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Abstract
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and their respective closed mappings.
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1. Introduction

“Intuitionistic fuzzy sets” were first introduced by Atanassov (1986). Then, Coker (1997) intro-
duced the notion of “Intuitionistic fuzzy topological space.” Garcia and Rodabaugh (2005) proved
that the term “intuitionistic” is unsuitable in mathematics and applications. Also, they introduced
the name ‘double’ for the term ‘intuitionistic’. In the past two decades many researchers, Samanta
and Mondal (2002), Zahran et al. (2010), Mohammed and Ghareeb (2016), Mohammed et al.
(2016) and Mohammed et al. (2017) doing more applications on double fuzzy topological spaces.
From 2011, El-Maghrabi and Al-Johany (2011), EI-Maghrabi and Al-Johany (2013), El-Maghrabi
and Al-Johany (2014b) and El-Maghrabi and Al-Johany (2014a) introduced and studied some
properties on M-open sets and maps in topological spaces. In double fuzzy topological spaces,
Sathiyaraj et al. (2019a) introduced (¢, x)- fuzzy M closed sets. Using them double fuzzy M con-
tinuous functions were studied by Sathiyaraj et al. (2019b). In this paper we introduce double fuzzy
M-open (resp. closed) functions and study some of their properties in double fuzzy topological
spaces.

Here we use the notations from Periyasamy et al. (2019), Sathiyaraj et al. (2019a) and cited therein.

2. On double fuzzy M open and double fuzzy M closed mappings

In this section, we introduce the concept of double fuzzy M open (double fuzzy M closed) map-
pings in double fuzzy topological spaces and obtained some of their properties.

Definition 2.1.

A function f from a double fuzzy topological space (briefly, dfts) (X, 7,7*) to a dfts (Y, 0,0%),
is called as a double fuzzy open (resp. double fuzzy 6 semiopen, double fuzzy ¢ preopen, double
fuzzy M open and double fuzzy e open) (briefly df O, (resp. df0sO, dfdpO, df MO and df eO))
function if f(u) is an (¢, k)-fuzzy open (resp. (¢, k)-fuzzy Qopen, (i, k)-fuzzyfsemiopen, (¢, x)-
fuzzydpreopen, (¢, k)-fuzzy Mopen and (¢, k)-fuzzyeopen) (briefly, (¢, k)-fo (resp. (¢, k)-f0o,
(¢, k)-fOs0, (v, k)-fopo, (1,k)- fMo and (1, k)-feo)) set in IY for every (1, x)-fo set u € I~
forall . € Iyand k € I4.

Definition 2.2.

A function f from a dfts (X, 7,7%) to a dfts (Y, 0,0%), is called as a double fuzzy closed (resp.
double fuzzy 6 semiclosed, double fuzzy o preclosed, double fuzzy M closed and double fuzzy
e closed) (briefly dfC, (resp. df0sC, dfépC, df MC' and dfeC')) function if f(u) is an (¢, K)-
fuzzy closed (resp. (i, k)-fuzzy fclosed, (¢, k)-fuzzy fsemiclosed, (¢, k)-fuzzydpreclosed, (¢, x)-
fuzzy Mclosed and (¢, k)-fuzzyeclosed) (briefly, (¢, x)-fc (resp. (¢, k)-fOc, (¢, k)-fOsc, (v, K)-
fope, (1, 5)-fMec and (i, k)-fec)) set in IY for every (i, k)-fc set p € IX for all « € I and
K € ]1.

The theorems 2.1-2.5 give us relationships among the open (resp. closed) maps defined in the
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definitions 2.1 (resp. 2.2) and other existing open (resp. closed) maps in double fuzzy topological
spaces.

Theorem 2.1.

Let f:(X,7,7") — (Y, n,7*) be a mapping, then, every dfdpO (resp. df dpC'’) mapping is df MO
(resp. df M C') mapping.

Proof:

The proof follows from the definitions and fact that every df dpo (resp. df dpc) set is df Mo (resp.
df M c set). [

The converse of the Theorem 2.1, in general, need not be true. It can be verified from the following
example.

Example 2.1.
Let X =Y = {a,b, ¢} and consider the double fuzzy topologies (X, 7,7*) and (Y, n, n*) with

1, ifre {01}, 0, ifre{0,1},
T(A) =14 ifA=09 () =94 ifA=09,
0, otherwise, 1, otherwise,
and
1, ifAe {01}, 0, ifxe{0,1},
nA) =143 ifA=0l, (V) =144, ifA=01,
0, otherwise, 1, otherwise.

