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Abstract

We introduce the concepts of fuzzy (r, s)-regular semi (resp. (r, s)-α, (r, s)-pre, (r, s)-β) open sets,
their respective interior and closure operators on intuitionistic fuzzy topological spaces in Ŝostak’s
sense and then we investigate some of their characteristic properties.
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1. Introduction

The concept of fuzzy sets was introduced by Zadeh (1965). Chang (1968) defined fuzzy topological
spaces. These spaces and its generalizations are later studied by several authors, one of which,
developed by Ŝostak (1985), used the idea of degree of openness. This type of generalization of
fuzzy topological spaces was later rephrased by Chattopadhyay et al. (1992) and by Ramadan
(1992). As a generalization of fuzzy sets, the concept of intuitionistic fuzzy sets was introduced by
Atanassov (1986). Recently, Coker and Haydar Es (1995), Coker (1997), and Gurcay et al. (1997)
introduced intuitionistic fuzzy topological spaces using intuitionistic fuzzy sets. Using the idea of
degree of openness and degree of nonopenness, Coker and Demirci (1996) defined intuitionistic
fuzzy topological spaces in Ŝostak’s sense as a generalization of smooth fuzzy topological spaces
and intuitionistic fuzzy topological spaces. In this paper, we introduce the concepts of fuzzy (r, s)-
regular semi (resp. (r, s)-α, (r, s)-pre, (r, s)-β) open sets, their respective interior and closure
operators on intuitionistic fuzzy topological spaces in Ŝostak’s sense and then we investigate some
of their characteristic properties.

2. Preliminaries

Let I be the unit interval [0, 1] of the real line. A member µ of IX is called a fuzzy set of X . By 0̃
and 1̃ we denote constant maps on X with value 0 and 1, respectively. For any µ ∈ IX , µc denotes
the complement of 1̃− µ. All other notations are standard notations of fuzzy set theory.

Let X be a nonempty set. An intuitionistic fuzzy set A is an ordered pair

A = (µA, γA),

where the functions µA : X → I and γA : X → I denote the degree of membership and degree of
non-membership, respectively, and µA + γA ≤ 1̃.

Obviously every fuzzy set µ on X is an intuitionistic fuzzy set of the form (µ, 1̃− µ).

Definition 2.1. (Atanassov (1986))

Let A = (µA, γA) and B = (µB, γB) be intuitionistic fuzzy sets on X . Then,

(i) A ⊆ B iff µA ≤ µB and γA ≥ γB,
(ii) A = B iff A ⊆ B and B ⊆ A,

(iii) Ac = (γA, µA),
(iv) A ∩B = (µA ∧ µB, γA ∨ γB),
(v) A ∪B = (µA ∨ µB, γA ∧ γB),

(vi) 0∼ = (0̃, 1̃) and 1∼ = (1̃, 0̃).
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Definition 2.2. (Atanassov (1986))

Let f be a map from a set X to a set Y . Let A = (µA, γA) be a intuitionistic fuzzy set of X and
B = (µB, γB) an intuitionistic fuzzy set of Y . Then,

(i) The image of A under f , denoted by f(A) is an intuitionistic fuzzy set in Y defined by

f(A) = (f(µA), 1̃− f(1̃− γA)).

(ii) The inverse image of B under f , denoted by f−1(B) is an intuitionistic fuzzy set in X defined
by

f−1(B) = (f−1(µB), f
−1(γB)).

Definition 2.3. (Ramadan (1992))

A smooth fuzzy topology on X is a map T : IX → I which satisfies the following properties:

(i) T (0̃) = T (1̃) = 1∼,
(ii) T (µ1 ∧ µ2) ≥ T (µ1) ∧ T (µ2),

(iii) T (∨µi) ≥ ∧T (µi).

The pair (X,T ) is called a smooth fuzzy topological space.

Definition 2.4. (Coker and Demirci (1996))

An intuitionistic fuzzy topology on X is a family T of intuitionistic fuzzy sets in X which satisfies
the following properties:

(i) 0∼, 1∼ ∈ T ,
(ii) If A1, A2 ∈ T , then A1 ∩ A2 ∈ T ,

(iii) If Ai ∈ T for all i, then ∪Ai ∈ T .

