + Bour + Cooo + Dootr — E110 — F111 + Gioo — Hio1

LRF1®P1+LOF,®P1 —L®F1®P)+0: P, ®P;

Ao1o + Bo1r + Cooo + Doo1 — E110 — Fin — Gioo — Hio1

LAFIPL+LANHLAPI — L1, —LRPL QP

Ao + Boio + Coo1 + Dooo — E111 — Fr10 — Gio1 — Hioo

0x®0x®P1 — 0, R0, ®P

Ao11 + Bo1o + Coo1 + Dooo + E111 + F110 + Gio1 + Hioo

0xQ0x QD

—Ao11 + Bo1o + Coo1 + Dooo + En1 + F110 + Gio1 + Hioo

Ioy@F1®P1 + 0, ®F, ®P1 +0x Q0 QP>

Ao11 + Bo1o — Coo1 + Dooo + E111 + F110 + Gio1 + Hioo

0x®F1®P1+10y@F, ®P1 —Ioy F1 QP +0x @, P

Ao11 + Boio + Coo1 + Dooo — E111 + F110 + Gio1 + Hioo

06x®0x®P1 +16y,QF1 QP + 06, QF2 QP

Ao11 + Boio + Coor + Dooo + E111 + F110 — Gio1 + Hioo

06x®0x®P1+ 0, ®F1 QP +10, @F, ® P>

—Ao11 + Boo — Coo1 + Dooo + E11 + F110 + Gio1 + Hioo

Ioy®0x®P1+0x®F1QP, +0xQF, P,

—Ao11 + Bo1o + Coo1 + Dooo — En1 + F110 + Gio1 + Hioo

Ioy @F1®P1+0x®F,®P1 + 16, F1 QP + 0. F, ® P>

—Ao11 + Bo1o + Coo1 + Dooo + E111 + F110 — Gio1 + Hioo

Ioy @F1®P1+0x®F,®P1 +0x @F1®P, + 1o, F, ® P,

Ao + Boo — Coo1 + Dooo — E1n1 + F110 + Gio1 + Hioo

6x®F1®P1 +16,®F, ®P1 + 10, F1 ®P, + 0, QF, ® P,

Ao + Bo1o — Coo1 + Dooo + E111 + F110 — Gior + Hioo

0x®F1®P1 +10y®@F, ®P1 + 0y QF1 QP + 1oy L, @ P>

Ao11 + Boio + Coo1 + Dooo — E111 + F110 — Gio1 + Hioo

0x®0x®P1+10y@F1 QP + 10y @F>, @ P,

—Ao11 + Boo — Coo1 + Dooo — E11 + F110 + Gio1 + Hioo

Ioy ®0x ®P1+16,@F1 ®P, + 0, QF, QP

—Ao11 + Boio — Coo1 + Dooo + E111 + F110 — Gio1 + Hioo

Ioy®0, ®P1+ 0y ®F1®P; + 10y ®F, @ P>

—Ao1u + Boio + Coo1 + Dooo — E1n1 + F110 — Gio1 + Hioo

Ioy ®F1®P1+0x ®F, ®P1 + 10, Q0. QP>

Ao + Boio — Coo1 + Dooo — E111 + Fr10 — Gio1 + Hioo

ox @F1 @ Py +10'y ®F, ® Py +IGJ, Q®F1QP; +Iay RF, P,
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—Ao11 + Boio — Coo1 + Dooo — E111 + F110 — Gio1 + Hioo

