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Abstract

In this paper we have studied the stability of three typical species syn-ecosystem. The system
comprises of one commensal S, and two hosts S, andS,. Both S, and S, benefit S, without

getting themselves affected either positively or adversely. Further S, is a commensal of S, and
S, is a host of both S, and S, . Limited resources have been considered for all the three species in

this case. The model equations of the system constitute a set of three first order non-linear
ordinary differential equations. The possible equilibrium points of the model are identified. We
have also studied the local and global stabilities. We have analyzed the bionomic equilibrium
and optimal harvesting strategy using Pontryagin’s maximum principle. We have investigated
the inhabitant intensities of the fluctuations (variances) around the positive equilibrium due to
noise and have investigated the stability. We have also checked the MATLAB numerical
simulations for stability of the system.

Keywords: Commensal; steady states; Routh-Hurwitz criteria; Global stability; Bionomic
harvesting; optimal harvesting; Pontryagin’s principle; stochastic perturbation;
Fourier transforms methods
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1. Introduction

Ecology is the study of the inter-relationships between creatures and their surroundings. It is
usual for two or more species living in a common territories to interact in dissimilar ways.
Mathematical modeling has played an important role for the last half a century in explaining
several phenomena concerned with individuals and groups of populations in Nature. Lotka
(1925) and Volterra (1931) established theoretical ecology in a momentous way and opened new
epochs in the field of life and biological sciences. The Ecological dealings can be broadly
classified as Ammensalism, Competition, Commensalism, Neutralism, Mutualism, Predation and
Parasitism.

The general concept of modeling has been presented in the treatises of Meyer (1985), Cushing
(1977) and Kapur (1985). Srinivas (1991) has studied the competitive ecosystems of two species
and three species with limited and unlimited resources. Lakshmi Narayan and Pattabhi
Ramacharyulu (2007) have studied prey-predator ecological model with partial cover for the
prey and alternate food for the predator. Archana Reddy (2009) and Bhaskara Rama Sharma
(2009) have investigated diverse problems related to two species competitive systems with time
delay by employing analytical and numerical techniques. Phani Kumar (2010) studied some
mathematical models of ecological commensalism, while Ravindra Reddy (2012) discussed the
stability of two mutually interacting species with mortality rate for the second species. Further
Srilatha et al. (2011) Shiva Reddy et al. (2011) studied stability analysis of three and four
species. Hari Prasad et al. (2010, 2011) also discussed the stability of three and four species syn-
ecosystems.

The present authors (2011, 2012) have investigated the stability of three species and four species
with stage structure, optimal harvesting policy and stochasticity. Papa Rao et al. (2013) analyzed
a three species ecological prey, predator and competitor model and discussed the stability and
optimal harvesting factors. Hari Prasad et al. (2012) and Kar et al. (2006), Carletti (2006) have
been the source of our inspirations to undertake the present investigation on the analytical and

numerical approach of the emblematical three species (S, S, ,S;) syn-ecosystem.

2. Mathematical Model

Consider a conventional syn-ecosystem which consists of three species sayS,, S,,S, (Figure

2.1) where three species are living together with the following assumptions: (i) The system
comprises of one commensal (S;) and two hosts S, and S, . Both S, and S, benefiting S,

without getting themselves affected either positively or adversely (ii) S, is a commensal of S,
(iif) S;isahost of both S, and S, (iv) all the three species have limited resources.

https://digitalcommons.pvamu.edu/aam/vol9/iss2/15
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Slis Commensa | S2is Hostof Sland
ofS2and s3 $2is Commensal lofs3

S3is Hostof Sl1andS2

Figure 2.1. Representation of a three species commensaling system

Letx(t), y(t) and z(t) be the population densities of speciesS,, S, and S, respectively at time
instant't'. Leta, , a, anda, be the natural growth rates of speciesS,, S, and S, respectively.

Keeping these in view and following Hari Prasad et al. (2012) and Tapan Kumar Kar et al.
(2006), the dynamics of the system may be governed by the following first order nonlinear
ordinary differential equations:

dx

E:aix_auxz +a12xy+a13xz—qlE1x, (2-1)
d

d—i/:agy—azzyﬂazayz, (2.2)
dz

a:asz_asszz_%Ezz . (2-3)

In the above model a.,i=123, are self-inhibition coefficients of species S, i=12,3,
respectively, a, is the interaction coefficient of S, due to S,, a,; is interaction coefficient of S,
due to S,, a,; is the interaction coefficient of S, due to S;, K, =a,/4a;,1=12,3, are the
carrying capacities of species S,,i1=1,2,3, respectively, g, and g, are the catch ability
coefficients of species S,and S,, respectively, E,and E, are the efforts applied to harvest the
species S,and S,, respectively.