The pair (X,T ) is called an intuitionistic fuzzy topological space.

Let I(X) be a family of all intuitionistic fuzzy sets of X and let I ⊗ I be the set of the pair (r, s)
such that r, s ∈ I and r + s ≤ 1 .

Definition 2.5. (Coker (1997))

Let X be a nonempty set. An intuitionistic fuzzy topology in Ŝostak’s sense (SoIFT for shor)
T = (T1, T2) on X is a map T : I(X)→ I ⊗ I which satisfies the following properties:

(i) T1(0∼) = T1(1∼) = 1 and T2(0∼) = T2(1∼) = 1,
(ii) T1(A ∩B) ≥ T1(A) ∧ T1(B) and T2(A ∩B) ≤ T2(A) ∨ T2(B),

(iii) T1(∪Ai) ≥ ∧T1(Ai) and T2(∪Ai) ≤ ∨T2(Ai).
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The (X,T ) = (X,T1, T2) is said to be an intuitionistic fuzzy topological space in Ŝostak’s sense
(SoIFTS, for short). Also, we call T1(A) a gradation of openness of A and T2(A) a gradation of
nonopenness of A.

Definition 2.6. (Lee and Im (2001))

Let A be an intuitionistic fuzzy set in a SoIFTS (X,T1, T2) and (r, s) ∈ I ⊗ I . Then, A is said to
be

(i) fuzzy (r, s)-open if T1(A) ≥ r and T2(A) ≤ s,
(ii) fuzzy (r, s)-closed if T1(Ac) ≥ r and T2(Ac) ≤ s.

Definition 2.7. (Lee and Im (2001))

Let (X,T1, T2) be a SoIFTS. For each (r, s) ∈ I ⊗ I and for each A ∈ I(X), the fuzzy (r, s)-
interior is defined by

int(A, r, s) = ∪{B ∈ I(X)|A ⊇ B,B is fuzzy(r, s)-open}.

and the fuzzy (r, s)-closure is defined by

cl(A, r, s) = ∩{B ∈ I(X)|A ⊆ B,B is fuzzy(r, s)-closed}.

The operators int : I(X) × I ⊗ I → I(X) and cl : I(X) × I ⊗ I → I(X) are called the fuzzy
interior operator and fuzzy closure operator in (X,T1, T2), respectively.

Lemma 2.8. (Lee and Im (2001))

For an intuitionistic fuzzy set A in a SoIFTS (X,T1, T2) and (r, s) ∈ I ⊗ I

(i) int(A, r, s)c = cl(Ac, r, s),
(ii) cl(A, r, s)c = int(Ac, r, s).

Definition 2.9. (Lee and Im (2001))

Let (X,T ) be an intuitionistic fuzzy topological space in Ŝostak’s sense. Then, it is easy to see
that for each (r, s) ∈ I ⊗ I , the family T(r,s) defined by

T(r,s) = {A ∈ I(X)|T1(A) ≥ r and T2(A) ≤ s}.

is an intuitionistic fuzzy topology on X .

Definition 2.10. (Lee and Im (2001))

Let (X,T ) be an intuitionistic fuzzy topological space (r, s) ∈ I ⊗ I . Then, the map T (r,s) :

4
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I(X)→ I ⊗ I defined by

T (r,s)(A) =


(1, 0), if A = 0∼, 1∼,

(r, s), if A ∈ T − {0∼, 1∼},
(0, 1), otherwise,

becomes an intuitionistic fuzzy topology in Ŝostak’s sense on X .

Definition 2.11. (Lee (2004))

Let A be an intuitionistic fuzzy set in a SoIFTS (X,T1, T2) and (r, s) ∈ I ⊗ I . Then, A is said to
be

(i) fuzzy (r, s)-semi open if there is a fuzzy (r, s)-open setB in X such thatB ⊆ A ⊆ cl(B, r, s),
(ii) fuzzy (r, s)-semi closed if there is a fuzzy (r, s)-closedB inX such that int(B, r, s) ⊆ A ⊆ B.