I, @0, ®P1 + 10, ®F1 ®P, + 16, QF, ® P,

Ao — Bo1o + Coo1 + Dooo + E111 + F110 + Gio1 + Hioo

—Ioy ®F1®P1+0x @F2QP1 + 0 Q0x®P

Ao11 + Boio + Coo1 + Dooo + E111 — F110 + G101 + H1oo

06x®0x®P1 —Ioy,@F1 QP + 06, QF2 QP

—Ao11 — Bo1o + Coo1 + Dooo + E111 + F110 + G101 + Hioo

0x®loy ®P1+ 0. ®F1 QP + 0, @F, @ P,

—Ao11 + Boio + Coo1 + Dooo + E111 — F110 + Gio1 + Hioo

Ioy,®F1®P1+ 06 ®@F,®P1 —Ioy @F1 QP +0x ®F, ®P,

Ao11 — Boio + Coo1 + Dooo — E111 + F110 + Gio1 + Hioo

—loy@F1®P1+ 06 @F,®P1 + 1oy ®F1® P, + 0 QF,®P,

Ao — Boio + Coo1 + Dooo + E111 — Fr10 + Gio1 + Hioo

—Ioy @F1®P1 + 0, ®F,®P1 —Ioy @F1 QP> +0x QF, @ P>

Ao11 + Boio + Coot + Dooo — E111 — F110 + Gio1 + Hioo

0x ®0x ®P1 + 0x Qloy @ P

—Ao11 — Boio + Coo1 + Dooo — E11 + F110 + Gio1 + Hioo

0x®Iloy, ®P1 + 10, ®F1 ®P, + 0. @F2 @ P,

—Aon — Boio + Coo1 + Dooo + E11 — F110 + Gio1 + Hioo

0x®lo,®P1 — oy, @F1 ®P, + 0. @F, ® P,

—Aon + Boio + Coo1 + Dooo — E111 — F110 + Gio1 + Hioo

Ioy @ F1®P1 + 0, ®F, ®P1 + 0, ®lo, @ P>

Ao11 — Boio + Coo1 + Dooo — E111 — F110 + Gio1 + Hioo

—Ioy @F1®P1 +0x ®F,®P1 + 0, ®lo, ® P>

—Ao11 — Boio + Coo1 + Dooo — E11 — F110 + Gio1 + Hioo

0x®Ioy ® P1 + 0 ®lo, @ P,

Ao + Boio + Coo1 + Dooo + E111 + F110 + Gio1 — Hioo

0x®0x®P1+ 0, ®@F1 QP —Ioy, @F, ® P>

Ao + Boio + Coo1 + Dooo — E111 + Fr10 + Gio1 — Hioo

6x ®0x QP + oy ®Io-y ®P;

Ao11 + Bo1o + Coo1 + Dooo + E111 — F110 + G101 — Hioo

0y ®0x®P1 —Ioy @0, P>

Ao11 + Boio + Coo1 + Dooo + E111 — F110 — Gio1 + Hioo

0x ®06x ®P1 + 1oy ®loy P

Ao + Boio + Coor + Dooo + E111 + F110 — Gio1 — Hioo

6 ®0x QP — 0y ®15y ®P,

Ao + Boio + Coo1 + Dooo — E111 — Fr10 — Gio1 + Hioo

06x®0x®P1 —0x®F1 QP> + 10, @F2, @ P>

Aon + Boio + Coo1 + Dooo — E111 — Fr10 + G101 — Hioo

0x®0x®P1 —0x@F1QP, — o, @F2, QP>

Ao11 + Boio + Coo1 + Dooo — E111 + F110 — Gio1 — Hioo

0y ®0x®P1+10y,@F1 QP —0: @F2, @

Ao11 + Boio + Coot + Dooo + E111 — F110 — Gio1 — Hioo

0x®0x®P1 — 10, ®F1®P, — 6, @F, ® P>

—A100 — Bio1 — C110 — D111 + Eooo + Foo1 + Goto + Hon

“LRLAFI +LRLAF,

A100 + Bio1 + Ci10 + D111 + Eooo + Foo1 + Goio + Hon

LILF1+LELAF,

A100 — B1o1 + C110 + D111 + Eooo + Foor + Gowo + Honn

0, QP1®F1 +LOP,@®F1 +LLQF,

A100 + B1o1 + C110 — D111 + Egoo + Foor + Gowo + Honn

LP1®F1+0, P, F1 + L L AF;

A100 + B1o1 + C110 + D111 + Egoo — Foor + Gowo + Honn

LOL®F1+06,QP1QF, +LRAP,®F;

A100 + B1o1 + C110 + D111 + Egoo + Foor + Goio — Honn

LLFI+LO®P1IRF, +0, P, QF;

A100 — B1o1 + C110 — D111 + Egoo + Foor + Gowo + Hon

0:QL®F1 +LRLKF,

A100 — B1o1 + C110 + D111 + Egoo — Foor + Gowo + Hon

0:QP1®F1+L®P,QF1 +0.@P1QF, + LRP, ®F,;

