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Abstract

In this work, we study the thermoelastic interactions in an unbounded medium with a spherical
cavity in the context of a very recently proposed heat conduction model established by Quintanilla
(2011). This model is a reformulation of three-phase-lag conduction model and is an alternative
heat conduction theory with a single delay term. We make an attempt to study the thermoelastic
interactions in an isotropic elastic medium with a spherical cavity subjected to three types of ther-
mal and mechanical loads in the contexts of two versions of this new model. Analytical solutions
for the distributions of the field variables are found out with the help of the integral transform tech-
nique. A detailed analysis of analytical results is provided by short-time approximation concept.
Further, the numerical solutions of the problems are obtained by applying numerical inversion of
Laplace transform. We observe significant variations in the analytical results predicted by different
heat conduction models. Numerical values of field variables are also observed to show significantly
different results for a particular material. Several important points related to the prediction of the
new model are highlighted.

Keywords: Generalized thermoelasticity; Non-Fourier heat conduction model; Quintanilla
model; Spherical Cavity; Ramp type heating; Thermal shock
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1. Introduction

It has been realized in recent years that Fourier law is applicable only to the problems that involve
large spatial dimension and when the focus is on long time behaviour. However, it yields unac-
ceptable results in situations involving temperature near absolute zero, extreme thermal gradients,
high heat flux conduction and short time behaviour, such as laser-material interactions. Hence, in-
tense efforts are put forth since 1950s to better understand the limitations of Fourier law and for
more accurate predictions of temperature. Accordingly, some non-Fourier heat conduction models
are proposed and they have become the centre of active research for last few decades. Classical
coupled dynamic thermoelasticity theory is based on Fourier law of heat conduction and suffers
from the drawback of infinite speed of thermal signal. Generalized coupled dynamical thermoe-
lasticity theory is free from this so called classical paradox. Furthermore, besides the paradox of
infinite propagation speed, the classical coupled dynamic thermoelasticity theory predicts poor de-
scription of a solid’s response to a fast transient loading (say, due to short laser pulses) and at low
temperatures. During last few decades, such drawbacks have been addressed by researchers and the
generalized theories are advocated accordingly. A systematic development in the heat conduction
theory and thermoelasticity theory can be found out in the review articles/books (Ignaczak, 1989;
Joseph and Preziosi, 1989; Chandrasekhariah, 1998; Hetnarski and Ignaczak, 1999; Ignaczak and
Starzewski, 2010; Straughan, 2011). Here, we also find studies concerning applicability of these
generalized theories.

The first pioneering contribution to this field is provided by Lord and Shulman (1967) who derived
a generalized thermoelasticity theory with the modification of governing equations of classical
coupled theory with the introduction of one relaxation time. The heat conduction law is therefore
replaced with the Cattaneo-Vernotte heat conduction model. This theory overcomes the paradox of
infinite propagation of thermal signal. Subsequently, another modification of classical thermoelas-
ticity theory was reported by Green and Lindsay (1972) in an alternative way. This theory is based
on a generalized dissipation inequality and introduces two relaxation times in the description of
thermoelastic process. Later on, Green and Naghdi (1993; 1992; 1993) proposed a completely
new thermoelasticity theory by developing an alternative formulation of heat propagation. They
incorporated the approach based on Fourier law (refereed as type-I), the theory without energy dis-
sipation (type-II), and theory with energy dissipation (type-III). The type-III model is more general
one. In the theories by Green and Naghdi, the gradient of thermal displacement, v is considered as a
new constitutive variable. The thermal displacement, v satisfies = 6, where, 0 is the temperature.
The heat conduction law for GN-III model is given by

q=—[kVO+Ek*Vu],

where, ¢ is the heat flux vector, %k is thermal conductivity and k*, a material parameter called
as conductivity rate of the material, is also newly introduced in this theory and is considered as
the characteristic of the theory. In an attempt to model ultra fast processes of heat transport, Tzou
(1995) proposed a dual-phase-lag heat conduction model (DPLM) in which heat transport equation
relating ¢ at a point » to V@ at r is introduced in the form

q(r,t +14) = — [kVO(r,t + 79)]
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where, 7, and 7y stands for the phase-lag of the heat flux and temperature gradient, respectively.
The phase-lags are assumed to be positive and they are intrinsic properties of the medium (Tzou,
1995). Chandrasekharaiah (1998) extended this DPL. model of heat conduction to a generalized
thermoelasticity theory. Subsequently, Roychoudhari (2007) established the three phase-lag (TPL)
thermoelasticity theory in which a modified constitutive realtion for heat conduction is taken by
introducing the phase-lag of the heat flux, temperature gradient and thermal displacement gradient
in heat conduction equation proposed in type-III model by Green and Naghdi. The constitutive
equation for the heat flux vector in the three-phase-lag theory (2007) is proposed to be

q(r,t +74) = —[kVO(r,t + 19) + E*Vu(r,t +71,)].

Here, 7, is the additional phase-lag known as phase-lag of thermal displacement gradient. This
phase-lag is understood as a delay in terms of the micro-structure of the material.

