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Abstract

The main aim of this paper is to obtain certain properties of generalized Rice’s matrix polynomials
such as their matrix differential equation, generating matrix functions, an expansion for them.
We have also deduced the various families of bilinear and bilateral generating matrix functions

for them with the help of the generating matrix functions developed in the paper and some of
their applications have also been presented here.
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1. Introduction and Preliminaries

An important generalization of special functions is special matrix functions. Special matrix
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polynomials appear in connection with matrix analogues of Hermite, Chebyshev and Legendre
matrix differential equations and the corresponding polynomial families, see Aktas et al. (2013),
Altin et al. (2014), Cekim (2013), Cekim et al. (2011), Cekim et al. (2013), Defez and Jodar
(2002), Erkus-Duman and Cekim (2014), Jodar et al. (1995), Jodar and Sastre (1998), Kargin
and Kurt (2014a, 2014b), Kargin and Kurt (2015) (for a list of references). The author has earlier
studied the Rice’s matrix polynomials Shehata (2014) and the present paper carries those studies
ahead motivated by the importance of special matrix polynomials of several recent works Aktas
(2014), Aktas et al. (2012), Cekim and Aktas (2015), Shehata (2014) and Tasdelen et al. (2011).
We organize the present paper as follows: In Section 2, we give the matrix differential equation,
generating matrix functions and an expansion of generalized Rice’s matrix polynomials. The class
of bilinear and bilateral generating matrix relations for generalized Rice’s matrix polynomials
have also been established in the Sections 3 and 4.

In this section, we give some basic facts or properties, definitions, lemmas, theorems and some
notations and terminology, which has been used in the next sections.

Throughout this paper, the symbol CV*¥ stands for the set of all square complex matrices of

common order N and o(A) stands for the set of all the eigenvalues of A € C¥*V, The matrices
I and 0 will be denoted by the identity matrix and the null matrix (zero matrix) in CNV*¥,
respectively.

Definition 1.1.

If Ag, Ay,..., A, are elements of CV*¥ and A,, # 0, then by the matrix polynomial of degree
n in z (z is a real variable or complex variable), we mean an expression of the form

P(z) = Ap2™ + Ap_ 12" .+ Ajz + Ag.

Theorem 1.1. (Dunford and Schwartz (1957))

If f(z) and g(z) are holomorphic functions of the complex variable z, which are defined in an
open set € of the complex plane, and A, B are matrices in CV*V with 0(A) C Q and o(B) C €,
such that AB = BA, then

where f(A) and g(B) denote the images of functions f(z) and g(z) respectively, acting on the
matrices A and B.

Definition 1.2. (Jédar and Cortés (1998a))
A matrix A in CV*¥ is said be a positive stable matrix if

Re(p) > 0, for all eigenvalues i € o(A); 0(A) := spectrum of A. (1)

Fact 1.1. (Jédar and Cortés (1998b))
For A € CN*¥ | let us denote the real numbers M (A) and m(A) as in the following

M(A) = max{Re(z) : z € 0(A)}; m(A) = min{Re(z) : z € d(A)}. (2)
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Definition 1.3. (Jodar and Cortés (1998a))

If P is a positive stable matrix in C¥*¥ | then the Gamma matrix function I'(P) is defined by

I'(P) = /OO e P 1dt, P71 = exp ((P — 1) lnt). (3)
0

Definition 1.4.

For A € CV*N | the matrix form of the Pochhammer symbol or shifted factorial is defined by
(Jédar and Cortés (1998))

(A)p = A(A+ D) (A+20)...(A+ (n— 1))

4 “4)
=T(A+nDHI'(A);n>1, (A)=1.
Definition 1.5. (Jodar and Cortés (1998b))
The hypergeometric matrix function »F3(A, B;C; z) is defined in the form
Fi(AB;Ciz) =) 77 (Bl (O], ®)
k=0

where A, B, and C are commutative matrices in CV*¥ such that C' + nI is an invertible matrix
for every integer n > 0 and for |z| < 1.

Lemma 1.1. (Lancaster (1969))

Let ||...]|| denotes any matrix norm for which ||I|| = 1. If ||A]] < 1 for a matrix A in CV*¥,
then (I — A) ~“ exists and given by

(1-4) - > e g ©)

k=0

where c is a positive integer.
Fact 1.2. (Jédar and Cortés (1998b))

For any matrix A in CV*¥

—A fe'e) 1
(1—:1;) = 1F0< ):Zﬁ -z < 1. (7)

, we give the following relation
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Notation 1.1.
For A is an arbitrary matrix in CV*¥" and using (4), we have the following relations

(A)pir = (A)(A+nl) = (A)(A+ kD),

1 1
4 :22k(—A) (—A+I) |
(A)ak ) 5(A+1) )
(_TL[>k:{ gl 0<k<m; (8)

(n—k)!
0 , k>n,

S (FDFAR[I —A—nD)]t, 0<k<n;
<A)n_k_{ 0 . k>n.

