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ABSTRACT

In this paper, we present the globally conservative solutions to the Cauchy problem for the modified Camassa-Holm (MOCH) equation. First,
we transform the equation into an equivalent semi-linear system under new variables. Second, according to the standard ordinary differential
equation theory with the aid of the conservation law, we give the global solutions of the semi-linear system. Finally, returning to the original
variables, we obtain the globally conservative solutions to the MOCH equation.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0048245

I. INTRODUCTION

It has been known that the celebrated Camassa-Holm (CH) equation for A = 0 has quadratic nonlinearity and is utilized to describe a
shallow water wave model.'”'! It is completely integrable®'’ and has a bi-Hamiltonian structure.”'” It has peakon solutions in the form of
ce ¥ with the wave speed c, which is orbitally stable.’” The local well-posedness for the Cauchy problem of the CH equation in Sobolev
spaces and Besov spaces was presented in Refs. 1, 7, 8, 15, 16, 20, and 22. It admits not only blow-up strong solutions in a finite time but also
globally strong solutions.”’~” Recently, norm inflation and ill-posedness for the CH equation in the critical Sobolev Space and Besov spaces
were proved in Ref. 18. The existence and uniqueness of globally weak solutions were studied in Refs. 12 and 24. The globally conservative,
dissipative solutions, and algebro-geometric solutions were presented in Refs. 2, 3, and 21.

The well-known CH equation also describes pseudo-spherical surfaces, and therefore, its integrability properties can be studied by means
of the geometrical approach.* A nonlinear differential equation is geometrically integrable if it describes a nontrivial one-parameter family
of pseudo-spherical surfaces. Apparently, the CH equation is geometrically integrable.”” Hence, it turns out from the viewpoint of differential
geometry that the study of the geodesics determined by these surfaces allows one to define a Miura transform and the modified Camassa-Holm
(MOCH) equation.'” In this paper, we consider the Cauchy problem for the MOCH equation

yt:A(uxfyf%uy), t>0, xeR,
2

—, t20, xeR, (LD
21

Upx — U = Yx +

y(0,x) =p(x), x€eR,
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where A is a real constant. In order to define weak solutions for Eq. (1.1), let us rewrite (1.1) as

L1
yt+(V8xG y+ 506 1)’2)

y(0,x) = p(x), xeR.

2
y —1 1 12

= + 10:G -G , t>0, R,
2" AR (1.2)

X

LetG=97 —land m = (8y +1)G ™'y = (8y — 1)™'y. Then, we have y = (8x — 1)m and ||y||> = ||m]|sp, and therefore, Eq. (1.1) is changed to

_ _ 1 _ _
my + umy = mu— G (umy — um) — 8,G™" (umy — um) + 5(—mZ +G 'mi+ 0,G 'md)

_ 1 1 _
+10xG 1m+5((8x—1) 'G'mi - G'm?), (1.3)
where u =m—-8,G 'm+G 'm+ i(G_lmi +G'm? - BxG_lmz). For the initial data, we have

m(0,x) = m(x) = (O — 1) "'9(x). (1.4)

In Refs. 14 and 23, Eq. (1.1) was first investigated by the geometric approach. Pseudo-spherical surfaces, conservation laws, and the
existence and uniqueness of weak solutions to the MOCH equation were studied in Ref. 19. Equation (1.1) is able to be regarded as a modified
Camassa-Holm equation for the reason that if we solve Eq. (1.1), then u will formally satisfy the following shallow water wave form of the
Camassa-Holm equation:'

Up — Upxx + Ul = 2Ux Uy + Ullgxr — Ally.

As far as we know, the globally conservative solutions of the MOCH model (1.1) have not been investigated yet. Therefore, in this paper,
we aim to study the globally conservative solutions of (1.3) based on the idea of Bressan and Constantin’ in proving the globally conservative
solutions to the Camassa-Holm equation.

Before providing our main results in this paper, let us first introduce some definitions of the globally conservative solutions for
(1.1) and (1.3).

