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Abstract

We generalize the notion of fuzzy topology generated by fuzzy relation given by Mishra and Sri-
vastava to the setting of intuitionistic fuzzy sets. Some fundamental properties and necessary exam-
ples are given. More specifically, we provide the lattice structure to a family of intuitionistic fuzzy
topologies generated by intuitionistic fuzzy relations. To that end, we study necessary structural
characteristics such as distributivity, modularity and complementary of this lattice.
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1. Introduction

Topology generated by binary relation is one of the famous classes of general topology and play
a prominent role in pure and applied mathematics. They apply in different fields especially in
preference representation theorems (Bridges and Mehta (1995)) and they appear to provide the
notion of nearness or proximity between two elements of an arbitrary set without using any distance
function on it (Knoblauch (2009)). They are also useful for obtaining continuous representability
of binary relations, which is an important optimization tool (Chateauneuf (1987), Debreu (1964))
and are used in important applications such as computing topologies (Zhao and Tsang (2008)),
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recombination spaces (Fotea (2008)) and information granulation which are used in biological
sciences and other application fields.

The study of the topology generated by binary relation was initiated by Smithson (1969). Then after
that, many researchers have been working in this topic, Knoblauch (2009) introduced topology
induced by a binary relation, which are generated by the set of all upper and lower contours of
this relation and he obtained a characterization about this class of topology. Salama (2008) used
binary relation to generate topological structures using the lower and the upper approximations.
Campion et al. (2009) have characterized topologies induced by total preorder relations by utility
functions. Recently, Indurdin and Knoblauch (2013) have studied the problem of characterizing
which topologies on a nonempty set are generated by a binary relations by means of their lower
and upper contour sets, also they extended this characterization to the context of bitopological
spaces induced by binary relations. In fuzzy setting, Mishra and Srivastava (2018) have introduced
the notion of fuzzy topology generated by a fuzzy relation and studied several related results.

In 1983, Atanassov (1983) introduced the concept of intuitionistic fuzzy set (IFSs) characterized
by a membership function and a non-membership function, which is a generalization of Zadeh’s
fuzzy set. Then Coker (1997) applied this concept to topology and introduced intuitionistic fuzzy
topology on a set X as a family 7, satisfying the well-know axioms, and he referred to each member
of 7 as an intuitionistic fuzzy open set.

The aim of the present paper is to construct the lattice structure to a family of intuitionistic fuzzy
topologies generated by intuitionistic fuzzy relations. We pay particular attention to the character-
istics of this lattice such as distributivity, modularity and complementary.

The contents of the paper are organized as follows. In Section 2, we recall basic concepts and
properties that will be needed throughout this paper. In Section 3, we generalize the notion of fuzzy
topology generated by a fuzzy relation to the setting of intuitionistic fuzzy sets, and we study some
properties of this topology in terms of its lower and upper contour sets. In Section 4, we provide
a lattice structure to a family of intuitionistic fuzzy topologies generated by intuitionistic fuzzy
relations, and we investigate some basic characteristics of this lattice. Finally, we present some
conclusions and we discuss future research in Section 5.

2. Preliminaries

This section contains the basic definitions and properties of lattices, intuitionistic fuzzy sets, in-
tuitionistic fuzzy relations, intuitionistic fuzzy topologies and some related notions that will be
needed throughout this paper.

2.1. Lattices

In this subsection, we recall some definitions and properties of lattices that will be needed through-
out this paper (for more details, see Davey and Priestley (2002), Schroder (2002)).
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A partial order (order, for short) is a binary relation < over a set X which is reflexive (a < a, for
any a € X), antisymmetric (¢ < band b < a implies a = b, for any a,b € X) and transitive (a < b
and b < cimplies a < ¢, for any a, b, c € X). A set with an order relation is called an ordered set
(also called a poset), denoted (X, <). Let (X, <) be a poset and A be a subset of X. An element
xo € X is called a lower bound of A if vy < z, for any z € A. The element z, is called the greatest
lower bound (or the infimum) of A if x is a lower bound and m < =z, for any lower bound m of
A. Upper bound and least upper bound (or supremum) are defined dually. Let (X, <y), (Y, <y) be
two posets. A mapping ¢ : X — Y is called an order isomorphism if it is surjective and satisfies
the following condition: x <x y if and only if ¢(z) <y ¢(y), forany z,y € X.

