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Abstract

In this paper, we study the equivariant nonparametric robust regression estimation relationship be-
tween a functional dependent random covariable and a scalar response. We consider a new robust
regression estimator when the scale parameter is unknown. The consistency result of the proposed
estimator is studied, namely the uniform almost complete convergence (with rate). Thus, suitable
topological considerations are needed, implying changes in the convergence rates, which are quan-
tified by entropy considerations. The benefits of considering robust estimators are illustrated on
two real data sets where the robust fit reveals the presence of influential outliers.
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1. Introduction

Studying the relationship between a random variable Y and a set of covariates X in comparison
with usual regression methods is a very relevant topic and at the same time it considered a com-
mon problem in nonparametric statistics, and there are several ways to explain this relationship.
In many applications, the covariates X can be seen as functions recorded over a period of time
instead of finite-dimensional vectors, (see Ferraty and Vieu (2006)) for an extensive discussion on
nonparametric statistics for functional data.

In this general framework, statistical models adapted to infinite-dimensional data have been re-
cently studied. We refer to Ramsay and Silverman (2002), Ramsay and Silverman (2005) and
Ferraty and Vieu (2006) for a description of different procedures for functional data. Linear non-
parametric regression estimators in the functional setting, that is, estimators based on a weighted
average of the response variables, have been considered by several authors such as Benhenni et
al. (2007) and Ferraty et al. (2006), who also considered estimators of the conditional quantiles.
The literature on robust proposals for nonparametric regression estimation is sparse. Motivated
by its flexibility when data are affected by outliers, the robust regression was widely studied in
nonparametric functional statistics. Indeed, it was firstly introduced by Azzedine et al. (2008)
who proved the almost-complete convergence of this model in the independent and identically
distributed (i.i.d.) case. Since this work, several results on the nonparametric robust functional re-
gression were realized (see, for instance, Attouch et al. (2010), Attouch et al. (2012), Attouch et al.
(2019), Gheriballah et al. (2013), Boente and Vahnovanb (2015) and references therein for some
key references on this topic). Notice that all these results are obtained when the scale parameter is
supposed to be known.

In this sense, we extend some of the previous works in two directions. On the one hand, we gen-
eralize the proposal given in the Euclidean case by Boente and Fraiman (1989a) to provide robust
equivariant estimators for the regression function in the functional case, that is, in the case where
the covariates are in an infinite-dimensional space. On the other side, we extend the proposal given
in Azzedine et al. (2008) to allow for an unknown scale, and heteroscedastic models are provided
in Boente and Vahnovanb (2015). The main goal of this paper is to study the uniform convergence
of this nonparametric estimator with an unknown scale parameter when the explanatory variable
X is valued in infinite dimension space and the observations (X, Y},),>1 are strongly mixing.

The paper is organized as follows. In Section 2, we state our notation and introduce the robust
equivariant estimators. Section 3 contains the main results of this paper, namely, the uniform con-
vergence consistency and uniform convergence rates over compact sets of the equivariant local
M-estimators. In Section 4, we examine the performances of our proposed estimator with two real
data sets applications.

https://digitalcommons.pvamu.edu/aam/vol15/iss2/8
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2. Basic definitions and notation

Consider Z; = (X, Y;)i=1.., be n copies of random vector, identically distributed as (X, Y") and
is valued in F x R, where F is a semi-metric space, d denoting the semi-metric. For any x € F,
we consider a real-valued Borel function 1, and stated the model of the covariation between X;
and Y;. Our nonparametric regression function, denoted by @, is implicitly defined as a zero with
respect to (w.r.t.) t of the following equation.

Let us define (X, Y') be a random element in F x R and let

bian -2 (o (250 x ) o

where ¢ : R x R is an odd, bounded and continuous function satisfying some regularity conditions
to be stated below. In the following, we assume that Equation (1) allows 6 as a unique solution(see,
for instance, (Boente and Fraiman (1989a)) for sufficient conditions for existence and uniqueness
of #). In addition, our robustification method allows us to consider the functional nonparametric
regression model with a scale of the error assumed to be unknown, where o(.) is a measure of
spread for the conditional distribution of Y given X = x. We return to Stone (2005) for other
examples of the function ).

The conditional scale measure can be taken as the conditional median of the absolute deviation
from the conditional median, that is,

s(x) = MED(]Y —m(z)|/X = x) = MAD.(Fy(.)), 2)
where m(z) = MED(Y/X = x) is the median of the conditional distribution.

Note that s(z), which corresponds to a robust measure of the conditional scale, usually equals
o(X) up to a multiplicative constant, when € = o (X )u with u independent of X. For instance, the
median of the absolute deviation is usually calibrated so that M AD(¢) = 1, where ¢ states for the
distribution function of a standard normal random variable. In this case, when the errors u have a
Gaussian distribution, we z have that s(z) = M AD.(Fy(.)) = o(z). To obtain estimators of f(x)
we plug into (1) an estimator of F}(y), which will be taken as F(y/X = z). Denote by 5(z) a

robust estimator of the conditional scale, for instance, s(x) = MAD, (13( /X = x)), the scale

measure defined in (2) evaluated in F(y / X = :1:) With this notation, the robust nonparametric
estimator of §(z) is given by the solution 6(z) of W(x, ,5(x)) = 0, where

@(m,t,&):/w(yg )dFy/X—:zc Zw, ( At), 3)

where w;(z) =
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3. Main results

Uniform convergence results and uniform convergence rates over compacts for the local M-
estimators are derived under some general assumptions that are described below. From now on,
22 and a.co stand for almost complete convergence while — stands for almost sure conver-
gence.

Throughout this paper, when no confusion will be possible, we will denote by C' and C’ some
strictly positive generic constants. x is a fixed point in F and N, denotes a fixed neighborhood
of z. We consider Sg C R and S C F compact subsets of non empty interior. For » > 0, let
B(z,r) = {2 € F/d(2',z) <r}.

In order to define the strong mixing property, introduce the following notations. Denote by FF the

o-algebra generated by (X1,Y7), ..., (Xj, Yx) and F3,, that generated by (Xj i, Yiin), - - - -

Let’s define, for any n > 1,

a(n) = sup sup {|P(AN B) — P(A)P(B)]}. 4)

AeFk BEF,
The process (X,,, Y, )n>1 18 said to be strongly mixing if

lim «a(n) = 0. 5)

n—oo

There exists many processes fulfilling the strong mixing property. We quote, here, the usual ARMA
processes which are geometricaly strongly mixing, i.e., there exists p € (0,1) and @ > 0 such
that, forany n > 1, a(n) < ap” (see, e.g., Rio (2000) for more detail).