Then, the identity function f : (X, 7,7%) — (Y, n,n*) is a df MO (resp. df M C') function but not
a dfopO (resp. df opC') function, since the image of the fuzzy set 0.9 (resp. 0.1) is an (%, %)- fMo
(resp. (3, 3)-fMec) setbut not an (3, 5)- fpo (resp. (1, 3)- fope) setin (Y, n,n*).

Theorem 2.2.

Let f:(X, 7,7*) — (Y,n,n*) be a mapping, then, every df0sO (resp. df0sC') mapping is df M O
(resp. df M C') mapping.

Proof:

The proof follows from the definitions and fact that every dffso (resp. dffsc) set is df Mo (resp.
df Mc) set. n

The converse of the Theorem 2.2, in general, need not be true. It can be verified from the following
example.

Published by Digital Commons @PVAMU, 2020
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Example 2.2.

Let X =Y = {a,b,c} and let the fuzzy sets o, § and ~ are defined as a(a) = 0.3,
0.4, a(c) = 0.5; B(a) = 0.6, 5(b) = 0.9, B(c) = 0.5; v(a) = 0.3, v(b) = 0 and 7(c)
Consider the double fuzzy topologies (X, 7, 7*) and (Y, n, n*) with

a(b) =
= 0.5.

1, ifxe{0,1}, 0, ifAe{0,1},
0, otherwise, 1, otherwise,
and
1, ifxe{0,1}, 0, ifAe{0,1},
2 ifA=aq, . Lo ifA=q,
nA) =<3 . UHOVIER S
3 lfA:B, 3 lf)\:ﬁ,
0, otherwise, 1, otherwise.

Then, the identity function f : (X, 7,7*) — (Y,n,n*) is a df MO (resp. df M C') function but not
a df0sO0 (resp. df§sC') function, since the image of the fuzzy set 1 — v (resp. y) is an (%, %)—fMo
(resp. (3, 2)-fMc) setbut not an (3, 2)- ffso (resp. (3, 2)- f@sc) setin (Y, n,77).

Theorem 2.3.

Let f:(X, 7,7") — (Y, n,n*) be a mapping, then, every df O (resp. df 0C') mapping is df 0sO (resp.
dffsC') mapping.

Proof:

The proof follows from the definitions and fact that every dffo (resp. dfflc) set is dffso (resp.
dffsc) set. -

The converse of the Theorem 2.3, in general, need not be true. It can be verified from the following
example.

Example 2.3.

Let X = Y = {a,b,c} and let the fuzzy sets o and [ are defined as a(a) = 0.3, a(b) =
0.4, a(c) = 0.5; f(a) = 0.6, 5(b) = 0.5, and S(c) = 0.5. Consider the double fuzzy topologies
(X, 7,7%) and (Y, 7, ") with

1, ifAe {01}, 0, ifre {01},
r) =41 ifA=l-a,  T)=1% ifA=l-a,
0, otherwise, 1, otherwise,
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and
1, ifxe{0,1}, 0, ifAe{0,1},
3 ifA=q, . L ifa =0,
n(A) =11 £y (A =13 £y
1 1 - 57 1 1 - /87
0, otherwise, 1, otherwise.

Then, the identity function f : (X, 7,7%) — (Y, n,n*) is a df0sO (resp. df0sC) function but not
a dffo (resp. df6C) function, since the image of the fuzzy set 1 — o (resp. «) is an Gp %)— flso
(resp. (1, 2)- fOsc) set butnot an (3, 3)- fo (resp. (1, 3)- fOc) setin (Y, n,n*).

404 404
Theorem 2.4.
Let f:(X,7,7*) — (Y, n,n") be a mapping, then, every df 00O (resp. df0C) mapping is df O (resp.
df C') mapping.
Proof:

The proof follows from the definitions and fact that every dffo (resp. dffc) set is dfo (resp. dfc)
set. ]

The converse of the Theorem 2.4, in general, need not be true. It can be verified from the following
example.

Example 2.4.

Let X =Y = {a,b,c} and let the fuzzy set « is defined as «(a) = 0.3, a(b) = 0.5, and
a(c) = 0.5, consider the double fuzzy topology (X, 7, 7*) with

1, ifAe {01}, 0, ifAe{0,1},
20 ifA=0.5 3 ifA=0.5

O ER S SOVR S S
5 lfA:Oé, 59 lf)\:O{,
0, otherwise, 1, otherwise.

Then, the identity function f : (X, 7,7") — (X, 7,7%) is a dfO (resp. dfC) function but not a

dfd0O (resp. df8C') function, since the image of the fuzzy set « (resp. 1 — «) is an (%, %)- fo (resp.

(3,2)- fo) setbutnotan (3, 3)- ffo (resp. (1, 2)- fOc) set.