Definition 1.1. Let y € L*(R). We say y(t,x) € L (R*;L*(R)) is a globally conservative solution to the Cauchy problem (1.1) if y(t,x)
satisfies the following equality:

U G ? I )
/R+/H%(yu/[+(y8xG 1y+ﬁyG 1)/2)1//15)(t,x)dxdt:—‘/]RJr/R((% +10,G 'y + EG 1yz)l[/)(l‘,x)dxdt— jﬂ;y(x)q/(o,x)dx

for all y € C5° (R™; D(R)). Moreover, quantities |y| 2 are conserved in time.
Definition 1.2. Let in € H'(R). We say that m(t,x) € L (R*;H' (R)) is a globally conservative solution to the Cauchy problem (1.3) if
the map t — m(t, -) is Lipschitz continuous from [t1,t2] to L*(R) for any [t1,t2] ¢ R* and m(t,x) satisfies the following equality:
_ -1 -1 1 2 1 2 -1 2
my = —umye + mu— G (umy —um) — G~ (umy — um) + E(—m + G my+0:G my)
_ 1 1 _
+10:G 'm + S((@:=1) 'Glmi - GT'm?) (1.5)
in L*(R) for almost every t € R* together with the initial data (1.4). Moreover, quantities |m| g are conserved in time.
The main theorem of this paper is as follows.

Theorem 1.3. Let rn(x) € H'(R). Then, equation (1.3) has a globally conservative solution in the sense of Definition 1.2.

Corollary 1.4. Let j(x) € L*(R). Then, problem (1.1) has a globally conservative solution in the sense of Definition 1.1.

The rest of our paper is organized as follows. In Sec. II, we present conservation laws for the original equation, which is derived from the
MOCH equation. In Sec. I1I, we introduce some new variables and deduce an equivalent semi-linear system under new variables. Then, we
establish the global solutions to the semi-linear system. Finally, back to the original variables, we construct globally conservative solutions m
to the original equation (1.3). We can easily deduce that y = (0x — 1)m is a globally conservative solution to Eq. (1.1).
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Il. THE ORIGINAL EQUATION
Let us rewrite Eq. (1.3) as follows:
me + umy = F, (2.1)
F=mu—Py—Py + %(—m2 + P35+ P3,) + APy, + %(P5 +DPs, - Py), (2.2)

where P; (i = 1,...,5) are defined by the following convolutions:
P1=G_1m=p*m, P2=p*m2, P3=p*m§,
u=m-Py+P + i(P2+P3 - Py),
Py =px (umy —um), Ps=p=xPs
with p(x) = —%e‘lx‘. For smooth solutions y € Cg° (R), we first present conservation law for Eq. (1.1). Due to s — 4 = px + %, multiplying
(1.1) by y, and integrating by parts, we arrive at

1d

2 Efn@yzdx - /RAY(L{X)C = Yx) = yyxti = )/Zuxdx

:/R—/\yxux—yzux—yyxudx
*/uu—uu —lzu— udx
= R X x Uxx 2)’ x — YV«
=0.

If m € C5°(R), then we have y € C5° (R). Using the fact that |y| ;2 = |m|m vields the following quantity:
E(t) = fR m?(t,x) + m (£, x)dx, 2.3)

which are not dependent on time.
Since P; and P;, (1 < i < 5) are given by convolutions and p(x) € L' 0 L™, the conservation of the total energy (2.3) leads to

[Pilt=, |Pix|r= < C(E(0)).
Ill. AN EQUIVALENT SEMI-LINEAR SYSTEM AND GLOBAL SOLUTIONS OF THE SYSTEM

A. An equivalent semi-linear system

Let n € H'(R). We introduce a new variable £ € R and define the nondecreasing map & ~ (&) via the following equation:

foﬂf)(umi)dx:f. (3.1)

For t € [0, T], we assume that the solution m to (2.1) is Lipschitz continuous. Under the new variable (t,£), let us now derive a system
equivalent to Eq. (2.1). We define the characteristic y(t,-) as

ye(68) =u(t,y(£8),  y(0,§) = y(%). (32)
Introduce the new variables
m(t,&) =m(t,y(t,€)), v(t,&)=2arctanmy, q(t,&) =1+ m,zc)yg,

Pi(t,8) = Pi(t,y(1,€)), Pu(t,€) = Pu(t,y(1,€)), 1<i<5,
u(t,§) =u(ty(£8)), F(t,§) =F(t,y(t,{)),

with my = my(t,y(t,&)). From (3.1), we have

q(0,§) = 1.
We can prove the following equalities:
1 P My 1 . mi . 20 2V
5 =cos” -, 5> = -sin v, 5 =sin"~,  yr=gqcos . (3.3)
1+ my 2 1+mz 2 1+ my 2 2
J. Math. Phys. 62, 091506 (2021); doi: 10.1063/5.0048245 62, 091506-3
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Using (3.3), we obtain expressions for P; and P;, in terms of the new variable £, namely,

