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Abstract

In this research paper, we aim to establish three interesting summation formulae for the I-
function of two variables recently introduced in the literature. The results are derived with the
help of classical summation theorems due to Watson, Dixon and Whipple. A few known results
are also obtained as special cases of our main findings. Since the I-function of two variables is
the most generalized function of two variables and it includes as special cases many of the
known functions appearing in the literature, the results derived in this paper will therefore serve
as the key formulas from which a large number of summation formulas including elementary
functions can be obtained by specializing the parameters therein.

Keywords: I-function; Mellin-Barnes Contour integral; H-function;
Summation theorems

AMS MSC 2010 No.: 33C20, 33C60

1. Introduction

The I-function of two variables defined and studied by Shantha Kumari et al. (2014) is
represented by means of the double Mellin - Barnes Contour integral in the following manner.
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I [Zl; ZZ]

_ 0, nyimy,ny; my,ng |21 (4305, 4585), , (6. Cs0;), s (e B By),
P11 P2 923 P393 | %2 \(by; By, Bismj), ¢ (d D Vy), 5 (i s @),

1
(27i)?

[[#(st)6,(5) 6,(¢) 2 7, ds i, (L1)

where ¢(s,t), 6,(s) and 6,(t) are given by

¢)(S t) _ H?zll FEj(l—aj+ ajs+Ajt) 1 (1 2)
) . r%(aj- ajs—ajt) 12, TU(1-bj+ Bjs+Bjt) ’ :
M2, rVi(1-cj+cjs)  MRATVi(dj-Djs)
_ j=1 ] ] j=1 ] ]
0s) = ( @ Vi ’ (13)
j=na+1 ¢j— CJ'S) l_[j=m2+1 r (1_df+DJ'S)
and
8 _ ]_[721 l"Pf ( 1—ej+ Ejt) H;-Zsl FQj (fj_th) 1 4
2(8) = me2 . rfi(e—Ejt) % r%(1-f+Fjt) 4
j=ngz+1 J ] j=m3+1 J'
Also:

@M z;+#0 z,+ 0

(i) i=+—1;

(iii) an empty product is interpreted as unity;

(iv) the parameters n;,p;,q;(j = 1,2,3), m;(j = 2,3) are nonnegative integers such that
0<n;<p;(j=123),q =20 0=m; <q;(j=2,3) (notall zero
simultaneously);

(V) aj,Ai(j=1,..,01), B, B; G=1,..,q1), Cj(j =1,..,p), Di(j=1,..,q92), E;(j =
1,..,p3), F;(j =1,...,q3) are assumed to be positive quantities for standardization
purpose.

Vi) aG=1,..,p1), bi(G=1,...,q0), ;G =1,...,p2), d;(j=1,...,q92), ¢(J =
1,..,p3) and f;(j = 1,...,q3) are complex numbers;

(vii) Theexponents &;(j=1,..,p), ;G =1,..,9),U; G =1,..,p2), V;(G=1,..,q2),
Pi(j=1,..,p3), Q;(j =1,...,q3) of various gamma functions involved in (1.2),
(1.3) and (1.4) may take non-integer values; and
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(viii) Ly and L, are suitable contours of Mellin - Barnes type. Moreover, the contour Ly
is in the complex s-plane and runs from g; — i to g; + ico, (oy real) so that all the
singularities of T'Vi (dj —D;s)(j =1,..,my) lie to the right of Ly and all the
singularities  of TY(1—¢+Cs)(G=1,..,n;) , T9(1—a;+ais+4;t)( =
1,...,n;) lie to the left of Lg; The other contour L, follows similar conditions in the
complex t-plane.

The function defined by (1.1) is an analytic function of z; and z, if

R = Zp1151“1 +Z 1UiG _Z?iﬂljﬁj - ?i1Vij <0, (1.5)

S = XL A+ X2 PBE — YL nB — Y12 Q;F <O0. (1.6)

Further, the integral (1.1) is convergent if

A = [Z;l;Ejaj_ j= n1+1EJaJ z:(111771131 +Zn2 U;C;

= L UG+ VD - B, L VD] >0, (L.7)

By =[S0, 84— S0, L&A -0 0B + X2, PE;
] =nz+1 PE +2 F Zng +1 Q]P}] >0, (1'8)
larg(z;)| < % A, arg(zy)| < % A,m. (1.9)

In this paper, for the sake of brevity we shall use the following contracted notation for the I-
function defined in (1.1):

Olnl My, Ny, M3, N3 [Zl A: C, E

- 1.10
P1,q1: P2 925 P33 B:D; F (1.10)

I[z4,2,] =1
Further, if V; =1(G =1,..,my), Q; =1( =1,..,m3) in (1.1), then the function will be
denoted by

(1.11)

