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Abstract

We consider an M /M /c queue with multiple working vacation and impatient customers. The server
serves the customers at a lower rate rather than completely halts the service during this working
vacation period. The impatience of the customer’s arises when they arrive during the working
vacation period, where the service rate of the customer’s is lower than the normal busy period.
The queue is analyzed for multiple working vacation policies. The policy of a MWV demands
the server to keep taking vacation until it finds at least a single customer waiting in the system at
an instant vacation completion. On returning of the server from his vacation along with finding
at least one customer in the system, the server changes its service rate, thereby giving rise to a
non-vacation period; otherwise the server immediately goes for another WV. We formulate the
probability generating function for the number of customers present when the server is both in a
service period as well as in a working vacation period. We further derive a closed-form solution
for various performance measures such as the mean queue length and the mean waiting time. The
stochastic decomposition properties are verified for the model.

Keywords: /M /c queue; Working vacation; Impatient customers; Stochastic decomposition;
Generating function

MSC 2010 No.: 60G10, 60G27

1. Introduction

The main motive of this presentation is to study the stationary behavior of M/M/c queue with
multiple working vacation and impatient customers in which the server operates with variation in
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service rate but does not completely halt the service during this vacation period. Therefore such a
vacation is called a working vacation. Queuing models with server vacations or working vacations
have been studied by various researchers during the last two decades. The literature may be divided
into two groups: (i) when the server is on a vacation and (ii) when the server is on a working
vacation. When the server is on a vacation, the survey paper by Doshi (1986) and the monograph
of Takagi (1991) act as the reference for the readers. The research work done by Takagi (1991)
and Doshi (1986) stresses on a single server. As far as the case of multiple-server system with
vacations is concerned, Levy and Yechiali (1976) first studied the M /M /c queue with asynchronous
vacation policy. Later, Chao and Zhao (1998) analyzed the M /M /c with both synchronous and
asynchronous vacation policies and computed the stationary probability distribution by providing
some algorithms. Zhang and Tian (2003a, 2003b) recently contributed enough analysis of M /M /c
with synchronous multiple/single vacations of partial servers.

M/M/1 queuing models with multiple working vacations were first studied by Servi and Finn
(2002), where inter-arrival times, service times during service period, service times during va-
cation period, and vacation times are all exponentially distributed. (Such a model is denoted by
M/M/1/WV queue.) Later the M /M/1/WV model was also studied by Liu et al. (2007) to obtain
explicit expressions of the performance measures and their stochastic decomposition by using the
quasi-birth death and matrix-geometric method. The Servi and Finn (2002) queue was extended to
a M/G/1/WV queue by Wu and Takagi (2006). They assumed that service times during service
period, service times during vacation period, as well as vacation times are all generally distributed.
Further, they assumed that at the end of the working vacation, if the system has customers, the
server switches to another service rate, where a different distribution is followed by the service
times. The GI/M/1/WV queue is the advanced form of Servi and Finn (2002), extended by Baba
(2005). Not only assuming general independent arrival, they also considered service times during
service period, service times during vacation period, as well as vacation times following exponen-
tial distribution. The analysis of single working vacation in GI/M/1/N and GI/M/1/1 queuing
systems was done by Banik (2010) by assuming that the service time and vacation time was dis-
tributed exponentially. Laxmi and Yesuf (2011) recently presented an GI/M /1 batch service queue
with a policy of exponential working vacation. Lin and Ke (2009) analyzed the M /M /c queue with
single working vacation. A short survey on recent developments in vacation queuing models has
been also given by Ke et al. (2010).

In the past, queuing models with customers’ impatience have been studied by various authors such
as Altman and Yechiali (2006, 2008), Boxma and de Waal (1994), Yechiali (2007), Baccelli et
al. (1984), Daley (1965), Van Houdt et al. (2003), Yue et al. (2011) and Yue et al. (2014), where
the cause of impatience was either a long wait already experienced in the queue or a long wait
anticipated by a customer upon arrival. Situations arise where the absence of the server becomes
the cause of the customers’ impatience, more precisely, because of the server vacation, and this
situation is not dependent of the customers in system. The impatience of customers, studied by
Altman and Yechiali (2006) in vacation systems of M /M /1, M/G/1 and also M /M /c queues, in
which each customer arriving finds no server on duty, ultimately activates an independent random
impatient timer. By the time the timer expires, if the server fails to return, the customers exit from
the queue and never come back. On the other hand, if the server comes back in due time, the

https://digitalcommons.pvamu.edu/aam/vol12/iss2/2



Manoharan and Majid: Stationary Analysis of a Multiserver queue with multiple

660 P. Manoharan and S. Majid

customer stays in the system until the completion of his service.