Throughout our analysis, we assume that

ai_Q1E1>O’a3_q2E2>O- (2-4)

3. Steady States

In this section we present the basic outcomes on the non-negative equilibriums. It can be checked
that the model (2.1)-(2.3) has only three nonnegative equilibriums namelyT,(0,0,0), T,(X,Y,0)

and T,(x", y",z")which are attained by solvingx=y=2=0.

Case (i): T,(0,0,0) : The population is extinct but this always exists.

Published by Digital Commons @PVAMU, 2014
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Case (ii): T,(X,y,0): Here X and Y are positive solutions of x=0andy=0. We get,
y=a,/a,, (3.1)

X=(la,)] (a-0E)+(@,8,)/ 8, . (3.2)

Clearly, X is positive due to (2.4).

Case (iii): Tz(x*, y*,z*) (The interior equilibrium): Here, x*, y* and z" are positive solutions of
the following equations:

ai_allx+a12y+a‘132_qlEl =0, Q, —ayytayZ =0, aa_aesz_quz =0. (3-3)
From (3.3), we get

2" =(lay)(a;,-q,E,),

Y =(ay)[a,+(a,/a,) (a8, —0,E,) ],

X' = i[(aﬂ. - qlEl) +(a, /a22){82 +(ay/ay) (a3 - QZEZ)}+ CRYEY) (a3 B quZ)] '

1

We clearly see that x*,y" and z" are positive due to inequalities (2.4).

4. Local Stability

We first consider the local stability of the interior steady state. The Variational matrix of the
system (2.1)-(2.3) is

a1_2a11X+a12y+a132_q1E1 apX X
J= 0 a, —2a,,Y +ay,z a,y : (4.1)
0 0 a, —2a,72—-0,E,

At the interior equilibriumT, (x*, Yy, Z*) , the characteristic equation of (4.1) is in the form of

1+ A’ +Bu+C=0, 4.2)
where

A= a11X* +a22y* + a332*v B= ailazz)(*y* +azzaesy*2* + ailaes)(*Z* ,C= a11a22a33x*y*2* .

https://digitalcommons.pvamu.edu/aam/vol9/iss2/15
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The system is locally asymptotically stable if all the eigenvalues of the above characteristic
equation have negative real parts. By Routh- Hurwitz criteria, it follows that all eigenvalues of
the above characteristic equation have negative real parts if and only if A>0,C>0,AB-C >0.

Obviously A>0, C>0and
AB-C=a,X (allaZZX*y* + a11333X*Z*)

+(a22y* + a332*>(aila22X*y* + a22333y*z* +alla'33x*z* ) >0.

5. Global Stability

We now discuss the global stability of the equilibrium points T,(X,y,0) and T, (x*, Yy, z*) of the
system (2.1)-(2.3).

Theorem 5.1.

The equilibrium point TI(Y, 7,0) is globally asymptotically stable.

Proof:

Let us consider the following Lyapunov function
L(x, y)=[(x=%) =X In(x/X)]+1, [(y = V) -y In(y/ y)] ,
where |, is the positive constant.

(dL) /(dt) =[(x—X)/ x](dx) /(dt) +L[(y — ¥)/ y](dy) /(dt),
(AL /() = (x=%)[ =3 (x=X)+a, (y=¥) J+L (y = ¥)[ -2 (y-¥) ]

By choosing |, =1/a,,, we get
(AL)/(dt) =~ &, (x=X) =, (x=%)(y=¥)+(y-¥) |

which is in the form =Y "PY , where

- — a,; —312/2
YT =(x— ~y), P= .
(x=Xy-y), (—au/z 1 ]

Published by Digital Commons @PVAMU, 2014
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The equilibrium point Tl(i, 7,0) is globally asymptotically stable if(:i_lt_<0' This is possible

only when the matrix P is positive definite. We observe clearly that this is the case since all the
principal minors of P are positive.

Theorem 5.2.

The interior equilibrium point T,(x",y",z") is globally asymptotically stable if 4a, >a’, ,
4a, > a’, and 4a,a,, >a’, hold.