P = 1 —\ff,qcos 3 ds]

mq cos fdf

Py = —*(f / ) Afacos’s ds‘ mq cos fdf

foo ,|f{,qc05 dSlm qCOS df

Py =— (/ f ) “gacos's ds‘m q cos fdf

v
P3=— e‘ o8’ Slqsm df

B (34)
e _7(f /. ) v gsin’ 24,

+oo 2y
2/ 7” acos dslqu sin v — mugq cos Edf

Py = 77(/ f ) 7”&"”“ 7d5‘qu sin v — mugq cos fdrf

Ps = ‘ i cos” vdSlP 3 COS fdf

Psy = —([ f ) _lff’qcoshds‘P 34 COS fdf

where u(t,€) = (m — Pi. + Py + 31 (P2+DPs - Pa))(t,&). Owing to the characteristic (3.2) and the first equation of (2.1), we can deduce that

mi(t,€) = F(£,€),

with
1 1
F(t, f) = (mu — Py — Pyy + E(—mz + P; + P3x) + APy + E(PS + Psy — Pz))(t,f). (3.5)
Similarly, using (3.3) and (3.2) and the definitions of v and g, we obtain

v v
v (t, &) = ZCOSZEH— N sin v — sinzg,

1
q(t,&) = 54 sin v(2H + 1) + gN cos v,

where N(¢,¢) = (fmfPl — P+ ﬁ(,pz +P3X+P2xfm2))(t,f) and H=F+mN + Au + ”’72

B. Global solutions of the semi-linear system

In this section, we turn our attention to the problem of finding a global solution to system (3.6). Let /1 € H'(R). We rewrite the
corresponding Cauchy problem for the variables (m, v, q) in the form

my =F,
= 2COSZgH — N sin v — sinzg, (3.6)
1
=9 sin v(2H + 1) + gN cos v
and
m(0,8) = m(3(£)),

v(0,€&) = 2 arctan m(y(§)), (3.7)
q(0,§) = 1.

Here, F,u, N, H are given in Sec. II. We consider (3.6) as an O.D.E. in

X = H'(R) x L™ (R) n L*(R) x L™ (R),

J. Math. Phys. 62, 091506 (2021); doi: 10.1063/5.0048245 62, 091506-4
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with [[(m,v,q)[x = [m] g + [v]i= + [v]2 + [g]z=.
Theorem 3.1. Let i € H' (R). For any t € R, the semi-linear system [(3.6) and (3.7)] has a unique solution.
Proof. Step 1 (Local existence)

It is obvious that the initial data belong to X. According to the theory of O.D.E. in Banach spaces, in order to prove the local well-
posedness, we need to prove that the right-hand side of (3.6) is Lipschitz continuous on Q, which is defined as

3n -
{moa)exs pml <, ol <5 Jole<B aclda’) aexcR)
fora,B,q", qJr > 0. According to Ref. 3, we easily get that maps
m’, Py, Py, P5, Py
are Lipschitz continuous from Q to H'. It is easy to check that maps
2V . .20 .
cos"—, sinw, sin“—, g¢gsinv, gcosv
2 2

are Lipschitz continuous from Q to L* n L. Then, we are left to prove that the maps

(m)qu) HP]) Plx: P4) P4x) PS) PSX

are Lipschitz continous from Q to H'. According to Ref. 3, we obtain

R 8/ si Z’U(S)d <Z
meas{g ¢ 2 } : £eR:18 sin? 1'<E>>1} 2 E ﬁ
If &, < &, then we have
LE-& 9,
cos fd / d > [ - = ]
& q iz {eeltn 112 1<2} 2 224 2

Let us introduce a function T € L' n L™

') = mln{l eI S },

with |T||, = 1882 + qi,. First, we need to prove that Py, Piy, Py, Pay, Ps, Psx € H'. For simplicity, we will concentrate on the estimates for
Piyx, P4y, P5.. We can estimate the other terms in the same way. According to (3.4), we have

m Cos

IPlx(f)\ <L

2@,

P4 (§)] < F *

s1n v — m cos” (£)|(E)

Psu(©)] < %r .