Definition 1.6. (Defez et al. (2004))

Let A and B be matrices in CN*¥ satisfying the conditions

Re(z) > —1,Vz€o(A) and Re(w)>—1, Yw € a(B). )

For n > 0, the Jacobi matrix polynomials pAP) (x) is defined by the hypergeometric matrix
function

B+ 1),
P (z) = BT
n:

1_
NG (A+B+ (n+ 1)1, —nl; B+ I;— x) (10)

Lemma 1.2.

In (2002), Defez and Jédar have shown that for matrices A(k,n) and B(k,n) in C¥*" when
n > 0, k > 0, then the following relations are satisfied:

> ) B(kn)=)Y_> B(kn—k)

n=0 k=0 n=0 k=0

o o o 2] an
A(k,n) = A(k,n —mk); m € N.
n=0 k=0 n=0 k=0
Furthermore, we have the following relations
S Bk = Bk 4R
n=0 k=0 n=0 k=0
o (2] w o (12)
> A(k,n)=>"3 A(k,n+mk); me N,
n=0 k=0 n=0 k=0

where [z] denotes the greatest integer in z.
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2. Generalized Rice’s matrix polynomials

Definition 2.1.

Let P and () be matrices in CV*¥ satisfying the condition (9), A and B are matrices in CV*V,
B satistying the condition

B +nl is an invertible matrix for all integers n > 0. (13)

Let us consider the generalized Rice’s matrix polynomials HT(LP’Q)(A, B, z) by hypergeometric
matrix function

P+1
HP(A B, z) = @ ska(—nl, P+ Q + (n+ 1)1,
n.:
P+1), = 2*
A;P+1,B;z) = % %(—n[)k(P—FQ—F (n+1)1)

= ) (14)
< AP+ D@ = P 0.3 A
 (P4Q+ (n+ DDWANP + D (B

where 0 < k < n and all matrices are commutative.

Remark 2.1.

For the scalar case N =1, taking P=0Q =0, A=¢, B=p and z = v in (14) gives the scalar
Rice’s polynomials H, (&, p,v) (see Rainville (1945) and Rice (1940))

Hn<£7p7 V) = 3F2(_n7n+ 17&7 17p7 V)'

Corollary 2.1.

For the purpose of this work, with the help of Theorem 1 (see Shehata (2016b)), setting p = 3
and ¢ = 2, we give the convergence properties for the generalized Rice’s matrix polynomials:

(1) The power series (14) is convergent for with |z| < 1 and diverges for |z| > 1.
(2) The power series (14) is absolutely convergent for |z| = 1 when

m(B)+m(P+1)>M(A)+MP+Q+ (n+1)I)+ M(—nl).
(3) If the power series (14) is conditionally convergent for |z| = 1 when
MA) +MP+Q+ (n+ 1))+ M(—nl)—1<m(B)+m(P+1)
<SM(A)+ M(P+Q+ (n+1)I)+ M(—nl).
(4) The power series (14) is diverges for |z| = 1 when
m(B)+m(P+1) < MA) + MP+Q+ (n+1)I)+ M(—nl)—1,

where M (A) and m(B) are defined in (2).
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Remark 2.1.

We mention that for special case P = () = 0, this reduces to Rice’s matrix polynomials in
Shehata (2014).

Remark 2.2.
We note that by taking A = B in (14), we obtain the result
HPO(A A, 2) =P@P)(1 - 22)

_(P+1),
a n!

15
2F1(_nI,P+Q+<n+1)I;P+I;Z), (13)

where P{@") (x) is the Jacobi matrix polynomials defined in (10).
Theorem 2.1.

For n > 0, the generalized Rice’s matrix polynomials satisfies the following matrix differential
equation

(1—2)22 D’HIP(A, B, 2) + [Z(B + P4 2I)—

zQ(A+P+Q+4I)] D*HPD(A B, 2) + {B(PJFI) +n(n+ 1)zl
(16)

—2(A+D)(P+Q+2I) +nz(P+Q)}D HPQ(A, B, 2)
d
+nAP+Q+ (n+1)I) HPY(A B 2)=0; D = ot
where all matrices are commutative.
Proof:

Consider the differential operator 6 = z— 0zF = kz*, yields that

0OT+P+I-1)01+B-I1)HPYAB,z2) = kk—fk
X (kI +P+1—1)(kI+B—1I)(—nl),(P+Q+ (n + 1)1 (A)g
x [(P+ D] ' [(B)]™ = 2 (i 1)!(—n])k(P+ Q + (n+ 1)),

X (A)[(P + D] M (B)aa] ™

Now, we replacing k by k + 1, we have

https://digitalcommons.pvamu.edu/aam/vol12/iss1/24
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0(9[+P)(6[+B DHP(A, B, 2)

= i D)1 (P+Q+ (n+ DDyt (At [(P+ D) 7 (B)e] ™

= ( —n) @I+ P+Q+ (n+1)I)O1+AHPIDA B,z2).