2.2. Intuitionistic fuzzy sets

In this subsection, we recall some basic concepts of intuitionistic fuzzy sets.

Let X be a universe. Then a fuzzy subset A = {(z,ua(z)) | * € X}, of X defined by Zadeh
(1965) is characterized by a membership function p4 : X — [0, 1], where p14(x) is interpreted as
the degree of a membership of the element x in the fuzzy subset A for each x € X.

Atanassov (1983) introduced another fuzzy object, called intuitionistic fuzzy set as a generalization
of the concept of fuzzy set, shown as follows,

A= {(z, pa(z), va(z)) | 2 € X},

which is characterized by a membership function 14 : X — [0, 1] and a non-membership function
va: X — [0, 1], with the condition

0 < pa(r) +valz) <1,

for any € X. The numbers j14(x) and v4(z) represent, respectively, the membership degree and
the non-membership degree of the element x in the intuitionistic fuzzy set A for each x € X. The
class of intuitionistic fuzzy sets on X is denoted by I F'S(X).

In the fuzzy set theory, the non-membership degree of an element x of the universe is defined
as va(x) = 1 — pa(x), (using the standard negation) and thus it is fixed. In intuitionistic fuzzy
setting, the non-membership degree is a more-or-less independent degree: the only condition is that
va(r) < 1—pa(x). Certainly fuzzy sets are intuitionistic fuzzy sets by setting v4(z) = 1 — pua(x),
but not conversely.

For any two IFSs A and B on a set X, several operations are defined (see, e.g., Atanassov (1983,
1986, 1989, 1999), Milles et al. (2016, 2017)). Here we will present only those which are related
to the present paper.

Let A = {(x, ua(z),va(x)) | * € X}, and B = {(z, up(x),vs(x)) | € X}, be two IFSs on a
set X, then

(1) AC Bif ua(z) < pp(z) and va(z) > vp(x), forall z € X,

(ii)) A = Bif pa(z) = pp(x) and va(z) = vp(x), forallz € X,
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(i) AN B = {{z, pua(x) AN ug(x),va(z) Vvg(z)) |z € X},

(iv) AU B = {(z, pa(2) V pp(x), va(z) Nvp(z)) |z € X},

W) A = {(z,va(x), pa(z)) |z € X},

(vi) Supp(A) = {x € X | pa(x) > 0or (ua(x) =0and va(x) < 1)},
(vii) Ker(A) = {x € X | pa(x) = L or va(x) = 0}.

2.3. Intuitionistic fuzzy relations

Burillo and Bustince (1995) introduced the concept of intuitionistic fuzzy relation as a natural
generalization of fuzzy relation.

An intuitionistic fuzzy binary relation (An intuitionistic fuzzy relation, for short) from a universe
X to auniverse Y is an intuitionistic fuzzy subsetin X X Y, i.e., is an expression R given by

R = {<(x7y)7,UR(I’y)7VR(x7y)> | (xvy) € X X Y},

where,
pr: X XY —[0,1], and vy : X x Y — [0, 1],
satisfy the condition

0 S MR(I7y) +VR(x7y> S ]-7

for any (z,y) € X x Y. The value ug(x,y) is called the degree of a membership of (x,y) in R
and vg(z,y) is called the degree of a non-membership of (z,y) in R.

The class of intuitionistic fuzzy relations on X is denoted by I F'R(X?).

Example 2.1.

Let X = {a,b,c,d,e}, and R be an intuitionistic fuzzy relation defined on X by R =
{{(z,y), pr(z,y),vr(z,y)) | v,y € X}, where ug and vg are given by the following tables.