Proof:

To find the condition for global stability atT, (x*, y*,z") , we construct the Lyapunov function

L(X, Y, z)=[(x—x*) —X"In(x/ x*)]+|l[(y— y) =y In(y/ y*)]+|2 [(z ~2)=Z"In(z/ z*)],

where I, and 1, are positive constants.
(dL) /(dt) =[(x—x")/ x](dx) /(dt) + LI(y — y") / yI(dy) /(dt) +1,[(z ~ 2") / 2] (dlz) /(dlt)
(AU =(x=x ) -2 (x=X )+ (y =y )+ (27
L (y=Y ) (y-y)ran(2=2) [+l (2-7) [ -an(z-7) .
[ () g () (y-y) - (xx ) (27 | |
Ao (y-y ) ~aa(y-y)(z-7) ot [as(z- )

By choosingl, =1,1, =1/a,, we get

(dL) /(dt) =—

(dL) /(dt) = —

which is in the form of —XTMX , where
XT :(x—x* y-y z-7')

and

https://digitalcommons.pvamu.edu/aam/vol9/iss2/15
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G —a /2 —6113/2
M=|-a,/2 a, -a,/2|.
—a,/2 —ay,l2 1

The interior equilibrium point T,(x",y",z") is globally asymptotically stable ifc(jj—lt'<0. This is

possible only when M is positive definite. We observe clearly that M is positive definite if the
hypotheses of the theorem are satisfied.

6. Bionomic Equilibrium

This is the combination of biological equilibrium and economic equilibrium. In section (3) we
have discussed the biological equilibrium which is given by x=y=2z=0. When the total

revenue obtained by selling the harvested biomass equals the total cost utilized in harvesting it,
we say that the bionomic equilibrium is achieved. Let c, be the constant fishing cost of species

S, per unit effort and c, be the constant fishing cost of species S, per unit effort. Let p, be the
constant price of species S, per unit biomass and p, be the constant price of species S, per unit
biomass. Then the revenue at any time is given by

A% Y.2,E,E,) =[ (PaX—¢ ) E +(p,0,2-C, )E, |. (6.1)

If ¢, > p,g,x andc, > p,0,z then the economic rent obtained from the fishery becomes negative
?r?adt the fishery will be closed. Hence for the existence of bionomic equilibrium, it is assumed
C < PGX, €, < PyQ,Z. (6.2)
The bionomic equilibrium ((x)w,(y)w, (2)..,(E).., (Ez)w) is the positive solution of
x=y=2=A=0. (6.3)
By solving (6.3) we get
(%), =C/(P1) . (2).. = C, /(P,C) .
(¥).. = (U a,)[a, +a,(2).. ] = (1 ay,)[a, +[(a:C,) [(p,a,)]]

1
(El)oo = q_[al - (a'llcl) /( plql) + (aizaz)/azz + (aizazscz) /(azz pzqz) + (a13c2)/ pzqz] )

1

(Ez )00 = (1/ qz)[as —(833C2/ pzqz)] ,
(E).. >0 when(x), <(a,/a,)and (E,), >0 when (2), <(a,/ay;).

Published by Digital Commons @PVAMU, 2014
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If (E,))>(E,))., and (E,) >(E,)., then the total cost utilized in harvesting the fish population

would exceed the total revenues obtained from the fishery. Thus, some of the fishermen would
face a loss and naturally they would withdraw their participation from the fishery. Hence,
(E)>(E), and (E,)>(E,), cannot be maintained indefinitely. If (E)<(E)), and

(E,) <(E,).,, then the fishery is more profitable and, hence, in an open access fishery, it would

attract more and more fishermen. This will have an increasing effect on the harvesting effort.
Hence, (E)) <(E)), and (E,) <(E,), cannot be continued indefinitely.

7. Optimal Harvesting Strategy

Our objective now is to select a harvesting strategy that maximizes the present value

Q= J-efa‘t [( PO x—C ) E (t)+(p,0,2—C,)E, (t)]dt : (7.1)

0

of a continuous time stream of revenues. Here & is the instantaneous annual discount rate. The
problem (7.1) subject to population equations (2.1)-(2.3) and control constraints 0 < E, <(E)), ..,

and 0<E,<(E,),, can be explained by applying Pontryagin’s maximum principle. The
Hamiltonian is given by

H=e[(ptX—¢)E +(P,0,2—C,)E, |+ 4| aX—a,X* +a,xy +a,x —GEx]|
+,| By~ 8,y +ayyz |+ 4| az a2’ ~q,Ez),  (7.2)

where 4,4, and A, are adjoint variables and the switching functions are

() =" (PaX—C )~ AgX, (7.3)
,Uz(t) e ( P.0,2 _Cz)_ﬂsqzz- (7.4)

Since the Hamiltonian H is linear in the control variable, the optimal control will be an
amalgamation of the extreme controls and the singular control. The Optimal controls E, (t) and

E, (t) that maximize H must satisfy the subsequent conditions:

(E.I.) = (E:L)max’Where /ul(t) > 0 2 i'e" 2’1(.[)65t <[p1 _(Cllqlx)] ’

(E,) = (Ey) s Where ,(t) >0, ie., 4,06 <[p, —(c,/a,2)].