- 0,n,: m,,n, My, Nz [Z21|A:C; E
I[Zl,ZZ]Z 1 2 2 3 3[

| A
P1,91 * P2,92; P3,93 |22 |B:D; F

and if V,=1(G=1,..,my), Q;=1(G=1,...,m3), U;=1(=1,..,ny) and P, =1( =
1,..,n3)and n; = 0in (1.1), then the corresponding function will be denoted by
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A:C; €

- 0,0: my,n,; my,n;3 [Z1
Iy [21,2,] = A [zz B:D: £l (1.12)

P1,91 ¢ P2,92; P3,43

where

° A stands for (aj;aj,Aj;Ej)L = (a1: alfAll El (apllapfAPﬂ{m)
e B stands for (bj;ﬁj;Bj;nj)l’ql = (by; B1, B1;11), - (bgys Baw Bay Mqy);
e C stands for (CJ'C"U')lp = (c1, €13 Un), s (€py» Cpyi Up, );
2
] D stands for( j’ ])1q2 = (d1)D1'V1 (qu’DQZ;VQZ);
o & standsfor (e;,Ej;P) = (e, Ex;Py), ., (epy By By, )
e F stands for (fj,lij;Qj)LQ3 = (fu, Fi; Q1)) - (qu, Fuyi Qqs);
o Cstandsfor (¢;,C;1), , (6.Ci0j), ,,
yIt2 2 2
e D stands for ( iy Dj; )1,mz' (dj,Dj, j)m2+1,q2’
o Estandsfor (e, E;1), , (e)E
)1t3

i3 b )n3+1,p3;
e ¥ stands for (f,-,F,-;l)lm, (fi, F; Q
y L3

1,p3

j)m3+1, qs’

A detailed account of the I-function, its behavior and various special cases in one and two
variables (including the generalized hypergeometric function jF,) can be found in the paper by

Shantha Kumari et al. (2014).
Remark:

It is not out of place to mention two interesting papers by Mishra et al. (2012, 2013).

2. Results Required
In our present investigation, we shall require the following classical summation theorems.

Watson's Theorem (Bailey, 1935)

3F{ a, b, c -1}— r() rle+3) I(3la+b+n) T (c+30-a-b)) 2.1)

1(@a+b+1), 2¢ ' 7| r(3@+D) r(3o+D) r(c+3(1-a)) T(c+5(1-b)) ’

provided R(2c — a — b) > —1 and the parameters are such that the series on the left is defined.

https://digitalcommons.pvamu.edu/aam/vol9/iss1/23



Kumari and M. Nambisan: On some Summation Formulae for the I-Function
366 O.P. Misra and Preety Kalra

Dixon's Theorem (Bailey, 1935)

a, b, c ] F(1+%a) r(1+a-b) T'(1+a-c) F(l—b—c+%a)
3°2 ’ = 1 _ 1 NPT (22)
(l+a-b), (1+a-c) F(1+a) I(1-b+3a) T(1-c+3a) F(1+a-b—c)
provided R(a — 2b — 2¢) > —2.
Whipple's Theorem (Bailey, 1935)
E a, b, c 1l- T T(f) T(2c+1-f) 2172¢ 2.3)
2 f 2c+1-f r(c+3(1+a-£)) r(3a+f) (c+3+b—F)) T(30+£)) '
provided b =1—aand R(c) > 0.
3. Main Summation Formulae
In this section, the following three very general summation formulae will be established.
Summation Formula 3.1.
Z (@) (b)k
— (Ya+b+ 1)) k!
0,7’L1 + 1: my, Ny, ms, N3 [Z1 (1_k_C;Al, Az, 1),046,8
Pt 1,q1+ 105,025 P3,G3 [221B, (1 — k — 2¢;224,22,; 1):D; F
_ m21-2¢ F(%(a+b+1))
r(3a+1)r(30+1)
IO,n1 + 1: my,ny; mg, ng 22/11 ((a+b+1)— c; /11,/12»1)
Pt L gt 20p2,02 P34 |55 | B, (Ma+ 1) — ¢ A3, 255 1),
A:C; E ] 3.1)
G +1)—c A, 1):D;F)
provided

(1 A,=20,4, =0 (both A, and 4, are not simultaneously zero);
(i)  The conditions given in (1.7), (1.8) and (1.9) are satisfied.

(iii) ER[c+Al )+Az( )]>0 i=1,.,my;j=1,..,ms.
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(V) ®[c+i-a-b)+a (%) +/12(§)]>0, i=1,.,my j=1,..,ms
i j

where (a), stands for the Pochhammar symbol defined by

I'(a+k)

(@ = ala+1)(a+k—-1) = @

(@) = 1 and k isan integer.

Summation Formula 3.2.

(@i (b
k=0(1+a—b)kk!

