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Abstract

We obtain necessary conditions for the existence of coincidence point and common fixed point for
contractive mappings in cone metric spaces. An application to the stability of J-iterative procedure
for mappings having coincidence point in cone metric spaces is also given.
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1. Introduction

Let (X,d) be a metric space, mappings 7,1 : X — X be such that 7(X) C I(X) and I(X) is
a complete subspace of X. It is interesting to observe that several real world physical problems
that arise in natural and engineering sciences can be expressed as a coincidence point equation
Tz = Iz, which can be solved by approximating a sequence {/x,} C X generated by an iterative
procedure. For any zy € X, consider

Izpi = f(T,2,) for n=0,1,---. (D)
1018
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this iterative process stands for Singh-Harder-Hicks type (see, for instance, Singh et al. (2005)).
For f(T,x,) = Tz, the iterative process above yields the Jungck iteration (or J-iteration), namely,

Iy =Tx, for n=0,1,---. )

It was introduced by Jungck (1976) and it becomes the Picard iterative procedure when I is iden-
tity map. Recently it was studied by many authors (Beg and Abbas (2006), Cho et al. (2008), Ciric
et al. (2008), Jesic et al. (2008), Jungck (1988), Mann (1953), Mishra (2017), Pant (1994)). We
obtain the sequence {/z,} in the following way: After having chosen any arbitrary point of X as
initial point, say, xo € X, we compute a; = Tz and solve Ix; = a; to get an approximate value of
x1, where 1 € I~ 'a;. Notice that the choice of z; is not unique if I is not one-one because then
we have several choice for z; since we have to find 1 € I~ 'a;. Therefore we have complications
in writing computer programs for solving equations with the procedure (S-HH), or in particular,
under J-iterative procedure. However in actual practice, we get Iy; under discretization of func-
tion or rounding off which is close enough to Iz;. Next, we get Iy which is close to Iz,. So, in
general, instead of getting exact sequence {/x, }, we get an approximate sequence {/y,, }. Further,
we notice that even if {Iy,} is convergent, the limit is not essentially equal to lim,,_,~ Tz, and
here the stability of iterative procedures plays an important role in numerical computations. For
I = id, the above discussed issue brings us to the matter of stability of the Picard’s iterative pro-
cedure for a fixed point equation 7'z = z in metric spaces (for this study, see Berinde (2002) and
Harder and Hicks (1988a, 1988b), which was initiated by Ostrowski (1967) and investigated by
many authors in metric spaces and in b-metric spaces (Mishra (2007), Mishra et al. (2015), Osilike
(1996), Rhoades (1990, 1993), Singh et al. (2005a,b,c), Singh and Prasad (2008)). Last decade wit-
nessed growing interest in fixed point and coincidence point theory in cone metric spaces which
was introduced by Huang and Zhang (2007). In (Huang and Zhang (2007)), the authors proved
some results concerning existence of fixed point for contractive mappings in cone metric spaces
where the assumption of normality of cone is demanded. Rezapour and Hamlbarani (2008) gener-
alized theorems of Huang and Zhang (2007) and proved some new fixed point theorems in cone
metric spaces. Afterward several researchers studied and obtained coincidence and common fixed
point with application in the setting of cone metric spaces (Azam et al. (2008, 2010), Filipovic
et al. (2011), Ilic and Rakojcevic (2008), Raja (2016)). In this paper, first we prove some new
coincidence point theorems in cone metric spaces (both for normal and non-normal case) and
secondly we initiate investigations of stability of Jungck-type iterative procedures for coincidence
equations in cone metric spaces. Our results generalize and extend results of Huang-Zhang (2007),
Rezapour-Hamlbarani (2008), Abbas-Jungck (2008) and the classical theorem of stability due to
Ostrowski (1967), respectively. Rest of the paper is organized as follow; Basic definition and ex-
amples about cone metric spaces are given in Section 2. Section 3 presents P-operator and Banach
operator pairs. In Section 4 we prove the existence of coincidence points and common fixed points
of operator pairs in cone metric spaces. Section 5, presents new results on the stability of pairs of
mappings satisfying contractive conditions as applications of the results obtained in Section 4.

2. Cone metric spaces

In this section, we review from existing literature (Azam et al. (2008), Huang and Zhang (2007),
Jankovica (2011), Kadelburg (2009)) some basic notations and definitions concerning to cone
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metric spaces.

Let E be a real Banach space and P be a subset of E. We say that P is a cone, if:
(1) P is non empty closed and P # {0};

(2)0<a,beRandz,y € Pimplies ax + by € P;

(3) PN (—P)={0}.

Given a cone P C E, we define a partial ordering < in E with respect to P by u < v, if and only if
v —u € P. We shall write u < v, if u < v and u # v. We shall write u < v, if v — v € IntP, where
IntP denotes the interior of P. The cone P is called normal if inf{ ||z +y|| : ,y € PN9OB1(0)} > 0.
The norm on F is called semi monotone if there is a number « > 0 such that for all z,y € E,

0<z=y implies |z| < &llyl. 2.1)

The least positive number « satisfying above is called the normality constant of P. It is clear that
k > 1.The cone P is a non-normal cone if and only if there exist sequences u,,, v, € P such that

0= up, =X Uy + vy, Up+v, — 0 but u, = 0.

