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Abstract

In this paper we study the concept of asymptotically double lacunary statistical convergent
sequences in topological groups and prove some inclusion theorems.
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1. Introduction

The idea of statistical convergence of double sequences was first introduced by (Mursaleen and
Edely, 2003) while the idea of statistical convergence of single sequences was first studied by
(Fast, 1951) and the rapid developments were started after the papers of (Salat, 1980) and (Fridy,
1985). Nowadays it has become one of the most active areas of research in the field of summability
theory. (Schoenberg, 1959) gave some basic properties of statistical convergence and also studied
the concept as a summability method. Later on statistical convergence was studied by (Connor,
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1992), (Freedman, A.R., Sember, J.J. and Raphael, M., 1978), (Esi and Esi, 2010), (Esi and
Tripathy, 2007), (Tripathy, 2003), (Esi, 2012) and many others.

(Marouf, 1993) presented definitions for asymptotically equivalent sequences and asymptotically
regular matrices. In (Patterson, 2003), Patterson extended those concepts by presenting an asymp-
totically statistical equivalent analog of these definitions and natural regularity conditions for non-
negative summability matrices. In (Patterson and Savas, 2006), Patterson and Savas extended the
definitions presented in (Patterson, 2003) to lacunary sequences.

This paper extend the definitions presented in (Esi, 2009) to double lacunary sequences in
topological groups.

In this paper we study the concept of asymptotically double lacunar statistical sequences on
topological groups. Since the study of convergence in topological groups is important, we feel
that the concept of asymptotically double lacunary statistical convergent sequences in topological
groups would provide a more general framework for the subject.

Definition 1. (Fast, 1951; Fridy, 1985) A single sequence = = () is said to be statistically
convergent to the number L if for each € > 0,

1
lim—|{ k<n: |z,—L| >¢e}|=0.
non

In this case we write st — limz = L or x — L (st).

Definition 2. (Freedman, A.R., Sember, J.J. and Raphael, M., 1978) By a lacunary sequence
0 = (k.), r = 0,1,2,..., where ky = 0, we mean an increasing sequence of non-negative
integers with h, = k. — k.1 — oo as r — oo. The intervals determined by ¢ are denoted
by I, = (k,_1,k;] and the ratio kfil will be denoted by ¢.. The space of lacunary strongly
convergent sequence Ny was defined in (Freedman, A.R., Sember, J.J. and Raphael, M., 1978)

as follows:

.1
Ny = {m = (z;) : rlirgoh—TZ|x, — L| =0 for some L}.

i€l

The following definition is due to (Fridy and Orhan, 1993).
Definition 3. (Fridy and Orhan, 1993) Let 0 = (k,) be a lacunary sequence; the single sequence
x = (x3) is st?—convergent to L provided that for every € > 0

1
limh—|{k€1}: |z, — L] > e} = 0.

In this case we write st —limz = L or oy — L (st?).
In 1900 Pringsheim presented the following definition for the convergence of double sequences.

Definition 4. (Pringsheim, 1900) A double sequence x = () has Pringsheim limit L (denoted
by P — limz = L) provided that given ¢ > 0 there exists N € N such that |z;; — L| < ¢
whenever k,l > N. We shall describe such an x = () more briefly as“P—convergent”.
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We shall denote the space of all P-convergent sequences by c?. By a bounded double sequence
we shall mean there exists a positive number K such that |z;;| < K for all (k,[) and denote
such bounded sequences by |||, = supy |z < co. We shall also denote the set of all
bounded double sequences by 2. We also note that in contrast to the case for single sequence
a P—convergent double sequence need not be bounded.

Definition 5. (Mursaleen and Edely, 2003) A real double sequence = = (zy,;) is said to be

statistically convergent to L, provided that for each € > 0

1
P —lim — [{(k,1): k <mand | <n,|zy, — L| >€}| = 0.
m,n MmN

In this case we write sty —limz = L or x4, — L (st).

Definition 6. (Savas and Patterson, 2006) The double sequence 6, = {(k,,[s)} is called double
lacunary sequence if there exist two increasing sequences of integers such that

k,=0, h,=k. —k,_1 > 00 asr — 00

and

l, =0, f;S:ls—ls,l—M)o as s — oo.
Notation 1: k,, = k,k,, by, = h.hs, 0, is determined by
Lis={(k1): kpoy <k <k, and l,_, <<},

_ ke ks and = q,Gs
gr = kr—l’ qs = Iy 4dr.s = Q4rQs.