In recent years, the above referred thermoelasticity theories have drawn the significant attention
of researchers and they find distinct attributes of various models. A big interest has been evolved
to analyze the different Taylor approximations to these heat transport equations (Horgon, 2005;
Kumar and Mukhopadhyay, 2010; Mukhopadhayay et al., 2010; Quintanilla, 2002; Quintanilla,
2003; Quintanilla and Racke, 2006; Quintanilla and Racke, 2007; Quintanilla and Racke, 2008).
Some critical analysis on these models are also discussed. For example, critical analysis on dual
phase-lag and three phase-lag heat conduction models is reported by Dreher et al. (2009). They
have addressed the point that when we combine this constitutive equation with energy equation

—Vq(z,t) = Cé(:p,t),

we find that a sequence of eigenvalues in the point spectrum always exists and the real parts of
eigen values tend to infinity (Dreher et al., 2009). This signify the ill-posedness of the problem
in the Hadamard sense. We can not obtain continuous dependence of the solution with respect
to initial parameters. The mathematical consequences of such theories do not agree with what one
would expect a priori (Dreher et al., 2009, see also Quintanilla, 2011). Recently, Quintanilla (2011)
has reformulated the three-phase-lag heat conduction model in an alternative way and described the
stability and spatial behavior of the new proposed model. By defining 7, < 7y = pand 7 = 7, — 7.,
and adjoining three-phase-lag equation with energy equation they obtain the field equation with a
single delay term in the form

ci(t) = kAO(t) + K" Av(t — 7).

This newly developed model has been studied in a detailed way by Leseduarte and Quintanilla
(2013). The spatial behavior of the solutions for this theory are explored by them. They found that
a Phragmen- Lindelof type alternative can be obtained and it has been shown that the solutions
either decay in an exponential way or blow-up at infinity in an exponential way. The obtained
results are extended to a thermoelasticity theory by considering the Taylor series approximation
of the equation of heat conduction to the delay term and Phragmen-Lindelof type alternative is
obtained for the forward and backward in time equations. Stability of the model is also discussed.
Recently, Kumari and Mukhopadhyay (2016) established uniqueness of solution of this theory
(Quintanilla, 2011; Leseduarte and Quintanilla, 2013). They also discussed variational principle
and reciprocity theorem of this model. Kumar and Mukhopadhyay (2016) investigated a problem
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of thermoelastic interactions on this theory in which state-space approach is used to formulate the
problem and the formulation is then applied to a problem of an isotropic elastic half-space with its
plane boundary subjected to sudden increase in temperature and zero stress.

In the present problem, we consider the newly developed thermoelasticity theory based on the heat
conduction model with a single delay term (Quintanilla, 2011; Leseduarte and Quintanilla, 2013).
We make an attempt to study the thermoelastic interactions in an isotropic elastic medium with a
spherical cavity subjected to three different types of thermal and mechanical boundary conditions.
The Laplace transform technique is applied to obtain the solution of the problem. In view of the fact
that delay time parameter is of small value, we attempted to obtain the short-time approximated
solution for the field variables. We provide a detailed analysis of analytical results. An attempt has
also been made to illustrate the problem and numerical values of field variables are obtained for
a particular material. We analyze the results with different graphs and compare these results with
GN-IIT model. It is believed that the analyses of the present study would be helpful to understand
the basic features of this new heat conduction model.

2. Governing Equations

By following Quintanilla (2011) and Leseduarte and Qunitanilla (2013), we consider the basic
governing equations in the absence of body forces and heat sources for an isotropic elastic medium
in indicial notation as follows:

Stress-strain-temperature relation:

0 = Aedij + 2pue;; — v0d;4, (D)

Stress equation of motion:
Ly @)

Heat conduction equation:
{kgt +E (1 + T(,?t + ;7'255;)}97“ = 790(;2; + pcv?;tg, 3)

where, e = ¢;;.

Here, A\ and . are Lame elastic constants, u; is the component of displacement vector, € is the tem-
perature above reference temperature 6. o;; and e;; are the components of stress tensor and strain
tensor, respectively. p is the mass density, ¢, is the specific heat at constant strain, v = (3A + 2u)ay,
where, o, is the coefficient of linear thermal expansion, & is the thermal conductivity and k* is
the thermal conductivity rate of the medium, and 7 is the delay time due to new model (Lesed-
uarte and Qunitanilla, 2013). The subscripts followed by comma denote the derivatives w.r.t space
co-ordinate x;. The parameter ¢ has been used here to formulate the problem under two different
models of heat conduction in a unified way. We obtain two different versions of heat conduction
equation by Leseduarte and Quintanilla (2013) by assuming £ = 1 and £ = 0, whereas in the second
case (i.e.,when ¢ = 0), we neglect the second order effect in the Taylor series approximation of the
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equation of heat conduction to the delay term. The case when we assume 7 = 0 represents the case
in the context of GN-III model.

Hence, we study our problem by considering equations (1), (2) and (3) to analyze the results under
two different cases as follows:

(1) New modell :7 #0,{ =1,
(2) New model 2 :7 #0,£ = 0.