Recently, the M//M/1 model with WV, where the impatience of the customers is due to WV, was
studied by Yue et al. (2011). They have studied the model in which during WV all the customers
in the system become impatient and if the service of the customers has not been completed before
the impatient timer of the customers expires, the customer exits from the queue. Here, we assume a
more constrained model in which only those customers becomes impatient during the WV, which
are waiting in queue and not the ones which are under service.

The model is presented as follows. In Section 2, we provide the description of the model. In Section
3, we formulate the model as a quasi-birth-death process and find the partial probability generating
functions for the distribution of queue sizes, when the server is in WV period and when in regular
busy period. By solving the arising differential equations, we find the closed-form solutions. Many
performance measures such as the mean queue length and the mean waiting time are obtained in
Section 4. In Section 5, stochastic decomposition properties are verified. Finally the conclusion is
given in Section 6.

2. Model Description

We consider a system in which the arrivals occur according to a Poisson process with parameter
A. The service times during the normal busy period has an exponential distribution with mean i,
where we consider the stability condition that p = ﬁ < 1. The server holds on a WV as soon as
the system becomes empty. In the due course of vacation period, the customers are served at an
exponential rate y,, where u,, < up. The time of a vacation period is exponentially distributed with
parameter 6. The policy of a MWV demands the server to keep taking vacation until it finds at least
a single customer waiting in the system at an instant vacation completion. Upon the return of the
server from his vacation along with finding at least a single customer in the system, the service rate
is switched from p, to u; by the server, thereby giving rise to a non-vacation period, otherwise the
server immediately goes for another WV. On the other hand, if the termination of vacation in the
middle of an ongoing service occurs, the service rate is shifted and the server continues the service
at the higher rate until completion of the service.

The impatience of the customers in the system is explained as follows. If the arriving customer
wishes to join a queue and notices that the system is in WV, he activates an impatient time 7,
which is exponentially distributed with parameter ¢ alongside being independent of the number
of customers present in the system at a very specific moment. If the vacation of the server ends
before the time 7" expires, the customer remains in the system until the completion of his service or
else the customer evacuates himself from the system and never comes back. Thus it is concluded
that only those customers whose arrival occurs during a WV of the server are impatient. On the
other hand, a customer, if he arrives during a WV period and finds the server free, will get served
immediately and there holds no reason for him to be impatient. This type of impatient policy is
different from that of the impatient policy studied in Altman and Yechiali (2006), in which all
arriving customers become impatient during the vacation period, since a pure vacation policy is
considered. The server gives service to the customers on the basis of first come first served (FCFES).
The inter-arrival times, service times, vacation duration times, and the impatient times all are taken
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to be mutually independent.

Let {N(t),t > 0} be the number of customers in the system at time ¢ and J(¢) be the state of system
at time ¢, where J(t) is defined as follows:

1, when the servers are a non-vacation period at time ¢,

J(t) =
{O, when the servers are in WV period at time ¢.

Then, A = {(N(t),J(t)),t > 0} is a two dimensional continuous time discrete state Markov chain
with state space

S = {{(0,0)}U{(i,j)} i=1,2,..,j=0, 1} .

3. The Stationary Distribution

Let us define the stationary probabilities for a Markov chain A as
Py =P{N(t)=1i,J(t)=j}, i=0,1,2,....5=0,1.

Then, the stationary equations are

APy = (po + §)P1,o + pp Py, (1)

A+0+n(p+ P =APn10+ (n+ 1) (e + P,y if 1 <n<c—1, (2)
A+ 0+ cpp + 1P, g = APn_10+ [cpo + (n+ 1)E]P,, 4 o, ifn > c, 3)
A+ pp)Pyy = 0py g+ 2Py y, 4)

(A+nup)Pry =APp11+(n+DuyPyigq +0Prp, if2<n <c—1, 5)
(At cup) Py = APp11+ cupPryg g +0Png, if n > c. (6)

Define the (partial) probability generating functions (PGF), for 0 < z < 1,
Po(z) = Zzozoznpn,o,

00
Pl(Z) = anlznpn’h

with Py(1) + P1(1) = L and P'o(z) = >_02 1 nz" "1 P 0.