3. Fuzzy (r, s)-regular semi (resp. (r, s)-α, (r, s)-pre, (r, s)-β) open
sets

Definition 3.1.

Let A be an intuitionistic fuzzy set in a SoIFTS (X,T1, T2) and (r, s) ∈ I ⊗ I . Then, A is said to
be

(i) fuzzy (r, s)-regular open if A = int(cl(A, r, s), r, s),
(ii) fuzzy (r, s)-regular closed if A = cl(int(A, r, s), r, s),

(iii) fuzzy (r, s)-α open if A ⊆ int(cl(int(A, r, s), r, s)r, s),
(iv) fuzzy (r, s)-α closed if A ⊇ cl(int(cl(A, r, s), r, s)r, s),
(v) fuzzy (r, s)-pre open if A ⊆ int(cl(A, r, s), r, s),

(vi) fuzzy (r, s)-pre closed if A ⊇ cl(int(A, r, s), r, s),
(vii) fuzzy (r, s)-β open if A ⊆ cl(int(cl(A, r, s), r, s)r, s),

(viii) fuzzy (r, s)-β closed if A ⊇ int(cl(int(A, r, s), r, s)r, s),
(ix) fuzzy (r, s)-regular semi open if there is a fuzzy (r, s)-regular open set B in X such that

B ⊆ A ⊆ cl(B, r, s),
(x) fuzzy (r, s)-regular semi closed if there is a fuzzy (r, s)-regular closed set B in X such that

int(B, r, s) ⊆ A ⊆ B.

Remark 3.2.

From the above definitions it is clear that the following implications are true for (r, s) ∈ I ⊗ I .
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The converses of the above implications are not true as the following examples show.

Example 3.3.

Let X = {x, y} and let A1 and A2 be intuitionistic fuzzy set of X defined as

A1(x) = (0.6, 0.3), A1(y) = (0.5, 0.3);
A2(x) = (0.8, 0.1), A2(y) = (0.5, 0.1).

Define T : I(X)→ I ⊗ I by

T (A) = (T1(A), T2(A)) =


(1, 0), if A = 0∼, 1∼,(
1

2
,
1

2

)
, if A = A1, A2,

(0, 1), otherwise.

Then, clearly (T1, T2) is a SoIFT on X . The intuitionistic fuzzy set A1 is
(
1

2
,
1

2

)
-open which is

not
(
1

2
,
1

2

)
-regular open. Also, A2 is

(
1

2
,
1

2

)
-semi open which is not

(
1

2
,
1

2

)
-regular semi open.

Example 3.4.

Let X = {x, y} and let A1 and A2 be intuitionistic fuzzy set of X defined as

A1(x) = (0.3, 0.6), A1(y) = (0.3, 0.5);
A2(x) = (0.4, 0.3), A2(y) = (0.4, 0.3).

Define T : I(X)→ I ⊗ I by

T (A) = (T1(A), T2(A)) =


(1, 0), if A = 0∼, 1∼,(
1

2
,
1

2

)
, if A = A1,

(0, 1), otherwise.

Then, clearly (T1, T2) is a SoIFT on X . The intuitionistic fuzzy set A2 is
(
1

2
,
1

2

)
-regular semi

open and semiopen which is not
(
1

2
,
1

2

)
-regular open and α-open.

6
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Example 3.5.

Let X = {x, y} and let A1 and A2 be intuitionistic fuzzy set of X defined as

A1(x) = (0.4, 0.3), A1(y) = (0.4, 0.3);
A2(x) = (0.3, 0.1), A2(y) = (0.3, 0.1).

Define T : I(X)→ I ⊗ I by

T (A) = (T1(A), T2(A)) =


(1, 0), if A = 0∼, 1∼,(
1

2
,
1

2

)
, if A = A2,

(0, 1), otherwise.

Then, clearly (T1, T2) is a SoIFT on X . The intuitionistic fuzzy set A1 is
(
1

2
,
1

2

)
-α open which is

not
(
1

2
,
1

2

)
-open.

Example 3.6.