3. Problem Formulation

We consider an infinitely extended homogeneous isotropic elastic medium with a spherical cavity
of radius a. The center of the cavity is taken to be the origin of the spherical polar co-ordinate
system (7,0, ¢). By assuming spherical symmetry in our problem, the displacement and temperature
components are taken to be function of » and ¢ only. The non-zero strain component are therefore
given by

ou U
Crr = o’ €00 = Copp — -

Then, non-zero stress components are obtained as

ou 2u ou
Opp = /\(E + 7) + QME -9, 4)
ou 2u
0o = Opp = A(@ + 7) 2#% — 0. )

Hence, the equation of motion (1) reduces to the form

0%u 0 2
pﬁ = Earr + ;(Urr - 090)' (6)

Now, for simplicity we introduce the following dimensionless variables and quantities:

c 0 U ak™* 0
Tl:fat/_ilt79/:7>u/:71 /_CITaa'O_ , a1 = fyov
0o a k A+ M
apcyCy aycr Orr , b A
— _ _ — d N\ =
az k ; U3 L y Opp A + 2/1/7 U¢¢ 2 2 , an 1 2 + 2M

Then, (4), (5) and (6) reduce to

o= 20 o b, ™
or r
ou U
U¢¢=)\15+(/\1+1);, (®)
0? 0 00
gu_2 .,z 9)

In above equations, we omit the primes for simplicity.
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Further, the equation of heat conduction is simplified to the dimensionless form as

1 2 2 2
LR W 0% 0%

R 2 — - -
ot ot TaT Sop Vil =asgg ta (10)

ot?’

We consider that the medium is at rest and undisturbed at the beginning and the initial conditions
are given by

0

u(r,t) =0 = Eu(r, t) li=0= 0,
0

0(7’, t) ‘t:() = ae(?“, t) ’t:(): 0,

orr(r,t) [t=0 = 0.

4. Solution of the problem

We introduce the Laplace transform defined by

(o)

F(r.p) = / &P £ (r, ),

0
where, p is a Laplace transform parameter.

Therefore, by applying the Laplace transform on time to equations (7)-(10) with respect to time #,
we get following equations:

57«,,:6—2(1—)\1);—@5, (11D
Opp = A€ + (1 — )\1)% — a19_, (12)
oe a0
25 -
pru = or 15, (13)
1 _ _
{p+ao(l+p+ 5¢7°p*)} V0 = agp’e + azp®0. (14)

Decoupling equations (13) and (14) and solving them, we get the general solutions for & and 6
bounded at infinity as

¢ \}F[XlK; (mir) + XK (mor)], (15)
6 = \};[YEK; (myr) + YQK% (mar)]. (16)

Here, X;, Y;, i = 1,2 are the arbitrary constants independent of r, K. (m;r) are modified Bessel

functions of order half and my, mo satisfy the following equation:
1
{p+ao(l+7p+ &) m’

] 1
—{pd + ep® + agp® + a0p2(1 +7p+ 5572p2)}m2 + agp* = 0. (17)
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2 . . .
Here, € = ,30922 is the thermoelastic coupling constant.
v+l

Now, by using (13), (15), and (16), we find the relation between X; and Y; as

Y, =FX; i=1,2, (18)
where,
2
Fr="1"0 =12
almi

We apply the following relation:
d

d—Kl (myr) = —K;(mir) —m;Ks(myr) fori=1,2.
r 2 2r 2 2

in order to find the solutions for displacement and stresses from equations (7)-(10), (15) and (16)

as
G= \}[ml X1 K (mar) + 7X2K3 (mar)], (19)
1
Orp = W[Xlo'rl + Xa2049), (20)
1
O = W[Xmm + X2042], (21)
where,
ori = [1 — a1 F;]K1(m;r) + MK@ (mir), i=1,2,
2 m;r 2
(1—X\p) )
M — a1 B)K (mir) — Y g (), i=1,2.
= [\ — a1 Fj] 5(mr) r 2(mr) 7

We can obtain the values of X; and X5 with the help of boundary conditions.

4.1. Applications:

Now, we apply above formulation to investigate the nature of solutions in different cases of ther-
moelastic interactions. Hence, we consider three problems that correspond to three types of thermal
and mechanical boundary conditions as follows:

Problem-1: Ramp-type varying temperature and zero stress on the boundary of the
spherical cavity of the medium

We consider a homogeneous isotropic thermoelastic solid with homogeneous initial conditions.The

surface of the cavity, » = 1 is considered to be stress free and is affected by ramp-type heating
which depends on the time ¢. Hence, we assume boundary conditions as:

Published by Digital Commons @PVAMU, 2018
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Opr |7":1 =0, (22)

0t<0,
0 |7~:1 = To% 0<t<ty, (23)

To t > to.

where, t; indicates the length of time to rise the heat and Tj is a constant. This means that the
boundary of the surface of cavity, which is initially at rest is suddenly raised to an increased
temperature equal to the function F'(t) = TO% and after the instance ¢t = t; coming, we let the
temperature at constant value 7y maintain from then on.

The Laplace transform of equations (22) and (23) yield

Orp ’r:lz O> (24)
_ To(1 — e Plo

Therefore, with the help of boundary conditions (24) and (25), we find the constants X; and X,
involved in solutions of different field variables in Laplace transform domain as:

00, To(1 — e~Pho)

X =— ,

LT P[0l Fa K s (ma) — 0% FL K ()]

Xa o To(1 = e 7o) |

top?[00y Fo K1 (ma2) — 0% F1K 3 (m)]

where,
2(1— A
Ugi = [1 - al-Fz]K%(mz) + (Tnl)K;(ml), 1= 1,2
(2

Problem-2: Unit step increase in temperature and zero stress on the boundary of the
cavity

Here, we assume that the surface of cavity, » = 1 is stress free and is subjected to a unit step
increase in temperature, i.e., we consider

P — (26)
0 |r—1=T*H(t), 27
where, 7% is a constant temperature and H (¢) is the Heaviside unit step function.
The Laplace transform of equations (26) and (27) are given by
Gy re1= 0, (28)
gl _— L

