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Abstract

A graph structure is a useful tool in solving the combinatorial problems in different areas of

computer science and computational intelligence systems. A bipolar fuzzy graph structure is
a generalization of a bipolar fuzzy graph. In this paper, we present several different types
of operations, including composition, Cartesian product, strong product, cross product, and
lexicographic product on bipolar fuzzy graph structures. We also investigate some properties
of operations.

Keywords: Bipolar fuzzy graph structure (BFGS); Composition; Cartesian product;
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1. Introduction

The concepts of graph theory have applications in many areas of computer science (such as data
mining, image segmentation, clustering, image capturing, networking, etc.). Graph structures,
introduced by Sampathkumar (2006), are a generalization of graphs which is quite useful in
studying structures including graphs, signed graphs, and graphs in which every edge is labeled
or colored. It helps to study various relations and the corresponding edges, simultaneously.

A fuzzy set, introduced by Zadeh (1965), gives the degree of membership of an object in a
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given set. Based on the same idea, Zhang (1994) defined the notion of bipolar fuzzy set on
a given setX, by saying that a mappingl : X — [—1,1] was a bipolar fuzzy set where

the membership degréde of an elementr, meant that the element was irrelevant to the
corresponding property, the membership degreédinl], of an elementr, indicated that the
element somewhat satisfied the property, and the membership degreg, ifi), of an element

x, indicated that the element somewhat satisfied the implicit counter-property. Rosenfeld (1975)
discussed the concept of fuzzy graphs whose basic idea was introduced by Kauffmann (1973).
The fuzzy relations between fuzzy sets were also considered by Rosenfeld and he developed the
structure of fuzzy graphs, obtaining analogs of several graph theoretical concepts. Bhattacharya
(1987) gave some remarks on fuzzy graphs. Several concepts on fuzzy graphs were introduced
by Mordeson and Nair (2001). Akram et al. (2011-2016) has introduced several new concepts
including bipolar fuzzy graphs, regular bipolar fuzzy graphs, irregular bipolar fuzzy graphs,
antipodal bipolar fuzzy graphs and bipolar fuzzy graph structures. In this paper, we present
certain operations on bipolar fuzzy graph structures and investigate some of their properties.

2. Preliminaries

We now review some definitions from Dinesh (2011) that are necessary for this paper.

A graph structure G* = (U, E;, E,, ..., Ex) consists of a non-empty sét together with
mutually disjoint, irreflexive and symmetric relatiods, E, ..., E; on U. If G} and G} are
two graph structures given by (U, Ey, E,, ..., E;) and (V, E|, E}, .., E}) respectively,
then cartesian product of G; and G35, is denoted by “G x G3” and given byG} x G5 =
(U XV, By x Ef, Ey x E}, ..., Ex x E}) where E; x E! = {(u1v, ugv)lv € V, wjus €
E;} U{(uvy, uvg)|u € U, vivg € El}, i =1, 2, ..., k. Composition of G} and G} is denoted
by “G7 o G3” and given byG; o G5 = (UoV, E1o E|, Es0E), ..., EyoE;)whereUoV =
UxV and E; o El = {(wv, uv)| v € V, wyus € E;} U {(uvy, uv)| u € U, vjvy €
E} U{(ugv, uguy)| ugug € By, v1 # v}, i =1, 2, ..., k. Union of G} andG?3 is denoted by
“G1UGS and given byGi UGS = (UUV, E;UE], E;UE,, ... E,UE}) andjoin of G}
andGj is given byGi + G5 = (U+V, Ey+ E}, Ex+ FE), ..., Ex+ E,) whereU+V =UUV
andE; + E = E;UFE/UFE fori =1, 2, ..., k such thatFE is the set consisting of all edges
which join vertices ofU with vertices ofV.

Definition 1. (Dinesh (2011))

Let G* = (U, Ei1, E,, ..., Ey) be a graph structure and let pi, po, ..., pr be the fuzzy
subsets of U, E;, E,, ..., E) respectively such that

0<pi(zy) Sp@)Aply) Vo, yeV,i=1,2, ., k
ThenG = (v, p1, pe, ..., px) IS @ fuzzy graph structure a@f*.
Definition 2. (Zhang (1998))
Let X be a nonempty set. Aipolar fuzzy setB in X is an object having the form

B ={(z, pp(r), ppx))|zeX},
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whereph : X — [0, 1] andp® : X — [—1, 0] are mappings.

We use the positive membership degrggr) to denote the satisfaction degree of an elemetnot
the property corresponding to a bipolar fuzzy setand the negative membership degrég r)

to denote the satisfaction degree of an elemetotsome implicit counter-property corresponding
to a bipolar fuzzy seB. If uL(z) # 0 and pf(z) = 0, it is the situation that: is regarded as
having only positive satisfaction faB. If p5(z) = 0 and u%(x) # 0, it is the situation that:
does not satisfy the property &f but somewhat satisfies the counter propertyoft is possible
for an elementr to be such that.5(z) # 0 and % (x) # 0 when the membership function of
the property overlaps that of its counter property over some portiok.of

For the sake of simplicity, we shall use the symibk= (5, p%) for the bipolar fuzzy set
B ={(z, pp(x), pg(r))|z e X},

Definition 3. (Zhang (1998))

Let X be a nonempty set. Then we call a mappitig= (14, pY): X x X — [0, 1] x [-1, 0]
a bipolar fuzzy relation on X such thatu’(z, y) € [0, 1] andpf (z, y) € [-1, 0].

Definition 4. (Akram (2011))

A bipolar fuzzy graphG = (V, A, B) is a non-empty seVt’ together with a pair of functions
A=, p):V =10, 1] x [-1, 0l and B = (u5, puf):V xV — [0, 1] x [-1, 0] such
that for allz, y € V,

pg(z, y) <min(ul(x), ph(y) and  pf(z, y) > max(u) (z), p) (y).

Notice thatub(x, y) > 0, u¥(x, y) <0 for (z, y) € V x V, ub(x, y) = pf(z, y) = 0 for
(x, y) € V x V, and B is symmetric relation.

3. Operations on Bipolar Fuzzy Graph Structures

Definition 5. (Akram and Akmal (2016))

Gy = (M, Ny, N,, ..., N,) is called abipolar fuzzy graph structure (BFGS) of a graph
structure (GS) G* = (U, E, B, ..., E,) if M = (uf,, 1) is abipolar fuzzy set on U and
for eachi =1, 2, ..., n, N; = (uy,, py,) is abipolar fuzzy set on E; such that

g (y) < phy (@) A plhi(y) s N, (zy) > () Vv phi(y) Vay € E; C U x UL

Note thatujy (zy) = 0 = py (wy) forall zy € Ux U\ E;, 0 < py (zy) < 1, =1 < pjy (zy) < 0
V xy € E;. WhileU and E; (i =1, 2, ..., n) are calledunderlying vertex set and underlying
i-edge sets of G, respectively. Note that V y =maximum ofz andy, z A y =minimum of =
andy, throughout this paper.
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Example 1.

