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Abstract

This article proposes a simple method to obtain approximate numerical solution of a singular
fractional order integro-differential equation with Cauchy kernel by using Bernstein polynomials
as basis. The fractional derivative is described in Caputo sense. The properties of Bernstein
polynomials are used to reduce the fractional order integro-differential equation to the solution of
algebraic equations. The numerical results obtained by the present method compares favorably
with those obtained earlier for the first order integro-differential equation. Also the convergence
of the method is established rigorously.
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1. Introduction

Fractional calculus is a field of mathematical study that grows out of the traditional definitions of
the calculus of integral and derivative operators in much the same way as fractional exponents
which are outgrowth of exponents with integer values. Most of the mathematical theory
applicable to the study of fractional calculus was developed prior to the turn of the twentieth
century, mainly due to its demonstrated applications in the numerous seemingly diverse and
widespread fields of science and engineering. Fractional calculus is the focus of many studies
due to its frequent appearance in the theories of integral, differential and integro-differential
equations, and special functions of mathematical physics as well as their generalization in one or
more variables. Some of the areas of present day applications of fractional calculus include fluid
flow, rheology, dynamical processes in self-similar and porous structures, diffusive transport,
probability and statistics, control theory of dynamical systems, viscoelasticity, chemical physics,
optics and so on (cf. Podlubny (1999), Kilbas et al. (2006), Das (2008), Parthiban and
Balachandran (2013), Belarbi et al. (2014), Kumar et al. (2014), Singh et al. (2015), Misra et al.
(2015, 2016)). Recently, different numerical methods have been proposed in the literature to
solve fractional differential equations (FDEs) and fractional integro-differential equations
(FIDEs) (cf. Sweilam et al. (2007), Sweilam and Khader (2010), Al-Bar (2015)) and others.

Bernstein polynomials have been used to solve some linear as well as nonlinear differential
equations approximately by Bhatti and Bracken (2007). These polynomials defined on an
interval form a complete basis over the interval. The sum of these polynomials is unity, each of
them being positive.

In this article, we obtain the numerical solution of the singular fractional order of Caputo type
integro-differential equation

d%¢

dx®

0]
2 +Afz—;ﬁ=fwl —1<x<1,1>00<a<1  (L1)
1t

with Cauchy type kernel, specified end conditions ¢(—1) = 0 = ¢(1) and a special forcing
function f(x) = —’z—c, using Bernstein polynomials.

For a« = 1, Equation (1.1) reduces to a singular integro-differential equation which arises in
some special type of mixed boundary value problems involving two dimensional Laplace
equation, which was solved earlier by Frankel (1995), Chakrabarti and Hamasapriye (1999),
Mandal and Bera (2007), Mandal and Bhattacharya (2008) by using various methods. Also, the

forcing function f(x) = — g arises in the problems of heat conduction and radiation (cf. Frankel
(1995)).

Here, we have introduced a truncated expansion for &) 7 Iin terms of Bernstein polynomials

(1-x%)2
and used it to reduce the fractional integro-differential equation to a system of linear equations
after using collocation points. The coefficients of the truncated expansion are obtained by

solving the linear system and the values of the function ¢(x) at various points for different
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values of a (0 < a < 1) are found. For a value of @ near 1 (a = 0.99), the values of ¢(x) at
different points are calculated and these are seen to be close to the values of ¢(x) at these points
for « = 1 obtained by Frankel (1995).

The convergence of the method is established rigorously. Although the numerical computations
have been carried out for f(x) = — g the method can be utilized for other forms of f(x).

2. Preliminaries
2.1. Basic definitions of fractional integrals and derivative operators
Definition 1.

A function f(x) € R,x > 0 is said to be in the C, space, u € R if there exists a real number
p > u, such that f(x) = xPg(x), where g(x) € [0,0) and it is said to be in the space C* iff
fMecC, meN.

Definition 2.

The Riemann-Liouville fractional integral operator /5of order «, generalized from the repeated
n-fold integration by Gamma function for the factorial expression is defined on L,[a, b] by

1 x B
]af()_r( )j( x—10)f(t)dr, a>0, a<x<bh. (2.1)

Definition 3.

The expression for Riemann-Liouville fractional derivative operator D of order a (n — 1 <
a < n) (left-hand definition (LHD)) is given by (cf. Podlubny (1999))

f@

DEF(x) = ——
af () = ['(n—a) dx”ja (x —7)atl-n

dt, neNa>0a<x<b. (2.2)

Definition 4.