In such case, one can see that the Sandwich theorem does not hold.

Example 2.1.

Let E = C0,1] with ||z|| = ||2||sc + ||7']|cc On P = {z € E z(t) > 0 on [0, 1]}. Clearly, this cone

is not normal. To see it, consider z, () = 52223 and y,,(t) = 422302 Then we have

— 0.

leall = llyal| = 1 and. 2, +pall = 5=
The cone P is called regular if every increasing sequence which is bounded from above is
convergent. That is, if {z,} is a sequence such that z; < z2 <X ... <z, <X .. 2 y (or
y =X . 2wy X xpq1 2 ... X 129 =X 17) fOor some y € E, then there is a x € X such that
|z, — x| — 0,n — oo. Equivalently the cone P is regular if and only if every increasing (re-
spectively decreasing) sequence which is bounded from above (respectively below) is convergent.
It is well known that a regular cone is a normal cone.

Definition 2.2.

Let X be a non empty set. Suppose the mapping d : X x X — E satisfies
(d1) 0 < d(z,y) forall z,y € X and d(z,y) = 0 if and only if z = y;

(d2) d(z,y) = d(y,x) for all x,y € M;

(d3) d(z,y) 2 d(x,z) +d(z,y) forall z,y,z € M.

Then, d is called a cone metric on X, and (X, d) is called a cone metric space.
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Notice that cone metric spaces generalizes metric spaces. Furthermore, we shall follow the termi-
nology of Huang and Zhang (2007) throughout this paper for the other details concerning to cone
metric spaces.

Let(X,d) be a cone metric space. Let {z,} be a sequence in X. We say that {x,,} is convergent to
some x € X, if for any ¢ € F with 0 < ¢ there exists N such that for all n > N, d(z,,z) < c. We
denote this by lim,,_,~ z,, = x. We say that {x,,} is a Cauchy sequence in X if for any ¢ € E with
0 < c there exists N such that for all n,m > N, d(z,, z,,) < c.

A space X is said to be complete cone metric space if every Cauchy sequence in X is convergent
in X. If {z,} is convergent to some = € X, then {z,} is a Cauchy sequence. If P is a normal
cone with normal constant « then: (i) {z,} converges to x iff lim, o d(x,,z) = 0; (i1) {z,} is a
Cauchy sequence iff limy, ;;,—y00 d(2n, ) = 0; (iid) if {x,,} and {y,} are two sequences in X such
that lim,, o0 ,, = @, lim,, 00 yn, = y for some z,y € X, then lim,, 100 d(Tn, yn) = d(z,y).

Ordered pair (7, 1) of two self-maps of a metric space (X, d) is called a Banach operator pair, if
T(F(I)) € F(I) i.e. the set F'(I) of fixed point of I is T-invariant. A commuting pair (7, 1) is a
Banach operator pair but in general converse is not true, see (Beg et al. (2010), Chen and Li (2007),
Pathak and Hussain (2008)). If (7', I) is a Banach operator pair then (7,7") need not be a Banach
operator pair [Chen and Li (2007), Example 1]. If the self-maps 7" and I of X satisfy

d(ITx,Tx) < kd(Iz,x), 2.2)

forall z € X and k > 0, then (7', I) is a Banach operator pair. In particular , when 7" = I and X is
a normed space, (3.1) can be rewritten as

|T%z — Tz < E||Tz — ||

Such T is called a Banach operator of type & in Subrahmanyam (1977) (also see Habiniak (1989),
Pathak and Shahzad (2008)).

Let C(T', 1) denote the set of coincident points of the pair (7, I). The ordered pair (7', 1) is called
‘P-operator pair, if

d(u,Tu) < diam C(T,I) Yu € C(T,1).

If the self-maps 7" and I of X satisfy T'(C(T,1)) € C(T,1I), then (T, I) is a P-operator pair.
Let M be any non empty subset of X. Then T is said to be universal P-operator, if
T(M) C M. )

Specially, when M = F'(I) and T satisfies condition (U), then we say that the pair (7, I) is a Banach
operator pair. The concept of P-operator pair is, indeed, independent of the concept of Banach op-
erator pair .
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3. Coincidence point

We now state and prove the main result of this paper as follows:

Theorem 3.1.

Let (X, d) be a cone metric space and P a normal cone with normality constant K. Let 7,7 : X — X
be mappings such that 7'(X) C I(X) and I(X) is a complete subspace of X. If there exists A € [0, 1)
such that K\ < 1 and

d(Tz, Ty) < A u, (3.1

where v € {d(Iz, Iy),d(Ix,Tz),d(Iy,Ty), [d(Ix,Ty) + d(ly,Tz)]/2} forall z,y € X, then T" and
have a unique point of coincidence in X. Further, if 7" and I are P-operator pair, then 7" and I have
a unique common fixed point.

Proof.