A(t)e’", i=1,3, is the shadow price and p,—(c,/g,x)is the net economic income on a unit
harvest of speciesS;, p,—(c,/q,z)is the net economic income on a unit harvest of speciesS,.

https://digitalcommons.pvamu.edu/aam/vol9/iss2/15
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This shows that (E;) = (E;),...1 =12, or zero, according to the shadow price is not more than or

superior to the net economic revenue on a unit harvest. Economically, the first condition implies
that if the profit, after paying all the expenses is positive then it is beneficial to harvest up to the
limit of the available effort. The second condition implies that when the shadow price exceeds
the fisherman’s net economic revenue on a unit harvest then the fisherman will not exert any

effort. When 4 (t) =0, 1=1,2, i.e., when the shadow price equals the net economic revenue on a
unit harvest then the Hamiltonian H becomes self-governing of the control variable E, (t) , i.e.,

oH

oo,
oE,

This is, an obligatory condition for the singular control E(t) to be optimal over the control set
0<E'(t) < (E), - Thus, the optimal harvesting strategy is

(Ei)max ' Hi (t) > O!
E (t)=40, L (t) <0, 75)

() 4 (t) =0,
when () =0,i1=1,2, it follows that

Agx=e"" (pgx—c )= (0A)/(OE)e™", (7.6)

A0,z =€ (p,0,2—C,) = (6A) /(GE,)e " (7.7)

This implies that the user’s cost of harvest per unit of effort equals the concession value of the
future marginal profit of the effort at the steady state level. Now the adjoint equations are

(dA)/(dt) =—(@H) /(3x) = | e p,G,E, + 4, (2, — 28, X + 8,y + 2,2~ ;) |, (7.8)
(dA,)/(dt) =—(8H) [(y) = [ A (a,%) + 4, (8, — 28,y +a,2) |, (7.9)
(d4,) /(dt) =—(8H) /(02) = € " p,0,E, — A4 (815X) 4, (85Y) — 4 (8, — 2852~ G,E, ). (7.10)

We now seek to find the optimal equilibrium solution of the problem so that x, y, z, E, and E, can
be treated as constants.

From (7.9),

(d;{z)/(dt) +ﬂ2 (az _2622y +a232) = _e_&[pl _(C1/q1X)]a12X '

Published by Digital Commons @PVAMU, 2014
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which is in the form of
(dA)/(dt) + M, A, =—M e ™",
where
M, =a,—2a,Yy +a,z" M, =[p,—(c,/qx)]a,Xx",
and its solution is given by
2, =[M, I(5-M)Je™*". (7.11)
From (7.8),
(dA)/(dt) + 4 (a, - 28, X +a,y +a,z—qE ) =—e " pg &,
which is in the form of
(dA)/(dt)+ M, 4 =-M e,
where
M, =a —2a,X" +a,y +a,z —qE .M, = paE,
and its solution is given by
A =M, (5 -M,)]e™". (7.12)
From (7.10), (7.11) and (7.12),
(dA) /[(dt) + M A, =—M e ™",
where

Ms =a _23332* - quz ,
Me = szzEz +[(M4a13X*)/(5_ Ms)]"‘ [(M23-23y*) /(5_ Ml)] )

and its solution is given by

4 =[Mg (5 —Mg)le ™. (7.13)

https://digitalcommons.pvamu.edu/aam/vol9/iss2/15
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From (7.6) and (7.12) we get the singular path

p,—(c/gx) =M, /(M; - 5)]. (7.14)
From (7.7) and (7.13) we get the singular path

p, —[C, /(a,2")]=~[M¢ /(Mg - 5)]. (7.15)
At the point T, (x",y",z"), M,, 1=12,...,6, can be written as follows