The expression for Caputo fractional derivative operator °DZ of order @ (n — 1 < a < n) (right
hand definition (RHD)) is given by (cf. Caputo and Mainardi (1971))

CDg‘f(x)z a)f( '@ dt, neNa>0,a<x<b. (23)

x — T)a+1 n
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Properties.

Caputo fractional derivative operator is a linear operator similar to integer order differentiation
so that

DA f(x) +ug(x)) = AD*f (x) + uD%g(x), (2.4)
where A and u are constants. Caputo derivative satisfies

D®C = 0, C being a constant,

0, for B € Nyand B < [a],
Ayb = rig+1 5
o %xﬁ‘“' for § € Npand § > [a], (2:5)

where the ceiling function [a] denotes the smallest integer greater than or equal to a and
Ny ={0,1,2,...}. For « € N, Caputo differential operator coincides with the usual differential
operator of integer order.

2.2. Bernstein polynomials and their properties
Definition 5.
The Bernstein polynomials of degree n are defined on the interval [a, b] as

_ i b — n—i
Bin(x) = (7;) & 8 E a)nX) , i=01,..,n, (2.6)

where () is a binomial coefficient.

The Bernstein basis polynomials of degree n form a basis for the vector space [], of
polynomials of degree atmost n. These polynomials defined on an interval form a complete basis
over the interval. The sum of these polynomials is unity, each of them being positive.

3. General method of solution

The unknown function ¢(x) satisfying (1.1) with end conditions ¢(—1) = 0 = ¢(1) can be
represented in the form

() =v1-x29(x), -1<x<1, (3.1)
where ¥ (x) is a well behaved function of x in the interval [—1, 1].

Let us approximate ¥ (x) in terms of Bernstein polynomials in [—1, 1] as

https://digitalcommons.pvamu.edu/aam/vol11/iss2/18
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n

Y = ) aiBin(o), (3.2)

=0
where B; ,(x), (i =0,1,...,n) are now defined on [—1, 1] as

1+ 0)i(1 — 0

n
Bin() = (;) o L i=01,.,n (3.3)

and a;(i = 0,1, ..., n) are unknown constants. Using (3.1) and (3.2) in(1.1), we find

>a [2 %{ 1~ x2B,, (0} + 2 j_ll ‘ 1__;2 Bi,n(t)dtl = f(x),

t
~1<x<1,0<a<l (3.4)

1=0

Substituting Caputo right hand definition of fractional derivative operator (2.3) in (3.4), we
obtain

. 2 ((VI=BL®}" N = B
Zai o= f_l dt+,1f_1 —— Bin(0)dt| = f(0)

(x —t)ati-p t
i=0

-1<x<1, 0<a<l p-1<a<p, (3.5)

where a > 0 is the order of the derivative and p € N is the smallest integer greater than «a.

As here 0 < @ < 1, we can assume that p = 1. Hence, we get

Bin()dt| = f(x),

VI—£2B (1) — —L B
" 2 ]-x { 1- tzBi,n(t) mBl,n(t)} i+ Afl \/1——t2
"fra—-a) ), (x —t)* 4 t—x

n
i=0

-1<x<1, 0<ac<l (3.6)

We know that

2m — 14m \m
m=0
1 o1 o2my
S e
1—1¢2 4T A m
m=
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Bin(t) = Zinzl: ni(_l)q (Tll) (;) (n; i) £+,

p=04=0

= {Bin(0)} = n{Bi_1n-1(t) = Binoa ()}

" oD (5) (7 e

o z,, 02" -0 (5) () e

p

Utilizing (3.7) we find that

i —i

_ 2m+p+q+1
,— lTL(t z Jint ’
1- 0

oo -1 n-—i co i n—-i-1

S

m=0p=0

_Q
Il

1—=1t2B,(t) = Z i nt>mHPHa 4 Z Z Z L t¥m*rra,

m=0p=0g=0 m=0p=
and
co i n-i
T8, 0= Y Y Y M
m=0p=0qg=0
where

= e (YOO ()

Kin =1 zmmms 1T(l2m— 1)( m) (7:11) (l p )(
(o

Li,n = (_1)q+1

22m+n 1(2m 1)