Pick zy in X and keep it fixed. By our assumption 7'(X) C I(X) we can choose a point 1 € X
such that T'zy = Iz;. Continuing this process we can choose z,,+1 € X such that Tx,, = [z, for
alln e N,

d(Izy, [ry41) = d(Tep—1,Tx,) < A,
where v € {d(Izy_1,Izy),d(Izn—1,Txn_1),d(I2y, Txy), s[d(Ixn—1,Txn) +d(Izn, Tap-1)]}

e, u € {d(Iﬂ:n,l,I:Un),d(Ixn,l,Ixn),d(Ixn,ImnH),%d([xn,l,fxmrl)}, i.e., u €
{dIzp-1, 1), d(I2p, I2n41), 2d(I2n_1, I2ny1)}.

Notice that v # d(Ixy,, [z,41), otherwise d(Ixy, [zy41) =X Ad(Ixy, [x,41), Which, in turn, implies
that ||d(Ixy, [xn41)]| < KA||d(Ixn, [xn41)]| < ||d(Izy, [Ty41)]], @ contradiction. On the other hand,
ifu= %d([{lj‘n_l, Il’n+1), then

o] >
N[ >

d(Izp, Ixny1) X =d(Ixp—1, [Tp41) 2 Z[d(Txp-1,I2y) + d(Ixp, [Th41)],

which implies that

A
d(Ixnajxn—i-l) = m (I'Tn—lvjxn)-

Thus, for all n € N, we have
d(Izp, Ixn 1) = kd(Izn_1, Ix,) < K2 d(Izn_9, T2, 1)
< k3d(Izy_3, T2y 2) < --- = k"d(Ixg, [21),

where k = maa:{/\, ﬁ} Clearly, k € [0,1). Now, for all n,m € N,n > m, we have

d(Izp, Ixy) < d(Ixm, [Tmi1) + d(Ixmyt1, [Tmyo) + ..o+ d(Tzp—1, [2,)
(K™ 4+ k™ 4+ B Yd(Ixg, Ix)

A |

m

k
md([ﬂ?g, ].’1}'1)

A
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Let ¢ € F with 0 <« ¢ be arbitrary. Choose 4 > 0 such that ¢ + Ns(0) C P, where N5(0) = {y € E :
|ly|l < 6}. Then, there exists Ny € N such that, for all m > Ny, we have £7d(Ixo, Iz1) € Ns(0),
that is, £ d(Izo, Iz1) < c. Thus,

m

k
d(Izpy, Ix,) < ﬁd(lxo,fxl) < e,

for all n > Nj. It follows that {Ix,} is a Cauchy sequence. Since [(X) is complete, and
so {Iz,} converges to some w € I(X). Thus, there exists No € N such that d(Iz,,w) <
%,d([mn,Txn) < § for all n > Ns. Since w € I(X), it follows that w = Iz for some z € M.
By (3.1), we obtain

d(Txp,Tz) < Av

for some v € {d(Ixy,Iz),d(Ixy, Txy),d(12,Tz),[d(Ix,, Tz) + d(Iz,Tz,)]/2}. Now there arises
four cases:
Case(i): If v =d(Izy, [2), then

d(Tz,1z) 2 d(Txp, Tz) + d(Txn, [2) R NIz, [2) + d(Ixny1, 12)
1—A 1—A
<<( 2)C+( 5 )c:(l—)\)c<<c, forall n > Ns.

Case(i): If v = d({xy,, Tx,), then

d(Tz,Iz) 2d((Tzyp,T2) + d(Tzp, 1[2) NIy, Txy) + d(Ixn41,12)
A 1—A
<<2c+( 2)C:;<<c, forall n > Ns.

Case(iii): If v = d(Iz,T'z), then

d(Tz,1z) 2 d(Txp, Tz) + d(Txn, [2) S Nd(I2,Tz) + d(Ixpi1,12), forall n > N,
implying that
d(T>, 1) < %duxnﬂ, 1)<t <e forall n> N
Case(iv): If v = [d({zp, Tz) + d(Iz,Txy,)]/2, then

d(Tz,1z) 2 d(Txn,Tz) +d(Txy, 12) 2

| >

[d(Ixy, Tz) +d(Iz,Tx,)] + d(Txy, 12)
=—d(Iz,,Tz)+ (14 %)d(IZ,Txn)

=

DO > Do >

[d(Izpn,I2)+d(Iz,Tz)] + (1+ g)d(lz,fxn_,_l), forall n > N

implying that

A 24+ A
< -~
d(Tz,1z) 5 )\d(]xn,lz) + S

(I=XXe (1=XN)(2+N)c
2(2-)) 2(2—-X)
< c¢ forall n > N,.

(IZ, Ig$n+l)

<

Thus, d(Tz,1z) < % for all j € N. It follows that 5 - d(Tz,1gz) € IntP. Since limjsoof = 0
and P is closed, we get —d(T'z,1z) € P, too. Hence, by definition of cone, d(7'z,1z) = 0, that is,

https://digitalcommons.pvamu.edu/aam/vol13/iss2/26
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Tz=1z=np.

Now we show that 7" and I have a unique point of coincidence. For this, assume that there exists
another point 2’ € X such that 72" = Iz’. Hence

0=d(Tz,TZ) <

where u € {d(1z,12'),d(Iz,Tz),d(Iz',T2),[d(Iz,TZ") + d(Iz',Tz)]/2} this implies, that (A —
1)d(Tz,T2") e P.But —(A — 1)d(T2,TZ") € P,so d(Tz,Tz") = 0.

