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Abstract

In this paper we establish an interesting double integral involving the I-function of two
variables recently introduced in the literature. Since I-function of two variables is a very
generalized function of two variables and it includes as special cases many of the known
functions appearing in the literature, a number of integrals can be obtained by reducing the I-
function of two variables to simpler special functions by suitably specializing the parameters.
A few special cases of our result are also discussed.
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1. Introduction

In 1997, Rathie (1997) introduced a generalization of the H-function of Fox (1961) in the
literature namely the “I-function” which is useful in Mathematics, Physics and other
branches of Applied Mathematics. Recently, the I-function introduced by Rathie (1997) and
the generalized hypergeometric function of two variables introduced by Agarwal (1965) and
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Sharma (1965) have found interesting and useful applications in wireless communications.
[See Ansari et al. (2013, 2014) and Xia et al. (2012)].

Motivated by this, very recently, Shantha Kumari et al. (2014) introduced the I-function of
two variables, which gives a natural generalization of H-function of two variables introduced
by Mittal and Gupta (1972).

The I-function of two variables defined and studied by Kumari et al. (2014) is represented by
means of the double Mellin-Barnes contour integral as follows:

I [21122]
_0,nyimy,ny; ma,n |2 (95305, 4585),, (6. C30;), 5 (e EjiPy),

PPz d2; P33 |2 (by; B, Bimy), ¢ (4, D3 Vy), 5 (B @),

1 t
=Gy jj¢(5t) 8,(s) 0,(t)z zydsdt (1.1)

where ¢(s,t), 6,(s) and 6,(t) are given by

_ H;l=11 in(l—aj+ a]-s+Ajt) 1
¢(5; t) = Tp1 3 e Fnj(l—b'+ﬁ-S+B-t) ) (12)
Mi2n, 1 T (aj— ajs—a;t) 1z j*+ Bjs+Bj
l—[nz FU]( 1 mp Vj
_ j=1 —Cj+ CjS) l_[j=1F (dj—DjS)
el(s) - P2 Uj q2 V]' 1 (1'3)
I]j=nz+1 r (Cf_ st) l_[j=m2+1 r (1_dj+Djs)
™ 17 (1-ej+ Ejt) ™3 19 (fj-Fjt)
0,(t) = I1;2, ejtEj I, fi—Fj 14
2 - p3 fi(e—E: q3 T (1=F:+F:t) ( ' )
Hj=n3+1 (eJ Jt) Hj=m3+1 (1 f]+FJt)
Moreover,

(i) z #0, z,+# 0;

(i) i=v-1;

(iii) an empty product is interpreted as unity;

(iv) the parameters n;,pj;, q;(j = 1,2,3), m;(j = 2,3) are nonnegative integers such that
0<n;<p;(j=123), q. =0, 0<m; <q;(j=2,3) (notall zero simultaneously);

V) @, 4G =1.,p), BB (G=1.,q1), C;(=1,.,p2), DG =1,..,q2), E;(j=
1,..,p3), G =1,..,q3) are assumed to be positive quantities for standardization
purpose.

Vi) a;(G=1,...,p1), b =1,..,q1), ;G =1,...,02), ;G =1,..,q2),¢(j = 1, ...,p3)
and f;(j =1, ...,q3) are complex numbers;

(vii) Theexponents &;(j=1,..,p), n;G=1,....9), U; G =1,..,p2), V;(j =1,...,42),
P,(j=1,..,p3), Q;(j =1,..,q3) of various gamma functions involved in (1.2), (1.3)
and (1.4) may take non-integer values.
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(viii) Ly and L, are suitable contours of Mellin - Barnes type. Moreover, the contour L,
is in the complex s-plane and runs from g; — ico to g, + ico, (o; real) so that all the
singularities of TV (dj —Djs)(j =1,..,m,) lie to the right of Ly and all the
singularities of TVi(1 — ¢; + C;s)(j = 1,...,mp), T%(1 —aj + ;s + 4;6)( = 1, ..., ny)
lie to the left of Lg; The other contour L, follows similar conditions in the complex t-
plane.