P cosz—(f) ‘(E)
2
Using Young’s inequality, we get
qu
1Puc(®)lis < LTl < oo

.
[Pax(E) 12 < L|‘r||L1(“U“LZ + [mf) ful

I1Pse(&) ]z < L HTIIL1 IP3 12 < oo.

J. Math. Phys. 62, 091506 (2021); doi: 10.1063/5.0048245 62, 091506-5
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We need to prove 9¢Py, ¢ P1x € L*; then, we have u € H', which implies u € L. For simplicity, we only concentrate on the estimates for 9¢P;s.
From (3.4), we deduce that

>

O¢P1x = gm coszg +qP coszg

1
OPyy = qu(i sin v — mcoszg) +qPy coszg,

(3.8)
0¢Psx = qP3 coszg +gPs coszg.
We thus get
10P1e() 12 < " (IPr 2 + ]l 12) < o,
10Pa(§) 12 < g (IPalliz + lusllz + a2 [l ),

[0¢Ps< (&) 12 < " (IPslzz + [ P 12) < oo

Hence, Pix, Psx € H'; then, we obtain that u € L. From the above equality, we have Py, € H'.

Second, we need to show that all partial derivatives are uniformly bounded from Q to H'. In the following, we only consider %};‘ ; all the
other cases can be estimated in the same way. More details can refer to Ref. 3.

For (m,v,q) € Q, we can define the linear operator % :H' - L% as
m

P 1 +oo § ~1f$q cos> 2 ds N
[88111: m] :_E(/E —[w)e s 2dl&lcoszg-mdf',
with 71 € H'. We can deduce that o
P . .
| S| < 1l il
which implies that
aplx +
< |IT| 1 .
|5 < mtq
Using (3 . O(8P) . 1 12
sing (3.8), we can define the linear operator =5+ : H ~ L” as
Pix) ., N
I:a(?;ml ) . m] - qCOS2 U(zf) (f) -
1 +oo § —[[Sqcost2ds| . N
+ choszﬁ(f) f - f ¢ eacos 3 dd sign (&’ —E)qcoszg-mdf'.
2 2 £ —oo 2
Therefore,
0(0¢P1x) . . .
[P < g + (a0 s,
which implies that

H O(0:P1y)
om

2
<q" +(q") |
Finally, there exists time T > 0 so that the semi-linear system [(3.6) and (3.7)] has a unique solution in C([0, T']; X).
Step 2 (Extension to a global solution)

We shall extend the local solution constructed above to a global solution if

[mle + ol + vl +lqli= +

(3.9)
|~

is uniformly bounded [0, T] with any T > 0. The proof is actually relying on the conservation law (2.3) and a contradiction argument. We will
re-derive the conservation law under the new variables. We first claim that

q

mg = 3 sin v. (3.10)

J. Math. Phys. 62, 091506 (2021); doi: 10.1063/5.0048245
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In fact, (3.6) yields
(@ sin v) 2 sin v + qvt cos v
) 2
= %sinzv(2H+ 1)+ gN cos v sin v + g cos v(ZHcoszg — N sinv - sinzg)

= 2H(qsm v+ gcos vcoszy) + gsin2v— ﬂcos vsinZE
2 2 2 2

=gH cos 20 Agn2?,
2 2 2

To calculate mg; = Fy, we will give some basic calculations result about P;, Pjx, which is similar to (3.8),

D¢P; = qPiy cos” g,
v v
0sPyx = gP, COSZE +qm’ cos” > (3.11)

0:P3x = qP3 coszg +q sinzg.

Since ug = mg + gN cos? %, then we get

mg = Fr
v v v v
=mgu + mmg + qucoszf - qcoszf(P4 + Pyy) — ﬂu sin v + mqu coszi —mmg + gsinzi

+ gcos —(P3 + Psx) +A(ch0s 5 +qP coszi) qP cos? E + qP coszg — ngx coszg

= choszi + gsinzi + (mg - g sin 'U)Ll.