Before giving the main asymptotic result, we need some assumptions.

(H1) Let’s denote by ¢,(h) = P(X € B(z,h)) = P[X € {2’ € ¢;d(x,2') < h}|, and we
suppose that ¢, (h) is continuous, strictly increasing in a neighborhood of 0 and ¢,.(0) = 0.

(H2) The function V is such that

i) The function ¥(z,t, o) is of class C* on [0, — 7,0, + 7|, 7 > 0.
ii) V(ay,as) € [0, — 7,0, + 7] X [0, — 7,0, + 7], V(x1,70) € Ny X N,

|V (z1,a1,0) — VU(x9,a9,0)| < Cd"™(x1,22) + |ay — as|™, v1, 72 > 0.

iii) For each fixed t € [0, — 7,0, + 7], the function ¥(z, ¢, o) is continuous at the point x.

(H3) i) 1 is a monotone function w.r.t. the second component.

ii) v : R — R is an odd, strictly convex and increasing function, continuously differentiable
with bounded derivative v, such that &(u) = ut)’(u).
iii) For each fixed t € [0, — 7,0, + 7], E [ (X2) /X] < C < o0, a.s.

https://digitalcommons.pvamu.edu/aam/vol15/iss2/8
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(H4) The kernel K is a bounded nonnegative function with support [0,1), such that
| fol K (u)du| < oo, and satisfies Lipschitz condition of order ~; > 0,

ALk < 00, |K(u) — K(v)| < Lg|u —v|™,
and
i) If K(1) =0, K is a differentiable with derivative K’ and

—o0o < inf K'(u) < sup K'(u) =||K'||o <O0.
u€[0,1] u€l0,1]

ii) If K (1) > 0, there exist two real constants C, Cs,0 < C; < Cy < oo such that

0< 01H[071] < K < OQH[OJ] < Q.

(HS5) Let Sx be a compact of F such that:

i) F(y/X = z) is symmetric around 6.

ii) F'(y/X = x) has a unique median m(x).

iii) For each y fixed F'(y/X = z) is a uniformly continuous function of x in a neighborhood of
Sr.

iv) The following equicontinuity condition holds,

Ve > 0,30 > 0;|u —v| <d = sup |F(u/X =) — Fv/X =2x)| <e.

$€S]:

(H6) The functions ¢, and I'g, are such that:

i) 3C > 0and 31 > 0 such that for all n < 7y, ¢/.(n) < C.If K(1) = 0, the function ¢,
satisfy the additional condition:

n
3C >0, and Iy > 0,such that VO < n < ng / Oz (u)du > CnoL(n).
0

ii) For n large enough,

(log(n))? log(n) no.(h)
oo <0 () < e

(H'7) The sequence h = h,, is such that h,, — 0,

no, (hn)
log(n)

no,(hy,) — oo and as n — oo.

(H8) i) Y(y1,y2) € Sr x Sk, V(x1,22) € Sr x Sr,
|F(y1/X = 1) — Fy2/ X = 22)| < C(d(1,72)" + Clys — y2|™) .

ii) The function F'(y/X = x) is uniformly Lipschitz in a neighborhood Sz of F, and there exists
a constant C' > 0 and v; > 0, such that, for x|,z € S,

sup [F(y/X = 1) = F(y/X = z)| < Cd™ (21, 2).

ye

Published by Digital Commons @PVAMU, 2020
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(H9) The Kolmogov’s e-entropy of S, satisfy

Znexp {(1 — B, <log7§n)) } < oo  forsome g > 1. (6)
i=1

(H10) The sequence (X;,Y;),  satisfies:
i) dJa>0,3c¢>0:VYn e N a(n) <cen
ii)
{Vi;«éj,we[e 0, 1], E[ (;t)|Xi,Xj}§C<oo,
P((X;,X;) € B(z,r) x B(z,r)) =
iii) There exists > 0, such that
O < max (93(1), a(r)) < n®/ @0,

where @ > max <5/2, % V124p+1>.

The quantity I's(¢) = log(V-(S)), where N.(.S) denote the minimal number of open balls in F of
radius € which is necessary to cover Sx. This concept was introduced by Kolmogorov in the mid-
1950s (see Kolmogorov and Tikhomirov (1959)) and it represents a measure of the complexity of
a set, in sense that, high entropy means that much information is needed to describe an element
with an accuracy e.

3.1. Uniform strong convergence results

In this section, we will obtain uniform convergence results over compact sets of the regression
estimator 6 defined as a solution of U(z,t,5(x)) = 0. Theorem 3.1 generalizes the result obtained
in Lemma (6.5) in Ferraty and Vieu (2006). Note that it is the functional version of Theorem (3.1)
in Boente and Fraiman (1991).

Theorem 3.1.

Let Sx C F be a compact set. Assume that (H1), (H4), (H5)iii)iv), (H6) and (H7) holds. Then,
we have that

sup |F(y/X =a) — F(y/X =2)| %30 as n — 0. (7)

IBES}'

Proof:

The proofs are analogous to the one given in Boente and Vahnovanb (2015). Moreover, to prove
Theorem 3.1 and 3.2, we need to fixing some notation.

Given fixed y € R, we denote by W7 =1_..,(¥;), and for j = 0, 1,

- . 1 ~ j KZ(ZE)
uj(x)_ﬁizlmEKl(x),anL (8)

https://digitalcommons.pvamu.edu/aam/vol15/iss2/8
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- 1 " j}K}(x)
Uj(iﬂ)—E;Wi 5h)’ )

with

Ko) = K (d@ﬁ») |

hence,

Fly/X =) =

As in Collgmb (1982), we have the following bounds:
SUP,es, |[F(yIX = 7) = F(ylX = 2)| < g5 SWaes, [01(2) — E(01(2))]

1

+Tvo() xseusl'i— [To(x) — E(To(2))|
TESF
1 - - N
+W wsélspf [E(01 (7)) — F(y/X = z)E(d(2))].
To prove (7), we need to show that, Vy € R,
sup |0;(x) — E(0;(2))] =0, (10)

susp |E(01(x)) — F(y/X = x)E(0g(x))| — 0, (11)
TESF

and for some a > 0, we have

ZIP’ ( inf 0g(x a) < Q. (12)
TESF

n>1

Note that Lemmas (4.3) and (4.4) in Ferraty and Vieu (2006), the assumptions (H 1), (H4) and
(H6) imply that there exists a constants such that

Vee Sy, J0<C < <oo, Cp.(h) <E[Ki(x)] < C'¢yp(h). (13)
Then, if C = 1/C, we have
() — E(0;(2))| < Cloy(z) - E(v;(2))].
Therefore, to obtain (10), it will be enough to show that
sup [v;(z) — E(v;(2))| =¥ 0. (14)

zESF

Note that E[vy(z)] = 1, and using the fact that
inf Og(x) > inf Elvg(z)] — sup |0o(z) — E[0e(z)]],

:L'GS]: xES_r IES]:

we can deduce (14) and (12) by using the following Lemmas.