A100 — B1o1 + C110 + D111 + Egoo + Foor + Goio — Honn

0:QP1®F1 +L®P,Q®F1 + L ®P1®F; +0: P, ®F

A100 + B1o1 + C110 — D111 + Egoo — Foor + Gowo + Hon

LRP1®F1+0: P, ®F1 + 0, @P1QF, + L ®P, ® F,

A100 + B1o1 + C110 — D111 + Egoo + Foor + Goio — Hon

L®P1®F1+06, P, F1 + L ®P1®F, +0: P, ®F,

A100 + B1o1 + C110 + D111 + Eooo — Foor + Goio — Hon

LL®F1I+06,RLAF,

A100 — B1o1 + Ci10 — D111 + Eooo — Foo1 + Goio + Hon

;L ®F1 +0,P1QF, + LRP, ®F,

A100 — Bio1 + Ci10 + D111 + Eooo — Foo1 + Goio — Hon

0;QP1®F1 +L®P,®F1 +0: L QF,

A100 — Bio1 + Ci10 — D111 + Eooo + Foo1 + Goio — Hon

QL ®F1 +L®P1®F, +0, P, Qo;

A100 + Bio1 + Ci10 — D111 + Eooo — Foor + Goio — Hon

LRP1®F1+0: P, ®F1 +0. L, QF,

A100 — Bio1 + Ci10 — D111 + Eooo — Foor + Goio — Hon

6. Q@L®F1+0. L ®F;

A100 + Bio1 — Ci10 + D111 + Eooo + Foor + Goio + Hon

LRPI®F1 0. P, RF1 +L®LAF,

A100 + Bio1 + Ci10 + D111 + Eooo + Foor — Goto + Hon

LRILEF1+LEPIRF, — 6, P, QF,

A100 + Bio1 — Ci10 — D111 + Eooo + Foor + Goio + Hon

Lo, RF1 +LRL®F,;

A100 + Bio1 — Ci10 + D111 + Eooo + Foor — Goto + Hon

LRPI®F1—0: P, RF1 +L®P1®F, — 0. P, ®F,
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Ai100 + Bio1 — Ci10 + D111 + Eooo + Foor + Goio — Hon

LRPI® 0. P, RF1 +LRP1®F, +0, P, ®F,

A100 + Bio1 + Ci10 — D111 + Eooo + Foor — Goio + Hon

LRPI®F1+0:. P, @F1 +L®P1®F, — 0. P, ®F;

A100 + Bio1 + Ci10 + D111 + Eooo + Foor — Goio — Hon

LLRF1+L®6, QF,

A100 + B1o1 — C110 — D111 + Eooo + Foor — Gowo + Hon

L, F1+LRALAF,

A100 + B1o1 — C110 — D111 + Eooo + Foo1 + Goio — Hon

LRo:F1 +1L®P1®F, +0. P, Q>

Ai100 + B1o1 — Ci10 + D111 + Eooo + Foor — Goio — Hon

LRPI®F1—0:QP,®F1 + L ®0: QF,

A100 + B1o1 + Ci10 — D111 + Eooo + Foor — Goio — Hon

L®P1®F1+06, 3P, @F1 + 1, ®0, QF,

A100 + B1o1 — C110 — D111 + Eooo + Foor — Goio — Hon

L®c, QF1+1L R0, QF,

—A100 + B1o1 + C110 + D111 + Eooo + Foo1 + Goio + Hon

-0, @P1®F1 + L P, QF1 +LR®LQF,

—A100 — B1o1 + C110 + D111 + Eooo + Foo1 + Goio + Hon

Lo, RF1 +L®LRF,

—A100 + B1o1 — C110 + D111 + Eooo + Foo1 + Goio + Hon

-0 QL QRF1 +1L1R®LRF,

—A100 + B1o1 + C110 — D111 + Eooo + Foo1 + Gowo + Hon

—0: Q0. QF1 +HLRLRF,

A100 — B1o1 — C110 + D111 + Eooo + Foor + Gowo + Honn

0: Q0. QF1 +LRLQF,

—A100 — B1o1 — C110 + D111 + Eooo + Foo1 + Goio + Hon

~-LRP1®F1 —0: P, QF1 +LR®LQF,

—A100 — B1o1 + C110 — D111 + Eooo + Foo1 + Goio + Hon

~LRP1I®F1+0: P, QF1 +LR®LF,

—A100 + B1o1 — C110 — D111 + Eooo + Foo1 + Goio + Hon

—0:®P1Q®F1 ~LQRP,RF1 +LRLQF,;

