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Abstract

The need to formulate quantifiers for water, energy and food (WEF) is necessary sequel to con-
servation issues worldwide. Existing methodologies on the WEF nexus appear less fitting in sus-
tainability arguments because of incompleteness. This article analyzes the WEF nexus in open but
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restricted environments (ObR-E’s) with completeness assumption in form of the known inter-intra
dependence of nexus elements for sustainability and better conservation practice. The analysis
leads to the discovery of the Jalingo equation whose any non simplistic solution is a solution
to the WEF problem in some ObR-E’s world wide. It is important to seek other non simplistic
solutions for this equation under certain constraints known to affect WEF in ObR-E’s of specialty.

Keywords: WEF; WEF nexus; ObR-E; ObR-E-Types; Jalingo equation
MSC 2010 No.: 60K25, 60H10, 91A15, 62P12

1. Introduction

In Foran (2015), Chang et al. (2016) and most recently, Anne et al. (2018), the need to develop
stronger models for the WEF nexus is motivated. Precisely, justification for a holistic consideration
of the nexus in continuous time is provided. For completeness, emphasis on considering the natu-
ral inter and intra dependence of elements of the nexus is made; Hoff (2011), Bazilian (2011) and
Foran (2015). In this respect, models with inter-intra assumption are needed at present because of
functionality; Wolfe et al. (2016) and Tamee et al. (2018). This class of models uniquely can stand
tall on challenges of adaptability posed by nexus elements because of completeness; Anne et al.
(2018). A clear benefit is that derived measures are complete and therefore sustainable; Biggs et al.
(2015). Admittedly, models with such per degree are most suitable for adoption in natural environ-
ments such as the open-but-restricted environment (ObR-E). On records, environments allowing
the usage of water, energy and food without bounds amidst foreseen and unforeseen scarcities exist
in the majority; United Nations (2014). We refer to these environments as ObR-E’s.

Globally, ObR-E’s are of varied forms depending on the rotation of the nexus relative to usage of
elements; Harley et al. (2015). ObR-E-Type I evolves sequel to the rotation of the WEF nexus to
usage of a single element (water/energy/food). This environment might have existed long time ago
or exists at present during acute shortage periods of two elements. Additionally, it may be a future
environment. Under low energy utilization, ObR-E-Type I could be theorized as Green-Naghdi
environment; El-Karamany and Ezzat (2017). On the other hand, ObR-E-Type II evolves sequel
to the rotation of the nexus to usage of two elements (water and energy/water and food/food and
energy). This ObR-E appears to be the dominant form by geographical coverage at present. Most
environments round the globe use more of two elements to date with methodologies on the use of
the other element in progress. Finally, ObR-E-Type III evolves when the nexus rotates relative to
usage of three elements (water, energy and food). In any form, research has shown that ObR-E’s
are known for misuse of restricted elements; Stephen et al. (2002), Hamed Al-H et al. (2010) and
Chang et al. (2016).

Generally, the WEF nexus on ObR-E’s especially ObR-E-Type II has been studied in the literature.
For a survey, see Harley et al. (2015), Adongo and Cong (2016), Levy (2017) and more recently,
Tamee et al. (2018). Clearly, even with the bulk of models for this nexus on ObR-E’s, research on
ObR-E-Type I is scarce in the literature. Additionally, developed models for ObR-E-Type II and
ObR-E-Type III mostly are devoid of the inter-intra dependence assumption of elements. Moreover,
models in this category are descriptive rather than analytic. We argue that such simplistic models
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cannot capture the true state of the nexus on any ObR-E because of incompleteness. Additionally,
we claim that this incompleteness is the principal cause of issues of sustainability in development
plans covering the nexus and low livelihood standards in ObR-E’s globally today. Thus, there is
need to provide enigmatic models on all forms of ObR-E’s for conservation purposes.

This paper develops a model that predicts the state of the nexus relative to usage of any number of
elements in ObR-E’s in this respect. Most importantly, the governing equation for WEF dynamics
in ObR-E’s necessary for solving the global problem of water, energy and food is discovered and
named the Jalingo equation. Additionally, basic properties of the said equation that guarantee
smoothness of path to a sustainable WEF in ObR-E’s are specified. We envisaged that the future of
global WEF discourses on ObR-E’s and ObR-E associated functions will depend to a large extent
on the optimal solution of the said equation.