Let X = {x, y} and let A1 and A2 be intuitionistic fuzzy set of X defined as

A1(x) = (0.3, 0.6), A1(y) = (0.3, 0.5);
A2(x) = (0.1, 0.2), A2(y) = (0.1, 0.2).

Define T : I(X)→ I ⊗ I by

T (A) = (T1(A), T2(A)) =


(1, 0), if A = 0∼, 1∼,(
1

2
,
1

2

)
, if A = A1,

(0, 1), otherwise.

Then, clearly (T1, T2) is a SoIFT on X . The intuitionistic fuzzy set A2 is
(
1

2
,
1

2

)
-β-open which is

not
(
1

2
,
1

2

)
-semi open.

Example 3.7.

Let X = {x, y} and let A1 and A2 be intuitionistic fuzzy set of X defined as

A1(x) = (0.3, 0.6), A1(y) = (0.3, 0.5); A2(x) = (0.1, 0.3), A2(y) = (0.1, 0.3).

Define T : I(X)→ I ⊗ I by

7
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T (A) = (T1(A), T2(A)) =


(1, 0), if A = 0∼, 1∼,(
1

2
,
1

2

)
, if A = A1,

(0, 1), otherwise.

Then, clearly (T1, T2) is a SoIFT on X . The intuitionistic fuzzy set A2 is
(
1

2
,
1

2

)
-β-open which is

not
(
1

2
,
1

2

)
-pre open. Also, A1 is

(
1

2
,
1

2

)
-pre open which is not

(
1

2
,
1

2

)
-α-open.

Theorem 3.8.

Let A be an intuitionistic fuzzy set in a SoIFTS (X,T1, T2) and (r, s) ∈ I ⊗ I . Then, the following
statements are equivalent:

(i) A is fuzzy (r, s)-regular semi open,
(ii) int(A, r, s) = int(cl(A, r, s), r, s),

(iii) 1∼ − A is fuzzy (r, s)-regular semi closed,
(iv) cl(1∼ − A, r, s) = cl(int(1∼ − A), r, s), r, s).

Proof:

(i)⇔(ii) Let A be an fuzzy (r, s)-regular semi open set. Then, there exists an fuzzy (r, s)-regular
open set B such that B ⊆ A ⊆ cl(B, r, s). Hence, cl(A, r, s) = cl(B, r, s). Since

int(cl(A, r, s), r, s) = B,

int(cl(A, r, s), r, s) = B ⊆ int(A, r, s)

⊆ int(cl(B, r, s), r, s)

= int(cl(A, r, s), r, s)

Thus, int(A, r, s) = int(cl(A, r, s), r, s).

(i)⇔(iii) Let A be an fuzzy (r, s)-regular semi open set. Then, there exists an fuzzy (r, s)-regular
open set B such that B ⊆ A ⊆ cl(B, r, s). Since 1∼ − B is fuzzy (r, s)-regular closed set, int(1∼ −
B, r, s) is an fuzzy (r, s)-regular open set such that int(1∼ − B, r, s) ⊆ 1∼ − A ⊆ 1∼ − B =
cl(int(1∼−B, r, s), r, s). Thus, 1∼−A is fuzzy (r, s)-regular semi closed. The implication (i)⇔(iv)
follow immediately by taking the complement of the two sides. �

Theorem 3.9.

Let A be an intuitionistic fuzzy set in a SoIFTS (X,T1, T2) and (r, s) ∈ I ⊗ I . Then, the following
statements are equivalent:

(i) A is fuzzy (r, s)-α open,
(ii) A ⊆ int(cl(int(A, r, s), r, s)r, s),

(iii) 1∼ − A is fuzzy (r, s)-α closed,

8
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(iv) 1∼ − A ⊇ cl(int(cl(1∼ − A, r, s), r, s)r, s).

Proof:

It follows from Theorem 3.8. �

Theorem 3.10.

Let A be an intuitionistic fuzzy set in a SoIFTS (X,T1, T2) and (r, s) ∈ I ⊗ I . Then, the following
statements are equivalent:

(i) A is fuzzy (r, s)-pre open,
(ii) A ⊆ int(cl(A, r, s), r, s),

(iii) 1∼ − A is fuzzy (r, s)-pre closed,
(iv) 1∼ − A ⊇ cl(int(1∼ − A, r, s), r, s).