Let U = {a1, as, a3, as}. Let By = {aya, asaz} and Ey = {azay, ajas} be two disjoint
symmetric relations o®/. ThenG* = (U, FE,, E,) is agraph structure.

Let M, N; and N, be bipolar fuzzy subsets of U, E; and E,, respectively, such that
M = {(ay, 0.5, —0.2), (ag, 0.7, —0.3), (as, 0.4, —0.3), (as, 0.7, —0.3)},
N1 = {(alag, 05, —01), (a2a3, 04, —03)}

and N, = {(asay, 0.4, —0.2), (aia4, 0.1, —0.2)}. Then, G, = (M, Ny, N,) is aBFGS of
G* as shown in Figure 1.

a1(0.5,—0.2) N1(0.5,—0.1) a2(0.7,-0.3)

(€'0—90) N

N2(0.1, —0.2)

as(0.7,—-0.3)  N2(04,-0.2)  4;(0.4,-0.3)

Figure 1:BFGS G, = (M, N;, N,)

Definition 6.

Let Gyy = (M1, Ni1, Nig, ..., Ni,) andGyy = (My, Nai, Nog, ..., Nay,) be respectiveBFGSs
of GSs GT = (Ul, EH, Elg, ey Eln) and G; = (U27 E217 E227 ey Egn) The Cartesian
product G, x Gy of Gy and Gy, is then aBFGS of G x G = (Uy x Us, Eyy x By, Fiy X
Es, ..., Ey, x FEy,) is given by

(Ml X My, Nip X Nai, Nig X Nog, ..., Ny, X N2n)

such that

1(0gan) (@Y) = (g, X ki) (@y) = piv, () A pig, (y),
e (Y) = (an, X i) (wy) = phy, () V by, (y) ¥y € Uy x Us,

1o (@Y1 (2Y2)) = (i, X 1, ((291) (292)) = iy, (2) A i, (v172),
HONy gy (@y1) (y2)) = (v, X i, ) () (22)) = iy, (2) Vi, (192) ¥ @ €, 91ys € By,

1Ny o) (@19) (229)) = (1, X 1wy, (219) (229)) = i, (9) A iy, (122),
1Ny va) (@19) (229)) = (1, % 1) (219) (229)) = pi, () V iy, (1122) YV y € Us, a1y € By,
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Example 2.

Let Gy, = (My, Ny, Nio) andGy, = (Ms, Noy, Nao) be respectiv®BFGSs of graph structures
G’{ — (Ul’ Ella E12) and G = (Ug7 E217 EQQ) such thatU1 = { ai, a2, as, CL4},
Us :V{bh by, bs, 54},E11 = {&1a2},E12 = {a3a4}, Ey = {blb2} and Eyy = {b354}- Gy
and Gy, are shown in Figure 2,

a1(0.5,-0.2)  Ny4(0.5,—0.2)  a2(0.7,—0.3) 61(0.2,-0.2) N, (0.2,-0.2)  b2(0.3,-0.3)
[ ° ° °

° ° ° °
a1(0.7,—0.3)  Ni12(0.4,-0.3)  a3(0.4,-0.3) b4(0.5,—0.4)  N22(0.5,-0.0)  b3(0.6,—0.1)

Gy = (My, Nip, Nio) Gy = (Ma, Noy, No)
Figure 2: Bipolar Fuzzy Graph Structures

and Cartesian prOdUCt Gbl X Gbg = (Ml X MQ, Nll X N217 N12 X NQQ) is shown in Figure 3.

CL1b1(0.27 —0.2) Ni1 X N21(O.2, 70.2) a1b2 0.3, —0. 2) a1b3(0.5, —0.1) Nis X NQQ(O,S, —0. 1 (11()4(0 5, —0. 2)

5 TZ 3 TZ
7 T

o = =] z
e = =2 2

bt o = o
z Lo Z o
X | X |

Z: N11 x N21(0.2,—0.2) § Z: N1z x N22(0.5,—0.1) g

a2b1 (0.27 —0.2) azbg (0.3, —0.3) a2b3(0.6, —0.1) a2b4(0.5, —0.3)

azb1(0.2,-0.2)  Ny; x Ny (0.2,—-0.2) asbz2(0.3,—0.3) asbs(0.4,—0.1) Nyp x Nap(0.4,—0.1) asba(0.4,-0.3)

= 2 = =
S T T S TG
I | X
al z = =
S 3 =3 3
3 = Q =
Z o Z »
X l_} X |C>
= E o &

a4b1(0.2,-0.2)  Ni1 X N21(0.2,—0.2) aab2(0.3,—0.3) aqb3(0.6,—-0.1) N1z X N22(0.5,—0.1)  a4bs(0.5,—0.3)
Figure 3: Cartesian Product of TWBFGSs
Example 3.

ConsiderGy, = (M, Ny, Nyg) andGyy = (Ma, Nay, Nyp) as shown in Figure 4 and let they
be respectiveBFGSs of graph structuress; = (Uy, FE11, Ei2) andGh = (U, Eap, Esp) such
that Uy = {a1, as, as, as}, Us = {b1, bs, b3}, Eni = {a1as}, Ero = {agas}, Eo = {b1by}
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and Eoy = {b2b3}

a1(0.5,-0.2)  Ny;(0.5,-0.2)  @2(0.7,-0.3) b1(0.2, -0.2)
[ ®

° )
as(0.7,-0.3)  N12(0.4,-0.3)  a3(0.4,—0.3) b3(0.5, —0.4)

~ -~

Gs1 = (M, Ni1, Ni2) G = (Ma, N1, Na)
Figure 4: Bipolar Fuzzy Graph Structures

And their Cartesian product given by Gy, x Gy = (M x My, N1 x Ny, Nig X Nay) is shown

in Figure 5.

a101(0.2,—0.2) a1b2(0.3,-0.2) Ny, x Na2(0.3,-0.2) a1b3(0.5,—0.2)

a\T N1 x N1(0.2, —0.2) T = ks

o\ X X

o 5 &

S = =

= > =

= & o

X ‘o |O

Z: & N11 X N21(0.2,-0.2) LL\; S
asby (0.27 —0.2) a2b2(0.3, —0.3) Ni2 X Nao (043, —0.3) a2b3(0.5, —0.3)
asb1(0.2,-0.2) a3b2(0.3,~03) " Ny; x N»»(0.3,-0.3)  asba(0.4,-0.3)

gr Ni1 x Na1(0.2,-0.2) Tf =

| X X

2l =z Z

8 N %)

B = >

Z Nt o~

X ‘o ‘o

g Ni1 x N21(0.2,-0.2) ® &
a4b1(0.2,—0.2) asb2(0.3,-0.3)  Ni2 X N22(0.3,-0.3)  a4b3(0.5,—0.3)

Figure 5: Cartesian Product of TWBFGSs
Theorem 1.