Since (mg — £ sin v); = (mz — L sin v)u and (m; — 1 sin v)(¢,0) = 0, then we complete the proof of (3.10). Next, we infer that

E() = fR(mz coszg N sinzg)ng - E(0) = Eo, (3.12)

which is exactly the expression for the conservation law (7 3) in the new variable. We deduce that u+N = 55 (Ps + Ps; — m?*) and

N = (q sin®¥ + qcos 7(P3 + P3x)) - Xmmg —mg —qN cos?? 7. Then, we can prove that

%E(t) = qut(mz coszg + sinzg) + quFcoszg + qvt(—nf sin v + % sin v)df
= fR —2mHg + 2mgqF coszg + qm2 Ncoszg -gqN sin2g + mzmgdf
= /R — 2mF; — m*Ng — 2Amug + qm’ Ncoszg -gN sinzg +2mgF coszgdf
= /R - 2mqul coszg —qm’ coszg —2mgNA coszg -gN sinzg - mq sinzg - Aqm (coszg(Pg + P3y) +sin E)df
= /R — (Ps + P3x)mgq coszg -gN sinzg -mgq sinzg - iqmz(coszg(& + Psy) + sinzB)df

f( P + P1,)gsin’ f—qNsm E—mqsm 7+—Aqsm 7( P2+P2x)— qm sin fdf

:fR—ﬁqPMsm Edf.

d&. Applying Fubini’s theorem, we have

= [~ ppa@sin’ S [l g sin’ L (€) sign (¥ - )aae = -1

Set] = []R - iq&x sinzg

J. Math. Phys. 62, 091506 (2021); doi: 10.1063/5.0048245 62, 091506-7
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It means that %E(t) = I = 0; we complete the proof of (3.12). As long as the solution is defined, using (3.10) and (3.12), we have
sup|m’(t,&)| < 2f\mm5|df < 2/|m|| cos < sin E|qd£ < Eo, (3.13)
EER R R 2 2
which implies the uniform boundedness of m. From (3.12), we deduce that
1
[Palies |Paxllz=s [Pslie,  [Pasllze < 2 Eo. (3.14)

However, we cannot get L> boundedness of other terms from (3.12), for example, P;. Using variable transformations and contradiction
argument will overcome the difficulty. Here are the variable transformation lemma and corollary, which can be referenced to Ref. 25.

Lemma 3.2. If g(x) is differentiable on a.e.[a,b], f(x) € L'[c,d], and g([a,b]) c [c,d], then we have that F(g(t)) is absolutely
continuous on [a, b] if and only if f(g(t))g’(t) € L'[¢,d] and fgg(fjg)f(x)dx = fabf(g(t))g'(t)dt, with F(x) = [*f(t)dt.

Corollary 3.3. Let g(x) be absolutely continuous on [a,b], f(x) € L'[c,d], and g([a,b]) c [¢.d]. If g(x) is monotonous or f(x)

€ L [c, d], then we get ]gg((al;)f(x)dx = fahf(g(t))g'(t)dt.

First, we define y; = u(t, ), with y(0,&) = y(&). From (3.1), we obtain that y(0, &) € L. is strictly monotonous and

e,
[ 1+ mydx
y

) -3l - | [ 1) <
- = x| <
RS TS 7(&) (&)

<& =&l

Then, we can know that y(0, &) is a local Lipschitz continuous function. From step 1, we have deduced that u(#,£) is Lipschitz continuous as
it maps from Q to H'. Using (3.2), there exists T € (0, 0o) such that y(t,&) € Hj,_for t € [0, T). It is obvious that y(t,£) is a local absolutely
continuous function for t € [0, T'). The key point is to prove that T is any positive number.

Second, we claim that

ye = qcoszg (3.15)

According to (3.8) and (3.11), we get

Orye = ug = mg + choszg.
In fact, (3.6) and (3.10) yield
( coszv) cos’ 2 cos = sin —
Z) = Z v Z sin —
4€08 7y ), = A Cos 5~ qun oS Sy
= (ﬂsin v(2H + 1) + gN cos 1))cos23 ~ T in U(ZHcos23 — N sin U—sinzg)
2 2 2 2 2
= Tgin v(cos23 + N sin v+sin22) +¢gN cos veos’ S
2 2 2 2
20U
= mg + gN cos 5

Since (y; — gcos’2)(t,0) = 0, then (3.15) remains valid for all times t € [0, T).
Third, for ¢ € [0, T) and [a, b] c R, using corollary (3.3), we have

1 b e oe 1 b _ (!
HE/ oM cos 2qul|m|coszqufl < Imli= ‘/ e VOIO, 4 (3.16)
a L a Lo
1 + o0 —‘5|
< EHmHme e “ds. (3.17)

When a - —oo and b — +oo, the left-hand side of (3.16) is monotonous. According to the monotone convergence theorem, we deduce

1
that there exists a limit of the left-hand side for (3.16). Then, we know that |P;|1~ exists and |P;|r < %||m||me+°°e7‘S|ds < CE;.