=-a, —(a,;/3,)(a,—0,E,),

p1a12 a12 a23 a2].3 Claﬂ
M q 25 (a,—q,E }+— 0,E,) |- 222,
* A, [(ai )+ azz{ asg(as :F2) ass(as ’ )} 0

=—(a-gE)- ai{ %(as—quz)}%(as 0.E, ).,

a22 3

M, =pgE, M; :_(aG_qZEZ)’

_Ma)an a22

M.a a
E,+—22 —2(a,—q,E,)|.
+P,0, 2+(5—M1)a22 {az'k a, (as 0, 2)}

3

Thus, (7.14) and (7.15) can be written as

F(x) =[p,—(c,/ax)]+[M,/(M;-6)] =0, (7.16)
G(Z*)=[p2—(02/q22*)]+[|\/|7/(|\/|5—5)]=0. (7-17)

There exists a unique positive root x"=x,; of F(x") =0 in the interval 0<(x), <K, if the
following inequalities hold: F (O) <0,F(K,)>0,F'(x")>0 for x* >0, where K, =a,/a,,.

There exists a unique positive root z* =z;0f G(z")= 0 in the interval 0<(z), <K, , if the
following inequalities hold: G(0)<0,G(K,)>0,G'(z") >0 for z* >0 , where K, =a,/a,,.

For x" =x;, we get

Ys = (1/322)[6‘2 +(az3/a33)(a3 —0,E, )]’

Published by Digital Commons @PVAMU, 2014
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Zs= (1/a33)(a3 _quz) J
(E1)5 = (1/ ql)[al —aXs tapYs +a1325] |
(Ez)o‘ = (1/ %)[ae _assza]-

Here, (E)); >0if x; <K, and (E,); >0, if z; <K,.

From (7.11), (7.12) and (7.13), we observe that A (t)e’*, i =1,2,3, is independent of time and is

the best possible equilibrium. Hence, they satisfy the transversality condition atco, i.e., they
remain bounded as t — oo.

From (7.16) and (7.17), we also have

p1q1X*_C1:_[M4/(M3_§)] —> 0,3 0 > oo,

p,0,2" —¢, =—M,/(M;-5)] —> 0,as & > .

Thus, the net economic revenue

A((X)..,(9)...(2)..,(E)...(E;)..) =O0.

This implies that an infinite concession rate pilots to the net economic revenue tending to zero
and the fishery would remain closed.

8. The Stochastic Model

In this paper we assume the presence of randomly fluctuating driving forces on the deterministic
growth of the species S,,i=1,2,3, at time 't' so that the system (2.1)-(2.3) results in the

stochastic system with ‘additive noise’.

The main assumption that leads us to extend the deterministic model (2.1)-(2.3) to a stochastic
counterpart is that, it is reasonable to conceive the open sea as a noisy environment. There are
many ways in which environmental noise may be incorporated in system (2.1)-(2.3). Note that
environmental noise should be distinguished from demographic or internal noise for which the
variation over time is due. External noise may arise either from random fluctuations of one or
more model parameters around some known mean values or from stochastic fluctuations of the
population densities around some constant values.

In this section we compute the population intensities of fluctuations (variances) around the
positive equilibrium TZ(X*, y*,Z*)due to noise according to the method introduced by Nisbet et

al. (1982). Such a method was also successfully applied by Tapaswi et al. (1999). Now we
assume the presence of randomly fluctuating driving forces on the deterministic growth of the
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species S,, 1=1,2,3, attime't' so that the system (2.1)-(2.3) results in the stochastic system with
‘additive noise”’:

dx

o = AX A rapxy +age —EX+ng (1), (8.1)
dy 2
E: Y —a, Y A,y +n,é, (1), (8.2)
dz 2
a:asz_assz —0,E,z+1.8,(1), (8.3)

where x(t), y(t) and z(t) be the population densities of species S,,S, and S,, respectively, at

time instant 't'. &, a,,a, are real constants and &(t) =[&(t),&,(t), &(t)] is a three dimensional
Gaussian white noise process satisfying

E[&(t)]=0, i=123, (8.4)
E[£(1)& (1) ]=66(t-t), 1,j=123, (8.5)
where g; is the Kronecker symbol and & is the & -Dirac function.