2. Basic Assumptions

Exponential usage times and Poisson arrival mass transits are assumed in time and space. We
assumed further that the states of the three elements (water, energy and food) are accessible from
one another with period unity (interdependence) and invariant measure P. Consequently, the three
states form a naturally coupled communicating Markov chain as expected; see Aldawody et al.
(2018). Suppose that each state in the nexus has a natural tendency for self communication (intra-
dependence) during idle periods in addition to the busy period communication specified above.
Then the communication process is complete. Under this condition, a given set of differential
equations is satisfied; see Medhi (2003). Suppose further that state transitions take place from
the idle state (state 0) of an element to its busy state (state 1) or that of another element (complex
interactions) similar to the layer-media problem of Ezzat and El-Bary (2018) in a probability sense.
Then, there are eight (8) coordinates needed for a complete discussion of the WEF nexus for a
conserved ObR-E ( Hammack (2013)). These coordinates are obtained by solving a system of
coupled differential equations under the probabilistic laws of dependence and independence of
generating events in both time and space. The following notations are adopted henceforth:

A: Arrival rate of a mass of element of the nexus.

w: Usage rate of elements in an ObR-E.

p: Utilization/Occupation rate of elements in an ObR-E.

1: State of Water anytime in an ObR-E.

j: State of Energy anytime in an ObR-E.

k: State of Food anytime in an ObR-E.

P, ; ;- Stationary probability that water, energy and food are in states 7, j, & in ObR-E.

P, o o: Stationary probability that water is in state i(# 0), energy and food in idle states.

Py jo: Stationary probability that energy is in state j(# 0), water and food in idle states.

Py o1 Stationary probability that food is in state k(5 0), water and energy in idle states.

P, j o: Stationary probability that water is in state i(# 0), energy in state j(# 0), and food in idle
state.

P, o x: Stationary probability that water in state i(# 0), food in state j(# 0), and energy in idle
State.
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Py . Stationary probability that energy is in state j (3 0), food in state k(7 0), and water in idle
state.

This work formulates analytic solution that predicts the needed eight (8) coordinates for a complete
discussion and analysis of the WEF nexus in any ObR-E.

3. Balanced Equations and Analysis

Under the rate equality principle common to Poisson mass movements, let p < 1 so that the WEF
system is stable. Then, the global balanced equations derived from associated Kolmogrov forward
and backward differential equations for the WEF system are given by

APo0,0 = (Proo + Poio + Pop,), (1
(A =+ 1) (Proo + Poo+ Foor) = Moo + p(Prio + Proi + Fo), (2)
(A4 ) (Prao+ Proi+ Poai) = M Proo + FPoio + FPooa) + P (3)

Letp = ﬁ Combining (1), (2) and (3) coupled with the Markov property of the states; we have
Pioo+ Po1o+ Pooi1 = pFooos 4)
Piiog+ Pio1+ Poria=p(Proo+ Foio+ Foon), (5)
Piig=p(Prao+ Prog+ Foia) (6)

The idle state probability %) o is obtained from the normalization condition that

Pooo + Proo+ oo+ Poor+ Prio+ Proi+ o+ Piig =1 (7

In view of (4), (5) and (6), upon applying basic properties of geometric series on (7) therefore,

1

Poog=— . 8
0,0,0 0+ ) (8)

For a numerical illustration of the behavior of /% o o with the utilization parameter p, suppose
that p varies from 0.001 to 0.9999. The following numerical results corresponding to /% o for such
p are obtained.

From Table 1, it can be seen that the stationary idle state probability I oo values decrease
with increase in the utilization rate p of the nexus as expected.

Lemma 3.1.

The {P), : h = 1,2, 3} that the WEF nexus is in state & is given by
p

Pl:(]_‘l—p)g’ (9)
2

Pi= _’;p)s, (10)
5

B Tp (v

https://digitalcommons.pvamu.edu/aam/vol14/iss1/27



Sani et al.: Water-Energy-Food Nexus in ObR-E’s: The Eight (8) Coordinates
AAM: Intern. J., Vol. 14, Issue 1 (June 2019) 393

Table 1. Py oo for some p

P Poo.0
0.0010 0.997005990
0.1250 0.702331961
0.2990 0.456218137
0.4753 0.311428943
0.8111 0.168334335
0.9000 0.145793847
0.9999 0.125018751

Proof:
This is consequence of (4), (5) and (6). =

Equations (9), (10) and (11) are strong equations for predicting integer-state based tendencies for
the three elements combined anytime. For instance, (9) predicts the stationary tendency that either
water, energy or food is utilized in an ObR-E. Unfortunately, (9) is less stronger in identifying
which one of the three elements is indeed utilized. The same weakness applies for (10) and (11)
respectively. Unfortunately, predicting impact at element levels are what is necessarily required for
completeness. It is interesting to note that (11) and (6) are equivalent equations under free lunch
assumption. Additionally, (4), (5) and (6) are coupled equations generated by complex interactions
of elements in an ObR-E; Lindberg and Leflaive (2015) and Stijn et al. (2017). Therefore, it is only
in rare cases closed form analytic solution exists for each component probability. This explains
why incomplete analysis of the WEF nexus in ObR-E’s dominates the literature. We seek to find a
much more stronger solution for each component probability. We make the following proposition.