Proof:

It follows from Theorem 3.8. �

Theorem 3.11.

Let A be an intuitionistic fuzzy set in a SoIFTS (X,T1, T2) and (r, s) ∈ I ⊗ I . Then, the following
statements are equivalent:

(i) A is fuzzy (r, s)-β open,
(ii) A ⊆ cl(int(cl(A, r, s), r, s)r, s),

(iii) 1∼ − A is fuzzy (r, s)-β closed,
(iv) 1∼ − A ⊇ int(cl(int(1∼ − A, r, s), r, s)r, s),

Proof:

It follows from Theorem 3.8. �

Theorem 3.12.

Let (X,T1, T2) be a SoIFTS and (r, s) ∈ I ⊗ I

(i) If A is fuzzy (r, s)-regular open set, then A is fuzzy (r, s)-regular semi open,
(ii) If A is fuzzy (r, s)-regular semi open and int(A, r, s) ⊆ B ⊆ cl(A, r, s), then B is fuzzy

(r, s)-regular semi open,
(iii) If A is fuzzy (r, s)-regular semi closed and int(A, r, s) ⊆ B ⊆ cl(A, r, s), then B is fuzzy

(r, s)-regular semi closed.

Proof:

(i) Let A be a fuzzy (r, s)-regular open, since A ⊆ A ⊆ cl(A, r, s). Then, A is fuzzy (r, s)-regular

9
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semi open.
(ii) Let A be a fuzzy (r, s)-regular semi open set and int(A, r, s) ⊆ B ⊆ cl(A, r, s). Then, there is
a fuzzy (r, s)-regular open set C such that C ⊆ A ⊆ cl(C, r, s). It follows that

C = int(C, r, s) ⊆ int(A, r, s) ⊆ A ⊆ cl(A, r, s) ⊆ cl(cl(C, r, s), r, s) = cl(C, r, s),

and hence,

C ⊆ int(A, r, s) ⊆ B ⊆ cl(A, r, s) ⊆ cl(C, r, s).

Thus, B is a fuzzy (r, s)-regular semi open set.
(iii) Similar to (ii). �

Theorem 3.13.

Let (X,T1, T2) be a SoIFTS and (r, s) ∈ I ⊗ I .

(i) If {Ai} is a family of fuzzy (r, s)-regular semi (resp. (r, s)-α, (r, s)-pre and (r, s)-β) - open
sets of X , then

⋃
Ai is fuzzy (r, s)-regular semi (resp. (r, s)-α, (r, s)-pre and (r, s)-β) - open,

(ii) If {Ai} is a family of fuzzy (r, s)-regular semi(resp. (r, s)-α, (r, s)-pre and (r, s)-β) - closed
sets ofX , then

⋂
Ai is fuzzy (r, s)-regular semi (resp. (r, s)-α, (r, s)-pre and (r, s)-β) - closed.

Proof:

(i) Let {Ai} be a collection of fuzzy (r, s)-regular semi open sets. Then, for each i, there is a fuzzy
(r, s)-regular open set Bi such that Bi ⊆ Ai ⊆ cl(Bi, r, s). Since T1(

⋃
Bi) ≥

∧
T1(Bi) ≥ r and

T2(
⋃
Bi) ⊆

∨
T2(Bi) ≤ s,

⋃
Bi is a fuzzy (r, s)-regular open set. Moreover,

⋃
Bi ⊆

⋃
Ai ⊆

⋃
cl(Bi, r, s) ⊆ cl(

⋃
Bi, r, s).

Hence,
⋃
Ai, is a fuzzy (r, s)-regular semi open set.

(ii) Similar (i)

The other cases are similar as in (i) and (ii). �

Definition 3.14.

