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Abstract

In this study, we establish some Hermite- Hadamard type inequalities for functions whose second
derivatives absolute value are convex. In accordance with this purpose, we obtain an identity
using Green's function. Then using this equality we get our main results.

Keywords: Hermite-Hadamard’s inequality; Convex function; Green function; Holder
inequality
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1. Introduction

The following inequality discovered by Hermite and Hadamard for convex functions is well
known in the literature as the Hermite-Hadamard inequality (see, e.g., Dragomir and Pearce
(2000)):

a+b 1 f(a)+ f(b)
fl — [<—| f(X)dxs——>~2 1
( . j b_aja () . 1)
where f : | @ R — R is a convex function on the interval | of real numbers and a,b e | with
a<h.
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Hermite-Hadamard inequality provides a lower and an upper estimations for the integral average
of any convex functions defined on a compact interval. This inequality has a notable place in
mathematical analysis, optimization and so on. However, many studies have been established to
demonstrate its new proofs, refinements, extensions and generalizations. A few of these studies
are Azpeitia (1994), Erden and Sarikaya (2016), Husain et al. (2009), Pecari¢ et al. (1991),
Pearce and Pécari¢ (2000), Sarikaya et al. (2012)-Xi and Qi (2013) referenced works and also the
references included there. Particularly, see in the references Barani et al. (2012), Husain et al.
(2009), Sarikaya et al. (2012), Set and Korkut (2016) that Hermite-Hadamard type inequalities
for functions whose second derivatives absolute value are convex, s—convex and so on.

In this study, we establish new inequalities that are connected with the right-hand side of
Hermite-Hadamard inequality by using Green’s function and functions whose second derivatives
absolute value are convex,

2. Preliminaries

In this section, we gave some works about the right hand side of the Hermite-Hadamard
inequality (1) for twice differentiable mappings.

Dragomir and Pearce (2000) gave the following lemma related to the right hand side of the
inequality (1) using twice differentiable mapping:

Lemma 2.1.

Let f: | cR—>R be a twice differentiable mapping on 1°, a,bel with a<b and f"of
integrable on [a,b], the following equality holds:

f@+f() 1 b—a) ¢ )
2 _b_afaf(x)dxz%ﬁ,t(l—t)f(ta+(1—t)b)dt. @)

Hussain et al. (2009) proved some inequalities related to a trapezoid inequality of Hermite-
Hadamard for s—convex functions by using Lemma 2.1:

Teorem 2.2.

Let f : I <[0,00) >R be twice differentiable mapping on 1° such that f"eL,[a,b], where
a,bel with a<b. If [f’| is s—convex on [a,b] for some fixed s<[0,1] and g =1, then the
following inequality holds:

<

[f@+f(b) 1 J'bf(x)dx @)

2 b-a

E
a P

(b-ay ||t @[ +f"®)" |
2%x6 (S+2)(S+3) ’
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1.1 _
where o 1.

Remark 2.3. (Hussain et al. (2009))

If we take s=1 in (3), then we have

[f@+f(b) 1IWUNX

2 b-a @

a

12

f”(a)|q +|f”(b)|q :
5 .

<(b—a)2[

Sarikaya and Aktan (2011) gave the following trapezoid inequality of Hermite-Hadamard
inequality (1):

Theorem 2.4.
Let f : 1 cR—>R be twice differentiable function on 1° with f"eL[a,b]. If [f"] is a
convex on [a,b], then
_ 2 f" a f" b
‘ L P o (@10 (b-a) [F"(a)+[ () | )
b-ada 2 |7 12 2

In the following we will give some necessary definitions and mathematical preliminaries of
fractional calculus theory which are used further in this paper:

Definition 2.5. [Gorenflo and Mainardi (1997), Miller and Ross (1993),
Kilbas et al. (2006) Podlubni (1999)]

Let f el[ab]. The Riemann-Liouville fractional integrals J; f and J;” f of order a >0
with a >0 are defined by

1 X a—1
JIF(X)=——| (x-t) " f(t)dt, x>a 6
100 =g [ oy, o (6)
and
1 b -1
JPf(X)=——| (t—x)" " f(t)dt, x<b, 7
5 (%) r(a)fx( Fmdt, x< ™
respectively. Here, T'(«) is the Gamma function and J° f(x)=J. f(x) = f(x).

It is remarkable that Sarikaya et al.(2013) first give the following interesting integral inequalities
of Hermite-Hadamard type involving Riemann-Liouville fractional integrals.
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Theorem 2.6.

