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Abstract

In this paper, firstly, we define the Lucas difference sequence spaces by the help of Lucas
sequence and a sequence of modulus function. Besides, we give some inclusion relations and
examine geometrical properties such as Banach-Saks type p, weak fixed point property.
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1. Introduction

Let w be the space of all real and complex valued sequences. Each linear subspace of w is
called sequence space. Throughout the paper £, £,(1 < p < =), c and ¢, denote the spaces
of all bounded, p-absolutely summable, convergent and null sequences, respectively. If X is a
complete linear metric space, then a K-space X is called an FK-space. An FK-space whose
topology is normable is called BK-space.

An infinite matrix is a double sequence A = (a,y) of real or complex numbers defined by a
function A from the set N x N into the complex field C (or R) where N = {0,1,2, ...}. The
treatment of infinite matrices is absolutely different from finite matrices. There are various
reasons for this. In some instances, the most general linear operator among two sequence spaces
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Is presented by an infinite matrix. Let X and Y be any two sequence spaces. A defines a matrix
mapping from X into Y, if Ax = {(Ax),} € Y for every x = (x;) € X where

(Ax)p, = Xk Qg Xy (1)

The class of all matrices A such that A: X — Y is symbolized by (X:Y). In this way, A €
(X:Y) iff the series on the right hand side of (1) converges for each n € N and every x € X,
and we get Ax = {(4x),} €Y forall x € X.

The concept of matrix domain is important for our study. For an infinite matrix A, the matrix
domain ¢, in a sequence space ¢ is defined by

¢4 = {x € w: Ax € ¢}, 2
which is a sequence space [Basar (2011)].

Recently, so many authors have made use of the approach of constructing a new sequence space
using matrix domain for a triangle infinite matrix, e.g., Basar and Altay (2003), Altay and Basar
(2005), Kirisci and Basar (2010), Mursaleen and Noman (2010), Mursaleen and Noman (2011),
Kara and Basarir (2012), Kara (2013), (Debnath and Saha 2014), (Debnath et al. 2015), Karakas
(2015).

In the literature, the matrix domain A, is called the difference sequence space if A is a normed
or paranormed sequence space where A symbolizes the following backward difference matrix
A= (A,;) and A’'= (A',;) symbolizes the following transpoze of the matrix A, the forward
difference matrix. For 1 = £, this space is called as the space of sequences of p —bounded

variation, that is, bv,. Also, it is clear that b, = (¢;),.

D™k (m-1<k<n),
0, (0<k<n-—1ork>n),

(D" %, (m<k<n+1),

and A ={
k0, (0<k<nork>n+1).

Apg= {
The notion of difference sequence spaces was first defined by Kizmaz (1981) in the form of

X(A) ={x € w:x), —x341 € X} for X = £, ¢, c,. These spaces were generalized by Et and
Colak (1995) as X(A") = {x € w:A"x € X}, X = £, C,Cp -

The difference sequence space bv, which is examined by Altay and Basar (2007) contains
sequences (x) such that (x;, — x,_;) for 0 < p < 1. Inthe case 1 < p < oo, this space was
studied by Colak et al. (2004). Also, many authors analyzed the certain difference sequence
spaces, see Ahmad (1987), Malkowsky (1989), Et (1993), Mursaleen (1996), Et and Basarir
(1997), Tripathy (2003), Colak and Et (2005), Basar et al. (2008).

The main aim of this note is to introduce new sequence spaces #(E(r,s), %, p,u) and
t’oo(E(r, $), & p, u) with the help of sequence of modulus functions, non-zero real numbers r
and s, Lucas difference matrix and its matrix domain. In addition, we investigate some
topological properties and also find out some inclusion relations concerning with these spaces.
Finally, we work through geometrical properties of the space {’(E(r, $), & D u).

2. Material and methods

In this part of our study, we inform about familiar concepts which are necessary for us later on
the paper.
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Definition 2.1.

A modulus f is a function from [0, ) to [0, ) such that f(x) = 0 if and only if x = 0;
fx+y) < f(x)+ f(y) for x,y = 0; f is increasing; f is continuous from the right at 0.
[Nakano (1953)].

It follows that f must be continuous everywhere on [0, o). To construct some sequence spaces,
many authors used a modulus function, see Ruckle (1973), Maddox (2008), Pehlivan and Fisher
(1994), Altin (2009), Raj et al. (2015).

Definition 2.2.

A Banach space X possess Banach-Saks property if any bounded sequence in X approves a
subsequence whose arithmetic mean converges in norm. In a similar vein, a Banach space X
has weak Banach-Saks property if any weakly null sequence in X admits a subsequence whose
arithmetic mean strongly converges in norm.

Definition 2.3.
Let Y be a Banach space. The coefficient R(Y) was defined by

R(Y) = sup (lim inflly, +y1)

and also a Banach space Y with R(Y) < 2 holds weak fixed point property. [Garcia-Falset
(1994)].

Definition 2.4.