Table 1. Intuitionistic fuzzy relation for Example 2.1

pr(.,.) | a b c d e
a 035] 0 0 |0.35]0.30
b 0O [040] O |0.35|045
c 020 O (065 O |0.70
d 0 0 0 1 0
e 025]035| 0 0 |0.60

vr(.,.) | a b c d e
a 0 1 1040025 ]0.25
b 0.30 | 0.35 | 0.20 | 0.35 | 0.10
c 080 | 1 0 ]0.85]0.15
d 1 1 1 0 1
2 0.70 | 0.55| 1 | 0.90 | 0.30
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Next, the following definitions are needed to recall (see, e.g., Atanassov (1986), Burillo and
Bustince (1995)). Let R and P be two intuitionistic fuzzy relations from a universe X to a universe

Y.
(i) The transpose (inverse) R’ of R is the intuitionistic fuzzy relation from the universe Y to the
universe X defined by
Rt = {((I, y)u MR‘(J:7 y)u VRt(xu y)> | (ZL’, y) € X X Y}7
where,

g (2,y) = pr(y, ©),
and

VRt(xay) = VR(yax) )
forany (z,y) € X x Y.
(1) R is said to be contained in P or we say that P contains 2, denoted by R C P, if for all
(z,y) € X x Y itholds that ur(x,y) < pp(z,y) and vg(z,y) > ve(z,y).
(ii1) The intersection (resp. the union) of two intuitionistic fuzzy relations R and P from a universe
X to auniverse Y is an intuitionistic fuzzy relation defined as

RN P ={((z,y), min(pr(z,y), pp(z,y)), max(vr(z, y), ve(z,y)) | (z,y) € X x Y},

and

RUP = {{(z,y), max(pr(v,y), pp(z,y)), min(vr(r,y), ve(r,y))) | (z,y) € X X Y}.

The following notions are crucial in this paper (see e.g., Burillo and Bustinceb (1995), Bustince
and Burillo (1995), Bustince and Burillo (1996), Bustince (2003)).

Let R be an intuitionistic fuzzy relation from a universe X into itself.
(i) Reflexivity: pg(z,x) = 1, for any € X. In this case we note that vg(x,z) = 0, forany x € X.
(11) Symmetry: for any x,y € X, then

{uR(fC,y) = pr(y, ),
VR(‘ra y) - VR(?J? I)
(iii) Antisymmetry: for any x,y € X, x # y then

H’R(ma y) 7& ,UR(ya $)7
VR<:C7y) 7£ VR(y7x>7
7TR(£7 y) = WR(ya I)?
where mr(x,y) = 1 — pg(x,y) — vr(z,y).
(iv) Perfect antisymmetry: for any x,y € X, with x # y and

ILLR(x7y) > Oa
or
pr(z,y) =0 and vg(x,y) < 1,

then
MR(yv ZL’) = 07
and
VR(yvx) =1.
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(v) Transitivity: R O R of\‘f R, where a, 8, A and p are t-norms or t-conorms taken under the
intuitionistic fuzzy condition

0< ayeX{ﬂ[MR(xa y), MR(:% Z)H + AyeX{p[VR(xv y)> VR(y’ Z)]} <1,
forany z, z € X.

2.4. Intuitionistic fuzzy topology

In this subsection, we recall the notion of intuitionistic fuzzy topology given by Coker (1997).

An intuitionistic fuzzy topology (IFT, for short) on a nonempty set X is a family 7 of intuitionistic
fuzzy sets on X which satisfies the following axioms:

0, X e,

(i) Gy NGy € 7 for any Gy, G, € T,

(i) JGi € Tforany {G;: i€ J} C 7.

In this case, the pair (X, 7) is called an intuitionistic fuzzy topological space (IFTS, for short)
and any IFS in 7 is known as an intuitionistic fuzzy open set (IFOS, for short) in X. The comple-
ment of an intuitionistic fuzzy open set is called an intuitionistic fuzzy closed set (IFCS, for short)
in X.

Example 2.2.
Let X = {x,y,z} and A, B,C € IFS(X) such that

A= {{z,0.3,0.4), (y,0.4,0.3), (z,0.1,0.3) },
B = {(z,0.4,0.1), (y,0.5,0.2), (z,0.3,0.2)},
C = {{2,0.3,0.1), (y,0.4,0.3), (2,0.3,0.3) }.