Let G* = (Uy x Uy, Eyy X By, E1a X By, ..., Ey, x Es,) be Cartesian product of GS&: =
(Un, En, Eis, ..., E,) andGh = (Us, Eg, Eg, ..., Esy,). LetGy = (My, Niy, Nig, ...y Niy)
andGye = (Ms, Nay, Nao, ..., No,) be respective BFGSs of andG3. Then, (M x My, Ny %
Nzl, N12 X NQQ, ceey Nln X NQn) is a BFGS ofG*.

https://digitalcommons.pvamu.edu/aam/vol11/iss1/30
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Proof:

Case 1. When € Uy, biby € Ey;

PN ) (1) (b)) o, (1) A iy, (Do)

< g, (W) A [, (b1) A i, (b2)]
= [, () A iy, ()] A Ty, (w) A g, (b))
= /’L(P.Ml XMQ)(Ubl) /\ ILL(PMI XMQ)(ub2)7
N _ N
LNy oy ((uby) (b)) = gy, (W) V iy, (b1bs)
> iy, (u) V[, (b1) Vi, (b2)]
= [uay, (w) V g, (b)) V [y, (W) V gy, (b))
= Iu“é\wal XMQ)(Ubl) \/ ILLé\Jf\Jl XMQ)(Ub2)7
for ubl, uby € Uy X Us.
Case 2. Whent € Us, biby € Ey;
LNy vy (1) (bow)) = iy, (u) A gy, (D1bo)
< g (W) A [y, (01) A i, (b2)]
= g, (@) A iy, (b0)] A [, (w) A iy, (b2)]
= /’L{Ml XMQ)(blu) /\ /’L{JMl XMQ)(b2u)7
LNy oy (D11 (bow)) = gy, () V pay, (bybo)
> MJ\N/12 (u) v [M%l(bl) V M%(bz)}
= [pag, (W) V iy, (01)] V[, (w) V gy, (b))
= /"Lé\]fw:{ XMQ)(blu) \/ M(NMl XMQ)(b2u)7
for blu, bou € Uy x Us,.
Both cases hold fof =1, 2, ..., n. This completes the proof.]

Definition 7.

Let Gy = (M1, Ni1, Nig, ..., Ni,) andGhy = (My, Noy, Noa, ..., Nay,) be respectiveBFGSs
of GS GF = (Uy, Ev1, Eigy ..., E1,) andGs = (Us, Eai, Eso, ..., Esy,). The cross product
G % Gy of Gy and Gy, is aBFGS of Gt G = (Uy Uy, Eiy % By, Ero% By, ..., FipxEyy)
is given by

(My % My, Nijp % Nai, Nig % Nog, ..., Ny, x Noy,)

such that

[(anenny (TY) = (g, * pig,) (2y) = piy, () A i, (9),
v vy (Y) = (3, * ko) (2y) = iy, () V pag (y) ¥ 2y € Uy x Uy,
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MZDNM*N%)((%%)(%W)) = (Mﬁu * Mﬁm)((fclyl)(ﬂfzyz)) = Mﬁm (1192) A Nﬁu (z172),
HONy oy (@190) (292)) = (v, * 1, (@190) (0292)) = vy, (1y2) V ey, (122)

YV y1y2 € By, 1179 € By

Example 4.

Let G, andGh; be BFGSs as shown in Figure 2 anatoss product G, x Gy = (M * My, Ny *
Na1, Nig % Na) is as shown in Figure 6.

CL1b1 (02, —02) a1b2 (03, —02) a1b3(05, —01) a1b4(05, —02)
[ ] [ ]

Ni1 % N21(0.2,—0.1)

Ni1# N21(0.2,—-0.2)

) °

azbl (0.2, —0,2) a2b2 (0.3, —0.3) a2b3(0.6, —0‘1) azb4(0.5, —0.3)

azb1(0.2, -0.2) azb2(0.3,—0.3)  azbs(0.4,—0.1) azba(0.4,—0.3)
° °

Ni2 * N22(0.4,—0.1)
Ni2 % N22(0.4,—0.1)

[ J o
a4b1(0.2,—0.2) a4b2(0.3,—0.3)  a4b3(0.6,—0.1) a4b4(0.5,—0.3)

Figure 6: Cross Product of TWBFGSs

Example 5.

Gy = (My, Nyy, Nip) and Gy = (M,, Ny, Noy) be BFGSs as shown in Figure 4 and their
cross product given by Gy, * Gy, = (M x My, Ny % Ny, Nip * Nap) is shown in Figure 7.

Theorem 2.

Let G* = (Uy x Uy, E1q % Eq1, Eig % Eo, ..., Ey, * Fa,) be cross product of GS& =
(Ul, Ell, El?a ceey Eln) andG; = (UQ, E21> EQQ, ceey EZn) Leth1 - (Mh N117 N12, ceey Nln)
andGyy = (Ms, Naj, Noo, ..., Na,) be respective BFGSs &f andG5. Then (M« Ms, Nyj*
N217 N12 * NQQ, ceny Nln * NZn) is a BFGS ofG*.
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a1b1 (027 —02) a1ba (03, 702) a1bs (05, —02)
[ J

Ni1 * N21(0.2,-0.2)

N11 * ]\721(0.27 —0.2)

[ J
a2b1 (0.2, —0.2) a2b2 (0‘3, —0‘3) CLng (0.5, 70.3)
asb1(0.2,—-0.2) azbz(0.3, —0.3) azbs(0.4, —0.3)
[ ]

Ni2 % Nao (0.37 —0.3)

N1z * N22(0.3,—0.3)

[
a4b1 (0.2, —0.2) a4b2 (0.37 —0.3) Ll4bg,(0.57 —0.3)

Figure 7: Cross Product of TWBFGSs

Proof:

For all blul, bgUQ e Uy x U,

LNy ey (D11) (Do) = iy, (uaua) A iy, (b1by)
< g, (un) A i, (ug)] Al (b1) A i, (b2)]
= g, () A g, (00)] A [, (u2) A i, (b2)]

- 'uf)MwMg)(blul) A lufMl*MQ)(bQUQ)a

10Ny gy (D1t ) (Do) = s, (uaun) V iy, (bibs)
> gy, (wn) V g, (u2)] Vg, (b1) Vg, (b2)]
= [ag, () V g, (01)] V [y, (u2) V iy, (b2)]

- M(Nj\/ll*]vb)(blul) v Mé\ff\/fl*M2)<b2u2)>

fori=1, 2, ..., n. This completes the proof.]

Definition 8.