Definition 7. ((Savas and Patterson, 2006)) Let 0, s = {(k,,ls)} be a double lacunary sequence;
the double number sequence x = (z,) is st — convergent to L provided that for every € > 0,

1
P —lim { (k1) €15 |mpy— Ll >} =0.

In this case, we write st — limy; xyy; = L or xy; — L (stf) .

2. Definitions and Notations

By X, we will denote an abelian topological Hausdorff group, written additively, which satisfies
the first axiom of countability. In (Cakalli, 1996), a single sequence = = (x}) in X is said to be
statistically convergent to an element L € X if for each neighbourhood U of 0,

1
im—{k<n: x,—L¢U} =0.
non

In this case we write st (X) — limg 2y = L or x;, — L (st (X)).

In (Cakalli, 1995), the concept of lacunary statistical convergence was defined by Cakalli as
follows: Let 0 = (k,) be a lacunary sequence; the single sequence x = () in X is said to be
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st? — convergent to L (or lacunary statistically convergent to L in X) if for each neighbourhood
U of 0,

1
limh—|{k€]r: z,— L ¢ U} =0.

In this case we write st’ (X) — lim, z;, = L or zj, = L (st (X)).

In 2010, Cakalli and Savas defined double statistical convergence in topological group X as
follows:

Definition 8. ((Cakalli and Savas, 2010)) A double sequence x = (x;) is said to be statistically
convergent to a point L € X if for each neighbourhood U of 0,

1
P—lim—|{(k,l): k<n,i<m; zx;,— L& U} =0.
n,m NI
In this case we write sty (X) — limy 2, = L or x,; — L (st2 (X)) and denote the set of all
statistically convergent double sequences in X by stq (X).

Now we give the two new definitions related to double lacunary asymptotically equivalent
sequences in topological groups as follows:

Definition 9. (Patterson and Savas, 2006) Let 6, = {(k,,l;)} be a double lacunary sequence.
A sequence z = (xy,) is said to be stj-convergent to L in X (or double lacunary statistical
convergent to L in X) if for each neighbourhood U of 0
1
P —lim

T, hr,s

{ (k)€ s: zy— L ¢ U} =0.

In this case, we write st§ (X) — limy; x4y = L or z3; — L (st} (X)) and
sth(X) = {:1: = (241) : for some L, sth — l}glxw = L}

and in particular

sty (X), = {x = (z1) : st — l}gr? Ty = O} .

Definition 10. (Esi, 2009) Let 6, s = {(k,, ()} be a double lacunary sequence. A double number
sequence * = (xy;) is Ny (X) —convergent to L in X provided that

1
P — lim ) |z — L| = 0.
7 (kD€ELr s & xp—LEU

Definition 11. ((Esi, 2009)) Let 6, = {(k,,[s)} be a double lacunary sequence. The double non-
negative sequences x = (zy;) and 0 ¢ y = (yx,) are said to be asymptotically double lacunary
statistical equivalent to L in X

1
P — lim

r,s

{ (k1) el

%—L‘ zg}‘ —0.
Ykl

TS
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L
In this case, we write x 5 y and simply asymptotically double lacunary statistical equivalent
if L=1.

Definition 12. The double non-negative sequences x = (zx;) and 0 ¢ y = (yx,;) are said to be
asymptotically double equivalent to L in X if for each neighbourhood U of 0

1
P —lim —
n,m 1Mmmn

{(k:,l):kgn,lgm;: %—LWJHZO.
k.l

L
In this case, we write x 0 y and simply asymptotically double statistical equivalent if L = 1

in X. Furthermore, let S* (X) denote the set of all double sequences = = () and y = (yx,;)
S (X)

such that +  ~ "y in X.

Definition 13. Let 6., = {(k,,l;)} be a double lacunary sequence. The double non-negative
sequences = = (z,;) and 0 ¢ y = (yx,;) are said to be asymptotically double lacunary equivalent
to L in X if for each neighbourhood U of 0

{ (k1) €I, @—L¢U}’:o.

Ykl

1
P —lim

T8

S5, () : : - :
In this case, we write z 2 y and simply asymptotically double lacunary statistical equivalent
if L =1 in X. Furthermore, let S§ (X) denote the set of all double sequences @ = () and

GLT‘ s X)
0¢y=(yr;) such that x '~ yin X.
Definition 14. Let 6, = {(k,,ls)} be a double lacunary sequence. The double non-negative
sequences * = (xy;) and 0 ¢ y = (yx,) are said to be asymptotically double lacunary

Ny, , (X)), —equivalent to L in X if for each neighbourhood U of 0

1
P —lim 3 Thi _ ) ~0.
8 hr,s Yk,
(k,l)elns & :Ek’lfL¢U
Ng'r;s (X)L

In this case, we write x ~ y and simply asymptotically double lacunary N,  (X)—
equivalent if L =1 in X.