Then, 7 = {), X, A, B, C'} is an intuitionistic fuzzy topology on X.

The notion of interior (resp. closure) of an intuitionistic fuzzy set is introduced by Atanassov
(1999). Later, Coker (1997) introduced the notion of intuitionistic fuzzy interior (resp. intuitionistic
fuzzy closure) of an intuitionistic fuzzy set on an intuitionistic fuzzy topological space.

Let (X, 7) be an intuitionistic fuzzy topological space, for every intuitionistic fuzzy subset A of X
the intuitionistic fuzzy interior (resp. the intuitionistic fuzzy closure) of A is defined by:
int(A) = {(x, maz pe(x), mz)? ve(z)) | Gisan IFOS in X and G C A}, and

Te e

cl(A) = {(x,mig{z uK(x),mCEg vi(z)) | K is an IFOS in X and A C K},
Te s

Remark 2.3.

The intuitionistic fuzzy interior (resp. the intuitionistic fuzzy closure) of an intuitionistic fuzzy set
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A is an intuitionistic fuzzy open set (resp. an intuitionistic fuzzy closed set), and we have
() int(A) = cl(A),
(i) cl(A) = int(A).

3. Intuitionistic fuzzy topology generated by intuitionistic fuzzy relation

In this section, we first generalize the notion of fuzzy topology generated by fuzzy relation given by
Mishra and Srivastava (2018) to the setting of intuitionistic fuzzy sets. Based on this generalization,
we investigate some properties of this topology in terms of its lower and upper contour sets.

Definition 3.1.

Let X be a nonempty crisp set and R = {{(z,v), pr(z,v), vr(z,y)) | x,y € X}, be an intuition-
istic fuzzy relation on X. Then for any = € X, the intuitionistic fuzzy sets £, et R, are defined by
pic.(y) = pr(y, x), and ve, (y) = ve(y, v), forany y € X,

pr,(y) = pr(z,y), and vr, (y) = ve(z,y), forany y € X.
They are called the lower and the upper contour, respectively, of x.

We denote by 74, the intuitionistic fuzzy topology generated by the set of all lower contours and 7o,
the intuitionistic fuzzy topology generated by the set of all upper contours. Consequently, we de-
note by 75, the intuitionistic fuzzy topology generated by S the set of all lower and upper contours
and it’s called the intuitionistic fuzzy topology generated by R.

Remark 3.2.

Since the intuitionistic fuzzy set £, (resp. R,) is defined from the intuitionistic fuzzy relation R,
then it trivially holds that 0 < p,. + v, < 1, (resp. 0 < pug, +vg, < 1), forany x € X.

Example 3.3.

Let X = {x,y} and R be an intuitionistic fuzzy relation on X given by the following tables.

Table 2. Intuitionistic fuzzy relation for Example 3.3

pr(-) | X |y
x 0.6 | 0.8
y 10307

vr() | X |y
x 0.3 ] 0.1
Y 06102
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Then, £, £,, R, and R, are the intuitionistic fuzzy sets on X given by:

L, = {(£,0.6,0.3); (y,0.3,0.6)},
L, = {(x,038,0.1); (4,0.7,0.2)},
R, = {(r,0.6,0.3); (y,0.8,0.1)},
R, = {(2,0.3,0.6); (y,0.7,0.2)}.

Y
)
We note that, £, C £,,, L, CR,, Ry C R, and R, C L,. Then the intuitionistic fuzzy topology
Tr is generated by S = {L,, L,} U{Rs, Ry}. Thus, 7 = {0, X, L., Ly, Ry, Ry, Lo N Ry, L,y N
R, L. UR,, L, U R,}, where

L,NRy={(x,0.6,0.3); (y,0.7,0.2) }, L, "R, = {(x,0.8,0.1); (y,0.8,0.1) },

L, UR, = {(x,0.7,0.1); (y,0.7,0.1) }, and £, UR, = {(x,0.6,0.2); (y,0.4,0.4) }.

Example 3.4.