—oo
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1
The estimate for | Pix |1 is similar. Now, we can easily get that |u]|r=, [ N| 1= < C(E} + Eo) and | Ps| =, | Psc| 1= < CEj. Since (3.12), then we
have

+oo |k 2y
Psflio=s [ Pacllim <l | [ eVe 398 sin” 2 g+ (jm| + 1)cos® 2 )&=
oo 2 2
1 1
< C(Eg +E0)(EO +E§ + 1)
1 3 )
< C(Eg +Eo + Ej +E0).
1 3
Therefore, | F| 1=, |H| 1~ < C(E¢ + Eo + E; + E). Using (3.6), we get
1 3 )
|ge| < C(Eg +Ey+E} +E0)q,

1 3 1 3
7C(E02 +Ey+E? +E§)z C(EO2 +Ey+E} +Eg)r
e q<e

< (3.18)
for t € [0, T). Using (3.15), then we have
C(EO% +E0+E§ +E§)T
lyeli= < llgli~ <e :
Using the uniform bound |ul|;= < C(Eg + Eo), we obtain the estimate
(&) - C(Eg + Eo)t <y(t,&) <y(&) + C(Eg + Eo)t. (3.19)

Therefore, y(t,&) € L2 for t € [0, T]; then, we have y(t,£) € H;,_for t € [0, T].

Finally, using contradiction argument, we can see that T in the above results cannot have a upper bound, which means that the above
results are valid for every t € R.

According to (3.6), we obtain

o] < €™,
for B = B(Ep) > 0. Using (3.6), we can easily deduce that
d, 2
Sl = [ 2mFdE < 2l Pl
with
[Flle < C(Iiml2 [l + |Pa+ Pax|12 + | Ps + Psxll 12 + [ Ps + Psx|[ 12 + [ P22 + [ Prelliz + ] 12 ] 1)
To estimate |2, we need to estimate the L* norms of P; and P;,. Let « be the right-hand side of (3.18). Then, we have «™* < q(t) < x and
v v
(Balis + [Baeli + [l + [Paclis < €I« (qsin Y+ m gcos’® s < CIrls,
v
[Prlis + [Pl < €T+ (macos’ S )1is < Crlrlus b

where
¢, —1

—1
)= min{l,elSK Bomx }
Similar to step 1, we can easily deduce that T € L' n L™, Thus, we have

. v
[Pl + |Pasliz < I (T sin v = mugoos” )11 < Gl s (1 + i),

IPs]iz + |Psil 2 < CIT « ( Pqos®> )12 < ClT |3 2,
2
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with
lulrz < Clm| (1 + x| 1) + C[T| 2 Eo.

In a word, we get

d
allfﬂHiz < C(Eo, ) (|m| 2 + [m]l12).

Appling Gronwall’s inequality, we finally have an estimate on ||m| .. Hence, we get an estimate on || P;|| 12, | Pix| 12, |4|12> | N| 2> |F| 12> and
|H| 2. By the second equation in (3.6), it is now clear that

d
ZolE: <2)oll: ||2Hcos2§ ~Nsinv- sinngLz
< C(Eo, ) (|02 + 0] 22).

Appling Gronwall’s inequality, we obtain an estimate on |v||;2. Finally, we only need to get an estimate on |||z,

2
2 q . 2 K 2
el = 12 sin ol < % ol

We thus complete the Proof of Theorem 3.1. O
For future use, we give an important property of the above solutions. Let us introduce the set
O ={t>20:meas{é e R:v(t,&) =-n} >0}. (3.20)
We claim that
meas(D) = 0. (3.21)

Indeed, if v(t, &) = —, then we have v; = —1by (3.6). Since | H| .~ and | N/~ is finite for any t € R*, we get v < —1 whenever cos’2, sinv < 6

with 8 > 0. Since |v(t) | is finite for any ¢ € R", then we can prove that the map ¢ — v(t,£) is absolute continuous. This implies v; = 0 on
a.e. {v(t,&) = —n}. Therefore, we get (3.21) by contradiction argument.