Multiplying (2) and (3) with 2™ and summing over n, we get the following differential equation
after using (1) and rearrangement of terms.

0 =¢2(1— 2)Po(2) — [(1 — 2)(Az — cpo) + 26] Po(2) + [20 — cpuo(1 — 2)] Pog
+ 2P~ p(1=2)Y ) (n=0)P, 2",

n—=

(7
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or
i | AT 0 0 _ Ch
o=re) = [+ g | A+ [~ 2] e
u u (n—c) (8)
b v
P _ v n
P e e

This is an ordinary linear differential equation with constant coefficients. To solve it, an integrating
factor can be found as

IF— o Tty

_ Az cpw
3

=e zﬁ(l—z)%.

Hence, the general solution to the differential equation (8) is given by

d [ef%zczv (1-— z)gPo(z)]

s
9 CLL Ly 2 (n—c) Az ¢ 0
- _ ) -t p e "P o SemE 2 H (1 = 2)E.
{ (azg %) o g 2 ’O}e el

Integrating from O to z, we get

z

Py(z) = ey (1- z)_g{cgvPO,o/ e (1 — z)gdz

. ’ . ©)
- [ZP070+/?P1,1] /e_zzzqgv(l - z)g_l dz + /?/Ql(z)e_yzqgv_l(l - z)zdz},
0 0
where
(n—c)
Qu(z)= > 2"Pnp. (10
n=1
_ Chy _8 v 0 v
Po(z) = 2 (1 - 2)¢ [Cg PooA(z) — <£P0,0 + “;Pl,1> B(z) + %C(Z) , (11)
where
A(2) :/ei(z‘X)X”s“la—X)?dX, (12)
0
B(2) :/ei(zX>X”£“(1—X)2’1dX, (13)
0
C(z) = / Q1(X)es X1 — X)<dx. (14)
0
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Now, determine Py(z) for lim,_,; which gives

: Chy 0 b Ho . =0
tiy Po(2) = Po(1) = | % PoA (1) = (gPoa+ 5P ) BO) + 520 i1 - )7
Since
0< Py(1) = ;Pmo <land lim(1—z2) ¢ = oo,
we must have the term
v 0 v
C‘g PopA(1) — (5130,0 + ‘?Pm) B(1)+ %0(1) — 0,
or
o C(1) [Nv A1) 0 :|
P = 4 |2 — 2| Pyo. 15
MBI L BO) ) (15)

Hence, we have P; ; in terms of Py .

Using (15) in (11), we get

Fol2) = { C/gv [A(z) - ;119((11))3(@} Po,o} (- )7 e

{1 SEe - o a0t

(16)

Now, we will find the generating function P;(z). Multiplying (5) and (6) by 2" and summing over
n, we get after using (4),

C

(1 —2)(Az —cup) P1(2) = 20Py(2) — (OPoo+ppPr1)z + (1l — 2) Z(n —¢)2"Pp 1. (17)

n=1

Using (14) in (16), we get

v v A - — —
Pi(a) = | 2 Po(e) - ;b%z_ C’Lbﬁizpo,w(lzw](z—n - p)l, (18
where
(n—c)
Q(z)= > Poi2" (19)
n=1
Theorem 3.1.

If p<1and 0 < ¢ < p,, then the probability Py is given by
_ 04+ (e = A) = Q(1)] — po0 Q1 (1)
Poo =

(20)
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Proof:

Applying L’Hopital’s rule in (11), we get

{ T PooA(z) — <§P010 +e PLI) Bla) + 0 }

lim Py(z) = lim
z—1 z—1

' 3 Po,oz%fl(l - z)% [gPo,o + &P 1] ze (1— z)gfl
= lim o o Py
2=l Céf”z?_l(l—z)? —%z S(1—z)c !
. e Quz)z T (1 - o)
+ lim Y > - :
z—+1 C’g”zT_ (1—z)§—gz ¢ (1—2)¢
I L i [ S
S %z—l—g(l—z)—l
[Pl 2) [gpo,o + %PM} 2 2Qi(2)(1 - 2)
= lim o 5 , 2D
21 r(l—2)—¢2
which gives
0Po(1) = 0P+ pip Py ;- (22)
Similarly from (16), we get
. o 9P0(Z) + ZQPE)(Z) — (9P07() + ,ubPI,l) oy
lllg Pi(z) = lllg [ A1 —2)— (A2 — cup) A — c,ubQ(l)
OP"o(1) b
= 1
e\ cub—AQ( );
which implies that
Plo(1) = (C“”g A) Pi(1) - 2 o). (23)
From (7), we get
(1= 2)(Az = cpw + 201 Po(2) — [20 — cuo(1 = 2)] — 2 P1y |
Plo(z) = L 20 02).
o(2) €z2(1—2) * £z 1(2)
Applying L’Hopital’s rule, we get
s I = A2) + ey + 6] Pol2) + Pyl=) [(1— 2)Az — cpy + 26] — (6 + cpa) Poo — m Py s
P'y(1) = lim :
z—1 5(1 — )\Z)
+ %Ql(l).

Therefore, using (21), we get

(A = cuy) Po(1) + Py + Nle(l)'

Py(1) = e (24)
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From (22) and (23), we have

iy — A 14 (A=) Po(1) + cpy Py + 1o @1 (1)
(272) Py - S - o |

0
which gives

Hb
6

=0+ [(moe = A) = QD] — 10 Q1 (1).

[0(A — cpo) + (6 + &) (upe — A)] [Poo + P1,1} + ey Py

Putting P; ; in terms of Py, we get the expression for Py as
pyo = B+ [(me =) = m,Q()] - 160, (1)

ey
(25)
BP0 cun) + 0+ e — V)]
el + L5 OO = cpo) + (0 + &) (e — V)]
This completes the proof. n
4. Performance Measures
From (21), the equilibrium probability that the system is in working vacation is
_ M C(1) | cpw A(L)
and the probability that the system is in nonvacation period is
L mC) e AQ)
Pi(1)=1 9 B(1) 7 B(l)PO’O' 27)
The mean number of customers when the system is on WV vacation period is
_ (e = AN [, e C(A)  cpo AQD) _ M
BV = Py = (272 ) - e T - e Sl | - Moy, @
and the expected number of customers when the server is on non vacation period is
0
E(Nl) = Pll(l) = %E(No)
C(eme = AN [, e C(1)  cpw A(D) B

Hence, the steady state mean number of customers in the system is
E(N) = E(Ny) + E(V))

= (e =) [; T ulb] [1 o O1) et A(”Po,o] ~(1+ ") o). 6o

o B(1) 6 BQ1)
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The mean waiting time in the system can be derived by using the Little formula as

From the moment of arrival of a customer in the system until departure, the waiting time W of a
customer is measured, either after completion of service or due to abandonment. However, a more
important measure of system performance is the total waiting time of a customer who actually
completes his service before leaving the system. Let us denote this by Wieryeq-

Let W, ; denote the conditional waiting time of a customer who does not abandon the system,
given that the system upon his arrival is (n, j). Clearly, we have

1
E(Wnl):”/j Cn=1,2.3,... G1)
’ b

We derive E(W,, ;) by using the method of Altman and Yechiali (2000).

When j =0andn > 1,

Plho) =557 (ni 1) (s +€) _:0+A+ (n—l% 1) (o +6) +E(W”vl)}
M (n:\rl)(uu +&) :6+A+(ni1)(uv + &) +E(W”’0)]
+9+A+<nf1><uv+g> :9+)\+(ni1)(ﬂv+g) +E<Wn—1,o>}
TEa (nnivl)(uv +&) [0+ 2+ (niz)(uv ) +E(Wn_170)} '

The second term above follows from the fact that a new arrival does not change the waiting time
of a customer present in the system, while the third term takes into consideration that only n cus-
tomers can abandon the system as our customer is not impatient.