Since T" and I are P-operator pair and C(7, I) is singleton, we find that
d(z,Tz) < diam C(T,I) =0 Vz € C(T,I).

It follows that z = Tz and z is a point of coincidence of 7" and I. But, z is the unique point of
coincidence of T and I, so z = Tz = I z. Therefore, T and I have a unique common fixed point.

By a proper blend of proof and arguing as in Theorem 3.1, we can prove the following theorems
3.1"and 3.1”

Theorem 3.1'.

Let (X, d) be a cone metric space and P a normal cone with normality constant K. Let7T,I : X — X
be mappings such that 7'(X) C I(X) and I(X) is a complete subspace of X. If there exists A € [0, 1)
such that K\ < 1 and

d(Tz, Ty) < A u, (3.1

where u € {d(Iz, Iy), [d(Iz,Tz) + d(1y,Ty)]/2,d({z,Ty),d(Iy,Tz)} forall z,y € X, then T and
have a unique point of coincidence in X. Further, if 7" and I are P-operator pair, then 7" and I have
a unique common fixed point.

Theorem 3.1”.

Let (X, d) be a cone metric space and P a normal cone with normality constant K. LetT,7 : X — X
be mappings such that 7'(X) C I(X) and I(X) is a complete subspace of X. If there exists A € [0, 1)
such that K\ < 1 and

d(Tz,Ty) < Au, (3.1")

where u € {d(Iz,Iy),[d(Iz,Tx) 4+ d(Iy,Ty)]/2,[d(Iz,Ty) + d(Iy, Tz)]/2} for all z,y € X, then T
and I have a unique point of coincidence in X. Further, if 7" and I are P-operator pair, then 7" and
I have a unique common fixed point.

We now drop the normality requirement of the cone metric space in the next result.
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Theorem 3.2.

Let (X, d) be a cone metric space and P a cone in E. Let T, I : X — X be mappings such that
T(X) C I(X) and I(X) is a complete subspace of X. If there exist k1 € [0,1), k2, k3 € [0, 5) and

d(Tz, Ty) < u, (3.2)

where 0 # u € {kid(Iz, Iy), ko[d(Iz,Tx)+ d(Iy,Ty)|, ks[d(Ix,Ty) +d(Iy,Tx)]}, forall z,y € X,
then 7" and I have a unique point of coincidence in X. Further, if 7" and I are P-operator pair, then
T and I have a unique common fixed point.

Proof.

Pick 2y in X and keep it fixed. By our assumption 7'(X) C I(X) we can choose a point 1 € X
such that T'zy = Iz;. Continuing this process we can choose z,,+1 € X such that Tx,, = [z, for

alln e N,
d(Izy, [zpy1) = d(Tep—1,Tx,) = u,
where
u € {kyd(Ixp-1,1zy), ke[d(Izp_1,Txn_1) + dlxy, Txy)], k3ld(Ixn—1,Tzy) + d(Ixn, TTn-1)]},
1.e.,

u € {kid(Ixp—1,Ixy), ke[d(Ixn_1,Ix,) + d(Ixy, [Tn11)], ksd(Izp—1, [Tp41)}-

Now there arises three cases:
Case (1): If w = kyd(Ixp—1, Iz, ), then we have

d(Izy, [Tyy1) < kid(Izp—1, [zy).
Case (ii): If u = ko[d(Ixp—1, [2y) + d(Lzy, [2441)], then we have

d(Izy, [Tp41) <

: _2k2d(Ia:n_1, Izy,).
Case (i1): If u = ksd(Ixy—1, Izp41), then we have

d(Ixp, Ixni1) 2 ksd(Tzp—1, Ixn41)] 2 ks[d(Txp—1, Ixn) + d(Izp, T2m41)],
which gives

d(Ix’m Il‘n—&—l) =

3
d(Izp_1, Izy).
1= g (%01, Tn)

Thus, for all n € N, we have

d(Ixp, [xny1) = kd(Izp—1,Ix,)

where k = ma:n{lﬁ, lf—z ks

T } Clearly, k£ € [0,1). Now, for all n,m € N,n > m, we have

d(Izp, Ixy) < d(Ixm, [Tmi1) + d(Ixmyt1, [Tmyo) + ..o+ d(Tzp—1, [2,)
(

=
< (k™ + E™ R Yd (T, T2)

m

k
md([ﬂ?g, ].’1}'1)

A
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Now, arguing as in Theorem 3.1, we get for each ¢ € E with 0 < ¢, there exists N; € N such that
for all m > Ny,

d(Izpy,, [x,) < c,

that is, {Ix,} is a Cauchy sequence. Since I(X) is complete, thus {Ix,} converges to some p €

I(X). Therefore, there exists No € N such that d(Iz,,p) < (1721{)07 d(Izy, Tz,) < §, foralln > No.