Published by Digital Commons @PVAMU, 2020
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Lemma 3.1.

Let, Sy C F, be a compact set of non empty interior. Assume (H1), (H4) and (H6). Then, for
7 =0,1, we have

a) For any € > 0,

sup sup P{|v;(z) — Elv;(z)]| > e} < Cexp | — nea(h) + Cnr! (f) .

201K |2 (1+ o) 6

b) For any € > 0,

P{sup Pluy(a) — Bfoy(a)] > } < N,(S5)exp (—(’f“?f“”)) rom (1)

c) There exists ¢ > 2 such that, for any ¢y > c and n > ny, we have

2

SUp,cp P {6, sup,cs, Plvj(z) — Elv;(z)]] > €0} < exp (—8(1?60)1“& (bgén)))

4C(logn)? ) ol

ne

+n(logn) 2 (

Proof:

Proof of Part a).
Let’s denote by Z; = W/II, — E(W/II;), where |[W/| < 1 and II; = K;(z)/¢,(h), the kernel K is
bounded, and let C} = || K|, such that

D, (z) = vj(z) — Elv;(x)]. (15)
Thus,
LNy j .
D,(z) = ) ; [(W/K;(z) —E [W/K,(2)]], forj=0,1.
We have
! TK(x) — T (x ! T) — x
e (h) (W7 Ki(2) — E [W] Ki(2)]] < o () [Ki(z) — E[Ki(2)],

and denote by

| =
>
SN—

Pz

We need to evaluate the variance term S%(z),

S2(x) =Y > cov|Ai(x), Aj(z)| =: 52 (x) + nVar[A (z)],

i=1 j=1

where

n

52 (1) = D03 conl (), Ay (o)

i=1 j#i

https://digitalcommons.pvamu.edu/aam/vol15/iss2/8
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Next, we evaluate the asymptotic behavior of S2*(z).

Following Masry (2005), we define the sets
Ly ={(i,7) suchthat 1< |i—j| <m,},
and
Ly = {(i,j) suchthat m, +1<|i—j| <n—1},

where, m,, —> 00,as n — 0.

Let, &1 and FE» , be the sums of the covariances over L; and L, , respectively. Then

Syr@) =) leov(A(@), Aj(@))| + ) leov(Ai(x), Ay ()]

Ly
.

We stared by Ji,

i—g]<mn
where
cov(A(z), Aj(z)) = 21,1) cov(K;(z) — E[K;(2)], Kj(z) — E[K;(2)])
So

For J5, we have
Jo= Y leov(Ai(x), A(x))].
IZ_]lzmn
We use Davydov-Rio’s inequality (Rio (2000), p. 87) for mixing processes, to leads, for all 7 # j ,
cov|Ai(x), Aj(z)| < dali = j)).
Finally,
Joy < C’n2m;“.
So
Z lcov(Ai(x), Aj(z))| = Cnmade(h) = ns + Cn®m;°.
i#]

Choosing m,, = <M> 7;, then,

n

it Ty = Cngu(h)”one6u(h) ™ s + Cn? (<¢7€x)>>

Cn

=Cno, (h) + o)

Published by Digital Commons @PVAMU, 2020
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Putting C' = 2C,/n and C' = 4Cye/n¢?(h), we conclude that

) 205 M
() < b (h) (1 N 2C2/¢:(h) ) '

Then, applying Fuk-Nagaev’s inequality, (see Ferraty and Vieu (2006), p. 237, Proposition A.11),
we can get

P{lv;(x) — Elv;(2)]] > €} = P(!% ZZJ > €)

=<Clexp| — s (h) + nrt (C>

205 (1+ %)

Proof of Part (b).
Let’s denote by p = p,, > 0 a numeric sequence such that, p,, — 0. Consider a covering of Sr by

I
balls of radius p , i.e., Sr C U B(xy, p), where | = N,(Sr).
k=1

Let, D,(x) = vj(z) — Ev,(x), where v;(x) = (1/n) Xn:M/ini(x)/qﬁa:(h), and forall z € x €
i=1

B(xg, p), consider

k(x) = i d(z — )
() =arg  ,min o dz—o)
Then,
D, () = Dy (2) + Dy (x).
Therefore,

i(x) — E v, < D D
Sp @ Bl < DGl + iy, 1)

it entails that

P (sup fose) ~ Elus@)]| > €] < 00+,

rESFE

1<k<I 1<k<l 4e5,NB(zx,p) 2

where 9, =P (max | Dy, (zx)] > %) and N\, =P (max sup | Dp(x)] > E) .

Using the obtained result in part a), leads to

Ao < ip (\Dn(xk)| > %) <lsup P <|Dn(x)| > g)
k=1 ErEoF

eng,(h) (T
Sl{exp <_802 (1+03§)> +nr <E)}’

https://digitalcommons.pvamu.edu/aam/vol15/iss2/8
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where C3 = 2/C'|| K ||« and Cy = C'||K||%.

Then, the proof of the part b) can be obtained by using the following inequality

I
< ZIP’ ( sup | D,(x)] > %) <lmax P ( sup | Dp(x)] > E) .
k=1

x€SFNB(zk,p) 1<k<l x€SFNB(zk,p) 2

We consider two cases K (1) = 0and K (1) > 0.

We begin by K (1) = 0, where K is Lipschitz of order one in [0, 1]. We have that

| ~n(917)‘ = m ; (WZJKz(x) - VVz]Kz(xk)) —E m ; (Wz]Kz(l’) - szKz(mk-))] ‘
< s i UKi(@) = Ki(w)| + B[ Ki(r) — Kizi)|}

when
% Z | K () — Ki(z Z | Ki(wr) — Ki(2k) | LBa,n)uB e (Xi).