A100 — B1o1 — Ci10 — D111 + Eooo + Foo1 + Goio + Hon

0;Q@P1®F1 —LOP,®F1 +LOP1RF, + LRP, ®F,

Ai01 + B1oo + Cin1 + Di1o + Eoo1 + Fooo + Gour + Hoio

6x®LQRF1 +0x QL QF,

—A101 + B1oo + Ci11 + D110 + Eoo1 + Fooo + Go11 + Ho1o

Io,®P1®F1 + 06, ®@P, ®F1 +0,®L®F,

Ai01 + B1oo — Cin1 + D110 + Eoo1 + Fooo + Gour + Hoo

0x®P1®F1 +10,®P, ®F1 + 0, ® L ®F;

A101 + B1oo + C111 + D110 — Eoo1 + Fooo + Gonr + Ho1o

0x®LQF +16y®P1®F; + 0, ®P, QF»

A101 + B1oo + C111 + D110 + Eoo1 + Fooo — Gour + Ho1o

0x®L®F1 +0x,®P1®F, +16, P, ® F,

—A101 + B1oo — Ci11 + D110 + Eoo1 + Fooo + Go11 + Ho1o

Ioy®L®F1 + 0 ®L®F,

—A101 + Bioo + Ci11 + D110 — Eoo1 + Fooo + Go11 + Ho1o

Ioy®@P1®F1 + 06 ®P, ®F1 + 1o, @P1 ®F>, + 0, P, ®F;

—A101 + Bioo + Ci11 + D110 + Eoo1 + Fooo — Go11 + Ho1o

Ioy®P1®F1 +0x ®P, ®F1 +0x ®P1®F, + 10, ®P, ® F,

A101 + B1oo — C111 + D110 — Eoo1 + Fooo + Gon + Ho1o

0x ®P1®F + 10y, ®P, ®F1 + 10, ®P1 ®F2 + 0, @ P, Q F>

A101 + B1oo — C111 + D110 + Eoo1 + Fooo — Gour + Ho1o

0x®P1Q®F1 + 10y ®P, ®F1+0x QP1®F, + 1o, P2 Q F>

Ai01 + B1oo + Ci1 + D110 — Eoo1 + Fooo — Gour + Hoio

0x®L®F +16,, ®F,

—A101 + Bioo — C111 + D110 — Eoo1 + Fooo + Go11 + Ho1o

Ioy @, ®F1 + 10, ®P1®F, + 0. ®P, QF,

—A101 + B1oo + Ci11 + D110 — Eoo1 + Fooo — Gon + Ho1o

Ioy@P1®F1 +0,®P,®F1 +16, 1, QF,

—A101 + B1oo — C111 + D110 + Eoo1 + Fooo — Gonr + Ho1o

Ioy®@L®F1 +0x®P1®F, +16, P, ®F,

Ai01 + B1oo — Ci1 + D110 — Eoo1 + Fooo — Gour + Hoto

0x®P1®F1 + 1oy ®P, ®F1+ 1oy, ®P1 ®F> + 16, P, ® F>

—A101 + Bioo — C111 + D110 — Eoo1 + Fooo — Gon1 + Ho1o

Iay ®RLQF, +16y RLQF,

A101 + B1oo + C111 — D110 + Eoo1 + Fooo + Gonr — Ho1o

0x®P1®F1 —Ioy@P, ®F1+ 0, QP1®F, — oy @, ®F>

A101 + B1oo + Ci11 — D110 + Eoo1 + Fooo + Gour + Hoo

0x®P1®F1 —Ioy@P, ®F1+ 0, QL ®F;