0 lr=1=—. (29)
p
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Similarly, with the help of (28) and (29), the constants X3, X, are obtained as:

o0, T*
Xl = — 0 0 I
ploy1 FoKi(ma) — 0,5 F1K L ()]
X, = ol T

pPloi Fo Ky (ma) — o2, Fy K (ma)]

Problem-3: Normal load on the boundary of the spherical cavity

In this case, we assume that the surface of the cavity is kept at the constant reference temperature,

and it is subjected to a normal load. Therefore, the boundary conditions for this problem are of the
forms

Orr |r=1= —0"H(t), (30)

0 |r=1=0. (3D

The Laplace transform of (30) and (31) yields

0_*

Opy ’r:lz ] (32)
p
0 |r=1= 0. (33)

In this case, the constants X, X5 are found to be of the forms

FQK; (mg)U*
X = 2 :
LT Pl K (mi) — 00 K 1 (mo))
FlK; (ml)a*
Xy = 2

Lo FIK (m1) — 0% FoK s (ma)]

S. Short-time approximation

We will find the solutions of distributions of displacement, temperature and stresses in the phys-
ical domain (r,t) by inverting the expressions for @, 0, &,,, 544 obtained in previous section by
using the Laplace inverse transforms. However, these expressions involve complicated functions
of Laplace transform parameter, p. Hence, the closed form inversion of Laplace transforms for any
values of p is formidable task. Therefore, in this section, we attempt to get the short-time approx-
imated solutions of the field variables in the time domain for small values of time, i.e., for large
values of p.

Firstly, with the help of Maclaurin’s series expansion and neglecting the higher powers of small
terms, we get the roots m1, ms of equation (17) under different models as follows:
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For New Model -I:

my = bip + bzp (34)
my = bl — b}l;, (35)
For New Model -11:
my = bip + b3, (36)
my = b3 f—b4\[ (37)

where,

1
Ao:ao, A1:1—|—a07', A2:6+a0+a2, A3:§CL0T2.

Now, by substituting m; and ms from equations (34)-(37) into solutions given by equations (16)
and (19)-(21) and using the expression

[T 42 -1 (42 —-1)(4?-9)
K, (2)=4/—e7*|1 el
(2) 2.° [ * 8z + 2(8z2)? *

we get the short-time approximated solutions for the distributions of displacement, temperature
and stresses in the Laplace transform domain (r, p) for different problems 1-3 under New model-I
and New model-II as follows:

Case of prolem-1:

In the context of New model-I:

2
T()CL —m;(r—1) —pt lel i12
~ i o) | =L : 38
a rtg ; —e ) pz+2+pz+3 , (38)
TO m;(r—1) —pt, Czll 01'12
i o) | L . 39
mp Tto ;e —e™P) P62 +p6—z ’ (39)
Toa; < ) DL D}
o ) = T 3 e e | Dy D] (40)
=1
Toa; < E, E!
Too (rp) 2= T S i (1 - e [y S ). (1)
=1

https://digitalcommons.pvamu.edu/aam/vol13/iss2/17
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In the context of New model-I1:

2
— Tpa —m;(r—1) —pt B‘21 B'22
ul\r,p € 1 e P izs + : )
( ) rto ; ( ) p% p4
2 2 2
g( ,p) E e ™m (r—l)(l 6—pt0) |: C;il C;Q:| 7
rto pt p
5 (T‘ p) Thay Z 7mi(7‘71)(1 e*pt()) |:121 D122]
rr Y 9y
rto = r  p
2
Toa —m;(r—1) —pt |: '21 E22
Too (1,0 1—ePo) |1 t
66 (15D) rto v ( ) P2 p3
Case of problem-2:
In the context of New model-I:
- al 2 —m;(r—1) lell B112,
Z € P+l T oz
i=1 p
2 !
Z e~ (r—1) Czll + 012
r — 5 21 p5 7|
DY D,
_ - 1 1 2
UTT milr=h) |: pl + pij-1:| )
V[ Bl | Bl
%4 (P) [ p T
In the context of New model-1I:
2 , '
u(r,p) ~ e R
" ; p= P
- T* cZ  C3
)= 3o e [y G2
(et p p
2 , '
T* D% D2
oo = S [ B ]
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(44)

(45)

(46)

(47)

(48)

(49)

(50)

D

(52)

(53)
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Case of problem-3:

In the context of New model-1:

* 2 17 1
1 —m;(r—1) le B’LZ 4
O'* 2 1 1// 1//
6 ~ —mi(r— 55
rp) = 2 ; %+ ] (55)
2 "
0-* —m; T’ D’L1
Trlrp) = T3 e 1>[ 2], (56)
i=1 p
O'* 2 1// 1//
T (1) = — > el {p } . (57)
i=1
In the context of New model-II:
ot o o | BY  BY
wrp) = T Y el | Sl 2 (58)
i=1 b= p
2 " 17
o cy  C2
] ~ —m;(r—1) | il | 2 5
=g e [p2 o] (59)
2 7 7
7 & o [DE D2
Opr (T,p) = 7 e «(r=1) |:Zl + z+21:| ’ (60)
i=1 p p
2 " 1"
o mieen [Eh B
Too (rp) = — Y ™™ [})}erifl]. (61)

where, different notations used in solutions given by (38)-(61) are given by following expressions:
B}, = B} = Dy, = D}, = Dij = B} = Ey; = -1,
Ch = C =Dy = D11 = Bllll =1,