Let L,, be the nth term of a sequence such that L, =2,L; =1and L, = L,,_; + Lp_,,n = 2.
The resulting sequence 1,3,4,7,11,18,... is called Lucas sequence.

We can find so many fundamental properties about Lucas sequences in Koshy (2017) and Vajda
(1989). Some of them are as follows:

n n
Z Ly =Lnyz —3; Z Lag—1 =Lan—p n21,
k=1 k=1

n 2n
DUk =labn =2 ) Lils == 4
k=1 k=1

Lyy1ln-1 — L% = (=5)(-D™
It can be easily derived by placing L, in the last equality that
L2_ 4 LyL,_q — L% =-=5(—-1)™
By using above information, we define the following double band matrix

(72 (e=n-1),

E=(Ln) = { bes (=g 5 mk €N (0} ©)
k 0, other,
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Karakas and Karakas (2017). The inverse of this matrix is

L3,
o , 0<k<n,
E™ = qLy_1Ly

0, other,

and the E — transform of a sequence x = (x,,) is defined by

Ly Ly
Xy Xy n = 1 4
n n—1

Yn = En(x) =

Later, the above Lucas matrix was generalized and constructed the matrix E(r,s) =
(Ln (1, 5)) for non-zero real numbers r and s as follows:

L
JsLn, (k=n-1),
n—1
. _ _ _on.
E(r,s) Lna k= n),’ n,k € N — {0}

o~

n

|
kO, (0<k<n—1lork>n),

Now, by using the matrix E(r, s), we introduce the following Lucas difference sequence spaces:

N <ol

Lo (E(r,s), & p,u) = {x € w: sup,, [unFn (lrLZ—:xn + sLL” xn_1|) < oo},

n—1

an_lx +s L X
Ln n Ln—l n—1

(E(r,s),Fpu) = {x € W:z [unFn (

and

where & = (FE,) is a sequence of modulus functions, p = (p,,) is any bounded sequence of
positive real numbers and u = (u,,) is a sequence of strictly positive real numbers. Also, for
the inverse of the matrix E (r, s) and the E (r, s)-transform of the sequence x = (x,,), we’ll use
the following equalities:

n—k 2
1(—5) In , 0<k<n,

E‘_l(r,S) = ; r Li—1Lg
0, k >n,
and
Vo = E,(r,5)(x) = rL’LH X, + sLL—”xn_l; n=>1. (5)
n n-—1
In addition, we will require the inequality
lay + by Pk < C(lag|P* + [ by [Px), (6)

where € = max{1,2"71}, H = supp, and p = (py) is a sequence of positive real numbers.
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3. Results and discussion

The proofs of the following two theorems are easy, so we give them without proof.
Theorem 3.1.

2(E(r,s),F p,u)and ., (E(r,s), T, p,u) are linear spaces over C.

Theorem 3.2.

{’(E(r, $), & v, u) is a paranormed space for M = max(1,H), H = supp,, with paranorm

M

900) = supy (S [tnF (|22 5, 4 5 21, )] )

Ly

Theorem 3.3.

Let & = (F,) be a sequence of modulus functions, p = (p,,) and q = (q,) be bounded
sequences of positive real numbers. If 0 < p,, < g,, < oo for each n, then f(E"(r, $), & p, u) c

(E(r,s), % q,u).

Proof:

Let us take x € 2(E(r,s), &, p,u). SO, ¥n [unFn (|rL2’1 X, + sixn_lmpn < 0. It means

n Ly

p
that [unFn (|rLZ‘1 Xp + sLL" xn—lm "<1fornz ny, that is, sufficiently large values of n.

1N

Hence, we obtain
[
Lpn—1 Ly Pn
< Ynon, [unFn (|rL—xn + SL_x”—lD < oo,

n2ny
n—1

L, 1 L
rn—xn + s—nxn_jL
Ln Ln—l

which implies that x € 2(E(r, s), %, q,u) because of p, < g, and F, is increasing.

Theorem 3.4.

If &§=(F,) be a sequence of modulus functions and a:limF”T(q)>O, then

g
(E(r,s), & pu) € L(Em,s),pu).

Proof:

The definition of «a gives us F,(q) = a(q), for all g > 0. Herefrom, we see that %Fn(q) >q,
for all ¢ > 0. Now, for x € £(E(r,s), ¥, p,u) we have

L, L Pn 1 L, L Pn
s ) <28 (e s )
n—1

n Lp—q n

o[ (|
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which shows that x € 2(E(r,s),p, u).
Theorem 3.5.

The inclusion 2(E(r,s), ¥, p,u) N €(E(r,s), ¥, p.u) € ¢(E(r,s),§ +§",p,u) holds for
sequences of modulus functions ' = (E,) and §" = (F,") .