Thus, we show that H,(lP’Q)(A, B, z) is a solution of the following matrix differential equation

0 O@1I+P)0I+B—-1)—=z01—-nl)

(I7)
X (BI+P+Q+ (n+1I)OI+ A)|HPDA, B, z2) =0.
Thus, H,SP’Q)(A, B, z), given by (14), satisfies (16) in |z| < 1. a

Theorem 2.2.

Let A, B, P and Q be matrices in C"*¥ satisfying the conditions (9) and (13). Then, a generating
matrix function for generalized Rice’s matrix polynomials has the following form

ST(P+Q+D[(P+ D)) "HPD(A, B, 2)t" = (1— 1) >
" (18)
X 31 1(P+C2+I) 1(P+Q+2I) A P41 B——2
3472 9 72 s 41y s (1 _ t)2 )
for |t| < 1, (4Zt) < 1.
Proof:
Starting from (14) and using the result (12), we have
S (P +Q+ Dal(P+ 1), HED(A, B, 2)"
n=0
o n ( 1)k ktn . .
= 3N (P Qo D (AW(P + Di ™ [(B)]
n=0 k=0 \(n —k)!

= TV P @ D AP+ DB

From (8) and (7), we can write

Published by Digital Commons @PVAMU, 2017
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- 1 (PQ) N DA
§2P+Q+I(P+DAJQ’@&R@t:§:z}—————
=0

In!
(P 4@+ 1P+ + 2k + DD AW(P + D) Bmki

:§;§;$P+Q+@k+)Ugj%%iﬁ(;P+Q+Dh
(%(P +Q+ 2[)) k(A) K[(P+ 1)) ,i —(@e+DI

>J;i%ﬁf<gp+g+ol(;P+Q+y)k

X [(P+ D] (Bt = (1 —1) "9

X 3F2<%(P+Q+[)>

DN | —

4zt
P 21, A;P+1,B;——— |.
(P4 Q20 AP 1By s )

Hence the proof of Theorem 2.2 is completed. O

Now, we can use the series of generalized Rice’s matrix polynomials together with their properties
to prove the following result.

Theorem 2.3.

For a non-negative integer n, an expansion of generalized Rice’s matrix polynomials is given as
follows

n —1 - (_1>kn!
2" =(P +1),(B)u[(A))] (n_k)|(P+Q+(2k+ 1))
k=0 : » » (19)
X (P+Q+I)k|:(P+Q+I)n+k+1:| |:(P+])k:| XHIEP’Q)(/LB,Z),
Proof:
Equation (18) can be written in the form
35(¥P+Q+m1@+Q+mymp+La__§LJ
: i Ly (20)

= (1— )P+ i(P +Q+ Dil(P + D] H (A, B, 2)t
k=0

In (20), we put that

https://digitalcommons.pvamu.edu/aam/vol12/iss1/24
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B 2

v
—1_ _ ,
1++1—-v (1++vV1—-v)?

(20) can be written

00 (_1)nyk 9 P+Q+(2k+1)1
=2 <1+\/ﬁ> (P+Q+ 1) 1)

[(P + ])k] 71H,EP’Q)(A, B, >).

Now, replacing

9 P+Q+(2k+1)1 1
— = 2R o(P+Q+ (2k+ 1)),
(l—l—\/l—y> ? 1(2( @+l D)

%(P+Q+(2k+2)1);P+Q+(2k+2)I;V>,

we have

—~

P+Q+(2k+2)[);P+Q+(2k+2)I;y)

P+Q+Di[(P+ 1)) "H"(A, B, 2)
> o kyn k
-3 ( 32% - <%(P+ Q+ (2k + 1)]))

{(P +Q+ (2k+ 2)1),1} B

X

. (22)
« <%(P Qo+ (2k+ 2)]))

X (P+Q+ Di[(P+ 1)) "H (A, B, 2)

(_1)k yn—I—k

- Z Z n! 22n+2k (P + Q + (Qk + 1)1)271

n

Published by Digital Commons @PVAMU, 2017
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Using (8), we get