451

Let Gbl = (Ml, N117 ng, ceey Nln) andde - (MQ, N217 NQQ, ceey N2n) be reSpeCtiV@FG&
of GSs GT = (Ul, E117 Elg, ceey Eln) andG; = (UQ, Egl, EQQ, ey Egn) TheleXiCOgraphiC

product Gy, @ Gy, of G, and Gy, is a BFGS of
GT [ G; = (Ul [ ] UQ, E11 [ J E217 E12 ® EQQ, veey Eln ® EQn) |S given by

(M; @ My, Niy ® Noy, Niz @ Noo, ..., Ny, @ Ny,)
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such that

1 oniy (TY) = (hr, @ 1) (@y) = i, (2) A i, (9),
100 on) (TY) = (10, @ 1a,) (y) = iy, () V pag, (v), ¥ ay € Uy X Uy

[Ny enen (@Y1 (212)) = (i, @ 1i,) ((291) (2y2)) = iy, () A iy, (9192),
10Ny onp) ((TY1) (232)) (1N, ® iy, (@91) (292)) = iy, (@) V i, (192),
Vr€ul, y19y2 € Eo;

N(NM.N%)((xll/l)(fzw)) = (Mﬁu i uﬁm)((:clyl)(xzyz)) = Mﬁm (Y112) A Nﬁu (z172),
(1, ® ti,) (2191) (Z232)) = py,, (W112) V i, (2122),
YV y1y2 € By, w179 € B0

=
=
s.
5
8
—
<
=
~
—~
S
V]
NS
n
~—
~—
|

Example 6.

Let G,; and Gy, be BFGSs shown in Figure 2 andiexicographic product G, e Gy, = (M o
My, Nip e Ny, Nig @ Noo) is as shown in Figure 8.

a1b1(0.2,-0.2)  Nyj @ N21(0.2,—0.2) a1b2(0.3,-0.2) a1b3(0.5,—0.1) Ny5 e Naz(0.5,—0.1)  a1ba(0.5,—0.2)
° °

N11 @ N21(0.2,—0.2)

N11 @ N21(0.2,-0.2)
Ni2 @ N22(0.5,—0.1)

® °
a2b1(0.2,—0.2) Ni1 @ N21(0.2,-0.2) azb2(0.3,—0.3) az2bs(0.6, —0.1) a2b4(0.5,—0.3)
aszb1(0.2,-0.2) azb2(0.3,—0.3) azbs3(0.4,—0.1) Ny e Noy(0.4,—0.1)  azba(0.4,—0.3)

[ o
Nll ° N21(0.2, —02)

N1z @ N23(0.4,—-0.1)

N12 o N22(0.4, —01)

° °
asb1(0.2,-0.2) N1 ® No1(0.2,—0.2) asb2(0.3,—0.3) asbs(0.6,—0.1) Niz @ Noa(0.5,~0.1)  asbs(0.5,—0.3)

Figure 8: Lexicographic Product of TWBFGSs

Example 7.

Gy = (My, Nyy, Nip) and Gy = (My, Nai, Noy) be BFGSs as shown in Figure 4 and their
lexicographic product given by G, e Gy, = (M e My, Nyje Ny, Niye Nyy) is shown in Figure
9.
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a1b1(0.2,-0.2) Ni; @ Noy(0.2,—0.2)  a1b2(0.3,-0.2) a1b3(0.5,—0.2)
@
N12 [ ] ]\]22(0.37 —02)
N11 @ N21(0.2,—0.2)
N11 @ N21(0.2,-0.2)
N1z @ N22(0.3,—0.3)
L ]
asb (0,2, —0,2) Nii e ]\721(0.27 —0.2) asba (0.3, —0.3) azbs (0‘5, —0‘3)
a3b1(0.2,—0.2) a3b2(0.3,—0.3) N2 e Nop(0.3,-0.3)  asbs(0.4,-0.3)
@

Ni1 @ N21(0.2,—-0.2)

Ni2 @ N22(0.3,—0.3)

N1z  N22(0.3,-0.3
N11 e N21(0.2,-0.2)

°
a4b1(0.2,—-0.2) a4b2(0.3,-0.3) Ni2 ® N22(0.3,-0.3)  a4b3(0.5,—0.3)

Figure 9: Lexicographic Product of TWBFGSs

Theorem 3.

Let G* = (U e U, Ej10FEy, Eiae Esy, ..., Ey, e Ey,) be lexicographic product of GSs} =
(Uy, En, Eis, ..., Ev,) andGh = (Us, Eg, Esg, ..., Esy,). LetGy = (My, Niy, Nig, ...y Niy)
andGyy = (Msy, Naj, Noo, ..., No,) be respective BFGSs &f andG’. Then(M, e My, Ny e
N217 ng [ NQQ, ceny Nln [ ] N2n) is a BFGS ofG*.

Proof:

Case 1. When, € Uy, biby € Ey;

) A iy, (b1b2)

s, (W) A i, (b1) A i, (B2)]

[ty () A paig, (0] A g, () A i, (b2)]
MfMl.Mg)(Ubl) N MfMI.MQ)sz);

PN oo (uby) (b)) = iy, (u

IN

N
Na;

1N (ubn) (ubs)) = iy, (u) V iy, (bio)

pan (u) V [u%(bl)\/u ,(b2)]
= [par, (W) V pag, (00)] V [, () V g, (b2)]
:ué\waloMg)<Ub1) v M( 1.1\@)(“1)2)7

v

for uby, uby € Uy @ Us.
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Case 2. Whenuy € Ey, biby € Ey;

1Ny enn) (D11) (Do) = iy, (ugug) A iy, (b1by)

[ty (wn) A g, ()] A [, (b1) A i, (B2)]
[ty (un) A g, (U] A [, (u2) A iy, (b))
NfM1.M2)<blul) A N€M1.M2)<b2u2)v

IN

HiNgo s (D1 (b)) =, (uaug) V iy, (bibs)

> [pag, (un) V g, (u2)] V [pay, (00) V iy, (b2)]
[tz (un) V iy, (01)] V g, (ua) V ey, (02)]
= 100 enss) (D181) V1100, ensy) (B202),
for byuy, bous € Uy o Us.
Both cases hold foi =1, 2, ..., n. This completes the proof.

Definition 9.

Let Gbl = (Ml, NH, ng, ceey Nln) anddbg = (Mg, Ngl, NQQ, ey Ngn) be respectiV@FGSS
of GSs G} = (Uy, En, Fia, ..., E1,) andGh = (U, Ea, Ea, ..., Fa,). The strong product
GGy, of Gy andG), is then aBBFGS of GIXGy = (U XUy, Ey XK Ey, E;3XEy,, ..., E,X
Es,) is given by

(M; & My, Nip X Noy, Nig ® Noo, ..., Npp X Ny,)
such that

1) (@) = (g, B i) (2y) = piy, () A i, (),
s (TY) = (ag, B i) (2y) = pay, (2) V i, (y), ¥ ay € Up x Us

1{ny ey (Ty) (@ye)) = (piy, Bpd, ) (@) (22)) = priy, (2) A prig,, (v192),
10N, e (Y1) (2y)) = (v, B pds, ) ((2yn) (22)) = i, (2) Vi, (9192),
Vr €ul, y1y2 € Loy

vy sy (@) (221) = (i, B pi,) (21y) (22y)) = piag, (¥) A sy, (21202),
Hivsnen (@19) (229)) = (e, B, ) (21y) (22y) = 13, (0) V s, (2122),
\ Yy < UQ, 1Ty € Eli-

NleixNzi)((xlyl)(@yQ)) = (Mﬁu X Mﬁgi)((ﬂﬁlyl)(ﬂczw)) = Mﬁ% (1hy2) A Mﬁu (z172),
Né\]fvuxNgi)((xlyl)(x292)) = (M%u X M%%)((xl?/l)(fhm)) = M%zi (Y1y2) V M%M (z122),
V y1y2 € By, 1179 € By
Example 8.