Proposition 3.2.

Suppose & = {(4, 7, k), (I, m,n), (p,q,7)...} denote a set of generalized coordinates for the WEF
nexus in an ObR-E. Let & be a linear operator on . Then & is that unique injector of & to .

Proof:

It suffices to show that for any two arbitrary coordinates 3, 3. € S, the function @ such that
@ : & — Jis one to one. Consider I, I, coordinates in 3. Define @ such that

%y D %z = %y+27 (12)
for some fixed states y and z € . Then, the proposition holds good. n
In view of Proposition 3.2 above, the complexity in solving the coupled system (4), (5) and (6)
reduces to solving the three-parameter equation (4) a.s. Hence, (4) is called the Jalingo equation

because of originality and uniqueness in solving the WEF nexus related problems in ObR-E’s. This
equation has the following properties:
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1. It has infinitely many solutions to which the mean solution is simple.

2. Every non simple solution is a realistic solution.

3. A realistic solution (any feasible solution) generates a set of solutions for the entire WEF nexus
in some ObR-E’s including the optimal solution.

4. A Feasible Solution

Consider the unitary states whose tendencies are represented by the Jalingo equation above. Under
the condition that water is energy and vice versa (Giulio (2014)). By extension, the same could be
said for water and food. This implies the existence of at least a time point on the WEF nexus such
that energy and food states are in the water state. Let this point be a chosen embedded point on
the WEF nexus time axis relative to the states in (4) above. If one counts the number of angular
rotations taking the unitary energy and food states of (4) to water state clockwise then, the said
equation will have the representation that

(1 + 7+ 7T2) Proo = pFopo- (13)
In view of (8),
P
Pioo = 14
WO A p(L+ T+ 72) (14)
TP
Pyio = 15
PO 4P+ 7+ w2) (15)
2p
FPoo1= . 16
OO (14 )P (1 + 7+ 72) (16)
Additionally, by proposition 3.2,

p(m+1)
Piio= 17
MO AP (414 72) {17

p(r* +1)
P 18

mp(r + 1)
Pyi1= . 19
M TP o+ ) )

5. Numerical Approximations
For a numerical consideration of the nexus relative to any ObR-E, we study the behavior of each

P, ; ; relative to the utilization coefficient p € (0, 1) leading to a complete discussion and analysis.
The following numerical results are obtained.
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Table 2. P; ; ;. for some p in ObR-E Type I

P P Py Pooa
0.0010 0.000071229 0.000005508  0.000991467
0.1250 0.000704904 0.000485012 0.087301243
0.2990 0.012646712 0.000753622 0.135657349
0.4753 0.015585902 0.000817815 0.147200031
0.8111 0.017648764 0.000754350 0.135782257
0.9000 0.017793446 0.000724923 0.130490012
0.9999 0.017842872 0.000690621 0.1243155768

Table 3. P; ; ;; for some p in ObR-E Type II
1Y P1,1,0 P1,0,1 P0,1,1
0.0010 0.000005539 0.000991498 0.0009970101
0.1250 0.000487723 0.087306467 0.087790012
0.2990 0.000757810 0.135655604 0.136411002
0.4753 0.000822321 0.147204411 0.148021101
0.8111 0.000758511 0.135781661 0.136531101
0.9000 0.000728950 0.130489543 0.131214321
0.9999 0.000694460 0.124315628 0.125001234

Table 4. P; ; ;. for p in ObR-E Type III

p

P

0.0010
0.1250
0.2990
0.4753
0.8111
0.9000
0.9999

0.000002992
0.034290020
0.134601243
0.244500123
0.422100137
0.460611224
0.500000000

6. Discussion and Scope

Remark 6.1.