Ai01 + B1oo + Cin1 + D110 + Eoo1 + Fooo + Gor — Hoto

0x®@L®F1+0,®P1®F, —1Io,@P, ®F,

A101 + B1oo — C111 — D110 + Ego1 + Fooo + Gon + Ho1o

0:®0; @F1+ 0, @LAF,

A101 + B1oo — C111 + D110 + Eoo1 + Fooo + Gonr — Hoto

6x®P1®F1 +16y@P, ®F1+0x QP1®F, — oy P, ®F,

A101 + B1oo + C111 — D110 + Ego1 + Fooo — Gonr + Ho1o

Ioy ®P1®F1+0x®@P, ®F1 + 0 @L QF

A101 + B1oo + Ci11 + D110 + Eoo1 + Fooo — Gour — Howo

0x:®L®F1 + 0, Q0. F,

A101 + B1oo — Ci11 — D110 + Eoo1 + Fooo — Gour + Hoo

0y ®0; ®F1+ 0. @P1®F, +16, 9P, QF,

A101 + B1oo — Ci11 — D110 + Eoo1 + Fooo + Gor — Hoio

0x®0: ®F1 +0xQP1®F, — o, P, ®F,

Ai01 + B1oo — Cin1 + D110 + Eoo1 + Fooo — Gour — Hoto

0x®P1®F1 + 10, ®P, ®F1 + 6, ®0; ®F;
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Ai01 + B1oo + Ci11 — D110 + Eoo1 + Fooo — Gour — Hoto

0x®P1®F1 —Io, ®P, ®F1 + 6, ®0; ®F;

A101 + B1oo — C111 — D110 + Eoo1 + Fooo — Gonr — Ho1o

0: Q0. QF1 + 0, ®0: F,

A101 — B1oo + C111 + D110 + Ego1 + Fooo + Gon + Ho1o

—Ioy @P1®F1+ 0. @P2Q®F1 + 0. QL ®F>

—A101 — B1oo + C111 + D110 + Eoo1 + Fooo + Gour + Ho1o

—06:Q0:®F1 +0:@LQF,;

—A101 + B1oo + C111 — D110 + Eoo1 + Fooo + Gonr + Hozo

I()'y ®P1®F1 71(7}, ®P2 ®F1 +10'y ®IZ ®F2

A101 — B1oo — Ci11 + D110 + Eoo1 + Fooo + Goir + Hoio

—loy®0; ®F1+0: QL QL

A101 — Bioo + Ci11 — D110 + Eoo1 + Fooo + Gour + Hoio

—loy®L®F1 +0x L ®F,

—A101 — Bioo — C111 + D110 + Eoo1 + Fooo + Go11 + Ho1o

6, ®P1®F; +16,@P, ®F; + 16, @, ®F,

—A101 — B1oo + C111 — D110 + Eoo1 + Fooo + Gour + Ho1o

-F1®P1®F1 —Ioy @, ®F1 +16, @,  F>

—A101 + B1oo — C111 — D110 + Eoo1 + Fooo + Gour + Ho1o

Ioy@L®F1 +0: QL ®F;

A101 — B1oo — Ci11 — D110 + Eoo1 + Fooo + Gour + Ho1o

—Iloy @P1®F1 — 6, ®@P, ®F1 +0, L ®F,

—A101 — Bioo — C111 — D110 + Eoo1 + Fooo + Gon1 + Ho1o

—0x®@L®F1+06, QL QF;

A110 — Bir + Cioo + D101 + Eo1o0 + Fooo + Gooo + Hoo

0. Q@F1@F1 +Lh®F,QF1 + L, ®0, ®F,

Ao + B + Cioo + D101 + Eo10 + Fooo + Gooo + Hoo

L®o,®F1 +L,®0:QF,

+A110 + Bi11 + Ci00 — D101 + Eo10 + Fooo + Gooo + Hoo1

LOF1I®F1+06,F,@F1+ L R0 QF;