The function defined by (1.1) is an analytic function of z; and z, if
R = Y0l &a; + 392, UG = XIL miB; — X272, ViD; <0, (1.5)
S = i &4 + X0 PE — XL ;B — X2, QiF <O (1.6)
Further, the integral (1.1) is convergent if

A = [27i1€j“1 2?1n1+151a1 2?11771[’)1"'2112 U;

= 3 UG+ VD - B, L VD] >0, (1.7)
By =[S0, 84— S, L&A -3 0B + X2, B
] Tl +1 PE + Z - Z]Qim3+1 Q}F}:l > 0; (18)
1 1
larg(z;)| < 5 i, larg(z,)| < > Apm. (1.9)

In this paper and for the sake of brevity, we shall use the following contracted notation for
the I-function defined in (1.1) :

Z . .
0 Nyt My, Ny, m3ln3[ 1|A: C’ € (110)

Ilz4,2,]| = )
(71, 7] P1; d1: P2,92; P3,93 B:D; F

Further,if V; =1(G =1,..,my), Q; =1( =1,..,m3) in (1.1), then the function will be

denoted by
- 0,n4: my,n,; mg,ng [Zl A:C; E
Izq, =1 P 1.11
(21, 2.] P1,491 * P2,92; P3,93 |22 |B:D; F (1.11)
where

A stands for (aj;aj,Aj;fj)l’ = (a; a1, 4561, 0 (apy; @y Apyi &, )
B stands for (bj;Bj,Bj;nj)qu = (by; B1, B1; 1), - (Bay; Bay Bays Mgy );
¢ stands for (c;,C;; Uj), = (e, Gl o (Cpy Cpyi Uy, )
D stands for (d;, Dj; ]) = (dy, D1; V1), o, (dgy Dayi Ve, )i
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& stands for (e]-,E,-;P,-)1 = (er, E; Py ), o) (€py Epyi B, )i

F stands for (fj,Fj;Qj) = (f1, Fi5 Q) s (fo Fays Qs )5

D stands for (dj,D,-;l)1 , (dj,

F stands for (fj,Fj;l)lm, (f;, F;;
W HL3

]’ j)m2+1 a2’

])m3+1, qs’

A more detailed account of I-function, its behaviour and various special cases in one and two
variables can be found in the paper by Shantha Kumari et al. (2014).

For a detailed study of some double Mellin-Barnes type integrals known as general H-
functions of two variables and their applications in convolution theory, we refer a book
by Hai and Yakubovich (1992) to the readers.

2. Results Required

We recall an interesting double integral recorded in Edwards (1922, p. 145):

a—1 p-1
f fly (1-0""(1-y) dx dv = F(@) T (B)

(1-xy)*+h-1 F(a+p) '

provided R(a) >0 and R(B) > 0.

3. Main Result

In this section, the following general double integral will be established.

101 (y* -0t a-y)F?
f f { (1_xy);+ﬁ_1 . . .
— 1(1— 1-1 (1—y)H1 2 (1— 2=1 (1—y)H2
X T [ P ) dx
(1 —a,A1,45;1), (1 = B; py, pp;1),A:C; €
B, (1—a—F; 4 +puy, A+ py; 1):D; F 1
(3.2)

_Z1
—1 0, ny + 2: my,n,; mg,ng lzzzl

p1+2,q1 + 1:p3,q2; 03,43

Z2
2212

provided

0] A1 = 0, 1, = 0 (both A; and A, are not simultaneously zero);
(i)  wuy =0, uy = 0 (both u; and u, are notsimultaneously zero);
(iii)  The conditions given in (1.7), (1.8) and (1.9) are satisfied with

V; =1(G =1, ..,my), Q; =1(G =1, ..,my3);
(iv) in[a+,11 )+,12(F)]>01—1 g =1,y

(v) [,8+u1 )+u2( )]>O i=1...my j=1,..,ms.
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Proof:

In order to prove the double integral (3.1), we proceed as follows. For this, denoting the left-
hand side of (3.1) by S, we first express the I - function of two variables in the integrand of
(3.1) by its Mellin-Barnes contour integral given by (1.1). Now changing the order of
integration which is permissible under the conditions stated with (3.1), we obtain the
expression

(2m) ”[¢(s t) 6,(s) 0,(t)z

1 ya+)lls+12t—1 (1_x)(l+11$+/—{2t—1 (1_y)ﬁ+ﬂ1$+uzt—1
X fo fo { (1—xy)@+B+A1+u1)s+(Az+ p2)t-1

} dxdy| dsdt  (3.2)

Evaluating the inner double integral with the help of result (2.1) we obtain

F(a+xls+x2t) T(f+ s+ wt)
F(a+ﬂ+(7\1 +1)s+ (A, + 1,)t)

(an) ”“5(” ) i (s) 6:(2) 2, dsdt  (3.3)

Now interpreting the Mellin-Barnes contour integral in (3.3) with the help of the definition of
the I-function of two variables (1.1), we arrive at the desired result.

4. Special Cases

On account of very general nature of the I-function of two variables, it includes as special
cases many of the known functions appearing in the literature and hence the integral derived
in this paper will serve as the key formula from which a large number of known and
unknown results can be obtained by reducing the I-function of two variables into simpler
special functions by suitably specializing the parameters. However, here we shall mention
some of these results.

Special Case 4.1.

If uy = u, =0, then (3.1) takes the following form:

1,1 (y* (1-x0)%1 (1-y)F1
f f{ (1—xy)“+5—1

: 11 1 _ /11 /12 1 — A—Z
TR (1-x)  ZY (1-x) dx dy
(1—xy)h (1 —xy)*

(1_(11&1112;1)1 CA: C: g

L, 4.1
B,(1l—a—pB; A, Ay; 1) :D; F (4.1)

=T(P)I

0, ny +1: my,n, ms,ns [21
Z2

p1+1,q1 +1:p2,42 3,93

provided that the conditions easily obtainable from (3.1) with u; = u, = 0 are satisfied.
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Special Case 4.2.

If 1, =24, =0, then (3.1) takes the following form:
11
f f y -0t a-yft
(1 —xy)a+th-1
00

|z QA —=y)r z, (1 —y)H2
Ta—om Ao H dx dy

(1_B: Mll #2)1)1 dq': 6; g

O, nq + 1: my, Ny, Mg, Ny Z1
= ()1 [ ,
B, 1—a—pfuy, Uy 1): D;

p1+1,q1+1:p5,02 3,93 |22

f], 4.2)

provided that the conditions easily obtainable from (3.1) with 1; = 4, = 0 are satisfied.

Special Case 4.3.

When all exponents &;(j =1,...,p1), n;G=1,..,q1), UG =1,..,p2), V;(G=1,...,q2),
Pi(j =1,..,p3), Q;(j =1,...,q3) are equal to unity, the I-function of two variables reduces
to the H-function of two variables defined by Mittal and Gupta (1972) and therefore we
obtain the corresponding double integrals involving H- function of two variables recorded
in (Srivastava et al. (1982)).

Special Case 4.4

|fW€takep1=q1=n1=n3=p3=f1=0, m3=Q3=1,E]=F}=P]=Q]=1and|et
z, — 0, and further specializing the parameters of (4.1) and (4.2), these results reduce to
double integrals involving I-function of one variable introduced by Rathie, (1997).

5. Conclusion

In this research paper we have evaluated a double integral involving the I-function of two
variables recently introduced by Shantha Kumari et al. (2014). The integral established in
this paper is of very general nature as it contains I-functions of two variables, which is a
very general function of two variables studied so far. Thus, the integral established in this
research work would serve as a key formula from which, upon specializing the parameters,
as many as desired results involving special functions of one and two variables can be
obtained. Since the generalized function of two variables introduced by Agarwal (1965) and
Sharma(1965) have found interesting applications in wireless communication (see Xia et al.
(2012)) the double integral evaluated in this paper may be potentially useful.
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