1
E(W =
(W) 0+ (n+ )iy +6) (32)
0+ X+ n(uy, +€) (n+1)0
W+ OE(W, o).
{‘9+)‘+(”+1)(Hu+§) 1 +n(pe +EE(W,,_1,)
For j =0 and n = 0,
0 1 1
E(W,,) = 1y
( 0,0) 0+/\+MU+§|:H+)\+MU+§+:U’I>:|
A 1
E(W
+9+A+uv+€[9+/\+/~‘v+5+ ( 0’0)},
which can be simplified to
1 0+ A 4
E(Wy,) = ] »
(Woo) 9_|_Mv—|—§|:9+)\+ﬂv+£+/‘bb] >
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Using (32) and iterating (31), we obtain for n > 0

BOW, ) 1 { 0+ A+ n(py + &) (n+1)0

0+ (n+1)(uo+8) | 0+ A+ (n+1)(1o +§) o

n

2

k=1

O+ A+ (b= +8) | k077 il +8)
0+ X+ k(po +€) pu o 0+ i +€)

Finally, we get the mean waiting time of customers served by the system as

E( Wserved) = Z Pn’OE( Wn70) + Z Pn»lE( Wn,1)7
n=0 n=1
which after using (30) becomes

E( Wserved) = Z PN,OE( Wn,(]) + EWl)Iu—L_Pl(l) (34)
n=0

5. Stochastic Decompositions in the MWV Model

In order to have a better comparison with the already existing models, we often try to decompose
the quantities of interest into various factors. A stochastic decomposition property plays a vital
role in vacation queuing models and points out the effects of system vacation on its performance
measures like queue length and waiting times. We can try to do the same for the system under
consideration as this is an M /M /c model with MW Vs. We have derived the following two results
that this impatient WV model under consideration also satisfies such decomposition for stationary
queue length and stationary waiting times into one that corresponds to a pure M /M /1 system plus
a quantity that is due to the WV.

Theorem 5.1.

For p < 1, the stationary queue length N can be decomposed into a sum of two independent random
variables as N = N, + N4, where N, is the queue length of a classical M/M/c queue with vacation
and NV, is the additional queue length due to effect of MMV with its PGF

Poo y
(cpp — A)(1 — 2)

{{(cub — 21— 2) - ze] Po() 4 2 [ pC() oA, (1~ z)Q(z)}_

Poo PooB(1)  B(1) Py

Ni(z) =

https://digitalcommons.pvamu.edu/aam/vol12/iss2/2
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Proof:

N(z) = Py(z) + Pi(2)

20 } P (25800 1 Cpy 48 Poo] — (1~ 2)Q(2)
(1= 2)(he — )] " ° (1—2)(0z — cp)

- (5= {Mb_—i e IO

z poc(l) A(1) Hb
T (e =) [ B(1) “““B(l)PO"] T —AQ<2>}'

:[1+

or

N(z) = 11_/)'02 X Ny(2).

Py(z) and P;(z) are positive, as they are PGFs, and so Py(z)+Pi(z) > 0, and for 0 < z < 1 and

p<l, (11::2) > 0. Therefore, N4(z) is positive. Also, for z = 1, then N;(1) = 1. Hence, N4(z) is a

PGFE. n

Theorem 5.2.

If p < 1, the stationary waiting time can be decomposed into a sum of two independent random
variable as W = W, + W,;, Where . is the waiting time of a customer corresponding to classical
M /M /c queue and has exponential distribution with parameter 1;,(1 — p) and W, is the additional
delay due to the effect of MWV with its Laplace Stieltjes transform (LST).

Wi(s) = (CMfO_*OA)S{ (e = B0 (- 5)

(35)

po C(1)  cpy A1) ppsPop s
- - - (-2 %,
+ (A=) [Po,o B(1) B() 0 ( /\)
Proof:
From the distributional form of Little’s law, in Keilson and Servi (1988), we have the relation

N(z) = W*(\1 - 2)).

Let S = A(1 — z), which gives z = (1 — %) and 1 — z = % Putting these values in (36), we get the

desired expression. n

6. Conclusion

Many authors in the past have studied queuing models with impatient customers, where the cause
of impatience was considered to be either a heavy load of the server leading to a long wait that
will be experienced by the customer already in a queue or due to anticipation of impatience by a
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customer upon arrival. We analyzed in this paper the impatient behavior of customers in an M /M /c
with multiple working vacation, where customers’ impatience is due to slow service rate during a
working vacation. We have derived the explicit expressions for the probability generating functions
of the number of customers in the system, when the system is in a regular busy period and in a
working vacation period. We have calculated the values of important performance measures like
the mean queue length and mean waiting time and stochastic decomposition properties are also
verified.
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