Proof:

Letx € ¢(E(r,s), &, p,u) n€(E(r,s),§",p,u). Then, it can be easily seen that

! Ly Ly Pn .
Yo |unFy | |7 Xy + ST Xn_q < oo;

n n—1
Pn
R

L, 1 L,
uF"<|r " x +s X, _
Z[nn Ln n Ln—l n—1

and

From here, we have
L

Ln—l n Pn
Z [un(Fn’ +E") ( r X, +S—x,_1 )]
Ln Ln—l
" Pn
L, L
SMZ[unFn’(rnlxn+s nxn_l)]
- Ln Ln—l

p
+M Y, [unFn" (|1”sz1 X, + S Ln xn_ll)] n,

n Lnp—q
which means that x € £(E(r,s), ¥ + ", p, u).
Theorem 3.6. £(E(r,s), ¥, p,u) € €(E(r,s), T &, p,u)
Proof:

Let us take €>0,0<6<1 such that F,(q) <e for 0<q<d8. Choose y, =

L,_ L .
u, (|r . Lx, + sﬁxn_1|> and consider
n n—

DG = Y RGP+ Y (RO

n Yn<b Yn>6
In view of the continuity of F,, we have

TynsslFa )P < e, ()

Yn

andy, >8 =y, <P <1+

. For y,, > &, we obtain by the definition that

Fa(yn) < 2F,(1)72
and so

https://digitalcommons.pvamu.edu/aam/vol14/iss1/15
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Zyn>slFa )P < max{1, 2F, (18~} Znlyn]Pr. (8)

Equations (7) and (8) give the fact that £(E(r,s), &, p,u) € €(E(r,s),F o §,p, u).

Theorem 3.7.
2(E(r,s), & p,u) and ., (E(r,s), ¥, p,u) are normed spaces with

~ 1/M
Il ez irsr s = EnlweFi(|En )N
and
Il ey 251500 = SUPn[wFi(|EnCr, )],
forl <p, <H < ooforall k €N.
Proof:

It can be proved by standard technic in Raj et al. (2015).
L(E(r,s), & p.u) and £, (E(r, s), &, p, u) are sequence spaces of non-absolute type. Indeed,

”Mlt’(ﬁ(r,s),&p,u) * |||x|||£’(12*(r,s),i§,p,u) and ”x”t’w(ﬁ(r,s),&p,u) * I”xl”t’oo(l?(r,s),%,p,u);

which means that the absolute property is not valid on the spaces f(E"(r, $), & p, u) and
2o (E(r,s), S, p,u) for at least one sequence x = (x;).

Theorem 3.8.

The sequence space f(E(r, $), & p, u) of non-absolute type is linearly isomorphic to the space
£,for1 <p, <H<oforallk €N, thatis, 2(E(r,s), & p,u) = £,.

Proof:

Let us take into consideration the transformation Z: ¢(E(r,s), &, p,u) — ¢, defined by x -
y = Zx, with equality (5). Then, for x € ¢(E(r,s), &, p,u), we have Zx =y = E(r,s)x € ¢,,.
So, it is obvious that Z is linear. Also, it can be easily shown that Zx = 0 = x = 0 and thus Z
is injective. Now, let us consider y = (y,) € ¢, and identify the sequence x = (x;) for 1 <
pr < H < oo forall k € N as follows:

k
_12
e =5 ]1Lyj

j=1

Hence, we obtain for 1 < p,, < H < oo forall k € Nand p = oo,
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Pk
”x”#(ﬁ(r,s),‘{g,p,u) = Z [uka ( )]
k
k .
_ z [ ] b 12 ( S)"‘f L
B Ul | L, r T L;leyj

K j=1 ]

1/M
Ly Ly

rT—X + ST Xp—1
Ly L4

1/M
k-1 piey V/

and
1Ile (B0rs)5.p20) = sgp[uka(lﬁm D = lylle, < oo.

This gives the fact that Z is linear bijection and so the proof is completed. Now, we’ll investigate
the geometric structure of the space #(E(r, s), & p, u), that is, we’ll examine whether the space
{’(E" (r,s),%,p, u) has Banach-Saks property of type p and the weak fixed point property or not.

Theorem 3.9.

Let1 < py < H < oo forall k € N. The space f(E"(r, s), &, v, u) has Banach-Saks property of
type p.

Proof:

It can be demonstrated by standard technic which can be seen in Et et al. (2014).
Since the space f(ﬁ(r,s),‘{‘;,p,u) is linearly isomorphic to space #,, we have

R ({’(E(r, $), %D, u)) = R(¢,) = 2Y/?. In view of R ({’(E(r, $), %D, u)) < 2, we can give
the following theorem with the help of definition 2.3.

Theorem 3.10.

The space {’(E"(r, $),&p u) has weak fixed point property in the case 1 < p, < H < oo for all
k € N.

4. Conclusion

Geometrical properties of Banach spaces have been studied by many authors. In recent years,
one of the interesting topics is to examine topological and geometrical properties of difference
sequence spaces defined by Fibonacci and Lucas numbers. In this paper, we apply the domain
of infinite triangular matrix established by Lucas numbers and the modulus function to space
¢,. Then, we investigate topological and geometric structure of the obtained space. Since some
of the geometric properties of Banach spaces play an important role in the fixed point theory,
our results are interesting. However, the Lucas numbers and its properties can be considered in
different fields of summability theory such as statistical convergence and its applications.
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