(P+Q+<2k+1)1)2n_<P+Q+[)2n+2k{(P+Q+I)2k1_-

Thus, we obtain

° _1)k yntk
Z Z 22n+12k g (P+Q+ angar(P +Q + (2k + 1)1)

00
n=0 k=0

~—~

-1
X l<P +Q+ f>n+2k+1} (P+Q+ Del(P+ D] H{" (A, B, 2).
Therefore,

[e.9]

> a(5rrern) (rreran) .

n=»

(23)
-1
<P+ Qo+ Da(P4Q+ (26 + DD (P+Q+ Do

-1
x (P+Q+ 1) {(P + 1)4 H"9(A, B, )",

which yields equation (19) on equating coefficients of »™ and using (8). Therefore, the proof of
Theorem 2.3 is completed. u

Now, we mention some interesting special cases of our results of this section.
Corollary 2.2.
Substituting P = ) = 0 in (14), we obtain a known result in Shehata (2014)

LB, Y e D),

k= (24)
X {(1)n+k+l] Hk(‘A?BVZ)‘

Corollary 2.3.

Taking A = B and replacing z by 1%‘ in (14), we have a known result in Defez et al. (2004)

https://digitalcommons.pvamu.edu/aam/vol12/iss1/24
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(1—2)"] = 2"(P + 1),

n!
n—k)!(P+Q+(1+2k)[> 0s)

(Pt Qe DWl(P+ Q + Doos 1P+ D PO (),

ol
[en]
—~

We now give a generating matrix function for the generalized Rice’s matrix polynomials.

Theorem 2.4.

A generating matrix function for the generalized Rice’s matrix polynomials is derived as

[e.o]

1
> (O HED (—nl, B, 2)t" = (1—1)¢
n!
n=0 (26)
2t
xHPO(C B ——— ) |t|<1, |-—]| <1,
1—1 1—t
where PC' = CP and QC = CQ.
Proof:
By using (14), (7) and (12), we have
1 (P.Q) b A
ZH(C)nHm’ (=nl, B, 2)t" = — (P +1 mZZ k!

n=0 k=0

(=mI)e(C)n (P+Q+(m+1)f) [(P+ D]~ (B
m'P+ImZk| m[kz .C+kl (O

1
m'(P+I)

((=mDi(1 =) (COW(P+ Q+ (m+ DD[(B)] ™!

X (P4+Q+ (m+DD[(P+ D] (B (—2t) =

X
NE
| -

k=0
1 m
X [P+ Di] M (=2t) = = (1 =) “(P+1)
m)!
=0
zt F
x (CVe(P+Q+ (m+ 1))[(P+ I)] ( )
1
m'(l—t) (P—i—])m3F2(—mI,P+Q+(m+1)I,
t t
C:P+1,B—— ) =(1-t“HPO(0, B, - ),
1—t 1—t
which completes the proof of formula (26). O

Published by Digital Commons @PVAMU, 2017
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Corollary 2.4.

For C' = B, Equation (26) further reduces to following generating matrix function representation:

- 1
Z —' C)nHIPD (—nl, C 2)t" = (1 —1)~¢
n!

n=0 27)

22t 2zt
xP@P 14+ 222 ) <1, || < 1.
m +1—t’|’ 11—t

3. Bilinear and bilateral generating matrix functionsfor the generalized Rice’s matrix
polynomials

The present section is a further attempt to establish a general theorem on a novel class of bilinear
and bilateral generating matrix functions of various generalized Rice’s matrix polynomials by
using the similar method considered in Aktas (2014), Aktas et al. (2013), Aktas et al. (2012),
Altin et al. (2014), Cekim and Aktas (2015), Tasdelen et al. (2011). In fact, we obtain the main
results in the following theorem.

Theorem 3.1.

Corresponding to a non-vanishing matrix function €,(y1,ys,...,ys) of s complex variables
Y1,Y2,---,Ys, S € N and involving a complex parameter p, give a order, let us consider the
following

Ay,y(ylay% <oy Ysy Z) = Z akQu+Vk:<y17 Y2, ... ays)zk ;

paur (28)

ak#ovﬂayeca

where the coefficients a; are assumed to non-vanishing in order for the matrix function on the
left-hand side to be non-null. Suppose also that the matrix polynomials

\Ilnym:%’/<x;yl7y27"'7y87 Z P+Q+[)7l mk[(P+[)n mk] !
k=

X H (A B 'I)Qu-l—uk(yl)y% e ays)nk yn,m e Nv

(29)

where A, B, P and (@ are matrices in CV*¥ satisfying the conditions (9) and (13), and (as usual)

the notation [;] means the greatest integer less than or equal to % (n € Ny, p € N). Then, we
have