Let f :[a,b] >R be a positive function with 0<a<b and f eL[a,b]. If f is a convex
function on [a,b], then the following inequalities for fractional integrals hold:

f(a;bj r(é“_”) [22.f (o) + 32 f(a)]<+f(b) 8)

with o > 0.

On the other hand, Wang et al. (2012) proved the following identity for twice differentiable
function involving Riemann-Liouville fractional integrals:

Lemma 2.7.

Let f : [a,b] > R be a twice differentiable mapping on (a,b) with 0<a<b. If f"el[a,b],
then the following equality for fractional integrals holds:

f@+fh) TI'(x +1)
2 2(b-

_(b-2a)’

Z(a +1

L[3: f(0)+ 37 f(a)]

©)

j[1 1-t) —t=] "fta+ @~ t)bldt.

For recent results connected with fractional integral inequalities see Kunt et al. (2016), Sarikaya
and Budak (2016)-Set et al. (2017), Wang et al. (2012), Wang and Qi (2017).

3. Main Results
In order to prove our main results we need the following lemma:

Lemma 3.1.

Let f: | c R— R be atwice differentiable function on 1° (the interior of the interval | ) such
that f" e L[a,b], where a,b e 1° with a <b. Then the following identity holds:

a 4t (e +1) f(a)+ f (b)
2z |G b= R hE 1)+ f@- =22 ao)
where .
aL (X @¥Yyjb; a- x-y- b
CON= bi 0@l vy a- x- y- b
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Proof:

By integration by parts, we have

J6lxy) 1)y =6x) 110 - 2L 1)y

Since G(x,b)=G(x,a)=0, it is easy to see, we get
b

[G(xy)f(y)dy

= [ F(y)ey —f(x ~a)“* f (y)dy (11)
= zb —X)“f(X) + (x —;)“1 f(x)—(b-x)*"f(a)—(x—a)*™" f(b).
Integrating both sides of (11) with respect to x over [a,b], we obtain
[ ot y) £ (y)dyex
e (12)
a

- -T(b— X)** f (x)dx +T(x —a)* ™ f (x)dx — (b-a)" [f(a)+ f(b)]

Multiplying both sides of (12) by m and rearranging the last identity, we get desired

inequality.
Theorem 3.2.
f "

Let f : 1°c R— R be a twice differentiable mapping on 1°, a,be1° with a<b. If is

convex on [a,b], then the following inequality holds:

zl"(a +1?z [\];Z ¢ (b) N Jé{ f (a)]_ f (a) + f (b)| < (b - a)z (| f 'r(a)| + | f ”(b)|] (13)
2b—a)” 2 | (@+)(a+2) 2

Proof:

From Lemma 3.1, we have

Published by Digital Commons @PVAMU, 2019
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rw+n _f@+ 1)
Jifb)y+Jd f(@)|-—————
(04
< G(x,y )| f"(y)dyd
= Z(b_a)a _{!:_{!:| (X y)| (yl y X
_ a
2(b—a)°
b x b b
x{”(b—x)“1(y—a)|f"(y)|dydx+” (b—y)(x—a)<*|f( y]dydx}
Because | f"(y)| is convex on [a,b], we can write
f(b‘ya+y‘abj b= y“”@ﬂ+ U "(b)|. (14)
b-a b-a

Using (14), it follows that

I'a+1) f(a)+ f(b)
J&f(b)+ 37 f BSR4
‘Z(b Phate @] ‘
< *
Z(b_a)a+1
b x b x
{HK@”be“”y a)(b— yWW+U%m”jbx“”y a)’ dydx
b b b b
+|f”(a)|” x—a)"*(b-vy) dydx+|f”(b)|” a) " (b-y)(y- a)dydx}

If we calculate the above integrals and also use elementary analysis, we obtain desired expression

(13).
Theorem 3.3.
Let f : 1°c R— R be a twice differentiable mapping on 1°, a,bel° " s
convex on [a,b], q>1, then the following inequality holds:

I'x +1) [J f(b) + 3¢ f(a)] f(a)+ f(b)

2(b— 2

2 | f ﬂ( )|q f "(b)|q % (15)
- a)l + ]
< b "")1 B(p 2, pla 1)+
2(p+1) 2

https://digitalcommons.pvamu.edu/aam/vol14/iss1/31



Tung et al.: Integral Inequalities of Hermite-Hadamard Via Green Function

458 Tuba Tung et al.

1
where 4 +% =1 and B(p,q)=JuP*(1—u)*"du, (p,q>0) is Eulers Beta function.
0

Proof:

From Lemma 3.1 and using Holder's inequality, we find that

(a +1) f(a)+ f(b)
‘Z(b L[3e §(b)+ 37 f(a)]- f‘

. (16)

< ﬁ@p(x, y)° dyde (m £(y)’ dydeq.