Let G}, and Gy, be BFGSs as shown in Figure 2 androng product Gy X Gy = (M; X
My, Nyp X Nyp, Nip X Nyy) is shown in Figure 10.
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albl (027 702) Nll & ]\]21 (02 _02) a’lb2(0'37 _02) a1b3(0'57 _01) N12 IZ N22 (05 _01) alb4(0.57 —02)
=) = = ?=
=] = S =
I X Ih X
oF 2 2 Z
S = S =
& G A 2
=z & =z o
X <\3 X \
Z: \B Z: i Ni2 &NQQ(O.E),_O.I) A\g/
a2b1 (027 _02) Nll X N21(0.2, —02) a2b2(0.3, _03) a2b3(0 67 —01) 112b4(0.57 —03)
a3b1 (0.2, 70.2) a3b2 (0_37 _0_3) a3b3 (0.47 —0.1) N12 %4 N22 (0747 _071) a3b4(0.4, —0.3)
2 T N Na(02,02) 12 = Z
| X I 22(0.4,—0.1) X
<
S g ) g
2 E 3 R
X | X |
= o = =]
= l i&i = Ni2 K N22(0.5,—0.1 =
aibr(0.2,—0.2) N BN21(02,202) o8 03 auby(0.6,—0.1) V12 B N2(05 =01 0.5 -0.3)

Figure 10: Strong Product of TWBFGSs

Example 9.

Gy = (My, Nyy, Nip) andGhyy = (My, Nai, Noy) be BFGSs as shown in Figure 4 and their
Strong prOdUCt given bydbl IE de = (M1 & MQ, Nll IE N217 N12 & NQQ) iS as Shown in Figure

11.

Theorem 4.

Let G* = (U1 X Us, Fy1 X Eyy, E19 X Ey, ..., Ey, X Ey,) be strong product of GS@* =
(Ul, En, B, ..., Eln) andG; = (U2, Es, E227 o E2n)- LetGm = (Ml, Nii, Nig, ..y )

andGy, = (Ms, Ny, Naa, ..., No,) be respective BFGSs of; andG5. Then (M XM, NH@
Ngl, Nis X NQQ, . Ny, X N2n> is a BFGS ofG*.

Proof:
Case 1. When, € Ul, biby € Es;
[Ny oy (uby) (uba)) = iy, (w) A iy, (D1bo)
< gy, (w) A [uMQ(bl) A i, (b2)]
[, (w) A g, (00)] A [, (w) A i, (b2)]

ugDMﬂEMg)(Ubl) A MfDMlng) (ub2),
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b1(0.2, —0.2 a1b2(0.3,—-0.2 a1b3(0.5,—0.2
@b1(0:2,-02) v w0 N 0.2, —0.2) 2 ) 1b( )
8 2 N2 ®N22(0.3,-0.2) TEZ
|F X X
= 5 &
X d‘ |
- =) e
ZH \1:3 Nis X Nao (0.37 —0.3) »

N11 ® N21(0.2,—-0.2) a2b2(0.3, —0.3) a2b3(0.5,—0.3)

0.4,-0.3)

azbl (0.27 —0.2)

—

a3b1 (0.2, 70.2) G3b2 (0.3, —0.3) N12 X N22(0‘37 _0‘3) agbg

T Ni1 W N21(0.2,-0.2)

22(0.3,-0.3)

(£°0—‘70)%°N K IN

Ni2 K N22(0.2,—-0.2)
N12 X N22(0.3,—-0.3

4 N1 X N2y (0.2, —0.2)

N1z X N22(0.3,—0.3
a4b1(0.2, —0.2) a4b2(0.3, —0.3) " 2 )a4b3(0.5,—0.3)

Figure 11: Strong Product of TWBFGSs

1 mva (ubn) (ub2)) = gy, (W) V iy, (bibe)
> g, (W) V[, (01) V g, (b2)]
= [, () V 1, (02)] V[, () V iy, (b))

= MﬁwlxMQ)(“bl) i leMg)(ulh)v

for ubl, ubg e U, X U,.
Case 2. When, € UQ, biby € Ey;

[Ny ey (b1u) (baw)) = iy, (u) A iy, (Dabo)
< i, () A [y, (01) A g, (02)]
= (g, () A g, (00)] A [, () A g, (b))
= ,U/gDMﬂZIMg)(blu) A MfMlng (bau),
finy g (D1u) (baw)) = i, (w) V iy, (Dabe)
> V i, (b))
V

i, (1) V [, (b1)
[, () Vg, (ba)] V (g, () Vg, (D))

= Mé\szl&MQ)(blU) V [ man) (b2u),

for blu, bgu e U; K Us.
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Case 3. Whenyuy € Esy, biby € Ey;

LNy sy (D1ua) (baua)) = puyy, (o) A iy, (b1bs)
(g, (ua) A v, (u2)] A [, (01) A g, (b))
= gy () A iy, (b)) A [, (u2) A gy, (b2)]

“fMMMz)(blul) N llfMlng(bWQ),

IN

10Ny gy (D1un) (baus)) = iy, (uaug) V iy, (bibo)

> [pp, () V g, (u)] V iy, (b1) V gy, (b))
= [pap (w) V iy, (00] V [y, (us) V iy, (b2))
= MZWMMQ)(blul) v M?]\[/thQ)(bWﬂa

for byuy, bouy € Uy K Us.

All three cases hold for =1, 2, ..., n. This completes the proof.]

Definition 10.

Let Gy, = (M1, Ni1, Nig, ..., Ni,) andGhy = (My, Nay, Nog, ..., Nay,) be respectivBFGSs
of GSs G} = (Uy, Ey1, Eia, ..., Ey,) and G = (Us, Eap, Ea, ..., Es,). The composition
G10Ghy, of Gy andGy, is then aBFGSof G oG = (UoUy, Ey110Esy, Ei90Es,, ..., F1,0F,,)
is given by

(Ml o My, Nqi10 Ny, Nigo Nog, ..., Ny, o0 Ngn)

such that

1(nrons) (TY) = (tthg, © i) (@y) = piy, () A i, (),
s on (7Y) = (3, © o) (@y) = pay, () V pag (y), ¥ oy € Up x Uy

1Ny oo (@y1) (292)) = (1, © i) (2y1) (2y2)) = piy, () A prig,, (v192),
Ny onn (@) (212)) = (13, © 1) (1) (292)) = paiy, (2) V i, (n1ye), ¥ @ € Ur, 11ye € By

13y onen (@19)(229)) = (i, © vy, ) ((@19) (22y)) = iy, () A iy, (2122),
1Ny ooy (219) (29)) = (v, © v, ) (1) (22y) = i, () V i, (2122),

Vy €Uy, iz € Eyy

13y sonon (@191) (T2y2)) = (11, © 1wy, (@11) (22y0)) = i, (Y1) A g, () A iy, (w122),
10N onen (@191) (2212)) = (N, © 1y, ) ((2191) (22y2))

= pan (W) V i, (y2) V iy, (2122),
V 2129 € Evi, Y1, Y2 € Us such that y, # ys.