Z \Ijnvmvl%l’ (ZL’, Y1, Y25 -+ 5 Ys; t%) t" = (1 - t>_P_Q_I
n=0

1 1 Axt (30)
x3ﬂ(§P+Q+&§@+Q+ﬂLAP+L&— * )

(1—1)
X AM,V(y17y27 e ays;n)v

https://digitalcommons.pvamu.edu/aam/vol12/iss1/24

12



Shehata: Some relations on generalized Rice's matrix polynomials

AAM: Intern. J., Vol. 12, Issue 1 (June 2017) 379

provided that each member of (30) exists.
Proof:

For the sake of convenience, let S denote the member of the assertion (30) of Theorem 3.1.
Then, by substituting for the matrix polynomials
Vo mpw | T3Y1, Y2, -5 s tim from the definition (29) into the left hand side of (30), we obtain

the familiar generating matrix function

o0

Z \Ijn,m,,u,u (xa Y1,Y2, - - -5 Ys; tim)tn

n=0

0o [mnl o) (31)
n=0 k=0

X Q;H—Vk (yla Yo, ... 7ys)nktn_mk~

Upon changing the order of summation in (31), if we replace n by n + mk, we can write

Z\Pn,m,#,y<x;y1,y27...,ys;tﬁm)t”:Z a(P+Q+ 1),

n=0 k=0
X [(P -+ [) ]71H(P7Q)(A7 B; -T>Qy+l/k(y17 Y2, .- 7y5)77ktn

[i P+Q+1),[(P+1),) HP9 A, B, x)t”]
n=0

X {Z xSk (Y1, Yo, - - - >ys)7lk] =1 -t

k=0

1 1 4t

X A/L,V(yby% I 7ys;77)7

which completes the proof of Theorem 3.1. g

By expressing the multivariable matrix function €, .%(y1,v2,...,9s), & € Ny and s € N in
terms of simpler matrix function of one and more variables, we can give further applications of
Theorem 3.1. In the following, we obtain the results which provide a class of bilinear generating
matrix functions for the generalized Rice’s matrix polynomials.

Corollary 3.1.
Let

N3 2) =D an(P+ Q + Dysl (P + 1)) " HTS (A, B, y) 2
k=0

ak%()a/j'aVENO

Published by Digital Commons @PVAMU, 2017 13
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and

1)

\Ijnm/u/xyn ZakP+Q+1)n—mk[(P+I)n—mk] IH (AB:E)

O

x (P + Q' +I>M+yk[<P'+I>M+uk] AL Byt nym e N,

where P, P’, Q and Q' are matrices in CV*¥ satisfying the condition (9), and A, A/, B and B’
are matrices in CN*V, B and B’ satisfying the condition (13). Then, we have

> 1
> Vnmw (x; v; %) t"=(1-1)"R (§<P +Q+1),
n=0

t
(32)

1 dxt

—(P 21),A;P+1,B;——— | AL (y;m),

2( +Q+ )7 ) + 9 ) (1—t)2> 122 (y 77)
provided that each member of (32) exists.
Proof:
Equation (32) can be proved using the same method as in proof of Theorem 3.1. a
Remark 3.1.

For the generalized Rice’s matrix polynomials, by the generating matrix functions in (18) and
taking ar = 1, p =0 and v = 1, we have

00 [ln]

STS TP QA Dl (P4 D) HE (A, B, )

n=0 k=0
X (P'+ Q' + Dl (P + Dl H (A Byt

1 1
= (1 —t) P~ 3F2(§(P+Q+I),§(P+Q+2I),A;
4th ’ / 1 , ’
P+I,B;—m>(1—ﬁ)_P_Q_13F2<§(P +Q +1),

1 dyn

—(P'+Q +2I),A; P+ 1,B; ——).

2 (1—mn)?
In the next section, we proceed to discuss the various applications of the Theorem 3.1 for the
case of certain special matrix functions including the generalized Rice’s matrix polynomials.

4. Further Remarks and Applications

As we remarked above that the Theorem 3.1 provides a very generalization of certain classes of
bilateral generating matrix functions for the Chebyshev, Gegenbauer, Jacobi, Legendre, Laguerre,
modified Laguerre, Hermite and the generalized Rice’s matrix polynomials, the same are being
deduced now as known or new consequences of the Theorem 3.1.

https://digitalcommons.pvamu.edu/aam/vol12/iss1/24

14



Shehata: Some relations on generalized Rice's matrix polynomials

AAM: Intern. J., Vol. 12, Issue 1 (June 2017) 381

Definition 4.1.

Let D be a matrix in CV*¥ satisfying the condition (1). Then, the Chebyshev matrix polynomials
of the second kind are defined by means of the series (see Metwally et al. (2015))

[

n]

D=

(=D (n—k)!