Let X = {x,y} and R be an intuitionistic fuzzy relation on X given by the following tables.

Table 3. Intuitionistic fuzzy relation for Example 3.4

pr(.,.) | x y
€T 0.6 | 0.3
y 10704

VR('7 ) X y
x 0.21]0.5
y 101]04

Then, £,, £,, R, and R, are the intuitionistic fuzzy sets on X given by:

I3

I3

2

}.

We note that, £, C £,, L, C R, R, C Ryand R, C L,. Then, the intuitionistic fuzzy topology
Tr is generated by S = {L,, L,} U{R., R,}. Thus, 7 = {0, X, L., Ly, Ry, Ry, L N Ry, L, N
Ry, Ly UR,, Ry UR,}, where

LoNR, = {(x,0.6,0.2); (,0.4,0.4)}, £, "Ry = {(x,0.3,0.5); (y,0.3,0.5)},

L, UR, = {(x,0.7,0.1); (,0.7,0.1)}, and R, U R, = {(z,0.6,0.2); (,0.4,0.4)}.

L, ={(x,0.6,0.2); (y,0.7,0.1
£, ={(x,0.3,0.5); (,0.4,0.4
Re = {(2,0.6,0.2); (y,0.3,0.5
Ry: < Yy

?

~ ~— ~— ~—

{{2,0.7,0.1); (y,0.4,0.4

Proposition 3.5.

Let X be a nonempty crisp set and R be an intuitionistic fuzzy symmetric relation on X. Then it
holds that 7y = 7.

https://digitalcommons.pvamu.edu/aam/vol15/iss2/13
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Proof:

Let R be an intuitionistic fuzzy symmetric relation on X, then for any x,y € X it follows that

ur(x,y) = pur(y, x) and vg(z,y) = vr(y, x). Then, it holds that, . (y) = pg, (y) and vz, (y) =
v, (y). Therefore, £, = R, for any = € X. We conclude that 71 = 7. -

Remark 3.6.

If R is an intuitionistic fuzzy preorder relation, then the intuitionistic fuzzy topology generated by
R is a generalization of Alexandrov topology introduced by Kim (2014).

4. The lattice of intuitionistic fuzzy topologies

In this section, we mainly investigate the lattice of all intuitionistic fuzzy topologies generated
by intuitionistic fuzzy relations. First, we introduce the notion of intuitionistic fuzzy inclusion
between topologies.

Definition 4.1.

Let Ry, R, are two intuitionistic fuzzy relations on the set X and 7z, 7, are the intuitionistic
fuzzy topologies generated by R; and R?, respectively. Then, 75, is said to be contained in 7z, (in
symbols, g, C 7g,) if G € TR, forany G € 75, .

In this case, we also say that 75, is smaller than 75, .

Proposition 4.2.

Let 7, and 7p, are the intuitionistic fuzzy topologies on the set X generated by [?; and IR, re-
spectively. Then, it holds that, 7r, T 7g, if and only if Ry C Ry (i.e., g, (z,y) < pg,(x,y), and
Vg, (2, y) = vg,(,y), forany (z,y) € X x X).

Proof:

Suppose that 7z, T T, then for any y € X it holds that up, (2,y) = g, (y) < pr,, (y) =
pr,(x,y), and v, (z,y) = v, (y) > vgr, (y) = vg,(z,y) such that R; and R, are the upper
contours of x over R; and R, respectively . On the other hand, for any € X it holds that
pr (2,y) = pe,, () < pg, (2) = pr,(2,y), and vp, (z,y) = ve, (2) 2> v, (¥) = vp,(7,y)
such that £, and L are the lower contours of y over Ry and R, respectively. Hence, ug, (z,y) <
pr,(z,y)and vg, (z,y) > vg,(z,y), forany (x,y) € X x X. Thus, R; C Rs. Conversely, suppose
that R; C R,. By using the same method as above we get that 7z, C 75, . -

Now, we introduce the intersection of IF-topologies generated by IF-relations.

Definition 4.3.