Example 10.

ConsiderGy; and Gy, as shown in Figure 2. Theomposition represented bys,; o Gy, =
(My o My, Nij o Noy, Nipo Noy) is shown in Figure 12.
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o

b1 (0.2, —0.2 b2(0.3, —0.2 b3(0.5, 0.1 b
a1by( ) Ni1oNgi(02,—0.2) 2( ) anbs( )N120N22(0.5,—0‘1) @164

= [V1
10 .
> 21(0_21\02

5,-0.2)

(z0—‘g0)ten o Ty

N11 0 N21(0.2, —0.2)

N11 o N21 (0.2, —0.2) Nia o Nao(0.5,—0.1)

(lzb1(0.27 *02) a2b2(0.3,—0.3

.2, —0. b2(0.3,—-0.3
asb1(0.2,-02) - o N2y (0.2,—0.2) 2(

a2b3(0.6,—0.1) a2b4(0.5,—0.3)

_ b4(0.4,—0.3
asbz(0.4,—0.1) Nis 0 Noa (0.4, —0.1) asba( )

=

(g'0—F'0)eeN o CIN

Ni2 0 N22(0.2,—0.2)

Ni1 0 N21(0.2,—0.2)

N1z 0 N22(0.5, —0.1
a1b3(0.3,-0.3)  aabs(0.6,—0.1) > ° 22( ) aiba(0.5,-0.3)

Figure 12: Composition of TWBFGSs

asb1(0.2,-0.2)

Example 11.

Let G; and G, be BFGSs as shown in Figure 4. Theagomposition represented bﬁbl oGy =
(Ml e} Mg, N11 (¢] NQl, N12 o N22) iS Shown in Figure 13.

a1b1(0.2, —0.2) a1b2(0.3, —0.2) a1b3(0.5, —0.2)
Ni1 0 Nop(0.2,—0.2) N1z 0 N22(0.3,-0.2) .

] =

Ol o

S =

= e

: i

o o

= )

zZ

N N21(0.2,—-0.2 N- N22(0.3,—-0.3

azb1(0.2,—-0.2) " '*° 21 (1)252(0,37 —03) 1?7 22( ) 43b5(0.5,—0.3)
a3b1 (02, _02) Nijo N21(0_27 _0.2%31)2 (037 _03) Nig o ]\[22(037 _0.3) a3b3(0'47 _03)

5 Z 5

s : :

(=] = —~

= = N

o ° o

g o &

Z 4

Niio NQI(O. N1z 0 N22(0.3, —0.3)

2,—0.2
asb1(0.2,-0.2) 1 702) 152(0.3,-0.3) a1b3(0.5,—0.3)

Figure 13: Composition of TwWBFGSs
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Theorem 5.

Let G* = (Ul e} UQ, E11 ¢) E217 E12 @) EQQ,
(Ui, En, Erg, ..., Eyy,) andGs = (Us, Eor, Es, ...,

and Gy = (My, Ny, Nog, ...,

(Ml OMQ, Nip ONgl, Ny ONQQ, cen N, ON2n> is a BFGS ofG*.

Proof:

Case 1. When € Uy, biby € Ey;

MFNMON%) <<Ub1) (UbZ))

IA

'U“é\][VuONzi) ((Ubl) (UbQ))

[ AVAR

for Ubl, Ubg € U1 ] UQ.
Case 2. When, € U, biby € Ey;

'uéDNIiON%) ((blu) (bgu))

IN

'ué\][VUONm) <<b1u) (b2u))

for blu, bou € Uy o Us.
Case 3. Whem’lbz € Elia Uy, U € U,

’qulz‘ONQi)((blul)(bQUQ)) =

I IA

Published by Digital Commons @PVAMU, 2016

p, (W) A puiy,, (Drbs)
pihr, (W) A [, (01) A gy, (b2)]
[, () A iy, (01)] A [y, (w) A gy, (b2)]

MfMloMg)(Ubl) N MéDMloMg)(UbQ)J

pan, (W) V i, (bibs)

pinr, (w) V[, (b1) Vi, (b2)]

[, (W) V g, (00)] V [y, (W) V iy, (b2)]
M(N]\/lloMg)(Ubl) v Uf\waloMQ)(Ubﬂa

pi, (w) A gy, (b1bo)

pv, (W) A iy, (br) A i, (B2)]

(g, (w) A g, (00)] A [, (w) A iy, (b2)]
1 o0 (011) A {3 onsy) (B21),

g, (w) V i, (b1bo)
NJ\N42 (u) v [M%(bl) V M%(bﬁ]
[, (W) V iy, (01)] V [, (w) V gy, (b2)]

such that uy # us,

s, (un) A i, (ug) A gy, (babe)

p, (un) A g, (ug) A [y, (b)) A i, (b))
[, () A g, (02)] A [, (u2) A i, (b2)]
MfMloMg)(blul) A MfMloMQ)(bQ,lt?)a

, Ey, o Ey,) be the composition of GS&7
Egn). Leth1 = (Ml, N117 ng, sy
Ns,,) be respective BFGSs af; and G5. Then Gy o Gy =

17
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LNy onn) (D11) (Do) = iy, (ua) V gy, (un) V iy, (brbs)
> piag (wa) V pag (u2) V gy, (00) V iy, (62)]
= [pag (w) V iy, (00)] V [y, (ua) V iy, (b2))
= M(N]\/lloMg)(blul) \ M(NA/IloMQ)(b?u2)7
for blul, baug € Uy o Us.
All three cases hold foif =1, 2, ..., n. This completes the proofl]

Definition 11.

Let dbl = (Ml, N117 N12, ey Nln) anddbg = (MQ, Ngl, NQQ, ey Ngn) be respectiV@FG$
of G G} = (U, Eu, Ers, ..., E,) andGj = (Usy, Ea, Eo, ..., Eoy,) and letU; NUy = 0.
Theunion G, UGy, of Gy and Gy, is then aBFGS of GY UGS = (U, UU,, Ey UEy, EjpU
Ey, ..., E1, U Esy,) is given by

(My U My, Nip U Nyy, NigU Nag, ...y Ny U Noy)

such thatM; U M, is defined by
o () = (v, U g, ) (@) = piy, () V i, (),
vnons) () = (b, U pap) () = iy, (2) A iy, () V o € Uy U Uy

(assuming f () = 0, i, (+) =0 if w € Uj, j=1, 2)

and Nj; U Ny, fori =1, 2, ..., n, is defined by

N g (2) = (1, U i, ) (y) = iy, (2) A s, (2) ¥ 2y € By U By
(assuming uy  (zy) =0, pi, (vy) = 0if ay & Eji, j =1, 2).
Example 12.
Let G;; and Gy, be BFGSs as shown in Figure 2. Theinion represented by, U Gy =
(Ml U M27 Ny U Ngl, N U NQQ) is shown in Figure 14.

b2(0.3,—0.3)  a3(0.4,—0.3)

a2(0.7,-0.3) @ ® ) @ 03(0.6,-0.1)

N = = =

S = S <

| C I -

- <

2 g3 3

S o a =

Z IS = o

o] \ D \

— =] ™ o

= & 3 e
a1(0.5,-0.2) @ ) ® ® b.(0.5,-0.4)

b1(0.2,-0.2)  a4(0.7,—0.3)
Figure 14: Union of TwWoBFGSs
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Example 13.