Un(z,D) = Y -~ (zV2D)" "
(& D) R(n— iy VDT
k=0
and the generating matrix function
(I — xtvV/2D + 1) ZU (z, D)™ |t| <1, |z| <1, (33)

where I — xt\/2D + t21 and xtv/2D — t21 are invertible matrices in CV*V,
Corollary 4.1.
If

,uV y7 ZakU/ﬁ-Vk’ y> ; Qg 7é07 JRAS N0>

and

[%n

k=0

<A7 B7x)U,u+1/k<y7D)nk pn,me N7

n—mk

CNXN

where D is a matrix in satisfying the condition (1), then we have

- 1
Z\an,w(x y; tZ)tn —(1— )P, R, (§(P+ Q+1),

(34)

Axt
(P+Q+2I),A;P+1,B; —m>/\u,u(y;n),

N | —

provided that each member of (34) exists.
Remark 4.1.

Using the generating matrix function (33) for the Ux(y, D) and by taking ay = 1, u = 0 and
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v =1, we have

i (P+Q+ D[ (P + D) THD (A, B, ) Uy, D)

o = [i(P +Q+ Dul(P + Do) HPV(A, B, )"

n=0

x[é?vu%Dmﬂ:=u—wrﬂﬂ#3&(%u%+@+1x

1 At
S(P+Q+20), AP +1,B; —ﬁ) (I —ynv/2D + 1)~

4at
(1-t)2

for [t| <1, |n| <1, x| <1, |yl <1and <L

Definition 4.2. (Jédar et al. (1995))

Let D be a matrix in CV*¥ satisfying the condition

—%x ¢ o(D) for all z € Z* U {0}. (35)

Gegenbauer matrix polynomials are defined by

[ _1)E(9p) 2k
Co'lw) = (k!l()n(E Q)k)! (D)

n]

N

Notice that the Gegenbauer matrix polynomials are generated as follows (see Jodar et al. (1995)
and Sayyed et al. (2004)):

F(z,t,D) = (1 — 2zt + 1)~ Z CP(x (36)

If r, and 7, are the roots of the quadratic equation 1 — 2zt + yt? = 0 and r is the minimum of
the set {ry, 2}, then the matrix function F'(x,t, D) regarded as a matrix function of ¢, is analytic
in the disk |t| < r for every real number in |z| < 1.

Corollary 4.2.

Let
AHaV(y;Z):ZakC +11k( ) ) ak%ov M7V€NO
k=0
and

[=n]
k=0

<H"9) (A, B,a)CP,,(y)n"sn.m € N,
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(chN

where D is a matrix in satisfying the condition (35). Then, we have

> e (a0 )1 = (=77 (3P @ D)
= a7

4ot
(P+@Q@+2I), A, P+1,B; —m>/\u,u(y;n),

N —

provided that each member of (37) exists.
Remark 4.2.

Using the generating matrix function (36) for the CP(y) and taking a;, = 1, p = 0 and v = 1,
we have

Zi (P +Q+ D[ (P + D) "HD) (A, B, 2)CP (y)nkt7 "
k=0

n=0
= ZZ (P+Q+ Dul(P + D) " HED(A, B,2)CP (y)nt"
n=0 k=0

{ (P+Q+D),[(P+1),) "HP(A, B, x)t HZC‘“ ]

n=

1
= (1 —t) Pt 3F2(§(P+Q+I),§(P+Q+2I),A;P+I,B;

— %) (1—2yn+n*)~".

The Jacobi matrix polynomials are generated by (see Altin et al. (2014))

S D+ B+ 1) PED@)[(D+ 1), e = (1= 1) D5
.x —_

where D and E are matrices in CV*¥ all of whose eigenvalues, z, satisfy the condition Re(z) >

—1 with |t| <1, |z| < 1 and ‘Q(t(z )1)‘ <1
Corollary 4.3.
Let
MI/ ya Z&kP,LH-Vk 7 ak#oa ,LL,VGN(),
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and
[
\Ijnﬂ’mm”(l‘; Y; 77) = Z(P + Q + I)n—mk[(P + I)n—mk]_l
k=0
XH,r(LPng(A B x)akP(—&-Vk)(y)nk ; ,m S N7

where D and E are matrices in CV*¥ satisfying the condition (9). Then, we have

> 1
Z\anw,<:r y; tZ)tn — (1—t)P9 T, (§(P+ Q+1),

(39)

4xt

DO | —

provided that each member of (39) exists, where DE = ED.
Remark 4.3.