3. Main Results

Theorem 1.

Let 6, s = {(k.,ls)} be a double lacunary sequence. Then,
No, , (X) Sy, o (X)

Or,s

(. @Ifz "~ "y thenz ~ .
SL

Or, s

(X)

(@. (b) Ny, (X), is a proper subset of = '~ .
Sg. (X) No. (X
(ii). If (%) e lgo and 2 7 y then z 9”5\(, )L .

T 5 55,0
(iii). If €lZ,then Ny (X), =2 '~ .

Yk,

Published by Digital Commons @PVAMU, 2015
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Proof:
Np. (X
@. @1tz "y then
{onen: Moreujls 5> |y
Ykl Ykl
(k‘7l)6[7>75 & $k7l—L¢U
and .
) Tkl
P — lim — — = 0.
m X ey

"% (k)elrs & zh —LgU

This implies that

P — lim

TS

{ (k1) €I, @—LgU}’:O.
Ykl

This completes the proof (a).
(. (b) Let (k) = (271 and (I,) = (2°7'). Then we have I, = {(m,n): 2" <m < 27
and 257! < n < 2%}. Define the double sequence (%) as follows: We divide the total double

sequences into blocks of I, ¢ type such thatz”*”—w*1 =qiforl1 <i< [ Vi (: [\3/ 2’"—128—1]>

2T—1+1"27‘—1

in each of the first [\3/ h,s| number of rows. At other places “=*0. The I, s block will look as

follows: _ i
1 2 3 Shrs 00 0
23 - Yhys 0 0 0
123 - ¥hs 000
123 - ¥hs 000
00 - 0 0 00
000 - 0 000
We consider the sup-norm for the double sequences, i.e. H (z;”—”) H = Sup,, ,, ‘;;"” . We have
[\3/ hys| — oo as r, s — oo independent of each other. Thus for a given € > 0, (very small) we
have [ - ]
T 3
T m,n > _ . . T,5 _
P tim ) € g 222 2 el = p o SR
This is equivalent to
VAL
P — lim {(m,n)elr,s,@gzUH:P— lim [/frs] =0,
7,800 [l o m,n r,5—00 r,s

where U is an —neighborhood of zero, € being very small. Since we have the first [3 s
number of rows having first [ Y hm] elements as 1,2,3, ..., [\3/ hm] , SO we have
[/ oo J([/ P ] ([ Prs] +1)) 1

P lim 3 |wl =P~ lim 2[V/h 2
(mn)€el, s 7

https://digitalcommons.pvamu.edu/aam/vol10/iss2/32
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SGLTYS(X) Ng'r,s (X)L
Therefore, we have + '~ ybutnotx '~ .
.o Tl . 2 é‘T,S(X)
(ii). Suppose we have the double sequence (W) inl5, and x '~ y. Then we can assume
that
L1
—= — L| < H, for all £ and (.
Ykl
Given € > 0
1 x 1 x
Tyt L’ _ 3 Tyt L’
r,s Ykl r,5 Ykl
(kD)Ely,s (k€L s & p, —LEU
Ll
T | L’
T8 Ykl
(k‘,l)elrys & wk,lfLEU
H x
< { (k,0) eI, ﬁ—L¢UH+e.
hr,s Ykl

No, (X
Therefore z oL Y.

(>iii). It follows from (i) and (i1). [J
Theorem 2.

Let 0, s = {(k.,ls)} be a double lacunary sequence with liminf, ¢, > 1 and liminf;g, > 1 then

SL(X) Sé’hé(X)

x y=x ~ .

Proof:

Suppose that liminf, ¢, > 1 and liminf, g, > 1 then there exists J > 0 such that ¢, > 1+ and
q, > 1+406. This implies that Z—; > & and ’;—S > %. Since h, s = kpls—kpls—1—kr—1ls—ky—1ls_1,
we are granted the following

krls (1 + 6)2 krfllsfl 1
< d < -.
hew = 02 O Th, 5%
SL(x) . Or,s (X)), :
Let x ~ " y. We will prove x "~ " y. Let us take any neighbourhood U of 0. Then for
sufficiently large r and s, we have

1

{ (k,0) €I,k <k and | <1, @—LQ;UH
krls Yk,i

1 e
> kel ™ ey

krls { ( ) Ykl ¢

5 1 Tk
> . kel 2 _rpe¢u
— (L+0)? Ay { b el, Yk, g H

This completes the proof. [
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Theorem 3.