1 _ pl’ _ _ 1=2r42r) _ 1+b T 17 1-2r42r)
Biy = Bjy = =774, By = Bj) = , By = ==

r )

B%Q = B%é = b4,011 = 011 = Cglf = 0212 = D%l = Qb%,
Cly = Cly = C3y = D3y = —4by(1— \y),
El, = Cly = 4b}(1 - \y), B}, = C}] = Cd, = —2bl,

2000 e 20420000
‘D12 - D12 - D12 - E — r
24203 —2b3r24+(b3)%r2—2X; —2bir),
D22_D22_ r2 Ell_)\l’
A1 —2r\ +2rXA3—1 _ bArAA 4bir A A —2b)r—bir— 1
E12 - r E22 - E22 - 2
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17 _ 2bi(14bir 17 2b3(—2—2bir—blr+2X;4+2birA "o
321 — 2( 3 )’ B22 — 2( 3 4 1 3 1)7 Ell _)\1,

T r -

2 _p2 _Rp2 _ 2 _ N2 _ 2 _ 2 _ n2 _
Bll_Bll_Bll_D21_D11_E21_E21_D21__1’

D%l = D%,l = 0221 = 021 =1, B%z = B%z = _(1_2T_Tb§+rb§+2)\l),

B3y = B =03, B3, = B3, = 1,

C3?y = —b3(—4 — 3b3 + 2(b3)2 + 4\), B} = B}y = M\, B} = =\,

D%2 = D%Q = %(2 —2r— 27“b§ + (Tb§)2 —2X1 +2r\y),

D3, = D3y = —(=203 + (b3)%), C3, = C3, = Cf = D3| = B3/ = —203,
E}, = Efy = 2(=1—2rb3 + M1 — 2rA1 + rA(03)2 + 2r)\?), E3, = _%
CPy = b3(—4 — 303 + (b3)* + 4X1), B3, = —4b3b3 + (b3)° M1,

B = —L(—1+2r+rb3 —2r\y), B3, = —2b3b3, B3, = 1(—2b3),

Cly = C3 =b3(4+3b3 —4)\1), D}y = 2(—1 471+ 1rb3 + X\ —r)\y),
D3y = (44363 — 2(b2)2 — 41, B = L(—1 = 202 + A\ — 2r\y + 2r02),

B2 =4+ 303 — 4); — 2(b2)%)\;.

S5.1.  Solutions in the physical domain:

Now, we use inversion of the Laplace transform for the above obtained Laplace transforms. For
this we use the convolution theorem and the formulae listed below (Oberhettinger,1973).

e <t> S @2Val), Re(v)> —1,a>0,

a
o I e% 1 t %
L sl (a) I,(2Vat), Re(v)> —1,a >0,

1 e—a\/ﬁ v, a
L7 || = (41)2 4 erfc(Q—\/g)7 v=20,1,2...

p2
Here, J,, I, are the Bessel and modified Bessel functions of order v and of the first kind, and
i"erfc(x) is complementary error function of n'" order defined by

i"erfe(x) = / i"lerfe(u)du, n=1,2,3..,

with

2 T 2
erfe(z) = —= [ e " dt.
e /
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Now, taking inverse Laplace transforms of equations (38)-(61), we get the approximated analytical
solutions for the distributions of displacement, temperature and stresses in space-time domain for
all three problems in the following forms:

Problem-1:

Solutions in the context of New model- I:

2

Toay 1 (¢ i /1
U(T, t) = Tto ZZI [Bli (b%ﬁ) Ji—‘rl 2 b27'1t1 H(tl)
F o\ 5 —
4
2 i+1/;
Toay 1 [ t2
— B | /— J; 24/birity | H(t
rto Z [ 1% <b§r1> +1 < o112 ( 2)

i=1

, 241

t T !
| Lo (blm> Lys (2@) H(t )], (62)
4

T ¢ (i+2)/5
0 (’I“,t) == ﬁ Z |:Clll (b%ij) JiJrQ (2\/()57‘1@) H(tl)

=1
/ (2i-1)/5
t /
+ CLe b (m) Iy (2« /b}mt'> H(t )} : (63)
4

Toa t /2
Oy (T,t) T(’)t ! Z |:D%l b ! ) <2 bQT1t2> H
0 =1 2"
(21— 1)/2
+ Dlze—bgﬁ birl) 121 1 < b47“1 >:|

(24 1)/2
+ D%ie_bérl blrl) Iy 1 < A/ bi’l“lt ) H(tl):| R (64)
4
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2 i/2
Toal tl
Op¢p (T,t) = rto Z [Elll <b%7“1> Jz <2\/b%7’1t1> H(tl)
i=1
; (2i=1)/,
+Ege %" (1717”1) Iy (2\/5}17’1t) ]
4
Thar — ta \7*
— EL (=) Ji(2\birita ) H(t
% [ ) ()

A
1 t ’
+ E%Z-e_bﬁ’"1 (bl ) Ig;iq (2\/17}17"175') H(t )} )
471

Solutions in the context of New model-1I:

2 i i
)= L3 e [Bu( ) - B 2

rto 47 — 2 47 — 2
Ta 2 biry bir
041 S4 U2 i4d 371
Bz4t iterfo( 2L B3, (4t) = i"Herfc Ht],
"o | (270) - B ¥ i ate L)
2 .
_To N~ ot [ ()™ 2 (ta)™"!
0= 3o Ch g )~ Chate) Gy
2
To { 2 j +2i biry 2 :2i biry ' ]
+ — C2.(4t) % erfe(2=) — C%,(4(t — to)) 4% erfc( 2= H ()|,
o 2o | ChU P et — G (4t — o) et ()