55 55
Theorem 2.5.

Let f:(X,7,7%) — (Y,n,n*) be a mapping, then, every df MO (resp. df M C) mapping is dfeO
(resp. df eC') mapping.

Proof:

The proof follows from the definitions and fact that every df Mo (resp. df Mc) set is dfeo (resp.
dfec) set. m
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Note: A — B denotes A implies B, but not conversely.

Figure 1. Relationships between df M O (resp. df M C') maps and other existing maps

The converse of the Theorem 2.5, in general, need not be true. It can be verified from the following
example.

Example 2.5.

Let X =Y = {a,b, c} and let the fuzzy sets « and (3 defined as a(a) = 0.5, «(b) = 0.3, a(c) =
0.2; B(a) = 0.5, 5(b) = 0.6 and 5(c) = 0.6, consider the double fuzzy topologies (X, 7, 7*) and
(Y, n,n*) with

(1, ifxe {01}, (0, if\e{0,1},
TA) =145 ifA=1-0, TTA) =42, ifA=1-5,
0, otherwise, (1, otherwise,
and
(1, if A e {0,1}, (0, if\e{0,1},
nA) =4z ifA=a, (A =142 ifA=aq,
0, otherwise, (1, otherwise.

Then, the identity function f : (X, 7,7%) — (Y,n,n*) is a dfeO (resp. dfeC') function but not a
df MO (resp. df MC) function, since the image of the fuzzy set 1 — 3 (resp. () is an (3, 2)- feo

(resp. (3, 2)- fec) setbutnot an (3, 2)- fMo (resp. (3,2)- fMc) setin (Y, n,7*).

From the above discussion, the implications in Figure 1 are hold.

Now, we discuss some new kinds of neighbourhoods in double fuzzy topological spaces.

Definition 2.3.

A mapping f : (X, 7,7%) — (Y,n,n*) is called df MO at a fuzzy point x, if the image of each
(¢, k)-Q neighbourhood of z,. is an (¢, x)-M@Q neighbourhood of f(xz,) € IY.

https://digitalcommons.pvamu.edu/aam/vol15/iss2/12
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We characterize df M O (resp. df M C) maps. Some of the proofs are obvious and hence omitted.

Theorem 2.6.

A mapping f : (X, 7,7%) — (Y,n,n*) is df MO if and only if it is df MO at every fuzzy point
x, € IX.

Theorem 2.7.

Let (X, 7, 7) and (Y, n, n*) be dfts’sand f : (X, 7,7") — (Y,n,n*) be a mapping. Then, the
following statements are equivalent:

(i) f is df M O function.

(i) f(A)isan (¢, k)-f Mo setin (Y, n,n*) for each (¢, k)-fo set X in (X, 7, 7%).

(iii) f is df M C' function.

(iv) f(A)isan (¢, k)-fMc setin (Y, n,n*) for each (¢, k)-feset X in (X, 7, 7%).

V) MCr - (f(N), t,6) < f(Chy-(N, 1K), YA € TX.

(Vi) L 7 (0C 7 (f(N), 1, K), 4, 8) A Crre (017 - (f(N), 1K), t,6) < f(Copme (N, 1, K)), ¥ X € TX.
vil) f(Lr (A, t,R8)) < Cppe (01,0 (F(N), t,K), t,6) V Iy p-(8C, - (f(N), ¢, k), ¢, k) for each
A e T

viil) f(Ir- (A, ¢,8)) < ML, (f(N), ¢, k), foreach A € I*.

(x) Iy 7+ (TN, 1, 6) < UM, 4 (N, 1, K)) foreach A € IV,

Proof:
(1)=(ii), (iii)=-(iv), (v)=-(vi), (vii)=-(viii), are direct to prove, other results are provided here.

(ii)=-(iii): Let 1 — A be an (¢, k)-fo setin (X, 7, 7*), by (ii), we have f(1 — \) is an (¢, x)-f Mo set
of (Y,n,n*). But f(1L —X) = 1— f(A). Therefore, f(\) is an (¢, k)-fMec set of (Y, n,n*) VA €
(X, 7,7), (¢, K)-fe set.

(iv) = (v): Since C; .- (\, ¢, k) is an (¢, k)-fe set, then, f(Cr (A, ¢, K)) is an (¢, k)-fMc setin Y.
Hence, MC,, - (f(N), 1, 6) < MCy - (f(Crr- (N 1, K)), b, k) = f(Crre (A, 1, K)).

(vi) = (vii): Let 1 — X instead of \ in (vi), then, (vii) will follows directly.