Usmg the generating matrix function (38) for the P(D E)( ) and taking ay, = (D+ E+1);[(D +
D™t =0 and v = 1, we have

n

=

(P+Q+ Dyt (P + D) T HZ) (A, B, ) ()

n—mk
0

x (D + E + WP ()(D + 1)) it = f: i(P +Q+ 1),

n=0 k=0

X [(P+ 1)) "HPD(A, B, z)(D + E + 1P () [(D + 1)) ' t"

NE

3
I
o
x~
I

[i (P+Q+ Dal(P+ 1] HP (A, B, 2)t }
X [ S (D+E+1)PP(y )[(D+1)k]‘1nk] _(1—p) et
. 3F2<%(P+Q+[)a%(P+Q+2[),A;P+I,B;——4xt )

(1—1)?
1 1
x (1—n) P78t 2F1<§(D+E+I),§(D+E+ 21);

om(y — 1
pir2u=b )).

(1—mn)?
Definition 4.3.

Let us consider the Legendre matrix polynomials IP,,(xz, D) defined in Shehata (2016a) as follows:

P,(z, D) = kZ:O (_kl!zn“_”];)’f)! (1 3 x) YD + kDI(D),n >0

https://digitalcommons.pvamu.edu/aam/vol12/iss1/24

18



Shehata: Some relations on generalized Rice's matrix polynomials

AAM: Intern. J., Vol. 12, Issue 1 (June 2017) 385

where D is a matrix in CV*¥ satisfying the condition

0 < Re(\) <1, for all A € o(D). (40)

and D + kI is an invertible matrix for all integers k£ > 0 and ka < 1.

The Legendre matrix polynomials in (40) are generated by (see Shehata (2016a)):

Srnr-n-vta(n %)
" 41)
2t(x — 1)

0L < 1.

|t|<1,'

Now using the Theorem 3.1, we get the following result which provides a class of bilateral
generating matrix relation for the Legendre matrix polynomials and the generalized Rice’s matrix
polynomials.

Corollary 4.4.
If

/Ll/ yv ZakPu+Vk ya ; Qg 7&07 JURZAS NO)

and

(7]

U (@ y3n) = Y ap(P+Q+ 1), [(P+1),]™"
k=0

x HPD (A, B, 2)P, 4. (y, D)n*; n,m € N,

CNXN

where D is a matrix in satisfying the condition (40), then we have

Z\IIWWMV('I Y; t77> (1_t)_P_Q_I 3F2(%(P+Q+])a
n= 42
4t @2

N | —

provided that each member of (42) exists.
Remark 4.4.

For the case of Legendre matrix polynomials P(y, D), by the generating matrix function (41)
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and taking ax = 1, 4 =0 and v = 1, we have

[an

SN P+ Q+ Dol (P A+ D] " HIE2 (A, B, 2)Py(y, D)

n—mk
n=0 k=

[en]

<t = [i@ +Q+ DWl(P+ 1)) HPD(A, B, @t"]

n=0

X [ZPk(y,D)n’“] = (1—¢)~ 7t 3F2<%(P+Q +1),
k=0

L p OV AP 4T B Ny

5( +Q+ )7 ) + 5 7_(1—75)2)( —77)

Lop. 20y = DY, 2n(y —1)
<R < [ <

Next, if we set s =2 and A, (y, w;2) = > o, akL/(ﬁ’;\,z(y,w)zk, ar # 0, p,v € Ny in Theorem

3.1, then we get the following result which provides a class of bilateral generating matrix functions
for Laguerre matrix polynomials of two variables and generalized Rice’s matrix polynomials.

Definition 4.4.

Let D be a matrix in CN*¥ such that

—k ¢ o(D) for every integer k > 0, (43)

and A is a complex number with Re (A) > 0. Then, the Laguerre matrix polynomials are defined
by (see Jodar and Sastre (1998), Shehata (2015a, 2015b, 2015c¢))
" (=)D + 1),[(D + I)i] 'y (Aa)*
L(D,)\) — ( )
P (z,y) =) B — )]

k=0

According to Khan and Hassan (2010), Laguerre matrix polynomials of two variables are gen-
erated by

o

—\zt
D LY @yt = (1= yt) P exp (1 . t), (44)
-y
n=0
where ¢,z,y € C and |yt| < 1.
Corollary 4.5.
Let
,uV y,U)Z ZakL;H—l/k y,w ;ak#oa,uaVENO
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and
[£n]
\Ijn,m,u,V($; Y, w; 77) = Z ak(P +Q+ I)n—mk’[(P + ])n—mk]_l

k
< H\"@ (A, B,x) L) (y, w)ntsn,m € N,

where D is a matrix in CV*¥ satisfying the condition (43), then we have

- 1

> W (fv; y; w; %)t” =(1—t)""9 R (§(P +Q+1),

L ot @)
X

§(P+Q+2[),A;P+I,B;—m>/\u,y(y,w;n),

provided that each member of (45) exists.