Let us consider the technique of perturbations as

X(t) =u,(t)+S7, yt) =u,(t)+P", z(t)=u,(t)+T, (8.6)
dx _du(t) dy du,(t) dz _ du,(t)

, , (8.7)
dt dt dt dt dt dt
Using equations (8.6) and (8.7), equation (8.1) becomes
) _ u,(t)+a,S" —a,u’(t)—a,(S)*—2a,u,(t)S" +a,u,(t)u,(t)
dt _a1 1 a1 all 1 ail a11 1 a12 1 2
+83,U; ()P + a3, (1)S” +8,8 P + 8y, (1)U, (1) + 3, ()T +a,u,(1)S”
+a138*T* - q1E1u1 (t) - q1E18* + 77151(0 : (8-8)
The linear part of (8.8) is
du, (t) . « .
T :_ailul(t)s +a,U, (t)S +813U3(t)8 +771§1(t) . (8-9)

Using equations (8.6) and (8.7), equation (8.2) becomes
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—duz ® =a,u, (t)+ &, P - azzu22 - & (P*)Z - 23-22“2 (t) P’

dt
+8,5U, (D)Ug (1) + 83U, (DT +a,U, ()P +a,,P T +7,5,(t) - (8.10)
The linear part of (8.10) is

du, (t)

e —a,,U, ()P +a,,u, ()P +72,5,(t). (8.11)

Using equations (8.6) and (8.7), equation (8.3) becomes

du, (t . . «
L) a0, 0+ 2T a0 - (T ~ 224, OT
-0, Ezua (t) -0, EZT* +773§3 (t) . (8-12)
The linear part of (8.12) is
du, (t «
20 o, O + 10 .13

Taking the Fourier transform on both sides of (8.9), (8.11) and (8.13), we get

77151(0)) = (ia)+ auS*)al(a)) - a125*62 (w)- 813S*G3 (), (8.14)
77252((0) :(ia)"‘azzp*)az (a))—a23P*l]3(a)) ; (8.15)
77353(60) =(ia)+a33T*)l]3(a)). (8.16)

The matrix form of (8.14), (8.15) and (8.16) is

M (0)(w)=¢(o), (8.17)
where
As(@) (@) Ay(@) a@] | mé(e)
M (0)=| Au(@) An(@) Ax(@) |, G(0)=|0(@) |, E(0)=|né (o) ],
A(@) Ay(o) Ay(o) U; (@) 77353((0)

Av@) =i0+8,8", Ay(0) =-8,S", Ay(@)=-a,S",
A, (0)=0,A,(®)=io+a,P", A, (w) =—a,P,
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Au(@) =0, Ay(0) =0, Ay(w) =io+ayT . (8.18)
Equation (8.17) can also be written as

(@) =K(@)é(o), (8.19)
where

-1 AdjM (a))
M (@)
If the function Y (t) has a zero mean value, then the fluctuation intensity (variance) of its

components in the frequency interval [a),a)+ da)] is S, (w)dw, where S, (w) is the spectral
density of Y and is defined as

K(w)=[M ()] (8.20)

‘2

S, () = lim Y (@)

T—o -I: ’

(8.21)

If Y has azero mean value then the inverse transform of S, (w) is the auto covariance function

0

1 ior
C ()= [ s/ (0p“ do. (8.22)

The corresponding variance of fluctuations in Y (t) is given by
2 17
o’ =C,(0)=— [ S, (w)do. (8.23)
2r =,
The auto correlation function is the normalized auto covariance
_GC (7)

R (z)= .0 (8.24)

For a Gaussian white noise process, it is
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From (8.21) we have

o), =123

3
:Zl:nj‘Kij(
=

Hence by (8.23) and (8.27), the intensities of fluctuations in u,

, 1 &7 2 .
ol === [ n|K(@) do, i=1,23.

27[ =l o

From (8.20) we obtain

e ol F |adi@
T {I o R TR
L) |adi@) 7 |Adie)
O-uz _272_ J;o’h |M(a))| a)+_[0772 |M(a))| J;o
L) @l f Adi@)]
I f” M () a”_[o"z M) ° J

where |M ()| =R(w)+il (),

R(@) == (a,S" +a,P" +a5,T")+2,2,2,8 PT",
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Adj(3) (3)

M) °

Adi@)|
M@

, 1=1,2,3 are given by

Adi(8)]
M@ °

687

(8.25)

(8.26)

(8.27)

(8.28)

(8.29)