Since p € I(X), it follows that p = Iz for some z € X. By (3.2), we obtain

d(Tzy,Tz) v

for some v € {kid(Ixy,I2), ko[d(Izy, Txy) + d(I2,T2)], ks[d(Ixn, Tz) + d(1z,Tz,)]}. Now, there
arises three cases:
Case(i): If v = k1d(Izy, [2), then

d(Tz,1z) 2 d(Txp, Tz) + d(Txp, [2) < kid(Izn, [2) + d(Ixps,12)

E(1—k)e (1—k)c
2 + 2

Casel(ii): If v = ko[d(Izy, T,) + d(I2,Tz)], then

< =(1—-k%)c<e, forall n> No.

d(Tz,1z) 2 d(Txn,Tz) + d(Txy, 12)
< kold(Ixy, Txyn) + d(12,T2)] + d(Ixpi1,12),

which gives

k 1
d(Tz12) = 5 _2k2 Al Tan) + 7= -d(Ins, 12)
2 kd(Izp, Txy) +2d([zp41,12)
k 2(1 -k k
<=4 ( )C:(l——)c<<c, forall n > Ns.

2 2 2
Case(iii): If v = ks[d({zy,T2) + d(1z,Tx,)|, then
d(Tz,1z) 2 d(Txn,Tz) + d(Txp, I2) = ks3ld(Izy, T2) +d(Iz,Tzy)] + d(Txy, 12)
— hyd(Io, T2) + (1 + ko)d(I2, Ty)
R ksld(Izp,I2)+d(Iz,T2)] + (1 + k3)d(Iz,[zy+1), forall n > N

implying that

1+k
AT, 12) + 3412, Tansr)
— k3 1—ks

2 kd(Ixn,I2)+ (2+k)d(I1z, Ixn11)

< C _2k)kc + (1= k)f + ke < ¢, forall n> Ns.

Thus, d(Tz,1z) < %, for all ;7 € N. It follows that JE — d(Tz,1z) € IntP. Since limj_,oc$ = 0
and P is closed, we get —d(T'z,1z) € P, too. Hence, by definition of cone, d(T'z,1z) = 0, that is,
Tz=1z=np.

d(Tz,Iz) <

<
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Now, we show that 7" and I have a unique point of coincidence. For this, assume that there exists
another point 2’ € X such that 72’ = I2’. Hence

0=d(Tz,T7)=2u

where 0 # u € {kid(1z,12"), kold(12z,Tz) + d(1Z',TZ")], ks[d(Iz,TZ") + d(I1z',Tz)|} this implies
that either (k1 — 1)d(Tz,T2") € P or (2ks — 1)d(T2,T%z") € P. But —(k; — 1)d(T2,T2') € P and
—(2ks — 1)d(T2,TZ') € P, so d(Tz,Tz") = 0, which proves that 7' and I have a unique point of
coincidence.

The uniqueness of common fixed point, if 7" and I are P-operator pair, is obvious.

Setting ko = ks = 0,k1 = ks = 0 and k1 = ko = 0, respectively, in Theorem 3.2, we immediately
obtain the following results as corollaries of Theorem 3.2.

Corollary 3.3.

Let (X,d) be a cone metric space and P a cone in E. Let T, I : X — X be mappings such that
T(X) C I(X) and I(X) is a complete subspace of X. If there exists k; € [0,1) and

d(Tz,Ty) =2 krd(Iz, Iy) (3.3)

for all x,y € X, then T and I have a unique point of coincidence in X. Further, if 7" and I are
‘P-operator pair, then 7" and I have a unique common fixed point.

Corollary 3.4.

Let (X,d) be a cone metric space and P a cone in E. Let 7,1 : X — X be mappings such that
T(X) C I(X) and I(X) is a complete subspace of X. If there exists k; € [0, 3) and

d(Tx, Ty) = kold(Iz, Tz) + d(Iy, Ty)] (3.4)

for all z,y € X, then T and I have a unique point of coincidence in X. Further, if 7" and I are
‘P-operator pair, then 7" and I have a unique common fixed point.

Corollary 3.5.

Let (X,d) be a cone metric space and P a cone in E. Let 7,1 : X — X be mappings such that
T(X) C I(X) and I(X) is a complete subspace of X. If there exists k3 € [0, 3) and

d(Tz,Ty) < ks|d(Iz,Ty) + d(1y, Tz)] (3.5)

for all x,y € X, then T and I have a unique point of coincidence in X. Further, if 7" and I are
‘P-operator pair, then 7" and I have a unique common fixed point.

The following example shows that there exist mapping 7' : X — X satisfying the assumptions of
Theorem 3.1 but does not satisfy the assumptions of Huang and Zhang (2007) in their Theorem 1.
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Example 3.6.

Let £ = R?, the Euclidean plane, and P = {(z,y) € R? : 2,y > 0} be a normal cone in E with
normality constant K = 1. Let X = {(z,0) e R2: 0 <z <2} U{(0,7) e R?: 0 < x < 2} C E.
Defined: X x X — P by

A((,0),(,0)) = (3 +9), @ +9)), d(0.2),0,9) = (2 +9), > +9)),

and d((,0), (0,)) = d(0,3). (2,0)) = (52 + 9.7 + ).

Obviously (X, d) is a P-metric space. Let T, I : X — X be defined by

T(.Z' 0) _ (0 i )a for 0<x< 1, T(O x) B (%$270), for 0<z< 17
’ (0,0), for 1<z <2, ") (0,0, for 1<z <2,
’ (3,0), for 1<xz<2, ’ (0,), for 1<z<2.