Let 7g, and 7, are the intuitionistic fuzzy topologies on the set X generated by R; and R, respec-
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tively. The intersection of 7, and 7, (in symbols, 7, [7g,) is an intuitionistic fuzzy topology 7r
such that G € Tg if and only if G € 7, and G € 7g,.

In general, if 75, 1s a family of intuitionistic fuzzy topologies generated by a family of intuitionistic
fuzzy relations R;. Then, G € '|_|I7'Ri if and only if G € 75, for any ¢ € . Furthermore, ‘|_|ITRi is
S e

the smallest intuitionistic fuzzy topology on X containing all 7.

Example 4.4.

Let 7z, and 75, the intuitionistic fuzzy topologies given in Examples 3.3 and 3.4. Then, it holds
that TR, Il TR, = {qb, X}

The following proposition shows that intuitionistic fuzzy topologies on a set are closed under the
intersection and union of intuitionistic fuzzy sets.

Proposition 4.5.

Let 7r, and 7R, are the intuitionistic fuzzy topologies on the set X generated by R; and R,
respectively, and 7p = 7R, M 7g,. Then, it holds that

R=R, N Ry,
= {<(x>y)vmin(uR1(xvy)vuRz(m’y))7maX(VR1($7y)vVR2<x>y))> | (m,y) € X x X}

In general, if 7, is a family of intuitionistic fuzzy topologies generated by a family of intuitionistic
fuzzy relations R;. Then, it holds that

R= (1R = {{(x,y), min(un, (,9)), max(v, (z,9))) | (r,5) € X x X},

Proof:

Suppose that 7z = Tg, 1 7g,. Then, for any y € X, it holds that pg(z,y) = pr, (v) = pr,, (y) A
HRa, () = pr, (2, y) A pg,(2,y) and ve(z,y) = vr,(y) = vr,, (y) V vr,, () = va,(z,y) V
VR, (z,y) such that Ry and R, are the upper contours of = over R; and Ry, respectively. On the
other hand, for any € X it holds that ug(z,y) = pc,(v) = pe, (2) A pe,, (2) = pr, (T, 9) A
pr, (7, y) and vr(z,y) = ve, (v) = v, (2) Ve, () = v, (7,y) V VR, (2,y) such that £, and £,
are the lower contours of y over R; and R, respectively. Hence, ugr(x,y) = pr, (z,9) A pig,(z,y)
and vg(z,y) = vg, (x,y) V vg,(x,y), forany (z,y) € X x X.Thus, R = Ry N Ry. -

Next, we introduce the union of IF-topologies generated by IF-relations.

Definition 4.6.

Let 7r, and 7g, are the intuitionistic fuzzy topologies on the set X generated by R; and R, respec-
tively. The union of 7z, and 7, (in symbols, 7, LI 7g,) is an intuitionistic fuzzy topology 7 such
that G € 7 if and only if G € 7, or G € Tg,.

In general, if 75, 1s a family of intuitionistic fuzzy topologies generated by a family of intuitionistic
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fuzzy relations R;. Then, G € UITRI. if at least G € 7p, , with iy € 1.
1€

Proposition 4.7.

Let 7r, and 75, are the intuitionistic fuzzy topologies on the set X generated by R; and R, respec-
tively, and 7p = 7, U 7g,. Then, it holds that

R = R; U Ry,

= {<(x7y)7maX(HR1<I7y)7:U’Rz(x7y))7min(VR1(x7y)vVRz(x7y))> | (m,y) € X X X}

In general, if 7, is a family of intuitionistic fuzzy topologies generated by a family of intuitionistic
fuzzy relations R;. Then, it holds that

R= U R: = {{(x,y), max(un, (v,)), min(v, (z,9))) | (r,9) € X x X},

Proof:

Suppose that 7z = Tg, U 7g,. Then, for any y € X, it holds that pg(z,y) = pr, (v) = pr, (y) V
Hro, () = pr, (2, y) V pr,(2,y) and ve(z,y) = vr,(y) = vr,, (y) A vr,, () = va,(z,y) A
VR, (z,y) such that R, and R, are the upper contours of = over R; and Ry, respectively. On the
other hand, for any z € X it holds that ug(z,y) = pc,(v) = pe, (2) V pg,, (r) = pr,(z,y) V
pr,(7,y) and vr(z,y) = ve, (v) = v, (2) Ave, (7) = v, (7,y) Avg,(z,y) such that £, and £,
are the lower contours of y over R; and Ry, respectively. Hence, ugr(x,y) = ur,(z,y) V g, (z,y)
and vg(z,y) = vg, (x,y) Avg,(x,y), forany (z,y) € X x X.Thus, R = Ry U R. -

The following theorem provides the lattice structure to a family of IF-topologies generated by
[F-relations.