(8.30)
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I (a)) =-@ + a)<aila'ZZS*P* +8,8,P T + 3113333*1-*) , (8.31)
A = X2 +Y2, [AdiQ) = X,2 +Y,2 |Adj(3)]" = X2 +Y,%,
|Adj () = X 2 +Y,2, |AIG)] = X2 + Y2, |Adj(B)] = X2+,

|Adj (7)|2 = X72 +\(72 ' |Adj (8)|2 = X82 +Y82 ’|Adj (9)|2 = xgz +Y92 :

where
X, = -0 +8,3,PT", Y, =a;(a22P*+a33T*), X, =8,8,S8 T, Y, = wa,S’,
X, :(a12a23 +a13a22)S*P*,Y3 = walBS*’ X, =0,Y,=0, X =o' +3113338*T*’
Y5 = a)(aﬂS* +a33T*)’ Xg = a11a238*P*’ Yo = a)a23P*,
X;=0,Y,=0, X;=0, Y, =0, Xy =~ +a,8,SP", Yo =0(8,S" +a,,P").

Thus, (8.29) becomes

c,’ :%{T m[m(xf +Y12)+772 (XZ2 +Y22)+773(X32 +Y32)}da)} :

2 1 K 1 2 2 2 2
o, =Z{jm[%(xs FYE) a7, (X2 +Y, )}da)}

2 1 T 1 2 2
oy, =§{jm[%(xg +Y, )]da)}

—o0

If we are interested in the dynamics of system (8.1)-(8.3) with either 7, =0 or , =0 or 7, =0,
then the population variances are

If, =n, =0, then

L (X32+Y32) w7 (X62+Y62)

2 _

qoef D) g g )
v 27 Y RY(w)+ 17 (w) 27 Y RY(w)+1°(w)

—00 —00

I i (X92+Y92)
Oy _ij R2 () + 1°(o)

—0
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If7, =n, =0, then

" 2 2
Uz:ijwdw 2.0 o 2.0
“ T IR (@)1 @) 0 O T T T

Ifr, =n, =0, then

© 2 2 © 2 2
2:&‘[ (X2 +Y2) o 62:& (X5 +Y5) do o 2
"2t R(w)+ 13 () “ 27! R(w)+17 (@) "

00

The equations in (8.29) give three variations of the inhabitants. The integrals over the real line
can be estimated which gives the variations of the inhabitants.

9. Computer Simulation

In this section we demonstrate as well as boost up, our analytical findings through numerical
simulations considering the following parameters:

Example 1.

a =48, a,=05,a,=002, a,=0.15, g, =0.15, E, =10, a, =35, &, =0.8,
a23=0.48'a3=9’ a33=0_02,q2 =O.98,E2:15

30 T T
Commensal
Hostl
Host2

N
o

N
a

N

=)
BN
a o

i
o

.

o

o

Population
Host2 Population

o

i
o
o

L
30

=)

20

Host1 Population i
Time Commensal Population

Figure 9.1. The variation of population against time, initially with x = 30, y = 15, z = 25, and the
variation of population among commensal population, hostl population, and host2
population.
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Example 2:

a, =4.4,a, =0.06,a, =0.02,a, =0.01,q, =0.05 E, =20,a, =1.5,a,, =0.05,a,, = 0.04,
a, =2.7,a,, =0.02,q, =0.1, E, =15.

250 15 13
Commensal
Hostl
Host2

200

150 i

Population
——
Host2 Population

100

| | : i ™
| w § 3
L ~ - !
50 ~_ .
& I — ) ; 60

40

0 1 2 3 4 5 6 7 8 9 10 Host1 Population 50 o

Time Commensal Population

Figure 9.2. The variation of population against time, initially with x = 100, y = 150, z = 250
and the variation of population among commensal population, hostl population,
and host2 population

Example 3.

a =2.4,a,=0.06a,=0.02,a, =0.01,9, =0.05,w=10,E, =20,a, =4.5,a,, =0.05,
a,, =004,y =5,2.7,a, =2.7,a,, =0.02,q, =0.0L E, =15.

200 — — — 7 T o
N —F
/J — Commensal
/ Host1l ~
/ Host2 |
150 / 140 J
/ ‘
/ B e N N R g 120
Ve § 100
_ 100 8
s | 2 80
g [/ <
=3 i /
g [/ S 60
= s, s
I/ 40
/
20
0\ 200
100 -
5
-50
0 1 2 3 4 5 6 7 8 9 10 Host1 Population 0 5

Commensal Population

Time

Figure 9.3. The variation of population against time, initially with x = 10, y = 20, z = 20 and
the variation of population among commensal population, hostl population, and
host2 population

Example 4.

a =54,a,=0064a,=024a,=01q =0.05w0=10E =20,a,=4.5a,, =0.05,a,, =0.04,
y=5a,=2.7,3a,=0.020q,=0.0L E, =15.
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250 T T
Commensal
Hostl
Host2 Tt 200