(viii)=(ix) Let A € IY, by (viii) we have f( e ([TEN)s k) < MI, o (fFH ), 0,6) <
M1z, s (A1, ) = Loy (f7HA)s 1, 8)) < 7 (Mo (A, K)).

(ix)=>(i) For each A\ € I¥, with 73(\) > ¢ and 77 (\) < & since I, .+ (A, 0, 6) = A, f(A) <
MI, - (f(N),t, k) < f(A). Thus, f(X) = M1, -+ (f(A),e,5). f(A)is (¢,k)-fMoinY. -
Theorem 2.8.

Let (X, 7,7%) and (Y, n,n*) be dfts’s. Let f : X — Y be a df M C mapping iff f is surjective,
then, for each subset ;1 of Y and each (¢, x)-fuzzy open set a in X containing f~' (1), there exists
an (1, x)-fMo set 8 of Y containing u such that f~1(3) < a.
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Proof:

Suppose that 5 = 1 — f(1 — «) and « is an (i, x)-fo set of X containing f~*(u). Then, by
hypothesis, 3 is (¢, 5)-f Mo in Y. But f~!(u) < a, then, p < f(a) and f(1 —a) < 1 — pu, ie
i< Band f1(8) < a.

Conversely, Let § be a (1, )-fc set and y be any point of 1 — f(&). Then, f~!(y) € 1 — ¢ which
is (¢, k)-fo setin X. Hence, by hypothesis, there exists an (¢, x)- f Mo set 5 containing y such that
f7YB) < 1—4.But f is surjective, then,y € 3 < 1— f(6) and 1 — () is the union of (¢, k)-f Mo
sets and hence, f(0) is (¢, k)-f Mc setin Y. Therefore, f is df M C map. n

Theorem 2.9.

Let (X, 7, 7)) and (Y, 72, 75) be dfts’s and f : (X, 7, 7) = (Y, 7, 75) be a df MO (resp. df 6sO,
dfdpO) mapping. If 4 € IY and A € I, 7i(1 —X) > ¢, 7(1 —X) < K, ¢ € Iy k € I, such
that f~1(u) < ), then, there exists an (¢, x)-fMc (resp. (¢, k)-fdsc, (¢, k)-fopc) set v of Y such that
psv fTHv) <A

Proof:

Letvy =1— f(1— ). Since f~!(u) <\, we have f(1 — ) < 1— u. Since f is df MO map, then,
vis (1,k)-fMcinY and f~'(v) =1 — f71(f(1 —\)) <1 — (1 — X) = \. The other cases of the
theorem can be proved in a same manner. n
Theorem 2.10.

If f: (X, 7,77) — (Y, 7o, 75) be a df MO mapping. Then, for each p € IV,
FTHC 25 (0L s (s, K) s by 8)) A ™ Ty s (0C s (s 14 K)y 1, K)) < Cory e (f7H (1), 0, K).
Proof:

Since 71(L — Cry i (f7 (1), 1,5)) > 0, T (L = Cry e (f (1), 1,5)) < & and f'(u)
Cr e (f7H(p), 1, k) for each p € I", it follows from Theorem 2.9, that there exists an (¢, x)- f
set A of Y, p < Asuch that f~1(\) < Cr o (fHp), 0, 5). SO X > Cf, (817, 72 (A, 1, K), L, K
I, +:(0C, - (A, t, k), ¢, k), hence,

f_l(/\) 2 f_1<07277'2* (6]7'2,7'2* ()\7 L? "1)7 L? "i)) /\ f_l(]Tz,TQ* (00T2,T§ <>‘7 La ’i)v La ’i))
> f’l(CTM;(MTN;(u, LK)y L K)) A f’l(ITM; (0C, 7 (1,0, K), L, K)).

il/\

c
A

~—

Hence,
fﬁl(C’Tg,’T; (5172,7'2* (M» L, K)v L, "{)) A f71(172775 (907'2,7'2* (,u, L, /{), L, li)) S CTQ,TQ* (fil(ﬂ'% L, K’)~ |

Theorem 2.11.
If f:(X,7,7) = (Y, 72, 7) be a bijective mapping such that

fﬁl(CTz,Tg* (5[7'277'2* (/’[’7 l’7 H)7 l’7 K)) A fﬁl(I‘l‘z,Tz* (00T2,T2* (/’67 [’7 K‘)u [/7 K‘)) S Cﬁ,Tf (f71<,u)7 l’a /i)7
for each pu € IV, then, f is df M O map.
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Sathiyaraj et al.: On Double Fuzzy M-open Mappings and Double Fuzzy M-closed
936 J. Sathiyaraj et al.