=1

Thus, we conclude,

~ Cp 1
D, < — IB, e (X E(lp(, 2o (X
xESFSr?BI)(xk,p)l (x)| N hqu(h’) Iseusz {n =1 B( ’h)UB( 7h)( )+ ( B( 7h)UB( 7h)( 1))}
Cp 1 «
< - ]I T E ]]: Tk
= ha(h) aes. {n LBl i) (X Z Blax ) ))}
Cp 1 &
< o) 5; 18w, ) (Xi) + Blp(a, i) (X1)) ¢ - (16)
We denote by Z; = mﬂ B(aw,htp) (Xi), and suppose that
belh+ p) < Bu(R) + Cp < 26,(h). (a7

Therefore,

n

1
h¢> { Z]IB @ihtp) (Xi) + E(Ipa,, h+p)(X))} < EZ 1Zi — E[Zi]].

i=1
We can deduce that

P sup D, (z)| > Z; — E[Z
(mGSFHB(xk,p) | ( >| > ( Z | 40)

Moreover, we apply Fuck-Nagaev’s exponential inequality, (Proposition A.11 in Ferraty and Vieu
(20006)), to get

2€SFNB(xk,p)

IP’( sup | Dy ()] > g) < C(Ai(z) + Az()), (18)

Published by Digital Commons @PVAMU, 2020
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where
62 %T 1 r a+1
A(z) = (1+ 4 and As(z) =nr- <—> . (19)
rS2 €

Firstly, we must calculate the term
Sa(x) =) ) leov(Ai(x), Aj(x))| = S2*(x) + nVar (A (x)),
i=1 j=1

where

it = leov(Ai(), Ay ()],
i#]

and Ai = HB(xk,h-i-p) (Xz) + EI[B(xk,h+p)(X1)-
Next, we evaluate the asymptotic behavior of S2*(z).
Following the decomposition used in Masry (2005), we define the sets

Fy ={(i,j) suchthat 1<|i—j| <uw,},
and

Fy ={(i,j) suchthat v, +1<|i—j| <n-—1},

where v, — 00, as n — oo . Let, I';y and I'y, be the sums of covariances over F; and Fj,
respectively.

Hence,

Sar(w) =Y leov(Ai(@), Aj(2))| + Y leov(Ai(x), Ay ()]

J

v~ ~~

Iy Iy

We stared by evaluate the term I';. Note that
cov(Ni(x), Aj(x)) = cov(Ip(a, hp)(Xi) + Elp @bt (X5): LB ) (X5) + Elp, hip) (X;))

= Ells,htp) (Xi)LB(as ht0) (X5)] + Ellpa, htp) (X)IE[L(a, h0) (X5)]-
Thus,
|cov(Ai(@), Aj(@))] < CLE (Lpahrp)x Bt (Xis X5)) + CLE[Lpee, i) (X)|E[Lp ) (X))
<P ((Xi, X;) € B(zg, h+ p) x Bz, h+ p))
+CP(X; € B(xg, h+ p))P(X; € B(zg, h+p)) .
Under the assumptions (H2), (H4) and (H10 — 7), we have

Iy < Cnvpgy(h + p) ((w) : + ¢ (h + p))

a+1 1

< Cnvpde(h+p) « n”a.
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For F5, we can write

I'y =

Y leou(Aix), Ay(x)],

li—j|=vn

Attouch et al.

by Davydov-Rio’s inequality (Rio (2000), p. 87) for mixing processes, we have, for all ¢ # 7,

Then,

cov|Ay(x),

=C ) o

[i—j1>vn

Aj(2))] < 4da(li = jI).

(|2 =71,

and by a-mixing condition (410 z) we have

E cov

-1

n

We put, v, = (M) * _ we obtain

2

where C CW

and C =

| A4 (

P

nh

(z))| < Cin*a(y,) < Cin’y;,

n

When we replace v,,, and we use (17), we can deduce that

' +I'y <

P2 oz (h+ p)

Cepps(h + p)

h2¢,(h
Finally,

)2

h(h)?

Sp(z) =0 (20 (h%f:(m “hasf(h)))'

We use (19) to conclude that

Ay < |1+

62

62

P p
=¢ <2h2¢w<h> " 2€h¢w<h>) |

r2Cn (
We put r = (logn)?. Thus,

e+ 26h¢>z(h)>

<exp [ —

As(z) = n(logn)~? <<k’g ”)Q)QH .

Moreover, we use A;(x) and Ay (x), to get

P sup D
2€SFNB(zk,p)

€

< exp <_€2n¢x (h)
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Then, using the fact that,

1 1 2 1
%%O,then,ifnzno,wehave%< (Z) ( Oo),andi<1.

Thus,

s (P enp _, [(4C(logn)2\“"!
e - — - = 7 <
32C (2h2 + 5C h) + n(logn) ( - <

1 _, (4C(logn)2\ !
811+ e—r— ) +n(logn)™2 (— .
() oo (<5

Then, the case K (1) = 0 is achieved.

The second case is K (1) > 0. Let’s define

z 1  Ki(z) ; Ki(zr)
Pale) = ﬁ; (WJ‘ ouh) " 6, 0) ) |

Then, |D,(z)| < |l:)n(x)|+E|Z:)n(x)] Asin Lemma 8 of Ferraty et al. (2010), if z € SN B(zg, p),

we have
= 1 n
|D ( )’ n¢ ( ) {Z'KZ(«T) - K(-Tk)HIB (zk,p)NB( xp +Z ’K |]IB (z1.p)¢ ﬂB(mp)(X)
* i=1
D ILIET <X>}
coLols M K oo 2 37T X
- h¢x(h) n — B(xk,p)ﬂB(m,p) 1 oo ¢x(h) n p B(xk’p)cﬂB(1'7p) i

1 1<
+ || K [ o) n D InonB.):(X:)
=1

x

1 n
hgbx ZZ Blawp) (Xi)+ || K |l x—h)ﬁ iZIHB(xk,p)CﬁB(xk,h—&—p) (X5%)

1 1< 1 &
+ | K PO ZHB(xk,p)nB(m,H>c(Xz‘) s - Z Zi+ Zny + Znp,
r i=1

i=1

n
where Z; is defined in the first case, and Z,,; = - Z W; ; where

i=1
2 2
Wir=[ K [l ¢x—(h>]1B(:ck,p)CﬂB(xk,h+p)<Xi> and W;o = ||K||00¢I—(I,L)]IB($k,p)ﬁB(azk7h—p)c(Xi)'
Therefore, W; ; < 2/|K||oo/®.(h), and let’s consider