IV. GLOBALLY CONSERVATIVE SOLUTIONS FOR THE ORIGINAL EQUATION

In this section, we use the global solutions of system (3.6) to construct globally conservative weak solution to the original equation (1.3)
in the original variables (¢, x).

Proof of Theorem 1.3. Given is a global solution (y,m, v, q) to system (3.6). Hence, the map ¢ — y(¢,&) gives a solution to the following

problem:
ye(t,€) =u(t,§),  (0,8) = y(§), (4.1)
where u(t,&) = (m — P, +P + ﬁ(Pz +P; — PZx))(t,E) and P;, P;y is defined in (3.4). Write
m(t,x) = m(t,&) if x=y(t,§). (4.2)

We have to explain such that the definition makes sense. Using (3.1) and (3.19), we obtain
lim y(t,&) = +o0.
fﬁioo

Since (3.15), we deduce that y;(¢,&) > 0 for all £ > 0 and a.e. &. Therefore, the map & — y(t,&) is nondecreasing. Moreover, if &; < &, but

y(t,&1) = y(t,&,), we have
& & v
Osz yg(t,rz)dnsz (QCOSZE)(Z‘,n)dq.

Then, we get cos % = 0. By (3.10), we have

m(t,&) - m(t, &) = sz(g sin v)(t,n)dn =0.

Hence, the map (t,x) — m(t,x) is well-defined for any t > 0 and x € R.
From definition (4.2), we give

sin v(t,&)

my(t,y(1,€)) = 1+ cos v(t,€)

if x=y(t,§), cosv(t,E) -1 (4.3)
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Changing the variables and applying (3.12) and (4.3), we find that

B = [0 emi(ades [ (m(0p(08) + mity(66))yedt

cos vE—1}

= [{COS w_l}(mz coszg + sinzg)q(t, &)dE < E,. (4.4)

By H' - C%3, we get m(t,-) € C%: for any fixed t € R. According to the first equation in (3.6) and the bound for F, it follows that the
map t — m(t,y(t)) is uniformly Lipschitz continuous along every characteristic curve ¢ — y(t). Therefore, m = m(t,x) is globally Holder
continuous.

Now, we claim that the map ¢ ~ m(t) is Lipschitz continuous with values in L?. Considering any time interval [, 7 + ] and given x, we
choose ¢ € R such that the function ¢ — y(t, &) passes through (7, x). Using (3.6) and (3.13), we obtain

m(t+h,x) =m(r,x)| <|m(t+h,x) —=m(r+hy(r+ h,E)| +|m(r+ hy(r + h, &) — m(7,x)|

+h
< sup |m(T+h,y)—m(r+h,x)|+/T |F|dt.

ly—x|<EZ h

Integrating over R. By (4.4) and the bound for ||F(¢)|| 2, we get

2

x+E(% T+h
Jm(r + hx) = m(z, ) |3 <2 fR( I |mx(r+h,y)|dy) dx+ 2hq(r) = [ IF(O)[ae

2 ) T+h 2
< SEh |my(r+ W) + 20a(e) i [ IF(D) et
< CH.

We thus complete the proof of the claim. Using the fact that L? is a reflexive space, we know that the left-hand side of (1.5) is a well-defined
function and the right-hand side of (1.5) also lies in L*foraeteRR. By (3.6), we have

& mEr(6) = F(18),

where F is the function defined at (3.5). On the other hand, for every ¢ ¢ ®, we deduce that the map ¢ — x(#, &) is one to one. Using (3.10) and

(3.15), we get
1 +oo & CIfE 2w
Pi(t,§) = _E(-/E - [ )e [/ cos” 5 qds] mcoszqufl

+00 (48)
2\ Jy(rd) —oo
= P(t,y(1,8))

for every & € R. Similarly, we deduce that F(t,&) = F(t,y(t,&)). According to (3.21), we know that Eq. (1.5) is satisfied for almost every ¢ € R.
Using (3.12) and (4.4), we can present the conservation property. This completes the Proof of Theorem 1.3.
[m]
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