Tto P {

2
Tohar i 2 b3ry i 2 biry /
3 | P e (L) — DR ) serte )|

2 i .
7o (1, 1) = 2L 3 e [E?‘ U p1(ty) — 2 12 ]

[E (4t)14%e fc(b2 ) — E2(4t )% 2Zef(b§m)H(t/)]
2 T T vr '
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Problem-2:

Solutions in the context of New model-1:

2 i
T*a ’ t 2
u(r,t) = . 1 |:Z — Bllz (bli'l> J; <2\/b%7’1t1> H(ty)
2

=1

it

) 1
’ 1 t 2
—blr, /
+ E B%Z€ 3T <b}l,’n1> Ii+1 (2 b}g"ﬂf) :l y
=1

* 2 (i+1)/2
T ’ tl /
=1
2

2i=2/5
- ’ 1 t

—1)Hole b [ Ini_o [ 24/bLrt
+Z( ) 2:€ bl 2i—2 arit ) |,

=1

. 2 =1/
T al ’ t]_
opr (1,t) = " [ Z DL <b17“1> Ji—1
2

=1

2 t (21’—2)/2
+ Z D%iefb?’“ (b}ﬁ"1> Iy o (2 b};nt) ],
i=1

=1

2 i
’ 1 t
+E E%ieib*grl (b > Iy, o2 b}lTlt>:|.
=1

1
471

. 2 -1/
T*a 0t
Op¢ (T’, t) — . 1 |: g Elll (bli‘l) Ji1 (2 b%?’ltl) H(tl)
2

Solutions in the context of New model-11:

_T"a - —b3r1 ) R2 (t3)’ 2 () E2 pid2 biry
u(r,t) = Z e BliTH(tg) + 3 B2 (4t) 7 i erfc(T\/E) ,

0(r,t) = TT i [ebﬁﬁ {Cf;(ti’,)iﬂ(tg)} + {022; (4t)i1i2i2erfc(§2)H ,

2 -
T a b2y Cie ] .2 b2r
T (ryt) = —— Z {e ba {D%i(tg) 1H(tg)}+{D2i(4t) 1432 Qerfc(;\/%)} ,

2 .
2 ’ . , . . b27"
—b2r 2 i—1 2 i—1,.2i—2 3'1

i LB () U H () | + B3 (40) 1P ente( 200 H
3 et (e + (Bt |
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Problem-3:

Solutions in the context of New model-1:

o= [0k () o)

2
o3 e (1) s ()|
=1
O'* 2 tl (77+1)/2
0 (T‘, t) = rar [ Z Cllz <b17‘) Jit1 (2\ / b%Tﬂfl) H(tl)
1// t (i+1)/2
: Z et () o (2voin) |
o[ 2 G=1)/a
Urr |:Z 1// < ) J <2 blTltl H tl
1// bl t (i+1)/2
+ZD - 7”1< m) l+1< b47“1>:|
4

wr 2 =1/
0- "
Tge (1,1) = [ Z El (b% 1) Ji—1 <2\/b§7“1t1> H(t)

=1

2 ¢ (i+1)/2
+ Z El —b3ry (blrl) Ii+1 (2 b}ﬁ"lt) :l .

=1

Solutions in the context of New model-11:

6 (r,t) = ;l :Z { b, {02“ (ta)' H(tg)} {021 (4t)is QZerfc H

2
o (rt) =73 [e—b%“ {ng’(tg)i—lH(tg)} - {Dm (4t)'#* erfe( 23\;% H

2
o —b2r, ” —3 2 i
700 r8) = T 3 [ (B2 () (e} + { BB a0 erte( .

where,
ri=(r—1),t =t—tg, t| =t—biry,

ty =t —biry —to, t3 =t — biry, ts =t — biry —to.
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6. Analysis of analytical results

From the short-time approximated solutions obtained for the case of problem-1, i.e., when the
boundary of the spherical cavity is subjected to a ramp-type heating, we observe that the distri-
butions of displacement, temperature and stresses for the case of New model-I consist of four
different terms. The terms involving H (¢ — bir) and H(t — biry — to) correspond to a wave propa-
gating with non dimensional finite speed é These waves can be identified as predominantly elastic
waves propagating with different phases. The expressions given by equations (62)—(65) reveal that
under New model-I, the modified elastic waves propagate without any attenuation. This is a dis-
tinct feature predicted by the theory and it has a similarity with case of GN-II model. Furthermore,
we note that the speed of elastic waves do not depend on the delay parameter or any other material
parameter. The second and fourth part of the solutions of the field variables do not indicate to be
a contribution of a wave. On the contrary, it is diffusive in nature indicating an exponential decay
with distance with an attenuating coefficient b1. This represents that under this present model, the
thermal wave do not propagate with finite wave speed like other generalized thermoelasticity theo-
ries, namely Lord-Shulman model, Green-Lindsay model, GN-II model, dual-phase-lag model, or
three-phase-lag model. However, a similar nature of the second part of the solution of field vari-
ables is observed under GN-III model. Furthermore, we note that the solutions for all fields given
by equations (62) - (65) are continuous in nature.