Let G;; and Gy, be BFGSs as shown in Figure 4. Theinion represented by, U Gy =
(Ml U M27 Ny U Ngl, N U NQQ) is shown in Figure 15.

N11 U N21(0.2,—0.2) Ni2 U N22(0.3,—0.3)

b1(0.2,-0.2) @ 0 3. 05
2(0.3, —0.

L ] b3(0.5, —0.4)

L ] ®
N11 U N21(0.5,—0.2) N1z U N22(0.4,—0.3)
a2(0.7, —0.3) (11(0.57 70.2) a4(0.7, —0.3) a3(0.4, —0.3)

Figure 15: Union of TWoBFGSs

Theorem 6.

Let G* = (U1 U UQ, E; U EQl, FEio U EQQ, ceey Ey, U E2n> be the union of GSQT =
(Un, {‘711, Eig, ..., Ev,) andGh = (Us, Eg, Eg, ..., Ey,). LetGy = (My, Ny, ng, . :]Vln)
and Gy = (My, Na1, Nao, ..., No,) be respective BFGSs @} and G5. Then Gy U G =
(Ml U MQ, N11 U N217 N12 U NQQ, ceey Nln U NQn) |S a BFGS OfG*

Proof:
Let ujus € Eq; U By
Case 1. Whenu;, uy € Uy, then by definition 11

i, (u1) = piy, (u2) = iy, (uaug) =0, gy (ur) = pay, (u2) = piv, (wyug) = 0,

so we have

:UJ{)NMUNM)(ZMUQ) = iy, (uaus) Vo, (urus)
= iy, (wug) V0
< g, (wa) A gy, (u)] V0
= [pan, (w) VO] A [y, (ug) V0]

[y, (un) Vg, (un)] A [y, (ug) V gy, ()]

HJ{DMluMg)(ul) N :uéleuMg)(UQ)a

Né\]fvliuNgi)<u1u2) = gy, (urug) A gy, (ugus)

u%li(ulm) A0

[, (un) V iy, ()] A0

[ag, (ur) A O]V [y, (up) A 0]

[, (ua) A pag, (wn)] V[, (ug) A iy, (us)]

/’Lé\]fwluMg)(ul) \ M(NMlUMg)(UQ)v

I | AVAR

for Uy, U € U, UUs.
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Case 2. Whenu;, uy € Us, then by definition 11

so we have

MfNuuNgi)(ulw) = iy, (uaug) V i, (ugus)

0V ,uﬁzl_ (urusg)

0V [uhy, (ur) A iy, (un)]

[0V i, (w)] A0V iy, (us)]

g, (ua) V g, (wn)] A [, (uz) Vg, (u2)]

M{IMlLJMQ)(ul) A MfMluMg)(u2)7

1 IA

M?J[VMUNQZ-)<U1U2) = iy, (urug) A iy, (ugus)

0 A u%ﬁ (urusg)

0 A [uhy, (ur) V by, (up)]

[0 A g, (w)] V[0 A iy, (us)]

[, (ua) A g, ()] V [, (ua) A i, ()]

/’Lé\]lwlUMg)(u1> V :ué\][\/]lUMg)(UZ)v

v

for Uy, Uy € Ui U Us.

Both
Theo

If G* =

cases hold for =1, 2, ..., n. This completes the proof.]
rem 7.

(U1UU2, E11UE21, E12UE22, R EanEQn) is the union of ngf = (Ul, E117 Elg, e

and G5 = (U, Ey1, Eg, ..., Ey,). Then every BFGSY, = (M, Ny, N,, ..., N,) of G* is

the u

Proof:

We d

Then,

nion of a BFGS3,, of Gt and a BFGSG), of G3.

efineM;, M,, Ny, andNy; fori=1, 2, ..., n as
pivg, (w) = pyg (), pay, (u) = pip(w), if uel
fihg, (W) = pir(w), pag, (u) = pay(u), if ueU

finy, (wug) = piy (waug), piy,, (uiug) = i, (urus),  if wiuy € Eri
Hivy, (ruz) = py (i), g, (uius) = p, (wiuz),  if wius € Esi.

M = M; U M, andNi:NliUNgi, 1=1

Now for wyus € Ej;, j=1, 2andi=1, 2, ..,

1

Py (it

i.e.,

z]\vf,i( ug) = piy, (urug) < gy (un) A uM(U2) = uf}
(urug) = puy (urug) > py(ur) V pgy(ug) = pgy

dbj = (Mj, le, Njg, e Nj?’b) is a BFGS of G;, 7=1, 2.
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Thus,Gy, = (M, Ny, N,, ..., N,), aBFGSof G* = G| U G, is theunion of a BFGS of G
and aBFGS of G5. U

Definition 12.

Let Gy, = (M1, Ni1, Nig, ..., Ni,) andGhy = (My, Nay, Nog, ..., Nay,) be respectivBFGSs
of GSs GT = (Ul, Eyy, Eis, ..., Eln) andG; = (UQ, Ey, Eo, ..., Egn) and letUyNU, = 0.
Thejoin Gy + Gy of Gy and Gy, is then aBFGS of Gt + G5 = (U 4 Us, Eyy + Fay, Eio +
Es, ..., Ey, + Es,) is given by

(My + My, Nii+ Noy, Nig+ Nog, ...y Nyp + Nay)
such thatM; + M, is defined by

NfDMﬁMQ)(x) NfDMluMg)(l’),
1) (8) = 10 oay (2) ¥ @ € Ur U Uy,
Ny + Ny fori =1, 2, ..., nis defined by
'uf)NquNgi)(xy) = “leiuNQi)@y)a
Mé\ffVquNzi)(z) = “é\lf\fliuzvzi)(x) Vay € By U By,

and
Iy oy (7Y) = (i, + 1) (@) = g, (2) A i, (1),
B o () = (N, + 1N, ) (@y) = ply, (2) vV i, () V 2 € Uy, y € Un,
Example 14.

Let G,; and G, be BFGSs as shown in Figure 2. Theiioin represented by, + G =
(Ml -+ Mg, Ny + NQl, Nis + N22) is shown in Figure 16.