Proof:
Let A € I*,1 € Iy, k € I} with 71 ()\) > ¢, 77(\) < k. Then, hypothesis,

f_l(Crz,TQ* (5172,7'; (f(l - >\)7 L, /{)7 L, KJ)) /\f_l(lrz,'r; (507'2,72* (f(l - )\)7 Ly H), Ly H))
< Crm (FTHFA = N)s 0, 8)
= CTlﬂ'f (l - )\7 L, H)
=1-A
and 50, O, 7+ (015, r (f(L = N), 6, 6), 4, 8) ALy 72 (0C, 7+ (f(L = A), ¢, 5),¢,6) < f(1 — A), which
shows that, f(1 — A) is an (¢, k)-fMc set of Y. Since f is bijective, then, f(\) is an (¢, x)-fMo set
of Y, therefore, f is df M O map. n

Theorem 2.12.

Let (X, 7,7*) and (Y, n,n*) be dfts’s. Let f : X — Y be a df M C mapping. Then, the following
statements hold.

(i) If f is a surjective map and f~!(a)gf () in X, then, there exists o, 3 € IY such that ag/3.
(i) M1, ,-(MCy - (f(N), 0, K), t,5) < f(Crre (N1, K)), for each A € I,

Proof:

(i) Let v1, v2 € I such that f~*(a) < 7, and f~1(8) < 7o such that v,G7,. Then, there exists two
(1, k)-f Mo sets py and pp such that f~1(a) < puy < v, f7HB) < pa < 72. But f is a surjective

map, then, ff~(a) = a < f(um) < f(n)and ff71(B) = 8 < f(uz) < f(72). Since 1772,
then, (7 A7) = 0. Hence o A B < f(u1 A p2) < f(7 A y2) = 0. Therefore, oG/ in Y. that is
aNp=0.

(ii) Since A < C; (A, ¢, k) < 1l and f is a df MC mapping, then, f(C, - (A, ¢, k)) is (¢, k)-fMe
set in Y. Hence,
fA) S MCr (A, k)
< f(Cr(A 1, R)).
So, ML, - (MCy - (f(N),t,6), 1, 6) < f(Crre(A L, K)). -

Proposition 2.1.

Let f: (X, 7, 77) = (Y, 72, 75) df MO mapping and if for any fuzzy subset A of Y is (¢, x)-fuzzy
nowhere dense then, f is df dpO map.

Proof:
Let 7y(p) > ¢, 74 (u) < k. Since f is an df MO mapping, then, f(u) is an (¢, k)-fMo set in
(Y, 7o, 75). Put f(u) = Ais an (¢, k)-fMo set in Y. Hence,

< Crr(OLr (N 0, K), 0, K) V L e (0C 2 (A 1, K), Ly K).

A<
But 07, (A, t,k) < I ()\ t,k) < Crr«(\ ¢, k), and since A is (¢, k)-fuzzy nowhere dense,
then, 01, - (A, ¢, k) § 2 (Crre (N 1K), L, k), we have 01, ;- (A, ¢, k) = 0. Using Lemma 3.1 in
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Sathiyaraj et al. (2019b), f is df 6pO map. n

Theorem 2.13.
If f:(X,7,77) — (Y, 72, 75) be a df0biCts mapping, then, the image of each (¢, k)-f Mo set in
(X, 71, 7) under fis (¢, k)-fMosetin (Y, 72, 75).
Proof:
Let f be a df0biCts and pbe a (¢, x)-f Mo setin (X7, 7]). Then,

p < Cr e (017 oo (4, 5), 0, K) V Iy 2o (€ 2o (s 4, K), 1y K).
This implies that,

F (1) < F(Corre O (113 5), 03 1)) V(T (0C 2 (10,0, 1, 1)
< Cryrg (F(OL7, 7y (1 1, K))s 0, B) V[ (L g (00, 7 (1,4, K), 1, K)).

Since f is an df0biCts mapping, then, f is df0O map and df6Cts map. Then, f is df@sC'ts map
and df0pCts map. Hence f(u) < Cr, 01, - (f(1),t,6), 4, 8) V Ir, 220Cs, 2+ (f(1), L, K), L, K).
This shows that, f(u) is (¢, k)-fMo setin (Y, 7o, 7). n

The composition of two df M O mappings need not be df M O as shown by the following example.

Example 2.6.