2
1 :H K ||oo ( ) [HB (zr,p)°NB(zk,h+p) (X) E[HB(wk,p)cﬂB(a:k,h—kp)(Xi)]] )

xT
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and

2
Aip =] K ||oo o) (L5, Blanh—p)c (Xi) = B[l p)nBanhn)- (X)]] -

Thus, for £ = 1, 2, we have

Spoc@) =D leov(Ain(x), Aju(a)| = 77 (2) + nVar(Ai(2)) < Si(2),

i=1 j=1
with
Spee =D leov(Aig(@), Ajp())].
i#]
Then, we can get

C n
sup  Dy(0) < =3 Zit Zoy + Znz.
i=1

z€SFNB(zk,p)

Notice that,

P sup  |Dn(z)| > Cl<p sup \l:)n(:v)] >
2€SFNB(zk,p) 2 2€SFNB(zk,p) 4

C < €
<P|— Zi+ Z, Lno > —|.
< (n ; + Zp1 + Zng 4)

Using the result obtained in the case K (1) = 0, we deduce that

1 - 1 1 2\ a+l1
Pl - Z Z;i > - <exp | —€*ng,(h) +n(logn) 2 (M) :
nig ' 8C 128 (1+ ey ) ne

Then, for concluding the proof we use a similar inequality for P(Z,, ; > ), for j = 1,2.

We can find the bound of P (2 37" | |W; ; — E[W; ;]| > ), for j = 1,2, by using the Proposition
A.11 in Ferraty and Vieu (2006). If C; =4 || K ||2, and Cy = 4 || K ||, its follows that

1
2048 (clﬁ(h) + ecz)

€

1 n
P <ﬁ ; (Wi; — E[Wi]| > 32> < 2exp | —*ng,(h)

40(1 2\ a+1
+n(logn) > (M) :
ne
Proof of Part c).
The proof is similar to the one given in part b), and then omitted. n
Lemma 3.2.

Let, U;(x) be defined in (8) for j = 0, 1. Under (H1) and (H4), if h,, — 0, we have that
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a)
sup sup |E[01(z)] — F(y/X = 2)E [0g(x)]| — 0.

yeR TESF
b) If the assumption H8 holds also, we deduce that
sup sup |E[01(z)] — F(y/X = 2)E [0(2)]| = O(R™).

yE]R LL‘ES]:

Proof:

Proof of Part b).
Let, Z(x) be a random variable where, Z(x) = d(z, X)/h and Py, his probability function. By
the assumption (H8 — ¢i), and the boundness of K, we get

5i(z,y) = C /S & (z,u) K (d(’z “>) dPy (u) < Dd™ / V" K (0)d Py (v)

€
F

1
< Dd%/ K(v)dPz)(v) < Did" ¢p(h).
0

Then, forally € Rand x € S*

Ch

¢z (h)

51<$7y) S Dld%gbx(h)a (21)
which conclude the proof.

The part a) is direct consequence of the result of part b). n

Let, F,(y/X = x) be a sequence of conditional distribution function verifying

sup sup |F,(y/X =) — F(y/X = x)| — 0. (22)

yG]R Z‘ES}'
Then, if F' verifies the assumption (H5), there exist a positive constants 77 < T5, such that s,,(x) =
MAD¢(F,(./X = z)) satisfies
Ty < sp(x) < Ty, Vx € Sz, andn > ny.

The proof of this result is analogous to Lemma 3.1 in Boente and Fraiman (1991). Using Lemma
_ logn

3.1 part b), when p,, = ==, we obtain, for any € > 0,

P (sup () — E[v;(z)]| > e> <exp (st(pn) - GQLW)) + Cnr? (E)

zESF a1(1 + €9

= {_n%(h) (al(limz) - Ei;ﬁ)))} Hom (9 '

On the other hand, H6 i7) implies that, for n > n,

FS}‘ (pn) 1 62
noz(h) 2a1(1+ eay)
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If we take ¢ = 2a;, we obtain
2

P <sup v; () — E [v;(2)] \) < exp {—mbx(h)e—)} + Cnr? (f> .

2€Sx c(1 + eay €

Since, [(2) — B [;(2)] | < Cluy(2) — E [v;(2)] | thus,

2

P (sup 55(2) — E[55(0)] | > ée) < oxp {—n@(mm} rout (1),

z€ESF

Then, let A = {inf,es, Uo(z) < 3} and remark that E [0y(z)] = 1, we can deduce that

<P (sup 6/0) ~ B[] > ) < exp(—Andn(n)

zESF

where A~! = 2C¢(2C + ay).

¢z (h)
og(n)

Therefore, using that — o0, then sup,cg, |0;(z) — E [0;(2)] | =¥ 0, for j = 0,1 and

1
P ( inf G0(x) < §) < exp(—And, (1) (23)
TESF
This results give the proof of (14), and combined with 3.1.a) and (10), we can deduce that, Vy € R,
susp |F(y\X =z)— F(y|X = 2)| 250. (24)
TESF

For each, ¢ € Q, define V' = {w € Q : sup,g, |F(¢/X = z) — F(¢/X = z)| - 0} and

Then, (24) implies that P(N) = 0. Letw € Q, w € N, then,
sup |[F(q/X = z) — F(q/X = z)| — 0, forallg € Q.

JTES}'
Given € > 0, by the assumption H5 ii7), there exist a, b € Q, such that, F'(b/X = z) > 1 — € and
Fla/X =1x) <e¢, Vo € SF.

Moreover, the equicontinuity condition of F', given in the hypothesis (H5 — iv), entails that there
exista = y; < Yo < --- <y = byy; € Q, such that, |F(y/X = x) — F(y;/X = z)| < ¢, for
x € Sx and for any y.

Let, ng € N, such that for, n > ny,

max sup |F(y;/X =z) — F(y/X =) <€

1<:i<1 rESF
Then, it is easy to see that

max sup |F(y/X =z) — Fly/X =) < 2, ¥Yn > nq,

€R TESF

which is the claimed result. m
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3.2. Uniform strong convergence rates

Theorems 3.2 give almost complete convergence rates for the estimators of the empirical condi-
tional distribution and for the local M-estimators of the regression function.

Theorem 3.2.

Let, S C F be a compact set. Assume that (Hl) (H4), (H5 iii)iv), (H6), (H7), (H8),and (H9)
holds. If v, defined in (H8), is such that 7, < 5, furthermore, assume that, (ﬁ) o ¢z(h) <
C holds. Let 6(z) be a robust estimator such that with probability 1, there exists real constants,
0 <Tj < Ty, suchthat, T} < 0(z) < Ty, forall z € Sy and n > ny.