In the context of New model-II, we observe that solutions for the distributions of displacement,
temperature and stresses given by equations (66) - (69) also consist of four different contributions.
As in the previous case, here the terms involving H(t — b3r1) and H(t — b3r; — to) correspond to
two waves propagating with non dimensional finite speed % which correspond to modified elastic
waves. Unlike New model-1, this New model-II predicts that elastic waves decay exponentially
with an attenuating coefficient b3. The wave speeds in case of New model-I and New model-II is
exactly same and do not depend on any material parameter. However, the attenuation coefficient
of modified elastic wave in case of New model-II depend on the delay time as well as on the
material parameters. The other parts of solution are diffusive in nature due to the damping term.
The solutions of all fields are continuous in nature in this case too.

From the solutions given by equations (70)—(77) in case of problem-2, we observe that as in
problem-1, each of the distributions of temperature, displacement, and stress consist of two main
parts. In the first part, the terms involving H (¢t —biry) and H(t—b?r1) correspond to pre-dominantly
elastic wave propagating with non dimensional finite speeds of é and % for New model-I and
New model- II, respectively. The wave speeds are same as in case of problem-1. In view of the
expressions represented by equations (70)—(73) under New model- I, we note that the elastic waves
propagate without any attenuation, whereas in the solutions represented by equations (74)-(77)
under New model- II, elastic waves propagate with an attenuation coefficient b3 that depends on
the delay time and material parameter. The second part of the solutions given by equations (70)-
(77) show that the field variables do not indicate to be a contribution of a wave. Instead of that it is
diffusive in nature. It indicates an exponential decay with distance with an attenuating coefficient
bi for New model- I. Furthermore, we note that the solutions for temperature and displacement
are continuous in nature for both the models. However, the analytical results given by equations
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(72)-(73) for New model- I show that stress distributions suffer from finite discontinuity at elastic
wave front. The finite jumps are obtained as follows:

[Urr]m:ﬁ = Urr’h:% - Urr‘n:% = DllTv

(700)r= = U¢¢|T1:% - 0¢¢|m:% =B —
From the solutions of radial stress and circumferential stress distributions given by equations (76)-
(77) for New model- II, we observe similar characteristic like the solutions for New model-1. In
this case the finite jumps at the elastic wave front are found out as follows:

b2t ik
(Orrlis = Orel | pe it
Orr 7“1:% = Opp =tk Orr 7‘1_% = L€ 5
1
b2t
(ool = Ol it — Opsl, o = Ehe ot —1
e R i it "

In case of problem- 3, we note that the solutions for the field variables have two main parts like
the case of problem-II. The first part in each solution represents elastic wave propagating with
the speed é and it propagates without any attenuation in the case of New model-I, whereas New
model-II predicts that the predominating elastic wave have speed % and an attenuation coefficient
b2. The second parts of the solutions are of diffusive nature which is because of the parabolic nature
of heat transport equation for this case. As in case of problem-2, in the present case also the radial
stress and circumferential stress distributions show discontinuities with finite jumps at the elastic
wave front under both the models, i.e., under New model-1 and New model-II.

7. Numerical Results and discussion

In the previous section, we derived short-time approximated analytical solutions for the physical
fields and we noted some significant features in the nature of solutions predicted by New model-
I and New model-II. In this section, we make an attempt to find the numerical solutions of the
three problems in the present work by employing a numerical procedure for Laplace inversions
of temperature, displacement, radial stress and shear stress with the help of Matlab software. We
employ here the method given by Honig and Hirdes (1984), which is based on the method proposed
by Durbin(1973) for the Laplace inversion. We also compare our results with the corresponding
results under GN-III model.

We assume that the spherical cavity is made of copper material and the physical data for which are
taken as below (Sherief and Salah, 2005).

A =776 x 10" Nm=2, 4 = 3.86 x 10'° Nm=2, a; = 1.78 x 107° K1, ) = 8886.73 sm 2,
cp =383.1JKg "K' p=8954 Kgm™3, Ty = 293K.

In order to analyze the solutions for non-dimensional temperature, displacement, radial stress and
tangential stress in space-time domain inside the spherical cavity, the results under three differ-
ent problems are displayed in Figures 1(a, b, ¢, d)-3(a, b, ¢, d). In each figure, we plotted the graphs
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Figure 1(a): Variation of u vs. r for different value of ¢ under problem 1

for the fields at two different times, ¢ = 0.1, ¢ = 0.3 and for three different thermoelastic models
namely, New model-I, New model-II and GN-III model. Specially, we aim to understand the ef-
fects of thermal relaxation parameter 7 on the solutions at various times and highlight the specific
features of the recent heat conduction model. In the domain of influence, we observe that the nature
of variations for some field variables at any time in the region near the boundary (from r=1tor
= 1.5) that is the region near the source of thermoelastic disturbance is different as compared to
the variation at a distance far away from the boundary. The location of finite jumps at the elastic
wave front is indentified in the region for from r = 1 tor = 1.5. We observe different nature in
the solutons for three different problems. Some important facts under various cases of prescribed
boundary conditions arising out from our investigation are highlighted as follows:

Discussion on results of Problem-1:

Figures 1(a, b, ¢, d) show the variations in field variables u, 0, o, and o4, with respect to radial dis-
tance r for problem-1. From the figures, it is clear that at any particular time there is no prominent
difference in the solutions of the field variables under three models in the problem when boundary
is subjected to a ramp-type heating. This implies that there is not much effect of delay parameter,
7 for the distributions of the field variables and the recent model predicts similar results like the
Green-Naghdi model of thermoelasticity of type-III. However it is noted that under each model, the
region of influence for temperature and stress fields is much larger and it increases significantly
with the increase of time as compared to the region of influence of displacement. Displacement
distribution shows a local maximum and both the stress fields show existence of local minima.