Remark 4.5.

For the Laguerre matrix polynomials L,(CD”\) (y,w), by the generating matrix function (44) and

taking a = 1, 4 = 0 and v = 1, we have

S TP +Q+ Dnil[(P 4 D) HED (A, B, 2) L7V (5, w)
n=0 k=0
<A = | SO+ Q4 DR DL H A, B
n=0

<[PV want| = -0t um(J ),
k=0

1 4zt —Ayn

~(P 21),A; P +1,B; ———— | (1 —wn)~ D .

5 (P +Q+20), AP+, B; (1_t)2)( wn) s G
Further, for the application of our Theorem 3.1, we get the following result on bilateral generating
matrix relation involving modified Laguerre matrix polynomials.

Definition 4.5.

Let D be a matrix in CV*¥ satisfying the condition (43) and \ is a complex parameter with

Re()\) > 0, then the n'"* modified Laguerre matrix polynomials FPN (z,y) is defined (see Khan
and Hassan (2010) and Shehata (2015b))

£V () = 5 (D)n—r(A 2)"y" "

— kl(n —k)!

We recall that the modified Laguerre matrix polynomials of two variables are defined by the
generating matrix function in Khan and Hassan (2010)

S P @)t = (1 —yt) PNty eC, |yt < 1. (46)
n=0
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Corollary 4.6.

If we put s = 2 in the above theorem, we get the following result. Let

/LV y,’LUZ Zakfp,+yk y,w ;ak#OaMaVGNO

and

[

‘an,ulf T, Y, W, 77 = Zak P+Q+[)n7mk[<P+[)n7mk]il
k=0
< H\"D (A, B, 2) £ (y, win® s mom € N

where D is a matrix in CV*V satisfying the condition (43), then we have

= 1

Z U (m Y, w; i)t" = (1—t) @1 ,F (§(P +Q+1),

"= 47)
4ot

N | —

provided that each member of (47) exists.
Remark 4.6.

Using the generating matrix function (46) for the modified Laguerre matrix polynomials f,gD7A) (y,w)
and taking ax = 1, p =0 and v = 1, we have

SN P+ Q4 Dk (P 4+ D] T HED(A, B, £ (3, w0)
n=0 k=0

Rn—mhk — N -1 17(P,Q) n
xnt = {Z(PJrQJrI)n[(PJrI)n} H{ (A,B,x)t}

n=0
[Z (fu)\k (y, w } =(1—t)" "1 F, <%(P+Q+]),

4ot

1
(P 21, A; P+ 1,B; —
2( +Q+ )7 Y + ) Y (1—t>2

)2

dyn

Tz <L nl <1

for

We now consider the Hermite matrix polynomials H, (y,w, D) of two variables satisfying the
following generating matrix function in Shehata (2015c)

oo tn

§ —H,(y,w, D) = exp (yt\/ZD — wm) : |t < oo, (48)
n:

n=0
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where D is a positive stable matrix in CV*"V satisfying the condition (1), then we obtain
the following result which provides a class of bilateral generating matrix functions for the
matrix version of the Hermite matrix polynomials of two variables and generalized Rice’s matrix
polynomials.

Corollary 4.7.

Let
,Lnuyuwz Zak +l/ky7wD) ;ak?‘éOaM;VGNO
and
[=n]
Wy (239, w03m) = Y k(P +Q + Dy [(P 4 i)™
k=0

XH(P’?LL(A7 B7$)HM+Vk(y7w7D)77k pn,me N7

where D is a matrix in CV* satisfying the condition (1). Then, we have

< 1
> Ui (@"; Y, w; tim)t” =(1—t)"UE (§(P +Q+1)
= (49)

1 dxt
~(P 2N, AP+ 1I,B;——— |\, (y, w:n),
72( +Q+ )’ ) + 9 b (1—t)2) My (y w 77)

provided that each member of (49) exists.
Remark 4.7.

Using the generating matrix function (48) for the Hermite matrix polynomials Hy(y,w, D) and
taking aj, = 4, =0 and v = 1, we have

o) [Ln}
N 1
(P+Q+ D[ (P + D) "HZ9) (A, B, @) Hily, w, D)
n=0 k=0 !
kgn—mk — N -1 7(PQ) n
XA = {Z(P+Q+I)n[<P+I)n] H (A,B,x)t]

n=0

X [Z%Hk(vavD)nk] = (1 _t)_P_Q_I 3F2(%(P—|—Q—|—I),
k=0

1 4ot
§(P+Q+21),A;P+I,B;—ﬁ) exp (yn\/QD—wn21>.
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