200

180

150

160

100

Population
Host2 Population

140

50
120
240

200

-50
0 1 2 3 4 5 6 7 8 9 10 Host1 Population 180 .50

Time Commensal Population

Figure 9.4. The variation of population against time, initially with x = 100, y = 200, z = 200 and
the variation of population among commensal population, hostl population, and host2
population

Example 5.

a, =54,a,=0.06,a,=0.024a,=0.01q =0.01, »=10,E, =10,a, =1.5,a,, =0.05,a,;, =0.04,
y=54a,=2.7,a,=0.02,9,=0.01E, =15.

160 T T
Commensal
Host1
Host2
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VRN et U IS FRROAD el
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e
N
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I
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.
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3

N

@

a

N
@
S

Population
®
S
Host2 Population
.
]
&

160

» @
S 3
L]
.
Y]
S

60

20
0 1 2 3 4 5 6 7 8 9 10 100
Host1 Population 2 Commensal Population

Figure 9.5. The variation of population against time, initially with x = 100, y = 100, z = 150
and the variation of population among commensal population, hostl population,
and host2 population

Example 6.

a, =24,a, =0.06,a, =0.02,a, =0.01,¢, =0.01, w=10, E, =10,a, =1.5,a,, = 0.05,a,, = 0.04,
y =5,a, =0.7,a,, =0.02,q, =0.01, E, =10.
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150 T T
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‘ Hostl
\“ Host2 150
N
I\
\
L\
100 -+
{ § 100
8
5 2
= \ &
2 \ 2
g S 50
8 | 8
S I S R R I
50
~_ 0
- | 120
100
L 80 60 &
60 40
0
0 1 2 3 4 5 6 7 8 9 10 40 o .
Host1 Population Commensal Population

Time

Figure 9.6. The variation of population against time, initially with x = 100, y =
100, z = 150 and the variation of population among commensal
population, hostl population, and host2 population

Example 7.

&= 2 4= 0.01 &, = 0.45, Q3 = 0.08, g, = 0.2, 0=10, E1 =10, a, =1 ay = 0.5, ays =0.32,
7 =30,a,=3,a,, =0.3,q, =0.01 E, =10.

16 T T
Commensal
14 T Hostl
\‘\ Host2
1217
\\\7 e N N o N o U P e e
10— c
T s VU NP W PRVAS S 2o P :i
S 8 g
<
g o
S 6 g
< \ $
T
4 \
’ h\
0
5
% 1 2 s 4 5 & 7 8 8 10 8
=y Host1 Population 5 Commensal Population

Figure 9.7. The variation of population against time, initially with x = 15, y = 15, z = 15 and
the variation of population among commensal population, hostl population, and
host 2 population

Example 8.

3 =3,a,=00La,=0452a,=0080 =02 0=5E =10,a, =28, =052, =032,
y =30,a,=14a, =0.2,g, =0.01 E, =10.
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Figure 9.8. The variation of population against time, initially with x=15,y=15,z=15
and the variation of population among commensal population, hostl
population, and host 2 population

Example 9.

a, =3,a,=0.0%a,=0454a,=008,q =02 w0=5E =10,a, =2,a, =0.5,a, =0.32,
y=30,a,=12,8,,=0.2,0,=0.1LE, =10
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Figure 9.9. The variation of population against time, initially with x = 20, y = 15, z = 25 and the
variation of population among commensal population, hostl population, and host 2
population

10. Conclusions

In this paper a model of a distinctive three species syn-ecosystem with a stochastic term has been
invented. At first we discussed the model without the stochastic term and examined the survival
of the equilibrium points as well as local and global stabilities by using Routh-Hurwitz criteria
and Lyapunov function respectively. We also analyzed the idea of a bionomic equilibrium and
computed optimal harvesting policy through Pontryagin’s maximum principle. Later we
computed the population intensities of fluctuations (variances) around the positive equilibrium
(due to noise). The given MATLAB simulations exhibit the theoretical analysis. Figures 9.1-9.4
represent the stability of the deterministic model and figures 9.5-9.9 show the fluctuations in the
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population densities around the mean state. The conclusion is that the noise on the system results
in immense variances of oscillations around the equilibrium point causing our system to be
chaotic. So in our model, standard deviations act as an unpredictable dynamic force that
influences bulky rise and fall for intensities in the region of the equilibrium point.
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