A110 + B111 + C100 + D101 + Eo10 + Fooo + Gooo — Hoo1

L®oR®F1+L®0cx®F, +06,QF, @F

A110 + B111 + Ci0 + D101 + Eo10 — Fooo + Gooo + Hoo1

L®ox®F1+06, QF1QF +LRAF, QF,

A110 — B11 4 C100 — D101 + Eo10 + Fooo + Gooo + Hoo1

0;:Q0:QF1 + 1L, ®0x ®F,

A110 — Bi1 + Ci00 + D101 + Eo10 — Fooo + Gooo + Hoot

0:QF1®F1 +h®F1®F, + 0. @F1QF, + L®F, ®F,

A110 — Bi1 + Ci00 + D101 + Eo10 + Fooo + Gooo — Hoot

0:QF1@F1 +h®F,QF1 +L®F1®F, +0: F, QF,

A110 + B11 + Ci00 — D101 + Eo10 — Fooo + Gooo + Hoot

LRF1®F1+06:.F,@F1+0:F1®F, + L®F,QF,

A110 + Bi1 + Ci00 — D101 + Eo10 + Fooo + Gooo — Hoot

LRF1®F1+06:.F@F1 +LOF1QF, +0. @F2,QF,

A110 + Bi1 + Ci00 + D101 + Eo10 — Fooo + Gooo — Hoor

L®6x®F1+0,Q0,QF

A110 — Bi1 + C100 — D101 + Eo10 — Fooo + Gooo + Hoot

6, Q0x®F1 +0, QF1QF, + LRF, ®F,

A110 — Bi1 + C100 — D101 + Eo10 + Fooo + Gooo — Hoon

6:Q0x@F1 +LOF1®F, +0: F, QF,

A110 — Bi1 + Ci00 + D101 + Eo10 — Fooo + Gooo — Hoor

6:QF1@F1 +L®F,QF1 +0: F1QF, + 6. QF, ®F»

A110 + Bi1 + Ci00 — D101 + Eo10 — Fooo + Gooo — Hoon

LFI®F1+06,F QF1+0:®F1Q®F, +0, F, QF,

A110 — Bin1 + C100 — D101 + Eo10 — Fooo + Gooo — Hoor

6:Q0x®F1 + 06,0, QF,

—Ai10 + Bin1 + Cio0 + D101 + Eo10 + Fooo + Gooo + Hoot

—0:F1®F1 +L®F, ®F1 + L ®0x QF,

A110 + B + Cioo0 + D101 — Eo10 + Fooo + Gooo + Hoon

Lo, ®F1—0: QF1QRF, +LF, QF,

—A110 — Binr + Cioo + D101 + Eo10 + Fooo + Gooo + Hoot

L®Ioy®F1 + L Qo ®F,

—A110 + B + Cio0 + D101 — Eo10 + Fooo + Gooo + Hoot

-0 QF1Q@F1 +L®FH,®F1 — 0, F1QF, + LRF, ®F,

—A110 + B + Cio0 + D101 + Eo10 — Fooo + Gooo + Hoor

—0;QF1QF1 +L®F, ®F1 +0,F1®F, +, ®F, ®F,

A110 — Binr + Ci00 + D101 — Eo10 + Fooo + Gooo + Hoo1

0 QF1®@F1 +L®F,®F1 —0:F1QF, + LR®F, ®F,

A110 + Bi1 + Ci00 + D101 — Eo10 — Fooo + Gooo + Hoo1

L®c:@F1+ 1, ®lo, ®F,

—A110 — Bi11 + Ci00 + D101 — Eo10 + Fooo + Gooo + Hoot

0 Q@F1®F1 +LOFHQF1 —0: F1QF + L®F, ®F,

—Ai10 + Bi1 + Cio0 + D101 — Eo10 — Fooo + Gooo + Hoot

—0;QF1QF1 +LOF, @F1 +1, ®I(fy®Fz

—Ai10 — Bin1 + Cio0 + D101 + Eo10 — Fooo + Gooo + Hoot

L®Io,®F1+ 6. @F1QF, +L®F, ®F,

A110 — Bin + Cioo + D101 — Eo10 — Fooo + Gooo + Hoon

0:QF1QF1 +L®F, ®F1 + L ®lo, QF;