O, 0: myp, Ny + 1, ms,ng
P1,91:P2 + 2,4q2; P3,q3

Z1
Z

A:(1—k—c1;1), @,1+a+k—c,/1;1);él
B:D; F ’

A:(1-c,1;1),6
B:

_ F(1+%a’) F(1+a’_b) 0,0: m2+1,n2+1; m3,n3 [Zl
F1+a)(1+2a—b) PuqiP2+3,q2+1 p3qs (%

(1+%a—c,)l;1),(1+a—b—c,/l;l);él (32)
(1+%a—b—c,/1;1), D: F ’ '

provided

(i 2=0;

(it) The conditions givenin (1.7), (1.8) and (1.9) are satisfied.
d; L

(iii) SR[C +/1(D—i)] >0; i=1,..,m,.

(iv) iR[c—%a+b +A(Clc—_1)] <1 i=1,..,n,.

14

Summation Formula 3.3.

(@ (1-a),
(D) k!

k=0

(1—c—k;A,25;1),A:C; €

0,ny + 1:my, ny; mg,ng [21
B, (b —k —2c;2M,,22,;1):D; F

Pt 1,91+ 1ip2, 203,95 122

7 2172 T(b)
I(ia+b) r(dp-a+1)
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Z1
2211

(1—=c; A1,42; 1),
B,(3(b—a+1)— a2y 1),
A:C; €
(%(a+ b) — c; A4, Ay; 1):1'); 7:"]’

O n, + 1: mj,Nny; ms, Ny
p1+ 1,91+ 2:p2,q2; 3,43

27
(3.3)
provided

(1) 44= 0,1, = 0(both A; and A, are not simultaneously zero);
(if) The conditions given in (1.7), (1.8) and (1.9) are satisfied.

(l“)iRI:C‘l‘/ll )+/12( >]>0 l_]. mz,]:].,,m3

Proof:

In order to establish our first general summation formula (3.1) we proceed as follows. Denoting
the left-hand side of (3.1) by S, using the definition of the I-function of two variables with the
help of (1.1), we have

N (), (b),
5= Z;‘ (3(@+b+1)) k

C(k+c+As+At)

T (K+2c+245+24,1) ds dt. (34)

p(st)6,(s)0,(t)z z

Ly L,

Now, changing the order of integration and summation, which is easily seen to be justified due to
the uniform convergence of the series involved in the process, we have after some simplification

s o T(c+ns+A,t)
(27:1)2 Ji‘:¢ (st) 6,(s) 0,(¢) 7 z [(2c+ 2A;s+2,t)
i (a) (b), (C+ A4S+ A1), ds dt. (3.5)

= ($(@+b+1)), (2c+245+24,t), k!

Summing up the series, we have
T(c+As+A,t)
[(2c+ 2A,;5+2A,t)

e a, b, c+As+AL
$e 2{1(a+b+1) 2C+AS+At)

II¢St 0,(s) 0,(t)z; z,

(27:1)2 il

1} ds dt. (3.6)
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Now we observe that the ,F, appearing in the inner side, can be evaluated with the help of

classical summation theorem (2.1) and after a little simplification, interpreting the result with
the help of the definition of the I-function of two variables (1.1) we easily arrive at the right -
hand side of (3.1). This completes the proof of our first general summation formula.

In exactly the same manner, the summation formulae (3.2) and (3.3) can be established with the
help of the known results (2.2) and (2.3) respectively.

4. Special Cases

On account of the most general nature of the I-function of two variables, it includes as
special cases many of the known functions of one and two variables appearing in the
literature and hence the results derived in this paper will serve as the key formulas from which
we can obtain a large number of known and unknown results. However here we shall
mention some of the known results.

(i) If we take the exponents &;(j=1,..,p) =n;(G=1,..,q9) = U;(G=1,..,p2),
ViGj=1,..,q)=P(G=1,.,p3)=Q;(j =1,..,q3)=1 in various gamma functions
involved in (1.2), (1.3) and (1.4), the I-function of two variables can be reduced to H-
function of two variables defined by Mittal and Gupta, (1972) and hence we get the
corresponding summation formulae recorded in (Srivastava et al. (1982)).

(i) When all the exponents ¢;(j =1,..,p), n;,G=1..,q9), U;(G=1,..,pz), V(=
1L..,q92), PG =1,..,p3), Qi(j =1,..,q3) of various gamma functions involved in
(1.2), (1.3) and (1.4) are equal to unity, and if we take p; =g, =0; m3 =
Lng=p3, EE=F=1; fj=0with 2 - 0; c=0, 4; = 1 and specializing the
parameters, (3.2) and (3.3) reduces to known results by Nair, V.C. (1968, p.256,
Equation (8.62), pp. 254-255, Equation (8.59)).

Similarly other results can also be obtained.

5. Conclusion

In this research paper we have established three summation formulae involving the I-function of
two variables recently introduced by Shantha Kumari et al. (2014), by using some classical
summation theorems. As we have seen the generalized function of two variables introduced by
Agarwal(1965) and Sharma(1965) have found interesting applications in wireless

communication [Xia et al. (2012)], and the results evaluated in this paper may be potentially
useful.
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