Notice T'(X) = {(0,2) : 0 < 2 < 2} U{(2,0): 0 <2 < 3}} Cc {(0,2) : 0 < z < 3} U{(2,0) :
0 <z < 3} = I(X). Observe that I(X) is complete. Taking A € [3,1), one can easily observe that
condition (3.1) of Theorem 3.1 is satisfied. Indeed, we notice:

For z,y € [0,1), we have

(i) d(T(x,0),T(0,)) = d((0, 3#°), (3 270)) - (Zy2+Z P+ 57

Published by Digital Commons @PVAMU, 2018 11
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. _ 1, 12)_(32121212)
(i) d(T(0,2),T(y,0)) = d((52%,0). (0, 79")) = (Sv* + o Jv° + g
1B 1,1, 1 2)
- 2<4y TRty ty
1 1 1
= 34((52%.0). (0. 55%)) 2 Ad(I(0,2).1(y,0)).

For z, y € [1,2), we have

(v) d(T(@,0).7(5.0)) = d((0.0). 0,0)
= 0d((5.0).(3.0)) = Ad(T(.0), (3. 0)):

(vi) d(T'(0,),T(0,y)) = d((0,0), (0,0))

<2 ((0,3),(0,3)) = MI0,2),1(0, )

(vit) d(T'(x,0),T(0,y)) = d((0,0),(0,0))
1

<0 ((5,0),(0,5)) = M(I(2,0),1(0, )

(viiid) d(T(0,z),T(y,0)) = d((0,0), (0,0))

< 2d((0,3). (5,0)) = M(1(0,2), I(3,0)).

2°°°2
Forz € [0,1), y € [1,2), we have

(iz) d(T(x,0),T(y,0)) =

() d(T(0,),T(0,)) d(( 0),(0,0)) = (g 2 i:ﬂ) _ 2(}”2 %gﬂ)
L1, 2+1 L)

—2\4 2 3

= d((5.0),0.5)

< M(I(0,2),1(0.y)) (Notice (% é) e P) ;
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1 1 1 1/1 1
(xi) d(T(2,0),T(0,) = d((0,72%), (0,0)) = (2% za?) = 5 (5% 327
1/1 5 12,145 1 >
e —Z(Z —
-2 (2 * 2’ 3(2 * 2)
1

(wii) d(T(0,), T(y,0)) = d((iﬁ,@), (0.0)) = G”“J éx2> _ %(Z;ﬁ? %ﬁ)
et
= 34(5#0.(5.0)
< Ad(I(0,z), I(y,0)) (Notice (g,i) ep) .

Further, we notice that C(T, 1) = {(0,0)} and [|(0,0) — 7°(0,0)| = [[/(0,0)|| = 0 = diam C(T, I). It
follows that (T, I) is a P-operator pair.

Therefore, all the assumptions of Theorem 3.1 are fulfilled and z = (0,0) is a unique coincidence
point of 7" and I and that z = (0, 0) is a unique common fixed point of 7" and /. On the other hand,
the main result of Huang and Zhang (2007) in their Theorem 1 is not applicable even if I = id, the
identity map of X. This fact is obvious because X is not complete.

Remark 3.7.

(). It follows from Example 3.6 that if X is a bounded space, then Theorem 3.1 essen-
tially generalizes the main result of Huang and Zhang (2007) in their Theorem 1.

(i1). Corollary 3.3 generalizes Abbas and Jungck (2008) in their Theorem 2.1 because
now the assumption of normality of cone is not required.

(iii). Corollary 3.3 by taking I = id also generalizes Rezapour and Hamlbarani (2008) in
their Theorem 2.3.

(iv). Corollary 3.4 generalizes result of Abbas and Jungck (2008) in Theorem 2.3 and
Rezapour and Hamlbarani (2008) in their Theorem 2.6.

(v). Corollary 3.5 generalizes Abbas and Jungck (2008) in Theorem 2.4 and Rezapour
and Hamlbarani (2008) in their Theorem 2.7.

4. Application to stability of J-iterative procedure

We now present some results on the stability of pairs of mappings satisfying contractive conditions
considered in Section 3. But first we introduce the definition of stability of iterative procedure for
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the coincidence point of pair of mappings. Note that the definition of stability of general iterative
procedure in the setting of metric spaces was initially introduced by Singh et al. (2005b).

Definition 4.1

Let (X, d) be a cone metric space, P a normal cone with normality constant K andlet 7,7 : X — X
be mappings such that 7(X) C I(X), and let z be a coincidence point of T" and I. Suppose Tz =
Iz = p for some p € X and for any xy € X, suppose that {Iz,} generated by the general iterative
procedure

Ity = f(T,20),m=0,1,2,--+,
converge to p. Suppose {Iy,} C X is an arbitrary sequence. Set the nth iterative error e, as
en = d(ITynt1, f(Tyyn)),n =10,1,2,--- .
Then, the iterative procedure f(7,x,) is said to be (T, I)-stable, if and only if lim, €, = 0
implies that lim,, oo [y, = p.

Our main result of this section is preceded by the following auxiliary lemma of Harder and Hicks
(1988Db).