Let X =Y = Z = {a,b,c} and let the fuzzy sets o and 3 defined as a(a) = 0.5, a(b) =
0.4, a(c) = 04; p(a) = 0.5, f(b) = 0.7 and 5(c) = 0.8, consider the double fuzzy topologies
(X, 7,7%) and (Y, 7, ") with

(1, ifAe {01}, (0, ifAe{0,1},
TA) =93 ifA=a, (A =142, ifA=aq,

0, otherwise, (1, otherwise,

(1, if e {0,1}, (0, ifAe {01},
o\ =41 ifa=5 (A =495 ifa=5

0, otherwise, 1, otherwise,

\

and

(

1, ifxe{0,1}, (0, ifAe{0,1},
nA) =48 ifA=1-8 1 (N)=q3 ifrx=1-8
1

0, otherwise,

=

otherwise.

Then, the identity function f : (X, 7,7*) — (Y,0,0%) & g : (Y,0,0%) — (Z,n,n") are df MO
functions. But g o f is not df M O function, since the image under g o f of the fuzzy set 1 — a is

notan (g, 2)- fMosetin (Z,n,n%).
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The next theorem gives the conditions under which the composition of df M O mapping is df M O.

Theorem 2.14.

Let (X, 7, 7)), (Y,7,75) and (Z,73,75) be dfts’s. If f : (X,7,7) = (Y,72,7) and g :
(Y, 70, 75) — (Z, 13, 75) are mappings, then, g o f is df M O mapping if

(1) fisdfO and g is df MO.

(i1) fis df MO and g is df biCts mapping.

Proof:

(1) Let 7 () > ¢ & 71(p) < k. Since f is dfO, then, 7o(f (1)) > ¢ & 75 f(u)) < k. Since g is
df MO, then, g(f(1)) = (go f)(p) is (¢, k)-fMo setin (Z, 3, 75). Hence, g o f is df M O.

(ii) Let 7y (p) > ¢ & 74 () < k. Since f is df MO, then, f(u) is an (¢, k)-fMo set in (Y, 7o, 75 ).
Since g is df0biC'ts, by Theorem 2.13, (g o f)(u) is (¢, k)-fMo setin (Z, 3, 75). Hence, g o f is
df MO. -

Theorem 2.15.

Let (X, 7, 7)), (Y,7,75) and (Z,73,75) be dfts’s. If f : (X,7,7) = (Y,7,7) and g :
(Y, 79, 73) — (Z, 13, 75) are mappings, then,

(1) If g o f is df MO mapping and f is a surjective df C'ts map, then, g is df M O map.

(i1) If g o f is df O mapping and ¢ is an injective df M C'ts map, then, f is df M O map.

Proof:

(i) Let 72 (1) > ¢, 75 (1) < k. Since f is df Cts, then, f~'(u) is an (¢, k)-fo setin (X, 7y, 7). But
go fisdf MO map, then, (go f)(f~'(u))is (v, x)-f Mo setin (Z, 73, 75). Hence, by surjective of
f, we have g(u) is (¢, k)-f Mo set of (Z, 13, 75). Hence, g is df M O map.

(ii) Let p is an (¢, k)-fo set in (X, 71,7]). and g o f be an dfO. Then, (g o f)(u) = g(f(n)) is
an (¢, k)-fo set in (Z, 13, 75). Since g is an injective df M Cts map, hence, f(u) is fMo set in
(Y, 7o, 7). Therefore, f is df M O. n

3. (tykK) -fuzzy M - compactness and (¢, k) - fuzzy M - connectedness

In this section, we study the properties (compactness and connectedness) of image (resp. pre im-
age) under bijective (resp. surjective) df M O mappings.

Definition 3.1.

A dfts (X, 7, 7%) is called

(1) (¢, k)-fuzzy M-T (resp. (v, k)-fuzzy T}) if for every two distinct fuzzy points z,., ys of X, there
exists two (¢, k)-f Mo (resp. (¢, k)-fo) sets A, psuch that x,, € A\, ys & A and ys € pu, z, ¢ pu.

(ii) (¢, k)-fuzzy M-T; (resp. (¢, k)-fuzzy Ty) if for every two distinct fuzzy points z,., ys of X, there
exists two disjoint (¢, k)-f Mo (resp. (¢, k)-fo) sets A, u such that x,. € A, y, € p.
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(iii) (¢, k)-fuzzy M-connected (resp. (¢, k)-fuzzy connected) if it cannot be expressed as the union
of two disjoint non-empty (¢, k)-fMo (resp. (¢, k)-fo) sets of X. If X is not (¢, k)-fuzzy M-
connected (resp. not (¢, k)-fuzzy connected), then, it is (¢, k)-fuzzy M-disconnected (resp. (¢, K)-
fuzzy disconnected).

(iv) (¢, k)-fuzzy M-Lindeloff ((¢, k)-fuzzy Lindeloff) if every (¢, k)-fuzzy M-open cover (resp.
(¢, k)-fuzzy open cover) of X has a countable subcover.