Then,

sup sup |0(z) — (z)| = Op.co (h" X \/st(log(n)/n)> '

z€SF yeR n¢x(h)

Proof:
Suppose that 7} < 0 < T5. Thus, for any € € R,

sup |U(z, 0(w)+e, 5(x)) =V (z, 0(x)+e, 5(x))| < —||1/1||v sup sup |F(y/X = 2)—F(y/X = o)|.

€S ze€SF yeR

So,if§, = h™ + —% and for each 7 > 0, we have

sup sup |V(z,8(z)+e,5(z)) — \/I\f(:v, 0(z) + £,5(x))| = Oqs(6n).

€Sy —T<e<T

Then, using the fact that sup,g, |§( ) — 0(x)| £3 0, we can easily get

sup [W(x,0(x),3(x)) = ¥ (2, 8(),3(x))| = Ous(6)- (25)

zESFE

Note that, ¥(z, §(z), 5(z)) — U(z,0(z), 5(z)) + U (z, 6(x), 5(x)) — ¥(z,0(z),5(x)) = 0 and using
results of (25), we get

sup | ¥(,6(2), 5(2)) = V(e 0(2), 5(2))] = Ous(0n). (26)
TESF
Denote by V'(z,t,0) = 0V (x,u,0)/0ul,~¢. The Mean Value Theorem leads to

U(, (), 5(2)) - U(z,0(x),5(x)) = (0(x) — 0(2))[¥(z, &, 5(2))), @7)
where £, (x) € [0(x),0(x)].

Thanks to assumption (H3 — ii), we get

inf inf —ailll(ar 0(z),s(2))|uza > co > 0. (28)

—T<e<T TESF
Let AV be the set where (26), (28) and sup,cg, 6(2) — 6(z)| —> 0 hold, then, P(A) = 0. Since,
—0(x)] <7, sup,eg, [V(z,0(x),5(x)) — Uz, 0(x),5(x))] = (0n).
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Therefore, we get that
inf —U'(z,&,,5(x)) > ¢y > 0.

z€ESF

The combination of this result together with (26),(27) and (28) achieves the proof of Theorem
3.2. [ |

Theorem 3.3.

Let Sx U F be a compact set. Assume that (H1),(H4),(H5),(H6),(H7) and (H9) holds.
Moreover, assume that o and 6 are Lipschitz function of order ~; and -, respectively. Then, if
~ = min(~,72), such that v > 1, and assume that

1—y
n
< forall n>1 2

h(log(n)) <, forall n > (29)
or

n 1=

¢ (h) <(C, forall n>1 foralln>1 (30)
log(n)

1s fulfilled.

Let, s(x) be a robust scale estimator with probability 1, and 6(z) be the unique solution of
U(z,a,s(x)) = 0. Suppose that exists real constants, 0 < 7} < T, such that 7} < s(x) < T for
all z € S, and n > ny.

Then, if 6(z) is a solution of (3), such that SUPyes, 6(z) — 0(x)] “¥ 0, we have

supses, |B(z) — 0(z)| = O ( - \/rsfaog(n)/n))

ngz(h)

Proof (Theorem 3.3):

Our goal is to show,

A, = sup sup sup |{I\f(x, O(x)+¢e,0)—V(x,0(x)+e,0)] = Oa_w(én).

z€SF |e|l<t Th<o<T:

Let denote

Wicolo) =0 (B2HZ2) e ZWm | Kifa)

and

N K@
v (z,e,0) = n;m’f"’( )%(h)'

Since U(z,0(z) + ¢, 0) = 0, (z, &, 0)/o(x), where ¥o(z) is defined in (10), so

~ 1
V(x,0(x)+e,0)—V(x,0(x)+e, < ——— | sup |Ug(x) — Egp(x
[B(0.6(0) + £,0) = U(0,0(0) +£.0)| < s | sup [in(e) ~ Bin(o)
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+ sup sup sup |0y(z,e,0) — E0y(z,¢e,0)]
$€S]: |€|<T T1<O'<T2

+ sup sup sup |E0(z,e,0) — VU (z,0(x) + e, 0)Ev(z)|] . (31)
T€SF le|<r Th<o<T:
By the assumption (H2 — i), and for some constant C' > 0, if d(X;,x) < h,, < 1, then
sup sup_sup | ¥(mn, 0(x) + £, 0) — Wz, 0(x) + €, 0)| < Cl(Xe, 2)" +d(Xy, 7))

2€Sr |e|<T Th<o<T%
< Cd(X17 x)’Y’
where v = min{~y, 72}

Since K1 () < Ip(yn)(X1), we have, for n large enough,

01 (z.£,0) — V(o 6(e) + £,0)Bo(e)] < EN(X0.0(0) +2.0) ~ W 0(2) + 2. 0) >

< Ch".
Therefore, if én =0, + h7, then,
By, = sup sup sup |E0i(z,e,0) — U(z,0(z) + &, 0)Edg(x)| < C6,.

2€85 |e|<r T\ <o <Ts
Let A, = inf,es, Uo(x) < 5 and ¢y > C. Using (31), we conclude that

P(A, > 4e)) < P(A,) + P(sup |0o(z) — Edo(z)| > €by) + P(Bin > €by),
zESFE

where

By, = sup sup sup |0y(z,e,0) — Edy(z,e,0)|.
2ESF le|l<r Th<o<T>

By Lemma 3.1 part b), with p,, = log(n)/n, and using (6), we get
D P(A, < o).
n>1

When Lemma 3.1 part ¢), permit to obtain

P(sup |0g(x) — Etg(x)| > €b,)) < oo, for ey > c.

TESFE

So, it suffices to show that

ZP(Bln > 60(9”) < Q.

n>1
Note that IP)(J;’M > €ob,) < P(By, > €16,,), where €; = ¢,C, and

By, = sup sup sup |vi(z,¢,0) — Evi(z,¢,0).
zESF le|l<r Th<o<T>

Therefore, we need to prove that, for some ¢; and for some ¢; > ¢;, Y -, P(B1, > €6,) < 0.
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Let p, = log(n)/nand 1, - -+, x;, such that, SxU C'_; B(z;, p,), where = N, (Sr).

Then, if
Sn(z,6,0) =vi(z,6,0) — By (2,e,0) and S, (x,e,0) = Sp(z,e,0) — Sy(xp, €, 0),

we have that

Sn(x,e,0) = Sp(xg,€,0) + Spi(z,e,0),
and

P(B1, > €16,) P(sup,es, SUP||<, SUDT, <oer, Sn(T,€,0) > €16,)
P(sup|.|<, SUDPT, <y, MaXi<k<y [Sn = (Th,€,0)| > G0,)

P(SUpr, <5<, SUP||<r MAX1<k<t) SUDse B2, )NS5 |Snp(,e,0)] > Sbn)-

+ IA I

Note that,

|§n7k(x,6,0)| < |vi(z,e,0) —vi(xg, €,0)| + [Bui (2, e,0) — Buy(ag, &, 0)].