Theorem 4.8.

Let X be a finite set and £ = {7z, | R; € IFR(X?)}, is a family of all intuitionistic fuzzy
topologies on X generated by the intuitionistic fuzzy relations R;. Then, £ is an intuitionistic
fuzzy lattice on X.

Proof:

Suppose that {7g, } is a set of intuitionistic fuzzy topologies generated by the intuitionistic fuzzy
relations R;. Definition of IF-topology guaranties that {7g,} is a nonempty set. Now, let 7z, and
Tr, be two intuitionistic fuzzy topologies generated by the intuitionistic fuzzy relation R; and
Ry respectively. It is easy to cheek that 75, T 75,, 1.e., the IF-reflexivity, and if we suppose that
Tr, T Tg, and 7r, C 7g,, it follows that 7, = 75, 1.e., the IF-antisymmety. In order to verify
the transitivity, we suppose that 7z, T 7g, and 7p, C 7g,, it follows that 7z, T 7p,, i.e., the IF-
transitivity. Hence, (£, C) is an intuitionistic fuzzy poset on X. Moreover, the least upper bound
(resp. the greatest lower bound) of 75, and 7, is coincides with the intersection of intuitionistic
fuzzy topologies (resp. the union of intuitionistic fuzzy topologies), i.e., Tr, A Tr, = Tr, [ TR,
(resp. Tr, V Tgr, = Tr, U Tg,). Thus, we can conclude that (£, C) is an intuitionistic fuzzy lattice
on X. m
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Proposition 4.9.

Let X be a finite set and £ = {7, | R, € IFR(X?)} is the lattice of all intuitionistic fuzzy
topologies on X generated by the intuitionistic fuzzy relations R;. Then, £ is complete.

Proof:

Let £ = {7g, | R; € [FR(X?)} be the lattice of intuitionistic fuzzy topologies on X generated by
the intuitionistic fuzzy relations R;. Suppose that A = {7 } is a subset of £ under the intuitionistic
fuzzy inclusion between topologies defined above. The fact that £ is a finite intuitionistic fuzzy
lattices, this implies that M7z, € £ which implies that A has an infimum. Hence, £ is complete. g

Corollary 4.10.

Let £ be the complete lattice of all intuitionistic fuzzy topologies generated by intuitionistic fuzzy
relations, then £ is bounded. Indeed, the least element of £ is O¢ = N7g, and the greatest element
of £1is 12 = UTRi-

Proof:

Let £ = {7g, | R; € IFR(X?)}, be the lattice of intuitionistic fuzzy topologies on X generated
by the intuitionistic fuzzy relations R;. On the one hand, from Definition 4.3, it follows that My,

1s an intuitionistic fuzzy topology on X generated by R = ﬂIR Hence, M7, is the smallest
1€

intuitionistic fuzzy topology on X denoted by O¢. On the other hand, from Definition 4.6, it follows
that LiTg, is an intuitionistic fuzzy topology on X generated by R = U R;. Hence, UTg, is the

greatest intuitionistic fuzzy topology on X denoted by O¢. We conclude that £ is bounded. n

The following proposition discuss the distributivity property for the lattice of all IF-topologies
generated by IF-relations.

Proposition 4.11.

Let £ be the intuitionistic fuzzy lattice of intuitionistic fuzzy topologies generated by the intuition-
istic fuzzy relations R;, then £ is distributive.