Discussion on results of Problem-2:

Figures 2(a, b, ¢, d) display the distributions of the field variables under three models for the case of
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Figure 1(c): Variation of o vs. r for different value of ¢ under problem 1

883

problem-2, i.e., when the boundary of the cavity is subjected to a unit step increase of temperature
(thermal shock). Figure 2(a) displays that for this case, delay time parameter has not much effect on
displacement at any instant of time and all models predict almost similar results for displacement.
The region of influence is also very less. However, we find from figures 2(b, ¢, d) that temperature
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Figure 1(d): Variation of o4 vs. r for different value of ¢ under problem 1

and stress fields show prominent differences in the results under different models and there is a
significant role of the delay time parameter, 7. The disagreement in predictions of different models
is more prominent beyond r > 1.5. Figure 2(b) shows that temperature, ¢ increases with increase
of time ¢. Further, New model-I shows the highest value and GN-III predicts the lowest value
for temperature at a fixed time, i.e., 7 has an increasing effect on temperature, 6. Figures 2(c, d)
indicate that as time increases, the stresses o, and o4, show oscillatory nature near the boundary
of the cavity. There exist a local maximum and a local minimum for redial stress as well as for
circumferential stress in the region from r = 1 to r = 1.5. 0, and 044 show highest values in the
context of GN-III model and the lowest value under New model-I at a fixed time implying that
there is a decreasing effect of 7 on o, and o4,4. From figures 2(a, b, ¢, d), it is observed that the
effects of delay time parameter, 7 on the field variables for problem-2 is significant for temperature
and stress fields. However, the effect decreases with the increase of time, although the region of
influence for each variable increases with time.

Discussion on results of Problem-3:

Figures 3(a, b, ¢, d) reveal that for problem-3 when the boundary of the cavity is subjected to a
normal load, there is no prominent effect of delay parameter on u, o, nd o4,. However, it affects
the temperature, € very prominently and the region of influence is much larger for temperature
field as compared to displacement and stress fields. Like the cases of problem-I and problem 2, the
region of influence for each field increases with respect to time ¢ for problem 3 too. Further more,
figure 3(b) shows that at lower time, the GN-III model predicts the highest value and New model-I
shows the lowest value for temperature §. However, at higher time, the result is reverse i.e., GN-III
model predicts the lowest value and New model-I predicts the highest value for §. Locations of
finite jumps at elastic wave front are identified for temperature and stress fields.
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Figure 2(b): Variation of 8 vs. r for different value of ¢ under problem 2

8. Conclusion
In the present paper, we have investigated the thermoelastic interactions in an unbounded elastic

medium with a spherical cavity under the very recent heat conduction model with single delay term
introduced by Quintanilla (2011). This model is an alternative formulation of the three-phase-
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lag model. We have studied the thermoelastic interactions in an isotropic elastic medium with a
spherical cavity subjected to three types of thermal and mechanical loads named as problem-1,
problem-2, and problem-3 in the contexts of two versions of this New model. We find analytical as
well as numerical solutions for the distributions of displacement, temperature and stresses with the
help of the integral transform technique. We also compare numerical results with the corresponding
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Figure 3(a): Variation of u vs. r for different value of ¢ under problem 3
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Figure 3(b): Variation of 0 vs. r for different value of ¢ under problem 3

results of Green-Naghdi thermoelasticity theory of type-III. We observed following significant
facts while analyzing the numerical and analytical results:

(1) In the case of problem-1, when the boundary of the cavity is subjected to a ramp type heating,
we observe that elastic waves are propagating with finite speed. However, in the context of New
model-I, the elastic wave propagates without any attenuation and under New model-II, the elastic
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Figure 3(d): Variation of 44 vs. r for different value of ¢ under problem 3

wave decays exponentially. In this problem, the speed of elastic waves do not depend on the delay
parameter as well as on any material parameter. On the other hand, the thermal waves propagate
with infinite speed like classical thermoelasticity theory. In this case, all the fields are continuous
in nature and the results are of similar nature like Green-Naghdi model of type -III.

(2) In problem-2, when the boundary of the cavity is subjected to thermal shock, we observe
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that elastic wave propagates with finite speed but attenuation coefficient of elastic wave for New
model-II is totally dependent on the delay time and other material parameters. We also find that
temperature and stress fields show prominent differences under different models and there is a
significant role of the delay time parameter.

(3) In problem-3, when the boundary of the cavity is subjected to a normal load, there is no promi-
nent effect of delay parameter on v, o, and o,4. However, it affects the temperature, 6 very promi-
nently.

(4) In problem-2 and problem-3, we also observe that there is a finite discontinuity of radial and
circumferential stress at elastic wave front under for both the models.

(5) A similar nature of variation in the field variables is predicted by different models near the
boundary. This implies that the difference in predictions by different models is not very signifi-
cant near the source of disturbance. However, the difference of models for each plot is prominent
beyond the region r > 1.5. It is more prominent for temperature and stress fields as compared to

displacement. The locations of wave fronts are identified to exist in the region from r=1tor =
L.5.
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