Let (X,T1, T2) be a SoIFTS. For each (r, s) ∈ I⊗I and for eachA ∈ I(X), the fuzzy (r, s)-regular
semi (resp. (r, s)-α, (r, s)-pre and (r, s)-β) - interior is defined by

rsint(A, r, s) (resp. αint(A, r, s), pint(A, r, s) and βint(A, r, s)) =
⋃
{B ∈ I(X)|A ⊇

B, B is fuzzy (r, s)- regular semi (resp. α, pre and β) -open},

and the fuzzy (r, s)-regular semi (resp. (r, s)-α, (r, s)-pre and (r, s)-β) - closure is defined by
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rscl(A, r, s) (resp. αcl(A, r, s), pcl(A, r, s) and βcl(A, r, s)) =
⋂
{B ∈ I(X)|A ⊆

B, B is fuzzy (r, s)-regular semi(resp. α, pre and β) -closed}.

Obviously rscl(A, r, s) (respectively, αcl(A, r, s), pcl(A, r, s) and βcl(A, r, s)) is the small-
est fuzzy (r, s)-regular semi (respectively, α, pre and β) - closed set which con-
tains A and rsint(A, r, s) (resp. αint(A, r, s), pint(A, r, s) and βint(A, r, s)) is the great-
est fuzzy (r, s)-regular semi (respectively, α, pre and β) - open set which is con-
tained in A. Also, rscl(A, r, s) (respectively, αcl(A, r, s), pcl(A, r, s) and βcl(A, r, s)) =
A for any fuzzy (r, s)-regular semi (respectively, α, pre and β) - closed set A and
rsint(A, r, s) (respectively, αint(A, r, s), pint(A, r, s) and βint(A, r, s)) = A for any fuzzy
(r, s)-regular semi (respectively, α, pre and β) - open set A. Moreover, we have

int(A, r, s) ⊆ rsint(A, r, s) ⊆ A ⊆ rscl(A, r, s) ⊆ cl(A, r, s),

int(A, r, s) ⊆ αint(A, r, s) ⊆ A ⊆ αcl(A, r, s) ⊆ cl(A, r, s),

int(A, r, s) ⊆ pint(A, r, s) ⊆ A ⊆ pcl(A, r, s) ⊆ cl(A, r, s),

int(A, r, s) ⊆ βint(A, r, s) ⊆ A ⊆ βcl(A, r, s) ⊆ cl(A, r, s).

Also, we have the following results:

(i) rscl(0∼, r, s) = 0∼, rscl(1∼, r, s) = 1∼,
(ii) rscl(A, r, s) ⊇ A,

(iii) rscl(A ∪B, r, s) ⊇ rscl(A, r, s) ∪ rscl(B, r, s),
(iv) rscl(rscl(A, r, s), r, s) = rscl(A, r, s),
(v) rsint(0∼, r, s) = 0∼, rsint(1∼, r, s) = 1∼,

(vi) rsint(A, r, s) ⊆ A,
(vii) rsint(A ∩B, r, s) ⊆ rsint(A, r, s) ∩ rsint(B, r, s),

(viii) rsint(rsint(A, r, s), r, s) = rsint(A, r, s).

Theorem 3.15.

Let (X,T1, T2) be SoIFTS. For A, B ∈ IX and (r, s) ∈ I⊗ I . It satisfies the following statements:

(i) A is fuzzy (r, s)-regular semi open⇔ A = rsint(A, r, s),
(ii) A is fuzzy (r, s)-regular semi closed⇔ A = rscl(A, r, s),

(iii) rscl(0∼, r, s) = 0∼,
(iv) rint(A, r, s) ⊆ rsint(A, r, s) ⊆ A ⊆ rscl(A, r, s) ⊆ rcl(A, r, s),
(v) rscl(A, r, s) ∪ rscl(B, r, s) ⊆ rscl(A ∪B, r, s),

(vi) rcl(rscl(A, r, s), r, s) = rscl(rcl(A, r, s), r, s) = rcl(A, r, s).
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Proof:

(i) Let A be fuzzy (r, s)-regular semi open. Then,

rsint(A, r, s) =
⋃
{G ∈ IX : G ⊆ A, G is fuzzy (r, s) -regular semi open}

= A.

Conversely, letA = rsint(A, r, s). Since rsint(A, r, s) is the arbitrary union of fuzzy (r, s)-regular
semi open, then A is fuzzy (r, s)-regular semi open.