Proof:

Suppose that 75, , Tr, and T, are an intuitionistic fuzzy topologies generated by R, Ry and R,
respectively. We will show that 7z, M (7r, U Tr,) = (Tr, M Tr,) U (TR, M TR, ). We have

1R A(RaUR:) (T, Y) = por, (T, 9) A (1R, (2, 9) V lRy(2,9))5
= (g, (7,y) A pr,(2,9)) V (pr, (T, 9) A pr,(7,Y)),
= lr,nr, (T,Y) V R, (2, Y),
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Similarly, for any x,y € X, it holds that

Vle(RQURS)(x7 y) = VR, (:B7 y) v (VRz (.Z', y) N VRg(:v,y))a
= (vr,(2,9) Vv, (2,9)) N (v, (2,Y) V v, (2,9)),
= VRlﬂRz(x7y) A VR1QR3<I7y)7

= I/(RlﬁRz)U(leRg)(x7 y)

Hence, RiN(R2UR3) = (R1NR2)U(R1NR3). From Proposition 4.2, it holds that 75, M(7g,UTr,) =
(Tr, M Tr,) U (TR, M TR, ). We conclude that £ is a distributive lattice. -

Corollary 4.12.

Since £ is a distributive lattice, then it holds that £ is modular.

Proof:

Let 7r,, Tr, and 7x, be an intuitionistic fuzzy topologies generated by R;, I?; and Rj, respectively.
Since £ is a distributive lattice, then it follows that 7z, L(7g,MN7r,) = (T, UTr,)(7r, UTr, ). Since
TR, C TR;» then it holds that TR, |_|7'R3 = TR;- This 1mphes that TR, LJ (TR2 |_|TR3) = (TRl |_|7'R2) |_|TR3.
Hence, £ is modular. =

In 1958, Hartmanis (1958) proved that the lattice of all topologies on a finite set is complemented.
In the following proposition, we prove that the lattice of intuitionistic fuzzy topologies generated
by intuitionistic fuzzy relations is also complemented.

Proposition 4.13.

Let £ be the lattice of all intuitionistic fuzzy topologies generated by the intuitionistic fuzzy rela-
tions R;, then £ is complemented.

Proof:

Indeed, every element 7x, has a complement 75, such that 7, M7g, = 0¢and 7z, UTg, = le.
Hence, £ is complemented. =
Corollary 4.14.

Since £ is a distributive lattice and complemented with a least element O¢ and a greatest element
1g, then £ is a Boolean algebra denoted by (£, L, 0g, 1g).

Proof:

The proof is directly from Proposition 4.11 and Proposition 4.13. n

In the following theorem, we will show that the lattice of IF-relations and the lattice of all IF-
topologies generated by IF-relations are isomorphic.
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Theorem 4.15.

Let ¢ : IFR(X?) — £ be a mapping defined as p(R) = 7g, for any R € [FR(X?), then
(IFR(X?),N,U) and £ are isomorphic.

Proof:

Assume that ¢ : [FR(X?) — £ is a mapping. It is obvious to verify that ¢ is surjec-
tive. Furthermore, Proposition 4.2 guarantees that R; C Ry if and only if 75, T 7g,, for any
Ry, Ry € IFR(X?). Thus, ¢ is an order isomorphism between I F'R(X?) and £, which is equiva-
lent to saying that ¢ is a lattice isomorphism. Therefore, (I F'R(X?),N,U) and £ are isomorphic.m

Remark 4.16.

By the virtue of the two lattices /F'R(X?) and £ are isomorphic, we mention that the lattice
IFR(X?) inherits all the properties of £, like distributivity, modularity and complementary.

5. Conclusion

In this work, we have introduced the intuitionistic fuzzy topologies generated by intuitionistic
fuzzy relations and we have investigated its most important properties. In particular, we have fo-
cused on the lattice structure of these topologies and we have shown that this lattice is complete,
distributive, modular and complemented.

Future work is anticipated in multiple directions. We think it makes sense to study the notions of
intuitionistic fuzzy ideal and intuitionistic fuzzy filter in this class of topological spaces. Moreover,
we intend to extend this work to neutrosophic sets, and to characterize their ideals and filters.
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