Lemma 4.2 (Harder and Hicks (1988b), Lemma 1).

If « is a real number such that 0 < |a| < 1 and {3;}32, is a sequence of real numbers such that
limy, o0 B; = 0, then lim,, o0 > g @™ '3; = 0.

Now we state and prove our main result of this section:

Theorem 4.3

Let (X, d) be a cone metric space, P a normal cone with normality constant K andlet 7,7 : X — X
be mappings such that 7(X) c I(X),I(X) is complete subset of X and such that condition
(3.2) is satisfied for all z,y € X and some k; € [0,1). Let z be a coincidence point of T
and I, that is, there exists p € X such that Tz = Iz = p. Let zp € X and let the sequence
{Iz,}, generated by [z,,1 = Tz,,n = 0,1,..., converge to p. Let {Iy,} C X and defined
0, =d(Ixzy, [ry41), €n = d(Tyn, [Yyni1),n =0,1,.... Then

(1°)  d(p, Tynt1) = d(p, Ixng1) + 2k 30 o k" 70; + k" Hd(Txo, Tyo) + Y7o k™ 'e;, where
k= max{k‘l, &—2,62, 15—%3} < 1.
(2°)  limp— o0 Iy, = p, if and only if lim,,_, €, = 0.

https://digitalcommons.pvamu.edu/aam/vol13/iss2/26
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Proof.
By the triangle inequality and the condition (3.2), we have
d(Txy, Ty,) = u,

where
u € {kid(Ixp, Tyn), kao[d(Ixyn, Txy) + d(ITYn, Tyn)], ks[d(Ixn, Tyn) + d(Iyn, Txp)]}-

Now there arises four cases:
Case (i): If w = k1d(Izy, Tyy,), then

d(Txy, Tyn) < kid(Izy, Ty,) < k1[d(Tzp—1,Tyn-1) + d(Tyn—1,1yn)]
= k1d(Txp_ 1, Tyn—1) + k1€n_1 = kid(Izy 1, Tyn_1) + ki€n_1.

Therefore,

=d(p, [zn1) + d(Izpy1, Tyn) + d(TYn, [Ynt1)
= d(p7 Ixn+1) + d(TJIn, Tyn) + €
= d(p7 Ixn+1) + k%d(Ixn—ly Iyn—l) + ki€n—1 + €n.

Case (ii): If u = ko[d(Ixy, Txy) + d(1yn, Tyy)], then

d(Txp, Typn) = kald(Izn, Txy) + d(Iyn, Tyn))
= kold(Izy, Txy) + d(1yp, [zy) + d(Ixn, Txy) + d(Txy, Tyy)].

Thus

2%k k
2_d(Izp, Tap) + —2

d(Txn, Tyn) =
(T, Tyn) 1— ky 1— ky

d(Izy, Tyy,).
Now,

d(p, Ixn—&-l) + d(Ixn—Ha Tyn) + d<Tyn7 Iyn-‘rl)
d(p7 Ixn+1) + d(Tl’n, Tyn) +€n
d

2k k
2}{ d(Igxy, Txy) + 2k; d(Izy, Ty,) + €n

— h2 — h2

2]{12 k2
d(Izn, T2y
T W L) + 7=

d(Izy, Iy,) + €n.
Let us observe that

d(Izp, Tyn) 2 d(Izn, Tyn—1) + d(Tyn—1,Iyn) = d(Tzn—1,Tyn—1) + €n1

ko
1— ko
k2

d(Ixn—lnyn) + 7d(-[$n—17 Iyn—l) + €n—1,
1— ko

d(Ixp—1,Txn_1) +

d(Ixn—l) Iyn—l) + €n—1
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which implies that

2k

2—d(Ian, T1p41)
By
ko 2ks ko
1— &y [1 AT Lan) +

d(Izn, [2ni1) + 2(

d(p, Iyny1) 2 d(p, [zps1) + :

d(Ixn—la Iyn—l) + €én—1| + €n.

ko
1— ko

2ko
1— ko
kQ 2 k2
Tx,_1,1Ty,— ———
* (1—k2> dUzn1, Iyn-1) + 720
Case (i11): If u = ks[d(Ixy, Tyn) + d(Iyn, Tzy)], then
d(Txpn, Tyn) =< ks[d(Izpn, Tyn) + d(Iyn, Txy)]
= ksld(Izy, Txy) + d(Txp, Tyn) + d(Typn, Tzy)]

2
= d(p, Trs) + ) d(Ins, Iay)

€n—1 T €n.

Therefore,
k
d(Txp, Tyy) < ] 3k [d(Ixp, [xni1) + d(Lyn, Tzy,)]
— ks
k3
1— ks

=

[d(Ixp, Ixn41) + d(Tyn, [2y) + +d(Ixy, Txy)]

[d(Ixp, Iz 1) + d(Tyn, [25) + +d(Ixy, [2441)]

= [2d(Ixp, [xny1) + d(Lzp, Tyy)].