(V) (¢, k)-fuzzy M-compact (resp. (¢, k)-fuzzy compact) if for every (i, x)-fuzzy M-open cover
(resp. (¢, k)-fuzzy open cover) of X has a finite subcover.

Theorem 3.1.

Let (X, 7,7*) and (Y,n,n*) be dfts’s. Let f : X — Y be a bijective df M O mapping. Then, the
following statements hold.

(W] If X is a (¢, k)-fuzzy T;-space, then, Y is (¢, k)-fuzzy M-T; where i=1,2.

(ii) If Y is an (¢, k)-fuzzy M-compact (resp. (¢, x)-fuzzy M-Lindelsff ) space, then, X is (¢, k)-
fuzzy compact (resp. (¢, k)-fuzzy Lindeloff).

Proof:

(i) We prove that, for the case of a (¢, k)-fuzzy Ti-space. Let y,, ys, be two distinct points of Y.
Then, there exists z,,, z,, € X such that f(z,, ) = ys, and f(z,,) = ys,. Since X is a (¢, k)-fuzzy
T:-space, then, there exists two (¢, x)-fo sets A, pu of X such that z,, € A\, x,, ¢ A and z,, € p,
xy, ¢ p. But, fis an df MO map, then, f(\), f(u) are (¢, k)-fMo sets of Y with y;, € f(N),
Ys, € f(A) and ys, € f(1), ys, € f(1). Therefore, Y is (¢, k)-fuzzy M-T.

(i) We prove that, the theorem for (¢, k)-fuzzy M-compact. Let {)\; : i € I} be a family of
(¢, k)-fuzzy open cover of X and f be a surjective df M O mapping. Then, {f()\;) : ¢ € I} is an
(1, k)-fuzzy M-open cover of Y. But, Y is (¢, k)-fuzzy M-compact space, hence, there exists a
finite subset I, of I such that Y = \/{f(\;) : ¢ € Iy}. Then, by injective of f, {\; : i € I} isa
finite subfamily of X. Therefore, X is (¢, k)-fuzzy compact. n

Theorem 3.2.

Let (X, 7, 77) and (Y, 7o, 75) be dfts’s. If f : X — Y is a surjective df M O mapping and Y is
(1, k)-fuzzy M-connected space, then, X is (¢, k)-fuzzy connected.

Proof:

Suppose that, X is a (¢, k)-fuzzy disconnected space. Then, there exists two non-empty disjoint
(t,k)-fo sets A, pof X such that X = AV u. But f is a surjective df M O map, then, f()\) and
f () are non-empty disjoint (¢, x)-f Mo sets of Y with Y = f(\) V f(u) which is a contradiction
with the fact Y is (¢, k)-fuzzy M-connected. n

Example 3.1.

Let X = {a,b,c} and let the fuzzy sets o § and ~y defined as a(a) = 0, a(b) = 1, a(c) =
0; B(a) =0, B(b) =1p6(c) =0; v(a) =0, v(b) =0, and y(c) = 1, consider the double fuzzy
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topologies (X, 7, 7%) with

1, ifAe{0,1}, 0, ifxe{0,1},
T()‘): %a if)‘:aaﬁafya T*(/\): %7 if)‘:CKaB?’ya
0, otherwise, 1, otherwise.

Then, the dfts (X, 7, 7%) is (¢, k)-fuzzy M-T; as well as (¢, k)-fuzzy Tj.

Conclusion

Maps have always been tremendous importance in all branches of mathematics and the whole sci-
ence. In the other hand, topology plays a significant role in quantum physics, high energy and super
string theory. Thus, we introduced and investigated the classes of mappings called double fuzzy
M-open map and double fuzzy M -closed map to the double fuzzy topological spaces. Also, some
of their fundamental properties were studied. Some interesting properties and characterizations of
the concepts introduced are studied. The relationship with other kinds of functions is studied. We
could know that double fuzzy topological spaces are a generalization of some other kinds of topo-
logical spaces; therefore, our results can be considered as a generalization of the same results in
other kinds of topological spaces. Also, it is possible to study this topic for a completely distributive
DeMorgan algebra. Since double fuzzy topology forms an extension of fuzzy topology and gen-
eral topology, we think that our results can be applied in quantum physics, modren physics, high
energy, super string theory and GIS Problems and also, we hope these investigations will further
encourage other researchers to explore the interesting connections between this area of topology
and fuzzy set.

REFERENCES

Atanassov, K. (1986). Intuitionistic fuzzy sets, Fuzzy Sets and Systems, Vol. 20, No.1, pp. 84-96.