(ii) It is similar to part (i).

(iii) It is easily obtained from Definition 3.1.

(iv) Since

rint(A, r, s) =
⋃
{G ∈ IX : G ⊆ A, G is fuzzy (r, s) -regular open}

⊆
⋃
{G ∈ IX : G ⊆ A,G is fuzzy (r, s) -regular semi open}

= rsint(A, r, s),

it follows that, rint(A, r, s) ⊆ rsint(A, r, s). Also,

rscl(A, r, s) =
⋂
{G ∈ IX : G ⊇ A, G is fuzzy r -regular semi closed}

⊆ rcl(A, r, s).

Finally, we have

rint(A, r, s) ⊆ rsint(A, r, s) ⊆ A ⊆ rscl(A, r, s) ⊆ rcl(A, r, s).

(v) Since, B ⊆ B ∨G, G ⊆ B ∨G, then,

rscl(B, r, s) ⊆ rscl(B ∪G, r, s) and rscl(G, r, s) ⊆ rscll(B ∪G, r, s).

Hence, rscl(B, r, s) ∪ rscl(G, r, s) ⊆ rscl(B ∪G, r, s).

(vi) Since rcl(A, r, s) is fuzzy (r, s)-regular semi closed set, then

rscl(rcl(A, r, s), r, s) = rcl(A, r, s) (1)

Now it remains to prove only the relation:

rcl(rscl(A, r, s), r, s) = rcl(A, r, s).

Since, A ⊆ rscl(A, r, s), then rcl(A, r, s) ⊆ rcl(rscl(A, r, s). It remains to prove:
rcl(rscl(A, r, s), r, s) ⊆ rcl(A, r, s). Let the contrary, that is, rcl(rscl(A, r, s), r, s) * rcl(A, r, s).
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Then, rcl(rscl(A, r, s), r, s) ⊃ rcl(A, r, s). So, there exists fuzzy (r, s)-regular closed set G ∈ IX ,
G ⊇ A such that

rcl(A, r, s)(x) ⊂ G(x) ⊂ rcl(rscl(A, r, s), r, s)(x). (2)

Since A ⊆ G ⇒ rscl(A, r, s) ⊆ rscl(G, r, s) = rscl(rcl(A, r, s), r, s) = rcl(G, r, s), then,
rscl(A, r, s) ⊆ rcl(G, r, s) and this implies rcl(rscl(A, r, s), r, s) ⊆ rcl(A, r, s), which contra-
dicts to the relation (2). Hence, the result. �

Theorem 3.16.

Let (X,T1, T2) be SoIFTS. For A, B ∈ IX and (r, s) ∈ I⊗ I . It satisfies the following statements:

(i) A is fuzzy (r, s)-αopen⇔ A = αint(A, r, s),
(ii) A is fuzzy (r, s)-α closed⇔ A = αcl(A, r, s),

(iii) αcl(0∼, r, s) = 0∼,
(iv) int(A, r, s) ⊆ αint(A, r, s) ⊆ A ⊆ αcl(A, r, s) ⊆ cl(A, r, s),
(v) αcl(A, r, s) ∪ αcl(B, r, s) ⊆ αcl(A ∪B, r, s),

(vi) αcl(αcl(A, r, s), r, s) = αcl(cl(A, r, s), r, s) = cl(A, r, s).

Proof:

It follows from Theorem 3.15. �

Theorem 3.17.

Let (X,T1, T2) be SoIFTS. For A, B ∈ IX and (r, s) ∈ I⊗ I . It satisfies the following statements:

(i) A is fuzzy (r, s)-pre open⇔ A = pint(A, r, s),
(ii) A is fuzzy (r, s)-pre closed⇔ A = pcl(A, r, s),

(iii) pcl(0∼, r, s) = 0∼,
(iv) int(A, r, s) ⊆ pint(A, r, s) ⊆ A ⊆ pcl(A, r, s) ⊆ cl(A, r, s),
(v) pcl(A, r, s) ∪ pcl(B, r, s) ⊆ pcl(A ∪B, r, s),

(vi) pcl(pcl(A, r, s), r, s) = pcl(cl(A, r, s), r, s) = cl(A, r, s).