Let 6, s = {(k,ls)} be a double lacunary sequence with limsup, ¢, < oo and limsup, g, < oo
Sty (X) SE(X)

thenz ~ y=z ~ .

Proof:

Since limsup, ¢, < oo and limsup, g, < oo there exists H > 0 such that ¢, < H and ¢, < H
Sk (X)
for all 7 and s. Let 2 & y and € > 0. Then there exists 7, > 0 and s, > 0 such that for

every i > r, and j > s,

1
B {(k,l)e[i,j; @—LWJH«;.

N hi ; Ykl
Let M = max{B;;: 1<i<r,and 1<j<s,} and m and n be such that k,_; < m < k,
and [;_y < n <l,. Thus we obtain the following

{(k,l)e[i,j: k<mandl<n, m—L§ZU}‘

mn Ykl
< W)el,: k<kandl<l, _L¢U
krfllsfl 7 )
I 1
S— Z ht,uBt,u + Z ht,uBt,u
krfllsfl tu krfllsfl (ro<t<r)U(so<u<s)
M X 1
< hpy + —— hi wBiw
_krfllsfl Z b * krfllsfl Z " "
t,u (ro<t<r)U(so<u<s)
Mk, ls r,s 1
< To'So! 090 ]’L uB Y
o kr—lls—l * kr—lls—l Z " "
(ro<t<r)U(so<u<s)
Mk, l; 1,8, 1
Sko—lors + ( sup Bt,u> ﬁ Z ht,u
r—1ls—1 t>roUu>s, r—1ls—1 (ro<t<r)U(so<u<s)
Mk, ls 1,8 €
< To'So! 090 h Y
o krfllsfl * krfllsfl Z "
(ro<t<r)U(so<u<s)
Mk, l, r,s
< To'So! 090 HZ.
- kr—lls—l e
Since k, and [ both approach infinity as both m and n approach infinity, it follows that
1

{(k;,l)elm-: k<mandl<n, %—LgéUH—m.

mn Ykl

This completes the proof. []
The following theorem is an immediate consequence of Theorem 2 and Theorem 3.
Theorem 4.

Let 0, s = {(k;,ls)} be a double lacunary sequence with 1 < liminf, ;¢., <limsup, g, < oo.
L X Sé‘r,s (X)

Thenxsé)yﬁx ~ .
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Theorem 5.
) SL1(X) S5, (X)

If the two double sequences = = (xy;) and y = (yx,;) both satisfy x = ~ " yand z '~ vy,
then L1 = L2.
Proof:

SE1(X) Str,s(X) . .
Letx ~ " yand x '~ y. Suppose that L, #* L,. Since X is a Hausdorff space, then

there exists a symmetric neighbourhood U of 0 such that L; — Ly ¢ U. Then we may choose a
symmetric neighbourhood W of 0 such that W + W C U. We obtain the following inequality:

{(k, 1) 1 & < kol < 1y 240 ¢ U}

z
1 CEkl

< D)k <kl <Ly 1 ¢w

=Tl {(’) = o f H

k) k< ki<l Lo— g
kmln 3 . > Kmy b S g 2 ykl

where z,; = L; — Lo for all k,{ € N. It follows from this inequality that

1
1< {(k,l):krgkm,lgln; @—Lléw}‘
kmln Yk,
v Wy k<h i< D g w
kmln ) . = hvm,yt = bny 2 ykl

The second term on the right side of this inequality tends to 0 as m,n — oo in Pringsheim sense.
To see this, we write

1 {I)kl }‘
k) kE<kpl<l,; Lo——¢&¢W
kmln {( ) ? Ykl ¢
1 mon Tk,
= k,l ol e Lo———¢& W
o ket n- 2wy

{<k Deh.: L- 2w

< h S) ( m’:n h7,$t778) ’
r,s= 1 1 r,s=1,

x gy, (X)
where ¢, ; = hL {(k, l)els: Ly— 2t §é W}‘ Sincex '~ vy, we know that P—lim, s ¢, ; =
0. So,
1 .1'k1
P—lim—— | (k1) ik < kp, | <lp; Lo——=¢ W3l =0. (1)
mon Kl Ykl
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L
On the other hand, since = g Y,

P —lim (kD) ik <kl <1y 25 1 gwl|=o. )
m,n kmln Ykl
By (1) and (2) it follows that
1
P —lim (kD) ik <kpml <lp; 2, U} =0

mn kol

which is a contradiction. This completes the proof. [

4. Conclusion

The definition of asymptotically equivalent sequences was introduced by Marouf in 1993. Later
on it was further investigated from the sequence space point of view and linked with summability
theory by several authors. The results obtained in this study are much more general than those
obtained earlier.
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