Then, by Lipschitz condition of v/, we have
(Wico(21) = Wieo(z2)| < ol [|ood(w1, 22)" /A,

for all e and T} < o < T3, where ¢y stands for the Lipschitz constant of 6.

Therefore, if d(zy, ) < p, < 1, we have

n n

1
vi(z,8,0) —vi(g, €, 0) < [[Pllo——5 D [Ki(z) - (Jfk)|+ o | K ()|
no(h) E x<h> ;
Denote by, 71 = ¢4 K ||oo ||tV || o/}, then
max  sup supsup oa(ese,o) — vyl e,0)] < Tor max S o, (X))
ISkSZxEB(xk,pn)ﬂS}- Ti<o<T> ‘€|<T 1<k<l ngb ( ) i=1

—|—|\¢||<>O max sup
leB(zk P )NSE ngbx

Z Kz ). (32)

We consider two situation which that v > 1 or v < 1.

i) If v > 1, we have that p]! < p,,, so the bound (32), leads to

max sup sup sup |vi(x, e, 0) — vy (zy, €,0)| < T} max Z ,
1<k<i 2EB(xk,pn)NSF Th<o<Ts |e|<T ‘ ( ’ | 1<k<i n(bx 1 Blow p
+1]1]| 0o max sup

= Z| )|

1<k<l 1€ B(z4,pn)NSr
since we have that

~ €1
Z]P’ sup sup max sup |Snk(z,e,0)] > —6,) < 0. (33)
i>1 Ty <o<T; |e|<T 1<k<l TEB(x,pn)NSF 2
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ii) If v < 1 and (29) holds, taking C.,p,/h < 1, we conclude that

max su sup sup |vi(x,e,0) — vi(xk, €, 0 <TC max Z]I
1<k<l$€B(xk,;I7)n)ﬁS}—T1<GI<)Tz |5\<13" 1 ) 1@ ) ! 71<k’<ln B(xk’p
+||1]| 0o max sup Z i(zy,
ol s, s % > 1% ),

then (33) can be deduced from the proof of the Lemma 3.1 part c).

iii) If v < 1 and (30) holds, the sequence 6, pz is bounded. Then, defining

/ Tl

There exist ¢ such that for ¢; > ¢, we can write
E P E ) > € Q—n < 00
— 1202 ngb Tien) (X Yy ’
12

which concludes the proof of (33).

Now, we need to find a bound for y,,, where

On
Xn =P ( sup sup Imax |Sn (g, €,0)] > 61-) :

Tyi<o<T; |e|<r 1<k 2
Let, |¢| < 7, afinite covering by intervals I = [¢;, £;41], when |g;1 —¢j| < a, With o, = 1/y/n.
Then, we have at most M;, = 27« " intervals. On the other hand, considered a covering of

Ty < o < T by intervals I7 = 0,041, where we have M,, =
2(Ty — Ty)a;, ! intervals. Thus,

Xn S Xn,1 + Xn,2,
with

Oy,
Xni = IP’< max max max |S,(xy,e5,05)] > 61—) , (34)

1<s<My o, 1<j<M; ., 1<k<I 2

and

1<j<Mi o, 1<E<I T <o<T, le|l<T

On
Xn2 =P ( max max sup sup |S,(zk, €5, 05) — Sn(Tk, €,0)] > €1§> ) (35)
Since |W; . »| < ||¢]| 0, similar arguments to those used in Lemma 3.1, we obtain

log(n)
TliliETg Eug 1121’??[?’ (\S (2, e,0)] > 6 Z) < exp {(1 —Ce)ls, (T) } :
Moreover, if Cy = 27(T) — T3), we have that

IF’( max max max |S,(xy,€5,05)] > b0, 4)

1<j<M; o, 1<s<Ms o, 1<k<I

https://digitalcommons.pvamu.edu/aam/vol15/iss2/8

22



Mokhtaria et al.: Nonparametric M-regression with Scale Parameter

868 Attouch et al.

1
< OMyo Mao M, (S5)exp {—Ceffsf ( 0g(n)> }

n

1
< 2C5a;,? exp {(1 — Ce})ls, (M> } .
n
Taking €; such that (1 — Ce?) > 1 — 3, and o, = 1/+/n, then

Xn1 < 2Con exp {(1 — B)ls, (@) } ,

The result Z Xn,1 < oo follows as a direct consequence of (6), for n a large enough.
n>1

Concerning

anz < o0, (36)

note that, if a € [ ;a), forall 7y < o < T,, we have

/ n
«
|U1(Ik75j70-s) - U1<xk75,0-)| < ||77Z} ||OO = E Kz(xk:>

Then, if 0 € .7, using that ((t) = t¢’(t) is bounded, we obtain

¢ «
’Ul(l‘k,gjyo-s) - U1<$1€,€,U)| S ||7|7|100 n¢zn Zle .ZUk

Consequently,

an
[v1 (2, €5, 05) — vi(xg, €,0)] < an(b ZK@-(xk),

where Cs = ([¢/[|oo + [[Clloc) /T3

Noting that (1/n¢,(h Z K;(x) = vo(xy), we get

=1

|Sn(xk7€70-) - Sn(‘rkagao-)’ < |U1(‘rk7€j70-8) - Ul(xkagjao-s)‘ +E’U1(xk7€j70—8) - U1($k7€j708)|

< Ch

ZK (21) + Cs—2~EK; ()

ncbx( %( )

< Csag|vo(xg) — Bug(ag)| + 2C3——=EK; (zg).

qu( )
Using the fact that, EK;(z;) < C'¢,(h), o, = 1/y/n and 6, ', — 0, then Iny, such that, for
n > ng, we have 0, ', < min(1/Cs, ¢, /(16C"'Cy)).

Therefore,

0.1 Sn(zk, 8, 0) — Sp(xn, €, 0)| < Cs0,  an|vo(xr) — Evg(zp)| + 20"Cs0: t ey,
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Figure 1. The hourly measurements of O3,NO and NOg concentration for the year 2018

€1
g
Then, the right hand side of the last inequality does not depend of ¢ and a, so we can write

€1
Xn2 < max P <|'U0(xk) — Evg ()| > §> :

< Jvo(@k) — Evg(ap)| +

So, for all ¢ > 0,

Sp (Sup lvo(2%) — Evo(ay)] > 60) < o0,

n>1 z€S5F

this completes the proof of (36) and therefore, the proof of Theorem 3.3.