—A110 — Bir + Ci00 + D101 — Eo10 — Fooo + Gooo + Hoot

L®Ilo,®F1 +L,®Io,QF,

A110 + B111 — C100 + D101 + Eo10 + Fooo + Gooo + Hoo1

LOFI®F1 -6, QF1+ L R0 QF,

—A110 + B111 — C100 + D101 + Eo10 + Fooo + Gooo + Hoo1

—0:QF1®F1 -6, QF1 + L0, QF>

—A110 + B111 + C100 — D101 + Eo10 + Fooo + Gooo + Hoo1

0:®loy @F1 + L ®0x QF,
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A110 — Bi1 — Ci00 + D101 + Eo10 + Fooo + Gooo + Hoox

—0:®lo,®F1 + L ®0, ®F;

A110 + B — Ci00 — D101 + Eo10 + Fooo + Gooo + Hoo1

LR®Ioy®F1 + 1L ®0x ®F,

—A110 — B111 — C100 + D101 + Eo10 + Fooo + Gooo + Hoo1

LF1I®F1 -6, FQF1+ L R0 QF;

—A110 — B111 + C100 — D101 + Eo10 + Fooo + Gooo + Hoo1

~LRF1®F1+0.@F,@F1 +L®0x®F,

—A110 + B111 — C100 — D101 + Eo10 + Fooo + Gooo + Hoo1

0 QF1Q®F1 — LML F +LQox®F,

A110 — B11 — C100 — D101 + Eo10 + Fooo + Gooo + Hoo1

6 QF1®F — LM QF1 +L®0x®F,

—A110 — Bi11 — C100 — D101 + Eo10 + Fooo + Gooo + Hoo1

Lo @F1 + L0 @F,

—A111 + B11o + Cio1 + D100 + Eo11 + Fo1o + Goo1 + Hooo

Ioy @F1®F1 +0x ®@F, ®F1 + 0, ®0x QF;

A111 + Buio — Ci01 + Dioo + Eo11 + Foio + Goor + Hooo

0x®F1®F1 + 10y ®F, ®F1 + 0x ®0x @ F>

A111 + B1o + Cio1 + D100 — Eo11 + Foio + Goor + Hooo

0y ®0x ®F1 +16,@F1QF, + 0, ®@F, ®F,

A111 + B11o + Ci01 + D100 + Eo11 + Foio — Goor + Hooo

0x®0x®F1 +0x®F1®F, +10,®F, ® F,

—Ai11 + B0 — Cio1 + Dioo + Eo11 + Foio + Goor + Hooo

I, ®0, ®F; + 0, @0, ®F,

—Ai11 + B + Cio1 + Dioo — Eo11 + Foio + Goor + Hooo

Ioy,®F1®F1 + 06 @F, ®F1 + 10, @F1®F, + 0. ®F, @ F»