395

ObR-E’s are equivalent environments only under low occupation rate of the WEF nexus. This is
clear from tables 2, 3 and 4 above. One can see that if the occupation rate p of the nexus is in the
neighborhood of (0,0.001], the stationary P, ; values do not significantly differ in all the three
ObR-E’s. Consequently, it can be concluded that within such spheres of occupation rates of the
WEEF nexus, the three ObR-E’s specified above are similar environments. On the other hand, if
p — 1, the independence of each ObR-E becomes more pronounced and distinct relative to the
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occupation rate of the nexus. This opens yet another discourse on the WEF nexus relative to the
global issue of climate change in terms of financing.

Remark 6.2.

In ObR-E Type I, Water usage is significantly connected to energy usage only at low occupation
rate of the nexus. Additionally, water usage is significantly connected to food usage only at high
occupation rate of the nexus. This remark is clear from table 2 above. It can be seen that when p is
in the neighborhood of (0, 0.125], P; o0 and Py o values do not differ significantly from each other.
This implies a strong connection between having water and having energy at the idle states of the
other element in this respective ObR-E. On the other hand, as p — 1 from below, the connection
tendency between water and other elements moves in favor of food. It can be concluded then that
in ObR-E-Type I, water usage is synonymous to food usage but not energy.

Remark 6.3.

In ObR-E-Type II, occupying water and food is similar to occupying energy and food. This is
evident from table 3 above. One can see that if p — 1 from below, the values of P o, and ;3
are approximately the same. Consequently, the busy periods of the two states are equivalent in
this ObR-E. Again, since occupying water and food is equivalent to occupying energy and food,
a significant nexus in this regard is that of water and energy at idle and busy states of food in this
ObR-E.

Remark 6.4.

In ObR-E Type I1II, high occupation rates implies high busy rate of the nexus. This is in view of
the stationary values for P ; ; relative to p € (0, 1) as in table 4.

7. Conclusion

In this article, water-energy-food nexus in ObR-E’s is analyzed. The analysis led to the identifi-
cation of the eight (8) coordinates required for a complete discussion of the nexus in ObR-E’s.
Additionally, a difference-differential equation named; the Jalingo equation whose any realistic
solution is a solution to the lingering problem of water-energy and food in some ObR-E’s is iden-
tified. Under the stability condition of the nexus in ObR-E’s, a feasible solution for this equation
together with associated coupled equations are presented. Finally, some numerical results and dis-
cussions for classified ObR-E’s under various utilization rates of the nexus are given. There is a
scope in understanding the operational research and management of several functions of finance,
business, geography, environment and engineering in relation to the discovered equation of this
work for optimization purposes.

Acknowledgment

The authors are grateful to the Journal’s Chief editor and the anonymous reviewers of this article
for providing valuable contributions and suggestions that shaped the article to this quality. To all

https://digitalcommons.pvamu.edu/aam/vol14/iss1/27



Sani et al.: Water-Energy-Food Nexus in ObR-E’s: The Eight (8) Coordinates
AAM: Intern. J., Vol. 14, Issue 1 (June 2019) 397

the sources of reference used also.

REFERENCES

Adongo, F. G. and Cong, R. (2016). Food Security within the Water Food Energy Ecosystem Nexus
in Sub Saharan Africa. Design Workshop Proceedings, 18th-19th May 2016 in Addis Ababa,
Ethiopia.

Aldawody, D. A., Hendy, M. H. and Ezzat, M. A. (2018). On Dual-Phase-lag Magneto-Thermo-
Viscoelasticity theory with Memory- Dependent Derivative, Microsystem Technologies, pp.
1-15.

Anne, T., Maria, M., Wilson, O. and Sani, S. (2018). On the Water-Energy-Food Nexus I, Journal
of Environmental Informatics, under review.

Bazilian, M. et al. (2011). Considering the Energy, Water and Food Nexus: Towards an Integrated
30 Modeling Approach, Energy Policy, Vol. 39, No. 12, pp. 7896-7906.

Biggs, E. M. et al. (2015). Sustainable Development and the Water-Energy-Food Nexus: A Per-
spective on Livelihoods, Environmental Science & Policy, Vol. 54, pp. 389-397.

Boccaletti, G. (2014). Solutions to the Water-Energy-Food Nexus remain elusive. The Guardian,
Environment, Last modified on Wed 14 Feb. 2018 18.48 GMT.

Chang, Y., L1, G., Yao, Y., Zhang, L. and Chang Yu, C. (2016). Quantifying the Water-Energy-Food
Nexus: Current Status and Trends, Energies, Vol. 9, No. 65, pp. 1-17.