(0.3,-0.3)
a2(0.7,—0.3 b2(0.3,—0.3)
~
s =
) +
< =
= 3
+ N
a <
»
a1(0.5,—0.2 b1(0.2,—0.2)
a3(0.4,—0.3 b3(0.6,—0.1)
3 =
| I®)
< +
s =
= S
+ &
ﬁ I
o
= s
a4(0.7,—0.3 b4(0.5,—0.4)

Figure 16: Join of TwWdBBFGSs
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Example 15.

Let G, and Gy, be BFGSs as shown in Figure 4. Theijioin represented byG,; + G =
(Ml + MQ, Ny + Ngl, Nis + N22) is shown in Figure 17.

b2(0.3,—0.3)

Ni2 + N22(0.3,—0.3)

N11 + N21(0.5,—-0.2) N1z 4+ N22(0.4,—0.3)
a2(0.7,—0.3) a1(0.5,-0.2)  a4(0.7,—0.3) a3(0.4,—0.3)

Figure 17: Join of TWdBFGSs

Theorem 8.

Let G* - (Ul -+ UQ, E11 + E217 E12 + EQQ, ceey Eln + E2n> be the jOin Of GSSGT ==
(Un, L, B, oo Ey,) andGs = (Us, Eai, Eo, ..., Ey). LetGy = (M, Ny, Nig, .y :Zvln)
and Gy = (M3, N1, Nao, ..., Na,) be respective BFGSs @} and G5. Then Gy + Gz =
(Ml —+ MQ, N + NQl; Nig + NQQ, c Ny, + NQn) is a BFGS ofG*.

Proof:
Let ULUg € Eli + Egi.
Case 1. Whenu;, uy € Uy, then by definition 12

thy, (1) = pufy, (u2) = py, (urug) = 0, pay, (ur) = pay, (ug) = p,, (urug) = 0,

so we have

M{)NUJeri)(ulu?) = iy, (Uatig) V puiy,, (urup)

fivy, (wug) V0

[tag, (1) A i, (u)] V0

[, (wr) VO] A [y, (ug) V0]

(g, (ua) Vi, ()] A (g, (o) Vi, (u2)]

H’fMl-i—Mg)(ul) A Mf)M1+M2)(U2)a

IN
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N N N
U(N1¢+N2i)(u1u2) = My (urug) A KNy, (urus)
N
= fin,, (uaug) A0

Vv

(s, () V iy, (uz)] A0
[, (ur) A O]V [ty (uz) A O]
L1, (un) A i, (wa)]V [pidy, (uz) A i, (u2)]

/Lé\lf\/h-i—Mz)(ul) v MgwﬁMz)(U?)a

for Uy, Uy € U, + Us,.

Case 2. Whenu;, us € Us, then by definition 12

phy, (ur) = iy, (u) = py, (urug) = 0, pgy (ur) = pay, (ug) = py,, (urug) = 0,

so we have

:ugDNu-‘eri)(uluZ) = iy, (Wau) V gy, (urus)

0V puiy, (urus)

0V [tthy, (ur) A gy, (u2)]

[0V i, (w)] A [0V iy, (us)]

g, (ua) V i, (wn)] A [, (ug) Vg, (us))]

M€M1+M2) (u1> A ILL{'M1+M2) (U2)7

IA

Ny o (Watiz) - = iy, (uatiz) A py, (urus)

0 A piv,, (wrus)

0 A [pag, (ur) V pid, (u2)]

[0 A i, ()] V [0 A iy (u2)]

[, () A g, ()] V (g, () A i, (u2)]

/Lé\][WlJer) (u1> N Iu’é\]]\/thMz) (u2)7

v

for Uy, Us € U1 + UQ.

Case 3. Wheny; € Uy, us € U then by definition 12

pihy, (ug) = pdy, (ur) = pdy, (uz) = phy, (u1) =0,
and we have

MmeNQi)(“le) = Mﬁl(ul)/\ﬂfﬁ(w)

= [par, (w) Vv O] A0V iy, (u2)]
= [par, () V gy, (ua)] A [y, (uz) Ve, (u2)]

= N5M1+M2)(U1) N #5M1+M2)(U2)7
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Mé\][\/u-‘eri)(uluQ) = :ué\vﬁ (ul) v MJ% (uQ)
[, (ua) A O]V [0 A i, (u2)]

= [pag, (un) A g, (w)] V [y, (u2) A iy, (ug)]

= Mﬁ/fl-i-Mg)(Ul) \% Né\]f\/[1+M2)(U2)7

for Uy, U € U, + Us.
All three cases hold foir =1, 2, ..., n. This completes the proof.]
Theorem 9.

If G* = (U1+U2, E11+E21, E12+E22, e E1n+E2n) is thejom OfG$G>{ = (Ul, Eu, Elg, ey Eln)
and G5 = (Us, By, Es, ..., Ey,) andGy = (M, Ny, N,, ..., N,) is a strong BFGS of*
ThenG, is the join of Gy, a strong BFGS ofy*, and G}, a strong BFGS of75.

Proof:
Let defineM,; andN;; fori =1, 2, ..., nandj =1, 2 as
pivg, (w) = pip(w), piy, (u) = pqy(u), if ueU;
Mﬁji (urug) = Mﬁi (urus), M%ﬂ (urup) = M%i (urug), if wiug € Eji.
By similar way as in the proof of Theorem 7, fofu, € Ej;, j =1, 2andi=1, 2, ..., n

g, (urg) = piy, (urug) = piyy(un) A pyyp(ug) = iy (wn) A py (us)
i, (urug) = py, (uiug) = pdy(un) V iy (ug) = piy (wn) V pdy, (us).

S0 G, = (Mj, Nj1, Nj, ..., Nj,)is a strongBFGSof G, j =1, 2.
Moreover,G, is the join of G,; and Gy, as shown in the following.
Using definitions 11 and 12/ = M; U M, = M, + M, and

N; = Ni; U Noy = Ny; + Noi, V ugup € By U Eo;.

Whenu1U2 € B + By \ (Elz U EQi), i.e., u; € U andUQ € U,

pidy, (urun) = iy (ug) A phy(ug) = phy, (un) A gy, (u2) = ply, 4o, (urs)
M%i (urug) = pyy(ur) V py(ug) = pugy, (ur) V pagy, (ug) = M%MJFN%(%W)

There are similar calculations when € U, andus, € U;. This is true fori = 1, 2, ..., n. This

ends the proofl]

4. Conclusions

Graph theoretical concepts are widely used to study and model various applications in different
areas. However, in many cases, some aspects of a graph-theoretic problem may be vague or
uncertain. It is natural to deal with the vagueness and uncertainty using the methods of fuzzy
sets or bipolar fuzzy sets which have shown advantages in handling vagueness and uncertainty
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than fuzzy sets. So we have applied the concept of bipolar fuzzy sets to graph structures. We
have discussed some operations on bipolar fuzzy graph structures. We are extending our work
to: (1) Bipolar fuzzy soft graph structures, (2) Soft graph structures, (3) Rough fuzzy soft graph
structures, and (4) Roughness in fuzzy graph structures.
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