—Ai11 + Buo + Cio1 + Dioo + Eo11 + Foio — Goor + Hooo

Ioy®F1®F1 + 0, ®F, ®F1 + 10, ®F1 ®F, + 06, @ F, ® F,

A111 + Buo — Cio1 + D100 — Eour + Foio + Goor + Hooo

6x®F1®F1 +16,F,®F1 +16,@F1 ®F, + 0. QF, ®F,

A111 + B1io — Ci01 + D100 + Eo11 + Fo1o — Goo1 + Hooo

0x @F1®F1+16y,®F, ®F1 +0x @F1QF, + 10y F, ® >

A11 + Buo + Cio1 + Dioo — Eo11 + Foio — Goor + Hooo

0x®0x ®F1 + 0, @F, ®F1 + 10y ®0x ®F

—Ai11 + B1o — Cio1 + Dioo — Eo11 + Fo1o + Goor + Hooo

Ioy @0y ®F1 + 10, @F1®F, + 0, ®F, @ F,

—A1m + Buo + Cio1 + D1oo — Eo11 + Foio — Goo1 + Hooo

Ioy@F1®F1 + 0, ®F, ®F1 + 16, Q0. QF

—A111 + B11o — Cio1 + D1go + Eon1 + Fo1o — Goor + Hooo

Ioy®0, ®F1 +0,®F1®F, +16,F, F,

A1 + Buio — Ci01 + D100 — Eo11 + Foio — Goor + Hooo

oy @F1®F1 +16y®F, ®F1 + 1oy ®0x ®F

—Ai11 + B1o — Cio1 + Dioo — Eo11 + Foro — Goor + Hooo

Ioy @ 0x ®F1 + Ioy ®0x @ F>

A1 + Buo + Cio1 + D1oo + Eo11 + Foio + Goor + Hooo

0x ®0x Q@ 0y

A111 — Buo + Cio1 + D1oo + Eo11 + Foio + Goor + Hooo

Ioy @F1®F1 + 0, ®F, ®F1 + 0, ®0x QF,

A111 + B1o + Ci01 + D100 + Eo11 — Fo1o + Goor + Hooo

0x®0x®F1 —Ioy@F1®F, +0x ®@F, Q@ F,

—A111 — B11o + Ci01 + D100 + Eo11 + Fo1o + Goo1 + Hooo

0y ®loy ®F1 + 0, Q0x ®F

—Ai11 + B1o + Cio1 + Dioo + Eo11 — Foro + Goor + Hooo

Ioy®@F1®F1 +06x @F,®F1 —Ioy @F1®F, + 0. ®F, @ F»

A111 — Buo + Cio1 + D100 — Eo11 + Foio + Goor + Hooo

—Ioy ®F1®F1 + 0. ®F, ®F1 +16,F1®F, + 6, ®F, ®F

A111 — B11o + Ci01 + D100 + Eo11 — Fo1o + Goor + Hooo

—Ioy @F1QF1 + 0 @F, ®F1 — 16, @F1®F, + 06, ®F, ® F>

A1 + B1io + Ci01 + D100 — Eo11 — Foio + Goor + Hooo

6. ®0, ®F; + 0, ®lo, ®F,

—Ai111 — Buo + Cio1 + Dioo — Eo11 + Foio + Goor + Hooo

0:®lo,®F1 +16,@F1®F, + 6, ®F, ®F,

—A1 + Bo + Cio1 + D100 — Eo11 — Foio + Goo1 + Hooo

Io'y®F1®F1+5x®F2®F1+6x®6x®F2

—A11 — Buo + Cio1 + D100 — Eour + Foio + Goo1 + Hooo

06x®lo,®F1+ 10, QF1 ®F, + 0. QF, @F;

A111 — Buio + Ci01 + D100 — Eo11 — Foio + Goor + Hooo

—Ioy @F1®F1 + 0 ®@F, ®F1 + 0, ®Ioy ® F

—Ai111 — Buo + Cio1 + Dioo — Eo11 — Foio + Goor + Hooo

ox ®loy @ oy

A1 + Buo + Cio1 — Dioo + Eo11 + Foio + Goor + Hooo

0x ®F1®F1 — 1oy, @F, ®F1 +0x ®0x ®F,

—A111 + B11o + Ci01 — D1oo + Eon1 + Fo1o + Goor + Hooo

—Ioy ®Ioy ®F1 + 0x ®0x @ F2

A111 — B1io — Ci01 + D100 + Eo11 + Fo1o + Goor + Hooo

Ioy ®Ioy @ F1 + 0x Q@ 0x @ F2

A1 — B11o + C101 — D1oo + Eo11 + Fo1o + Goo1 + Hooo

—Ioy @0 ®@F1+0x®0x ®F

A1 + Buo — Cio1 — Dioo + Eo11 + Foio + Goor + Hooo

—Ox ®Io'y RF1 +0:. Q0. QF

—A1m — Buo — Cio1 + D100 + Eo11 + Foio + Goo1 + Hooo

—0x ®F1QF1 + 10y @F, ®F1 + 0x ®0x @

—A111 — B11o + C101 — D100 + Eo11 + Fo1o + Goo1 + Hooo

—0x®@F1®F1 —Ioy ®F, QF1+ 0, @0 ®F,
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—Ai11 + B1o — Cio1 — Dioo + Eo11 + Fo1o + Goor + Hooo Ioy@F1®F1 — 06, ®F, ®F; + 0, ®0x QF,

A — Buo — Ci01 — D1oo + Eo11 + Foio + Goor + Hooo ~Ioy@F1®F1 —0x @F, ®F1 +0x ®0x QF>
—A111 — B11o — C101 — D10 + Eon1 + Fo1o + Goor + Hooo —0: Q0 ®F1+ 0, Q0x ®F,
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