El-Karamany, A. S. and Ezzat, M. A. (2017). Fractional Phase-Lag Green-Naghdi Thermoelasticity
theories,Journal of Thermal Stresses, Vol. 40, No. 9, pp. 1063-1078.

Ezzat, M. A. and El-Barry, A. A. (2018). Unified GN Model of Electro-Thermoelasticity theories
with Fractional Order of Heat Transfer, Microsystem Technologies, Vol. 24, No. 12, pp. 4965-
4979.

Foran, T. (2015). Node and Regime: Interdisciplinary Analysis of Water-Energy-Food Nexus in
the Mekong region, Water alternatives, Vol. 8, No. 1, pp. 655-674.

Hamed, Al-H., Saif, Al-H. and Habib, EI-H. (2010). Better Buildings, Enhanced Water-Energy
and Waste Mgt. in Arab Urban Ecosystems-Globally Applicable, Unesco-Doha publication.

Hammack, R. (2013). Sets, Book of Proof, Virginia Commonwealth University.

Hayley, L., Decland, C., Micheal, B. and Judith, R. (2015). Tracing the Water-Energy-Food Nexus:
Description, Theory and Practice, Geography Compass, Vol. 9, No. 8, pp. 445-460.

Hoff, H. (2011). Understanding the nexus, Background paper for the Bonn 2011 conference *The
Water, Energy and Food Security Nexus’, Stockholm: Stockholm Environment Institute, 16-
18 November 2011.

Levy, M. (2017). Sustainability in the Water-Energy-Food Nexus; Bridging Science and Policy
Making, Policy Briefing, www.iwra.org @ 12.34pm Thursday, 21st December 2017, pp. 1-4.

Lindberg, C. and Leflaive, X. (2015). The Water-Energy-Food Nexus: The Imperative of Policy
Coherence for Sustainable Development, OECD, 6, pp. 1-12.

Medhi, J. (2003). Stochastic models in queuing theory, Markov Chains, Carlifonia Press Inc.

Stephen, J. V., Thomas, C. W. and William, A. B. (2002). Water and the Environment, American

Published by Digital Commons @PVAMU, 2019



Applications and Applied Mathematics: An International Journal (AAM), Vol. 14 [2019], Iss. 1, Art. 27
398 S. Sani et al.

Geological Institute in cooperation with Bureau of Reclamation, National Park Service, U.S.
Army Corps of Engineers, USDA Forest Service, U.S. Geological Survey, AGI Environmental
Awareness Series, 5, American Geological Institute publication.

Stijn, R., Jan, V., Wouter, W. and Ruerd, R. (2017). The Water-Energy-Food Nexus, A quick scan,
Wageningen Economic Research publication.
Tamee, R. A., Arica, C. and Christopher, A. S. (2018). The Water-Energy-Food Nexus: A system-
atic review of methods for nexus assessment, Environmental Research Letters, pp. 1-44.
United Nations (2014). Water and Energy Sustainability. UN Information brief.
http//www.un.org/waterforlifedecade/water and energy/2014/

Wolfe, M. L., Ting, K. C., Scott, N., Sharpley, A., Jones, J. W. and Verma, L. (2016). Engineering
19 solutions for food-energy-water systems: It is more than engineering. Journal of Environ-
mental Studies and Sciences, pp. 172-182.

ABOUT THE LEAD AUTHOR

S. Sani is a Senior Lecturer-Mathematics, University of Eswatini-Kwaluseni, Eswatini. He
is actively engaged in Mathematics of Finance, Operational Research and Optimization
of service systems of Economics, Engineering and Environment to date. He has published
several research papers in these areas and was invited by many academic institutions world-
wide for presentation of research papers at conferences of International repute including
the prestigious African Academy of Sciences Conference of 2016 in Abuja-Nigeria. He
received the Annual Best Lecturer award for Physical Sciences of the School of Engineer-
ing and Applied Sciences, Kampala International University Uganda in December 2018.
S. Sani has also taught and tutored Mathematics in several African Universities including
the University of Botswana, Gaborone. To date, he has supervised to completion 5 M.Sc.
theses to which 3 led to the award of M.Sc. Mathematics and 2 led to the award of M.SEE.
Electrical Engineering.

https://digitalcommons.pvamu.edu/aam/vol14/iss1/27

10



	Modeling the Water-Energy-Food Nexus in ObR-E’s: The Eight (8) Coordinates
	Recommended Citation

	Modeling the Water-Energy-Food Nexus in ObR-E’s: The Eight (8) Coordinates
	Authors

	tmp.1628393143.pdf.n5NPY