Now,

d(p, Iynt1) 2 d(p, I1xn+1) + d(Izns1, Tyn) + A(Tyn, Tyni1)
(p7 I.T,'n+1) + d(T.CI,'n, Tyn) +en

k3
1— k3

=<d
=<d

2d(Ixy, [xp 1) + d(Izp, Ty,)] + €n.
Let us observe that

d(Ixn7 Iyn) = d(Ixnv Tyn—l) + d(Tyn—la Iyn) = d(Txn—ly Tyn—l) + €én—1
k3
1— ks

= [2d(1xn717[$n) +d(1xn717]yn71)] + €n—1,
which implies that

k3

d(p, Iyns1) 2 d(p, Tni) + 7= [2d(1xn,1xn+1)

— Rh3

k
+ { > [Qd(Iﬂjn—la Ixn) + d(-lajn—la Iyn—l)] + 6n—l}} + €n

1— k3
2]{73 kS
d(Iz,, I, 2(
_ks(l’ .T+1)+ 1—/{3

2
=d(p,[rpy1) + 1 ) d(Izp_1,Ixy,)

€n—1 + €n.

L

Thus, for all n € N, we have

k3
1— ks

d(p, Tyns1) = d(w, Ixpy) + 2kd(Ixy, Ixniq) + 2k2d(Iz,_1, T2y)
+ de(Ixnfla Iynfl) +ken—1+ €n,
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ks
1—ks3

where k = ma:c{k‘l, 15—12,

(1°).

}. Clearly, k£ € [0,1). Continuing this process (n -1) times we obtain

To prove (2°), we first suppose that lim,,_,~, Iy, = p. By the triangle inequality, we have

€n = d(Tym IynJrl) = d(Tym Txn) + d(Tl‘n, IynJrl)
= d(Tyn’ Tﬁn) + d(ICCn+1, Iyn—i-l)
j kd<1yna Iwn) + d(Ixn-‘rla Iyn+1)7

Hence
lenll < KKl d(Tyn, Izn) || + [|d(Izn 11, Tyns1)[l]-
Since Iz, — p and Iy, — p as n — oo, lim, o d(Iy,, Ix,) = 0. Consequently, we obtain
lim,, o0 €, = O.
Conversely, suppose that lim,,_,~ €, = 0. By (1°) and (2.1), we obtain

1P, Tynr )| K[, Tenra)l| + 2k > K" (164]
=0

+ B d(Txo, Tyo) || + > k™ leill],
i=0
for each n € N. Since lim,, o, [z, = p, we find that lim,,_,, 6,, = 0. As k& € [0,1) we have, by
Lemma 4.2, that lim,,_,, Iy, = p. This proves (2°).

Our next result deals with stability of J-iterative procedure for mappings satisfying Jungck’s I-
contraction.

Theorem 4.4

Let (X, d) be a cone metric space, P a normal cone with normal constant K and let 7',/ : X — X
be mappings such that T'(X) C I(X), I(X) is complete subset of X and such that

d(Tx,Ty) 2 kd(Iz, Iy), 4.1)

for all z,y € X and some k € [0,1). Let z be a coincidence point of 7" and I, that is, there

exists p € X such that Tz = Iz = p. Let xg € X and let the sequence {/z,}, generated by

Izpiy = Txp,n =0,1,..., converge to p. Let {Iy,} C X and defined ¢, = d(Ty,, [yn+1),n =0, 1,
. Then,

(1) d(p, Tynt1) < d(w, Tzpyr) + K" d(Txo, Tyo) + Y2720 k" e,
(2")  limy_eo Iyn = p, if and only if lim,, . €, = 0.
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Proof.

A proper blend of proof of Theorem 4.3 establishes this result.

Considering metric space as a special case of cone metric space and I = id, the identity map of X,
we obtain as corollary of Theorem 4.4 the following classical theorem of stability due to Ostrowski
(1967):

Corollary 4.5

Let (X, d) be a complete metric space, and let 7 : X — X be a Banach contraction with contraction
constant k; i.e.,

d(Tz, Ty) < kd(z,y), 4.2)

for all z,y € X and some k € [0,1). Let p be a fixed point of 7. Let 2o € X and let the sequence
{z,}, generated by z,,11 = Tx,,n = 0,1,.... Suppose that {y,} a sequence in X and defined
én = d(TYn,Yn+1), n=0,1,.... Then

(") d(p,yns1) < d(p, Tns1) + K" d(zo, o) + S22 K e,
(2")  limy 00 yn = p, if and only if lim,, oo €, = 0.

Remark 4.6

Our Corollary 4.5. in fact restate the classical stability theorem (Ostrowski (1967)).

5. Conclusion

Last decade witnessed growing interest in fixed point and coincidence point theory in cone metric
spaces which was introduced by Huang and Zhang (2007). Rezapour and Hamlbarani (2008) gen-
eralized theorems of Huang and Zhang (2007) and proved some new fixed point theorems in cone
metric spaces. In this work, we proved new coincidence point theorems in cone metric spaces (both
for normal and non-normal case) and initiated investigations of stability of Jungck-type iterative
procedures for coincidence equations in cone metric spaces. Results obtained in this paper gen-
eralize and extend results of Huang-Zhang (2007), Rezapour-Hamlbarani (2008), Abbas-Jungck
(2008) and the classical theorem of stability due to Ostrowski (1967), respectively. In future we
plan to further extend these results to multivalued case and fuzzy b-metric spaces.
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