Coker, D. (1997). An introduction to intuitionistic fuzzy topological spaces, Fuzzy Sets and Sys-
tems, Vol. 88, pp. 81-89.

El-Maghrabi, A. I. and Al-Johany, M. A. (2011). M- open set in topological spaces, Pioneer
Journal of Mathematics and Mathematical Sciences, Vol. 4 No. 2, pp. 213-308.

El-Maghrabi, A. I. and Al-Johany, M. A. (2013). New types of functions by M - open sets, Journal
of Taibah University for Science, Vol. 7, pp. 137-145.

El-Maghrabi, A. I. and Al-Johany, M. A. (2014a). Further properties on M - continuity, Journal of
Egyptain Mathematical Society, Vol. 22, pp. 63-69.

El-Maghrabi, A. I. and Al-Johany, M. A. (2014b). Some applications of M - open set in topological
spaces, Journal of King Saud University- Science, Vol. 26, pp. 261-266.

Garcia, J. G. and Rodabaugh, S. E. (2005). Order-theoretic, topological, categorical redundancies

Published by Digital Commons @PVAMU, 2020

13



Applications and Applied Mathematics: An International Journal (AAM), Vol. 15 [2020], Iss. 2, Art. 12
AAM: Intern. J., Vol. 15, Issue 2 (December 2020) 941

of interval-valued sets, grey sets, vague sets, interval-valued-“intuitionistic" sets, “intuitionis-
tic" fuzzy sets and topologies, Fuzzy Sets and Systems, Vol. 156, pp. 445-484.

Kim, Y. C. and Abbas, S. E. (2004). On several types of R-fuzzy compactness, J. of Fuzzy Math-
ematics, Vol. 12, No. 4, pp. 827-844.

Lee, E. P. and Im, Y. B. (2001). Mated fuzzy topological spaces, International Journal of Fuzzy
Logic and Intelligent Systems, Vol. 11, pp. 161-165.

Mohammed, F. M. and Ghareeb, A. (2016). More on generalized b-closed sets in double fuzzy
topological spaces, Songklanakarin J. Sci. Technol., Vol. 38, No. 1, pp. 99-103.

Mohammed, F. M., Noorani, M. S. M. and Ghareeb, A. (2016). Several notions of generalized
semi-compactness in double fuzzy topological spaces, International Journalof pure and ap-
plied Mathematics, Vol. 109, No.2, pp. 153-175.

Mohammed, F. M., Noorani, M. S. M. and Ghareeb, A. (2017). New notions from («, 3)- gener-
alized fuzzy preopen sets, GU J. Sci., Vol. 30, No. 1, pp. 311-331.

Periyasamy, P. Chandrasekar, V. Saravanakumar, G. and Vadivel, A. (2019). Fuzzy e-closed and
generalized fuzzy e-closed sets in double fuzzy topological spaces, JETIR, Vol. 6, No. 3, pp.
34-40.

Ramadan, A. A. Abbas, S. E. and Abd El-Latif (2005). Compactness in intuitionistic fuzzy topo-
logical spaces, International Journal of Mathematics and Mathematical Sciences, Vol. 1, pp.
19-32.

Samanta, S. K. and Chattopadhyay, K. C. (1993). Fuzzy topology, Fuzzy closure operator, Fuzzy
compactness and fuzzy connectedness, Fuzzy Sets and Systems Vol. 54, pp. 207-212.

Samanta, S. K. and Mondal, T. K. (2002). On intuitionistic gradation of openness, Fuzzy Sets and
Systems, Vol. 131, pp. 323-336.

Sathiyaraj, J. Vadivel, A. and Uma Maheshwari, O. (2019a). An (¢, k) - fuzzy M closed and
(1, k) - generalized fuzzy M closed sets in double fuzzy topological spaces, Malaya Journal
of Mathematik, Vol. S, No.l1, pp. 284-289.

Sathiyaraj, J. Vadivel, A. and Uma Maheshwari, O. (2019b). On double fuzzy M continuous
functions, AIP Conference Proceedings, Vol. 2177, No. 020085, pp. 1-7.

Zadeh, L. A. (1965). Fuzzy Sets, Information and Control, Vol. 8, pp. 338-353.

Zahran, A. M. Abd-Allah, M. A. and Ghareeb, A. (2010). Several types of double fuzzy irresolute
functions, International Journal of Computational Cognition, Vol. 8, No. 2, pp. 19-23.

https://digitalcommons.pvamu.edu/aam/vol15/iss2/12

14



	On Double Fuzzy M-open Mappings and Double Fuzzy M-closed Mappings
	Recommended Citation

	tmp.1629070892.pdf.ujJ8G