Using (3.8) in (3.6) we obtain
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z": i i n- X (2m4p+q+l i1 n-i X (2m4p+q
a; — Z z lnf ﬁdt - :]C — o —dt
i=0 m=0 F(l @) p=0q=0 NCI) p=0g=0 1 (x =0
i n-i-1 mn+p+q i n-i 1 mn+p+q
+Z Z ”‘f ——dt +/’LZZMmf —dt| = f(x),
1( - )
p=0q=
~1<x<1 0<a<l. (3.10)

Using the results (cf. Gradshteyn and Ryzhik (1963))

fl C gt=xin 1_x|+i(l;)xk—l(1—x>l‘(‘1)1(1”)1 (3.11)

at—x 1+x [

and

v —1)™m (x + 1"
f tm 1t (u—t)"tdt = (=) n( ) JFi(L,—-m4+1L14+nx4+1) (3.12)
-1

in (3.10) and choosing 4 = 1 we get

n o i n-i )r+1
1=0 m=0 p=0qg=
i—-1 n-i (_ )r
+1) zzmn —— G+ DGR 2 - @x o+ 1)
p=0q=
i n-i—-1 ( )r
+Z Z Li'"l (x+ D% FA,-r2-—ax+1)
p=0 q=0
i n-i
, 1—x
+Z Mipnx"In 1+x|
p=0qg=0
i n-i r
ry . (I—x) = (=1} +x)!
£ 3 () l = f),
p=0q=01=1
-1<x<1 0<a<], (3.13)

wherer =2m+p +q.
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Taking f(x) = —§ and putting x = x; = —0.99 + %j (G = 0,1,..,n) in (3.13) we obtain a
system of (n + 1) linear equations for the determination of the unknown coefficients a;(j =
0,1, ...,n). The unknown coefficients a;(j = 0,1, ...,n) are thus obtained for different values of

a (0 < a <1). The numerical values of ¢(x) for different values of x are then obtained
approximately.

In the numerical calculations, we take n = 7,11,13 and a,, a4, ..., a,, are obtained by standard
numerical methods. Using these coefficients the values of ¢(x) at x = (0.2)k,k =
-5,—4,...,0,...,4,5 are obtained and presented in the Figures 1, 2,3 for different values of «a.
Figure 1 to Figure 3 depict the solution for different values of a (0 < a < 1). The values of
¢(x) at different points for a« =1 are known approximately (cf. Frankel (1995)). Our
approximate values of ¢(x) for a« = 0.99 are compared with the known values of ¢(x) for
a = 1 given by Frankel (1995), and Figure 4 shows that the values obtained by the presented
method (for « = 0.99) compare favorably with the values obtained by Frankel (1995) (for
a= 1).

4. Error analysis

Using (3.1) in (1.1) an equation for 1(x) is obtained which can be written in the operator form
as

(D“+A—nC)1/J(x)=—x, _1<x<i, (4.1)
2 2

Plx)

Figure 1. ¢ (x) for different values of « where n = 7

https://digitalcommons.pvamu.edu/aam/vol11/iss2/18
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n=11

0.12

0.10

0.08

% 0.06
a=0.1
--a=02 b.04
- =03
a=0.4 p.02
—a=05
----a=06 P00 |
- = a=0.7 x
—a=0.8
a=0.9
Figure 2. ¢ (x) for different values of @« wheren = 11
0.12 [
0.10 I
0.08 [
® I
< 0.06
—a=0.1
- -.a=02 |0.04
-a=0.3 |
— =04 i L
a=0.5 -
0.00
-~ -a=0.6
vmo@=0.7 b3
—a=0.8
—=0.0

Figure 3. ¢ (x) for different values of « where n = 13
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n=13
(1Y 1 Al s s, s, S, B B B B . {7 TR T U T o S S
0.06 | e ViR 4
i ;
o P
0.05 F /i "N\ -
[ A g ]
L 4 Z 4
DAL 4 N\ ]
ool F " \ a
0.03 r K2 - =090 R g
o ' =
L )
0.02F a=1 v i
[~ 99 \
0.01F ! -
¥ § 3
L %
0.00 & 1 1 1
-1.0 -0.5 0.0 0.5 1.0
X

Figure 4. Comparison of presented method with Frankel’s Method where n = 13

where € and D are operators defined as

Cu(x) = %f :__xtz u(t)dt, —1<x<1 (4.2)
-1
and
D%u(x) = ddx“a [\/ 1-— xzu(x)], -1<x<1. (4.3)