In order to proceed further to complete the proof, we evaluate the above integrals.

1
p

X b b
j(b x)“PP(y-a dydx+” (x—a)“ P dydx

dx.

(b _ X)(a—l) p ( p+1 - ]{ (X a (a—l) p (b X)p+1
" (p+1)

Using the change of the variables x—a=(b—a)u and b—x=(b—a)u for the above integrals,

we get
b b _a)ap+2
[[IG(x, )" dydx :%B(p+2, p(ar—1) +1). 17)
aa +
Since | f"(y)[" is convex on [a,b], we can write
" b_y y_a ! b— " q y_a " q
f'l —a+—— < f ——1f"(b)[". 18
(b—aa+b—a j < -a (a)| +b—a| ()| (18)

Using the inequality (18), it follows that

D ey T

b
j| f"(y)" dydx

<|f"(a)* j j ydydx+ ") [[ —:dydx (19)
_|f@)f 42r|f”(b)| b_a).
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Finally by substituting (17) and (19) in (16), then we easily obtain required inequality (15). This
completes the proof.

Theorem 3.4.
Let f : 1°c R— R be a twice differentiable mapping on 1°, a,bel® *is
convex on [a,b], q>1, then the following inequality holds:
IMNa+1) 1., a f(a)+ f(b)
fb)+J7 f(a)|-——=
2oy Pa 1O+ @] 0
alb-a
< 203 fo(p+2,pla 1) 41
2" (p+1)°
2 fﬂ(alq +|fn(blq q N |f"(a1q +2|f”(b]q q
X ’
3 3
1
where 4 +% =1 and B(p,q):gup’l(l—u)q‘ldu, (p,q>0) is Euler's Beta function.
Proof:
From Lemma 3.1 and using Holder's inequality, we have
F(a +1) a f(a)+ f(b)
Jofb)y+J; f(a)|-——=
a b x ( " p| b x 0 %
< — “DP(y—a)® dydx f"(y) dydx 21
2b—a)" {” y HH (y)"dy } (21)

f(y)" dydxﬂ.

By calculating each of integrals in (21) with utilizing convexity of |f”(y)|q , We obtain

b b pl bb
{”b y)P(x— a““)pdydx} DI

a
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INa+1) 1., " f(a)+ f(b)
‘z(b )a[ a+f(b>+Jb_f(a)]—#‘

a

<z
2(b—a)”

x {M B(p+2, p(a _1)+1)H(b _2a) 2(a) +

p+1 3

"(b)° } (22)

p+1 3

SR p<a1>+1>ﬂ<b—2a>x e arelr [

The proof is thus completed.
Now, we proved the following theorem using Holder's inequality different way:
Theorem 3.5.

Let f : I°c R— R be a twice differentiable mapping on 1°, a,bel® “is

convex on [a,b], q>1, then the following inequality holds:

F(a+l) f(a)+ f(b)|_( [£7(a)" +] f"(b)|* q
T L35 £ (b)+ 3¢ ()] ; | ;[ > , (23)

where =1.

'OIH
QlH

Proof:

From Lemma 3.1 and using Holder's inequality, we find that

‘M [0 f )+ 3¢ f(a)]-

f(a)+ f(b)
2(b—a)” 2

(24)

f(y)"* dydx} .

1
p

e

oo

We calculate the above integrals respectively:

i 2 o +2
££|G X, y) dyd X_a(a+1)(a+2) (b—a) (25)

Because

f ”(y)|q is convex on [a,b], we obtain
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fr(a) +
2

D ey T

T Gl y)] (e = ——0=2) e | (26)
a 2(a+)(a+2)

Substituting the equalities (25) and (26) in (24), we obtain the inequality (23) which completes
the proof.

4. Conclusion

In this paper, using a special function and Riemann-Liouville fractional integrals, we obtain
several Hermite-Hadamard type inequalities for functions whose second derivatives absolute
value are convex. It is important because of giving Hermite-Hadamard type inequalities different
way. Similarly, you can obtain such as inequalities using special functions.
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