4. Real data applications

869

The main objective of this part is to evaluate the good behavior of the proposed robust estimator for
two real data applications and to show the efficiency of the robust estimator with unknown scale

parameter compared to the one with fixed scale parameter.

4.1. Maximum Ozone Concentration

This section, we are interested in forecasting maximum values of ozone concentration. The data
consist of hourly measurements of ozone (O3) concentration together with additional chemical
measurements such as NO and NO, concentrations (;g/m?) (see Figure 1) in Leicester University
monitoring site during the period from January 1% to the 31%" December for the year 2018, (365

days). Data are available on the website https://uk-air.defra.gov.uk.

The original time series are:

O3,t7N0t and NO27t, t= 1,78760
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Figure 2. Prediction of the maximum ozone of the last 64 days by classical and robust regression

To fix the ideas, let’s present the mathematical formulation of our prediction problem. Indeed, as-
sume that we aim to predict the maximum air pollutant (Ozone Os) concentration at day ¢, denoted
by Y, using the curve of the daily emission of the gases observed the day before : — 1. Formally,
we assume that the output variable Y and the input variables are Z = (Xo,, ., Xno, ,, Xn0,. )
is linked by the following regression formula,

Y =r(Z;) + €, i=1,...,364,
is cut into 364 daily curves,
Z; = {(03,24(i—1)+t7 NOos(i—1)+t, NO2pa(i—1)41),t € [ 0,24 [} , 1=1,...,364.

Second, we need to select a suitable semi-metric d(., .), kernel K (.), smoothing parameter A, for
our estimator. For that purpose, we choose the asymmetrical quadratic kernel defined as K (u) =
% (% — u2) Ijo,1)(). According to the general guidelines provided in Ferraty and Vieu (2006), we
suggest to use standard PC'A semi-metrics as follows:

dPCA (Zi, Zj) = dPCA (1’031“ LEO&J.) -+ dPCA (QJNOH $Noj) + dPCA (JJNOM, INO%.) .

. 2
We choose h,,r = argmin, C'V (h) for the estimator, where CV'(h) = > (Yi - 0(_1-)(Zi)) ,

=1

and 5(_1-)(2) is the solution at ¢ of:

> wia)y (Yj: t) =0.

j=Li#i 7

Finally, we split our sample of 364 days into a learning sample containing the first 300 days and a
testing sample with the last 64 days. Figure 2 shows the results obtained for the ozone prediction
derived from the testing sample. The left panel represents the prediction under the classical method
(Ferraty and Vieu (2006)). The central group represents the prediction by the robust method with-
out scale parameter introduced by Azzedine et al. (2008), while the right panel shows the forecast
under our model (robust with scale parameter).

The error used is the mean of squared error (M SE), expressed by
364

MSE = 6—14 3 <Y,- . 5(21-))2.

=301
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Figure 3. Sample of 30 daily temperature curves and the associated energy consumption curves

This is illustrated by the M SE = 3.71488 for the classic method, M SE = 3.5238 for the robust
with fixed scale parameter, and M SE = 3.025231 for our proposed estimator.

Another important point for ensuring a good behavior of our method is to introduce the outliers
in this learning sample. We multiply by 100 the response variable of some observations Y. We
observe that the robust method gives better results than the classical method in the presence of
outliers (M SFE for the classic is 67.97584, for the robust is 4.671861 and for the robust with scale
parameter 4.15175).

As we can see, the robust with scale parameter method always gives good behavior in the tow
cases, with and without outlier variables.

4.2. Peak electricity demand

The evolution of peak electricity demand can be considered as an essential system design metric
for grid operators and planners. The peak demand forecasting of aggregated electricity demand has
been widely studied in the statistical literature, and several approaches have been proposed to solve
this issue (see, for instance, Chikobvu and Sigauke (2012) and Goia et al. (2010) for short-term
peak forecasting and Hyndman et al. (2010) for long-term density peak forecasting).

In this subsection, we are interested in the estimation of peak demand at the customer level. For a
fixed day d let us denote by (Ej (¢7));_, . ,, the hourly measurements for the year 2016 (measured
in MWh), retrieved from the smart metering device of a commercial center type of consumer (a
large hypermarket). We have also acquired a dataset containing the historical hourly meteorological
data regarding the temperature (7} (;)) 4 (measured in Celsius degrees). The peak demand
observed for the day d is defined as 7

§=1,..

Pd = ]:Hl{a)f24 Ed (tj) .

Figure 3 provides a sample of 30 curves of hourly temperature measures and the associated elec-
tricity consumption curves.

Therefore, our sample is formed as follows (7}, P;) d=1....366 ° where T} is the predicted temperature
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Figure 4. Prediction of the last 66 days by three models

curve for the day d and P, the peak demand observed for the day d. We split our sample of 366
days into a learning sample containing the first 300 days and a testing sample with the last 66 days.

The choice of the kernel, the semi-metric and the bandwidth are similar to these used in the maxi-
mum ozone application.

Figure 4 shows the results obtained for the peak energy prediction derived from the testing sample
for the three models (classical, robust and robust with scale parameter method). The associated
MSE are 0.00102, 0.00098 and 0.00072, respectively, for each methods.

5. Conclusion

We provide in this paper the uniform almost complete consistency with rates of the robust regres-
sion function in case of unknown scale parameter. These results were obtained under sufficient
standard conditions that allows one to explore different structural axes of the subject, such as the
functional naturalness of the model and the data as well as the robustness of the regression function
and the dependency of the observation. The real data applications (Maximum Ozone Concentra-
tion, Peak electricity demand) have also highlighted several attractive features of the robust regres-
sion with unknown scale parameter estimator. In terms of mean squared error (MSE) the proposed
estimator performs competitively in comparison to existing estimators with know scale parameter.

Based on the experience of this paper on robust regression with unknown scale parameter, we guess
that most of the techniques using nonparametric functional kernel smothers could be efficiently
extended. For instance, challenging open questions in this sense could concern as well extensions
to other forms of nonparametric predictors (like functional local linear ones, functional kNN ones,
and many other ones). Extensions to other kinds of prediction models in which a preliminary
kernel stage plays a crucial role (this would include many semiparametric regression models like
functional single index models, and partial linear models, and many other ones).
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