Letting x = cos @, we get the Chebyshev polynomials of first the kind as T,,(x) = cosnf and

Chebyshev polynomial of the second kind as U, (x) = % . Then,
CU,(x) = —Tpy1(x),n = 0. (4.4)

Thus, (4.4) assures that € can be extended as a bounded linear operator from L; (w) to L(w)(cf.
Goldberg and Chen (1997)), where L; (w) is the space of functions square integrable with respect

to w(x) = V1 —x?in[—1,1] and L(w) is the subspace of functions f € L(w) satisfying

IAIE = ) (k+ 12 (f, 3 < (45)
where o=
(.90 = [ rOg@V1=ar (4.6)
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and
= 2 T, 4.7
Y= |=Te (47)
Again,
®)
1 * (V1 —c2U,(6)}
a — —
D) = 1 a)f TEDELTE N
V1 —t2Up(t ——t_U t }
= fx{ y 1—t2 n()dt (since 0 < a < 1givesp = 1)
rl-a))_, (x —t) ’
(n+1) (*  Tha(®) < . (n + DTy (6) — tUL(0) )
- dt, | using U, (t) = . (4.8
F(].—CZ) —1\’1—t2(x—t)“ 8 n() t2 —1 ( )
Let us represent Chebyshev polynomial of the first kind by
Tn(x) = Z?:O b]x]) (4.9)

where b;’s can easily be found. Then,

(n+1) | (=2)/ 1+ 1+ 1+aa12+] 1
a N - 7.
D*Un(x) Z’Zx“. >F<2)3FZ<2’2 22 2’)

(1)1 2+] 2+j 1+« a 33+j 1
Y )32(_, FPLELLIN
xl“(3+]) 2 2 2 2°2 2 'x

2

+297IxJHT(1 + ))r(a

) (1 1+j 2+4j 24j—a 3+j—« 2)
a32 2 2 ’ 2 ) 2 ) 2 3 X )
(4.10)

which shows that the operator D* can also be extended as a bounded linear operator from L;(w)
to L(w). By choosing f(x) € L(w), we obtain that Equation (4.1) has a unique solution
Y € L(w) for each f € L(w).

Now, an approximation d,(x) of the function ¥ (x) in terms of Bernstein polynomials in the
form

Y(x) = dp(x), (4.11)

Published by Digital Commons @PVAMU, 2016 11
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where
n n
dn(@®) = ) PiBia(®) = ) 4, (412)
i=0 i=0
where q;, (j = 0,1,...,n) can be expressed in terms of p; (i = 0,1, ...,n) and vice-versa by the
transformation (cf. Snyder (1966))
1 n
s
Bin(x) = Z_Z g l() = (0 )} Usam), (4.13)

where

= —1)s-k : n—i = [ =
(-1 i\ — 1) k=01,..,n, i=0,1,..,n.
k

the summation over k being taken as follows:

fori<n<n-—i,
(Dk=0tos fors< i,
(idk=0toi fori<s<n-—i,

(iiDdk=s—(m—-i)ton—i forn—i < n,

while fori = n — i (n being an even integer)
()k = 0tos fors <1,
(ii)k = s—itoi fori<s<n. (4.14)
Fori >n —i,iand n — i above are to be interchanged.
Now, let us denote
n
(@) = ) 65() (4.15)

j=0

2
¢ =\/§qj, qu(x)z\/;Uj(x). (4.16)

with
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The functions ¢;(x), j = 0,1, ...,n) form a set of orthonormal polynomial basis in [—1,1] with

respect to the weight function w(x) = V1 — x2. Also we have, if f € C"[-1,1], then u,, - Y as
n - win L;(w) and

[l — up|ly < An™7, (cf. Goldberg and Chen (1997)), (4.17)
where A is a constant.

In our problem, f(x) = —’Z—C € C*[—1,1]. Since the method converges faster for large r, in our
method it converges very rapidly.

5. Conclusion

In this paper, we proposed a simple method to approximate the unknown function in terms of
truncated series involving Bernstein polynomials for solving a fractional order integro
differential equation with Cauchy singular type kernel, the fractional derivative being in the
Caputo sense. An approximate formula for the Caputo derivative in Bernstein polynomial basis
was derived. The properties of Bernstein polynomials were utilized to reduce the fractional order
integro differential equations to the solution of algebraic equations by avoiding the appearance of
ill-conditioned matrices or complicated integrations. The convergence is very good as is also
seen in the figures.
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