Proof:

It follows from Theorem 3.15. �

Theorem 3.18.

Let (X,T1, T2) be SoIFTS. For A, B ∈ IX and (r, s) ∈ I⊗ I . It satisfies the following statements:

(i) A is fuzzy (r, s)-βopen⇔ A = βint(A, r, s),
(ii) A is fuzzy (r, s)-β closed⇔ A = βcl(A, r, s),

(iii) βcl(0∼, r, s) = 0∼,
(iv) int(A, r, s) ⊆ βint(A, r, s) ⊆ A ⊆ βcl(A, r, s) ⊆ cl(A, r, s),
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(v) βcl(A, r, s) ∪ βcl(B, r, s) ⊆ βcl(A ∪B, r, s),
(vi) βcl(βcl(A, r, s), r, s) = βcl(cl(A, r, s), r, s) = cl(A, r, s).

Proof:

It follows from Theorem 3.15. �

Theorem 3.19.

For an intuitionistic fuzzy set A of a SoIFTS (X,T1, T2) and (r, s) ∈ I ⊗ I , we have:

(i) rsint(A, r, s)c = rscl(Ac, r, s),
(ii) rscl(A, r, s)c = rsint(Ac, r, s).

Proof:

(i) Since rsint(A, r, s) ⊆ A and rsint(A, r, s) is fuzzy (r, s)-regular semi open in X , Ac ⊆
rsint(A, r, s)c and rsint(A, r, s)c is fuzzy (r, s)-regular semi closed in X . Thus,

rscl(Ac, r, s) ⊆ rscl(rsint(A, r, s)c, r, s)
= rsint(A, r, s)c

Conversely, since Ac ⊆ rscl(Ac, r, s) and rscl(Ac, r, s) is fuzzy (r, s)-regular semi closed in X ,
rscl(Ac, r, s)c ⊆ A and rscl(Ac, r, s)c is fuzzy (r, s)-regular semi open in X . Thus,

rscl(Ac, r, s)c = rsint(rscl(Ac, r, s)c, r, s)
⊆ rsint(A, r, s)

and hence, rsint(A, r, s)c ⊆ rscl(Ac, r, s)
(ii) Similar to (i). �

Theorem 3.20.

For an intuitionistic fuzzy set A of a SoIFTS (X,T1, T2) and (r, s) ∈ I ⊗ I , we have:

(i) αint(A, r, s)c = αcl(Ac, r, s),
(ii) αcl(A, r, s)c = αint(Ac, r, s).

Proof:

It follow from Theorem 3.19. �

Theorem 3.21.

For an intuitionistic fuzzy set A of a SoIFTS (X,T1, T2) and (r, s) ∈ I ⊗ I , we have:
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(i) pint(A, r, s)c = pcl(Ac, r, s),
(ii) pcl(A, r, s)c = pint(Ac, r, s).

Proof:

It follow from Theorem 3.19. �

Theorem 3.22.

For an intuitionistic fuzzy set A of a SoIFTS (X,T1, T2) and (r, s) ∈ I ⊗ I , we have:

(i) βint(A, r, s)c = βcl(Ac, r, s),
(ii) βcl(A, r, s)c = βint(Ac, r, s).

Proof:

It follow from Theorem 3.19. �

4. Conclusion

In the present paper we introduced fuzzy (r, s)-regular semi (respectively, (r, s)-α, (r, s)-pre,
(r, s)-β) open sets, their respective interior and closure operators on intuitionistic fuzzy topological
spaces in Ŝostak’s sense. We investigate some of their characteristic properties and establish the
relations between them with some counter examples.
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of Korean institute of Intelligent Systems, Vol. 11, No. 2, pp. 234–238.

Lee, E.P. and Im, Y.B. (2001). Mated fuzzy topological spaces, J. of Fuzzy Logic and Intelligent
Systems, Vol. 11, pp. 161–165.

Ramadan, A.A. (1992). Smooth topological spaces, Fuzzy Sets and Systems, Vol. 48, pp. 371–375.
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